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MOHOIIN EHI0OMOP®I3MIB HAIIIBPEIIIITOK HAIIIBIPVYII

We prove that the endomorphism monoid of a semilattice of semigroups, which are semilattice
indecomposable, is isomorphically embedded into the wreath product of a transformation semi-
group with a small category.

Hoseneno, mo MoHOI eHmoMopdi3MiB HAMIBPENNTKY HAINBIPYII, HEPO3K/IAIHUX Y HAIIBPEIITKY,
i30MOpP(}HO 3aHYPIOETHCs y BiHIEBHUiT JOOYTOK HAIIBIPYIIH [IEPETBOPEHD 3 MAJIOI0 KATErOpi€io.

[Toxigni cTpyKTYpH aaredbpaldHuX CUCTEM € OJIHUM 3 iIHCTPYMEHTIB JIOC/IiIzKEeHHs Oy-
JIoBH it Kjacugikarii camux cucteM. B 6araTbox BHITaIKaX MOXi/IHA CTPYKTYpa Mic-
TUTh CYyTTEBY iH(OPMAIIIO PO 3arajibHi BJACTUBOCTI JIAHOT aJiredpaidHol cucremu.
J1o HaitOL/IbII HOMIMPEHUX MOXIJIHUX CTPYKTYP HaJIeXKaTh PElNTKU 1ija/aredp, peri-
TKHM KOHI'DYEHIi, rpynu aBromopdizmis, MouoiIu enjgomopdizmib ta in. Ocobinsa
yBara IpH BUBYEHHI MOHOIIIB eH0MOP(I3MIB HPU/ILIAETHCI TAKUM IIPOOIeMaM K
onuc adCTPAKTHUX XapaKTePUCTUK, JTOCTIZKeHHs aJredpaldHux Ta KOMOIHATOPHUX
BJIACTUBOCTEM, BU3HAYEHICTH ajirebpaidHux cucreM ix eHjoMmopdizmamu, 11odyoBa
TOYHUX 300pazkeHb Tomo (AuB., HAuUp., |1-5]).

OcranniM 9acoMm y Teopii HamiBrpyn Jjist Onucy 300pakeHb MOHOIIIB €HJI0MOP-
$i3MiB 10CUTH AKTUBHO BUKOPHCTOBYETHCS KOHCTPYKIlisl BIHIIEBOI'O JIOOYTKY Ta Jie-
MOHOT/Ia 3 MaJIOI0 KATEropi€ro i BUKOPUCTAB 11 /15l OIIKCY TOYHOI'O 300pazKeHHs MO-
Hoita enomopdismis gosinbhol gii 7). V. Kuayep i M. Hinopre [8] mosesu, 1o
MOHOIJI, CUJIbHUX eH/IOMOP(}I3MiB HEOPIEHTOBAHOI'O CKiHYeHHOrO rpady 6e3 KparHux
pebep € i30MOpdHUM BiHIIEBOMY JOOYTKY IPyIH aBTOMOP}I3MiB KAHOHIYHOI'O CHJIb-
Horo dakrop-rpada 3 meskow kKareropiero. B [9] Gyiao moBemeno, 1o HamiBrpyma
eH10MOopi3MiB BIIBHOIO JOOYTKY HAIIBIPYII 3aIaHOTO KJacy i30MopdHA BiHIIEBO-
My JIOOYTKY HAIIIBI'PYIIU [IEPETBOPEHb 3 MaJj10t0 Kareropiero. 11os1ibui pesy/ibraru jijis
HEOPIEHTOBAHUX HE3B's3HuX rineprpadis 0e3 kparHux pedep i JiesdKUX BiJIIIOBIIHO-
cTeil Ha HAMIBIPYIi eHJ0MOp(i3MiB BiHOIIEHHS €KBIBAJEHTHOCTI OyJM OTpUMAaHL
B [10] Ta [11] BizmoBinmo. B [12] 6ymo mokaszano, mo rpymna aBroMopdi3MiB opToro-
HAJIbHOI CYMH HAIIBIPYII € 130MOPMHOIO IpsIMOMY JT0OYTKY BiHIIEBUX J00YTKIB I'PYII.
st rpynn aBroMopdizMiB JIOBLILHOT HALIIBIPYIIU CXOXKY XapPAKTEPUCTUKY HABEJIEHO
B [13]. IIpupostboio B pOMY HALPSMKY € 3a/jada ONUCy 300pazkeHb MOHOIIA €HJ0-
MOpP}i3MiB JIOBLILHOI HAIBI'PYIIH.

B miit poboTi, BUKOPUCTOBYIOUH, 110 OY/b-sKa HAIIBIPYIIa € HAIIBPEIIITKOIO He-
PO3KJIAJIHUX Y HAIIBPEIITKY HAIIBIPYII, 00y I0BaHO i30MOopdHe 3aHypeHHI MOHOITa
engioMopdismiB HaniBrpynu y Biniesuii 106yTOK MOHOIA 3 MAJIOIO KATeropieio (re-
opema 1). Orpumanuii pesyibrar 0ysno anoncosano B [14]. Kpim toro, onucyerbces
300parkeHHs MOHOIJIa eH/IOMOP(}I3MIB HAIIBPEITKU HAIIBIPYIL, sKi HE PO3KJIa/la-
IOTHCS Y HAMIBPENINTKY, YHADHUMH BiHOIIEHHSIMHI (Teopema 2).

1. Ilonepenui Bimomocti. Hexait /| — HamiBpemiTka, TO6TO KOMyTaTHBHA
HamiBrpymna igemnorentis. Hamisrpyma S nasuBaerncst nanispewimsoro I nanieepyn
Siy 1 € I, 9KII0 BUKOHYIOTHCSI HACTYIHI YMOBH:
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1) S = Uer S

2) S;NS; =0 nna Beix Biaminnux 4,5 € I;

3) SiS; € S;; nast Gynp-aKux 4, j € 1.

dxmo S — wamiBpemritka [ wamisrpyn S;, i € I, To cimeiictBo D = {S;|i € I}
HA3UBAOTH JeKoMNO3uYic0 HAIBrpynu S y HAIBPENIITKY HAIIBIPYII, & HAIIBIPYIIH
Si,i € I, — komnonenmamu B D.

Hamirpyna S Ha3suBa€TbCst Heposkaadnoto y naniepewimry, akmo D = {S} e
€IMHOIO 11 JEKOMIO3UITIECI0 Y HAINIBPENIiTKY HaIMiBIPYII.

Hob6pe Bigomo (auB., Hamp., [15]), mo 6yap-sika HamiBrpyna Mae Haibiibry Je-
KOMIIO3UIIII0 Y HAIIIBPENIITKY CBOIX IIHAIIBIPYIL, IPU IIbOMY KOMIIOHEHTH TAaKOI Jie-
KOMIIO3HIIIT € HePO3KJIAQJIHUMHK y HalliBpelniTKy. BpaxoByrouu 1eit pesy/ibrar, OyjeMo
HO3HAYATH JIOBLIbHY Hauisrpyuy S takox depes (J,.; S, BBaxaioun, mo {S;|i € I'}
— Ie HaOLIbINa TeKOMIO3UINS HAMBIPYIH S Y HAIIIBPENNTKY HAIIBIDYII.

Hexaii S — moBinbua HamiBrpyma. MHOXKHHY BCiX roMoMopdi3MiB HamiBrpymu S
B HauiBrpyuy 1 Gyjemo nosnauaru yepe3s Hom(S;T).

Mownoiz ycix enjomopdizmis HaniBrpyu S nosnadacrbest yepes End(S).

st noButbHOTO Bijobpaxkenust ¢ : A — B i Henopoxkubol mijmuoxkuaun Y C A
qepes |y MO3HAYAETHCSA OOMEKeHHs ¢ Ha Y.

Jlema 1. Hexatt D = {S; | i € I} — natbisvwa dexomnosuyia nanieepynu S y
naniepewimry nanisepyn, © € End(S). Todi daa xoorcnozo i € I snatidemoes j € 1,
make wo ¢|s, € Hom(S;; S;).

Josedenns. [punycrumo, wo icuye i € I, rake mo Sip € S; ans Beix j € I, ta
noksiagemo A; = {a € I1S;9oN S, # 0}. 3posymino, mo S;p € nanispemirkoo A; Ha-
miBrpyn S = S;pNS,, a € A;, ipu pomy |A;| > 2. Aste Toxi, sIK HeBaXKKO IIOMITUTH,
S; € manippemtitkoro A; mamisrpyn (S¥)¢~! a € A;, mo cynepeduTh yMoBi Hepo3-
KJaaHocti kommnonent 3 Dy manispemirky mamisrpymn. Otxe, ¢|s, € Hom(S;;S))
JIIst Jiesikoro j € 1.

Jlemy JioBejieHO.

BinmiTumo, 1o obepHeHe TBep/zKeHHs JI0 1€l JJeMU B 3araJbHOMY BHUIAJKY He-
BipHe (JUB. OPUKJIAIH 1. 2).

Jlai Bu3HAYMMO BiHIEBHIT JTOOYTOK MOHOIZa 3 MaJiolo Kareropieio. /ljig masiol
kareropii £ 3 MHOKuUHOKI 00’ekriB X = ObJF 1noK/1a/1eM0

M = U Mor (a;b)

a,beX

ta, no3uaunmo depes Map(X; M) muoxkuny Bcix Bigobpaxkenb X B M.
Hexait T" — monoin 3 ogununero 1, akuii gie 3aiBa Ha X, 1

V=A{tNHIteT, fe Map(X;M),xf € Mory(z;tx) nua x € X}.
Busznauumo Ginapuy onepaiiito Ha V' 3a 1npaBujioMm:
(rs f)(p: 9) = (rp; fp9),

ne x(fpg) = (px)fxg nnsa seix x € X 1 (pr)frg — ne komuosunis mopdismis B
Kareropii J .
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Muozkuna V' 3 Takoio omeparieio € MoHoizoMm 3 opuuuneio (1;e), e e € Map(X; M)
— Take Bijobpazkenus, mo xe € Mor(z; x) € ToToxHIM MOPMI3ZMOM id, /s KOZKHOTO
00’ekTy T B K .

Momnoin V' nasuBaerbcs inyesum dobymrom MOHOIIA T 3 MAJIOIO KATEropieio £~
i nosnauaerses depes T wr # (qus., vaup., [7]).

Bigmitumo, 1mo KoMmio3swuilisi BijioOpakeHb BCIOJM B Iiii poOOTI BU3HAYAETHCS
cIIpaBa HaJiBo.

2. Monoinu engomopdi3zmiB HamiBpenriTok HamiBrpym. Hexait S — j0-
BinbHa HamiBrpyma, D = {S; | i € I} — Haiibinpma AeKOMIO3UIisd HANIBrpymn S y
HAIIIBPENIiTKY HAIiBI'PYII.

Busnaunmo masry Kareropiro %, MOK/IaBIIN

Ob¢ = D, Mors(S;; S;) = Hom(S;;S;),
Mor€ = U More(S;i; S;).
ijel
Momoizn Bcix neperBopensb ¢ Muokuuu I, Takux mo Mory (S;; Sic) # @ ans Beix
i € I, nozuaxumo wepes T'(I).

Heazkko nomituru, mo #amsrpyna 7'(1) npupoaubo ji€ 371iBa Ha 00’€KTH Kare-
ropii € i Mu orpuMyeMo Takuii BiHIEBHI 100y TOK:

T(I)wr€ ={(g; flle e TU), [ € Map(Ob€; Mor?),S;f € More(Si; 95:)}-

Akmo ¢ € End(S), 10 uepe3 ¢* HO3HAYMMO LEPETBOPEHHS MHOXKUHU [, siKe
1H/LYKy€TbCs eHJIoMOpdi3MOM (p, TOOTO
o I =T :i—=ip" =7, avuo S;p C 5.
3riguo Jlemu 1 (quB. 1. 1) neperBopenHst ¢* € KOPEKTHO BU3HAYECHUM.
OCHOBHUM DPe3yJIbTATOM € HACTYIITHA TEOPEMa.

Teopema 1. Monoid endomopdismic End(J,c; Si) nanispewimuu I naniezpyn
Si, i € I, idomopdpro sanyproemuves y einuesuti dooymox T(1) wr € monoida nepe-
meopens T'(I) 3 manoro kamezopiero € .

Llosedenns. Busnauumo sinobpazenns & monoina End(|J,.; Si) v sinnesuii
no6yrok T'(I) wr % 3a npaBuiom:

1o (05 f),0e f:Simls, (ie€l).

OueBuano, £ € iH'€KTUBHUM B1JIOOPazKeHHSM.
Host 6ynb-sxux @, 1) € End(|J,;; Si) maemo

()€ = ((p¥)"s 1), de p 2 Si = ()

EYE = (" [) W7 9) = (™Y fyrg).
dcuo, mo (pY)* = @**. Biabmm toro, as Beix S; € ObE

Si»

Sip = (p¥)|s; = Plsw 0 Vls; = @ls,y 0 Yls, =
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= Siy+f 0 8ig = (V*5;) f 0 Sig = Si(fy+9),

JIe 0 — KOMIIO3MIlis 9aCTKOBUX nepersopens na S = J;.; Si.

Takum uunoM, fy«g = ft, 1 oT2K€, § — MOHOMOP®i3M.

Teopemy moBeneHO.

Jlami nmobyyeMo iHire 300paKeHHs MOHOIIA eHI0MOp(i3MiB HAIIBPEIITKH He-
PO3KJIQJIHUX Y HAIIBPENNTKY HallBIPYIL.

Hexait € — maja Kareropis, susnadena sume. [Hokaagemo Mor®¢ = Moré U
{0}, 0 ¢ Mor®, ra Busnaunmo oueparniio Ha Iiii MHOXKHUHI B Takuii crocio:

_J o, @ #0F#Y ma im(y) C dom(yp),
W—{ 0

6 THWUL 8UNAIKAT,

Jie (p 0 1) — KOMIIO3UIlidg roMOMOpP(i3MiB.

3posyMino, mo Mor’é e HamiBrpymoo BiZHOCHO MOIHO BH3HAYEHOI OIEpaILii.
Kpim Toro, 3 Tounictio 10 isomopdizmy Mor?€ micrurbes B Hamisrpyii seix 6inap-
HUX BiJHOIIEHb Ha S.

Haramaemo, 1o MHOXKHHA BCIX i IMHOKHWH HAIMBIPYIH S 3 OMEPAI€i0 MHOKEHH
XY ={ay|z € X,y € Y} ana scix X, Y C S, € HANIBrpyIoO, KA HA3HBAETHCSI
22000401010 Hadnaniezpynot HamiBrpymu S i nosnadaerbes depes GI(.S).

s Beix ¢ € I nokJiajieMo

M. = | JMors(Si; ;) i Larorog = {M.]i € I} U{{0}}.
jel

Muoxkuny Bcix TpaHcBepcaJieil, o BiIOBIIAIOTH PO3OUTTIO Ljs,0¢ HALIBIPYLT
Mor®€, nosnaunmo uepes Tr(Lyoroq) -

Besnocepenus nepesipka cBigaurh, mo 177 (L Mor0%) € IJHAIIBIPYIIOIO TI00A/Ib-
woi maguamisrpynu GI(Mor’?).

Hacrynna Teopema omnmcye 300pazkeHHs MOHOIZa eHI0MOP(]I3MiB HAIIBrpyIH
YHAPHUMU BIJIHOIIEHHSMU.

Teopema 2. Monoid endomopdismic End(J,c; Si) nanispewimuu I naniezpyn
Si, i € 1, izomoppro sanyproemocs y nanieepyny Tr(Lasoroq)-

Zlosedenns. HeBarKko mepecBiIIUTHCE, IO BioOpazkeHHs ( MOHOI1a €HI0MOp-
bismis End(|J;; Si) y manisrpymy Tr(Ljoro4), 9Ke BU3HAYAETHCS 33 IPABUIOM:

fC=A{fls,:i1 €1} U{0} dasa scix f € End(USi),
iel
€ 10’ €KTUBHUM I'OMOMOPQI3MOM.
Teopemy moBeneHo.
Hapenemo mami npukaaan 3actocyBanag Teopemn 1.

IIpuknad 1. Hexait X — nosiibHa MHOKuMHA 3 noryzxuictio [ X| > 2 ra XT —
BlIbHA HaIIBIpyIa, nopojzkena X. Po3risgueMo 300pazkeHHs HAIIBIPYIU €HI0MOpP-
dismis End(X ™).

[To3Hauumo HaIBPENIITKY BCIX HEHOPOXKHIX IMiJAMHOXKUH X BIJIHOCHO Olepariii
00’ equanns Muoxun depes U(X). Hus Beix A € U(X) nexaii

Xa={we XT|c(w) = A},
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je c(w) — 3micr ciioBa w. CumerpuydHa HamiBrpyula BCiX 11€peTBOPeHb MHOKUHE X
no3uadaeTbes depes I(X).

Binomo, mo {X4|A € U(X)} — naiibiapma 1eKOMIO3UIis BiTbHOI HAMIBIPYIIH
XT y wanispemitky U(X) migmamisrpyn X4, A € U(X). Biabm toro, romomop-
dbizmu namisrpyn X4, A € U(X), B X, B € U(X), Bu3HauatoTbCsl BijioOpazKeHHIMU
fr A= XT, raxavu mo 4 ; c(w) = B. e osnauae, mo T(U(X)) = I(U(X)).

3a Teopemoto 1, End(X ™) 3anyproerbes y Binnesuii 106yrok (U (X))wré cu-
merpranol Hamisrpynu (U (X)) 3 BianosigHoo Masioo kareropieio €. Binznaanmo,
mo End(U(X)) e Bracuoro mignanisrpynoro vamisrpynu 7' (U(X)). iiicho, ast pis-
HUX esleMenTis a,b € X nexait ¢ : X, — X{p) nosnauae isomopdism Xiqy ma Xy
Busnauumo nepersopenns & Hamisrpyuu X T 3a IpaBHJIOM:

lUf:{ wlp, wEX{a},

w 6 THUWUT BUNGIKAT

st Beix w € X1, Toxi & ¢ End(X™), ockinbku

£(ab) = ab # b* = £(a)§(b).

Takum quHOM, eperBopenHs HamiBpenritku U(X ), ke iHIyKyeThcs BimoOpazke-
augam &, He nasexutb End(U(X)).

IIpukaad 2. Hexait S(X) — cumerpudna rpymna Ha cKiHvenniii Maoxkuni X, e
| X| > 1, ta I = {0,1} — myaprumiikarusna HamiBpemritka. Tozi cumerpudna Ha-
uisrpyna (X)) € nerpusianbhoro HanispemriTkoo [ mignanisrpyn Sy = $(X)\S(X)

i S = S(X).
st (3 - 0)-(0 2

fcno, mo

Omuc Bcix romomopdismis S; na S, ae 4,7 € I, moxua suaiitu B |1]. B upo-
my Bunaky, End(3(X)) 3anyproerbes y Binuesuii jo0yrok End(l)wr€, ne € —
HIXO/IAIIA MaJIa, KaTeropis.

Orike, B Teopemi 1 3amicTh HamiBrpymnu meperBopetb 1'(I) MOXKHA BUKOPHCTOBY-
BaTu it MoHoi engomopdizmi End([).

BiamiTuMmo, 1mo orpuMani y poOOTi pe3ybTaTh MOKHA PO3IVISHYTH 1 B OLIbII
3ara;JibHOMY BHUIIQJIKY, JIJISI MOHOIIIB eH10MOpP(Ii3MiB CIIOJYKH HAIIBIPYII, HEPO3KJIa-
JIHUX Y CIIOJIYKY.
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