
ìiíiñòåðñòâî îñâiòè i íàóêè óêðà¨íè

äåðæàâíèé âèùèé íàâ÷àëüíèé çàêëàä
¾óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò¿

ÍÀÓÊÎÂÈÉ ÂIÑÍÈÊ
ÓÆÃÎÐÎÄÑÜÊÎÃÎ ÓÍIÂÅÐÑÈÒÅÒÓ

ñåðiÿ

ÌÀÒÅÌÀÒÈÊÀ I IÍÔÎÐÌÀÒÈÊÀ

Âèïóñê �1 (32)

Óæãîðîä 2018



ÓÄÊ 51+001

Íàóêîâèé âiñíèê Óæãîðîäñüêîãî óíiâåðñèòåòó. Ñåð. ìàòåì. i iíôîðì. /
Ðåäêîë.: Â. Â. Ìàðèíåöü (ãîë. ðåä.) òà iíøi. � Óæãîðîä: Âèäàâíèöòâî ÓæÍÓ
¾Ãîâåðëà¿, 2018. � âèïóñê �1 (32). � 160 ñ.

ÐÅÄÀÊÖIÉÍÀ ÊÎËÅÃIß

Ãîëîâíèé ðåäàêòîð � Ìàðèíåöü Â. Â., äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð.
Çàñò. ãîëîâí. ðåäàêòîðà � Ãå÷å Ô. Å., äîêòîð òåõíi÷íèõ íàóê, äîöåíò.
Çàñò. ãîëîâí. ðåäàêòîðà � Êîðîëü I. I., äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, äîöåíò.
Âiäïîâiäàëüíèé ñåêðåòàð � Ìè÷ I. À., êàíäèäàò ôiçèêî-ìàòåìàòè÷íèõ íàóê,
äîöåíò.
×ëåíè ðåäàêöiéíî¨ êîëåãi¨:

Áîâäi À. À., äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð.
Áîâäi Â. À., êàíäèäàò ôiçèêî-ìàòåìàòè÷íèõ íàóê, äîöåíò.
Áîíäàðåíêî Â. Ì., äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð.
Âîëîøèí Î. Ô., äîêòîð òåõíi÷íèõ íàóê, ïðîôåñîð.
Ãîëîâà÷ É. Ã., äîêòîð òåõíi÷íèõ íàóê, ïðîôåñîð.
Ãóñàê Ä. Â., äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð.
Çàäèðàêà Â. Ê., àêàäåìiê ÍÀÍ Óêðà¨íè,
äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð.
Êîçà÷åíêî Þ. Â., äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð.
Êóçêà Î. I., êàíäèäàò ôiçèêî-ìàòåìàòè÷íèõ íàóê, äîöåíò.
Ïåðåñòþê Ì. Î., àêàäåìiê ÍÀÍ Óêðà¨íè,
äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð.
Ðîíòî A. Ì., äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð,
Ðîíòî M. É., äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð,
Ñëèâêà-Òèëèùàê Ã. I., äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, äîöåíò.
Ñëþñàð÷óê Ï. Â., êàíäèäàò ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð.
Øàïî÷êà I. Â., êàíäèäàò ôiçèêî-ìàòåìàòè÷íèõ íàóê, äîöåíò.

Ðåêîìåíäîâàíî äî äðóêó Â÷åíîþ ðàäîþ ÄÂÍÇ ¾Óæãîðîäñüêèé íàöiîíàëüíèé
óíiâåðñèòåò¿, ïðîòîêîë � 6 âiä 21.06.2018 ð.

Ñâiäîöòâî ïðî äåðæàâíó ðå¹ñòðàöiþ äðóêîâàíîãî çàñîáó ìàñîâî¨ iíôîðìàöi¨
Ñåðiÿ ÊÂ �7972 âiä 9.10.2003 ðîêó, âèäàíå Äåðæàâíèì êîìiòåòîì òåëåáà÷åííÿ
i ðàäiîìîâëåííÿ Óêðà¨íè.
Çàñíîâíèê i âèäàâåöü � Äåðæàâíèé âèùèé íàâ÷àëüíèé çàêëàä ¾Óæãîðîäñüêèé
íàöiîíàëüíèé óíiâåðñèòåò¿.
Âèõîäèòü äâà ðàçè íà ðiê.
Çáiðíèê íàóêîâèõ ïðàöü âèäà¹òüñÿ ç 1994 ðîêó.

Àäðåñà ðåäàêöiéíî¨ êîëåãi¨: Óêðà¨íà, 88020 Óæãîðîä, âóë. Óíiâåðñèòåòñüêà, 14,
ìàòåìàòè÷íèé ôàêóëüòåò ÓæÍÓ. Òåë. (ôàêñ): +380 (312) 642725, e-mail:
f-mat@uzhnu.edu.ua.

c© Â. Â. Ìàðèíåöü,
I. À. Ìè÷, óïîðÿäêóâàííÿ, 2018

c© Óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò,
2018



ministry of education and science of ukraine

state university
¾uzhhorod national university¿

SCIENTIFIC BULLETIN OF
UZHHOROD UNIVERSITY

Series of

MATHEMATICS AND INFORMATICS

Issue no 1 (32)

Uzhhorod 2018



Scientific Bulletin of Uzhhorod University. Series of Mathematics and
Informatics / Edit.: V. Marynets (Chief edit.) and others. – Uzhhorod: Scientific
Bulletin of UzhNU ¾Hoverla¿, 2018. – Issue no 1 (32). – 160 p.

EDITORIAL

Chief editor — Marynets V., Prof., Dr. Sci. (Phys.-Math.).
Deputy Chief editor — Heche F., As. prof., Dr. Sci. (Tech.).
Deputy Chief editor — Korol I., As. prof., Dr. Sci. (Phys.-Math.).
Responsible secretary — Mych I., As. prof., Cand. Sci. (Phys.-Math.).
Members: Bovdi A., Prof., Dr. Sci. (Phys.-Math.).

Bovdi V., As. prof., Cand. Sci. (Phys.-Math.).
Bondarenko V., Prof., Dr. Sci. (Phys.-Math.).
Voloshyn O., Prof., Dr. Sci. (Tech.).
Holovach J., Prof., Dr. Sci. (Tech.).
Gusak D., Prof., Dr. Sci. (Phys.-Math.).
Zadyraka V., Prof., academic of NA of Sc of Ukraine,
Dr. Sci. (Phys.-Math.).
Kozachenko Yu., Prof., Dr. Sci. (Phys.-Math.).
Kuzka A., As. prof., Cand. Sci. (Phys.-Math.).
Perestyuk N., Prof., academic of NA of Sc of Ukraine,
Dr. Sci. (Phys.-Math.).
Ronto A., Prof., Dr. Sci. (Phys.-Math.).
Ronto M., Prof., Dr. Sci. (Phys.-Math.).
Slyvka-Tylyshchak G., As. prof., Dr. Sci. (Phys.-Math.).
Slyusarchuk P., Prof., Cand. Sci. (Phys.-Math.).
Shapochka I., As. prof., Cand. Sci. (Phys.-Math.).

Recommended for publication by the Scientific Council of UzhNU, record no 6
dated by June 21, 2018.

Certificate of state registration number KV 7972 dated by September 9, 2003.
Founder and Publisher: State University “Uzhhorod National University”.
Published twice a year.
The collection of scientific articles has been published since 1994.

Address of publishing house: Mathematical faculty “UzhNU”, Universytetska
str. 14, Uzhhorod, 88020, Ukraine, tel. (fax): +380 (312) 642725, e-mail:
f-mat@uzhnu.edu.ua.



ÇÌIÑÒ

1. Àíäðàøêî Þ. Â., Ìàêñèì Â. Â. Áóëåâà çàäà÷à ðîçìiùåííÿ iç óðàõóâàííÿì
ïåðåâàã êëi¹íòiâ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2. Áiëåöüêà Ä. Þ., Øàïî÷êà I. Â. Òåíçîðíi äîáóòêè íåðîçêëàäíèõ öiëî÷èñëîâèõ
ìàòðè÷íèõ çîáðàæåíü ñèìåòðè÷íî¨ ãðóïè òðåòüîãî ñòåïåíÿ . . . . . . . . 15

3. Áîëäèð¹âà Â. Î., Æìèõîâà T. Â. Éìîâiðíiñòü íåáàíêðóòñòâà ñòðàõîâî¨ êîì-
ïàíi¨ ç âèòðàòàìè íà ðåêëàìó òà iíâåñòèöiÿìè ó áàíêiâñüêèé äåïîçèò çà
Êàñêî ñòðàõóâàííÿì òîï-10 ñòðàõîâèõ êîìïàíié Óêðà¨íè. II. . . . . . . . 29

4. Áîíäàðåíêî Â. Ì., Çàöiõà ß. Â. Êàíîíi÷íi ôîðìè ìàòðè÷íèõ çîáðàæåíü
íàïiâãðóï ìàëîãî ïîðÿäêó . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

5. Áîíäàðåíêî Â. Ì., Ñòüîïî÷êiíà Ì. Â. Ïðî âëàñòèâîñòi ÷àñòêîâî âïîðÿäêî-
âàíèõ ìíîæèí MM -òèïó (1, 3, 5) . . . . . . . . . . . . . . . . . . . . . . . 50

6. Áðèëà À. Þ. Ïðî îäíó çàäà÷ó ëåêñèêîãðàôi÷íî¨ îïòèìiçàöi¨ ç iíòåðâàëüíèìè
îöiíêàìè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

7. Ãëåáåíà Ì. I., Ãëåáåíà Â. Ô., Ïîïåëüñüêèé Î. Ì. Âèçíà÷åííÿ îïòèìàëüíèõ
ïàðàìåòðiâ ìîäåëåé äîñòóïó äî iíôîðìàöi¨ ó ôàéëàõ áàç äàíèõ. . . . . . 61

8. Äðîææèíà À. Â. Àñèìïòîòèêà ðîçâ'ÿçêiâ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü n-ãî ïîðÿäêó, ùî ¹ àñèìïòîòè÷íî áëèçüêèìè äî ðiâíÿíü ç ïðàâèëü-
íî çìiííèìè íåëiíiéíîñòÿìè . . . . . . . . . . . . . . . . . . . . . . . . . . 67

9. Çóáàðóê Î. Â. Ïðî çîáðàæóâàëüíèé òèï íàïiâãðóïè S0
32 íàä äîâiëüíèì ïîëåì 80

10. Êèðèëþê Î. À. Ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(q,Zp) . . . 86
11. Êi÷ìàðåíêî Î. Ä. Ñòóïií÷àñòå óñåðåäíåííÿ êåðîâàíèõ ôóíêöiîíàëüíî-äèôôå-

ðåíöiàëüíèõ ñèñòåì . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
12. Êîçà÷åíêî Þ. Â., Âàñèëèê Î. I. Ðiâíîìiðíà çáiæíiñòü âåéâëåò-ðîçêëàäiâ

âèïàäêîâèõ ïðîöåñiâ ç êëàñiâ V (ϕ,ψ) . . . . . . . . . . . . . . . . . . . . . 108
13. Ìàðèíåöü Â. Â., Ïèòüîâêà Î. Þ. Äîñëiäæåííÿ êðàéîâî¨ çàäà÷i äëÿ íåëiíié-

íîãî õâèëüîâîãî ðiâíííÿ ç ðîçðèâíîþ ïðàâîþ ÷àñòèíîþ . . . . . . . . . . 116
14. Ìè÷ I. À., Íiêîëåíêî Â. Â., Âàðöàáà Î. Â.Äîñêîíàëi äèç'þíêòèâíi íîðìàëüíi

ôîðìè àëãåáðè U2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
15. Ñàïîæíiêîâà K. Þ. ×àñòêîâå óñåðåäíåííÿ ñèñòåì äèôôåðåíöiàëüíèõ ðiâ-

íÿíü ç ìàêñèìóìîì . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
16. Ñëèâêà-Òèëèùàê Ã. I., Ìèõàñþê Ì. Ì. Âëàñòèâîñòi óçàãàëüíåíîãî ðîçâ'ÿç-

êó çàäà÷i Êîøi äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi íà ïðÿìié ç âèïàäêîâîþ
ïðàâîþ ÷àñòèíîþ ç ïðîñòîðó Îðëi÷à . . . . . . . . . . . . . . . . . . . . . 136

17. ×óéêî Ñ. M., ×óéêî O. Ñ., ×å÷åòåíêî Â. O. Ïðî ðîçâ'ÿçàííÿ íåëiíiéíèõ
iíòåãðàëüíî-äèôåðåíöiàëüíèõ êðàéîâèõ çàäà÷ ìåòîäîì Íüþòîíà-Êàíòî-
ðîâè÷à . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147



CONTENTS
1. Andrashko Yu. V., Maksym V. V. Boolean facility location problem with client

preferences. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2. Biletska D. Yu., Shapochka I. V. Tensor products of indecomposable integral matrix

representations of the symmetric group of third degree . . . . . . . . . . . . . . . . . . . . . . 15
3. Boldyreva V. O., Zhmykhova T. V. The probability of non-ruin of an insurance

company with advertising expenses and investing in bank term deposit by

MHull insurance of 10 Top insurance companies of Ukraine. II.. . . . . . . . . . . . . . 29
4. Bondarenko V. M., Zaciha Ya. V. Canonical forms of matrix representations of

semigroups of small order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
5. Bondarenko V. M., Styopochkina M. V. On properties of posets of MM -type

(1, 3, 5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

6. Bryla A.Yu. On lexicographic optimization problem with interval parameters . . . . 54
7. Hlebena M. I., Hlebena V. F., Popelskyi O. M. Finding the optimum parameters

of models of access to information in database files. \\ . . . . . . . . . . . . . . . . . . . . . . 61
8. Drozhzhina A. V. Asymptotic of solutions of the nonlinear differential equations

n-th order asymptotically close to the equations with regularly varying non-

linearities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

9. Zubaruk O. V. On representation type of the semigroup S0
32 over an arbitrary field 80

10. Kyryl’uk O. A. Minimal irreducible solvable subgroups of the group GL(q,Zp) . . . 86

11. Kichmarenko O. D. Step-by-step averaging of functional-differential control sys-

tems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
12. Kozachenko Yu. V., Vasylyk O. I. Uniform convergence of wavelet expansions of

random processes from the classes V (ϕ,ψ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
13. V. V. Marynets, O. Y. Pytovka Investigation of boundary–value problem for non–

linear wave equation with discontinuous right part . . . . . . . . . . . . . . . . . . . . . . . . . . 116
14. Mych I. A., Nykolenko V. V., Varcaba E.V. Perfect disjunctive normal forms of

algebra U2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

15. Sapozhnikova K. Yu. Partial averaging of differential systems with maxima . . . . . . 130
16. Slyvka-Tylyshchak G. I., Mykhasiuk M. M. The properties of generalized solution

of Cauchy problems for the heat equations with a random right side from

Orlicz space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
17. Chuiko S. M., Chuiko O. S., Chechetenko V. O. On of solving nonlinear Noether

integral-differential boundary value problems by the of Newton-Kantorovich

method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147



ÑÒÓÏIÍ×ÀÑÒÅ ÓÑÅÐÅÄÍÅÍÍß ÊÅÐÎÂÀÍÈÕ ÔÓÍÊÖIÎÍÀËÜÍÎ . . . 93

ÓÄÊ 517.9

Î. Ä. Êi÷ìàðåíêî (Îäåñüêèé íàö. óí-ò iì. I. I. Ìå÷íèêîâà)

ÑÒÓÏIÍ×ÀÑÒÅ ÓÑÅÐÅÄÍÅÍÍß ÊÅÐÎÂÀÍÈÕ
ÔÓÍÊÖIÎÍÀËÜÍÎ-ÄÈÔÔÅÐÅÍÖIÀËÜÍÈÕ ÑÈÑÒÅÌ

For nonlinear controlled functional-differential systems the possibility of applying a step-by-step
averaging scheme on a finite interval is substantiated without the condition of asymptotic constancy
of control, and an algorithm for constructing appropriate controls for the original and averaged
tasks is proposed.

Â ðîáîòi äëÿ íåëiíiéíèõ êåðîâàíèõ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ñèñòåì îáãðóíòîâó¹òüñÿ
ìîæëèâiñòü çàñòîñóâàííÿ ñõåìè ñòóïií÷àñòîãî óñåðåäíåííÿ íà ñêií÷åííîìó ïðîìiæêó áåç óìî-
âè àñèìïòîòè÷íî¨ ñòàëîñòi êåðóâàííÿ, çàïðîïîíîâàíî àëãîðèòì ïîáóäîâè âiäïîâiäíèõ êåðó-
âàíü âèõiäíî¨ òà óñåðåäíåíî¨ çàäà÷.

Âñòóï. Ìåòîä óñåðåäíåííÿ ¹ îäíèì iç àñèìïòîòè÷íèõ ìåòîäiâ, ÿêèé øèðîêî
çàñòîñîâó¹òüñÿ äëÿ äîñëiäæåííÿ ñèñòåì ðiçíî¨ ïðèðîäè. Ñòðîãå îáãðóíòóâàí-
íÿ ìåòîäó óñåðåäíåííÿ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü áóëî îòðèìàíî â ðîáîòàõ
Í.Ì. Êðèëîâà, Ì.Ì. Áîãîëþáîâà [1]. Ïîäàëüøi ôóíäàìåíòàëüíi ðîçðîáêè ði-
çíèõ àëãîðèòìiâ ìåòîäó óñåðåäíåííÿ òà ðîçøèðåííÿ êëàñiâ ñèñòåì, äëÿ ÿêèõ
ìîæíà çàñòîñóâàòè ìåòîä, áóëè çäiéñíåíi â ðîáîòàõ Ì.Ì. Áîãîëþáîâà, Þ.Î.
Ìèòðîïîëüñüêîãî [2], À.Ì. Ñàìîéëåíêà [3], Î.Ì. Ôiëàòîâà, Ì.Ì. Õàïàåâà [4, 5]
òà ií. Îáãðóíòóâàííÿ ìåòîäó óñåðåäíåííÿ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïi-
çíåííÿì áóëî çàïðîïîíîâàíî â [6], à òàêîæ [7, 8], äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü
iç ìàêñèìóìîì [9�12]. Óçàãàëüíåííÿ ìåòîäó óñåðåäíåííÿ íà ôóíêöiîíàëüíî-
äèôåðåíöiàëüíi ðiâíÿííÿ ìîæíà çíàéòè, íàïðèêëàä, â ðîáîòàõ J. Hale [13, 14]
òà B.Lehman, S.Weibel [15]. Îêðåìî âàðòî âèäiëèòè äîñëiäæåííÿ, ïîâ'ÿçàíi ç
ðîçðîáêîþ àñèìïòîòè÷íèõ ìåòîäiâ äëÿ êåðîâàíèõ ñèñòåì. Âïåðøå çàñòîñóâà-
ííÿ ìåòîäó óñåðåäíåííÿ äëÿ äîñëiäæåííÿ çàäà÷ îïòèìàëüíîãî êåðóâàííÿ áó-
ëî çàïðîïîíîâàíå Ì.Ì. Ìîiñå¹âèì [16]. Âií âèçíà÷èâ äâà îñíîâíèõ ïiäõîäè â
öüîìó íàïðÿìêó. Ïåðøèé - óñåðåäíåííÿ êðàéîâî¨ çàäà÷i ïðèíöèïó ìàêñèìóìó
Ë.Ñ. Ïîíòðÿãiíà. Ïðè öüîìó âèíèêàþòü ñóòò¹âi òðóäíîùi ïîâ'ÿçàíi ç ðîçðèâíi-
ñòþ ôóíêöi¨ ïðàâî¨ ÷àñòèíè äèôåðåíöiàëüíèõ ðiâíÿíü êðàéîâî¨ çàäà÷i. Äðóãèé
ïiäõiä ïðèíöèïîâî iíøèé - âií ïîëÿãà¹ ó áåçïîñåðåäíüîìó óñåðåäíåííi ðiâíÿíü
êåðîâàíîãî ðóõó. Öåé ìåòîä ñòàâèòü ó âiäïîâiäíiñòü òî÷íié çàäà÷i îïòèìàëüíî-
ãî êåðóâàííÿ áiëüø ïðîñòó çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ, ðîçâ'ÿçàííÿ ÿêî¨
ìîæíà ïðîâîäèòè áóäü-ÿêèì ÷èñåëüíèì ìåòîäîì. Â.Î. Ïëîòíiêîâèì [17] öåé
ìåòîä áóâ ïåðåíåñåíèé íà çàãàëüíèé âèïàäîê âèìiðíèõ êåðóâàíü i  ðóíòóâàâñÿ
íà ðîçðîáöi ìåòîäó óñåðåäíåííÿ äèôåðåíöiàëüíèõ âêëþ÷åíü. Çàñòîñóâàííÿ ìå-
òîäó óñåðåäíåííÿ äî ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ñèñòåì ç àñèìïòîòè÷íî
ñòàëèì êåðóâàííÿì áóëî çàïðîïîíîâàíî â [18]. À â ðîáîòi [19] áóëî çàïðîïî-
íîâàíî ñõåìè ïîâíîãî óñåðåäíåííÿ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ñèñòåì íà
ñêií÷åííîìó ïðîìiæêó áåç óìîâè àñèìïòîòè÷íî¨ ñòàëîñòi êåðóâàííÿ.

Ìåòà äàíî¨ ðîáîòè � äîâåñòè ìîæëèâiñòü çàñòîñóâàííÿ ðiçíèõ àëãîðèòìiâ
óñåðåäíåííÿ êåðîâàíèõ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ñèñòåì, ùî ãðóíòóþ-
òüñÿ íà ñõåìi ÷àñòêîâîãî ñòóïií÷àñòîãî óñåðåäíåííÿ íà ñêií÷åíîìó ïðîìiæêó
äëÿ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ñèñòåì ç êåðóâàííÿì, ÿêå âõîäèòü íåëi-
íiéíî òà áåç óìîâè àñèìïòîòè÷íî¨ ñòàëîñòi êåðóâàííÿ.
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Ñòàòòÿ îðãàíiçîâàíà íàñòóïíèì ÷èíîì: ó ïåðøié ñåêöi¨ ìè äà¹ìî íåîáõiäíi
ïîçíà÷åííÿ i ïîñòàíîâêó çàäà÷i, ó äðóãié ñåêöi¨ ïîáóäîâàíî àëãîðèòìè ñòóïií-
÷àñòîãî óñåðåäíåííÿ äëÿ ïåðiîäè÷íîãî i íåïåðiîäè÷íîãî âèïàäêiâ òà ñôîðìó-
ëüîâàíî òåîðåìè, ÿêi îáãðóíòîâóþòü âiäïîâiäíi àëãîðèòìè, à òàêîæ íàâåäåíî
ïðèêëàäè çàñòîñóâàííÿ âiäïîâiäíèõ ñõåì óñåðåäíåííÿ, ñåêöiÿ 3 ïðèñâÿ÷åíà äî-
âåäåííþ òåîðåì.

1. Íåîáõiäíi ïîçíà÷åííÿ i ïîñòàíîâêà çàäà÷i. Ââåäåìî íåîáõiäíi â ïîäàëü-
øîìó ïîçíà÷åííÿ òà ôóíêöiîíàëüíi ïðîñòîðè. Îáåðåìî òà çàôiêñó¹ìî äiéñíå ÷è-
ñëî h ≥ 0. Ïîçíà÷èìî ÷åðåç Cn ([−h, 0];Rn) áàíàõiâ ïðîñòið íåïåðåðâíèõ âåêòîð-
ôóíêöié, âèçíà÷åíèõ íà [−h, 0], ÿêi äiþòü â ïðîñòið R

n, ç ðiâíîìiðíîþ ìåòðèêîþ
‖ϕ‖C = max

θ∈[−h;0]
|ϕ (θ)| , äå |·| � íîðìà â Rn, ïðè öüîìó ÷åðåç ‖·‖ áóäåìî ïîçíà÷àòè

íîðìó ìàòðèöi, óçãîäæåíó ç íîðìîþ âåêòîðà.
Íåõàé x ∈ Cn ([0,∞) ;Rn), ïî÷àòêîâà ôóíêöiÿ ϕ ∈ Cn ([−h, 0];Rn) ïðè äåÿêî-

ìó h ≥ 0. ßêùî x (0) = ϕ (0), òî ôóíêöiÿ

x (t, ϕ) =

{
ϕ(t) , t ∈ [−h, 0] ,

x (t) , t ≥ 0
(1)

¹ íåïåðåðâíîþ.
Äàëi ñòàíäàðòíèì ÷èíîì ââåäåìî åëåìåíò xt (ϕ) ∈ Cn ([−h, 0] ;Rn) äëÿ êî-

æíîãî t ≥ 0 ïðè θ ∈ [−h, 0] ÿê xt (ϕ) = x (t+ θ, ϕ). Íàäàëi âèêîðèñòîâóâàòèìåìî
xt çàìiñòü xt (ϕ). ßêùî h = 0, òî áàíàõiâ ïðîñòið Cn ([−h, 0];Rn) ñïiâïàäà¹ ç Rn,
à xt ñïiâïàäà¹ ç x(t) äëÿ êîæíîãî t ∈ [0,∞).

Áóäåìî ãîâîðèòè, ùî ôóíêöiÿ x(t) ¹ ðîçâ'ÿçêîì ïî÷àòêîâî¨ çàäà÷i

dx

dt
= f(t, xt), x(s) = ϕ(s), s ∈ [−h, 0], ϕ ∈ Cn (2)

íà [0,∞), ÿêùî äëÿ êîæíîãî t ≥ 0 ôóíêöiÿ x(t, ϕ) ç (1) çàäîâîëüíÿ¹ ñïiââiäíî-
øåííÿ:

x(t, ϕ) = ϕ(0) +

t∫

0

f(s, xs(ϕ))ds. (3)

Ðîçãëÿíåìî çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ ñèñòåìîþ, ÿêà îïèñó¹òüñÿ ôóí-
êöiîíàëüíî-äèôåðåíöiàëüíèì ðiâíÿííÿì íàñòóïíîãî âèãëÿäó:

dx(t)

dt
= ε [f(t, xt) + A(x(t))ψ(t, u)] , t > 0,

x(t) = ϕ(t), t ∈ [−h, 0]
(4)

ç êðèòåði¹ì ÿêîñòi

Jε[u] = Φ(x(Lε−1, u)) → inf, (5)

äå t ≥ 0, x � n-âèìiðíèé ôàçîâèé âåêòîð, ε > 0 � ìàëèé ïàðàìåòð, f : R+ ×
Cn → R

n, A : Rn → R
n×m, ψ : R+ × U → R

m, âåêòîð êåðóâàííÿ u(t) ∈ U ,
U ∈ comp (Rr), L > 0 � äåÿêà êîíñòàíòà.

Êåðóâàííÿ u(t) ââàæà¹òüñÿ äîïóñòèìèì äëÿ çàäà÷i (4)-(5), ÿêùî âèêîíó¹òüñÿ
íàñòóïíå:
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À1) ôóíêöiÿ u(t) ¹ ëîêàëüíî iíòåãðîâíîþ ïðè t ≥ 0;
À2) u(t) ∈ U äëÿ t ≥ 0.
×åðåç x(t, u) ïîçíà÷èìî ðîçâ'ÿçîê ðiâíÿííÿ (4) ïðè ôiêñîâàíîìó äîïóñòèìî-

ìó êåðóâàííi u(t).
Ðîçâ'ÿçêîì çàäà÷i (4)-(5) ¹ ïàðà (x∗(t), u∗(t)), ÿêùî u∗(t) � äîïóñòèìå êåðó-

âàííÿ òà Jε[u∗] = inf
u∈U

Jε[u], à x∗(t) � òðà¹êòîðiÿ, ùî âiäïîâiäà¹ êåðóâàííþ u∗(t).

Ïðè óñåðåäíåííi ðiâíÿíü êåðîâàíîãî ðóõó òèïó (4) âèíèêà¹ ïðîáëåìà ç óñå-
ðåäíåííÿì ôóíêöi¨ ψ (t, u (t)) , îñêiëüêè äëÿ äîâiëüíîãî êåðóâàííÿ íå ìîæíà
ïåðåäáà÷àòè iñíóâàííÿ ñåðåäíüîãî.

Îäèí iç ïiäõîäiâ � öå ïåðåõiä äî äèôåðåíöiàëüíèõ âêëþ÷åíü òà îáãðóíòó-
âàííÿ ìåòîäó óñåðåäíåííÿ äëÿ äèôåðåíöiàëüíèõ âêëþ÷åíü [20, 21]. Àëå òàêèé
ïiäõiä, ïî-ïåðøå, ñòàâèòü ó âiäïîâiäíiñòü âèõiäíié ñèñòåìi ñèñòåìó iíøî¨ ïðè-
ðîäè � ç ìíîæèííî-çíà÷íîþ ïðàâîþ ÷àñòèíîþ, i, ïî-äðóãå, âèìàãà¹ çàëó÷åííÿ
íîâîãî ìàòåìàòè÷íîãî àïàðàòó � òåîði¨ äèôåðåíöiàëüíèõ âêëþ÷åíü òà ìíîæè-
ííî-çíà÷íèõ ðiâíÿíü. Àâòîðè ðîáîòè [18] â àíàëîãi÷íié ïîñòàíîâöi îáìåæèëèñÿ
àñèìïòîòè÷íî ñòàëèì êåðóâàííÿì, ùî ñóòòåâî çâóæó¹ âèáið ôóíêöi¨ êåðóâàííÿ.

Ìè ïðîïîíó¹ìî ðiçíi àëãîðèòìè óñåðåäíåííÿ êåðîâàíèõ ôóíêöiîíàëüíî-äè-
ôåðåíöiàëüíèõ ñèñòåì, ÿêi ãðóíòóþòüñÿ íà ñõåìi ÷àñòêîâîãî ñòóïií÷àñòîãî óñå-
ðåäíåííÿ ôóíêöi¨ ψ (t, u (t)).

2. Ñõåìè ÷àñòêîâîãî ñòóïií÷àñòîãî óñåðåäíåííÿ êåðîâàíèõ ôóíêöiî-
íàëüíî-äèôåðåíöiàëüíèõ ñèñòåì.Íåõàé äàëi äëÿ (4) âèêîíàíi íàñòóïíi óìî-
âè:
Â1) âiäîáðàæåííÿ f(t, ϕ) : R+ × Cn → R

n íåïåðåðâíå çà ñóêóïíiñòþ çìiííèõ;
Â2) âiäîáðàæåííÿ f(t, ϕ) : R+ × Cn → R

n çàäîâîëüíÿþ¹ óìîâó Ëiïøèöÿ ïî ϕ ç
êîíñòàíòîþ λ, òîáòî iñíó¹ êîíñòàíòà λ > 0 òàêà, ùî äëÿ äîâiëüíèõ ϕ1, ϕ2 ∈ Cn

âèêîíó¹òüñÿ íåðiâíiñòü

|f(t, ϕ1)− f(t, ϕ2)| ≤ λ‖ϕ1 − ϕ2‖C , t ≥ 0;

Â3) iñíó¹ êîíñòàíòà M > 0 òàêà, ùî |f(t, 0)| ≤M, t ≥ 0;
Â4) ìàòðè÷íîçíà÷íà ôóíêöiÿ A(x) ðiâíîìiðíî îáìåæåíà êîíñòàíòîþ M , çàäî-
âîëüíÿ¹ óìîâó Ëiïøèöÿ ç êîíñòàíòîþ λ;
Â5) ôóíêöiÿ ψ(t, u) íåïåðåðâíà ïî t i u i îáìåæåíà êîíñòàíòîþ M1.

Ðîçãëÿíåìî ïåðiîäè÷íèé òà íåïåðiîäè÷íèé çà ÷àñîì âèïàäêè ïðàâî¨ ÷àñòèíè
â (4), ðîçðîáèìî òà îáãðóíòó¹ìî íàñòóïíi ñõåìè óñåðåäíåííÿ.

2.1. Ïåðiîäè÷íèé âèïàäîê. Óñåðåäíåíó êåðîâàíó ñèñòåìó, ÿêà âiäïîâiäà-
òèìå âèõiäíié ñèñòåìi (4), ïîáóäó¹ìî ó òàêèé ñïîñiá.

Äëÿ êîæíîãî åëåìåíòà ϕ ∈ Cn ÷åðåç ϕ̄ ∈ Cn ïîçíà÷èìî òàêèé, ùî ϕ̄(t) = ϕ(0)
ïðè t ∈ [−h, 0]. Çà âiäîáðàæåííÿì f(t, ϕ) : R+×Cn → R

n áóäó¹ìî âiäîáðàæåííÿ
f̃(t, x) : R+ × R

n → R
n íàñòóïíèì ÷èíîì. Äëÿ êîæíîãî x ∈ R

n ðîçãëÿíåìî
åëåìåíò ϕ ∈ Cn òàêèé, ùî ϕ(0) = x. Òîäi f̃(t, x) = f(t, ϕ̄). Î÷åâèäíî, ùî f̃ ¹ âæå
ñêií÷åíî-âèìiðíèì âiäîáðàæåííÿì.

Íåõàé äîäàòêîâî âèêîíàíi óìîâè:
Â6) âiäîáðàæåííÿ f(t, ϕ) : R+ × Cn → R

n ¹ 2π-ïåðiîäè÷íèì ïî t;
Â7) iñíó¹ ñåðåäí¹

1

2π

∫ 2π

0

f̃(t, x)dt = f(x); (6)
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Â8) ôóíêöiÿ ψ(t, u) ¹ 2π-ïåðiîäè÷íîþ ïî t.
Òîäi ôóíêöiîíàëüíî-äèôåðåíöiàëüíîìó ðiâíÿííþ (4) ïîñòàâèìî ó âiäïîâiä-

íiñòü íàñòóïíå óñåðåäíåíå ðiâíÿííÿ:

dy

dt
= ε

[
f(y(t)) + A(y(t))v(t)

]
, y(0) = ϕ(0), (7)

äå v(t) � íîâèé âåêòîð êåðóâàííÿ, ÿêèé áóäå ïîáóäîâàíî îäíèì iç àëãîðèòìiâ,
îïèñàíèõ íèæ÷å.

Àëãîðèòì 1.
Îçíà÷èìî ìíîæèíó

V =
1

2π

2π∫

0

ψ (t, U) dt,

äå iíòåãðàë âiä ìíîæèííî-çíà÷íîãî âiäîáðàæåííÿ ðîçóìi¹ìî â ñåíñi Àóìàíà [23],
òîáòî

V =





1

2π

2π∫

0

z (t) dt, z (t) ∈ ψ (t, U)



 . (8)

Çà ëåìîþ À.Ô. Ôiëiïïîâà, äëÿ äîâiëüíî¨ âèìiðíî¨ ôóíêöi¨ z (t) iñíó¹ âèìiðíà
ôóíêöiÿ u(t) òàêà, ùî z (t)=ψ (t, u (t)) i äëÿ áóäü-ÿêî¨ âèìiðíî¨ ôóíêöi¨ u (t)
ôóíêöiÿ z (t)=ψ (t, u (t)) âèìiðíà.

Îòæå,

V =





1

2π

2π∫

0

ψ (t, u (t)) dt,

∣∣∣∣∣∣
u (t) ∈ U



 . (9)

Îñêiëüêè ôóíêöiÿ ψ (t, U) íåïåðâíà i îáìåæåíà êîíñòàíòîþ M , òî çà òåîðåìîþ
À.À. Ëÿïóíîâà [22] ìíîæèíà V ¹ îïóêëîþ i êîìïàêòíîþ. Îòæå, äëÿ ïîáóäîâè
ìíîæèíè V ìîæíà ñêîðèñòàòèñÿ îïîðíîþ ôóíêöi¹þ. Âèêîðèñòîâóþ÷è âëàñòè-
âîñòi iíòåãðàëà âiä ìíîæèííî-çíà÷íîãî âiäîáðàæåííÿ, ìà¹ìî:

C (V, z) = max
v∈V

(v, z) = (v0 (z) , z) =

= C

(
1
2π

2π∫
0

ψ (t, U) dt, z

)
= 1

2π

2π∫
0

C (ψ (t, U) , z) dt =

= 1
2π

2π∫
0

max
u∈U

(ψ (t, u) , z) dt = 1
2π

2π∫
0

ψ (t, p (t, z) , z) dt = χ (z) .

Òîäi
1. Êîæíîìó êåðóâàííþ v (t) ñòàâèìî ó âiäïîâiäíiñòü êåðóâàííÿ u (t) íàñòó-

ïíèì ÷èíîì:

1

2π

2π(i+1)∫

2πi

v (t) dt =
1

2π

2π(i+1)∫

2πi

ψ (t, u (t, ε)) dt, i = 0, 1, ... (10)

Î÷åâèäíî, ùî äëÿ çàäàíîãî êåðóâàííÿ v (t) ∈ V ìè ìà¹ìî:
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1

2π

2π(i+1)∫

2πi

v (t) dt = vi ∈ V. (11)

Ó âiäïîâiäíîñòi äî (9) äëÿ äîâiëüíîãî vi ∈ V iñíó¹ u (t, ε) ∈ U � âèìiðíå
êåðóâàííÿ òàêå, ùî

1

2π

2π(i+1)∫

2πi

ψ (t, u (t, ε)) dt = vi.

2. Êîæíîìó êåðóâàííþ u (t) ∈ U ñòàâèìî ó âiäïîâiäíiñòü êåðóâàííÿ v (t) çà
äîïîìîãîþ ñïiââiäíîøåííÿ (10).

Äëÿ çàäàíîãî êåðóâàííÿ u (t) ∈ U ìà¹ìî

1

2π

2π(i+1)∫

2πi

ψ (t, u (t)) dt = vi ∈ V.

Êåðóâàííÿ v (t) ìîæíà çàäàòè, íàïðèêëàä, ó âèãëÿäi ñòóïií÷àñòî¨ ôóíêöi¨:

v (t) = {vi, 2πi≤t<2π (i+1) , i=0, 1, ...} . (12)

Àëãîðèòì 1 ¹ åôåêòèâíèì, ÿêùî ïåðåâiðêà v ∈ V íå âèêëèêà¹ òðóäíîùiâ.
Àëãîðèòì 2.
Ïðè íàáëèæåíîìó ðîçâ'ÿçàííi çàäà÷i îïòèìàëüíîãî êåðóâàííÿ ìîæíà îáè-

ðàòè v ∈ ∂V i, çíà÷èòü, çàäàâàòè ÿê íîâå êåðóâàííÿ îïîðíèé äî ìíîæèíè V

âåêòîð w(τ) ∈ Rm (‖w(τ)‖ = 1). Òîäi

v0(w) =
1

2π

2π∫

0

ψ(t, p(t, w))dt, (13)

äå ôóíêöiÿ p(t, w) âèçíà÷à¹òüñÿ iç óìîâè:

(ψ(t, p(t, w)), w) = max
u∈U

(ψ(t, u), w). (14)

Íåõàé, ôóíêöiÿ p(t, w) âèçíà÷à¹òüñÿ îäíîçíà÷íî äëÿ áóäü-ÿêîãî w i äëÿ ìàé-
æå âñiõ t ∈ [0, 2π]. Ïðè öüîìó ìíîæèíà V ¹ ñòðîãî îïóêëîþ.

Çàóâàæèìî, ùî iíòåãðàëè âèäó (13) i ìàêñèìóì ôóíêöi¨ (14) íåîáõiäíî îá-
÷èñëþâàòè i ïðè óñåðåäíåííi êðàéîâèõ çàäà÷ ïðèíöèïà ìàêñèìóìà, ïðè öüîìó
òàêîæ ââàæà¹òüñÿ, ùî ôóíêöiÿ p(t, w) çíàõîäèòüñÿ îäíîçíà÷íî.

Ñèñòåìi (4) ïîñòàâèìî ó âiäïîâiäíiñòü íàñòóïíó ÷àñòêîâî óñåðåäíåíó ñèñòå-
ìó:

dy

dt
= ε

[
f̄ (y(t)) + A (y(t)) v0 (w)

]
, y (0) = ϕ(0). (15)

Óñòàíîâèìî âiäïîâiäíiñòü ìiæ êåðóâàííÿìè u(t, ε) i w(t).
1. Êîæíîìó êåðóâàííþ w(t) ïîñòàâèìî ó âiäïîâiäíiñòü êåðóâàííÿ u(t, ε) íà-

ñòóïíèì ÷èíîì:
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2π(i+1)∫

2πi

ψ (t, u(t, ε))dt =

2π(i+1)∫

2πi

v0 (w(t))dt.

Îñêiëüêè v0 (w(t))∈∂V i V ∈ conv(Rn), òî 1
2π

2π(i+1)∫
2πi

v0 (w(t))dt = vi∈V . Çíà÷èòü,

iñíó¹ êåðóâàííÿ u (t, ε)∈U òàêå, ùî
2π(i+1)∫
2πi

ψ (t, u(t, ε))dt = 2πvi.

2. Êîæíîìó êåðóâàííþ u(t, ε) ïîêëàäåìî ó âiäïîâiäíiñòü êåðóâàííÿ w(t) íà-
ñòóïíèì ÷èíîì:

Îñêiëüêè

1

2π

2π(i+1)∫

2πi

ψ (t, u(t, ε))dt = vi ∈ V, (16)

òî çà òåîðåìîþ Êàðàòåîäîði [6] iñíóþòü vji∈∂V, λji≥0,
r∑

j=1

λ
j
i=1, r≤m+1 òàêi, ùî

vi =
r∑

j=1

λ
j
iv

j
i =

r∑
j=1

λ
j
iv0(w

j
i ).

Çàäàìî

w(t) =
{
w

j
i

∣∣ τ j−1
i ≤t<τ ji , τ 0i = 2πi, τ

j
i − τ

j−1
i = 2πλji , j = 1, r,

t ∈ [2πi, 2π (i+1)) , i = 0, 1, ...} .

Òîäi

1

2π

2π(i+1)∫

2πi

v0 (w (t)) dt =
1

2π

r∑

j=1

τ
j
i∫

τ i−1

i

v0
(
w

j
i

)
dt =

1

2π

r∑

j=1

τ
j
i∫

τ i−1

i

v
j
i dt =

r∑

j=1

λ
j
iv

j
i = vi.

Òåîðåìà 1. Íåõàé â îáëàñòi Q = {t ≥ 0, ϕ ∈ Cn, x ∈ R
n, u ∈ U ⊂ comp (Rr)}

âèêîíàíi óìîâè Â1)-Â8).
Òîäi iñíóþòü ε0(L) > 0 i C > 0 òàêi, ùî äëÿ áóäü-ÿêîãî ε ∈ (0, ε0] i äëÿ

áóäü-ÿêîãî t ∈ [0, Lε−1] ñïðàâåäëèâèìè ¹ íàñòóïíi òâåðäæåííÿ :

1) Ðîçâ'ÿçêè x(t, u) i y(t, v) çàäà÷ (4) i (7) âèçíà÷åíi íà t ∈ [0, Lε−1].

2) Äëÿ áóäü-ÿêîãî äîïóñòèìîãî êåðóâàííÿ u (t) ∈ U ñèñòåìè (4) iñíó¹ êåðó-
âàííÿ v (t) ñèñòåìè (7) òàêå, ùî

|x (t)− y (t)| ≤ Cε, (17)

äå x (t) � ðîçâ'ÿçîê ñèñòåìè (4) ç êåðóâàííÿì u (t), y (t) � ðîçâ'ÿçîê ñè-
ñòåìè (7) ç êåðóâàííÿì v (t) i x (0) = y (0) = ϕ(0).
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3) Äëÿ áóäü-ÿêîãî äîïóñòèìîãî êåðóâàííÿ v (t) ∈ V ñèñòåìè (7) iñíó¹ êåðó-
âàííÿ u (t) ñèñòåìè (4) òàêå, ùî ñïðàâåäëèâîþ ¹ îöiíêà (17).

Íàñëiäîê 1. Ïðè âèêîíàííi óìîâ òåîðåìè 1 áåçïîñåðåäíüî ñëiäó¹ îöiíêà:

h
(
K(T ), K0(T )

)
≤ Cε, (18)

äå K(T ) � çàìèêàííÿ ìíîæèíè äîñÿæíîñòi ñèñòåìè (4), K0(T ) � ìíîæèíà äîñÿ-
æíîñòi ñèñòåìè (7), T = Lε−1, h(·, ·) � âiäñòàíü çà Õàóñäîðôîì ìiæ ìíîæèíàìè.

Àíàëîãi÷íà òåîðåìà ñïðàâåäëèâà äëÿ ñõåìè ñòóïií÷àñòîãî óñåðåäíåííÿ çà
àëãîðèòìîì 2.

2.2. Íåïåðiîäè÷íèé âèïàäîê. Òåïåð íåõàé ïðàâà ÷àñòèíà ôóíêöiîíàëüíî-
äèôåðåíöiàëüíîãî ðiâíÿííÿ (4) ¹ íåïåðiîäè÷íîþ çà ÷àñîì. Àíàëîãi÷íî äî ïåði-
îäè÷íîãî âèïàäêó áóäó¹ìî âiäîáðàæåííÿ f̃(t, x).

Óñåðåäíåíó êåðîâàíó ñèñòåìó, ÿêà âiäïîâiäàòèìå âèõiäíié ñèñòåìi (4), ïîáó-
äó¹ìî ó òàêèé ñïîñiá.

Íåõàé âèêîíàíà óìîâà
Â9) ðiâíîìiðíî çà x ∈ R

n iñíó¹ ãðàíèöÿ

lim
T→∞

1

T

∫ T

0

f̃(t, x)dt = f(x) . (19)

Òîäi ôóíêöiîíàëüíî-äèôåðåíöiàëüíîìó ðiâíÿííþ (4) ïîêëàäåìîî ó âiäïîâiä-
íiñòü íàñòóïíå óñåðåäíåíå ðiâíÿííÿ:

dy

dt
= ε

[
f(y(t)) + A(y(t))v(t)

]
, y(0) = ϕ(0), (20)

äå v � íîâèé âåêòîð êåðóâàííÿ, ÿêèé áóäå ïîáóäîâàíî îäíèì iç îïèñàíèõ íèæ÷å
àëãîðèòìiâ.

Çàóâàæèìî, ùî (20) � öå çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ ïðè äîïóñòèìî-
ìó êåðóâàííi v(t).

Àëãîðèòì 3.
Âiäïîâiäíiñòü ìiæ êåðóâàííÿì u (t) ∈ U i êåðóâàííÿì v (t) âñòàíîâèìî ç

óðàõóâàííÿì

v ∈ V = lim
T→∞

1

T

T∫

0

ψ (s, U) ds. (21)

Â (21) iíòåãðàë âiä ìíîæèííî-çíà÷íîãî âiäîáðàæåííÿ ðîçóìi¹ìî â ñåíñi Àó-
ìàíà [23], à çáiæíiñòü â ñåíñi ìåòðèêè Õàóñäîðôà.

Íåõàé çáiæíiñòü â (21) ðiâíîìiðíà âiäíîñíî t.
Âñòàíîâèìî âiäïîâiäíiñòü ìiæ êåðóâàííÿìè u(t, ε) i v(t).
1. Êåðóâàííþ v(t) ∈ V ïîêëàäåìî ó âiäïîâiäíiñòü êåðóâàííÿ u(t) ∈ U íàñòó-

ïíèì ÷èíîì:

a) îá÷èñëèìî çíà÷åííÿ vi = 1
T0

(i+1)T0∫
iT0

v(t)dt i = 0, 1, 2, . . . , (òóò T0 � äîâiëüíî

îáðàíà êîíñòàíòà);
á) áóäó¹ìî êåðóâàííÿ u(t) = {ui(t), iT0≤t<(i+1)T0}, äå ui(t) çíàõîäèìî iç

óìîâè:
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min
u(t)∈U

∥∥∥∥∥∥
1

T0

(i+1)T0∫

iT0

ψ (t, u(t)) dt− vi

∥∥∥∥∥∥
=

∥∥∥∥∥∥
1

T0

(i+1)T0∫

iT0

ψ (t, ui(t)) dt− vi

∥∥∥∥∥∥
. (22)

Ìíîæèíà òî÷îê

V
i

T0
=





1

T0

(i+1)T0∫

iT0

ψ(t, ui(t))dt

∣∣∣∣∣∣
ui(t) ∈ U



 ,

çà òåîðåìîþ Ëÿïóíîâà [22], ¹ îïóêëèì êîìïàêòîì, i lim
T→∞

h
(
V

i

T0
, V

)
= 0, (çãiäíî

ç (21)) îòæå, iñíó¹ òî÷êà öi¹¨ ìíîæèíè v̄i ∈ V
i

T0
, íàéáëèæ÷à äî vi, òîáòî, iñíó¹

êåðóâàííÿ ui(t) â (22) òàêå, ùî

1

T0

(i+1)T0∫

iT0

ψ(t, ui(t))dt = v̄i. (23)

Êåðóâàííÿ u(t) iç (23) âçàãàëi âèçíà÷à¹òüñÿ íåîäíîçíà÷íî.
2. Êåðóâàííþ u(t) ∈ U ïîñòàâèìî ó âiäïîâiäíiñòü v(t) ∈ V íàñòóïíèì ÷èíîì:

a) îá÷èñëþ¹ìî wi =
1
T0

(i+1)T0∫
iT0

ϕ (t, ui(t)) dt, i = 0, 1, 2, . . . .

á) áóäó¹ìî êåðóâàííÿ v(t) = {vi, iT0≤t<(i+1)T0, i = 0, 1, . . .}, äå vi çíàõîäè-
ìî iç óìîâè

min
v∈V

‖wi − v‖ = ‖wi − vi‖ . (24)

Çíàõîäæåííÿ êåðóâàííÿ ui(t) ó (22) ìîæëèâå íå çàâæäè, àëå óìîâà ðiâíîìið-
íî¨ îáìåæåíîñòi ôóíêöi¨ ψ(t, u) ãàðàíòó¹ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i ìiíiìiçàöi¨
(24). Äiéñíî, iç ðiâíîìiðíî¨ îáìåæåíîñòi ôóíêöi¨ ψ(t, u) âèïëèâà¹ iíòåãðàëüíà
îáìåæåíiñòü âiäîáðàæåííÿ ψ(t, U), à òîìó îïóêëiñòü i êîìïàêòíiñòü ìíîæèíè

òî÷îê

{
1
T1

(i+1)T1∫
iT1

ψ(t, ui)dt

∣∣∣∣∣ui∈U
}
, ùî ¹ íàñëiäîêîì óçàãàëüíåííÿ òåîðåìè Ëÿïóíî-

âà [22]. Îòæå, iñíó¹ òî÷êà öi¹¨ ìíîæèíè, íàéáëèæ÷à äî vi, òîáòî iñíó¹ êåðóâàííÿ
ui(t) â (22).

Ïîáóäó¹ìî àëãîðèòì, êîëè êåðóâàííÿ óñåðåäíåíî¨ ñèñòåìè îáèðàòèìåòüñÿ
ç ãðàíèöi ìíîæèíè V òîáòî v ∈ ∂V . Òî÷êó íà ãðàíèöi ìíîæèíè V âèçíà÷à¹
îïîðíèé âåêòîð w(t) ∈ Rm, (‖w(t)‖ = 1). Ñèñòåìi (4) ïîñòàâèìî ó âiäïîâiäíiñòü
íàñòóïíó ÷àñòêîâî óñåðåäíåíó ñèñòåìó:

dy

dt
= ε

[
f̄ (y(t)) + A (y(t)) v0 (w)

]
, y (0) = ϕ(0), (25)

äå f̄ âèçíà÷à¹òüñÿ ç (6).
Àëãîðèòì 4.
Âñòàíîâèìî âiäïîâiäíiñòü ìiæ êåðóâàííÿìè u(t, ε) è w (t).
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1. Êîæíîìó êåðóâàííþ w (t) ïîêëàäåìî ó âiäïîâiäíiñòü êåðóâàííÿ u(t, ε) íà-
ñòóïíèì ÷èíîì:

a) çàôiêñó¹ìî T0>0. Ðîçiá'¹ìî iíòåðâàë [0, Lε−1] òî÷êàìè ti = iT0, i =
0, 1, ...;

á) îá÷èñëþ¹ìî vi = 1
T0

ti+1∫
ti

v0(w(t))dt vi ∈ V
i

T0
, lim

T0→∞

V
i

T0
= V.

â) áóäó¹ìî êåðóâàííÿ u(ε, t) = {ui(t), ti≤t<ti+1, i = 0, 1, . . .}, äå ui(t) çíàõî-
äèìî iç óìîâè

min
u(t)∈U

∥∥∥∥∥∥
1

T0

ti+1∫

ti

ψ (t, u (t)) dt− vi

∥∥∥∥∥∥
=

∥∥∥∥∥∥
1

T0

ti+1∫

ti

ψ (t, ui (t)) dt− vi

∥∥∥∥∥∥
.

2. Êîæíîìó êåðóâàííþ u(t, ε) ïîêëàäåìî ó âiäïîâiäíiñòü êåðóâàííÿ w(t) íà-
ñòóïíèì ÷èíîì:

vi =
ti+1∫
ti

ψ(t, u(t, ε))dt, vi ∈ V
i

T0
= 1

T0

(i+1)T0∫
iT0

ψ(t, U)dt;

á) çíàéäåìî ṽi ∈ V iç óìîâè:

min
v∈V

‖v − vi‖ = ‖ṽi − vi‖ .

Çà òåîðåìîþ Êàðàòåîäîði [6] iñíóþòü vji ∈ ∂V, λ
j
i ≥ 0,

r∑
j=1

λ
j
i = 1, r ≤ m+1

òàêi, ùî ṽi =
r∑

j=1

λ
j
iv

j
i =

r∑
j=1

λ
j
iv0(w

j
i ).

3. Çàäàìî êåðóâàííÿ:

w(t) =
{
w

j
i

∣∣ τ j−1
i ≤ t ≤ τ

j
i , τ

0
i = iT0, τ

j
i −τ j−1

i = T0λ
j
i , j = 1, r,

t ∈ [iT0, (i+1)T0) , i = 0, 1, ....}
Òîäi

(i+1)T0∫

iT0

v0 (w (t)) dt =
1

T0

r∑

j=1

τ
j
i∫

τ i−1

i

v0
(
w

j
i

)
dt =

1

T0

r∑

j=1

τ
j
i∫

τ i−1

i

v
j
i dt =

r∑

j=1

λ
j
iv

j
i = ṽi.

Òåîðåìà 2. [19] Íåõàé â îáëàñòi Q = {t≥0, ϕ∈Cn, x ∈ R
n, u ∈ U⊂comp (Rr)}

âèêîíàíi óìîâè Â1)-Â5)i B9).
Òîäi äëÿ äîâiëüíîãî η > 0 i äîâiëüíîãî L > 0 iñíó¹ ε0(η, L) > 0 òàêå, ùî äëÿ

áóäü-ÿêîãî ε ∈ (0, ε0] i äëÿ áóäü-ÿêîãî t ∈ [0, Lε−1] ñïðàâåäëèâèìè ¹ íàñòóïíi
òâåðäæåííÿ :

1) Ðîçâ'ÿçêè x(t, u) i y(t, v) çàäà÷ (4) i (20) âèçíà÷åíi íà t ∈ [0, Lε−1].

2) Äëÿ áóäü-ÿêîãî äîïóñòèìîãî êåðóâàííÿ u (t) ∈ U ñèñòåìè (4) iñíó¹ êåðó-
âàííÿ v (t) ñèñòåìè (20) òàêå, ùî

|x (t)− y (t)| ≤ η, (26)
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äå x (t) � ðîçâ'ÿçîê ñèñòåìè (4) ç êåðóâàííÿì u (t), y (t) � ðîçâ'ÿçîê ñè-
ñòåìè (20) ç êåðóâàííÿì v (t) i x (0) = y (0) = ϕ(0).

3) Äëÿ áóäü-ÿêîãî äîïóñòèìîãî êåðóâàííÿ v (t) ∈ V ñèñòåìè (20) iñíó¹ êå-
ðóâàííÿ u (t) ñèñòåìè (4) òàêå, ùî ñïðàâåäëèâîþ ¹ îöiíêà (26).

Àíàëîãi÷íà òåîðåìà ñïðàâåäëèâà äëÿ ñõåìè ñòóïií÷àñòîãî óñåðåäíåííÿ çà
àëãîðèòìîì 4.

Çàóâàæèìî, ùî îöiíêè (17) i (26) ¹ ðiâíîìiðíèìè çà âñiìà u i v òà ϕ(0), òîáòî
ε0 íå çàëåæèòü âiä êåðóâàíü u i v òà âiä ïî÷àòêîâî¨ ôóíêöi¨.

Íàñëiäîê 2. Ïðè âèêîíàííi óìîâ òåîðåìè 2 áåçïîñåðåäíüî ñëiäó¹ îöiíêà:

h
(
K(T ), K0(T )

)
≤ Cε, (27)

K(T ) � çàìèêàííÿ ìíîæèíè äîñÿæíîñòi ñèñòåìè (4), K0(T ) � ìíîæèíà äîñÿ-
æíîñòi ñèñòåìè (20), T = Lε−1.

Çàóâàæåííÿ 1. Ïîáóäîâà êåðóâàííÿ v(t) çà êåðóâàííÿì u(t) ó 2-ìó i 4-ìó
àëãîðèòìàõ íå ¹ êîíñòðóêòèâíîþ. Ôàêòè÷íî ñòâåðäæó¹òüñÿ òiëüêè ôàêò iñíóâà-
ííÿ çà òåîðåìîþ Êàðàòåîäîði òàêîãî êåðóâàííÿ. Îäíàê, òàêi ïîáóäîâè íåîáõiäíi
ëèøå äëÿ äîâåäåííÿ òåîðåìè, ÿêà îáãðóíòîâó¹ ìåòîä óñåðåäíåííÿ. Äëÿ ïðàêòè-
÷íîãî çàñòîñóâàííÿ àëãîðèòìà íåîáõiäíî çà çíàéäåíèì êåðóâàííÿì v(t) ñïðî-
ùåíî¨ çàäà÷i áóäóâàòè êåðóâàííÿ u(t) âèõiäíî¨ çàäà÷i. Öÿ ÷àñòèíà àëãîðèòìiâ ó
âñiõ âèïàäêàõ ¹ êîíñòðóêòèâíîþ.

Çàóâàæåííÿ 2. Âèïàäîê íåîäíîçíà÷íîñòi v0(z) ìîæëèâèé òà âiäïîâiäà¹ îñî-
áëèâèì êåðóâàííÿì. Òîìó öåé âèïàäîê ðîçãëÿäà¹òüñÿ îêðåìî.

2.3. Áëèçüêiñòü îïòèìàëüíèõ çíà÷åíü êðèòåði¨â îðèãiíàëüíî¨ òà óñå-
ðåäíåíî¨ çàäà÷. Ðîçãëÿíåìî çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ (4),(5) i çàäà÷ó
îïòèìàëüíîãî êåðóâàííÿ óñåðåäíåíîþ ñèñòåìîþ, ÿêà ïîáóäîâàíà çà àëãîðèòìîì
1 (àáî 2, 3, 4) ç êðèòåði¹ì ÿêîñòi (5) íà òðà¹êòîðiÿõ óñåðåäíåíî¨ ñèñòåìè.

Ïðèïóñòèìî, ùî âèêîíàíi óìîâè:
Ñ1) ôóíêöiÿ Φ(·) : Rn → R � çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ ç êîíñòàíòîþ µ;
Ñ2) çàäà÷à (4),(5) ìà¹ ðîçâ'ÿçîê, ÷åðåç u∗ ïîçíà÷èìî îïòèìàëüíå êåðóâàííÿ

öi¹¨ çàäà÷i.
Çàóâàæèìî, ùî âiäïîâiäíà óñåðåäíåíà çàäà÷à ìà¹ ðîçâ'ÿçîê, îñêiëüêè, ÿê áó-

ëî ïîêàçàíî âèùå, äîïóñòèìi êåðóâàííÿ óñåðåäíåíî¨ çàäà÷i îáèðàþòüñÿ iç îïó-
êëîãî êîìïàêòà. Ïîçíà÷èìî ÷åðåç v∗ � îïòèìàëüíå êåðóâàííÿ óñåðåäíåíî¨ çàäà-
÷i, ïîáóäîâàíî¨ çà àëãîðèòìîì 1 àáî 3 (w∗ � îïòèìàëüíå êåðóâàííÿ óñåðåäíåíî¨
çàäà÷i, ïîáóäîâàíî¨ çà àëãîðèòìîì 2 àáî 4).

Âèêîðèñòîâóþ÷è îòðèìàíèé íàìè ðåçóëüòàò ïðî áëèçüêiñòü ðîçâ'ÿçêiâ âè-
õiäíî¨ ôóíêöiîíàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè i óñåðåäíåíî¨, ÿêà îïèñó¹òüñÿ
çâè÷àéíèìè äèôåðåíöiàëüíèìè ðiâíÿííÿìè, îöiíèìî áëèçüêiñòü çíà÷åíü òåðìi-
íàëüíèõ êðèòåði¨â ÿêîñòi âèõiäíî¨ i óñåðåäíåíî¨ çàäà÷ íà âiäïîâiäíèõ êåðóâàí-
íÿõ.

Íàñòóïíà òåîðåìà äîâîäèòü îñíîâíèé ðåçóëüòàò � áëèçüêiñòü òåðìiíàëüíèõ
êðèòåði¨â ÿêîñòi âèõiäíî¨ i óñåðåäíåíî¨ çàäà÷ íà âiäïîâiäíèõ êåðóâàííÿõ.

Òåîðåìà 3. [19] Íåõàé â îáëàñòi Q = {t≥0, ϕ∈Cn, x ∈ R
n, u ∈ U ⊂ comp (Rr)}

âèêîíàíi óìîâè òåîðåìè 1 (àáî òåîðåìè 2), óìîâè Ñ1) i Ñ2). Òîäi äëÿ áóäü-ÿêèõ
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η > 0 i L > 0 iñíó¹ òàêå ε0 (η, L) > 0, ùî äëÿ 0 < ε < ε0 i t0 6 t 6 Lε−1 âèêîíó-
þòüñÿ íàñòóïíi íåðiâíîñòi:

∣∣J [u∗]− J̄ [v∗]
∣∣ < η,

J [uv∗ ]− J [u∗] < η,

J̄ [vu∗ ]− J̄ [v∗] < η,

äå uv∗ � êåðóâàííÿ ñèñòåìè (4), ïîáóäîâàíå çà àëãîðèòìîì 1 àáî 3, ÿêå âiäïî-
âiäà¹ îïòèìàëüíîìó êåðóâàííþ v∗ óñåðåäíåíî¨ çàäà÷i, à vu∗ � êåðóâàííÿ óñåðå-
äíåíî¨ ñèñòåìè, ïîáóäîâàíå çà àëãîðèòìîì 1 àáî 3, ÿêå âiäïîâiäà¹ îïòèìàëü-
íîìó êåðóâàííþ u∗ çàäà÷i (4), (5).

Çàóâàæèìî, ïî-ïåðøå, ùî äëÿ ïåðiîäè÷íîãî âèïàäêó η = εC, ïî-äðóãå, ùî
àíàëîãi÷íà òåîðåìà ìîæå áóòè äîâåäåíà äëÿ óñåðåäíåíèõ çàäà÷, ïîáóäîâàíèõ çà
àëãîðèòìîì 2 àáî 4.

2.4. Ïðèêëàäè.
Ïðèêëàä 1. Íåõàé ψ(t, u) = A(t)u, äå

A(t) =

(
a11sin(t) a12cos(t)
a21cos(t) a22sin(t)

)
, u ∈ U = S1(0).

Òîäi

C (V, z) = C


 1

2π

2π∫

0

A(t)S1(0)dt, z


 =

=
1

2π

2π∫

0

C (A(t)S1(0), z) dt =
1

2π

2π∫

0

C
(
S1(0), A

T (t)z
)
dt =

=
1

2π

2π∫

0

[
|a11z1sin(t) + a21z2cos(t)|+ |a12z1cos(t) + a22z2sin(t)|

]
dt =

=
2

π

[√
a112z12 + a212z2)

2 +
√
a122z12 + a222z22

]
.

Ïðè öüîìó
u∗1(t, z) = sign

[
a11z1sin(t) + a21z2cos(t)

]

u∗2(t, z) = sign
[
a12z1cos(t) + a22z2sin(t)

]
.

ßêùî |a11| = |a21| i |a12| = |a22|, òî C (V, z) = 2
π

(
|a11|+ |a12|

)√
z12 + z22, òîáòî

V = Sr(0), r =
2
π

(
|a11|+ |a12|

)

ßêùî a21 = a12 = 0, òî C(V, z) = 2
π
(|a11z1| + |a22z2|), òîáòî V = {|v1| ≤

2
π
|a11|, |v2| ≤ 2

π
|a22|}.

Â öüîìó âèïàäêó çðó÷íî ñêîðèñòàòèñÿ ïåðøèì àëãîðèòìîì.
Â çàãàëüíîìó âèïàäêó ïåðåâiðêà v ∈ V ¹ âàæêîþ, òîìó ñêîðèñòà¹ìîñÿ äðó-

ãèì àëãîðèòìîì. Ó öüîìó âèïàäêó

v01(z) =
1

2π

2π∫

0

[
a11sin(t)u

∗

1(t, z) + a12cos(t)|u∗2(t, z)
]
dt =
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=
1

2π


 a11

2z1√
a112z12 + a212z2)

2
+

a12
2z1√

a122z12 + a222z2)
2


 ,

v02(z) =
1

2π

2π∫

0

[
a21cos(t)u

∗

1(t, z) + a22sin(t)|u∗2(t, z)
]
dt =

=
1

2π

[
a221z2

za211z
2
1 + a221z

2
2

+
a222z2√

a212z
2
1 + a222z

2
2

]

Ó âèïàäêó a21 = a12 = 0 ïðè z1 = 0 i z2 = 0 çíà÷åííÿ u∗1(t, z), u∗2(t, z),
âèçíà÷àþòüñÿ iç óìîâ

(a11z1 sin(t) + a21z2 cos(t))u
∗

1(t, z) = max
u∈U

(a11z1 sin(t) + a21z2 cos(t))u1

(a12z1 cos(t) + a22z2 sin(t))u
∗

2(t, z) = max
u∈U

(a12z1 cos(t) + a22z2 sin(t))u1

Îòæå, íåîäíîçíà÷íî âèçíà÷à¹òüñÿ ôóíêöiÿ v0(z).
Ïðèêëàä 2. Íåõàé ψ(t, u) = A(t)u, äå

A(t) =

(
f(t) 0
0 f(t)

)
, u ∈ U = S1(0), f(t) = f 0 + exp (−t), f 0 > 0.

Òîäi

V t+T
t =

1

T

∫ t+T

t

A(t)U dt ∈ conv(R2),

C(V t+T
t , z) = C

(
1

T

∫ t+T

t

A(t)U dt, z

)
=

1

T

∫ t+T

t

C(U,AT z) dt =

=
1

T

∫ t+T

t

√
f(t)2z21 + f(t)2z22 dt = ||z|| 1

T

∫ t+T

t

f(t) dt =

= ||z||
(
f 0 +

1

T
(exp(−t)− exp(−t− T ))

)
.

Îòæå,
V = lim

T→∞

V t+T
t = Sf0(0)

i

h(V t+T
t , V ) < η ïðè T >

1

η
. (28)

Â äàííîìó âèïàäêó ìîæíà âèêîðèñòàòè àëãîðèòìè 3 i 4, à êðîê ñòóïií÷àñòîãî
ðîçáèòòÿ T0 îáðàòè, âèêîðèñòîâóþ÷è îöiíêó (28).
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3. Äîâåäåííÿ òåîðåì. Äîâåäåííÿ òåîðåìè 1. Äëÿ äîâåäåííÿ ïåðøîãî
òâåðäæåííÿ òåîðåìè çàóâàæèìî, ùî çà óìîâàìè Â1)-Â5) ôóíêöiÿ ïðàâî¨ ÷àñòè-
íè âèõiäíîãî ðiâíÿííÿ (4) ¹ íåïåðåâðíîþ çà ñóêóïíiñòþ çìiííèõ, çàäîâîëüíÿ¹
óìîâó Ëiïøèöÿ òà îáìåæåíà, à çíà÷èòü i ôóíêöiÿ ïðàâî¨ ÷àñòèíè óñåðåäíåíî¨
ñèñòåìè (7) ¹ îáìåæåíîþ òà çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ i óìîâó ëiíiéíîãî ðî-
ñòó, à òîìó ïðè ôiêñîâàíèõ äîïóñòèìîìèõ êåðóâàííÿõ u(t) i v(t) ðîçâ'ÿçêè çàäà÷
(4) i (7) iñíóþòü, ¹äèíi i íåîáìåæåíî ïðîäîâæóâàíi âïðàâî.

Òåïåð äîâåäåìî òâåðäæåííÿ 2. Íåõàé u(t) � äåÿêå äîïóñòèìå êåðóâàííÿ ñè-
ñòåìè (4), à x(t) � âiäïîâiäíà éîìó òðàåêòîðiÿ, âèçíà÷åíà äëÿ âñiõ t ∈ [0, Lε−1],
v(t) � êåðóâàííÿ óñåðåäíåíî¨ ñèñòåìè (7), ïîáóäîâàíå çà àëãîðèòìîì (10), à y(t)
� âiäïîâiäíà éîìó òðà¹êòîðiÿ.

Íà t ∈ [0, Lε−1] ïåðåéäåìî âiä (4) i (7) äî âiäïîâiäíèõ iíòåãðàëüíèõ çîáðà-
æåíü, âðàõîâóþ÷è, ùî x(0) = y(0) = ϕ(0), îòðèìà¹ìî

|x(t)− y(t)| ≤ ε

∣∣∣∣∣∣

t∫

0

[f(s, xs)− f(s, y(s))] ds

∣∣∣∣∣∣
+

+ε

∣∣∣∣∣∣

t∫

0

[
f̃(s, y(s))− f(y(s))

]
ds

∣∣∣∣∣∣
+ ε

t∫

0

‖A(x(s))− A(y(s))‖ |ψ(s, u(s))| ds+

+ε

∣∣∣∣∣∣

t∫

0

A(y(s)) [ψ(s, u(s)− v(s)] ds

∣∣∣∣∣∣
≤

≤ ελ

t∫

0

‖xs − y(s)‖Cn
ds+ ε

∣∣∣∣∣∣

t∫

0

[
f̃(s, y(s))− f(y(s))

]
ds

∣∣∣∣∣∣
+

+ελM1

t∫

0

|x(s)− y(s)|ds+ ε

∣∣∣∣∣∣

t∫

0

A(y(s)) [ψ(s, u(s)− v(s)] ds

∣∣∣∣∣∣
.

(29)

Çà îçíà÷åííÿì

‖xs − y(s)‖Cn
= max

θ∈[−h;0]
|x(s+ θ)− y(s)| ≤ max

θ∈[−h;s]
|x(s+ θ)− y(s)| = δ(s).

Ç (29), çàñòîñîâóþ÷è ëåìó Ãðîíóîëëà-Áåëëìàíà, ìè îòðèìà¹ìî íàñòóïíó íåðiâ-
íiñòü:

δ(t) ≤ εβeελ(1+M1)L, (30)

äå

β =

∣∣∣∣∣∣

t∫

0

[
f̃(s, y(s))− f(y(s))

]
ds

∣∣∣∣∣∣
+

∣∣∣∣∣∣

t∫

0

A(y(s)) [ψ(s, u(s)− v(s)] ds

∣∣∣∣∣∣
. (31)

Ñïî÷àòêó îöiíèìî äðóãèé äîäàíîê â (31) ç óðàõóâàííÿì (10).
∣∣∣∣∣∣

t∫

0

A(y(s)) [ψ(s, u(s))− v(s)] ds

∣∣∣∣∣∣
≤
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+
k−1∑

i=0

∣∣∣∣∣∣

2π(i+1)∫

2πi

A(y(s)) [ψ(s, u(s))− v(s)] ds

∣∣∣∣∣∣
+

∣∣∣∣∣∣

t∫

2πk

A(y(s)) [ψ(s, u(s))− v(s)] ds

∣∣∣∣∣∣
≤

≤
k−1∑

i=0

2π(i+1)∫

2πi

|A(y(s))− A(y(2πi))| |ψ(s, u(s))− v(s)| ds+

+
k−1∑

i=0

∣∣∣∣∣∣

2π(i+1)∫

2πi

A(y(2πi)) [ψ(s, u(s))− v(s)] ds

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

t∫

2πk

A(y(s)) [ψ(s, u(s))− v(s)] ds

∣∣∣∣∣∣
≤

≤ 2λM1

k−1∑

i=0

2π(i+1)∫

2πi

|y(s)− (y(2πi))| ds+ 4πMM1. (32)

Îñêiëüêè

|y(s)− y(2πi)| ≤ ε

s∫

2πi

∣∣f (y(s)) + A (y(s)) v(s)
∣∣ ds ≤ εM(1 +M1)(s− 2πi),

òî ∣∣∣∣∣∣

t∫

0

A(y(s)) [ψ(s, u(s))− v(s)] ds

∣∣∣∣∣∣
≤ ε4λM1M(M1 + 1)Lπ + 4MM1π.

Àíàëîãi÷íî

ε

∣∣∣∣∣∣

t∫

0

[
f̃(s, y(s))− f(y(s))

]
ds

∣∣∣∣∣∣
≤ ε4πM + 2λM(M1 + 1)Lπ.

Òîäi
β ≤ 2M(1 +M1)(2π + λL(1 +m1)π). (33)

Ïðè C = βeελ(1+M1)L ç (30) i (33) îòðèìà¹ìî òâåðäæåííÿ òåîðåìè.
Äîâåäåííÿ òåîðåìè, ÿêå îáãðóíòîâó¹ àëãîðèòì 2, ïðîâîäèòüñÿ àíàëîãi÷íî

äîâåäåííþ òåîðåìè 2, îòðèìàíîãî â ðîáîòi [19], îáãðóíòóâàííÿ àëãîðèòìó 4 ïðî-
âîäèòüñÿ àíàëîãi÷íî äî àëãîðèòìó 3. Äîâåäåííÿ òåîðåìè 3 íàâåäåíî â [19].
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