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YIK 517.9
O. . Kiumapenko (Oxecvkuii nar. yu-1 im. 1. I. Meunnkosa)

CTVYIIIHYACTE YCEPEJIHEHHA KEPOBAHUX
OYHKHIOHAJIbBHO-IN®PEPEHIIIAJIbHUX CUCTEM

For nonlinear controlled functional-differential systems the possibility of applying a step-by-step
averaging scheme on a finite interval is substantiated without the condition of asymptotic constancy
of control, and an algorithm for constructing appropriate controls for the original and averaged
tasks is proposed.

B poboti nns veniHifianx kepoBaHuX (GYHKITIOHAIBHO-THMEPEHITIATBHIX CUCTEM OOrDYHTOBYETHCS
MOXKJIMBICTH 3aCTOCYBAHHS CXEMH CTYIIIHIACTOIO yCepeTHEHHs HA CKIHIYEHHOMY IIPOMIiXKKY 6e3 yMo-
BH ACHUMIITOTHIHOI CTAJIOCTI KEPyBaHHs, 3aIPOIMOHOBAHO AJTOPUTM IMOOYIOBH BiOMIOBITHUX KEpy-
BaHb BUXIJIHOI Ta yCepeHEHOI 3a/1a4.

Bceryn. Mertos ycepeaHeHHS € OJHUM 13 aCHMITOTHIHAX METOIB, AKHWH IMHPOKO
3aCTOCOBYETHCA JJIsI JOCTIZKeHHsT cucTeM pi3Hoi npupogu. Crtpore oOrpyHTYBaH-
HsI METOJY ycepeaHeHHs s AudepeHIliaTbHIX PiBHIHb OYJI0 OTPUMAHO B pobOTax
H.M. Kpunosa, M.M. Boroswo6osa [1]. Ilogansmi dysmamentanbai po3pobku pi-
3HUX AJITOPUTMIB METOJY YCEPEeIHEHHS Ta PO3NIUPEHHS KJIACIB CHCTEM, JIJIS SAKHX
MOXKHa 3acTOoCcyBaTH MeToj, Oyyu 3iaiiicHeni B poborax M.M. Borosobtosa, FO.O.
Murponosascskoro [2], A.M. Cawmoiinenxka [3], O.M. ®@inatosa, M.M. Xanaesa [4, 5]
Ta in. OOTPYHTYBaHHA METOIY ycepeaHeHHd /s AudepeHIliaTbHIX PIBHAHD i3 3aIi-
3HeHHSIM OyJI0 3anponoHoBaHo B 6], a Takoxk |7,8|, aist qudepenniaabuux piBHSHD
i3 makcumymoMm [9-12|. V3arasbHeHHs MeTOLy ycepejHeHHs Ha BYHKIIOHATIBHO-
judepeHniaabai PIBHAHHS MOYXKHA 3HANWTH, HApUKIaA, B poborax J. Hale [13,14]
ta B.Lehman, S.Weibel [15]. Oxpemo BapTo BUALIHTH JOCTIXKEHHS, TOB’s3aHi 3
PO3POOKOI0 ACUMITOTUYHUX METOJIB /I KepOBaHHUX cHCTeM. Brepie 3acTocyBa-
HH$l METO/ly yCepeJIHeHHS JIjis JIOCJJ2KeHHs 3a/1a4 OUTHUMAJIbHOI'O KepyBaHHs Oy-
n0 3anpornonoBane M.M. Moiceesum [16|. Bin BusHaumB jgBa OCHOBHUX MiAXOIH B
oMy HanpsMky. Ilepmnmii - ycepeiHeHHST KpaifioBOi 3a/1a9i NPUHITUITY MaKCUMYyMY
JI.C. IlouTpsgrina. Ilpu nboMy BUHHKAIOTH CYTTEBI TPYIHOIIL OB’ A3aHi 3 PO3PUBHI-
cTio (byHKIIT mpaBoi YacTuHu JudepeHIiaTbHIX piBHIHb KpaitoBol 3aaa4i. Ipyruit
1iJIXiJ1 IPUHIUIIOBO 1HIIKN - BiH HoOJIAra€ y 0e31ocepe/iHbOMY YCepeHeHH] PIBHSAHD
kepoBaHoro pyxy. Lleii MeTo/1 cTaBUTh y BIIIOBIHICTH TOYHINE 3a/a4i ONTUMAJIHHO-
ro KepyBaHHs OLIBII MPOCTY 3a/1a4y ONTHUMAJHLHOTO KePYBaHHS, PO3B’sI3aHHS KOl
MOXKHA MPOBOIUTH OyIb-aKuUM duceqbHuM MerogoMm. B.O. ILroraikosum [17] mei
MeToj1 OYB IepeHeceHuil Ha 3arajbHUil BUMAI0K BUMIPHUX KepYBaHb 1 I'PYHTYBaBCs
Ha po3po0Ill MeTOy ycepeaHeHHs audepeHniaTbHIX BKIIOYeHb. 3aCTOCYBAHHA Me-
TOJly ycepeJHeHHs JI0 (DYyHKIIOHAJIbHO-IU(EpeHI[laJbHUX CUCTEM 3 aCUMITOTHYHO
cTajuM KepyBaHHsM Oyso 3ampononosano B [18]. A B pobGori [19] 6yi0 3amporo-
HOBAHO CXEMH IOBHOI'O ycepeaHeHHs (DYHKIIOHAJIbHO-IHMepeHIiaIbHIX CHCTEM Ha
CKIHY€HHOMY HPOMIKKY 0€3 YMOBH aCHMITOTHYIHOI CTAIOCTI KepyBaHHSI.

Meta maHOi poOOTH — JOBECTH MOKJIHUBICTH 3aCTOCYBAaHHS Pi3HUX AJTOPUTMIB
ycepejiHeHHsI KepoBaHuX (pyHKIIOHAJIbHO-IU(EPEeHIIaJIbHUX CUCTEM, 0 I'PYHTYIO-
ThCd Ha CXeMi YaCTKOBOT'O CTYMIHYACTOTO yCepeIHeHHS Ha CKIHYeHOMY TPOMIXKKY
Jig (byHKIIOHAJTBHO-TU(EePEeHIIaJIbHAX CUCTEM 3 KepYBaHHAM, SKe BXOJIUTH HeJIi-
HiliHO Ta 0e3 YMOBH aCHMIITOTHYHOI CTAJIOCTI KepyBaHHSI.

Hayk. Bicuuk Yikropoz yu-ry, 2018, sum. Nel (32)



94 0. JI. KIMMAPEHKO

CraTTg opraHizoBaHa HACTYIHHUM YHHOM: Y HEpIHiil CeKIii MU JaeMO HeoOXiTHi
HO3HAYEHH 1 OCTAHOBKY 3a/la4i, y Jpyriil cexiiil 1noOy/0BaHO aJrOPUTMU CTYIIiH-
YaCTOTO yCepe/JIHeHHs /I MePIOJUYHOrO 1 HENepioguYHOro BUIAJIKIB Ta ChHOpMY-
JIbOBAHO TeOPeMH, siKi OOrPpYHTOBYIOTH BIJITIOBIIHI aJTOPUTMH, a TAKOXK HaBEJIEHO
NPUKJIA/IA 32CTOCYBAHHS BIIMOBITHIX CXeM yCepeTHeHHs, CeKIlis 3 MPUCBAIeHa J0-
BeJIEHHIO TeOPeM.

1. HeoOxinHi mo3HadyeHHd i IOCTaHOBKA 3aaa4i. Beeaemo HeoOxinni B nosa/ib-
OMY TO3Ha4eHHs Ta PYHKIOHAIBHI TpocTopu. O0epemo Ta 3adikcyemo fiiicHe qm-
co h > 0. Tloznaunwmo uepes C,, ([—h, 0]; R™) 6anaxis npocTip HenepepBHUX BEKTOD-
dbyukmiii, BusHavenux wa [—h, 0], saxi aioors B mpoctip R™, 3 piBHOMIPHOIO METPHKOO

lelle = gé?_a}fgo} | (0)| , ne |-| —wopma B R™, mpu oMy uepes ||- || 6ymemo noznauarn

HOPMY MATPHILi, Y3TOJIZKEHY 3 HOPMOIO BEKTOPA.
Hexaii x € C), (|0, 00) ; R"™), mouarkosa dynkmia ¢ € C, ([—h,0]; R") npu nesako-
my h > 0. dxkmo x (0) = ¢ (0), To dbyHKIIsA

_ ) e), te[=h,0],
e ={ “O05 SN )
€ HEelePEPBHOIO.

Hauti crangapraum uunnom Beegemo enement oy (@) € C, ([—h,0];R™) nia ko-
xkuoro t > 0 upu 0 € [—h, 0] ax 2, (p) = x (t + 0, p). Hapani BukopucroByBarnmMemo
x; 3amicTb Ty (¢). Ao h = 0, To 6anaxis npoctip C,, ([—h,0]; R") cuiBnamae 3 R™,
a x; cmiBmagae 3 x(t) nurs Koxkuoro t € [0, 00).

Bynemo ropoputh, mo (yHKIiig z(t) € po3B’a3KoM MOYaTKOBOI 3a1a4i

Ccll_f = f(t,ze), xz(s)=p(s),s€[—h,0], pe’, (2)

na [0, 00), axuo s kKozxuoro t > 0 dynkuia z(t, ¢) 3 (1) 3a10BosbHsIE CHIBBIIHO-
HIeHHd:

xww=¢@+/}@%www (3)

Posrngnemo 3aa4y onTuMaaIbHOIO KePYyBaHHS CUCTEMOIO, KA OMUCYETHCs (DYH-
KIIIOHATBHO-TH(pepeHIiaIbHIM PIBHIHHAM HACTYITHOT'O BHUIJIALY:

dfzgst) =e[f(t,z) + Alz(t)v(t,w)], t>0,

z(t) = p(t), t € [—h,0]

3 KPUTEPIEM SIKOCTI
Jo[u] = ®(z(Le™t,u)) — inf, (5)

ne t > 0, v — n-Bumipumii dpazoBuii BekTop, € > 0 — manuii mapamerp, f : R, X
Cp, = R" A:R" - R ¢ : Ry x U — R™, Bexrop kepyBanus u(t) € U ,
U € comp (R"), L > 0 — nesika KOHCTAHTA.

Kepysanus u(t) BBazKaeThCs TOMyCTHMIM 1715 31241 (4)-(5), K0 BUKOHY€ETHCS
HACTYIIHE:

Hayk. Bicuuk Y:kropom yu-ry, 2018, Bumn. Nel (32)
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A1) dyuxkmig u(t) € 10KaIBHO iHTErpOBHOW TpH t > 0;

A2) u(t) € U pusa t > 0.

Yepes x(t, 1) no3Had1umMo po3s’s30K pisHsiHHs (4) 1pu BIKCOBAHOMY JIOIYCTUMO-
My KepyBauHi u(t).

Poss’saskom 3amadi (4)-(5) € mapa (2*(t), u*(t)), axmo u*(t) — gomycrume Kepy-
BauHs Ta J.[u*| = ;Iellfj J-u], a 2*(t) — Tpaekropis, mo Biamosinae kepyBanuo u* ().

[Ipu ycepeanenni piBHsSHB KepoBaHOrO pyxy Tuiy (4) BUHHKae npobieva 3 yce-
peanentsM yHKmil v (¢, u (t)), OCKIIbKE JJI JOBLIBHOIO KepyBaHHS He MOXKHA
nepeadavaTH iICHYBaHHS CepeTHbOTO.

OnuH i3 miaxomiB — Ie mepexia 10 audepeHiiaaTbHIX BKIIOUYEeHb Ta OOTPYHTY-
BaHHsI METOJY ycepeJHeHHs Jiis Judepeniianbuux Briodenb [20,21]. Ase raknii
Mi/IXi7, TO-TIepIie, CTaBATh Y BIANOBIAHICTh BUXIJAHIN cucTemi cucTemy 1HIIO! TTPHU-
pPOU — 3 MHOYKHHHO-3HAYHOIO ITPABOI0 YAaCTUHOIO, 1, TIO-JAPYTre, BUMArae 3aJ1ydeHHs
HOBOTO MATeMATHYHOIO amapaTy — Teopil JudepeHIialbHuX BKJIIOYEHb Ta MHOYKU-
HHO-3HAYHUX PiBHAHL. ABTOpH poboTH [18] B aHaOTIUHIil TOCTAHOBII OOMEKUIUCST
ACUMITOTHUYHO CTAJIMM KePYyBaHHSM, 110 CYTTEBO 3BYKYy€ BUOIp (DYHKIII KEpyBaHHS.

Mu npononyemMo pi3Hi aJrOpuTMu ycepeHeHHsI KePOBaHUX (DYHKIIOHAIbHO-IH-
depeHIiaJIbHUX CUCTEM, sIKi TPYHTYIOTHCS HA CXE€Mi 9aCTKOBOTO CTYMIHYACTOIrO yce-
peanents yHKIGL ¥ (¢, u (t)).

2. CxeMH 9aCTKOBOTO CTYIIIHYACTOT0 yCepeaHEeHHI KePOBaHUX (PyHKITiO-
HaJabHO-Au(epennianbanx cucreM. Hexait nasi jis (4) Bukonani nacrymni ymo-
BH:

B1) Bigo6paxenus f(t,¢) : Ry x C,, — R"™ HenepepBHe 3a CyKYITHICTIO 3MiHHUX;
B2) Bigobpaxenus f(t,¢) : Ry x C, — R" 3ag0Bobusit0e ymMoBy Jlinmmig mno ¢ 3
KOHCTAHTOIO A, TOOTO icHye KoHCTaHTa A > () Taka, mo Jjs JOBLIbHUX @1, € C)
BUKOHYETbHCSl HEPIBHICTH

|f(t, 1) = f(t,02)] < Aller — 2]l 2> 0;

B3) icuye koncranra M > 0 Taka, mo |f(¢,0)] < M, ¢t > 0;
B4) marpuunosuauna dyuknis A(z) piBHOMipHO 06MekeHa KoHcTanTow M, 3a0-
BOJIbHSAE yMOBY JIINIIMIS 3 KOHCTAHTOIO \;
B5) dynukuist ¢ (t, u) HenepepsHa 10 t 1 u i oOMezkeHa KOHCTAHTOW M;.

Pozrngnemo nepiognyanii Ta HeIepiOAUIHUNA 3a 9aCOM BHUIIAQIKH IIPABOl YaCTHHU
B (4), po3po6uMO Ta OOIPYHTYEMO HACTYIHI CXeMHU yCepeTHeHHS.

2.1. Ilepiogmuynuii BUDagoK. YcepeIHeHY KePOBAaHY CHCTEMY, sSKa BiIIOBiIa-
TuMe BUXiauiil cucremi (4), nobyayemo y rakuit croci6.

st kKozxHOTO eqiementa ¢ € C, uepe3 ¢ € C,, mozuaaumo Taxwuii, mo @(t) = ¢(0)
npu t € [—h,0]. 3a sigobpaxennam f(t,p) : Ry x ), — R" Gyayemo Bigobpaskenms
f(t,z) : Ry x R™ — R™ macrynaum unaoM. [Iis Kokaoro € R™ posrisuemo
enement ¢ € C,, takuii, mo (0) = z. Toxi f(t,z) = f(t, @). OueBuapo, mo f € Bixe
CKIHYE€HO-BUMIPHUM BiJIOOPAzKEHHSIM.

Hexaii 101aTKOBO BUKOHAHI YMOBH:
B6) Bigobpaxenus f(t,¢) : Ry x C,, — R" € 2r-nepiogunaanm 1o t;
B7) icuye cepene

1 27 N

o [ fa)dt = f(x); (6)

2w Jo
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B8) dyukiist ¢ (t,u) € 2r-nepiogunvHo0 1O €.
Toni dyukuionanbao-1udEpeHIiaJIbHOMY PIBHAHHIO (4) HOCTABUMO y BiIIOBII-
HICTh HACTYIIHE yCepeJHeHe PIBHSIHHS:

dy -
= =L Tw®) + AlyO)e(®)], y(0) = (0), (7)
je v(t) — HOBMI BEeKTOP KepyBaHHs, KWl Oyje m00yI0BAHO OJHUM i3 aarOPUTMIB,
OTMCAHUX HUKIE.
Ausropurwm 1.
O3HAYNMO MHOKUHY

21

vzi/¢(t,U)dt,

27
0

Jie iHTerpaJs BiJi MHOKMHHO-3HAYHOTO BiJI0OOpazKeHHs po3yMiemo B cerci Aymana [23],
TOOTO

2w

- %/z(t)dt,z(t)ew(t,U) | (8)
0
Ba siemoro A.D. Oijinmosa, st J0BLIbHOT BUMipHOT (yHKIil 2 (1) icHye BumipHa
dbyukmig u(t) Taka, mo z (t) =1 (t,u(t)) 1 naa Gynb-axoi Bumipaoi dyHKIil u (%)
byukmig z (t) =1 (t,u (t)) BumipHa.
Orxe,

V= %/z/z(t,u(t))dt, w(t) €U . (9)

Ockinbku byukiis ¢ (¢, U) HenepBHa i oOMezkeHa KOHCTaHTOK M, TO 32 T€OPEMOIO
A.A. Jlanyuosa [22| muoxkuua V' € onyk/owo i KomMmakTHOw. OTxKe, s 100YI0BH
MHOXKHUHE V' MOZKHA CKOPHUCTATHCs OMOPHOIO (byHKIi€0. BukopucroByo4un Biractu-
BOCTI iHTerpaJa Bi/l MHOXKMHHO-3HAYHOTO Bij0OparkeHHsI, MAEMO:

C(V,z) =max (v, 2) = (v9(2),2) =

veV
ZO(% ?T@Z)(t,U)dt, z) = %?C’(@/}(t,U),z)dt:

2 2

=3 fmax((t ), 2)dt =5 [otp(t2), 2)dt = x(2).

Toi
1. Koxunomy kepyBanuio v (t) craBumo y Bianosignicts kepysauns u (t) Hacry-
ITHAM YHHOM:

27 (i+1) 27 (i+1)

1 1

o / v (t)dt o / Y (t,u(t,e))dt, =01, (10)
271 211

OueBu/HO, 10 7151 3a1aHOT0 KepyBaHHs v (t) € V' Mu maemo:
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2m(i+1)

/ v(t)dt =v;, € V. (11)

271

1

2

Y Bigmosigrocti 1o (9) mias gosineHOTO v; € Vo icHye u(t,e) € U — BumipHe

KepyBaHHS Take, 110
27 (i+1

)
% / W (tu(t2)) dt = v,
271

2. Koxknomy kepysauuio u () € U craBumo y BianosigHicTs KepyBanus v (t) 3a
JroroMororo crisigHomenus (10).
s 3amanoro kepysanus u (t) € U maemo

2m(i+1)

% / b (tu () dt = v; € V.
271

Kepysanust v () MOXKHA 3a/IaTH, HATPUKJIAJI, ¥ BUTJIA] CTYIHYIACTOT (DYHKIIIT:

v(t) = {vi, 2mi<t<2m (i+1), i=0,1,...}. (12)

Anropurm 1 € edpekTHBHIM, SIKINO IepeBipKa v € V' He BHKJIUKAE TPYIHOIIIB.

Ausropurwm 2.

[Ipu HabMKeHOMY PO3B’g3aHHI 3aJadi ONTUMAIBHOIO KepyBaHHS MOYKHA OOH-
paru v € OV i, 3HaUNTH, 3aJ@BATH K HOBE KEDPYBaHHsI ONOPHUII O MHOXKUHEA V
sektop w(7) € R™ (||lw(7)|| = 1). Toxi

1
wlw) = o= [ wit.plt )t (13)
Jie byukiis p(t, w) BABHAYAETHCSA 13 YMOBH:

(W(t,p(t,w)),w) = max((t,u), w). (14)

uceU

Hexait, dyukiist p(t, w) BU3HAYAETHCSA OJHO3HAYHO JJIst OY/Ib-sIKOTO W 1 JJIsI Maii-
ke Beix t € [0, 27]. Tlpu mpomy MHOXKEHHA V' € CTPOTO OMyKJIOH.

BayBazxkumo, o inTerpamn Buay (13) i makcumywm dyHkiii (14) zveobxigHo 06-
YUC/IIOBATHU 1 TIPU ycepeIHEHHI KPAaloBUX 3a/a4 NPUHIIAIIA MAKCUMyMa, IIPU IHOMY
TAKOXK BBAXKAETHCsI, M0 (PyHKILis p(t, W) 3HAXOUTHCST OJHO3HAUHO.

Cucremi (4) HOCTABAMO Yy BINOBIIHICTD HACTYIHY YaCTKOBO YCEDEIHEHY CHCTe-

MY:

% = [f(y(®) + A(y(®) vo (w)], y(0) = ¢(0). (15)

YeTaHOBUMO BiANOBIIHICTE MiXK KepyBanHsAME u(t, <) 1 w(t).
1. Koxuomy kepyBauHio w(t) HOCTABUMO y BiANOBIHICTH KepyBaHHd u(t, €) Ha-
CTYIHUM YHHOM:
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2 (i+1) 2 (i+1)

/w(tyu(t,éf))dt: / vo (w(t))dt.

27 27
2m(i+1)
Ockinpkn vg (w(t)) €0V iV € conv(R™), 10 5= [ vy (w(t))dt = v;€V. 3naunrs,

27
2 (i+1)
icnye xepyBaunst u (t,¢) €U rake, mo [ 9 (¢, u(t,e))dt = 2mv;.
27
2. Koxxuomy kepyBanuio u(t, €) nokaaaemMo y BiaAnoBianicTh kepyBanus w(t) Ha-

CTYIIHUM YHUHOM:

OckitpKn
2m(i+1)
1
5 / W (t, ult,2))dt = v €V, (16)
2m
27
10 3a Teopemoio Kapareonopi [6] icuyiors v/ €0V, A >0, 3> X =1, r<m+1 Taki, mo
j=1
v =3 Nl =3 Nuo(w)).
j=1 i=1
Bamamo
w(t) = {wf |Tij*1§t<7'ij, 0 =2mi, 7/ —7/'=2mN, j=T1r,
t € [2mi, 27 (i+1)), i=0,1,..}.
Tomi
27 (i+1) r Tij r Tij r
1 1 . 1 : o
— — I\ Jf — — g God o
o / vo (w (1)) dt = o ]Z_; /UO (wy) dt = o ; /Uz'dt = jz_;)‘ivi = Ui
2mi - Tii—l = Tii—l =

Teopema 1. Hezati 6 o6nacmiQQ = {t >0, p € C,,z € R", u € U C comp (R")}

suronani ymosu B1)-B8).
Todi icnyroms eo(L) > 0 i C > 0 maki, wo daa 6ydv-axozo € € (0,e0] i das
6ydv-axozo t € [0, Le™'] enpasedausumu e nacmynni meepoxrcenma :

1) Pose’asxu x(t,u) i y(t,v) sadau (4) i (7) eusnaueni na t € [0, Le1].

2) Jlas 6yov-axozo donycmumozo kepysanns u(t) € U cucmemu (4) icnye kepy-
sanna v (t) cucmemu (7) maxe, uo

(1) —y (1)] < Ce, (17)

de x (t) — pose’azor cucmemu (4) 3 kepysanmnam u(t), y(t) — pose’asox cu-
cmemu, (7) 3 wepysarnam v (t) 1 x (0) =y (0) = ¢(0).
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3) Jas 6yov-akozo donycmumozo kepysanna v (t) € V' cucmemu (7) icnye kepy-
sanns u (t) cucmemu (4) make, wo cnpasedausoro € ouyinka (17).

Hacainok 1. Ilpu suxonanni ymose meopemu 1 b6eanocepednvo caidye ouinKa:
b (K(T),K°(T) < Ce, (18)

ne K(T) - samukanns Muoxkunu jlocsizkuocti cucremu (4), KO(T) — muoxkuna gocs-
xkuocri cucremu (7), T = Le™', h(-,-) — Biacranb 3a XaycaopdoM MizK MHOKHHAMHE.

Amnasoriuna TeopeMa CrnpaBe/IuBa JJI CXeMH CTYIHYACTOIO YCepeIHEHHS 32
AJITOPATMOM 2.

2.2. Henepiogmunnii Bunaaok. Temnep nexait nmpasa dactuna (pyHKIIOHAIBHO-
JudepeHniaabHOro piBHsiHHs (4) € HEINepioJIYHOK0 3a 4acoM. AHAJIONIYHO JIO Hepi-
OJIMYHOTO BUIIAJKY Oyiayemo BijoOpaxkenns f(t,x).

YcepeiHeHY KepOBaHY CHCTeMY, sika BimoBigaTumve Buxijniii cucremi (4), mo0y-
JIVEMO V TakKuii crocio.

Hexait Bukonana ymosa,

B9) pisromipro 3a © € R” icuye rpanus

1 [T —
lim — t,x)dt = . 19
Jim 7 [ o= 7 (19)

Toni dynkuionanbHo-1UbEpeHIiaIbHOMY DIBHAHHIO (4) MOKJIa1eMO0 Y Bi/IIOBII-
HICTh HACTYIHE yCepeJHeHe PIBHSIHHS:

Y — 2 [Fo) + A@w()] . v(0) = #(0), (20)
JIe U — HOBUIl BEKTOP KepyBaHHs, AKuii Oy1e moOyI0BaHO OJHUM i3 ONMCAHUX HUKIE
aJITOPUTMIB.

Baysazkumo, mo (20) — e 3Buyaiine audepeHiiaabHe PIBHAHHS TPU JTOMYCTUMO-
My kepyBanui v(t).

Asropurm 3.

Bignosignicrs Mixk kepyBanusaMm u (t) € U i kepyBauusiM v (f) BCTAHOBUMO 3
yPaxyBaHHIM

T
.1
’UEV:%EI;OT/@/J(S,U)CZS. (21)
0

B (21) inTerpas Biji MHOXKMHHO-3HAYHOIO BijioOpazkeHHst PO3yMieMo B cenci Ay-
mana [23], a 36izkuicTh B cenci merpuku Xaycaopda.

Hexait 36ixuicTs B (21) piBnomipra BignocHo ¢.

BeranoBuMo BignoBigHicTh MiK KepyBanuamu u(t, ) 1 v(t).

1. Kepysaunio v(t) € V nmokazemo y Binnosiguicrs kepyBauns u(t) € U nacry-
IIHUM YHHOM:

(+1)To
a) 00YUCJINMO 3HAYCHHS V; = TLO [ w()dt i=0,1,2,..., (ryr Ty — noBinbHO
iTy

obpaHa KOHCTAHTA);

6) 6yayemo kepyBanus u(t) = {u;(t), (To<t<(i+1)Tp}, ne u;(t) 3Haxomumo i3
YMOBHU:
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(i4+1)T¢ (z+1
mlenU i /1/) (t,u(t))dt —v;|| = T /1/) (t,u;(t)) dt — v;]| . (22)
iTo 1To

MuoxknHa TOYOK

: (i+1)To
V=l / Ot s ()t wi(t) € U S
i1y

3a Teopemoio JIsamynosa [22], € OmyK/IHM KOMIAKTOM, 1 Thm h <V V) =0, (3riguo
— 00

3 (21)) orike, icHye TOYKa Ii€] MHOKWHU U; € VTO, HalbMK4Ia J10 V;, TOOTO, iCHYE
kepyBamus u;(t) B (22) rake, 1o

/ Wt u;(t = 7. (23)

Kepysanust u(t) i3 (23) B3araji BU3HAYAETHCsI HEOTHO3HATHO.

2. Kepysaunio u(t) € U nocraumo y Biamosiguicts v(t) € V HACTYIHEM YHHOM:
(i+1)To
a) oGumcmioemo w; = 7= [ @ (tw(t))dt, i=0,1,2,....
iTo
6) 6yayemo kepysanust v(t) = {v;, iTo<t<(i+1)Ty, i =0,1,...}, ge v; 3HAXOAN-
MO 13 YMOBH

min [|w; — vl = [Jwi =il (24)

BHaxo/KeHHs KepyBaHHs u;(t) y (22) MOXK/IMBe He 3aBXK/IH, ajle YMOBa PIBHOMIp-
HOT oOMezkenocTi DyHKINT (¢, ) rapanTye icCHYBaHHS PO3B’sI3KY 3a1a4i MiHiMizaIil
(24). HiiicHo, i3 piBHOMIpHOI 00MexkeHOCTI hyHKIII ©)(¢, 1) BUILINBAE IHTErpagibHa
obmezkenicTh Bigobpazkennst ¥ (t, U), a ToMmy OmyK/IiCTh i KOMIAKTHICTH MHOKMHH

(i+1)Ty
TOUOK {%1 [t u;)dt
iTy

Ba [22]. OTke, icHYe TOUYKA 1€l MHOKUHY, HAWOIMZKIA 10 V;, TOOTO ICHY€E KepyBaHHS
w;(t) B (22).

[ToOyryemo asroputsm, KOJIM KEPyBaHHS YCEPEJIHEHOI cucTreMu OOUpPATUMEThCSH
3 rpanuni MHOXkuHE V 10OTO v € OV. Touky Ha rpaHuIi MHOXKUHU V BH3HAYAE
onopuuii Bektop w(t) € R™, (||w(t)|| = 1). Cucremi (4) nocraBumo y BiamosignicTh
HACTYIHY YaCTKOBO yCepeTHEHY CUCTEMY:

u,€U », MO € HACTITOKOM y3arajabHeHHs TeopeMu JIamyHo-

Cclzi e [f(y(®) + Ay(t) vo (w)] . y(0) = ¢(0), (25)

Je [ BusnavaeTnes 3 (6).
Ausropurwm 4.
BeranoBuMo BinoBiaHICTh MiK KepyBanuamu u(t,e) u w (t).
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1. Koxxuomy KepyBaHHIO w (t) HOKJIaIeMO Y BiIOBiIHICTH KepyBaHHs u(t, ) Ha-
CTYIIHUM YHUHOM:

a) sadikcyemo Tp>0. Poszi6’emo inrepsan [0, Le '] Toukamu t; = iTy, i =
0,1,..
tit1
6) 06UUCTIOEMO V; = T f vo(w(t))dt wv; € V hm V0 V.

B) Oy/Ly€EMO KepyBaHHS u( t) = {uz( ), ti<t<tii1, i1 =0,1,...}, ne u;(t) 3naxo-
JIIMO i3 yMOBH

tit1 tit1
min /wtu ) dt —v|| = /¢tuZ ) dt — v;
T

u(t)eU To

2. Koxxnomy kepyBanuio u(t, €) nokjaaaemMo y Bianosignicts kepyBanus w(t) Ha-
CTYHHHUM YMHOM:

tita A (i+1)Ty
vi= [ Ytulte)dt, veV, =z [ tU)d;
ti iTy

6) suaitaemo v; € V' i3 ymoBu:

min|lo — v = |15 — v
veV
3a Teopemoro Kapareosopi [6] icayiors v! € OV, X >0, M =1, r <m+l
j=1
Taxi, mo 7; = 3. Mol = 3 Mug(w?).
j=1 j=1
3. BajaMo KepyBaHHS:
w(t) - {wf ‘ T’ij_l S t S TijJ T’L ZTO: T7, _T - T0>‘j7 .] = 17_T7
€ [iTy, (i+1)Ty), i =0,1,....}
Tomi
e o o )
1 - 1 , o
/vo(w(t))dt = TOZ /vo (w!) dt = TOZ /vfdt = Z)\ivf = 0;.
iTo -7:17,_2‘71 ]:lT‘i,l j=1

Teopema 2. [19] Hezati 6 obaacmi @ = {t>0,0€Cy, v € R*", u € UCcomp (R")}
suxonani ymosu B1)-B5)i BY).

Todi daa dosinvrozo n > 0 i dosiavrozo L > 0 icuye e9(n, L) > 0 make, wo ora
6ydv-axoeo € € (0,&0] i daa 6ydv-axoeo t € [0, Le™'] enpasedausumu e nacmynii
MBePIAHCEHHSA :

1) Posé’aswku x(t,u) i y(t,v) sadau (4) i (20) eusnaueni na t € [0, Le™"].

2) Jlas 6ydv-saxozo donycmumozo kepysanns u(t) € U cucmemu (4) icnye kepy-
sanna v (t) cucmemu (20) maxe, wo

lz (t) —y ()] <, (26)
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de x (t) — pose’azor cucmemu (4) 3 kepysannam u(t), y(t) — pose’asox cu-
cmemu (20) 3 wepysanmnam v (t) i x (0) =y (0) = ¢(0).

3) Mas 6ydv-axoeo donycmumozo kepysanms v (t) € V' cucmemu (20) icnye xe-
pysanna u (t) cucmemu (4) make, wo cnpasedausoro € oyinka (26).

Anasoriuna Teopema CHpaBeInBa I CXeMH CTYIHYACTOTO yCepeIHEeHHs 3a
aJIrOPUTMOM 4.

BayBazkumo, mo orinku (17) i (26) € piBrOMipHEMHE 32 Bcima u i v Ta ¢(0), To6TO
€0 He 3aJIeKUTh BiJl KepyBaHb U 1 v Ta BiJl MOYATKOBOI (DYHKITI.

Hacaigok 2. Ilpu suxonanmi ymos meopemu 2 beanocepednvo caidye ouinka:

h(K(T),K°(T)) < Ce, (27)

K(T) — 3aMukanus MHOxHHHU jocszkuocTi cuctemu (4), K°(T) — MHoKuHa 10Cs-
xuocti cucremu (20), T = Le™.

Baysakenns 1. [ToGynoBa kepyBanus v(t) 3a kepyBauusM u(t) y 2-My i 4-my
AJITOPUTMAX HE € KOHCTPYKTUBHOI. PAKTUIHO CTBEPJIZKYETHCS TLIHKHU (DAKT iCHYBa-
HHs 32 Teopemoro Kapareoopi Takoro kepyBanus. OHaK, Taki moOyI0BH HEOOXiTHI
JIIe 771 TOBeJIeHHS TeopeMH, SKa OOIPYHTOBYE MeToJ, ycepeaneHHsd. /[ mpakTu-
YHOIO 3aCTOCYBAHHSI AJITOPUTMA HEOOXIMHO 3a 3HaiijleHuM KepyBaHHAM 0(t) crpo-
meHoi 3aj1a4i OyyBaTu KepyBanus u(t) Buxignoi 3agaqi. 1ls qacTuHa agropuTMis y
BCIX BUIQJIKAX € KOHCTPYKTUBHOIO.

BaysarkenHns 2. Buna ok neognoznaanocti v°(2) MozkIuBHii Ta BijnoBigae oco-
O6yiuBIM KepyBaHHAM. ToMy Tieil BUITAJ0K PO3IISTAETHCI OKPEMO.

2.3. Bau3pkicTh onTuMaJIbHIX 3HAYEHb KPUTEPIiIB OPUTiHAJIBHOIL Ta yce-
penseHol 3amad. Posriguemo 3agady onTuMa bHOro Kepysanus (4),(5) i 3amaay
OIITUMAJILHOI'O KEPYBAHHS YCEPE/IHEHOIO CUCTEMOIO, siKa 00y /I0BaHa 33 aJITOPUTMOM
1 (abo 2, 3, 4) 3 kpuTepiem sikocTi (5) Ha TPAEKTOPIsSIX ycepeIHEHOT CHCTEMH.

[TpumycTumo, 1Mo BUKOHAHI YMOBH:

Cl) dyukuis ¢(-) : R" — R — 3amoBosbase ymoBy JIimmuiis 3 KOHCTAHTOIO [i;

C2) 3amaua (4),(5) Mae po3B’s30K, depe3 u* MO3HAYNMO ONTHMATbHE KepYBAHHS
i€l 3a/1aqi.

BayBarKnuMo, 110 BiAOBIIHA ycepeIHeHa 3a/1a9a Ma€ PO3B’ 130K, OCKLIbKH, K Oy-
JIO TIOKAa3aHO BHWIIE, JOMYCTUMI KepyBaHHs yCepeJHEeHOl 3a/a4di 00upaioThcs i3 OIy-
KJI0r0 KoMnakTa. [losnaunmo gepes v* — onrumasibHe KepyBaHHS ycepeTHEeHOT 3a,/1a-
ai, mo0y0BaHOI 33 aaropuTMoM 1 abo 3 (w* — onTuMaIbHe KepyBaHHS yCepeTHeHOT
33141, MOOYI0BAHOL 32 AJITOPUTMOM 2 ab0 4).

BukopucroByioun orpuMaHuii HAMH pPe3yJibTaT PO OJIM3bKICTH PO3B’SA3KIB BU-
XiiHOT (DYHKITIOHAJIBHO-/IU(DEPEHIIaIbHOI CUCTEMHU 1 YCEePEIHEHOI, siIKa OMHCYEThCS
3puvaiiHuMu audepeHiiaabHIMI PIBHAHHIMU, OIIHUMO OJIM3bKICTh 3HAUEHDb TePMi-
HaJBHUX KPHUTEPIiB dKOCTI BUXIIHOI 1 ycepe HEHOl 3a7a9 Ha BIAMOBIIHUX KepyBaH-
HAX.

Hacrymna Teopema /10BOUTH OCHOBHUIT pe3y/ibTaT — OJIM3bKICTD TepMiHAIbHUX
KPHUTEePIiB JKOCTI BUXITHOI 1 ycepeTHEHOT 3a/1a9 Ha BiIMMOBIIHUX KepyBaHHSIX.

Teopema 3. [19] Hexati 6 0baacmi Q) = {t>0,p€C,,z € R*,u € U C comp (R")}
suronani ymosu meopemu 1 (abo meopemu 2), ymosu C1) i C2). Todi das 6ydv-axuz
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n>01iL >0 icuye maxe g9 (n, L) >0, wo daa 0 < e < eg ity <t < Le b surnony-
0MBCA HACMYNHL HEPIBHOCT:

| J[u] — ]| <,
J [uy] = J[u*] <,
J [vas] = J0*] <,

de u,s — Kepysanna cucmemu (4), nobydosare 3a arzopummom 1 abo 3, ke 6idno-
810a€ ONMUMANDHOMY KEPYBAHHI U ycepednenoi 3a0aui, a Uy — KepyeaHHa ycepe-
dnenoi cucmemu, nobydosare 3a arzopummom 1 abo 3, akxe 6idnosidac onmumano-
nomy Kepysannio u* zadawi (4), (5).

BayBaykuMo, Mo-Iepiie, 1o Jjis mepioaundHoro sunajaky 1 = €C, mo-japyre, 1o
aHaJIOTivHA TeopeMa MoKe OyTH JT0BeJIeHa /IJIs yCepeIHeHUX 3a/1a4, MO0y I0BAHNX 32
ajaropurmoMm 2 abo 4.

2.4. Ilpuknagu.

Ipukaax 1. Hexait ¢(t,u) = A(t)u, xe

Mw:(mmmwamg@)’ueU:&m)

agicos(t) aggsin(t)

Tomi
2
1
C(V,z)=C 2— A(t)S1(0)dt, z | =
T
2
=L [ oawsi0),2)dt = = [ 0 (5.(0), AT(t)2) dt =
" or ! = 2=
0 0
27
1
= 2—/ la11 21800 (t) + ag1z9c08(t)| + |aazicos(t) + QQQZQsm(t)Hdt =
0
2
= — [\/&112212 + (121222)2 + \/&122212 + (12222’22:| .
T
[Ipu mpomy

ui(t, z) = sign [ar1218in(t) + aszac0s(t)]
us(t, z) = sign [a1221c08(t) + asezosin(t)].
HKHLO |6L11| = |(121| i |CL12| = |(122|, TO C(‘/, Z) = %(|a11| + |CL12|)\/ 212 + 2’22, TOOTO
V= ST(O), r= %(|a11] + ’alg‘)
Akmo ag = a1 = 0, o C(V,2) = 2(Janz| + |asz|), rooro V = {Jvy| <
Hanl, [vo] < Z|azl}.
B 1poMy BUIIQJIKY 3PYyYHO CKOPHCTATHCS MEPIIUM AJITOPUTMOM.
B zaranbnomy Bunajky nepesipka v € V' € BaxKKOIO, TOMY CKOPUCTAEMOCS JIPY-
TUM AJTOPUTMOM. Y IBOMY BHIIAJKY

2w

W(z) = %/ [anisin(t)ui(t, z) + aracos(t)|us(t, z)|dt =
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1 an’z N a12°2
2m \/6l112212 + CL2122’2)2 \/CL1222’12 + CL22222)2 |
2
v(2) = %/ [az1cos(t)ui(t, ) + agesin(t)|us(t, z)|dt =
0

T or za222+a222+1/22 2 2

1171 2172 1921 + 5925

Y BUMAJKY a9 = a1 = 0 mpu 23 = 01 2o = 0 snavenns ui(t,2), us(t,z),
BU3HAYAIOTHCS 13 YMOB

(ay121 sin(t) + ag1 2o cos(t))ui(t, z) = Iileagi(anzl sin(t) + ag1 22 cos(t))uy

(a1221 cos(t) + ageze sin(t))us(t, z) = rq?ea[?((amzl cos(t) + agazo sin(t))uy

OrKe, HEOJIHO3HAYHO BU3HAUYAETHCs ynKiisg vV (2).
IIpuksan 2. Hexait (¢, u) = A(t)u, ne

At) = ( W > CweU=5(0), f(t)=f"+exp(—t), f°>0.

Tomi

+T
VT = %/ AU dt € conv(R?),
¢

T 1 t+T 1 t+T -
CVi™,2)=C| = AU dt,z | = = C(UA"z) dt =
T/ T/

1 T 1 t+T
:?/t VI3 4 (8223 dt = HZHT/t £(t) dt =

— 1l (4 exp(-0) - exp(-t =) ).

Orxe,

V= lim VT = S10(0)

1
hVIT VY <n mpu T > m (28)

B marmromy BuaIKy MOYKHA BUKOPHCTATH aJITOPUTMU 3 14, & KPOK CTYIIHIACTOTO
pos6urTs Ty o6parTu, BUKOPUCTOBYIOUYH OIHKY (28).
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3. HoBenenua teopem. loBemenus teopemu 1. [I1g moBegeHHs IEpIIOTO
TBEP/ZKEHHs TEOPeMU 3ay BazKUMO, 110 3a ymoBamu B1)-B5) dynkuis npasoi vacru-
HU BUXIJHOrO DiBHsIHHs (4) € HEemepeBPHOIO 3a CYKYIHICTIO 3MiHHUX, 3a/I0BOJIbHSIE
yMoBy Jlinmuig ta oOMexkeHa, a 3HAYUTH 1 (PYHKILS MpaBol YacTHHU ycepeTHeHOT
cucremu (7) € 0OMezKeHOI0 Ta 3aJI0BOJIbHSIE yMOBY Jlinmmuig i ymMoBy JiiHiitHOrO po-
cTy, a TOMY TIpH (BIKCOBAHUX JOMYCTUMOMEX KepyBauHsX u(t) i v(t) po3s’s3ku 3a1au
(4) i (7) icnytorh, eauni i HEOOMEKEHO POJIOBZKYBAHI BIPABO.

Tenep noseaemo Teepzkenns 2. Hexait u(t) — meske monycrume KepyBaHHS CH-
cremu (4), a z(t) — BiauoBiHA ffoMy TpaekTopis, BusHauena s Beix ¢ € [0, Le™1],
v(t) — kepyBanus ycepeanenoi cucremu (7), mobymosame 3a aaropurmoMm (10), a y(t)
— BIAMOBITHA HOMY TpPa€eKTOPis.

Ha t € [0, Le '] mepeitnemo Big (4) i (7) 10 BiamoBiaHuUX iHTerpaabHUX 300pa-
xkenb, Bpaxosytoun, mo x(0) = y(0) = ¢(0), orpumaemo

2(t) — y(t)] < e / F(s.22) — f(s.y(s))) ds| +

t

ve| [[Fsts) = To] ds| + [ 1AG() ~ AWsD] o(s,u(s))| ds+

0

te / A(y(s)) [(s. u(s) — v(s)] ds| <

<5)\/Hx5— s)||c.ds + € / — f(y(s))| ds| +

t

FeAM, / j2(s) — y(s)|ds + ¢ / Aly(s)) (s, uls) — v(s)] ds| .

0

(29)

3a 03HAYEeHHAM

— = — < — .
. = y()le, = max [o(s+6) = y(s) < max [a(s+6) —y(s)| = 5(s)

3 (29), 3acrocoByroun Jiemy ['ponyosuta-Besivana, M OTPHMAEMO HACTYIIHY HEPiB-

HICTB!
(5(t) S 8/865)\(1+M1)L, (30)

e

t t

5= [[Fts.us) = Foton)] ds| + | [ Alw(s) s us) (o) ds|. @D

0 0
CnouaTky oninumo Apyruii go1anok B (31) 3 ypaxysauusam (10).

t

/A(y(S)) [h(s,u(s)) — v(s)] ds| <

0
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k1 27 (i41) t
T / Aly(s)) [9(s, uls)) — v(s)] ds| + / A(y(s)) [9(s, u(s)) — o(s)] ds| <

=0 | om; Tk

oy 2m(i+1)

< A(y(s)) — Ay(@ni)] (s, u(s)) — o(s)] ds-+
oy | 27(+D)
s3] [ A s uts) - o) ds| +
| [ Aw(s) (s, u(s)) — o(s)) ds| <
pq 2m(i+1)

<2y / ly(s) — (y(2mi))| ds + 4 M M. (32)

OcKiapknu

ly(s) — y(2mi)| < € / 17 (5()) + A (y(s)) v(s)| ds < eM(1+ My)(s — 2mi),

j A(y(s)) [¢(s, u(s)) — v(s)] ds| < eANMy M (M; + 1)L + AM M.
AHaﬂoorquo
e /t[f(s,y(s)) — Fly(s))| ds| < ednM + 22AM (M, + 1)L
Toxi

B < 2M (1 + My)(27 + AL(1 + my)T). (33)

[pu C = BeA ML 5 (30) i (33) oTpuMaeMo TBepIKeHHS TEOPEMI.

JloBesienns TeopeMu, gKe OOIPYHTOBYE aJIlOPUTM 2, HPOBOAMTHLCA AHAIOITYHO
JIOBEJIEHHIO TEOPeMH 2, OTPUMAHOTO0 B pobori [19], obrpyHTyBanHS agiroputmy 4 mpo-
BOJIUTHCSI AHAJIONIYHO 10 ajqroputmy 3. JloBesennst Teopemu 3 HaBejeHo B [19].
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