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SAIJAYA TUITY AIPIXJIE JJI4 PIBHAHD I3 YACTUHHVIMN
IMOXIAHVIMMN 3 BIZIXWUJIEHVM APTYMEHTOM

The correctness of the Dirichlet-type problem for the linear partial differential equations with
delay is investigated. The conditions of existence and uniqueness of the solution of the problem
are established. The metric theorems of the estimation of small denominators of the problem are
proved.

Hocnimkeno kopekTHicTh 3ama4i tuiry Jlipixse misa piBHSHD i3 YaCTUHHUME MOXITHUME 3 Biaxuiie-
HUM aprymeHToM. BecranoBsieHO yMOBH icHYyBaHHS €MHOIO pO3B’sI3Ky 3a/ad4i. JloBejieHo MeTpudHi
TEOPEMU TIPO OIIHKU 3HU3y MAJINX 3HAMEHHUKIB, sIKi BUHUKAIOTH IPHU MOOYI0BI PO3B’A3KY 3a0a4i.

Judepeniiajibii piBHAHHS 3 BIJIXUJIEHUM apPI'yMEHTOM OB’ S3YIOTh 3HAYEHHS HEeBi-
JIoMOT (pyHKIIT Ta 11 MOXiJHUX UPU PI3HUX 3HAUYEHHSX apryMmeHty. Taki piBHAHHS
BUHHUKAIOTH IIPU MaTeMaTHIHOMY OIHKCI DararboX CHCTEM, KOJIH BPaXOBYETHCS, IO
B3a€MO/Iisl Mi2K YaCTHUHAMHU CUCTEMH BiJIOYBAa€TbCd HE MHTTEBO, a 3 JEIKUM 3alli3He-
HHSM. 3a/1a4i, IPU MAaTEeMaTUIHOMY ONHUCI SIKUX € CYTTEBUM BPAaXyBaHHS BiJIXUJIEHD
apryMeHTy, BUHUKAIOTb y Teopil SJIePHUX PeaKTOPiB, TEOPil aBTOMATUYHOI'O Pery-
JIOBaHHS, IMYHOJIOI], enijemMiosorii, MaTeMaTudHiii eKOHOMIII Ta IHIIUX 00J1aCTsIX
npupojHnaux Hayk (aus. [1,4,5,9| ta 6i6aiorpadito B HuX).

PiznomaniTHuIM acrekTam Teopii qudepeHiiaJbHuX piBHAHD 3 BIAXHJICHUM apry-
MEHTOM Ta 11 3aCTOCYBaHHSM MPHUCBAYEHO oOUMpHY Jiteparypy [1,4,5,9,10].

Y jauiit podoTi posriisiaeMo 3ajady Tuity 3aJa4i ipixie jjisg piBHsHHSA 3 4Ya-
CTUHHMMU HOXIJIHUMU 3 BIJIXUJIEHUM apryMeHTOM

"L 9Pu(t, x + 2jh)
Z J 8t2n—2jax2j = O’ ap = 17 (tv LE‘) € (OvT) X Qv (].)
§=0
0% 2u(t, x ‘
ﬁ :ij($)a J=1Ln,
2)
0%~ 2u(t, x) 4
g |, = Pri@), g =1,

ae Q = R/(2nZ) — xono opurmuanoro paaiyca, h € [0,27), aj, j = 1,n, — raki
KOMILJIEKCHI 4ucJia, mo a, # 0 1 piBHAHHS

o" —a 0" .+ (—=1)"a, =0

Mag€ pi3Hi npocTi KOpeHi oy, . . ., 0,, dKi € BigMiaauMu Bijg Hyss, 60 a, # 0.

Y Bunaaxy h = 0 3agaqa (1), (2) BuBuasacs B poborax [2,3,6]. ¥ mux poborax
BCTAHOBJIEHO YMOBH KODEKTHOI PO3B’S3HOCTI 3aja4i 3 ymoBamu (2) Jisi piBHSHHS
(1) mpu h = 0 (BigxuaeHHs] ApDryMeHTY BiJCYyTHE) 1 JOBEJEHO, MO TaKi YMOBH BHKO-
HYIOTbCs JIJIst Maiizke Beix (crocosuo mipu Jlebera B R) ancesr T > 0 ta jjist Maiixe
Bcix (crocosuo mipu Jlebera B R") Bexktopis @ = (ag, ..., ay).
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22 I. 0. BOBUK, M. M. CUMOTIOK

OcHoBHA MeTa JaHoi poboTH — 3HaliTH yMOBH po3B’si3HoCTi 331a4i (1), (2) (upu
h # 0), mocaiauru BILIUB BiAXWIeHHsT h 1 HOKA3aTH, MO TaKi YMOBU BHKOHYIOTbCSI
JUist Maiizke Beix (3a miporo Jlebera) suadenn h € [0, 27).

1. Huzkue BUKOpHCTOBYEMO Taki mo3HadeHHs: mes A — mipa Jlebera B R Bumiprol
muokuan A C R; H, (a € R) — upocrip, orpuManuii B pe3ysbrari HOIMOBHEHHS
IIPOCTOPY TPUIOHOMETPUUYHUX HojiHOMIB (1) = > e cxinuennoro cremens 3a
HOPMOIO

lo(@); Hall = [> leslPud(@), wila) = 1+ k) ke

|k|>0
Cc™([0,T); Hy) — mpocrip dbyukuiit u(t,z) = ‘; ugp(t)e** u, € C"0,T), k € Z,
k[>0
Taxkux, o npu dikcosanomy t € [0, 7] noxinui 8;u/8tj = Y u(t)ehr 0 < j < n,
HaJIezKaTh J10 npocropy H, 1 9K eJieMeHTH 1[bOro HpOCTOp;C le2 OHeHepepBHI/IMI/I 3a t HA
[0, T; mopmy B C™([0, T; Hy) 3amaemo dopmyJioro

|lu(t,x); C™([0,T]; Hy)|| = max H@ju(t,z)/atj;HaH.

tel0,T
el

2. Posp’a30k 3ama4i (1), (2) mykaeMo y BVl psiLy
u(t,z) =Y ug(t)e™. (3)
|k|=0

Koxna dyukuis ug(t), k € Z, € po3s’a3koM Takol JBOTOYKOBOI 3aja4i JIjisd 3BUaii-
HOrO JiipepeHITiaTbHOI0 PIBHAHHSI:

3 ay(ik)H e (1) = o, (4)

J=0

2j—2 .
ul(c] )(O) = Pik, J= 1)”7

2j—2 . T

u](gj )(T) = On+jky, J = ]-777'7

e gk, k € Z, — xoedinienru Pyp’e dyuxuiit p,(x), j = 1,2n, sinnosiguo. s

k = 03amaqa (4), (5) Mae equnuii po3s’sa30K ug(t). liiicno, 3 piBugunsg (4) upu k = 0

BUILTHBAE, 1110 DYHKIIis U (1) € MHOrOwIeHOM (2n—1)-10 cTenenst, KOeMINiEHTH IKOTO
. CiD () — o i = T DT — &

JIHO3HAMHO BH3HAYAIOTBCA 3 YMOB U (0) = @j0, 7 = 1,n, u, (T) = ©ntjos

Jj = 1,n, gki BummuBatoTs 3 ymoB (5) npu k = 0.
ko k # 0, To po3s’s30k 3aa4i (4), (5) 306paxyerbest HOPMYIO0

(5)

up(t) =Y Crgch(Agkte™) + )~ Dy g sh(Akte™), (6)

q=1 q=1

ne \j = /g;, j = 1,n, a riaky xopens Bubpamo Tax, mo v/1 = 1. 3 ymos (5)
BuimBae, o craii Cy g, k # 0, ¢ = 1,n, 31axoagarbes 13 cucreMu piBHIHD

ch,q()\qkeikh)2j_2 = Pjk ] = 1a n, (7)

q=1
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i 10 TOro K OnHO3HAYHO, 60 cucrema (7) Mae BiAMIHHUI BiJ{ HyJist BUSHAYHUK

s = I (k™) = ke ) = ey T (o~ ay),

n>j>q=>1 n>j>q=>1

a craui Dy g4, k # 0, ¢ = 1,71, € po3p’s3kaMu HACTYIHOI CUCTEMH PiBHSHb

> Dig(Agke™)?72 sh(A\ kT e*") =

g=1

= Gurjh — Y Crg(Ake™) P2 ch(AkTe*"),  j=Tn. (8)
q=1
Yepes A(k), k € Z\{0}, nosmaunmo Bu3HAIHUK cucTeME (8):

A(k) = det || (Ake™)%=2 sh(\ kTe*h) ||

J,q=1"

Jlerko nepesipuru, 1o
H (A KTy, (9)

Teopema 1. /[as counocmi pose’asky sadawi (1), (2) y npocmopi C*™([0,T]; H,)
HeobT10H0 1 documb, w00 BUKOHYBAAACH YMOBH

( U U {i)xjkTeikh}> NrZ = . (10)
j=1 kez,
k0
JloBegeHHS IPOBOIUTHCS aHAJOITYHO JI0 JoBeeHHs Teopemu 2.1y |6, ¢. 97].
BayBarkenHsd 1. Ymosy (10) B Teopemi 1 MoxkHA 3anucaru y BHLVIAAL

ﬁ(sm (I\KT) + cos?(kh + 0, )) £0, k#0,

J=1

ae 6; =arg ), j=1,n.

Hacryune TBep/izKeHHsI O3HAYAE, NIO 33 PAXyHOK BUOODPY BijaxuieHus h MoxHa
Jo6uTHCs €MHOCTI po3B’si3Ky 3amadi (1), (2).

Hacainok 1. fHxwo sadava 3 ymosamu (2) das pienanna (1) 6es sidvuserms
(h = 0) mae Ginvw, Hiore odun poss’asok, mo ichye hy € [0,2m) make, wo 3adaua
3 ymosamu (2) das pisnwanns (1) 3 eidrusennam h = hy moorce mamu ne Giavuie
001020 PO36°A3KY.

Hosenenns. /i koxuoro k € Z\{0} posrisnemo bynkiii

)= ﬁ <sm (I IKT) + cos®(kh + 0, ))

J=1

3po3ymiso, mo koxkua dyukiia gx(h), k € Z\{0}, ¢ ananiruanoro 3a h, BiAMiHHOO
BiJI TOTOXKHOT'O HYJId, 1, OT2Ke, Ma€ He OlJIbII, HiK 3/iueHny MHOKuHy My mynis. Tomi
JUTsL TOBLIBHOTO hgy € R\( U Mk> MaeMo, mo gx(ho) # 0 mag Beix k € Z\{0}.

k#0
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24 I. 0. BOBUK, M. M. CUMOTIOK

[Tpoanasiizyemo Mozxk/uBicTh Bukonanust ymosu (10) s 3agaqi runy 3amaui [i-
pixJie 1ig piBHAHHA Jlamnaca 3 BIAXHJIEHIM apryMeHTOM Ta JIJId PIBHIHHS KOJIHMBa-
HHS CTPYHU 3 BIAXWJIEHUM apryMeHTOM.

Ilpukmaan 1. /I pisagnng Jlamnaca 3 BIAXUIEHAM apTyMeHTOM

Pu(t,z)  u(t,x + 2h)
ot e Y (1

3a/la4a 3 yMOBAMU
w(0,2) = p1(z), w(T,z) = ¢2(), (12)

3riJIHO 3 TeopeMoio 1, MOxke MaTu He OLIbIIe OJHOIO PO3B’43KY, TOJl 1 TLIbKHU TO/I,
KOJIM BUKOHYETBCA yMOBa:

sin?(kT) + cos?(kh) #0, Kk #0. (13)

s piBusinng Jlaraca 6e3 siaxuiaenus (h = 0) ymosa (13) BuKOHYyeThCs st
sposiibaOro T > 0. Ila ymoBa BUKOHY€TbCs Jjist AoBiibHOrO 1 > 0, sgkimo h He €
YUCJIOM BUIJISLY

m(2m — 1)
21 ’

Yumosa (13) nopymuryerbest, sikimo 1 € mQ, a ancao h Mae BULIIsI

m,l €Z, 140,

7(2m° — 1)

h=—"5

i gesxkux mP, 10 € Z, 1° # 0.
ITpuksiazg 2. Posriagnemo 3amady 3 ymoBamu (12) mis piBHSHHS KOJMBAHHS
CTPYHHU 3 BIIXHJICHIM apryMeHTOM

Pu(t,x)  Pu(t,x +2h)
ot? Ox?

= 0. (14)

3a Teopemoro 1 3amada (12), (14) moxe MaTH He GLbIIE OJHOTO PO3B'SI3KY TOAL i
TITBKU TOJIl, KOJIU BUKOHYETHCS YMOBA:

sin?(kT) + sin®(kh) #0, k #0. (15)

s piBEsiHHS Masux KosuBaub crpyHu (npu h = 0) ymosa (15) BUKOHYeTBCs,
akimo uucyao T'/7 e ippanionanpaum. Zkimo x obuasa gucia T/m, h/m — paiio-
HaJbHI, TO yMoBa (15) mopymyerses. Zkmo xowa 6 oxme 3 wncen T'/m, h/7 € ip-
panioHaJ bHIM, TO yMOBa (15) cupaBazkyerbes. TakuM 9HHOM, 38 paXyHOK BHOODY
BIJIXMJICHHSI apIyMEHTY MOXKHA JIOOMTHCS BUKOHAHHS YMOBM €IMHOCTI JJIs 3a/a4i
ruity Jlipixjie Jijist pIBHSAHHS MaJIMX KOJIMBaHb CTPYHH.

Jotst 3a1a4 3 ymosamu (12) gyrst pisasins (11) Ta (14) cupase/iuBa ajabrepHATHBA.

Teopema 2. Odnopiona s3adaua, axa eidnosidac 3adaui (11), (12) (abo 3adawi
(14), (12)) mae 6 npocmopi C*([0,T]; H,) edunuti nyavosut pose’asor abo saiuenmy
KIALKICMD AIHITHO HE3ANEHCHUT PO38 A3KIE.

JloBegeHHS IPOBOIUTHCS 33 CXeMOIO, HaBeeHOIo y pobori |8].
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4. Tlpunycrumo, mo ymosa (10) Buxonyerbes. 13 dopmya (3), (6) orpumyemo
dbopmasbHe 306pazkenHs st po3B’si3Ky 3aga4i (1), (2) y Burasi psy

X (Z 53‘(’]({ (Akte™) + Z U;)%Jmksh()\ kte““h)> (16)

ae 8;4(k), Aj4(k), j,q = 1,n, — anreGpudni JONOBHEHHs €J€MEHTIB, IO CTOATH HA
IIEPETHH] j-TO PAKA Ta ¢-ro CTOBII BusHAaYHUKIB O(k), A(k) BigmosigHo.
36ixkuicTe psiy (16), B3arasi, nos’si3ana i3 npobJeMOI0 MaJUX 3HAMEHHUKIB,
ockijibku |A(k)|, Oyayun BiaMiHHUM Bij HyJIs, MOKe HaOyBaTH K 3aBLOJHO MAJIMX
3HAYEHDb JI/Isi HECKIHYEHHOT KIJIbKOCTI mianx uuces k.
Teopema 3. Hezali sukonyemoca ymosa (10) i nexad icnye maxa cmasa §, wo
ona ecix wucen k € Z 6UKOHYEMBCA HEPIBHICTID

}Sh ()\]k:Te’kh)‘ > (1 + |k|)—weT\Re()\jkeikh)" j=Tmn. (17)

Sxwo ©j € Horwion, j = 1,20, mo 6 npocmopi C*"([0,T]; H,) ichye edunudi pose a-
3ok sadawi (1), (2), axud nenepepsno saneocums 6id ;, j = 1,2n.

Hosenennsa. Hexait ¢; € Hyipion, j = 1,2n. Iokaxkemo, mo roai psg (16)
naJjiezkuth 10 upocropy C?" ([0, T|; H,) i € poss’szkom 3aaui (1), (2). [TpaBusibuumu
€ TaKl HEPIBHOCTI:

2n
mas (1) < Cy Y lpl(L+ K", g =002n. (18)
7j=1

3 mepisuocreii (18) BumanBae, mo

2n 1/2
[u(t, ); C*([0,T]; Ha)|| < ng <k|>0tgf?¥] [ (£)P(1+ |k|)2“> =

s%Z(ZW wk(a+w+2n)/ —ngHsog Hoqwron|| < 00, (19)

J=1 " |k|=0

3 mepiBrocTi (19) OTpHMYEMO TBEDIZKEHHS TEOPEMU 3.

5. JlocTiiuMO HUTAHHS PO MOKJIMBICTH BHKOHAHHS OIHOK (17).

Teopema 4. /las matiorce ecixz (cmocosno mipu Jlebeza 6 R) wucea h € (0, 2m)
kootcna 3 mepienocmets (17) sukonyemovcea das 6ciz (Kpim ckinuennol Kiavkocmi)
wucen k € Z npu w > 1.

HoBenenus. Ockinbkn a1 J10BiIbHOrO 2 € C BUKOHYETHCS OIIHKA

le* — 1] > max{1;e®**} - |sin(Im z)|,

10 |shz| > 4 max{e™®°% eR°#} . |sin(Im 2)|. Tomy aIst TOBEJEHHS TEOPeMH JTOCHTH

HEePEeBIPUTH, IO NpH w > 1 A1 Maizke BCiX 3Ha4eHb h € () KoxKHa 3 HepiBHOCTeIl

| sin(TIm(\jke™™)| > (1 + k)™, j=T1,n.
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26 I. 0. BOBUK, M. M. CUMOTIOK

BUKOHYETHCsL JIJIsl BCiX (KpiM, MOXKJIMBO, CKIHYEHHOI KiJIBKOCTI) Iiinmx uucen k. 3
organy ua gemy Bopeng—Kanresti [6] 1/s 1bOro 10CHTh BCTAHOBUTH, 10 TIPH W > 1

sbiratorbest paan y . mes M, (k), j =1,n, ne
keZ

Mjo(k) = {h € Q: |sin(TIm(\ke™ )| < (1+ k) }, j=Ton.

. _ in: .
Hexait A\; = |\;|e", j = 1,n, ge n; — apryMeHT KOMILIEKCHOTO 4qucaa A;. Toxi

Im(\;e™™™) = |\;|sin(kh +1;), j=T1,n.
Posrissnemo Bunaaok, ko k > 0. OueBugHO, 1110

mes M; (k) = k~"mes { H € (0,27k) : | sin(T| Akl sin(H +1,))| < (1+ |k]) ™} =

— k~'mes {H € (njm; +27k) « | sin(T| Ak sin H|) < (1+ \k\)‘“}.

st 3aianoro 0 € (0, w—1) posi6’emo Biapizox [n;, n;+27k] Ha Taki HEIPOIOBKY BaHi

Binpisku I, (¢ = 1, Ny(k)) Ta Bigpisku J, (¢ = 1, Na(k)), mo6 BHKOHyBaIuCh yMOBU

1
VH el |cosH|2W, q=1,Ni(k),

VHeJ, |cosH|< q =1, Nao(k).

Lo+1’
Hng kimpkrocreit Ni(k), No(k) mux BiApi3KiB, O9€BHIHO, CIPABIKYIOTHCSA OIIHKH

Ny(k) < Cuk,  No(k) < Csk.

OckinpKu

mes J, < Cek™1, q=1,Ny(k),

TO mes <Uf]\2§k) Jq) < C7k™°. O4eBUIHO, MO BUKOHYIOTHCS OIHKH

mes {H € I, : | sin(T|\k| sin H)| < (1+ \k\)“"} <

< k"*%mes {t e sin(1,) : | sin(T|\k[E)] < (1+ |k:|)‘“} <
< k"*Omes {t € [~1;1] : [sin(TI\K[L)] < (1+ |1<;|>—w}.
3a Jiemoro 2.2 Ha c. 15 y |6]
mes{t € [~1;1] : [sin(TI\K[L)] < (1+ \k\)‘“’} < Cs(1 + |K]) 7.

Takum gunom, st k > 0 oTpuMyeEMO

Na(k)
mes M (k) < Cy mes{H € I, : | sin(T|\k| sin H)| < (1+ |k:|)‘“}+

q=1
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Na(k)
+010 Z mes Jq S 011]{3_1_6 + Clgké_w.
q=1
AHaJI0ri9HO pO3I/IsIa€ThCa BULAA0K, Ko k < 0. Takum dunom, npu w > 1 orpu-

MyeMo 30ikHicTb psais Y, mes M, (k), 7 =1,n.
|k|>0

Teopemy moBeneHo.
3ayBaxkenuda 2. Pesynbraru poboTu mepeHeceHo Ha BHIIQJIOK 3ajadi tumy /li-
pixJie Jijisl CUCTeM PIBHSHB 13 YACTUHHUMH MOXIIHUMH 13 BIJIXUJIEHHSIM apryMeHTY.
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