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ribe matrix problems of �nite type asso
iated with modular representations of the dire
tprodu
t of the symmetri
 semigroup and symmetri
 group of degree 2. In ea
h 
ase we obtain anexpli
it 
lassi�
ation of the 
orresponding representations.Îïèñóþòüñÿ ìàòðè÷íi çàäà÷i ñêií÷åííîãî òèïó, ïîâ'ÿçàíi ç ìîäóëÿðíèìè çîáðàæåííÿìè ïðÿ-ìîãî äîáóòêó ñèìåòðè÷íî¨ íàïiâãðóïè òà ñèìåòðè÷íî¨ ãðóïè ñòåïåíÿ 2. Â êîæíîìó âèïàäêóîòðèìàíî ÿâíèé îïèñ âiäïîâiäíèõ çîáðàæåíü.Ìàòðè÷íi çîáðàæåííÿ ñêií÷åííèõ ãðóï íàä ïîëÿìè âèâ÷åíi äîñòàòíüî äîáðå. Óêëàñè÷íîìó âèïàäêó (êîëè õàðàêòåðèñòèêà p ïîëÿ K íå äiëèòü ïîðÿäîê ñêií-÷åííî¨ ãðóïè), ãðóïà ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèï; ó öüîìó âèïàäêóêîæíå íåðîçêëàäíå çîáðàæåííÿ ¹ íåçâiäíèì i âñi âîíè âè÷åðïóþòüñÿ ïðÿìèìèäîäàíêàìè ðåãóëÿðíîãî çîáðàæåííÿ. Ó ìîäóëÿðíîìó âèïàäêó (êîëè õàðàêòå-ðèñòèêà p äiëèòü ïîðÿäîê ãðóïè), ãðóïà ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèïòîäi i ëèøå òîäi, êîëè ¨¨ ñèëîâñüêà p-ïiäãðóïà ¹ öèêëi÷íîþ. Áiëüøiñòü ñêií-÷åííèõ ãðóï ó öüîìó âèïàäêó ¹ äèêèìè, òîáòî çàäà÷à ïðî îïèñ ¨õ çîáðàæåíüâêëþ÷à¹ â ñåáå çàäà÷ó ïðî êëàñè�iêàöiþ ïàð ìàòðèöü ç òî÷íiñòþ äî ïîäiáíîñòi(òî÷íi îçíà÷åííÿ ðó÷íèõ òà äèêèõ çàäà÷ äèâ. â [1℄). �ó÷íi òà äèêi ãðóïè äëÿìîäóëÿðíîãî âèïàäêó îïèñàíi â ðîáîòi [1℄.Ìàòðè÷íi çîáðàæåííÿ íàïiâãðóï íàä ïîëÿìè âèâ÷åíi íå â òàêié ìiði, ÿê çîá-ðàæåííÿ ãðóï. Íàéáiëüøå ðîáiò ïðèñâÿ÷åíà âèâ÷åííþ íåçâiäíèõ çîáðàæåíü òàêëàñiâ íàïiâãðóï, âñi íåðîçêëàäíi çîáðàæåííÿ ÿêèõ ¹ íåçâiäíèìè (äèâ., íàïð.,ìîíîãðà�i¨ [2, 3℄), òîùî. Ñåðåä iíøèõ ðåçóëüòàòiâ âèäiëèìî âiäîìi ðåçóëüòàòèç òåîði¨ çîáðàæåíü àëãåáð, ÿêi ëåãêî ïåðå�îðìóëþâàòè â òåðìiíàõ çîáðàæåíüíàïiâãðóï � îïèñ çîáðàæåíü àëãåáðè < a, b | ab = ba = 0 > [4, 5℄ ÷è àëãåáðè
< a, b | a2 = b2 = 0 > [6, 7℄, äåÿêi ðåçóëüòàòè ïðî íàïiâãðóïè ñêií÷åííîãî çîá-ðàæóâàëüíîãî òèïó: âèïàäîê ñêií÷åííî¨ öiëêîì ïðîñòî¨ íàïiâãðóïè [8℄ òà äåÿêiíåìîäóëÿðíi âèïàäêè íàïiâãðóï âñiõ ïåðåòâîðåíü ñêií÷åííî¨ ìíîæèíè [9,10℄. Ñå-ðåä íîâèõ ðåçóëüòàòiâ âèäiëèìî ðåçóëüòàòè ïðî îïèñ ðó÷íèõ òà äèêèõ íàïiâãðóï,ïîðîäæåíèõ iäåìïîòåíòàìè ç ÷àñòêîâèì íóëüîâèì ìíîæåííÿì [11℄ òà íàïiâãðóï,ïîðîäæåíèõ äâîìà ïîòåíòíèìè åëåìåíòàìè [12℄.Ó ðîáîòi [13℄ îïèñàíi ìîäóëÿðíi çîáðàæåííÿ íàïiâãðóïè T2 âñiõ ïåðåòâîðåíüìíîæèíè iç äâîõ åëåìåíòiâ. Ó öié ñòàòòi âèâ÷àþòüñÿ ìîäóëÿðíi çîáðàæåííÿ çäåÿêèìè äîäàòêîâèìè óìîâàìè ïðÿìîãî äîáóòêó äâîõ íàïiâãðóï T2.1. Ïîïåðåäíi âiäîìîñòi. Íàïiâãðóïà T2 âñiõ ïåðåòâîðåíü (âiäîáðàæåíü âñåáå) äâîåëåìåíòíî¨ ìíîæèíè {1, 2} ñêëàäà¹òüñÿ iç ÷îòèðüîõ åëåìåíòiâ e, a, b, c:
e(1) = 1, e(2) = 2; a(1) = 2, a(2) = 1; b(1) = 2, b(2) = 2; c(1) = 1, c(2) = 1.Ëåãêî áà÷èòè, ùî åëåìåíòè e, a, b óòâîðþþòü ñèñòåìó òâiðíèõ iç âèçíà÷àëüíèìèñïiââiäíîøåííÿìè a2 = e, b2 = b, ab = b (äëÿ îäèíè÷íîãî åëåìåíòà e ìè íåâèïèñó¹ìî ïðèðîäíi ñïiââiäíîøåííÿ). Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÌÎÄÓËß�ÍI ÇÎÁ�ÀÆÅÍÍß Ç ÄÎÄÀÒÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÍÀÏIÂ��ÓÏÈ T2 × S2T2 × S2T2 × S2 29Ìàòðè÷íå çîáðàæåííÿ ðîçìiðíîñòi n íàïiâãðóïè T2 íàä ïîëåì K � öå (çãiäíîçàãàëüíîãî îçíà÷åííÿ ìàòðè÷íîãî çîáðàæåííÿ íàïiâãðóïè) äîâiëüíèé ãîìîìîð-�içì X : T2 → Mn(K) íàïiâãðóïè T2 â íàïiâãðóïó Mn(K) âñiõ êâàäðàòíèõìàòðèöü ïîðÿäêó n íàä ïîëåì K (n � íàòóðàëüíå ÷èñëî). Çàóâàæèìî, ùî â çà-ãàëüíîìó îçíà÷åííi íi÷îãî íå ãîâîðèòüñÿ ïðî îäèíè÷íèé åëåìåíò íàïiâãðóïè (áîéîãî ìîæå i íå áóòè), àëå ó âèïàäêó, êîëè îäèíèöÿ â íàïiâãðóïi ¹, ïðàêòè÷íî ìî-æíà ââàæàòè, ùî ãîìîìîð�içì ïåðåâîäèòü ¨¨ ó îäèíè÷íó ìàòðèöþ (ÿê ïîêàçàíîâ ðîáîòi [13℄, ïðè öüîìó âòðà÷à¹òüñÿ ëèøå îäíå íåðîçêëàäíå çîáðàæåííÿ, ÿêåñêëàäà¹òüñÿ iç íóëüîâèõ ìàòðèöü ðîçìiðíîñòi 1); ìè áóäåìî ðîçãëÿäàòè ëèøåòàêi çîáðàæåííÿ. Òîäi çîáðàæåííÿ X : T2 → Mn(K) íàïiâãðóïè T2 îäíîçíà÷íîçàäà¹òüñÿ ïàðîþ ìàòðèöü R = {A = X(a), B = X(b)}, ùî çàäîâîëüíÿþòü íàñòó-ïíi ðiâíîñòi: A2 = E, B2 = B, AB = B. Äëÿ ìàòðè÷íèõ çîáðàæåíü íàïiâãðóïè
T2 (ÿê i äëÿ áóäü-ÿêî¨ ñêií÷åííîâèìiðíî¨ àëãåáðè) ìà¹ ìiñöå òåîðåìà Êðóëëÿ-Øìiäòà ïðî îäíîçíà÷íiñòü ðîçêëàäó äîâiëüíîãî ìàòðè÷íîãî çîáðàæåííÿ â ïðÿ-ìó ñóìó íåðîçêëàäíèõ.Ìàòðè÷íå çîáðàæåííÿ íàïiãðóïè T2 íàçèâà¹òüñÿ ìîäóëÿðíèì, ÿêùî õàðàê-òåðèñòèêà ïîëÿ K, íàä ÿêèì âîíî ðîçãëÿäà¹òüñÿ, äîðiâíþ¹ 2 (áî íàïiâãðóïà T2ìà¹ ¹äèíó íåòðèâiàëüíó ïiäãðóïó, ÿêà ïîðîäæåíà åëåìåíòîì a ïîðÿäêó 2).Ó ðîáîòi [13℄ äîâåäåíà íàñòóïíà êëàñè�iêàöiéíà òåîðåìà (ç �îðìàëüíèõ ìið-êóâàíü íóìåðàöiÿ çîáðàæåíü çìiíåíà).Òåîðåìà 1. Íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ íàïiâãðóïè T2 íàä ïîëåì Kõàðàêòåðèñòèêè 2 âè÷åðïóþòüñÿ, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi, íàñòóïíè-ìè (ïîïàðíî íååêâiâàëåíòíèìè) çîáðàæåííÿìè:

1) a → 1, b → 1;
2) a → 1, b → 0;
3) a →

(

1 1
0 1

), b →

(

1 0
0 0

);
4) a →

(

1 1
0 1

), b →

(

0 0
0 0

);
5) a →





1 0 1
0 1 1
0 0 1



, b →





1 0 0
0 0 0
0 0 0



.Ñ�îðìóëüîâàíèé ðåçóëüòàò ëåæèòü â îñíîâi íîâèõ îçíà÷åíü òà ïîñòàíîâêèçàäà÷i, ÿêi ïðèâåäåíî â íàñòóïíîìó ïàðàãðà�i.2. Ôîðìóëþâàííÿ îñíîâíèõ òåîðåì. Ìîäóëÿðíi çîáðàæåííÿ ðó÷íî¨ ãðó-ïè S2×S2 îïèñàíi (ç òî÷íiñòþ äî åêâiâàëåíòíîñòi) â ðîáîòi [15℄; òóò S2 ïîçíà÷à¹,ÿê çâè÷àéíî, ñèìåòðè÷íó ãðóïó ñòåïåíÿ 2 (ÿêà ¹ öèêëi÷íîþ ãðóïîþ ïîðÿäêó 2).Íàïiâãðóïà T2 × T2, ÿêà ìà¹ �àêòîð-íàïiâãðóïó içîìîð�íó ãðóïi S2 × S2, âæå ¹äèêîþ (âiäíîñíî ìîäóëÿðíèõ çîáðàæåíü, òîáòî çîáðàæåíü íàä ïîëåì õàðàêòå-ðèñòèêè 2); áiëüø òîãî, äèêîþ ¹ íàïiâãðóïà T2×S2, ÿêà ìà¹ �àêòîð-íàïiâãðóïóiçîìîð�íó ãðóïi S2 × S2 i ñàìà ¹ �àêòîð-íàïiâãðóïîþ íàïiâãðóïè T2 × T2 [16℄.Ìîäóëÿðíèì ìàòðè÷íèì çîáðàæåííÿì (äèêî¨) íàïiãðóïè T2×S2 i ïðèñâÿ÷åíàöÿ ñòàòòÿ.Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



30 Â. Ì. ÁÎÍÄÀ�ÅÍÊÎ, Å. Ì. ÊÎÑÒÈØÈÍÍàïiâãðóïà T2 ×S2 ïîðîäæó¹òüñÿ åëåìåíòàìè e, a, b i g (òâiðíèé åëåìåíò S2)ç íàñòóïíèìè ñïiââiäíîøåííÿìè: a2 = e, b2 = b. ab = b; g2 = e. ga = ag, gb = bg.Ìàòðè÷íå çîáðàæåííÿ íàïiâãðóïè T2×S2 îäíîçíà÷íî çàäà¹òüñÿ òðiéêîþ ìàò-ðèöü (A,B,G) (ÿêùî, ÿê i ðàíiøå, îäèíè÷íîìó åëåìåíòi çiñòàâëÿòè îäèíè÷íóìàòðèöþ), ùî çàäîâîëüíÿþòü ðiâíîñòi A2 = E, B2 = B, AB = B, G2 = E,
GA = AG, GB = BG. Ìè áóäåìî îòîòîæíþâàòè çîáðàæåííÿ ç âiäïîâiäíîþéîìó òðiéêîþ ìàòðèöü.�îçãëÿíåìî íàñòóïíó êëàñè�iêàöiéíó çàäà÷ó äëÿ äîâiëüíîãî ïîëÿ K õàðàê-òåðèñòèêè 2. Çà�iêñó¹ìî â ìíîæèíi M = {R1, R2, R3, R4, R5} âñiõ íåðîçêëàäíèõçîáðàæåíü íàïiâãðóïè T2 (ÿêi âêàçàíi â òåîðåìi 1) äåÿêó âëàñíó ïiäìíîæèíó Ni áóäåìî ðîçãëÿäàòè ëèøå òàêi ìàòðè÷íi çîáðàæåííÿ R íàïiâãðóïè T = T2 ×S2,îáìåæåííÿ ÿêèõ íà íàïiâãðóïó T2 ðîçêëàäàþòüñÿ â ïðÿìó ñóìó çîáðàæåíü iç
N . Äëÿ ïàð (T,N) ìîæíà ðîçãëÿäàòè òðàäèöiéíi çàäà÷i òåîði¨ çîáðàæåíü. Îäíàiç íèõ, à ñàìå çàäà÷à ïðî îïèñ ïàð (T,N) ñêií÷åííîãî òèïó, ðîçãëÿäà¹òüñÿ â öiéñòàòòi (�ñêií÷åííèé òèï� îçíà÷à¹, ùî ÷èñëî íåðîçêëàäíèõ çîáðàæåíü, ç òî÷íiñòþäî åêâiâàëåíòíîñòi, ñêií÷åííå).Òåîðåìà 2. ßêùî |N | = 1, òî (T,N) � ïàðà ñêií÷åííîãî òèïó òîäi i ëèøåòîäi, êîëè N 6= R4, R5.Òåîðåìà 3. ßêùî |N | = 2, òî (T,N) � ïàðà ñêií÷åííîãî òèïó òîäi i ëèøåòîäi, êîëè N ∩ {R4, R5} = ∅.3. Äîâåäåííÿ òåîðåìè 2. Ìè îòîòîæíþ¹ìî îäíîåëåìåíòíi ìíîæèíè içñàìèìè åëåìåíòàìè.Íåîáõiäíiñòü. Ëåãêî ïîêàçàòè, ùî ó âèïàäêó N = R4 òðiéêè ìàòðèöü RP =
(A,B,GP ) i RQ = (A,B,GQ), äå

A =

(

E E

0 E

)

, B =

(

0 0
0 0

)

, GX =

(

E X

0 E

)

,ïîäiáíi òîäi i ëèøå òîäi, êîëè ïîäiáíi P i Q; îêðiì òîãî, çîáðàæåííÿ RX íåðîç-êëàäíå òîäi i ëèøå òîäi, êîëè íåðîçêëàäíà ìàòðèöÿ X .Ó âèïàäêó N = R5 ìà¹ìî ïîäiáíó ñèòóàöiþ, ÿêùî ïîêëàñòè
A =





E 0 E

0 E E

0 0 E



 , B =





E 0 0
0 0 0
0 0 0



 , GX =





E 0 0
0 E X

0 0 E



 .Îòæå, ïàðè (T,R4) i (T,R5) ìàþòü ñêií÷åííèé òèï.Çàóâàæèìî, ùî â ïåðøîìó âèïàäêó òðiéêà ìàòðèöü RX çàäà¹ ïî ñóòi çîá-ðàæåííÿ ãðóïè S2 × S2 (áî B = 0), à òîìó ñêàçàíå äëÿ N = R4 âèïëèâà¹ içðåçóëüòàòiâ ðîáîòè [15℄.Äîñòàòíiñòü âèïëèâà¹ ç òåîðåìè 3 (äîñòàòíiñòü), ÿêà áóäå äîâåäåíà íèæ÷å.4. Äîâåäåííÿ òåîðåìè 3. Íåîáõiäíiñòü âèïëèâà¹ ç òåîðåìè 2 (íåîáõiä-íiñòü).Äîñòàòíiñòü. �îçãëÿíåìî ïîñëiäîâíî âèïàäêè N = {R1, R2}, N = {R1, R3},
N = {R2, R3}. âèïèñóþ÷è íà ïî÷àòêó äåÿêèé çàãàëüíèé íîðìàëüíèé âèãëÿä ìàò-ðè÷íîãî çîáðàæåííÿ ç âiäïîâiäíîþ äîäàòêîâîþ óìîâîþ. ×åðåç E ïîçíà÷à¹ìî,ÿê çâè÷àéíî, äîâiëüíó îäèíè÷íó ìàòðèöþ (ðîçìiðíîñòi n ≥ 0).Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÌÎÄÓËß�ÍI ÇÎÁ�ÀÆÅÍÍß Ç ÄÎÄÀÒÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÍÀÏIÂ��ÓÏÈ T2 × S2T2 × S2T2 × S2 31Âèïàäîê N = {R1, R2}:
A =

(

E 0
0 E

)

, B =

(

E 0
0 0

)

, G =

(

G11 G12

G21 G22

)

,Iç ñïiââiäíîøåííÿ BG = GB îòðèìó¹ìî G12 = 0, G21 = 0, à ç G2 = E �
G2

11
= E, G2

22
= E. Çíà÷èòü êîæíà iç ìàòðèöü G11 i G22 ïîäiáíà ìàòðèöi âèãëÿäó





E 0 E

0 E 0
0 0 E



 (1).ÿêèé ëåãêî îòðèìàòè ç æîðäàíîâî¨ íîðìàëüíî¨ �îðìè îäíî÷àñíîþ ïåðåñòàíîâ-êîþ ðÿäêiâ òà ñòîâïöiâ.Îñêiëüêè öi ïîäiáíîñòi ïðîäîâæóþòüñÿ äî ïîäiáíîñòi òðiéîê ìàòðèöü (A.B.G)i (A,B,G′), äå G′ � äåÿêà ìàòðèöÿ òàêà, ùî G′

12
= 0, G′

21
= 0, à G′

11
i G′

22
ìà-þòü âèãëÿä (1), òî îòðèìó¹ìî íàñòóïíó ïîâíó ñèñòåìó íåðîçêëàäíèõ ïîïàðíîíååêâiâàëåíòíèõ çîáðàæåíü:

1) a → 1, b → 1, g → 1;
2) a → 1, b → 0, g → 1;
3) a →

(

1 0
0 1

), b →

(

1 0
0 1

)

, g →

(

1 1
0 1

);
4) a →

(

1 0
0 1

), b →

(

0 0
0 0

)

, g →

(

1 1
0 1

).Çàóâàæèìî, ùî çîáðàæåííÿ 3) i 4) íåðîçêëàäíi, áî íåðîçêëàäíi i¨ îáìåæåííÿíà ïiäãðóïó {e, g} (ïîðÿäêó 2).Âèïàäîê N = {R1, R3}:
A =





E E 0
0 E 0
0 0 E



 , B =





E 0 0
0 0 0
0 0 E



 , G =





G11 G12 G13

G21 G22 G23

G31 G32 G33



 ,Iç ñïiââiäíîøåííÿ BG = GB îòðèìó¹ìî G12 = 0, G21 = 0, G23 = 0, G32 = 0,à iç AG = GA � G31 = 0, G11 = G22. Îòæå,
G =





G11 0 G13

0 G11 0
0 0 G33



 ,ïðè÷îìó iç G2 = E ìà¹ìî íàñòóïíi ñïiââiäíîøåííÿ:
G2

11
= E, G2

33
= E, G11G13 +G13G33 = 0. (2)Âðàõîâóþ÷è ïåðøi äâi ðiâíîñòi, àíàëîãi÷íî ÿê ó âèïàäêó N = {R1, R2}, ìîæíàââàæàòè, ùî ìàòðèöi G11 i G22 ìàþòü âèãëÿä (1).Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



32 Â. Ì. ÁÎÍÄÀ�ÅÍÊÎ, Å. Ì. ÊÎÑÒÈØÈÍ�îçiá'¹ìî ìàòðèöi A,B,G íà áëîêè ó âiäïîâiäíîñòi äî ðîçáèòòÿ G11 òà G33.Çîêðåìà. ìàòèìåìî
G13 =





H11 H12 H13

H21 H22 H23

H31 H32 H33



 .Iç îñòàííüî¨ ðiâíîñòi â (2) âèïëèâà¹, ùî H11 = 0, H21 = 0, H31 = 0, H32 = 0,
H33 = 0. Òîäi, ÿê ëåãêî áà÷èòè, ïðè

X =





E 0 X13

0 E 0
0 0 E



 , äå X13 =





H13 0 0
H23 0 0
0 H12 0



 ,òðiéêà ìàòðèöü (XAX−1, XBX−1, XGX−1) äîðiâíþ¹ òðiéöi ìàòðèöü (A,B,G′),äå ìàòðèöÿ G′ âiäðiçíÿ¹òüñÿ âiä ìàòðèöi G ëèøå áëîêîì G′

13
, ÿêèé ìà¹ íàñòó-ïíèé (áiëüø ïðîñòèé) âèãëÿä:

G′

13
=





0 0 0
0 H22 0
0 0 0



 .I îñêiëüêè åêâiâàëåíòíiñòü ìàòðèöü H22 → PH22Q
−1 ïðîäîâæó¹òüñÿ äî ïîäiá-íîñòi òðiéîê ìàòðèöü (A.B.G′) i (A,B,G′′), äå G′′ îòðèìó¹òüñÿ iç G′ çàìiíîþ H22íà PH22Q

−1, òî ìîæíà ââàæàòè, ùî
H22 =

(

E 0
0 0

)

.Â ðåçóëüòàòi ìà¹ìî íàñòóïíó ïîâíó ñèñòåìó íåðîçêëàäíèõ ïîïàðíî íååêâi-âàëåíòíèõ çîáðàæåíü:
1) a → 1, b → 1, g → 1;
2) a →

(

1 1
0 1

), b →

(

1 0
0 0

), g →

(

1 0
0 1

);
3) a →

(

1 0
0 1

), b →

(

1 0
0 1

), g →

(

1 1
0 1

);
4) a →





1 1 0
0 1 0
0 0 1



, b →





1 0 0
0 0 0
0 0 1



, g →





1 0 1
0 1 0
0 0 1



;
5) a →









1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1









, b →









1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0









, g →









1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1









.Çàóâàæèìî, ùî çîáðàæåííÿ 2) (âiäïîâiäíî 3)) íåðîçêëàäíå, áî íåðîçêëàäíå i¨îáìåæåííÿ íà ïiäãðóïó {e, a} (âiäïîâiäíî {e, g}), à çîáðàæåííÿ 4) i 5) íåðîçêëà-äíi, áî íåðîçêëàäíi (çãiäíî [15℄) ¨õ îáìåæåííÿ.. íà ïiäãðóïó {e, a, g, ag} ∼= S2×S2.Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÌÎÄÓËß�ÍI ÇÎÁ�ÀÆÅÍÍß Ç ÄÎÄÀÒÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÍÀÏIÂ��ÓÏÈ T2 × S2T2 × S2T2 × S2 33Âèïàäîê N = {R2, R3}:
A =





E E 0
0 E 0
0 0 E



 , B =





E 0 0
0 0 0
0 0 0



 , G =





G11 G12 G13

G21 G22 G23

G31 G32 G33



 .Iç ñïiââiäíîøåííÿ BG = GB îòðèìó¹ìî G12 = 0, G13 = 0, G21 = 0, G31 = 0,à iç AG = GA � G23 = 0, G11 = G22. Îòæå,
G =





G11 0 0
0 G11 0
0 G32 G33



 ,ïðè÷îìó iç G2 = E ìà¹ìî íàñòóïíi ñïiââiäíîøåííÿ:
G2

11
= E, G2

33
= E, G32G11 +G33G32 = 0.Äàëi äîâåäåííÿ ïðîâîäèòüñÿ ïî òié æå ñõåìi, ùî ó âèïàäêó N = {R1, R3}.Â ðåçóëüòàòi ìà¹ìî íàñòóïíó ïîâíó ñèñòåìó íåðîçêëàäíèõ ïîïàðíî íååêâi-âàëåíòíèõ çîáðàæåíü:

1) a → 1, b → 0, g → 1;
2) a →

(

1 1
0 1

), b →

(

1 0
0 0

), g →

(

1 0
0 1

);
3) a →

(

1 0
0 1

), b →

(

0 0
0 0

), g →

(

1 1
0 1

);
4) a →





1 1 0
0 1 0
0 0 1



, b →





1 0 0
0 0 0
0 0 0



, g →





1 0 0
0 1 0
0 1 1



;
5) a →









1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1









, b →









1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0









, g →









1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1









.Çàóâàæèìî, ùî çîáðàæåííÿ 2) � 5) íåðîçêëàäíi ïî òié æå ïðè÷èíi, ùî içîáðàæåííÿ ó âèïàäêó N = {R1, R3}.Òåîðåìà 3 äîâåäåíà.5. Îá÷èñëåííÿ ìàòðè÷íèõ àëãåáð Àóñëåíäåðà. Àëãåáðîþ Àóñëåíäå-ðà ìàòðè÷íî¨ çàäà÷i ñêií÷åííîãî òèïó (ïîâ'ÿçàíî¨ iç ìàòðè÷íèìè çîáðàæåííÿìèãðóïè, íàïiâãðóïè, àëãåáðè, òîùî) íàçèâà¹òüñÿ àëãåáðà åíäîìîð�içìiâ ïðÿìî¨ñóìè âñiõ íåðîçêëàäíèõ çîáðàæåíü (iç êîæíîãî êëàñó åêâiâàëåíòíîñòi íåðîçêëà-äíèõ çîáðàæåíü òðåáà âçÿòè îäèí ïðåäñòàâíèê).Íàãàäà¹ìî, ùî åíäîìîð�içì ìàòðè÷íîãî çîáðàæåííÿ T � öå äîâiëüíà ìàò-ðèöÿ X , ÿêà êîìóòó¹ ç êîæíîþ ìàòðèöåþ çîáðàæåííÿ.Î÷åâèäíî, ùî ìàòðè÷íà àëãåáðà Àóñëåíäåðà íå çàëåæèòü âiä âèáîðó ïðåä-ñòàâíèêiâ â êëàñàõ åêâiâàëåíòíîñòi ó òîìó ñåíñi, ùî âñi îòðèìàíi òàêèì ÷èíîìàëãåáðè áóäóòü ñïðÿæåíi ÿê ïiäàëãåáðè âiäïîâiäíî¨ ïîâíî¨ ìàòðè÷íî¨ àëãåáðè.Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



34 Â. Ì. ÁÎÍÄÀ�ÅÍÊÎ, Å. Ì. ÊÎÑÒÈØÈÍÌè îá÷èñëèìî ìàòðè÷íó àëãåáðó Àóñëåíäåðà äëÿ âñiõ çàäà÷ ñêií÷åííîãîòèïó, ïðî ÿêi ñêàçàíî â òåîðåìi 3.Òåîðåìà 4. Äëÿ äîâiëüíîãî ïîëÿ õàðàêòåðèñòèêè 2 ìàòðè÷íà àëãåáðà Àóñ-ëåíäåðà ó âèïàäêó N = {R1, R2} ñêëàäà¹òüñÿ iç óñiõ ìàòðèöü âèãëÿäó
X =

















x11 x12 0 0 x15 0
0 x11 0 0 0 0
0 0 x33 x34 0 x36

0 0 0 x33 0 0
0 x52 0 0 x55 0
0 0 0 x64 0 x66

















,äå xij � åëåìåíòè ïîëÿ.Äîâåäåííÿ. �îçãëÿíåìî ïðÿìó ñóìó íåðîçêëàäíèõ çîáðàæåíü, âêàçàíèõ óâèïàäêó N = {R1, R2} (äèâ. ïîïåðåäíié ïàðàãðà�).
a → A =

















1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

















, b → B =

















0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 1

















,

g → G =

















1 1 0 0 0 0
0 1 0 0 0 0
0 0 1 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

















,Íåõàé X = (xij), i, j = 1, ldots, 6, � åëåìåíò ìàòðè÷íî¨ àëãåáðè Àóñëåíäåðà,òîáòî AX = XA, BX = XB i GX = XG. Ïåðøà ðiâíiñòü áóäå òîòîæíiñòþ,îñêiëüêè ìàòðèöÿ A ¹ îäèíè÷íîþ.Âèêîðèñòà¹ìî ñïiââiäíîøåííÿ BX = XB. Îòðèìà¹ìî íàñòóïíi ðiâíîñòi:
(1.1; 1, 1) : 0 = 0, (1.1; 3, 1) : x31 = 0, (1.1; 5, 1) : 0 = 0,
(1.1; 1, 2) : 0 = 0, (1.1; 3, 2) : x32 = 0, (1.1; 5, 2) : 0 = 0,
(1.1; 1, 3) : 0 = x13, (1.1; 3, 3) : x33 = x33, (1.1; 5, 3) : 0 = x53,

(1.1; 1, 4) : 0 = x14, (1.1; 3, 4) : x34 = x34, (1.1; 5, 4) : 0 = x54,

(1.1; 1, 5) : 0 = 0, (1.1; 3, 5) : x35 = 0, (1.1; 5, 5) : 0 = 0,
(1.1; 1, 6) : 0 = x16, (1.1; 3, 6) : x36 = x36, (1.1; 5, 6) : 0 = x56,

(1.1; 2, 1) : 0 = 0, (1.1; 4, 1) : x41 = 0, (1.1; 6, 1) : x61 = 0,
(1.1; 2, 2) : 0 = 0, (1.1; 4, 2) : x42 = 0, (1.1; 6, 2) : x62 = 0,
(1.1; 2, 3) : 0 = x23, (1.1; 4, 3) : x43 = x43, (1.1; 6, 3) : x63 = x63,

(1.1; 2, 4) : 0 = x24, (1.1; 4, 4) : x44 = x44, (1.1; 6, 4) : x64 = x64,

(1.1; 2, 5) : 0 = 0, (1.1; 4, 5) : x45 = 0, (1.1; 6, 5) : x65 = 0,
(1.1; 2, 6) : 0 = x26, (1.1; 4, 6) : x46 = x46, (1.1; 6, 6) : x66 = x66.Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÌÎÄÓËß�ÍI ÇÎÁ�ÀÆÅÍÍß Ç ÄÎÄÀÒÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÍÀÏIÂ��ÓÏÈ T2 × S2T2 × S2T2 × S2 35Âðàõîâóþ÷è âæå îòðèìàíi ðiâíîñòi, âèêîðèñòà¹ìî òåïåð ñïiââiäíîøåííÿGX =
XG, çàïèñàíå â åêâiâàëåíòíié �îðìi ÿê (G+ E)X = X(G+ E).Îòðèìà¹ìî íàñòóïíi ðiâíîñòi:
(1.2; 1, 1) : x21 = 0, (1.2; 3, 1) : 0 = 0, (1.2; 5, 1) : 0 = 0,
(1.2; 1, 2) : x22 = x11, (1.2; 3, 2) : 0 = 0, (1.2; 5, 2) : 0 = x51,

(1.2; 1, 3) : 0 = 0, (1.2; 3, 3) : x43 = 0, (1.2; 5, 3) : 0 = 0,
(1.2; 1, 4) : 0 = 0, (1.2; 3, 4) : x44 = x33, (1.2; 5, 4) : 0 = 0,
(1.2; 1, 5) : x25 = 0, (1.2; 3, 5) : 0 = 0, (1.2; 5, 5) : 0 = 0,
(1.2; 1, 6) : 0 = 0, (1.2; 3, 6) : x46 = 0, (1.2; 5, 6) : 0 = 0,

(1.2; 2, 1) : 0 = 0, (1.2; 4, 1) : 0 = 0, (1.2; 6, 1) : 0 = 0,
(1.2; 2, 2) : 0 = x21, (1.2; 4, 2) : 0 = 0, (1.2; 6, 2) : 0 = 0,
(1.2; 2, 3) : 0 = 0, (1.2; 4, 3) : 0 = 0, (1.2; 6, 3) : 0 = 0,
(1.2; 2, 4) : 0 = 0, (1.2; 4, 4) : 0 = x43, (1.2; 6, 4) : 0 = x63,

(1.2; 2, 5) : 0 = 0, (1.2; 4, 5) : 0 = 0, (1.2; 6, 5) : 0 = 0,
(1.2; 2, 6) : 0 = 0, (1.2; 4, 6) : 0 = 0, (1.2; 6, 6) : 0 = 0.Îòæå, âiäïîâiäíà ìàòðè÷íà àëãåáðà Àóñëåíäåðà ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü,âêàçàíèõ â óìîâi òåîðåìè.Òåîðåìà 5. Äëÿ äîâiëüíîãî ïîëÿ õàðàêòåðèñòèêè 2 ìàòðè÷íà àëãåáðà Àóñ-ëåíäåðà ó âèïàäêó N = {R1, R3} ñêëàäà¹òüñÿ iç óñiõ ìàòðèöü âèãëÿäó
X =









































x11 x12 0 0 x15 0 x17 x18 0 x1 10 x1 11 x1 12

0 x11 0 0 0 0 x15 0 0 0 x1 10 0
0 0 x11 x12 0 x15 0 0 x18 0 0 0
0 0 0 x11 0 0 0 0 0 0 0 0
0 x52 0 0 x55 0 x57 x58 0 x5 10 x5 11 x5 12

0 0 0 x52 0 x55 0 0 x58 0 0 0
0 0 0 0 0 0 x55 0 0 0 x5 10 0
0 x82 0 0 0 0 x87 x88 0 0 x8 11 x8 12

0 0 0 x82 0 0 0 0 x88 0 0 0
0 0 0 0 0 0 x10 7 0 0 x10 10 x10 11 x10 12

0 0 0 0 0 0 0 0 0 0 x10 10 0
0 0 0 0 0 0 x12 7 0 0 0 x12 11 x12 12









































,

äå xij � åëåìåíòè ïîëÿ.Òåîðåìà 6. Äëÿ äîâiëüíîãî ïîëÿ õàðàêòåðèñòèêè 2 ìàòðè÷íà àëãåáðà Àóñ-ëåíäåðà ó âèïàäêó N = {R2, R3} ñêëàäà¹òüñÿ iç óñiõ ìàòðèöü âèãëÿäó
Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



36 Â. Ì. ÁÎÍÄÀ�ÅÍÊÎ, Å. Ì. ÊÎÑÒÈØÈÍ
X =









































x11 x12 0 0 x15 0 0 0 0 x1 10 0 0
0 x11 0 0 0 0 0 0 0 0 0 0
0 0 x11 x12 0 x15 0 0 0 0 x1 10 0
0 0 0 x11 0 0 0 0 0 0 0 0
0 x52 0 0 x55 0 0 0 0 0 0 0
0 0 0 x52 0 x55 0 0 0 0 0 0
0 0 x52 x74 0 x76 x55 0 x79 0 x7 11 x7 12

0 0 x83 x84 0 x86 x87 x88 x89 0 x8 11 x8 12

0 0 0 x83 0 x87 0 0 x88 0 0 0
0 x10 2 0 0 x10 5 0 0 0 0 x10 10 0 0
0 0 0 x10 2 0 x10 5 0 0 0 0 x10 10 0
0 0 0 x12 4 0 x12 6 0 0 x12 9 0 x12 11 x12 12









































,

äå xij � åëåìåíòè ïîëÿ.Äîâåäåííÿ òåîðåì 5, 6 ïðîâîäèòüñÿ ïî òàêié æå ñõåìi, ÿê i äîâåäåííÿ òåîðåìè4. Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè1. Äðîçä Þ. À. Î ðó÷íûõ è äèêèõ ìàòðè÷íûõ çàäà÷àõ // Ìàòðè÷íûå çàäà÷è. � Êèåâ: Èí-òìàòåìàòèêè ÀÍ ÓÑÑ�. � 1977. � Ñ. 104�114.2. Êëè��îðä À., Ïðåñòîí �. Àëãåáðàè÷åñêàÿ òåîðèÿ ïîëóãðóïï. � Ò. 1 � Ìîñêâà: �Ìèð�,1972. � 285 ñ.3. Okninski J. Linear representations of semigroups. � World S
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