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90 Þ. Â. ÊÎÇÀ×ÅÍÊÎ, Ì. Þ. ÏÅÒ�ÀÍÎÂÀÓÄÊ 519.21Þ. Â. Êîçà÷åíêî (Êè¨âñüêèé íàö. óí-ò iì. Ò. Øåâ÷åíêà, Äîíåöüêèé íàö.óí-ò iì. Âàñèëÿ Ñòóñà),Ì. Þ. Ïåòðàíîâà (Äîíåöüêèé íàö. óí-ò iì. Âàñèëÿ Ñòóñà)ÄIÉÑÍI ÑÒÀÖIÎÍÀ�ÍI �ÀÓÑÎÂI Ï�ÎÖÅÑÈ ÇI ÑÒIÉÊÈÌÈÊÎ�ÅËßÖIÉÍÈÌÈ ÔÓÍÊÖIßÌÈ2
The paper deals with real stationary processes with a stable correlation function, with the distri-
bution of some functionalities from these processes and some of their properties.Â ðîáîòi ðîçãëÿíóòi äiéñíi ñòàöiîíàðíi ïðîöåñè çi ñòiéêîþ êîððåëÿöiéíîþ �óíêöi¹þ, ðîçïîäiëèäåÿêèõ �óíêöiîíàëiâ âiä öèõ ïðîöåñiâ òà äåÿêi ¨õ âëàñòèâîñòi.Âñòóï. Äàíà ðîáîòà ïðîäîâæó¹ äîñëiäæåííÿ ðîáîòè [1℄, äå âèâ÷àëèñü êîìïëå-êñíi ãàóññîâi ïðîöåñè çi ñòiéêîþ êîðåëÿöiéíîþ �óíêöi¹þ. Â öié ðîáîòi âèâ÷à-þòüñÿ äiéñíi ñòàöiîíàðíi ïðîöåñè çi ñòiéêîþ êîððåëÿöiéíîþ �óíêöi¹þ, çîêðåìàðîçïîäiëè äåÿêèõ �óíêöiîíàëiâ âiä öèõ ïðîöåñiâ òà äåÿêi ¨õ âëàñòèâîñòi. Äëÿiíøèõ ïðîöåñiâ ïîäiáíi çàäà÷i ðîçãëÿäàëèñü â ðîáîòàõ òà êíèãàõ [2�6℄Ìîäåëi äåÿêèõ ãàóññîâèõ ñòàöiîíàðíèõ ïðîöåñiâ çi ñòiéêèìè êîðåëÿöiéíèìè�óíêöiÿìè áóäóâàëèñü â ðîáîòàõ [1, 7, 8℄.�îáîòà ñêëàäà¹òüñÿ ç ÷îòèðüîõ ðîçäiëiâ. Ó ïåðøîìó ðîçäiëi çíàõîäÿòüñÿîöiíêè ðîçïîäiëó ñóïðåìóìó ãàóññîâñüêèõ ñòàöiîíàðíèõ ïðîöåñiâ çi ñòiéêîþ êî-âàðiàöiéíîþ �óíêöi¹þ. Â äðóãîìó ðîçäiëi âèâ÷à¹òüñÿ ïîâåäiíêà öèõ ïðîöåñiâ íàíåñêií÷åííîñòi. Â òðåòüîìó ðîçäiëi çíàõîäÿòüñÿ îöiíêè ðîçïîäiëó íîðì öèõ ïðî-öåñiâ ó ïðîñòîði Lp(T ). Â ÷åòâåðòîìó ðîçäiëi äîñëiäæóþòüñÿ äåÿêi àíàëiòè÷íiâëàñòèâîñòi öèõ ïðîöåñiâ.1. �îçïîäië ñóïðåìóìó äiéñíîãî ãàóññîâîãî âèïàäêîâîãî ïðîöåñó çiñòiéêèìè êîâàðiàöiéíèìè �óíêöiÿìè.Òåîðåìà 1. Íåõàé T = [a, b], X = {X(t), t ∈ [a, b], −∞ < a < b < ∞}öåíòðîâàíèé ñåïàðàáåëüíèé ãàóññiâ ïðîöåñ òà M = sup

t∈T
(E|X(t)|2)1/2. Ïðèïó-ñòèìî, ùî iñíó¹ íåïåðåðâíà ñòðîãî çðîñòàþ÷à �óíêöiÿ σ = {σ(h), h ≥ 0} òàêàùî σ(h) > 0, h > 0, σ(0) = 0 òà

sup
t,s∈[a,b]

(E|X(t)−X(s)|2)1/2 < σ(h).Êðiì òîãî iñíó¹ íåâiä'¹ìíà íåñïàäíà �óíêöiÿ r(u), u ≥ 1 òàêà ùî �óíêöiÿ
r(ey), y ≥ 0 � îïóêëà òà âèêîíó¹òüñÿ óìîâà: äëÿ äåÿêîãî v > 0 (à òîìó i äëÿáóäü-ÿêîãî 0 < v < ∞)

Ir(v) =

∫ v

0

r
( b− a

2 · σ(−1)(u)
+ 1
)

du < ∞,2�îáîòà áóëà âèêîíàíà â ðàìêàõ ïðîåêòó Íîðâåçüêî-óêðà¨íñüêîãî ñïiâðîáiòíèöòâà ó ãàëóçiìàòåìàòè÷íî¨ îñâiòè Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÄIÉÑÍI ÑÒÀÖIÎÍÀ�ÍI �ÀÓÑÎÂI Ï�ÎÖÅÑÈ ÇI ÑÒIÉÊÈÌÈ . . . 91äå σ(−1)(u) � îáåðíåíà äî σ(u) �óíêöiÿ. Òîäi äëÿ áóäü-ÿêèõ θ ∈ (0, 1) òà λ > 0ñïðàâäæó¹òüñÿ íåðiâíiñòü:
E exp

{

λ sup
t∈[a,b]

|X(t)|
}

≤ 2D(λ, θ), (1)äå D(λ, θ) = exp
{

λ2M2

2(1−θ)2

}

· r(−1)
(

Ir(θM)
θM

), r(−1)(v) � îáåðíåíà äî r(v) �óíêöiÿ.Äîâåäåííÿ. Öÿ òåîðåìà âèïëèâà¹ ç òåîðåìè 3.4.4 êíèãè [9℄, äèâ. òàêîæðîáîòó [10℄ òà äîâåäåííÿ â ðîáîòi [11℄.Íàñëiäîê 1. Çà óìîâ òåîðåìè 1 ïðè áóäü-ÿêîìó ε > 0 ñïðàâäæó¹òüñÿíåðiâíiñòü
P

{

sup
t∈[a,b]

|X(t)| > ε

}

≤ exp

{

−ε2(1− θ)2

2M2

}

· r(−1)

(

Ir(θM)

θM

)

. (2)Äîâåäåííÿ. Ç íåðiâíîñòi ×åáèøåâà òà íåðiâíîñòi (1) âèïëèâà¹, ùî ïðè λ > 0

P

{

sup
t∈[a,b]

|X(t)| > ε

}

≤
E

{

λ sup
t∈[a,b]

|X(t)|
}

exp {λε} ≤

exp

{

λ2M2

2(1− θ)2

}

· exp {−λε} · r(−1)

(

Ir(θM)

θM

)

. (3)Íåðiâíiñòü (2) âèïëèâà¹ ç íåðiâíîñòi (3), ÿêùî ïîêëàñòè λ = ε(1−θ)2

M2 (òî÷êà,â ÿêié ïðàâà ÷àñòèíà â íåðiâíîñòi (3) íàáóâà¹ ìiíiìóìó çà λ).Îçíà÷åííÿ 1. Äiéñíèé ñòàöiîíàðíèé ãàóññiâ ïðîöåñ Xα = {Xα(t), t ∈ R},
0 < α ≤ 2, òàêèé ùî EXα(t) = 0, ρα(h) := EXα(t + h)Xα(t) = B2exp {−d|h|α},
d > 0 íàçèâà¹òüñÿ äiéñíèì ãàóññîâèì ñòàöiîíàðíèì ïðîöå
îì çi ñòiéêîþ êî-ðåëÿöiéíîþ �óíêöi¹þ.Òåîðåìà 2. Íåõàé Xα � äiéñíèé ñåïàðàáåëüíèé ãàóññîâèé ñòàöiîíàðíèéïðîöåñ çi ñòiéêîþ êîðåëÿöiéíîþ �óíêöi¹þ. Òîäi äëÿ áóäü-ÿêèõ −∞ < a < b <
+∞, 0 < θ < 1, β < min

(

1, α
2

), ε > 0 ñïðàâäæó¹òüñÿ íåðiâíiñòü:
P

{

sup
t∈[a,b]

|X(t)| > ε

}

≤ exp

{

−ε2(1− θ)2

2B2

}

· 21/β−1

(

(b− a)(
√
2d)2/α

θ2/α
(

1− 2β
α

)1/β
+ 1

)

.Äîâåäåííÿ. Òåîðåìà âèïëèâà¹ ç íàñëiäêó 1. Îöiíèìî çà óìîâ òåîðåìè òàêóâåëè÷èíó r(−1)
(

Ir(θM)
θM

). Â íàøîìó âèïàäêó
E|Xα(t+ h)−Xα(t)|2 = 2

(

ρα(0)− ρα(h)
)

= 2B2
(

1− exp {−d|h|α}
)

.Òîáòî σ(h) =
√
2B
(

1− exp {−d|h|α}
)1/2. Çàóâàæèìî, ùî σ(h) <

√
2B. Îòæå,

σ(−1)(h) âèçíà÷åíà ïðè 0 ≤ h <
√
2B. Îñêiëüêè σ(h) ≤

√
2B
(

dhα
)1/2

= σ̂(h) òîäiïðè 0 < s < B
√
2

σ(−1)(s) ≥ σ̂(−1)(s) =
( s

B
√
2d

)2/α
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Ir(v) ≤

∫ min(v,B
√
2)

0

r
((b− a)

s2/α
(

B
√
2d
)2/α

+ 1
)

ds.Ïîêëàäåìî r(u) = uβ − 1 ïðè u ≥ 1, äå 0 < β < min(α/2, 1). Òîäi
Ir(v) ≤

∫ min(v,B
√
2)

0

(

((b− a)

s2/α
(

B
√
2d
)

2/α

+ 1
)

β

− 1

)

ds ≤

∫ min(v,B
√
2)

0

((b− a)

s2/α
(

B
√
2d
)

2/α
)

β

ds =

1
(

1− 2β
α

)

(

(b− a)
(

B
√
2d
)2/α

)β

·
(

min(v, B
√
2)
)

(

1− 2β
α

)

.Òîìó
Ir(θB) ≤

(

(b− a)
(

B
√
2d
)2/α

)β 1
(

1− 2β
α

)

(

θB
)1− 2β

α .Îñêiëüêè r(−1)(u) = (u+ 1)1/β , òîäi
r(−1)

(Ir(θB)

θB

)

≤
(

(b− a)β
(

B
√
2d
)2β/α 1

(

1− 2β
α

)(θB)−
2β
α + 1

)1/β

. (4)Îñêiëüêè ïðè z ≥ 1 ñïðàâäæó¹òüñÿ íåðiâíiñòü (b+ a)z ≥ 2z−1
(

az + bz
), òîäi

r(−1)
(Ir(θB)

θB

)

≤ 21/β−1

(

(b− a)
(
√
2d
)2/α

θ2/α

(

1− 2β

α

)−1/β

+ 1

)

. (5)Òåïåð òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç íåðiâíîñòåé (2) òà (3).Íàñëiäîê 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2, òîäi ïðè
ε >

√
2B ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{

sup
t∈[a,b]

|Xα(t)| > ε

}

≤

exp

{

− ε2

2B2

}

· e · 21/β−1

(

(b− a)
(
√
2d
)2/α

(

1−
(

1− 2B2

ε2

)
1/2)2/α

(

1− 2β

α

)−1/β

+ 1

)

.Äîâåäåííÿ. Íåðiâíiñòü (5) âèïëèâà¹ ç íåðiâíîñòi (4), ÿêùî ïîêëàñòè
(

1− θ
)2

=
(

1− 2B2

ε2

) ïðè ε >
√
2B, òîáòî ïðè θ = 1−

(

1− 2β2

ε2

)1/2.Íàñëiäîê 3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2, òîäi ïðè ε >
√
2Bñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{

sup
t∈[a,b]

|Xα(t)| > ε

}

≤ exp

{

− ε2

2B2

}

·

e · 24/α−1
((b− a) · d1/α · 25/α · ε4/α

B4/α
+ 1
)

. (6)Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÄIÉÑÍI ÑÒÀÖIÎÍÀ�ÍI �ÀÓÑÎÂI Ï�ÎÖÅÑÈ ÇI ÑÒIÉÊÈÌÈ . . . 93Äîâåäåííÿ. Ïðè 0 ≤ x ≤ 1 ñïðàâäæó¹òüñÿ íåðiâíiñòü 1 − (1− x)1/2 =

1−(1−x)

1+(1−x)1/2
≥ x

2
. Îòæå, (1− (1− 2B2

ε2

)1/2
)2/α

≥
(

B
ε

)4/α. Òåïåð íåðiâíiñòü (6) âè-ïëèâà¹ ç íåðiâíîñòi (5), ÿêùî ïîêëàñòè β = α
4
.2. Ïîâåäiíêà äiéñíîãî ãàóññîâîãî ñòàöiîíàðíîãî ïðîöåñó çi ñòiéêèìèêîâàðiàöiéíèìè �óíêöiÿìè Xα(t) ïðè ïðÿìóâàííi t äî íåñêií÷åííîñòi.Òåîðåìà 3. Íåõàé Xα = {Xα(t), t ∈ R} � äiéñíèé ãàóñîâèé ñòàöiîíàðíèéïðîöåñ çi ñòiéêîþ êîðåëÿöiéíîþ �óíêöi¹þ (äèâ. îçíà÷åííÿ 1), C = {C(t), t ≥ 0}� ìîíîòîííî çðîñòàþ÷à �óíêöiÿ, òàêà ùî C(t) ≥ 1, t ≥ 0 òà C(t) → ∞ ïðè

t → ∞; b0, b1, b2, ..., bk, òàêà ïîñëiäîâíiñòü, ùî b0 = 0, bk < bk+1, òà bk → ∞ïðè k → ∞, r0, r1, r2, ..., rk òàêà ïîñëiäîâíiñòü, ùî rk > 1 òà ∑∞
k=0

1
rk

= 1,
Ck = C(bk), k = 0, 1, 2... i âèêîíóþòüñÿ óìîâè

∞
∑

k=0

rk
C2

k

< ∞,
∞
∑

k=0

1

rk
(bk+1 − bk)

γ < ∞,äå γ � äåÿêå ÷èñëî, ùî 0 < γ < 1. Òîäi ïðè áóäü-ÿêîìó 0 < θ < 1 òà ε > 0ñïðàâäæó¹òüñÿ íåðiâíiñòü
P

{

sup
t≥0

|Xα(t)|
C(t)

> ε

}

≤ 2
4

α
−1 exp

{

− ε2(1− θ)2

2B2
∑∞

k=0
rk
C2

k

}

·

exp

{

1

θγ/2 · γγ
· (
√
2d)

2γ
α · 2 4γ

α

∞
∑

k=0

1

rk
(bk+1 − bk)

γ

}

. (7)Äîâåäåííÿ. Íåõàé λ > 0, S(λ) := E exp
{

λ supt≥0
|Xα(t)|
C(t)

} òîäi ç íåðiâíîñòi�åëüäåðà îòðèìà¹ìî, ùî
S(λ) ≤ E exp

{

λ sup
t∈[bk,bk+1]

|Xα(t)|
C(t)

}

≤
∞
∏

k=0

(

E exp

{

λrk sup
t∈[bk,bk+1]

|Xα(t)|
C(t)

)

})1/rk

≤

∞
∏

k=0

(

E exp

{

λrk
Ck

sup
t∈[bk,bk+1]

|Xα(t)|
})1/rk

.Ç íåðiâíîñòi (1) âèïëèâà¹, ùî
E exp

{

λrk
Ck

sup
t∈[bk ,bk+1]

|Xα(t)|
}

≤ 2D(λ, θ) ≤

exp

{

(λrk
Ck

)2 B2

2(1− θ)2

}

r(−1)
(Irk(θB)

θB

)

,äå
Irk(v) =

∫ v

0

r
((bk+1 − bk)

2σ(−1)(v)
+ 1
)
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θ � áóäü-ÿêå ÷èñëî, òàêå ùî 0 < θ < 1, r(u), u ≥ 1 � ìîíîòîííî çðîñòàþ÷à�óíêöiÿ, òàêà ùî ïðè u > 0 �óíêöiÿ r(eu) � îïóêëà. Çàóâàæèìî, ùî α

2
≤ 1.Ïîêëàäåìî r(u) = u

α
4
−1 ïðè u ≥ 1. Òîäi ç íåðiâíîñòi (5) âèïëèâà¹, ùî

r(−1)
(Irk(θB)

θB

)

≤ 24/α−1
((bk+1 − bk)(

√
2d)

2/α

θ2/α
· 24/α + 1

)

.Ç íåðiâíîñòi (1) îòðèìà¹ìî, ùî
S(λ) ≤

∞
∏

k=0

(

exp

{

(λ · rk
Ck

)2

· B2

2(1− θ)2

}

· 2 4

α
−1
((bk+1 − bk)

√
2d

2

α

θ2/α
· 24/α + 1

)

)1/rk

=

= exp

{

λ2B2
∑∞

k=0
rk
C2

k

2(1− θ)2

}

·

exp

{ ∞
∑

k=0

1

rk
ln
(

24/α−1
(

(bk+1 − bk) ·
√
2d

2/α · 24/α
θ2/α

+ 1
))

}

=

= exp

{

λ2B2
∑∞

k=0
rk
C2

k

2(1− θ)2

}

· exp
{ ∞
∑

k=0

1

rk
ln
(

24/α−1
)

}

·

· exp
{ ∞
∑

k=0

1

rk
ln
(

1 +

√
2d

2/α

θ2/α
(bk+1 − bk) · 24/α

)

}

. (8)Îñêiëüêè ïðè 0 < γ < 1, x > 0 ñïðàâäæó¹òüñÿ íåðiâíiñòü ln(1 + x) ≤
1
γ
ln(1 + x)γ ≤ 1

γ
ln(1 + xγ) ≤ xγ

γ
òîäi ç íåðiâíîñòi (8) âèïëèâà¹, ùî

S(λ) ≤ 24/α−1 · exp
{

λ2B2
∑∞

k=0
rk
C2

k

2(1− θ)2

}

· exp
{ ∞
∑

k=0

24/α

rkγ

(

(
√
2d)2/α(bk+1 − bk)

θ2/α

)γ}

.Îòæå,
S(λ) ≤ 24/α−1 · exp

{

λ2B2

2(1− θ)2

∞
∑

k=0

rk
C2

k

}

· exp
{

w(γ)

θγ/2

}

,äå
w(γ) =

∞
∑

k=0

1

rkγ

(

(bk+1 − bk)(
√
2d)

α/2 · 24/α
)γ

.Òîäi ç íåðiâíîñòi ×åáèøåâà âèïëèâà¹, ùî ïðè ε > 0, λ > 0

P

{

sup
t≥0

|Xα(t)|
C(t)

> ε

}

≤

24/α−1 exp

{

λ2B2
∑∞

k=0
rk
C2

k

2(1− θ)2

}

· exp {−λε} · exp
{

w(γ)

θγ/2

}

. (9)Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)
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λ =

ε(1− θ)2

B2
∑∞

k=0
rk
C2

k

,òîäi îòðèìà¹ìî òâåðäæåííÿ òåîðåìè.Íàñëiäîê 4. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3, òîäi ïðè
ε ≥

√
2B
(

∑∞
k=0

rk
C2

k

)1/2 ñïðàâäæó¹òüñÿ íåðiâíiñòü
P

{

sup
t≥0

|Xα(t)|
C(t)

> ε

}

≤

exp

{

− ε2

2B2
∑∞

k=0
rk
C2

k

}

· 24/α−1 · e · exp







dγ/2 · 26γ/α
∑∞

k=0
1
rk
(bk+1 − bk)

γ

(1− (1− 2B2
∑∞

k=0
rk
C2

k
)
1/2

)
γ/2







. (10)Äîâåäåííÿ. Íåðiâíiñòü (10) âèïëèâà¹ ç íåðiâíîñòi (7), ÿêùî ïîêëàñòè
(

1− θ
)2

=
(

1−
2B2

∑
∞

k=0

rk
C2
k

ε2

), òîáòî θ = 1−
(

1−
2B2

∑
∞

k=0

rk
C2
k

ε2

)

1/2

.Íàñëiäîê 5. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3, òîäi ïðè
ε >

√
2B
(

∑∞
k=0

rk
C2

k

)1/2 ñïðàâäæó¹òüñÿ íåðiâíiñòü
P

{

sup
t≥0

|Xα(t)|
C(t)

> ε

}

≤ exp

{

− ε2

2B2
∑∞

k=0
rk
C2

k

}

· 24/α−1 ·

exp











−
dγ/2 · 23γ/α

∑∞
k=1

1
rk

(

bk+1 − bk
)γ
ε2/α

(

B
(
∑∞

k=0
rk
C2

k

)1/2
)2/α











. (11)Äîâåäåííÿ. Íåðiâíiñòü (11) âèïëèâà¹ ç íåðiâíiñòü (10), îñêiëüêè, ÿê i âíàñëiäêó 3
(

(

1− 2B2

ε2

∞
∑

k=0

rk
C2

k

)

)

≥
B2
∑∞

k=0
rk
C2

k

ε2
.Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3, òîäi ç éìîâiðíîñòþîäèíèöÿ äëÿ âñiõ t > 0 âèêîíó¹òüñÿ óìîâà

|Xα(t)| < ξα · C(t),äå ξα � òàêà âèïàäêîâà âåëè÷èíà, ùî ïðè áóäü-ÿêîìó 0 < θ < 1

P {ξα > ε} ≤ 2
4

α
−1 exp

{

− ε2(1− θ)2

2B2
∑∞

k=0
rk
C2

k

}

·

exp

{

1

θγ/2 · γγ
· (
√
2d)

2γ
α · 2 4γ

α

∞
∑

k=0

1

rk
(bk+1 − bk)

γ

}
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√
2B
(
∑∞

k=0
rk
C2

k

)1/2 ñïðàâäæó¹òüñÿ íåðiâíiñòü
P {ξα > ε} ≤ exp

{

− ε2

2B2
∑∞

k=0
rk
C2

k

}

· 24/α−1·

exp











−
dγ/2 · 23γ/α

∑∞
k=1

1
rk

(

bk+1 − bk
)γ
ε2/α

(

B
(
∑∞

k=0
rk
C2

k

)1/2
)2/α











.Äîâåäåííÿ. Òåîðåìà âèïëèâà¹ ç òåîðåìè 3 òà íåðiâíîñòåé (7) i (3), îñêiëüêèïðè âñiõ t > 0 ç iìîâiðíiñòþ îäèíèöÿ
Xα(t)

C(t)
≤ sup

t≥0

|Xα(t)|
C(t)

< ∞.Ïðèêëàä 1. ßêùî â óìîâàõ òåîðåìè 3 ïîêëàñòè bk = ek, k = 1, 2, ...òà 1
rk

= e−k · e
(e−1)

, òîäi óìîâè òåîðåìè âèêîíóþòüñÿ, ÿêùî çáiãà¹òüñÿ ðÿä
∑∞

k=0
ek

c(ek)2
, à öåé ðÿä çáiãà¹òüñÿ, ÿêùî C(t) = t1/2+β , β > 0, àáî C(t) = t1/2(ln t)1/2+δïðè δ > 0.Ïðè öèõ bk òà ek çáiãà¹òüñÿ ðÿä ïðè áóäü-ÿêèõ γ < 1

∞
∑

k=0

1

rk
(bk+1 − bk)

γ =
∞
∑

k=0

e−k e

(e− 1)
(ek+1 − ek)

γ
= (e− 1)γ−1 · e

∞
∑

k=0

e−k · eγk < ∞.3. �îçïîäië íîðìè â ïðîñòîði Lp(T ) äiéñíîãî ãàóññîâîãî âèïàäêîâîãîïðîöåñó çi ñòiéêîþ êîâàðiàéöiéíîþ �óíêöi¹þÒåîðåìà 5. Íåõàé {T,Λ, µ} � âèìiðíèé ïðîñòið, X = {X(t), t ∈ T} âèìið-íèé ãàóññîâèé âèïàäêîâèé ïðîöåñ. Íåõàé iñíó¹ iíòåãðàë Ëåáåãà ∫
T

(

E|X(t)|2
)p/2

dµ(t),
p ≥ 1. Òîäi ç éìîâiðíiñòþ îäèíèöÿ iñíó¹ ∫

T
E|X(t)|pdµ(t), òà äëÿ âñiõ ε, òàêèõùî ε > C · pp/2, äå c =

∫

T

(

E|X(t)|2
)p/2

dµ(t) ìà¹ ìiñöå íåðiâíiñòü
P

{

(

∫

T

|X(t)|pdµ(t)
)1/p

> ε

}

≤ 2
4

α
−1 exp

{

− ε2(1− θ)2

2B2
∑∞

k=0
rk
C2

k

}

·

exp

{

1

θγ/2 · γγ
· (
√
2d)

2γ
α · 2 4γ

α

∞
∑

k=0

1

rk
(bk+1 − bk)

γ

}

.Äîâåäåííÿ. Öÿ òåîðåìà ¹ ïðîñòèì íàñëiäêîì òåîðåìè 2.1 ðîáîòè [12℄.Òåîðåìà 6. Íåõàé Xα(t), t ∈ [a, b] � âèìiðíèé äiéñíèé ãàóññîâèé ïðîöåñçi ñòiéêîþ êîâàðiàöiéíîþ �óíêöi¹þ. Òîäi äëÿ ε > ĉ1/p
√
p, äå ĉ = Bp(b − a)ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{

(

∫ b

a

|Xα(t)|p
)

1/p

dt > ε

}

≤ 2 exp

{

− ε2

2ĉ2/p

}
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ÄIÉÑÍI ÑÒÀÖIÎÍÀ�ÍI �ÀÓÑÎÂI Ï�ÎÖÅÑÈ ÇI ÑÒIÉÊÈÌÈ . . . 97Äîâåäåííÿ. Öÿ òåîðåìà âèïëèâà¹ ç ïîïåðåäíüî¨ òåîðåìè. Òóò ïðîñòið
{T,Λ, µ} öå iíòåðâàë [a, b] ç áîðåëåâñüêîþ σ-àëãåáðîþ òà ìiðîþ Ëåáåãà
E|X(t)|2 = B2.Òåîðåìà 7. Íåõàé Xα(t), t ∈ R � âèìiðíèé äiéñíèé ãàóññîâèé ïðîöåñ çiñòiéêîþ êîâàðiàöiéíîþ �óíêöi¹þ, C(t) > 1 äåÿêà �óíêöiÿ, òàêà ùî ∫∞

0
1

(

C(t)
)pdt <

∞. Òîäi äëÿ ε > ĉ1/p · √p, äå ĉ = Bp
∫∞
0

1
C(t)

dt ñïðàâäæó¹òüñÿ íåðiâíiñòü
P







(

∫ ∞

0

|Xα|(t)p
)1/p

> ε







.Äîâåäåííÿ. Öÿ òåîðåìà òàêîæ âèïëèâà¹ ç òåîðåìè 5. Òóò ïðîñòið {T,Λ, µ}� öå [0,∞) ç áîðåëåâñüêîþ σ-àëãåáðîþ, ïðîöåñ X(t) öå |Xα(t)|
C(t)

:
∫ ∞

0

(

E|X(t)|2
)p/2

dt = B

∫ ∞

0

1
(

C(t)
)pdt.Ïðèêëàäîì C(t) ìîæå áóòè �óíêöiÿ òàêà, ùî ïðè t > 1 C(t) = t1/p+ε, äå

ε > 04. Àíàëiòè÷íi âëàñòèâîñòi ãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ çi ñòiéêè-ìè êîðåëëÿöiéíèìè �óíêöiÿìè.Íàñòóïíà òåîðåìà � öå ïðîñòèé íàñëiäîê òåîðåìè 2.2.9 ç êíèãè [ [2℄, 
. 79℄.Òåîðåìà 8. Íåõàé X = {X(t), t ∈ [a, b]} � ñåïàðàáåëüíèé ãàóññiâ ïðîöåñ,òàêèé ùî iñíó¹ ìîíîòîííî çðîñòàþ÷à íåïåðâíà �óíêöiÿ σ(h), h ≥ 0, òàêà ùî
σ(0) = 0, äëÿ ÿêî¨ ñïðàâäæó¹òüñÿ

sup
|t−s|≤h

(

E
(

X(t)−X(s)
)2
)1/2

≤ σ(h)òà çáiãà¹òüñÿ iíòåãðàë
∫ σ(ε)

0

ln
( b− a

2σ−(1)(u)

)

1/2

du ≤ ∞.Òîäi X(t), t ∈ [a, b] ¹ âèáiðêîâî íåïåðâíèé ç iìîâiðíiñòþ îäèíèöÿ òà äëÿ äî-âiëüíèõ ε > 0, 0 < p < 1, x > B(p, ε), äå
B(p, ε) =

4(3− p)

3p(1− p)2

∫ σ(ε)

0

1√
2

(

ln
( b− a

2σ(−1)(u)
+ 1
)

)1/2

duñïðàâäæó¹òüñÿ íåðiâíiñòü
P

{

sup
|t−s|≤ε

|X(t)−X(s)| > x

}

≤ 2exp

{

−1

2

(x−B(p, ε)

A(p, ε)

)
2
}

,äå A(p, ε) = σ(ε)(3−p)

(1−p)2
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98 Þ. Â. ÊÎÇÀ×ÅÍÊÎ, Ì. Þ. ÏÅÒ�ÀÍÎÂÀÇ òåîðåìè 8 âèïëèâà¹ òàêà òåîðåìàÒåîðåìà 9. Íåõàé Xα = {Xα(t), t ∈ [a, b]} ñåïàðàáåëüíèé öåíòðîâàíèé ãàóñ-ñîâèé ïðîöåñ çi ñòiéêîþ êîðåëÿöiéíîþ �óíêöi¹þ. Òîäi ïðè âñiõ 0 < α < 2 Xα(t),
t ∈ [a, b] âèáiðêîâî íåïåðâíèé ç iìîâiðíiñòþ îäèíèöÿ òà äëÿ äîâiëüíèõ ε > 0,
0 < p < 1, 0 < β < min(1, α), x > B̂(p, ε), äå
B̂(p, ε) =

4(3− p)

3p(1− p)2
· 1

2(1+β)/2
(b− a)β/2(

√
2d)

β/α ·Bβ/α · 1

(1− β/α)

(√
2dBεα/2

)1−β/αñïðàâäæó¹òüñÿ íåðiâíiñòü
P

{

sup
|t−s|≤ε

|X(t)−X(s)| > x

}

≤ 2 exp

{

−1

2

(x− B̂(p, ε)

A(p, ε)

)

2
}

, (12)äå A(p, ε) = (3−p)
√
2dBεα/2

(1−p)2
.Äîâåäåííÿ. Â íàøîìó âèïàäêó ìîæíà ïîêëàñòè σ(h) =

√
2dB|h|α/2, òîäi

σ(−1)(u) = u√
2dB

2/α òà
∫ σ(ε)

0

1√
2

(

ln
((b− a)

(√
2dB

)2/α

2u2/α
+ 1
)

)

1/2

du ≤

1√
2β1/2

(b− a)β/2(
√
2d)

β/α
Bβ/α 1

2β/α

∫ σ(ε)

0

1

uβ/α
du =

1

2(1+β/2)
(b− a)β/2(

√
2d)

β/α
Bβ/α 1

(

1− β
α

)

(√
2dBεα/2

)1− β
α
.Çàóâàæåííÿ 1. Ùîá çíàéòè áiëüø òî÷íó îöiíêó, òðåáà çíàéòè ìiíiìóìïî β ïðàâî¨ ÷àñòèíè â íåðiâíîñòi (12).Îçíà÷åííÿ 2. Âèïàäêîâèé ïðîöåñ X(t), t ∈ [a, b] íàçèâàþòü äè�åðåíöiéîâà-íèì â ñåðåäíüîêâàäðàòè÷íîìó, êîëè iñíó¹ ãðàíèöÿ (â ñåðåäíüîêâàäðàòè÷íîìó)

l.i.m.h→0
X(t+ h)−X(t)

h
= X ′(t).ßêùî iñíó¹ X ′(t) � òîäi ¨¨ íàçèâàþòü ñåðåäíüîêâàäðàòè÷íîþ ïîõiäíîþ ïðîöåñó

X(t).Òåîðåìà 10 (äèâ. [13℄, ñ. 300). Äëÿ òîãî, ùîá ó ïðîöåñó X(t), EX(t) =
0 iñíóâàëà ñåðåäíüîêâàäðàòè÷íà ïîõiäíà X ′(t) íåîáõiäíî òà äîñòàòíüî, ùîáiñíóâàëà ãðàíèöÿ

lim
t′→t,t′′→t

1

(t′ − t)(t′′ − t)

(

B(t′, t′′)− B(t′, t)−B(t′′, t) +B(t, t)
)

,äå B(t, s) = EX(t)X(s). Ïðè öüîìó, ÿêùî iñíó¹ ïîõiäíà ∂2B(t,s)
∂t∂s

, òîäi
EX ′(t)X ′(s) = ∂2B(t,s)

∂t∂s
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ÄIÉÑÍI ÑÒÀÖIÎÍÀ�ÍI �ÀÓÑÎÂI Ï�ÎÖÅÑÈ ÇI ÑÒIÉÊÈÌÈ . . . 99Ç öi¹¨ òåîðåìè âèïëèâà¹ íàñòóïíà òåîðåìà.Òåîðåìà 11. Íåõàé Xα(t), t ∈ [a, b] ñòàöiîíàðíèé ïðîöåñ çi ñòiéêîþ êîð-ðåëÿöiéíîþ �óíêöi¹þ (íå îáîâ'ÿçêîâî ãàóññîâîþ). Òîäi ïðè 0 < α < 2 ñåðåäíüî-êâàäðàòè÷íi ïîõiäíi íå iñíóþòü, à ïðè α = 2 ïîõiäíà iñíó¹ òà
EX ′

2(t)X
′
2(s) = B2exp {−d(t− s)} ·

(

4d2 · (t− s)2 + 2d
)

,òîáòî X ′
2(t) ñòàöiîíàðíèé ïðîöåñ ç êîðåëÿöiéíîþ �óíêöi¹þ

EX ′
2(t+ τ)X ′

2(t) = B2exp
{

−d|τ |2
}

·
(

4d2 · τ 2 + 2d
)

. (13)Äîâåäåííÿ. Â íàøîìó âèïàäêó
1

(t′ − t)(t′′ − t)

(

B(t′, t′′)− B(t′, t)− B(t′′, t) +B(t, t)
)

=

1

(t′ − t)(t′′ − t)

(

B2exp
{

−d|t′ − t′′|α
}

−B2exp
{

−d|t′ − t|α
}

−

B2exp
{

−d|t′′ − t|α
}

+B2
)

.Ëåãêî ïîáà÷èòè, ùî ãðàíèöÿ öüîãî âèðàçó iñíó¹ òîäi i ëèøå òîäi, êîëè α = 2.Êðiì òîãî, î÷åâèäíî, ùî
EX ′

2(t)X
′
2(s) =

∂2B(t, s)

∂t∂s
= B2exp {−d|τ |α} ·

(

4d2 · τ 2 + 2d
)

.Çàóâàæåííÿ 2. Êîëè Xα(t) � ãàóññiâ ïðîöåñ, òî X ′
α(t) òàêîæ ãàóññiâ ïðî-öåñ.Òåïåð ïîêàæåìî, ùî ñåðåäíüîêâàäðàòè÷íà ïîõiäíà âiä Xα(t) ¹ çâè÷àéíîþíåïåðåðâíîþ ïîõiäíîþ ç iìîâiðíiñòþ îäèíèöÿ, ÿêùî Xα(t) � ãàóññiâ òà ñåïàðà-áåëüíèé ïðîöåñ.Òåîðåìà 12 (äèâ. [14℄). Íåõàé X(t), t ∈ [a, b] íåïåðåðâíèé ç iìîâiðíiñòþîäèíèöÿ âèïàäêîâèé ïðîöåñ ç EX(t) = 0, EX(t)X(s) = B(t, s) òà íåõàé iñíó¹íåïåðåðâíà ç iìîâiðíiñòþ îäèíèöÿ ñåðåäíüîêâàäðàòè÷íà ïîõiäíà ïðîöåñó X(t),òàêà ùî EX ′(t)X ′(s) = ∂2B(t,s)

∂t∂s
, òîäi ç iìîâiðíiñòþ îäèíèöÿ X ′(t) ¹ çâè÷àéíîþïîõiäíîþ ïðîöåñó X(t).Íàñëiäîê 6. Ó ïðîöåñó X2(t) iñíó¹ âèáiðêîâà íåïåðåðâíà ïîõiäíà X ′

2(t) çêîðåëÿöiéíîþ �óíêöi¹þ (13) òà X ′
2(t) � ãàóññiâ ïðîöåñ.Äîâåäåííÿ. Ùîá äîâåñòè òâåðäæåííÿ íàñëiäêó äîñèòü äîâåñòè, ùî ïðîöåñ

X ′
2(t) âèáiðêîâî íåïåðåðâíèé ç iìîâiðíiñòþ îäèíèöÿ. Ëåãêî ïîáà÷èòè, ùî

E
(

X ′
2(t)−X ′

2(s)
)2

= 4B2d− 4B2exp {−d|τ |α} (2dτ 2 + d) =

4B2d
(

1− exp {−d|τ |α}
)

(2dτ 2 + d) =

4B2d
(

1− 2dτ 2 · exp {−d|τ |α}
)

+
(

1− exp {−d|τ |α}
)

≥

4B2d
(

2d2τ 4 + dτ 2
)

= 4B2d
(

2d2τ 2 + d
)

· τ 2 ≥ Zτ 2.Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)
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(

2d2τ 2 + d
) òà òàêà êîíñòàíòà, ùî |τ | < s. Òîáòî σ(τ) =

√
Zτ , äàëiäîâåäåííÿ òåîðåìè àíàëîãi÷íå äîâåäåííþ òåîðåìè 9.Âèñíîâêè. Ó ðîáîòi çíàéäåíî ðîçïîäië ñóïðåìóìó äiéñíîãî ãàóññîâîãî âèïàä-êîâîãî ïðîöåñó çi ñòiéêèìè êîâàðiàöiéíèìè �óíêöiÿìè. Îïèñàíà ïîâåäiíêà äié-ñíîãî ãàóññîâîãî ñòàöiîíàðíîãî ïðîöåñó çi ñòiéêèìè êîâàðiàöiéíèìè �óíêöiÿìè
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