
78 Î. À. ÊÈ�ÈËÞÊÓÄÊ 512.84Î. À. Êèðèëþê (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)ÌIÍIÌÀËÜÍI ÍÅÇÂIÄÍI �ÎÇÂ'ßÇÍI ÏIÄ��ÓÏÈ ��ÓÏÈ
GL(2, Rp)
All minimal irreducible solvable subgroups of the group GL(2, Rp) (Rp is the ring of integers of
the finite ixtension Fp of the fileld rational p-adic numbers Qp for p > 2) are described up to
conjugation.Îïèñóþòüñÿ ç òî÷íiñòþ äî ñïðÿæåíîñòi âñi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïèGL(2, Rp)(Rp � êiëüöå öiëèõ âåëè÷èí ñêií÷åííîãî ðîçøèðåííÿ Fp ïîëÿ ðàöiîíàëüíèõ p-àäè÷íèõ ÷èñåë
Qp äëÿ p > 2).Â [1, 2℄ êëàñè�iêîâàíi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, Rp)ïðè p = 2.Îñíîâíi ïîçíà÷åííÿ ñòàòåé [1, 2℄ áóäóòü âèêîðèñòàíi i â äàíié ðîáîòi.I. Íåõàé p > 2 � ïðîñòå ÷èñëî i ε � ïåðâiñíèé êîðiíü ñòåïåíÿ p ç îäèíèöi.ßêùî ε 6∈ Rp, òî ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.Òåîðåìà 1. Íåõàé p > 2 � ïðîñòå ÷èñëî i ε 6∈ Rp. Òîäi:

1. Àáåëåâi ìiíiìàëüíi íåçâiäíi ïiäãðóïè ãðóïè GL(2, Rp), ÿêi iñíóþòü òîäii òiëüêè òîäi, êîëè i ∈ P2(i
2 = −1) àáî ⊓′ 6= ⊘, ç òî÷íiñòþ äî ñïðÿæåíîñòiâè÷åðïóþòüñÿ ãðóïàìè

H2n+1 =

〈(

0 ξ
1 0

)〉

, H2, r =

〈(

0 β0

1 β1

)〉

,äå P2 = 〈ξ〉, |P2| = 2n(n ≥ 2), r ∈ ⊓′, à β0, β1 � êîå�iöi¹íòè íåçâiäíîãî íàä Fpäiëüíèêà f(x) = x2 − β1x− β0 ïîëiíîìà xr − 1.
2. Íåàáåëåâi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, Rp), ÿêi iñíó-þòü òîäi i òiëüêè òîäi, êîëè i ∈ P2 àáî ⊓ 6= ⊘, ç òî÷íiñòþ äî ñïðÿæåíîñòiâè÷åðïóþòüñÿ ãðóïàìè:

1) W
(q)
1 =

〈(

Θq 0
0 Θ−1

q

)

,

(

0 1
1 0

)〉

, ÿêùî |P2| = 2 i q ∈ ⊓;

2) W
(q)
1 ,W

(q)
2 =

〈(

Θq 0
0 Θ−1

q

)

,

(

0 −1
1 0

)〉

; V1 =

〈(

i 0
0 −i

)

,

(

0 1
1 0

)〉

;

V2 =

〈(

i 0
0 −i

)

,

(

0 −1
1 0

)〉

, ÿêùî |P2| = 22 i q ∈ ⊓;

3) V1, V2, ÿêùî |P2| = 22 i ⊓ = ⊘;

4) V1, V2, V3 =

〈(

ξk 0
0 −ξk

)

,

(

0 1
1 0

)〉

, ÿêùî |P2| = 2n(n ≥ 3) i ⊓ 6= ⊘;

5) V1, V2, Vk,W
q
l =

〈(

Θq 0
0 Θ−1

q

)

,

(

0 ξl
1 0

)〉

, ÿêùî |P2| = 2n(n ≥ 3); q ∈ ⊓;Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÌIÍIÌÀËÜÍI ÍÅÇÂIÄÍI �ÎÇÂ'ßÇÍI ÏIÄ��ÓÏÈ ��ÓÏÈ GL(2, Rp) 79äå Θq � åëåìåíò ïîðÿäêà q ó êiëüöi Rp, q ïðîáiãà¹ ìíîæèíó ⊓, ξk, ξl � åëåìåíòèïîðÿäêiâ 2 i 2 âiäïîâiäíî ó êiëüöi Rp (1 ≤ l ≤ n; 3 ≤ k ≤ n), ïðè÷îìó
V1

∼= D4, V2
∼= K4, Vk

∼= Hk =
〈

a, b|a2
k

= b2 = 1, b−1ab = a1+2k−1
〉

(k = 3, ..., n),

W
(q)
l

∼= Gl,q =
〈

a, b|aq = b2
q

= 1, b−1ab = a−1
〉

(l = 1, ..., n). (1)Äîâåäåííÿ. 1. Íåõàé G � àáåëåâà ìiíiìàëüíà íåçâiäíà ïiäãðóïà ãðóïè
GL(2, Rp). Òîäi ç [3℄ âèïëèâà¹, ùî G ∼= H2n+1 àáî G ∼= H2,r. ßêùî r 6= 3, òî
G ¹ p′-ãðóïîþ i ñïðÿæåíà â GL(2, Fp) ç ãðóïîþ H2n+1 àáî ç ãðóïîþ H2,r, çâiä-êè G ñïðÿæåíà ç H2n+1 àáî ç ãðóïîþ H2,r i â ãðóïi GL(2, Rp) (äèâ. [1℄). ßêùî
r = p = 3, òî, ÿê ëåãêî áà÷èòè, H2,3 � ¹äèíà ç òî÷íiñòþ äî ñïðÿæåíîñòi íåçâiäíàïiäãðóïà ïîðÿäêà 3 ãðóïè GL(2, R3).2. Íåõàé |P2| = 2n, òîäi, â ñèëó [3℄, íåàáåëåâi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíiïiäãðóïè ãðóïè GL(2, Rp) ç òî÷íiñòþ äî içîìîð�içìó âè÷åðïóþòüñÿ 2-ãðóïàìèÌiëëåðà�Ìîðåíî H2r,2k

∼= Hk (k = 3, ..., n), D4, K4 i áiïðèìàðíèìè ãðóïàìèÌiëëåðà�Ìîðåíî Gl,q,τ ïîðÿäêà 2l · qm (q ∈ ⊓), äå m � ïîêàçíèê, ÿêîìó íà-ëåæèòü q çà ìîäóëåì 2. Îñêiëüêè q 6= 2, òî m = 1 i |Gl,q,τ | = |G,q| = 2l · q(l = 1, ..., n). ßêùî ïîçíà÷èòè Gl,q,τ = 〈a, b〉, òî îäåðæèìî b−1ab = ar. Îñêiëüêè
b2 ëåæèòü â öåíòði ãðóïè Gl,q,τ , òî r2 ≡ 1(mod q), òîáòî (r−1)(r+1) ≡ 0(mod q).Ç íåàáåëåâîñòi ãðóïè Gl,q,τ âèïëèâà¹, ùî r = −1 i Gl,q,τ

∼= Gl,q. Äàëi, òàê ÿê
p ∤ |Gl,q|, òî ãðóïè (1) ¹ p′-ãðóïàìè. Òîäi ç òèõ æå ìiðêóâàíü, ùî i â ï. 1), âèïëè-âà¹ äîâåäåííÿ ï. 2). Òåîðåìó äîâåäåíî.II. Íåõàé òåïåð p > 2 i ε ∈ Rp. ßê âèïëèâà¹ ç îïèñàííÿ ìiíiìàëüíèõ íåçâi-äíèõ ðîçâ'ÿçíèõ ïiäãðóï ãðóïè GL(2, Fp) (äèâ. [3℄), ç òî÷íiñòþ äî içîìîð�içìóìiíiìàëüíi i íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, Rp) â öüîìó âèïàäêó âè-÷åðïóþòüñÿ ãðóïàìè D4 i K4 ïðè |P2| = 2 i ãðóïàìè D4, K4, Gl,q i

Nl =
〈

a, b|ap = b2
l

= 1, b−1ab = a−1
〉

(l = 1, ..., n) (2)ïðè |P2| = 2n (n ≥ 3, 3 ≤ k ≤ n).Îïèøåìî òî÷íi íåçâiäíi Rp-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè Nl. Î÷åâèäíî, òî÷íiíåçâiäíi Rp-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè Nl ìàþòü âèãëÿä
a →

(

ε ∗
0 ε−1

)

= A, b → B (B ∈ GL(2, Rp)).ßê âiäîìî [4℄, âñi òî÷íi Rp-çîáðàæåííÿ ãðóïè H = 〈a|ap = 1〉 âèäó a → A çòî÷íiñòþ äî åêâiâàëåíòíîñòi âè÷åðïóþòüñÿ çîáðàæåííÿìè
Γ0 : a →

(

ε 0
0 ε−1

)

, Γs : a →

(

ξ td−s

0 ξ−1

)

(s = 1, ..., d),äå ε−1 − ε = π = Θtd (Θ ∈ R∗

p, t � ïðîñòèé åëåìåíò êiëüöÿ Rp).Ëåãêî áà÷èòè, ùî çîáðàæåííÿ Γ0 ïðîäîâæó¹òüñÿ äî òî÷íîãî Rp-çîáðàæåííÿ
∆0 ãðóïè Nl âèäó

∆0 : a → Γ0(a), b →

(

0 γ
1 0

)

,Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



80 Î. À. ÊÈ�ÈËÞÊäå γ � ïåðâiñíèé êîðiíü ñòåïåíÿ 2l−1 ç 1 â ïîëi Fp, ïðè÷îìó çîáðàæåííÿ ∆0(γ) i
∆0(δ) Rp-åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè γ = δ.Íåõàé òåïåð Rp-çîáðàæåííÿ ãðóïè Nl ìà¹ âèãëÿä

∆s : a →

(

ε td−s

0 ε−1

)

= As, b →

(

α β
γ δ

)

= Bs.Iç ñïiââiäíîøåííÿ AsBs = BsA
−1
s âèïëèâà¹ ñèñòåìà ðiâíîñòåé

{

εα + γtd−s = αε−1,
δ = −α.Ïîçíà÷èâøè π = ε−1 − ε, îäåðæèìî γ = απ

td−s . Îñêiëüêè s > 0, òî γ ≡ 0(mod t).Îòæå, α ∈ R∗

p, çâiäêè, âðàõîâóþ÷è óìîâó B2l = E, îäåðæèìî (α2 + αβπ

td−s

)2l−1

= 1,çâiäêè α2+αβtd−s = ξ i äàëi β = (ξ−α2)td−s

απ
(ξ � ïåðâiñíèé êîðiíü ñòåïåíÿ 2l−1 ç 1â ïîëi Fp). Î÷åâèäíî β ∈ Rp òîäi i òiëüêè òîäi, êîëè α2 ≡ ξ(mod ts) (s = 1, ..., d).Òàêèì ÷èíîì, çîáðàæåííÿ ∆s ïðè α = αs ìà¹ âèãëÿä

∆s(αs, ξ) : a →

(

ε td−s

0 ε−1

)

= As, b →

(

αs
(ξ−αs)2td−s

αsπ
αsπ
td−s −α

)

= Bs. (3)Íåõàé ∆s(αs, ξ
′) � äåÿêå iíøå òî÷íå Rp-çîáðàæåííÿ âèäó (3) ãðóïè Nl. Ìà¹ìiñöå íàñòóïíà ëåìà.Ëåìà 1. Çîáðàæåííÿ ∆s(αs, ξ) i ∆s(αs, ξ

′) ãðóïè Nl áóäóòü Rp-åêâiâàëåíòíè-ìè òîäi i òiëüêè òîäi, êîëè ξ = ξ′ i αs ≡ αs(mod ts) (s = 1, .., d).Äîâåäåííÿ. Íåõàé C−1∆s(α, ξ
′)(g)C = ∆s(αs, ξ)(g), (g ∈ Nl), äå C ∈ GL(2, Rp).Iç ñïiââiäíîøåííÿ AsC = CAs îäåðæèìî C =

(

c1
(c4−c1)td−s

π

0 c4

)

(c1, c4 ∈ R∗

p).Òîäi
{

αsc1 = αsc4,
(c4ξ−α2

sc1)t
d−s

αsπ
= (c1ξ′−αsc4)td−s

αsπ
,

(4)çâiäêè c4 = αsαsc1. Ëåãêî ïåðåâiðèòè, ùî ïiäñòàíîâêà öüîãî çíà÷åííÿ c4 ó äðóãóðiâíiñòü (4) äà¹ αs(ξ−ξ
′) = 0. Îñêiëüêè αs ∈ R∗

p, òî ξ=ξ′, à òàê ÿê c4≡c1(mod ts),òî c4 − c1 = (αsα
−1
s − 1) = α−1

s c1(αs − αs) ≡ 0(mod ts), çâiäêè α ≡ αs(mod ts).Íåîáõiäíiñòü äîâåäåíà. Äîñòàòíiñòü îäåðæèòüñÿ, ÿêùî ïðîâåñòè ìiðêóâàííÿ óçâîðîòíîìó ïîðÿäêó.Ëåìà 2. Íåõàé p > 2 i ε ∈ Rp. Íåçâiäíi òî÷íi Rp-çîáðàæåííÿ ñòåïåíÿ 2ãðóï Nl ç òî÷íiñòþ äî åêâiâàëåíòíîñòi âè÷åðïóþòüñÿ çîáðàæåííÿìè
∆0(ξ) : a →

(

εk 0
0 ε−k

)

= A, b →

(

0 ξ
1 0

)

= B,

∆s(ξ) : a →

(

εk td−s

0 ε−k

)

= As, b →

(

α 0
απtd−s −α

)

= Bs,äå ξ ïðîáiãà¹ ïåðâiñíi êîðåíi ñòåïåíÿ 2l−1 ç 1 â ïîëi Fp, α2 = ξ; ε−k − εk = Θtd

(Θ ∈ R∗

p; s = 1, ..., d; k = 1, ..., p−1
2
; l = 1, ..., n).Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÌIÍIÌÀËÜÍI ÍÅÇÂIÄÍI �ÎÇÂ'ßÇÍI ÏIÄ��ÓÏÈ ��ÓÏÈ GL(2, Rp) 81Äîâåäåííÿ. Íåõàé ó (3)
α = λ0 + λ1t+ . . .+ λs−1t

s−1, (5)äå λi (i = 0, 1, ..., s − 1) � ïðåäñòàâíèêè ëiâèõ ñóìiæíèõ êëàñiâ êiëüöÿ Rp çàiäåàëîì tRp. Î÷åâèäíî, ÿêùî αs = αs + λts (λ ∈ Rp/tRp), òî αs = α(mod ts).Òîìó, â ñèëó ëåìè 1, â (4) äîñòàòíüî ðîçãëÿäàòè åëåìåíòè αs âèäó (5). Ïîêàæåìî,ùî α2
s = ξ. Äîâåäåííÿ áóäåìî ïðîâîäèòè iíäóêöi¹þ ïî s. ßêùî s = 1, òî α1 = λ0i λ2

0 = ξ, òîáòî α2
1 = ξ.Íåõàé òåïåð α2

s = ξ äëÿ âñiõ s < s′ i ïîêàæåìî, ùî α2
s′ = ξ, äå s′ = s + 1.Ìà¹ìî αs′ = αs+1 = αs + λst

s (λs ∈ Rp/tRp). Îñêiëüêè ξ − α2
s′ = 0(mod ts+1),òî ξ − α2

s′ = ξ − (αs + λst
s)2 ≡ ξ − α2

s − 2λst
s ≡ −2λsαst

s(mod ts+1). Òàê ÿê
2, αs ∈ R∗

p, òî êîíãðóåíöiÿ −2λsαst
s ≡ 0(mod ts+1) ìà¹ ìiñöå ëèøå ïðè λs = 0.Çâiäñè α2

s+1 = ξ. Î÷åâèäíî, ∆0 i ∆s(ξ) íååêâiâàëåíòíi íàä Rp äëÿ âñiõ s = 1, ..., d.Íåõàé
Γ0 : a →

(

εr 0
0 ε−r

)

= A′, b →

(

0 ξ′

1 0

)

= B� äåÿêå òî÷íå Rp-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè Nl. Ëåãêî áà÷èòè, ùî ∆0(s) i Γ0

Rp-åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè ξ = ξ′ i k = ±r. Íåõàé òåïåð
∆′

s(ξ
′) : a →

(

εr td−s

0 ε−r

)

= A′

s, b →

(

β 0
βπ′ts−d −β

)

= B′

s(ξ′ � ïåðâiñíèé êîðiíü ñòåïåíÿ 2l−1 ç 1, π′ = ε−r−εr, β2=ξ) � òî÷íå Rp-çîáðàæåííÿãðóïè Nl âèäó (3). Íåâàæêî äîâåñòè, ùî ∆′

s(ξ
′) Rp-åêâiâàëåíòíå ∆s(ξ) òîäi i òiëü-êè òîäi, êîëè ξ = ξ′ i r = ±k. Ëåìó äîâåäåíî.Çáåðiãàþ÷è ïîïåðåäíi ïîçíà÷åííÿ, ââåäåìî äâi ñåði¨ ãðóï

Ul =

〈(

ε 0
0 ε−1

)

,

(

0 ξ
1 0

)〉

,

Us
l =

〈(

ε td−s

0 ε−1

)

,

(

α 0
απts−d −α

)〉

, (s = 1, ...d),















(6)äå ξ � åëåìåíò ïîðÿäêó 2l−1 ó R∗

p, 1 ≤ l ≤ n, α � �iêñîâàíèé ðîçâ'ÿçîê ðiâ-íÿííÿ x2 = ξ ó êiëüöi Rp, ε−1 − ε = π = Θtd(Θ ∈ R∗

p) i |P2| = 2n. Î÷åâèäíî,
Ul

∼= U
(s)
l

∼= Nl.Òåîðåìà 2. Íåõàé p > 2 i ε ∈ Rp. Òîäi:
1. Àáåëåâi ìiíiìàëüíi íåçâiäíi ïiäãðóïè ãðóïè GL(2, Rp) ç òî÷íiñòþ äî ñïðÿ-æåíîñòi âè÷åðïóþòüñÿ ãðóïàìè H2n+1, H2,r, äå |P2| = 2n (n > 1), à r ïðîáiãà¹ìíîæèíó ⊓′.
2. Íåàáåëåâi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, Rp) ç òî÷-íiñòþ äî ñïðÿæåíîñòi âè÷åðïóþòüñÿ ãðóïàìè.

1) U1, U
(s)
1 ïðè |P2| = 2 i ⊓ = {p};

2) W
(q)
1 , U1, U

(s)
1 ïðè |P2| = 2 i q ∈ ⊓ (q 6= p);

3) V1, V2, U1, U
(s)
1 , U2, U

(s)
2 ïðè |P2| = 22 i ⊓ = {p};Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



82 Î. À. ÊÈ�ÈËÞÊ
4) W

(q)
1 ,W

(q)
2 , V1, V2, U1, U

(s)
1 , U2, U

(s)
2 ïðè |P2| = 22, q ∈ ⊓ (q 6= p);

5) V1, V2, Vk, Ul, U
(s)
l ïðè |P2| = 2n(n ≥ 3) i ⊓ = {p};

6) V1, V2,W
(s)
l , Ul, U

(s)
l ïðè |P2| = 2n(n ≥ 3) i q ∈ ⊓ (q 6= p).Äîâåäåííÿ. Ïóíêò 1 òåîðåìè äîâîäèòüñÿ àíàëîãi÷íî ï. 1 òåîðåìè 1. Äî-âåäåìî ïóíêò 2. Â ñèëó òåîðåìè 1 i [4℄ äîñòàòíüî ðîçãëÿíóòè ïiäãðóïè ãðóïè

GL(2, Rp) içîìîð�íi ãðóïi Nl (l = 1, ..., n). Êîðèñòóþ÷èñü ëåìîþ 2, ââåäåìî ãðó-ïè
T

(s)
l =

〈(

εr td−s

0 ε−r

)

,

(

β 0
βπ′ts−d −β

)〉

= 〈A′

s, B
′

s〉 ,äå β � äåÿêèé ðîçâ'ÿçîê ðiâíÿííÿ x2 = ξ â êiëüöi Rp, 1 ≤ r ≤ p. Ëåãêî áà÷èòè,ùî êîëè C = diag[γ, 1], äå
γ =

{

π1 + π2 + · · ·+ πr−1, ÿêùî 2 | r,
1 + π2 + · · ·+ πr−1, ÿêùî 2 ∤ r,à πj = ε−j + εj (j = 1, ..., r − 1), òî C−1Ar

sC = A′

s. Çâiäñè, â ñèëó ëåìè 1, â T
(s)
lìîæíà ïîêëàñòè r = 1. Ç äðóãîãî áîêó, çíàéäåòüñÿ òàêå íåïàðíå íàòóðàëüíå÷èñëî k, ùî β = αk. Îñêiëüêè Bk

s = B′

s, òî ïðè r = 1 U
(s)
l (s = 1, ..., d). Ëåãêîáà÷èòè òàêîæ, ùî ïðè s 6= s′ ãðóïè U

(s)
l òà U

(s′)
l íå ñïðÿæåíi â ãðóïi GL(2, Rp).�îçãëÿíåìî òåïåð ãðóïè

T
(s)
0 =

〈(

εr 0
0 ε−r

)

,

(

0 ξ′

t 0

)〉

= 〈A′

0, B
′

0〉 , (s = 1, ...d),äå ξ′ � åëåìåíò ïîðÿäêó 2l−1 â êiëüöi Rp. Àíàëîãi÷íî ïîïåðåäíüîìó ìîæíà ââà-æàòè, ùî ξ′ = ξj äëÿ äåÿêîãî íàòóðàëüíîãî j. Òîäi Ar
0 = A′

0 i, ÿêùî j = 1, òî
T

(s)
0 = U

(s)
0 . Çâiäñè, çà ëåìîþ 1 äîñòàòíüî ââàæàòè, ùî â ãðóïi T (s)

0 A′

0 = A0.Ëåãêî áà÷èòè, ùî êîëè C = diag[1, ξ j−1

2

], òî ç ðiâíîñòi
Bj

0 =

(

0 ξ
j+1

2

ξ
j−1

2 0

)

,îäåðæèìî C−1Bj
0C=B′

0 : C
−1A0C=A0, òîáòî C−1U0C = T

(s)
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