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VK 512.53+512.64
B. M. Bonzgapenko, 4. B. 3anixa (Iu-1 maremarnku HAH Vkpaiun)

KAHOHIYHI ®OPMU MATPNYHUX 30BPAKEHDb HAIIIBI'PVII
MAJIOT O IIOPAKY

We describe canonical forms of the matrix representations of semigroups of the third order over
an arbitrary field and indicate criteria on representation type.

Mu ommcyemo KaHOHIUHI (hOPMU MATPUIHUX 300paXKEHDb HAIMIBTPYIT TPETHOTO TIOPSIIKY HAJT TOBiIb-
HUM TIOJIEM Ta BKA3YEMO KPUTEpIi PO 300paKyBaJbHUN THII.

MatpuuHni 300pazkeHHs CKIHUeHHUX HAIBIPYI HaJ HOJSIMU BHUBYEHI He Tak j00pe,
SIK CKIHUEHHUX IPYT (30KpeMa, /I TPYI, HA BIJIMIHY BiJ| HAIIBIPYI, OTPHMAHO KPH-
Tepiit pyunocti [1]). Haii6inbma KinbKicTh pobIiT NPUCBSUEHA BUBYCHHIO HE3BIIHIX
300pazkenb. I1[o crocyeThest omnucy HEPO3KJIAIHUX 300parkeHb HAIIBI'PYI, TO CJIiI
BUJIJTATH JIesIKi OKpeMi pe3yJIbTaTi PO MIKOM MPOCTi HAMBIpynu 2] Ta HamiBrpy-
U BCiX MepeTBOpPeHb CKiHdeHHOI MHOXKuHE [3,4| (y BUmAAKY CKiHUYEHHOTO 300pa-
JKYBaJbHOrO THUMY) i i HamiBrpyn Picca [5—7| Ta HamiBrpym, mopojzKeHuX igem-
MOTEHTAMHI 3 YACTKOBUM HYJIBOBUM MHOXKeHHsM [8—10| (gK y BUNAIKY CKIHUEHHOTO
THUILY, TaK 1 py9HOro HeckingeHnoro tuiy). Onuc 306pazxKeHb MOHOMIaIBHOI aaredpu
{a,b]ab = ba = 0) [3,4] ta Mmonomianbnoi anrebpu (a,b|a® = b* = 0) [5, 6] rakox
HPUPOJHO POBIJISIATH K PE3yJIbTATH MPO 300pakeHHsT HAIBIPYII.

g cTaTTs mpucBgYeHa 3HAXO/IZKEHHIO KAHOHIYHUX (POPM MATPUIHHUX 300parKeHb
HaJ JIOBLIBHUM TIOJIEM JIJIsI HAMIBIPYII TPEThOrO MOPSIKY.

1. Hamisrpynu tpernoro mopgaiaky. Hamisrpynu nopsaky n < 4 BuBdYeHi
JIOCUTH JeTanbHo. Bumaaku n = 1,2 tpuBianabai. HamiBrpynn nmopsaaky n = 3 onu-
cas T. Tamypa, y Buriasal rabauns Kesd, me B 1953 p. (aus. pobory [15]). Boun
BUBYAJINCS, 30KpeMa, B [16-18]. BayBaxknmo, 1o mig onucoM TpajuIiiHO MaeThCsI
Ha yBa3i ONuC 3 TOYHICTIO /10 130MOpdi3My Ta AyagabHOCTI (JAyaJabHOIO 0 HABIPYITH
HA3UBAETHCS Ta K CaMa MHOXKHIHA 3 OIEpPaIi€lo MHOXKeHHs & oy = yx). Hamirpymnu,
IO PO3TIATAIOTHCS 3 TAKOK TOYHICTIO, HABUBAIOTHCS PL3HUMU.

Y pobori [18] (auB. Takox |16]) 3a momomoroo nepersopens rabuuns Kesi Bu-
JJIEHO MiHIMAJbHI CUCTEMHW TBIPHUX JIJIs KOXKHOI 3 18 pi3HMX HAIiBIPyl TPEThHO-
ro MopsKy. [3 SBHOTO BUIJISLY 3aK/IIOYHUX TAOJIUIb JIET'KO BUITMCATH BU3HAYAJIHHI
CIIBBITHOIIIEHHS JIJIg BHALJIEHUX CUCTEM TBIpHHX. Bunumemo mi MiHIMAJIbHI CHCTEMHI
TBipHUX (B KyTOBHX JIy’KKAaX) Ta BIAMNOBIJAHI BU3HAYAIbHI CHIBBIIHONIIEHHS JIJIs KO-
MYTATHBHUX HAMIBIPYI (B MEPIIUX KPYIJIUX JY’KKAX MPUBEICHO HOMEDP HAMBIPYIIH
npu 3araibHiil Hymeparlil, Bka3aniit B 18], B Apyrux Kpyriaux JyzKKax BKa3aHO BC
eJIEMEHTH HAIBIPYIIHN).

KomyTaTuBHi HamiBrpynu:

1) (1) (0,b,¢) = (b,c): 1> =0, 2 =0, be = cb = 0;

)
2) (2) (0,¢%,¢) = (c): ¢ = 0;
3) (3) (0,b,¢) = (b,c): ¥* =0, ¢* = ¢, bc = cb = 0;
4) (6) (0,b,¢e) = (b, e): b* = 0;
5) (7) (0,b,¢) = (b,c): ¥* =b, * = ¢, bc = cb = 0;

Hayk. Bicuuk Y:kropom yu-ry, 2018, Bum. Nel (32)
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6) (9) (0,c% ¢) =(0,¢): ¢ = ¢?;

7) (10) (0,b,¢) = (0, b, e> b’ = b;

8) (12) (0,e,¢) = (0,¢): ¢* = ¢;

9) (15) (c?,b,¢) = (b,c): ¥ =%, S =¢, b? = 2, bec = cb = ¢;
10) (16) (c?,e,¢) = (e, c): ¢

(16) ( ¢t =g
11) (17) (2, ¢3,¢) = (c): ¢* = ¢
12) (18) (e, b,b%) = (b): b = e.
HexomyTaTuBHi HamiBrpymu:

13) (4) (0,b,¢) = (b,c): B* =0, 2 =¢, be =0, cb = b;

14) (5) (be,b,c) = (b,c): b =1, ¢® = ¢, be = b?, cb = ¢;
15) (8) (be,b,c) = (b,c): B2 =0, * = ¢, cb=¢;
16) (11) (0,b,¢) = (0,b,¢): b* =b, > = ¢, be = b, cb = ¢
17) (13) (a,e,c) = {a,e,c): a®> = a, ¢* = ¢, ac = a, ca = ¢
{

18) (14) (a,b,c) = {a,b,c): a* = a, b* = b, ¢* = ¢, ab = a,

ac=a,ba="0,bc=0>b,ca=c,chb=c.

Hesiki mnosicuenns jio cruucky. depe3 0 Ta e 1M0O3HAYAE€THCs BIJIIOBIJIHO HYJIHO-
BUii Ta OAMHUYIHUIT eJleMeHTH (TpUBiaJbHI BU3HAYAIBHI CIIBBIIHOIIEHHS JJIsl HUX He
BUNUCYIOTHCs ). HasiBHICTH pisHUX OYKB B MO3HAYEHHSIX TBIPHUX PI3HUX HAMIBIPYII
BH3HAYAETHCSA CIeNudIKO0 3HAXOMKEeHHS MiHIMAIBHEX CHCTeM TBIipHUX B [18].

BayBaKnuMo, 10 CUCTEMHU TBIpHUX He 3aB:XK/IM € MiHiMaabHuUMHU. [lo-mepire, Taka
3a/lada aBTOpaMU B CBOIX poOOTax He CTaBUJIACSH, HO-JIPYTe, JIJId BUBYEHHS MaTpUY-
HUX 300pazkeHb HANIBIPY Iie i He noTpiGHO (1HKO/IM 3aiiBi CHIBBIAHOIIEHHST MOXKYTh
OyTH HABITH KOPUCHUMH).

2. ®opmyarOBaHHA OCHOBHUX TE€OPEM. YCi HAIBIPYIU BBAXKAIOTHCS TAKH-
MW, 1110 MaiOTh MOpsiIoK Tpu, [1ia 300parkeHHIM 3aBK /1M PO3YMIEMO MaTPHUUIHE 300-
pazkeHHst HaJ| (I0BibHIM) TosieM K. E mo3HavYa€ OJMHUYHY MATPHIIO OY/Ib-sIKOTO
poamipy n X n (n > 0).

BaBxk/u BBazkaeMo (auB. y 38’s3Ky 3 nuum [19]), mo marpuis 306pakenHs, sika
Bi/iIOBi1a€ HYIb0BOMY (BIAIIOBIIHO OTMHUYHOMY ) €JIeMEHTY HAIIBIPYIIH, SKIIO BiH €,
— HyJIpoBa (BiAmOBiTHO OmEUYHA). MaTpuilg 306parkKenHs, o BiANOBiIae TBIpPHOMY
eJeMenTy a, b, ¢ mo3HavaeThesa BimmosigHo yepe3s A, B, C.

Hara iaemo, 110 HAIiBIrpyu PO3LJISIAIOTHCS 3 TOUHICTIO AyaibHOCTI (i, 3BHUAaiiHO,
izomopdismy). Ile no cyri me € obMexeHHsiM, 60 JlyaJbHUM HaliBIPynaMm Bimnosi-
JIAI0Th 300parkeHHs 3 TPAHCIOHOBAHUMHU MaTPHUISAMHU.

Teopema 1. Jluwe xKomymamuera Hanie2pyna
(0,b,¢) = (b,c) : 1> =0,c> =0,bc=cb =0
i nexomymamuena nanisepyna (a,b, c) = (a,b,c):
a?=a,b®=bc2=c ab=a,ac=a,ba="b,bc=0b, ca=c, cb=rc
maroms (3 mounicmio 00 eKk6i8AACHIMHOCTIE) HECKIHYEHHE YUCAO HEPOSKAAOHUL 300~
PasrceH.

Pemrra mamiBrpymn, gK BHUIIUBAE€ 3 HACTYIHHUX TeopeM 2 1 3, MAIOThb CKiHUYEHHE
THCJI0 HEPO3KJIAJIHUX 300pazkeHb (MOBHICTIO Teopema 1 Gyje noBeena B maparpadi
5). ¥V Takux BUIAJKAX MOYKHA TOBOPUTHU PO 3arajibHi KaHOHIUHI (hopmu.

Hayk. Bicuuk Y:kropox yu-ry, 2018, sum. Nel (32)
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Teopema 2. Kanowriuna gopma daa komymamuernuz waniezpyn 2)—12) mpemuo-
20 NOPAOKY MaKa:

2) (0,c%,¢) = {(c): ¢ =0;

O F 0 0 0 0

0O 0 FE 0 0O

o 000000

10 0 0 0 E O

O 0 0 0 0 O

O 00 0 0 O

3) (0,b,¢) = (b,c): B* =0, 2 =¢, bc = cb = 0;

00 0 O E 0 00
0 0 FE O 0O 000
B= 00 0 0}’ ¢= 0O 00O
00 0 O 0O 00O

E 0 0 O
0 0 F O
“=1o 0 0 o0
00 00
7) (0,b,e) = (0,b,¢e): b*> = b;
E 0
B_(O 0).
8) (0,e,c) =(0,¢): ¢® = e;
E 0
(5 %)
ons charK # 2;
E E 0
C=10 FE O
0 0 FE

Hayk. Bicuuk Y:kropom yu-ry, 2018, Bum. Nel (32)
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oas charK = 2.

9) (¢*,b,¢) = (b,c): 0 =0, A =c, b*=c% bc=cb=c;

~—_
o O O O O
O O O O O
S O O O O

o O O

0 00 0O

ons charK # 2;

o O O O
o O O O

S O O

o o

KRR o

Qoo

0 0 0 0

0 0 0000

0 0 00 0 O
0 0 00 0 O

0 0 0000

oasa charK = 2.

10) (% e,¢) = {e,c): & =¢;

ons charK # 2;

oas charK = 2.

oS O O

o O O

oas char # 2;

0 0 0 0 00

0 0 0 0 0 O

daa char = 2.

Hayk. Bicuuk Yikropox yu-ry, 2018, sum. Nel (32)
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12) (e,b,b*) = (b): b = e.

E 0 0
B=10 ¢£ O
0 0 é&*F

oas char # 3, axwo 6 K icnye xybivnud xopinw € # 1 3 odunuuyi;

E 0 0
B=|0 0 FE
0 —F —-F
oas char # 3, axwo 6 K wne ichye kybinnozo xopers € # 1 3 odunuuyi;
E E 0 0 0 O
0O FE FE 0 0 O
B 0O 0 FE 0 0 O
0O 0 0 F E O
0O 00 0OFE O
0O 0000 F

oasa char = 3.

Teopema 3. Kanoniuna gopma oas nexomymamueruz nanicepyn 13)-18) mpe-
mMwvo20 NoPAdKY Maka:

13) (0,b,¢c) = (b,c): b* =

o O OO
o O OO
o O OO

9}
I
[yl
(M)

cCcoocococoocolmo
eNoNoNoNoNoNo NN o e
OO0 OO
OO0 OO
OO OoCOoOOo OO

coococoocomo o Coocoococolmoo
Cooc oo oc o000 o000 OoO@mo oo
CO000CO0O0O0OO coocoomoocoo

ochococo oo o cCoococo oo olm

coococoomotmo
eNolNeNoloNeloNoe N
=N oleNelo Nl o Noe N
CoOOooc oo OoC OO
=N olNoNoeloNoNoNo N
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15) (be,b,¢) = (b,c): b¥* =b, > =¢, cb =
E 0 0 00 E 0 000
0O F 0 0O 0O £ 000
B=|0 0 E 00 0 0 00O
0 0 0 00 E 0 000
0 0 0 00 0 0 00O
16) (0,b,¢) = (0,b,¢): b* =b, > =¢, bc =, cb = ¢;
E 0 00 E 0 00
s_|0 B 00 0 E 00
10 0 00 E 0 00
0 0 0O 0 0 0O
17) (a,e,c) = {(a,e,c): a®> =a, * =c, ac=a, ca = c;
E 0 00 E 0 00
0O F 0O 0O £ 0O
A= 0 0 0 0f” ¢= E 0 00
0 0 0O 0 0 0O

BayBaKuMo, IO Y BHIIQJIKY, KOJU MAaTpPUUHE 300parKeHHd HAIIBIPYIHU 3 OJHUM
TBIPHUM 331a€ThCsl HOpMaJIbHOIO hopmoro zKopaHa, MOKHa Tie 2K 300parkeHHs 3a-
Jatu i HopMabHOW (dopMmoio Ppobeniyca (ase He HABHAKHU). 3PO3YMLIO, 1O MU
BuOupaemo HopmasibHy (opmy zKoppana sik OGlibin npocty (B JesIKHX BHITQJIKaX
06uBi dhopmu 36iratoThCs).

3. JdoBenenns teopemu 2. Jlosenenus s vamsrpyn 2), 4), 6)-8), 10)-12)
BUILJIMBAE 3 BIIOMHUX De3y/abTariB JiiHiitHOT aarebpu (HopMaabaa dhopma ZKoprana
ta Opobeniyca).

Po3risineMo BUIIQIOK HAMIBIPYNH 3).

Marpumi B, C' MOXKHa TPUBOIUTH OJHOYACHUMHE IT€PETBOPEHHSIMH MOIIOHOCTI
(came Taki mepeTBOPEHHSI BiIIIOBIIAIOTH €KBIBAJIEHTHIM 300DaKeHHsIM ). 3a JI0MOMO-
IOl BKa3aHHUX TepeTBOpeHb npusegeMo Marpuio C' 1o Hopmaabaoi dopmu 2Kop-

JJaHa B TAKOMY BUTJISI/IL:
E 0
¢= (O O) ’

3ayBakKuMo, MO MATPUIO [, dKa MpH MbOMY SKHMOCh YMHOM 3MIHUTHCH, OYJIeMO
3HOBY TO3HAYATH 4epe3 B, mob He HArpOMAaJzKyBaTh iHjeKcH (i UM TPUHIUIOM
OyzieMo KopucTyBaTucs 3aBK/11). Toal, micias po3durrs marpuni B na 6s10ku (Takoro
K po3Mipy, sk i 6sioku marpuii C'), BOHA Ma€ BUIIS

B, B
B— AN
Bs By
ne By, Bs, B3, By — nesiki marpuni. Bukopucraemo pisaocti BC = CB = 0 (saki
BI/IOBIIAl0Th BU3HAYAIBHUM CHiBBigHOMEHHAM be = cb = 0):

G0 w)-00)
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By B\ (E 0\ (0 O
Bs B, 0 0) \0 0)°
I3 mux piBHOCTEH OTpUMYEMO, 1110 B Mae BUTJIsT
0 0
B- (0 34) |

Ockinbku Bf = 0, To 3ajumumocs Jiuiie IpuBecTd (MepeTBOpeHHIMH IMOiGHOCTI)
MaTpuiio B4 10 HOpMaabHOI hopmu zZKopmana y BUTIAIL

0 FE 0
Bs=10 0 0
0 0 0
(sika mepectaBHO TOAIOHA TIpsMiii cymi Bigmosigaux kiaitun zKopmana). [Tpu npomy
Tpeba po3duTH A0aaTKOBO Marpuio C' Ha HOBI OJIOKH, BiAIOBIIHO 10 PO30OUTTS
Marpumi B.

Buna/ ok HAmBrpynu 5) po3riisIa€ThCsl AHAJIOTIYHO BUMAJKY HAIBIPYNH 3), aje
MOYUHAEMO 3 TPUBEJICHHSI MAaTPHIl B 1 Ha 3aK/JII0YHOMY €Talll OTPUMYEMO MATPHUILIO
C,y, sika 3aj0Bosbage pisaicrs C; = (), a 3HAYUTH NMePETBOPEHHSIME 110i6HOCT
MOYKe OyTH TIpUBEeHa 10 KOPJAHOBOTO BUTJISILY

E 0
= (5 o)
PosrysineMo BUQI0K HAMIBrpynu 9).

[Ipusegemo marpumnio B 1o mHopmaabHoi ¢dopmu 2Kopaana B Takiit (hopmi:

E 0 0

o oo
oo o

0
0
0

o O O

Toni, micast po3ourrst Mmarpuii C' Ha 610KK (TaKOTO K PO3MIpY, sK i 6JIOKH MaTPHIT
B), maemo

C, Cy C3 Cf

Cs Cg C; Cy

Co Cio Cin Cr

Ciz Cu Ci5 Cie

i 3 pisnocreit CB = BC' = C Buniusae, 1o

C:

C:

coold
co oo
co oo
co oo

Bukopucrosyioun pisnicts B2 = C?, orpumyemo C? = E i 3aqumuiocs JuIIe Ipy-
BecTH (TIepeTBOpeHHAMH MoibHOCTi) MaTpuiio C) 10 BULIAILY

E 0
Cl_<0 _E)?

Hayk. Bicuuk Yzkropom yu-ry, 2018, Bum. Nel (32)



KAHOHIYHI ®OPMU MATPUYHUNX 30BPAZKEHDb HAIIIBI'PVII. .. 43

ko char K # 2, i 10 BUDAsLy

E
Ci=10
0

o

0

01,

E

axmo char K = 2. 3aysaxkumo, mo pisticts C? = C' BUKOHY€TbCA aBTOMATHIHO (60

A = (e =b%c=bc=rc).

4. ToBenenusi reopemu 3. PO3rasgHeMo COYATKY BUIAIOK HAMBrpymu 13).
[Ipusegemo (3a JOHOMOrOI0 HEPETBOPEHD MOAIOHOCTI 3 060Ma MATPHIEME) MaT-
pumo C' 10 KOPIAHOBOTO BHIJISALY

E 0
c__(o O).
Pozi6’emo mMaTpuiro B Ha 6J0KH (TAKOTO K PO3MIpPY):
_ (B Bz,
5= (i 52);
i Bukopucraemo pisnocri CB = B, BC' = 0:
E 0 B1 BQ o Bl B2
0 0 Bg B4 N BS B4 '
B B\ (E 0\ _ (00
By ByJ\0 0) \0 0/
3 mux piBHOCTEH OTPUMYEMO, 0 B Mae BHUTJIsA
(0 B,
B_(OO)

Pisnicts B? = 0 Buxonyerbcest apromatudano (60 b? = (¢b)(cb) = c(bc)b = 0).
Jlerko 6aunTh, 110 TTEPETBOPEHHS MOAIOHOCTI

_ (X X
=)

ne smintoe Burs marpuni C (toéro X 'CX = C abo, B eksiBajenTHiii MOBI,
XC = CX) rozi i surre Toji, KOJH BOHO Ma€ BUTJISA
(X1 0
x_(o_&)
Tomi
X~'BX = (0 Xle2X4)
0 0 ’

a, orzke, By nomyckae J10BiibHI (He3asexkHl) nepeTBopeHHst psA/IKiB i cToBiiB. 3asm-
HIUJIOCS JIUTIe MiAcTaBuT B B 3amicTh 6J0ka By fioro kanouidny dopmy (BiIHOCHO

BKa3aHUX TE€PETBOPEHD )
E 0
0 0/
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Po3rigHeMo BUIAI0K HAmBrpymnu 14).
[Tpusenemo matpurio B 10 nHopmanasnoi ¢popmu zKoprana B HACTYITHOMY BHITIS-

A
E 0 0 0
0 0 FE O
B = 00 0 O
00 0 O
Po3zi6’emo matpuiio C' Ha 6JI0KH TAKOTO K PO3MIPY:

i Bukopucraemo crnovarky pisaicte CB = C:

c, Cy Cs Cy E 0 0 O ¢y Cy C3 Cy
Cs Cs C; Cg 00 EFE 0 |C Cs Cr Cg
Cy Cu Cu Cig 000 0] |Cy Cup Cu Cio
Cizs Cuu Ci5 Cig 00 00 Ciz Cuu Cis Cis

JliBa wacruna 1iel piBaocti (micssi mepeMHOKEHHsI MATPHIh) JOPIBHIOE

cC; 0 Cy 0
Cs 0 Cg 0
Cg 0 CIO 01’
Cis 0 Ciu O
3BLAKHT

Ci 000
~1C 000
¢= Co 0 0 0
Cizs 000

Buxopucrosyioun Tenep pisaicts BC = B2, orpuMyemo, 110

E 00 0
o 000
=10 000
Ci3 0 0 0

Pipnicts C? = C Bukonyerbcsa aproMaTudno (60 ¢ = (cb)(ch) = c(bc)b = c(b?*)b =
cb® = cb* = (cb)b = cb = ¢).

Busicunmo Temep, Kooii mepeTBOpPeHHs MOII0HOCTI

X1 Xo X3 Xy
X5 Xe¢ X7 Xg
Xg Xio Xun Xipo
Xiz X X5 Xis
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He 3MiHIO€ Buragaa Marpumi B. Ilicad miacraHoBKHU i1 mepeMHOXKeHHsT MATPHUIL PiB-
micte BX = X B Mae Burian

Xl 0 X2 0 X1 X2 X3 X4
X5 0 X6 0 o X9 XIO Xll X12
Xo 0 Xy O o 0o o0 o |
X3 0 Xy 0 0O 0 0 0

3BLAKHT

L0 Xt Y, v
X=10 o X;too0 |

0 0 Yz X
ae Yz = —X6_1X8X1_61 (Bupasu jyist Y i Yy He 3Ha106/19THCsT), TO
E 000
X-loxX — X105 X, — X' X X' CisX1 0 0 0
0 00 0
X' Cis Xy 000

OTrke, NpuANLIA 10 38441 PO 300paKeHHsT YaCTKOBO BIIOPSIIKOBAHOI MHOYKHHH
3 JIBOX TOPIBHSIBHUX €JIeMeHTIB i 3rijHo pe3yabraris poboru [20] marpuni X1, Xg, Xs, Xi6
MOKHA BHOpATH TaKUM YHHOM, IO

_ _ _ 0 FE 0
X 'CsX, — X' X X' Ci3Xy = (O 0 0) ;

_ E 00

(BiZMOBITHI BEPTUKATBHI CMYTH MAIOTh OJHAKOBY KiTbKICTH CTOBIIIB). 3aIUIIHIOCT
qunre migcrasura B C' 3amicts 6s0kiB Cs, C3 iXHIO BKa3aHy KaHOHIYHY (opMmy (1K
300pasKeHHsI BKa3aHO! 9aCTKOBO BIIOPSITKOBAHOT MHOYKWHH).

PosrisineMo BUIa 0K HamiBrpymn 15).

[IpuBesemo marpuiio B 10 BUTTISTY

B:(§ 8)

Po3zi6’emo marpuiio C' Ha 6JJOKH TAKOrO 2K PO3MIpy:
Cy O
C = ;
(Cg Cy)’
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i Bukopucraemo pisaicts CB = ("

0102 EO_Clc2
Cy Oy 0 0/ \C;y C,/)°

3 miel piBrocTi oTpuMyemo, 1o C' Mae BUTIIST
Cy 0O
c=(. o).
Cs; 0
a Tozi 3 pisnocti C? = C' Mmaemo, mo CF = C, C3C; = Cs.

[IepeTBopenus mMoaiOHOCTI
(X X
(5 %)

He 3MIHIOE BUIVIsLL MaTpuill B o/l 1 Jjikiine ToJ1i, KOJIM BOHO MA€ BUIJIS/I

(X0
X = < 0 X4)
(muB. Bunmasok 13)). Toxi
XX, 0
-1 o 1 11
XTOX = <X4103X1 o)

Otxke, C} gommyckae Jmine MOMIOHOI MePeTBOPEHHS MATPHUIN, a 3HAUATH 11 MOKHA
NPUBECTH (32 JOMOMOTOI0 BUOOPY MATPHI X1) JI0 KOPJAHOBOTO BUTJISLY

E 0
o= (5 o)

Cy = (Cé O)

i, oueBuaHO, MaTpuri X; i X, MOXKHA BHOpATH TAKUM YHHOM, IO (HOBUii) BUTJISAT
matpuni C) He 3MIHUTBCs, a MaTpuig C% MaTHMe BUTJISIT

, E 0
= (g o)

Banumuaocsa aumnte migcrasut B C' 3amicts 010kiB C1, C3 IXHI BKa3aHi KaAHOHITHI

dopmu.
Posrisinemo Bunaok HamiBrpymnu 16).
[TpuBegemo marpuiio B 10 KOPAAHOBOTO BUTJISILY

B:(fj 8)

Po3i6’emo matpuiio C' #Ha GJJOKH TAKOTO K PO3MIpY:
Cy Oy
C = ;
(Cg Cy)’
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i Bukopucraemo pisaocri BC = B, CB = (-

E 0\ (Ci G\ (E 0 Ci G\ (E 0\ _(C1 G
0 0/)\cs ¢;) " \o o) \cs c)\o o) " \oy )

3 mux piBHOCTEl oTpuMyeMO, 1m0 C' Ma€ BUIJIA

E 0
(&)

Jlami joBeJieHHs] TPOBOUTHCSA AHAJIOTIYHO, K Y BHOAIKY 13).

Bunanok wamisrpynn 17) 36iraerbest 3 Bunakom 16) 3 TOUKH 30py MaTPUIHUX
300parkeHb, 00 SIKIINO HE BPAaXOBYBATU HYJILOBI 1 OJIMHUYHI €JIEMEHTU HAIIBIPYII, TO
nicsis 3aMinu a Ha b MaTuMeMo Ti K cami CHiBBIIHOIICHHS.

5. loBegenusa Teopemu 1. 3ajada mpo MarpudHi 300pakeHHsT HAMBIPYIH
1) s1erko 3BOUTHCS 10 BiOMOT 3a1a4i Mpo MydoK MaTpuilhs (AuB, Hanpukaaz, [21]);
BIIEpIIIe Tle TIOKA3aHO B [2] Jyist moJisg XapakrepucTuku 2. 3BiAcH MaeMo, 10 HamiB-
rpymna 1) Mae HeCKiHUEHHe THCJI0 HEPO3KIAIHUX 300payKeHb: MATPUIHI 300paKeHHsT
JIOBLIBHOI (bikcoBaHol po3mipuocti n = 2m > 0

=g ). o= ).

ge Jp, (o) — krituna ZKopaana po3mipy m X m 3 BJIaCHUM YUCIOM &, E,, — ouHIYHA
MaTpHIE PO3MIPY M X m, HEPO3KJIa/IHI 1 HeeKBIBaJIEHTHI MiXK CO0OIO.
Cepist 306pazkeHb 3 aHAJOTIIHUME BJIACTHBOCTSAME iCHYE 1 jist HamiBrpymnu 18):

T(a)z(Eom 8), T<b>=(§Z 8)> T<C>:(Jf<"&> 8)'

6. Py4ni ta auki Bunaaku. BijlHOCHO 03HaYeHHs PYYHHUX Ta JUKHX MAaTpHI-
HUX 33129 MU Bijcuaaemo untada j1o poboru FO. A. JTposna [1|. Hamisrpyna nasusa-
€ThCS PYUYHOWO (BIAMOBIIHO IUKOIO), SKIIO 33a9a PO OMHUC i1 300paKeHb € PYIHOIO
(BIAIOBITHO JMKOIO).

3rigro Teopemu 1 smie HamiBrpynu 1) i 18) MaTh HECKiHYEHHE YHCJIO HEPO3-
KJIQTHUX 300pazkeHb (HAJ JTOBLILHUM moJjeM). B Takiil curyarnii came [1jis 1uX Ha-
MIBIPYII 1 € CeHC CTAaBUTH MUTAHHS PO Te, PYYIHI BOHW YU JTUKI.

Hamnisrpyna 1) pyuna, 60 Takoro € 3a7a4a mpo My9I0K MATPHUIIb.

[Tokazkemo. 1o py4HoIO € i HamiBrpyna 18).

3rigao Bunaaky 16) (auB. 1oBeseHHst TeopeMu 3) 3a JOMOMOTO0 MOIOHUX MepeT-
BopeHb Marpuii A i B MOXKHa IPUBECTH 10 BULJISTY

E 0 00 E 0 00
0O E 00 0O E 00
A= 0 0 0 0" B = E 0 00
0 0 0 O 0O 0 0O

Pozi6’emo marpuio C' Ha 6;10Ku (TaKOro XK po3mipy, 9K B A ta B) i BUKOPUCTAEMO
pisaocri AC = A, CA = C:

cC, Oy C3 C4 F

Cs O Oy 0
Cy Cip Cu Chio 0
Cis Cuu Ci5 Cis 0

o o o ™
cofmo
coc oo
coc oo
i
ocolmo
oo oo
oo oo
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c, Cy C3 O E 0 00 c, Cy O3 O
Cs; Cg C; Cy 0 E 00| _|C G C Cs
Co Cip Cu Cho 00 00 Co Cip Cn Cho
Ciz Cu Ci5 Cie 0 0 00 Ciz3 Cuu C15 Cig
3 nux piBHOCTEH oTpUMy€eMO, 1m0 C' Mae BUTJISL
E 0 00
0O E 00
¢= Cg 010 0 0
Cis Ciy 00

Pisnocti C? = C, BC = C,CB = B suxonyerbca asromarudno (60 ¢ = (ca)(ca) =
c(ac)a = ca® = ca = ¢; be = (ba)c = b(ac) = ba = b; chb=(ca)b=c(ab)=ca=c).
Busicuumo Terep, Koin mepeTBOpeHHs MMOAi0HOCTI

XX Xy X
v | X% X XX
X9 XlO Xll X12
X13 X14 X15 X16

He 3Mmintoe Burasa marpuni A 1 B (tooro AX = XA, BX = XB). Ilicas nigcra-
HOBKH 1 mepeMHozkeHHs1 MaTpuilb pisaocti AX = XA, BX = X B) mMaorh BULJIsIT

X; Xo X3 Xy X1 Xy 00
Xs X X7 Xg| | Xs X 00
0 0 0 0] [Xo Xio OO0}’
o 0 0 0 X3 Xy 00
X1 Xy X3 X, X1 + X5 X9 00
Xs Xo¢ X7 Xg| | X5 + X7 X 00
X, Xo X3 Xy | Xo + X111 X0 00
0 0 0 0 X13 -+ X15 X14 0 0
3 nux piBHOCTEH BUILIMBAE, IO
Xy 0 0 0
X Xy 000
X = 0 0 X; Xg
0 0 0 Xg

Awnaniz marpuni X 'CX (nmoxi6uuii sk y Bunajky nanisrpynu 14)) nokasye, 1o
3aj1a9a Mpo Onuc 306pazkeHb HAMBIPYTH 18) 3BOANTHCS 0 aHAJOTIYHOT 3a1a4i J1Ist
B’s13KH JBOX JlaHIioris {e; < ex} i{ fi < fo} 3 HacrynmHow iHBOMONIEO: €] = €1, f} =
f1,€5 = fo (nuB. 3aranbie o3uavenust B [24]). A 3rigno knacudikamiitnol reopemu
pobotu [24] Oyub-sika B'si3Ka JIAHIIOTIB € PYYHOIO.

¢IK HACHIIOK MaeMo, 10 Cepejl HAIIBIPYI TPeThOro MOPsAKY JMKHX HAIIBIPYII
HEMAE.
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