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VIIK 519.21

V. O. Boldyreva (Vasyl’ Stus Donetsk National University),
T. V. Zhmykhova (PhD in Physico-mathematical sciences)

THE PROBABILITY OF NON-RUIN OF AN INSURANCE
COMPANY WITH ADVERTISING EXPENSES AND INVESTING
IN BANK TERM DEPOSIT BY MHULL INSURANCE OF 10 TOP
INSURANCE COMPANIES OF UKRAINE. II.

The result presented in this paper is the second part of the paper [1], where was constructed
an equation which allows calculating the probability of non-ruin for the classical model of risk
when an insurance company has promotional costs. There is considered the case of investment
in the financial (B,S)-market, precisely in riskless part of it, in the bank deposit, in this article.
Some numerical results for the probability of non-ruin by MHull of 10 Top Insurance companies of
Ukraine for the period 01/01/2015 to 06/30/2015 based on the developed formulae are provided.
Some conclusions about the influence of advertising company and investing in the bank deposit on
the probability of non-ruin are carried out.

Pesysbrar, moganuii y ganiii po6oti, € npyroto dacruaoo crarti [1], mne Gyno BuBeneHe piBHAHHS,
IO A03BOJIAE€ OOYUCIUTH HMOBIpHICTH HEOAHKPYTCTBA /I KJAACHTIHOI MOIEl PHU3WKY 3a YMOBH,
KOJTH CTPAXOBA KOMIIAHiA MA€ BUTPATH HA PeKjaaMmy. PO3IVIsIHYTO BUIIAIOK iHBECTHUIIH v (piHAHCOBMIT
(B,S)-punoK, a came, y 6e3pu3uKoBy #oro qactuny. Byso HaBeneHo esaKi YncebHi pe3yIbTaTu st
fiMoBipHOCTI HEGAHKpYTCTBA 3a mepiof 3 01/01/2015 no 06/30/2015 3a crpaxysanusm KACKO Ta
CTATUCTUKOK JIECATH MPOBIIHUX CTPAXOBUX KOMIMAaHIM Ykpaiau. Byno 3pobieHo BUCHOBKM OO
BIJIUBY IIPOBEIEHHS PEKJIAMHHMX KAMIIAHIN Ta OJIHOYACHOIO IHBECTYBAaHHA y OAHKIBCHKHH METIO3UT
Ha, fiMOBipHICTH HEOAHKPYTCTBA.

1. Introduction. Investing activities is important in the insurance company work
because it can ensure the formation of the sufficient insurance fund to cover claims
costs. However, the financial risk resulting from the process of investment activity
can weaken the solvency of the insurance company no less than the claims payments.
That is why last years a significant interest emerged in the analysis of an insurance
company activity with the investing activities. In our article we are interested in the
case when insurance company invests only in the riskless asset of financial (B,S)-
market. In [2] was made the first attempt to consider the investing free capital
problem. In suggested work the insurance company gets an additional profit investing
the capital under the bank deposit interest rate r. This model was more particularly
investigated in [3], [4] and generalized in |5]. In work [6] was generalized the Hipp’s
and Plum’s model [7] by the riskless asset encompassing (the bank deposit) in the
model and examined the optimal strategy in the case when claims have gamma,
Pareto or exponential distribution. The authors of this article also studied such
models without the promotional campaign assumption |8], [9] and with them [10].
The first part of the article [1] addressed the problem without the using bank deposit
for the insurance company model illustrated by the example of MHull insurance. On
the basis of the recorded facts and the resulting model, in this paper the work of
10 leading insurance companies in Ukraine during the period from 01.01.2015 on
06.30.2015 is analyzed and the effect of deductions for advertising and investing
activities on the non-ruin probability of insurance companies is studied.

2. Classical model of risk with advertising expenses and bank deposit.
Let consider the insurance company the surplus is modeled by Cramer-Lundberg

Hayk. Bicuuk Y:kropom yu-ry, 2018, sum. Nel (32)



30 V. O. BOLDYREVA, T. V. ZHMYKHOVA

model with the initial capital x (z > 0), the premium rate ¢ (¢ > 0), the number
of claims in (0,¢] is a Poisson process with rate A (A > 0) and the claim sizes is a
sequence of positive random variables independent of the number of claims with the
distribution function F' (y). The insurance company invests all temporary free funds
in the bank term deposit with interest rate r (r(t) = r > 0). Also, the insurance
company starts advertising activities to attract new customers, some part of the
income, exactly §(0 < § < 1), is deducted on advertising. The intensity of premium
income will increase by 71(0), at the same time the intensity of claims to the insurance
company increases by the j(9).
Thus, the capital of the company is described by the equation

Eo(t + At) = &, (t)+ .
HL=0) [&(rat + (1 + 71 (0)A — f; [ avnry g (dads)] . )

t

Equation (1) can be rewritten as

d&,(t) = (1-9) [sm<t>rdt+c<1+j1<6>>dt— / mawuw»(da,dw] 2)

Teopema 1. Let o(x) is the non-bankruptcy probability on an infinite time
interval t € [0, 00), that is

(p(w) = P{fa:(t) > 07 vt e R+}7

then, if the evolution of the insurance company capital is described by equation (2),
the insurance company non-bankruptcy probability with the deductions on advertising
and investing in bank deposit is a solution of the integro-differential equation on an
infinite time interval t € [0,00):

(1=0) (ar +c(1+41(0)))
A(L+(9))

o () = o) - / " ole — y)dF(y) (3)

with the limit condition lim ¢(z) = 1.

r—+00

Jlosedenns. To prove this theorem we have used the methods represented in
the book [11]. So, before the first jump of the process

“+o0o
dR(t) = / OéV)\(1+j(§))(dOé, dt)
0
the capital of the company is described by the equation

de, (1) = (1 — 8) [&a(t)rdt + ¢ (1 + j1(8)) dt], £.(0) =z,

from which we derive

(t) = {x n c(1 +J'1(5))} Loyt _ c(1 +j1(5))_

r r

Let the first jump of the process R(t) is occurring at the time 7 = s, and its value is
equal to y . Until the time 7; the ruin will not happen. In order to ruin of company
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will not happen from the time point 77 , it is necessary and sufficient the fulfillment
of the condition

AN 1o 08

Y=< [JrJr
T T

The time point of the first jump has an exponential distribution with the parameter
A (14 5(8)), by virtue of the fact that process N(t) is Poisson with the parameter
A (14 4(d)). Then we apply the formula of total probability and derive

400 A(s)
QO(I)I/O >\(1+j(5))6m“(5))s/0 ¢ (A(s) —y) dF (y)ds, (4)

r

where A(t) = [w n c<1+jl<a>>} ooyt _ e+ (8)

If we make the change of variable in integral (4), as follows A(s) = u, we obtain

, . A(L45(5))
o(x) = —A((llﬂéf)) (zr +c(1+71(6))) o x 5)
A(LE5(9))
X f [ur + ¢ (14 j1(5))]” aor -t fo ¢ (u—y)dF(y)du.
Differentiating equation (5) with respect to z, we get
N2 A(1+5(5)
o) = () r 1 o) B
o _ +5(5))
X [ [ur + (14 5i(8))) o 110 y) dF (y)du— (6)

IO
—%[mr—{—c(l—i—]l fo dF( ).

By substituting (6) to the (5), we have obtained the statement of the theorem.

IMpukaang 1. Analytical solution of the integro-differential equation (3) in the
case of exponentially distributed claims.

Let claims to insurance company have exponential distribution with parameter a
(a>0), so F(y) =1—e . We rewrite the integro-differential equation (3) as

(1 — 6) ()\13(7"14;3((15;)‘ ]1(6)))g0'(1:) _ 90(37> . /Ox (p(&: _ y)ae*“ydy.

We write over this equation in the form

(1-4) [m+c(1 +j1(5))] () = AL +j(6)) e(z)— (7)
“A(144(8) [y ¢ Jae~dy.

Differentiating this equation (7) with respect to x, we get

(1=0)r¢'(x) + (1 —=0)[re+c(1+71(0)] ¢"(x) = A(1 4 j(0)) ' (x)+ (8)
AL+ 5(9)) [a [ o(z —y)ae™¥dy — p(x)a] .

Making the substitution from (7) to (8), we get

(1=0) (rz +c(1451(0) ¢"(2) + (1 = 8) r¢'(x) — A(1 +5(9)) ¢ (x)+ (9)
+a(l=0)(rz +c(1451(9))) ¢'(x) = 0.

Hayk. Bicuuk Yzkropom yu-ry, 2018, sum. Nel (32)
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The solution of the equation (9) is

s
+o00o 1 . —o)r
¢Cw::]'_‘4j/ e—M’<v+-5L—iJEEDQ) v, (10)

r

r (10) rewritten in another form

p(r) =1-Aa"

AL aclin®) A(1+5(5)) ac(l+ 71(9))
(1—=0)r ’ r

+ aw) : (11)
where

A 1

acagy(9)  _AHIO) [ A(145(8)) . ac(1441(5) (o (i) T
e = a @ T < (1=0)r ° r > + A(1+5(9)) < r >

Constants were determined with the usage of boundary conditions:

{xg&f@)ZL
(1 =0)c(1+1(6)¢'(0) =

3. Numerical results by Hull Insurance of 10 Top Ukrainian Insurance
companies. We present numerical results by MHull of 10 Top Ukrainian Insurance
companies using the developed formulae (11) for the probability of non-ruin. Motor
Hull Insurance provides protection against risks, which lead to partial damage or
total loss of the vehicle. Necessary data for analysis are presented in the following
Table 1. These data must be considered as being approximate.

A1 +5(6))(0).

Tabauua 1.
The data of 10 Top Ukrainian Insurance companies by MHull

Company Ezxp(a) Premiums, ¢ | Intensity of

claims, A
Oranta Exp(0,0000917) | 44337,78 1,944444
VUSO FExp(0,0000848) | 132218,3 4,872222
Illichevske Exp(0,0000824) | 58487,22 2,338889
Providna FExp(0,0000748) | 256393,3 10,51667
Arsenal - insurance FExp(0,0000742) | 459008,3 18,47778
UPSK Exp(0,0000721) | 113874,4 3,294444
Alfa-insurance Exp(0,0000718) | 170552,2 6,744444
Persha Exp(0,0000688) | 36177,78 1,138889
Aha-insurance Exp(0,0000684) | 1743217 62,09444
PZU-Ukraine FExp(0,0000683) | 442853,3 14,37778
The level of initial capital =1 500 000
The period of modeling 1/2 of year

According to the information represented on the web-site of Ministry of finance
of Ukraine, the interest rates hesitated from from 16,25% to 19% per year. In
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accordance with regulatory requirements for the implementation of insurance acti-
vity in Ukraine the minimum authorized capital of the insurance company, engaged
in types of insurance other than life insurance, is established in the amount of one
million Euros,and for the insurance company, engaged in life insurance, it is equi-
valent 1.5 million EUR in UAH. The value of invested money in advertising should
not exceed 1%. We consider the special case of advertising impact on the activities
of companies, namely when j(8) = j1(6) = v/ [12].

Let us turn to the study of the available data. We constructed graphs of the non-
ruin probability as a function of the initial capital with fixed proportion of funds
for advertising for each company in the case of investment in the riskless part of the
financial (B,S) —market precisely in the bank deposit.

Let us consider the first company in the list, Oranta, and fix 6 = 0,01. The
amount of initial capital varies from 0 to 180 thousand UAH in the Figure 1 and
from 100 to 300 thousand UAH in the Figure 2. The blue color illustrates the non-
ruin probability model of insurance companies without the investing, the red color
is with the investing. We can note with the help of the Figure 1 and the Figure 2
that the model with the investing optimized before the model without the investing.
Such small initial capital for the company was taken only with the aim to show
the behavior of functions. Taking into account the regulatory requirements it also
means that the company according to these models will not go bankrupt with all
listed parameters above.

1,09 19

0,94
0,999H

0,84
0,998

0,79

0,99H

0,6

0,996

20000 40000 60000 80000 1000001200001400001 60000180000 100000 150000 200000 250000 300000
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Model with investing Model without investin J

Puc. 1. The probabilities of non-ruin, Oranta

Let us turn to the study of the available data. We constructed graphs of the non-
ruin probability as a function of the initial capital with fixed proportion of funds
for advertising for each company in the case of investment in the riskless part of the
financial (B,S)—market precisely in the bank deposit.

Let us consider the first company in the list, Oranta, and fix 6 = 0,01. The
amount of initial capital varies from 0 to 180 thousand UAH in the first part of the
Figure 1 and from 100 to 300 thousand UAH in the second part of the Figure 1. The
blue color illustrates the non-ruin probability model of insurance companies without
the investing, the red color is with the investing. We can note with the help of the

Hayk. Bicuuk Y:kropom yu-ry, 2018, sum. Nel (32)



34 V. O. BOLDYREVA, T. V. ZHMYKHOVA

Figure 1 that the model with the investing optimized before the model without the
investing. Such small initial capital for the company was taken only with the aim to
show the behavior of functions. Taking into account the regulatory requirements it
also means that the company according to these models will not go bankrupt with
all listed parameters above.

The further analysis of model figures by the represented in the table companies
allows us to draw the conclusion: the model with the investing in the bank deposit
is optimized better than the same model but without the investment. All figures for
companies are very similar and show bigger non-ruin probability for the model with
investments. In the case of Aha-insurance the model without the investment is very
close to the model with the investing which is confirmed by the Figure 2.

-
0,999
0,998
0,995+ 0,997
0,996
0,995
0.990-
0,994
0,993
0,985+ 0,992
0,991
0,990
0,980
100000 200000 300000 400000 500000 130000 150000 170000 190000 210000
X X

—— Model with investing Model without investini | — Model with investing Model without investini

Puc. 2. The probabilities of non-ruin, Aha-insurance

4. Conclusions. There was considered a model of insurance company in the case
of investing costs on bank deposit and using advertising in the article. An integro-
differential equation for non-ruin probability of the insurance company for this model
was derived. The analytic solution of the equation was found in the case when the
sizes of insurance claims were described by an exponential distribution. The results
have been applied in the analysis of the activities by MHull of 10 Top Insurance
companies of Ukraine for the period 01/01/2015 to 06/30/2015. The results for the
model of insurance company with investment were compared with the results for
the model of insurance company without investment.
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