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ÄÎÑÊÎÍÀËI ÄÈÇ'ÞÍÊÒÈÂÍI ÍÎ�ÌÀËÜÍI ÔÎ�ÌÈ. . . 123ÓÄÊ 510I. À. Ìè÷, Â. Â. Íiêîëåíêî (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)ÄÎÑÊÎÍÀËI ÄÈÇ'ÞÍÊÒÈÂÍI ÍÎ�ÌÀËÜÍI ÔÎ�ÌÈ ÂÎÄÍÎÌÓ ÊËÀÑI ÀË�ÅÁ�
The methods of constructing normal forms in the class of algebras are considered. Formulas of
algebra describe Boolean images.Ó ðîáîòi äîñëiäæóþòüñÿ ìåòîäè ïîáóäîâè íîðìàëüíèõ �îðì â êëàñi àëãåáð, �îðìóëè ÿêèõîïèñóþòü áóëåâi çîáðàæåííÿ.1. Âñòóï. Ó ðîáîòi [1℄ ââåäåíî ó ðîçãëÿä óíiâåðñàëüíi àëãåáðè P, ÿêi çàäàíiíàä êâàäðàòíèìè áiíàðíèìè ìàòðèöÿìè ïîðÿäêó n i ñèãíàòóðîþ, ùî ñêëàäà¹-òüñÿ ç äâîõ áiíàðíèõ îïåðàöié min, max i ìíîæèíè óíàðíèõ îïåðàöié Ti, i ∈ Z8,(Zk = 0, 1, . . . , k−1), ÿêi çàäàþòü ïîâîðîò åëåìåíòiâ ìàòðèöi, êðàòíèé 90◦ âiäíî-ñíî îñåé àáî öåíòðà ñèìåòði¨. Äëÿ îïåðàöié Ti, i ∈ Z8, ââåäåíî ïîíÿòòÿ ïîâíèõòà çàìêíåíèõ âëàñíèõ ïiäñèñòåì, îïèñàíî ïîâíi òà çàìêíåíi ñèñòåìè òîòîæíî-ñòåé àëãåáðè P , íà ¨õ îñíîâi ïîáóäîâàíi êàíîíi÷íi �îðìè. Âiäîìî, ùî äîñêîíàëiíîðìàëüíi �îðìè ¹ çðó÷íèì ñïîñîáîì ïðåäñòàâëåííÿ �îðìóë àëãåáðè ëîãiêèi ìàþòü øèðîêå ïðàêòè÷íå çàñòîñóâàííÿ [2℄. Ó äàíié ðîáîòi äëÿ �îðìóë, ÿêiîïèñóþòü áóëåâi çîáðàæåííÿ, ââåäåíî ïîíÿòòÿ äîñêîíàëî¨ äèç'þíêòèâíî¨ íîð-ìàëüíî¨ �îðìè àëãåáðè P i çàïðîïîíîâàíî ìåòîä ¨¨ ïîáóäîâè.2. Çàìêíåíi êëàñè �îðìóë àëãåáðè �. Ç âèçíà÷åííÿ îïåðàöié Ti, i ∈ Z8,âèïëèâà¹, ùî íà ìàòðèöi 4 × 4 ïiêñåëi óòâîðþþòü òðè çàìêíåíi êëàñè
η1 = {1, 4, 13, 16}, η2 = {2, 3, 5, 8, 9, 12, 14, 15}, η3 = {6, 7, 10, 11} âiäíî-ñíî öèõ îïåðàöié [1℄.Çàäàâøè äëÿ êîæíîãî êëàñó âiäïîâiäíî çîáðàæåííÿ

A1 = , A2 = , A3 = .çà äîïîìîãîþ îïåðàöié Ti, i ∈ Z8, ïiêñåëü iç çíà÷åííÿì 1 (÷îðíèé) ìîæå áóòèïåðåìiùåíèé â äîâiëüíó êëiòèíó, ùî íàëåæèòü âiäïîâiäíîìó çàìêíåíîìó êëàñó.Íàïðèêëàä, ïåðåìiñòèìî ÷îðíi ïiêñåëi çîáðàæåíü A1, A2, A3 íà âñi ìîæëèâi ìiñöÿêâàäðàòà (òàáë. 1). Òàáëèöÿ 1
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124 I. À. ÌÈ×, Â. Â. ÍIÊÎËÅÍÊÎÇ òàáëèöi 1 âèïëèâà¹, ùî áóäü-ÿêå çîáðàæåííÿ A íà ðåöåïòîðíîìó ïîëi 4×4ðåàëiçó¹òüñÿ �îðìóëîþ àëãåáðè P áåç âèêîðèñòàííÿ îïåðàöié êîí'þíêöi¨
A = A

Ti1

1 ∨A
Ti2

1 ∨ . . . ∨A
Tik

1 ∨ A
Tj1

2 ∨ . . .∨A
Tjl

2 ∨A
Tt1

3 ∨ . . .∨A
Ttq

3 , (1)äå ik, tq, jl ∈ Z7.Íàïðèêëàä, çîáðàæåííÿ A, íàâåäåíå íà ðèñ. 1, ìîæå áóòè ïðåäñòàâëåíå �îð-ìóëîþ A = AT5

1 ∨ AT0

2 ∨AT4

2 ∨AT5

2 ∨ AT0

3 ∨AT2

3 .
A = �èñ. 1Àíàëîãi÷íî, âèêîðèñòîâóþ÷è çîáðàæåííÿ

B1 = , B2 = , B3 = .äîâiëüíå çîáðàæåííÿ A ìîæå áóòè ïðåäñòàâëåíå �îðìóëîþ:
A = B

Ti1

1 ∧ B
Ti2

1 ∧ . . . ∧ B
Tik

1 ∧B
Tj1

2 ∧ . . . ∧ B
Tjl

2 ∧ B
Tt1

3 ∧ . . . ∧B
Ttq

3 , (2)äå ik, tq, jl ∈ Z7.Íàïðèêëàä, çîáðàæåííÿ A (ðèñ. 1) âèçíà÷à¹òüñÿ �îðìóëîþ
A = BT0

1 ∧BT2

1 ∧BT4

1 ∧ BT6

2 ∧BT2

2 ∧BT7

2 ∧ BT3

2 ∧BT1

2 ∧ BT4

3 ∧ BT3

3 .Äëÿ êâàäðàòà 5 × 5 (ðèñ. 3) éîãî êëiòèíè âiäíîñíî îïåðàöié ïîâîðîòó Ti,
i ∈ Z8, óòâîðþþòü øiñòü çàìêíåíèõ êëàñiâ: η1 = {1, 5, 21, 25}, η2 = {2, 4, 6, 10,
16, 20, 22, 24}, η3 = {3, 11, 15, 23}, η4 = {7, 9, 17, 19}, η5 = {8, 12, 14, 18},
η6 = {13} .Äîâiëüíå çîáðàæåííÿ íà ïîëi 5× 5 ìîæå áóòè ïðåäñòàâëåíå �îðìóëîþ òèïó(1) àáî (2), âèêîðèñòàâøè øiñòü çîáðàæåíü, A1, A2, . . . , A6 àáî B1, B2, . . . , B6,âèáðàíèõ àíàëîãi÷íî äî íàâåäåíèõ âèùå A1, A2, A3 àáî B1, B2, B3.�îçòàøóâàííÿ ïiêñåëiâ çàìêíåíèõ êëàñiâ âiäíîñíî îïåðàöié Ti, i ∈ Z8, äëÿïîëiâ ðiçíî¨ ðîçìiðíîñòi ïîêàçàíî íà ðèñ. 3. Êiëüêiñòü çàìêíåíèõ êëàñiâ âiäíîñíîîïåðàöié Ti, i ∈ Z8, íàâåäåíî ó òàáëèöi 2. Òàáëèöÿ 2
1× 1 2× 2 3× 3 4× 4 5× 5 6× 6 7× 7 8× 8

1 1 1 + 2 1 + 2 1 + 2 + 3 1 + 2 + 3 1 + 2 + 3 + 4 1 + 2 + 3 + 4Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÄÎÑÊÎÍÀËI ÄÈÇ'ÞÍÊÒÈÂÍI ÍÎ�ÌÀËÜÍI ÔÎ�ÌÈ. . . 125�îçãëÿíåìî äâà êâàäðàòè ðîçìiðíiñòþ 2n × 2n i 2n + 2 × 2n + 2. Äðóãèéêâàäðàò ìîæíà îòðèìàòè ç ïåðøîãî, äîäàâøè ïî êîíòóðó ïî îäíîìó ðÿäêó iñòîâï÷èêó ç âiäïîâiäíîþ êiëüêiñòþ êëiòèí (ðèñ. 2).
2n+ 2× 2n+ 2

2n× 2n

�èñ. 2Iç òàáëèöi 2 âèïëèâà¹, ùî íà ïîëi 2n×2n, n ∈ N, êiëüêiñòü çàìêíåíèõ êëàñiâíå çìiíèòüñÿ â ïîðiâíÿííi ç ïîëåì 2n − 1 × 2n − 1, à íà ïîëi 2n + 1 × 2n + 1ç'ÿâëÿòüñÿ n + 1 íîâèõ êëàñiâ íà äîäàíèõ ðÿäêàõ i ñòîâï÷èêàõ ó ïîðiâíÿíi çïîëåì 2n× 2n. Çâiäñè âèïëèâà¹ òåîðåìà.Òåîðåìà 1. Íà ïîëÿõ 2n×2n i 2n−1×2n−1, n ∈ N, iñíó¹ n2+n
2

çàìêíåíèõêëàñiâ âiäíîñíî îïåðàöié Ti, i ∈ Z8.3. Äîñêîíàëi êàíîíi÷íi �îðìè �îðìóë P−àëãåáðè.Îçíà÷åííÿ 1. Äèç'þíêòèâíà íîðìàëüíà �îðìà �îðìóëè ϕ = p1∨p2∨. . .∨pn
P− àëãåáðè íàçèâà¹òüñÿ äîñêîíàëîþ, ÿêùî âîíà ëåêñèêîãðà�i÷íî âïîðÿäêîâàíàâiäíîñíî iíäåêñiâ çìiííèõ xi, i = 1, . . . , k, òà iíäåêñiâ ïîâîðîòiâ Tj , j = 1, . . . , l,â åëåìåíòàðíèõ ïåðåòèíàõ pi äëÿ âñiõ i = 1, 2, . . . n.�îçãëÿíåìî àëãåáðó U4 = 〈A4, Ω〉, äå A4 =























a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44























� ìíî-æèíà áiíàðíèõ ìàòðèöü (áiíàðíèõ çîáðàæåíü).Äëÿ åëåìåíòiâ a12; a13; a24; a34; a43; a42; a31; a21 äðóãîãî çàìêíåíîãî êëàñó,âiäíîñíî îïåðàöié Ti, i ∈ Z8, ñïðàâåäëèâi ðiâíîñòi: .
aT0

12 = a12; a
T6

13 = a12; a
T3

24 = a12; a
T4

34 = a12;

aT7

43 = a12; a
T5

42 = a12; a
T2

31 = a12; a
T1

21 = a12. (3)Ç öèõ ðiâíîñòåé âèïëèâà¹, ùî:1) äëÿ äîâiëüíî¨ îïåðàöi¨ Tk, k ∈ Z8, ó äðóãîìó êëàñi iñíó¹ åëåìåíò aij òàêèé,ùî aTk

ij = a12;2) äëÿ äîâiëüíîãî åëåìåíòà aij ç äðóãîãî êëàñó iñíó¹ îïåðàöiÿ Tk, k ∈ Z8,òàêà, ùî aTk

ij = a12.Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)
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�èñ. 3�iâíîñòi (3) çðó÷íî çàäàòè ó âèãëÿäi òàáëèöi 3. Òàáëèöÿ 3
T0 T6

T1 T3

T2 T4

T5 T7Êîðèñòóþ÷èñü öi¹þ òàáëèöåþ äëÿ äîâiëüíîãî ïåðåòèíó r(xt) = x
Tk1

t x
Tk2

t . . . x
Tks

t ,
t ∈ N, k1, k2, . . . , ks ∈ Z8 ïîáóäó¹ìî çîáðàæåííÿ

A∗

t (aij) =



















































a12 = 1, ÿêùî, xT0

t ∈ r(xt), a12 = 0, â iíøîìó âèïàäêó,
a13 = 1, ÿêùî, xT6

t ∈ r(xt), a13 = 0, â iíøîìó âèïàäêó,
a24 = 1, ÿêùî, xT3

t ∈ r(xt), a24 = 0 , â iíøîìó âèïàäêó,
a34 = 1, ÿêùî, xT4

t ∈ r(xt), a34 = 0, â iíøîìó âèïàäêó,
a43 = 1, ÿêùî, xT7

t ∈ r(xt), a43 = 0, â iíøîìó âèïàäêó,
a42 = 1, ÿêùî, xT5

t ∈ r(xt), a42 = 0, â iíøîìó âèïàäêó,
a31 = 1, ÿêùî, xT2

t ∈ r(xt), a31 = 0, â iíøîìó âèïàäêó,
a21 = 1, ÿêùî, xT1

t ∈ r(xt), a21 = 0, â iíøîìó âèïàäêó,à âñi iíøi åëåìåíòè ìàòðèöi A∗

t (aij) äîðiâíþþòü íóëåâi.Ç ïðîâåäåíèõ ìiðêóâàíü âèïëèâà¹, ùî:Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÄÎÑÊÎÍÀËI ÄÈÇ'ÞÍÊÒÈÂÍI ÍÎ�ÌÀËÜÍI ÔÎ�ÌÈ. . . 1271) â ìàòðèöi rt (A∗

t ) åëåìåíò a12 äîðiâíþ¹ îäèíèöi;2) ó âñiõ iíøèõ ïåðåòèíàõ, ÿêi íå ¹ âëàñíîþ ÷àñòèíîþ r(xt), åëåìåíò a12 äî-ðiâíþ¹ íóëåâi.ßêùî åëåìåíòàðíà êîí'þíêöiÿ pd ìà¹ â ñâî¹ìó ñêëàäi çìiííi xd1 , xd2 , . . . , xdl,
d1, d2, . . . , dl ∈ N, òî ¨¨ ìîæíà ïðåäñòàâèòè ó âèãëÿäi

pd = r (xd1) r (xd2) . . . r (xdl) . (4)Äëÿ êîæíîãî ïåðåòèíó r (xdt) áóäó¹òüñÿ àíàëîãi÷íî äî A∗

t (aij) çîáðàæåííÿ
A∗

dt
(aij). Ëåãêî ïåðåêîíàòèñü, ùî â çîáðàæåííi pd (A∗

d1
, A∗

d2
, . . . , A∗

dt

) åëåìåíò
a12 äîðiâíþ¹ îäèíèöi, à ó âñiõ iíøèõ åëåìåíòàðíèõ êîí'þíêöiÿõ öåé åëåìåíòäîðiâíþ¹ íóëåâi.Ïðîâåäåíi ìiðêóâàííÿ ñïðàâåäëèâi äëÿ äîâiëüíî¨ àëãåáðè Uk = 〈Ak, Ω〉 ∈ P ,
k ≥ 4 [1℄, îñêiëüêè êîæíà ç íèõ ìà¹ â ñâî¹ìó ñêëàäi åëåìåíòè äðóãîãî çàìêíåíîãîêëàñó, ÿêùî k = 2n, n = 2, 3, . . .. Â àëãåáðàõ Uk = 〈Ak, Ω〉 ∈ P, ïðè k = 2n + 1ðîëü åëåìåíòiâ äðóãîãî êëàñó âiäiãðàþòü åëåìåíòè ï'ÿòîãî êëàñó.Íåõàé ϕ1 = p1 ∨ p2 ∨ . . . ∨ pm, ϕ2 = q1 ∨ q2 ∨ . . . ∨ qt äèç'þíêòèâíi íîðìàëüíi�îðìè �îðìóë ϕ1 i ϕ2 àëãåáð Uk = 〈Ak, Ω〉 ∈ P, k ≥ 4.Òåîðåìà 2. ϕ1=ϕ2 òîòîæíiñòü, ÿêùî ∀pd ∈ ϕ1, ∃qj ∈ ϕ2 òàêå, ùî pd ≖ qj(pd ëåêñèêîãðà�i÷íî ñïiâïàäà¹ ç qj).Äîâåäåííÿ. Íåõàé pd ìà¹ âèãëÿä (4). Áóäó¹ìî çîáðàæåííÿ pd

(

A∗

d1
, . . . , A∗

dt

),â ÿêîìó a12 = 1. Âñiì iíøèì çìiííèì, ÿêi íå âõîäÿòü â pd, ïðèñâî¨ìî íóëüîâåçíà÷åííÿ. ßêùî ϕ1=ϕ2 òîòîæíiñòü, òî ∃qj ∈ ϕ2 òàêå, ùî íà çàäàíîìó íàáîðiçîáðàæåíü A∗

d1
, A∗

d2
, . . . , A∗

dt
, ïðèéìà¹ òàêi ñàìi çíà÷åííÿ, ùî é ϕ1 â òîìó ÷èñëi âòî÷öi a12 = 1. À öå ìîæëèâî òiëüêè òîäi êîëè qj ïiä�îðìóëà pd (qj ⊂ pd).Ïðîâîäÿ÷è àíàëîãi÷íi ìiðêóâàííÿ äëÿ �îðìóëè ϕ2 i áóäóþ÷è âiäïîâiäíèéíàáið çîáðàæåííÿ äëÿ qj, íà ÿêîìó a12 = 1, îòðèìó¹ìî, ùî òîòîæíiñòü ϕ1=ϕ2áóäå ìàòè ìiñöå, ÿêùî ∀qj ∃ps òàêå, ùî ps ⊂ qj . Òîäi ç âêëþ÷åíü qj ⊂ pd i ps ⊂ qjâèïëèâà¹, ùî ps ⊂ pd, à öå íåìîæëèâî, îñêiëüêè â ïîáóäîâàíèõ äèç'þíêòèâíèõíîðìàëüíèõ �îðìàõ íi îäíà åëåìåíòàðíà êîí'þíêöiÿ íå ¹ ïiä�îðìóëîþ iíøî¨åëåìåíòàðíî¨ êîí'þíêöi¨. Òåîðåìó äîâåäåíî.4. Äîñêîíàëà äèç'þíêòèâíà íîðìàëüíà �îðìà àëãåáðè U3 = 〈A3, Ω〉.Ç îçíà÷åííÿ îïåðàöié Ti, i ∈ Z8, âèïëèâà¹, ùî â àëãåáði U3 ¹ òðè çàìêíåíi êëàñèåëåìåíòiâ: {a11, a13, a31, a33}, {a12, a23, a32, a21}, {a22}. Äëÿ åëåìåíòiâ ïåðøîãî i

T1 T2 T3 T4

1 4 7
2 5 8
3 6 9

7 4 1
8 5 2
9 6 3

3 6 9
2 5 8
1 4 7

9 6 3
8 5 2
7 4 1

T0 T5 T6 T7

1 2 3
4 5 6
7 8 9

7 8 9
4 5 6
1 2 3

3 2 1
6 5 4
9 8 7

3 2 1
6 5 4
9 8 7�èñ. 4Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



128 I. À. ÌÈ×, Â. Â. ÍIÊÎËÅÍÊÎäðóãîãî êëàñó ñïðàâåäëèâi ñïiââiäíîøåííÿ:
aT1

11 = a11; aT6

13 = a11; aT4

33 = a11; aT5

31 = a11;

aT0

12 = a12; aT3

23 = a12; aT7

32 = a12; aT2

21 = a12.
(5)Ñïiââiäíîøåííÿ (5) çðó÷íî ïðåäñòàâèòè ó âèãëÿäi òàáëèöi 4. Òàáëèöÿ 4

T1 T0 T6

T2 T3

T5 T7 T4Êîðèñòóþ÷èñü öi¹þ òàáëèöåþ äëÿ äîâiëüíîãî ïåðåòèíó r(xt) = x
Tk1

t x
Tk2

t . . . x
Tks

tïîáóäó¹ìî çîáðàæåííÿ
A∗

t (aij) =



























































a11 = 1, ÿêùî xT1

t ∈ rt, a11 = 0, ÿêùî xT1

t 6∈ rt,

a12 = 1, ÿêùî xT0

t ∈ rt; a12 = 0, ÿêùî xT0

t 6∈ rt,

a13 = 1, ÿêùî xT6

t ∈ rt; a13 = 0, ÿêùî xT6

t 6∈ rt,

a21 = 1, ÿêùî xT2

t ∈ rt; a21 = 0, ÿêùî xT2

t 6∈ rt,

a23 = 1, ÿêùî xT3

t ∈ rt; a23 = 0, ÿêùî xT3

t 6∈ rt,

a31 = 1, ÿêùî xT5

t ∈ rt; a31 = 0, ÿêùî xT5

t 6∈ rt,

a32 = 1, ÿêùî xT7

t ∈ rt; a32 = 0, ÿêùî xT2

t 6∈ rt,

a33 = 1, ÿêùî xT3

t ∈ rt; a33 = 0, ÿêùî xT4

t 6∈ rt,

a22 = 0.Ó çîáðàæåííi rt (A∗

t (aij)):1) åëåìåíòè a11 òà a12 äîðiâíþþòü îäèíèöi;2) íà âñiõ iíøèõ ïåðåòèíàõ, ÿêi íå ¹ âëàñíîþ ÷àñòèíîþ r(xt), õî÷à á îäèí içåëåìåíòiâ a11, a12 äîðiâíþ¹ íóëåâi.Äàëi ïðîâîäÿ÷è ìiðêóâàííÿ, àíàëîãi÷íi äîâåäåííþ ïîïåðåäíüî¨ òåîðåìè îòðè-ìó¹ìî, ùî ðåçóëüòàòè öi¹¨ òåîðåìè ïîøèðþþòüñÿ i äëÿ àëãåáðè U3.Ó äàíié ðîáîòi ïîêàçàíî: 1. ÄÍÔ �îðìóë àëãåáð êëàñó P äëÿ n > 2 ñïiâïàäà-þòü ç ïîáóäîâàíèìè â ðîáîòi [1℄ ÄÍÔ. 2. Âñi àëãåáðè Un, n > 2 ¹ åêâàöiîíàëüíîåêâiâàëåíòíèìè, òîáòî ìíîæèíè âñiõ òîòîæíîñòåé â öèõ àëãåáðàõ ñïiâïàäàþòü.Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè1. Ìè÷ I. À., Íiêîëåíêî Â. Â. Ïîâíi ñèñòåìè òîòîæíîñòåé â îäíîìó êëàñi àëãåáð // Íàóê.âiñíèê Óæãîðîä. óí-òó. Ñåð. ìàòåì. i ií�îðì. � Óæãîðîä, � 2017. � Âèï. 1 (30). � Ñ. 79�86.2. Êàïiòîíîâà Þ.Â., Êðèâèé Ñ.Ë., Ëåòè÷åâñüêèé Î.À., Ëóöüêèé �.Ì., Ïå÷óðií Ì.Ê. Îñíî-âè äèñêðåòíî¨ ìàòåìàòèêè. � Ê.: Íàóêîâà äóìêà, 2002. � 579 ñ. Îäåðæàíî 04.07.2017
Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)


