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36 Â. Ì. ÁÎÍÄÀÐÅÍÊÎ, ß. Â. ÇÀÖIÕÀ

ÓÄÊ 512.53+512.64

Â. Ì. Áîíäàðåíêî, ß. Â. Çàöiõà (Ií-ò ìàòåìàòèêè ÍÀÍ Óêðà¨íè)

ÊÀÍÎÍI×ÍI ÔÎÐÌÈ ÌÀÒÐÈ×ÍÈÕ ÇÎÁÐÀÆÅÍÜ ÍÀÏIÂÃÐÓÏ
ÌÀËÎÃÎ ÏÎÐßÄÊÓ

We describe canonical forms of the matrix representations of semigroups of the third order over
an arbitrary field and indicate criteria on representation type.

Ìè îïèñó¹ìî êàíîíi÷íi ôîðìè ìàòðè÷íèõ çîáðàæåíü íàïiâãðóï òðåòüîãî ïîðÿäêó íàä äîâiëü-
íèì ïîëåì òà âêàçó¹ìî êðèòåði¨ ïðî çîáðàæóâàëüíèé òèï.

Ìàòðè÷íi çîáðàæåííÿ ñêií÷åííèõ íàïiâãðóï íàä ïîëÿìè âèâ÷åíi íå òàê äîáðå,
ÿê ñêií÷åííèõ ãðóï (çîêðåìà, äëÿ ãðóï, íà âiäìiíó âiä íàïiâãðóï, îòðèìàíî êðè-
òåðié ðó÷íîñòi [1]). Íàéáiëüøà êiëüêiñòü ðîáiò ïðèñâÿ÷åíà âèâ÷åííþ íåçâiäíèõ
çîáðàæåíü. Ùî ñòîñó¹òüñÿ îïèñó íåðîçêëàäíèõ çîáðàæåíü íàïiâãðóï, òî ñëiä
âèäiëèòè äåÿêi îêðåìi ðåçóëüòàòè ïðî öiëêîì ïðîñòi íàïiâãðóïè [2] òà íàïiâãðó-
ïè âñiõ ïåðåòâîðåíü ñêií÷åííî¨ ìíîæèíè [3, 4] (ó âèïàäêó ñêií÷åííîãî çîáðà-
æóâàëüíîãî òèïó) i äëÿ íàïiâãðóï Ðiññà [5�7] òà íàïiâãðóï, ïîðîäæåíèõ iäåì-
ïîòåíòàìè ç ÷àñòêîâèì íóëüîâèì ìíîæåííÿì [8�10] (ÿê ó âèïàäêó ñêií÷åííîãî
òèïó, òàê i ðó÷íîãî íåñêií÷åííîãî òèïó). Îïèñ çîáðàæåíü ìîíîìiàëüíî¨ àëãåáðè
〈a, b | ab = ba = 0〉 [3, 4] òà ìîíîìiàëüíî¨ àëãåáðè 〈a, b | a2 = b2 = 0〉 [5, 6] òàêîæ
ïðèðîäíî ðîçãëÿäàòè ÿê ðåçóëüòàòè ïðî çîáðàæåííÿ íàïiâãðóï.

Öÿ ñòàòòÿ ïðèñâÿ÷åíà çíàõîäæåííþ êàíîíi÷íèõ ôîðì ìàòðè÷íèõ çîáðàæåíü
íàä äîâiëüíèì ïîëåì äëÿ íàïiâãðóï òðåòüîãî ïîðÿäêó.

1. Íàïiâãðóïè òðåòüîãî ïîðÿäêó. Íàïiâãðóïè ïîðÿäêó n < 4 âèâ÷åíi
äîñèòü äåòàëüíî. Âèïàäêè n = 1, 2 òðèâiàëüíi. Íàïiâãðóïè ïîðÿäêó n = 3 îïè-
ñàâ Ò. Òàìóðà, ó âèãëÿäi òàáëèöü Êåëi, ùå â 1953 ð. (äèâ. ðîáîòó [15]). Âîíè
âèâ÷àëèñÿ, çîêðåìà, â [16�18]. Çàóâàæèìî, ùî ïiä îïèñîì òðàäèöiéíî ìà¹òüñÿ
íà óâàçi îïèñ ç òî÷íiñòþ äî içîìîðôiçìó òà äóàëüíîñòi (äóàëüíîþ äî íàïiâãðóïè
íàçèâà¹òüñÿ òà æ ñàìà ìíîæèíà ç îïåðàöi¹þ ìíîæåííÿ x◦ y = yx). Íàïiâãðóïè,
ùî ðîçãëÿäàþòüñÿ ç òàêîþ òî÷íiñòþ, íàçèâàþòüñÿ ðiçíèìè.

Ó ðîáîòi [18] (äèâ. òàêîæ [16]) çà äîïîìîãîþ ïåðåòâîðåíü òàáëèöü Êåëi âè-
äiëåíî ìiíiìàëüíi ñèñòåìè òâiðíèõ äëÿ êîæíî¨ ç 18 ðiçíèõ íàïiâãðóï òðåòüî-
ãî ïîðÿäêó. Iç ÿâíîãî âèãëÿäó çàêëþ÷íèõ òàáëèöü ëåãêî âèïèñàòè âèçíà÷àëüíi
ñïiââiäíîøåííÿ äëÿ âèäiëåíèõ ñèñòåì òâiðíèõ. Âèïèøåìî öi ìiíiìàëüíi ñèñòåìè
òâiðíèõ (â êóòîâèõ äóæêàõ) òà âiäïîâiäíi âèçíà÷àëüíi ñïiââiäíîøåííÿ äëÿ êî-
ìóòàòèâíèõ íàïiâãðóï (â ïåðøèõ êðóãëèõ äóæêàõ ïðèâåäåíî íîìåð íàïiâãðóïè
ïðè çàãàëüíié íóìåðàöi¨, âêàçàíié â [18], â äðóãèõ êðóãëèõ äóæêàõ âêàçàíî âñi
åëåìåíòè íàïiâãðóïè).

Êîìóòàòèâíi íàïiâãðóïè:

1) (1) (0, b, c) = 〈b, c〉: b2 = 0, c2 = 0, bc = cb = 0;

2) (2) (0, c2, c) = 〈c〉: c3 = 0;

3) (3) (0, b, c) = 〈b, c〉: b2 = 0, c2 = c, bc = cb = 0;

4) (6) (0, b, e) = 〈b, e〉: b2 = 0;

5) (7) (0, b, c) = 〈b, c〉: b2 = b, c2 = c, bc = cb = 0;
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6) (9) (0, c2, c) = 〈0, c〉: c3 = c2;

7) (10) (0, b, e) = 〈0, b, e〉: b2 = b;

8) (12) (0, e, c) = 〈0, c〉: c2 = e;

9) (15) (c2, b, c) = 〈b, c〉: b3 = b2, c3 = c, b2 = c2, bc = cb = c;

10) (16) (c2, e, c) = 〈e, c〉: c3 = c;
11) (17) (c2, c3, c) = 〈c〉: c4 = c2;

12) (18) (e, b, b2) = 〈b〉: b3 = e.

Íåêîìóòàòèâíi íàïiâãðóïè:

13) (4) (0, b, c) = 〈b, c〉: b2 = 0, c2 = c, bc = 0, cb = b;

14) (5) (bc, b, c) = 〈b, c〉: b3 = b2, c2 = c, bc = b2, cb = c;

15) (8) (bc, b, c) = 〈b, c〉: b2 = b, c2 = c, cb = c;

16) (11) (0, b, c) = 〈0, b, c〉: b2 = b, c2 = c, bc = b, cb = c;

17) (13) (a, e, c) = 〈a, e, c〉: a2 = a, c2 = c, ac = a, ca = c;

18) (14) (a, b, c) = 〈a, b, c〉: a2 = a, b2 = b, c2 = c, ab = a,
ac = a, ba = b, bc = b, ca = c, cb = c.

Äåÿêi ïîÿñíåííÿ äî ñïèñêó. ×åðåç 0 òà e ïîçíà÷à¹òüñÿ âiäïîâiäíî íóëüî-
âèé òà îäèíè÷íèé åëåìåíòè (òðèâiàëüíi âèçíà÷àëüíi ñïiââiäíîøåííÿ äëÿ íèõ íå
âèïèñóþòüñÿ). Íàÿâíiñòü ðiçíèõ áóêâ â ïîçíà÷åííÿõ òâiðíèõ ðiçíèõ íàïiâãðóï
âèçíà÷à¹òüñÿ ñïåöèôiêîþ çíàõîäæåííÿ ìiíiìàëüíèõ ñèñòåì òâiðíèõ â [18].

Çàóâàæèìî, ùî ñèñòåìè òâiðíèõ íå çàâæäè ¹ ìiíiìàëüíèìè. Ïî-ïåðøå, òàêà
çàäà÷à àâòîðàìè â ñâî¨õ ðîáîòàõ íå ñòàâèëàñÿ, ïî-äðóãå, äëÿ âèâ÷åííÿ ìàòðè÷-
íèõ çîáðàæåíü íàïiâãðóï öå i íå ïîòðiáíî (iíêîëè çàéâi ñïiââiäíîøåííÿ ìîæóòü
áóòè íàâiòü êîðèñíèìè).

2. Ôîðìóëþâàííÿ îñíîâíèõ òåîðåì. Óñi íàïiâãðóïè ââàæàþòüñÿ òàêè-
ìè, ùî ìàþòü ïîðÿäîê òðè, Ïiä çîáðàæåííÿì çàâæäè ðîçóìi¹ìî ìàòðè÷íå çîá-
ðàæåííÿ íàä (äîâiëüíèì) ïîëåì K. E ïîçíà÷à¹ îäèíè÷íó ìàòðèöþ áóäü-ÿêîãî
ðîçìiðó n× n (n ≥ 0).

Çàâæäè ââàæà¹ìî (äèâ. ó çâ'ÿçêó ç öèì [19]), ùî ìàòðèöÿ çîáðàæåííÿ, ÿêà
âiäïîâiäà¹ íóëüîâîìó (âiäïîâiäíî îäèíè÷íîìó) åëåìåíòó íàïiâãðóïè, ÿêùî âií ¹,
� íóëüîâà (âiäïîâiäíî îäèíè÷íà). Ìàòðèöÿ çîáðàæåííÿ, ùî âiäïîâiäà¹ òâiðíîìó
åëåìåíòó a, b, c ïîçíà÷à¹òüñÿ âiäïîâiäíî ÷åðåç A,B,C.

Íàãàäà¹ìî, ùî íàïiâãðóïè ðîçãëÿäàþòüñÿ ç òî÷íiñòþ äóàëüíîñòi (i, çâè÷àéíî,
içîìîðôiçìó). Öå ïî ñóòi íå ¹ îáìåæåííÿì, áî äóàëüíèì íàïiâãðóïàì âiäïîâi-
äàþòü çîáðàæåííÿ ç òðàíñïîíîâàíèìè ìàòðèöÿìè.

Òåîðåìà 1. Ëèøå êîìóòàòèâíà íàïiâãðóïà
(0, b, c) = 〈b, c〉 : b2 = 0, c2 = 0, bc = cb = 0
i íåêîìóòàòèâíà íàïiâãðóïà (a, b, c) = 〈a, b, c〉:
a2 = a, b2 = b, c2 = c, ab = a, ac = a, ba = b, bc = b, ca = c, cb = c

ìàþòü (ç òî÷íiñòþ äî åêâiâàëåíòíîñòi) íåñêií÷åííå ÷èñëî íåðîçêëàäíèõ çîá-
ðàæåíü.

Ðåøòà íàïiâãðóï, ÿê âèïëèâà¹ ç íàñòóïíèõ òåîðåì 2 i 3, ìàþòü ñêií÷åííå
÷èñëî íåðîçêëàäíèõ çîáðàæåíü (ïîâíiñòþ òåîðåìà 1 áóäå äîâåäåíà â ïàðàãðàôi
5). Ó òàêèõ âèïàäêàõ ìîæíà ãîâîðèòè ïðî çàãàëüíi êàíîíi÷íi ôîðìè.
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Òåîðåìà 2. Êàíîíi÷íà ôîðìà äëÿ êîìóòàòèâíèõ íàïiâãðóï 2)�12) òðåòüî-
ãî ïîðÿäêó òàêà:

2) (0, c2, c) = 〈c〉: c3 = 0;

C =

















0 E 0 0 0 0
0 0 E 0 0 0
0 0 0 0 0 0
0 0 0 0 E 0
0 0 0 0 0 0
0 0 0 0 0 0

















.

3) (0, b, c) = 〈b, c〉: b2 = 0, c2 = c, bc = cb = 0;

B =









0 0 0 0
0 0 E 0
0 0 0 0
0 0 0 0









, C =









E 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0









.

4) (0, b, e) = 〈b, e〉: b2 = 0;

B =





0 E 0
0 0 0
0 0 0



 .

5) (0, b, c) = 〈b, c〉: b2 = b, c2 = c, bc = cb = 0;

B =





E 0 0
0 0 0
0 0 0



 , C =





0 0 0
0 E 0
0 0 0



 .

6) (0, c2, c) = 〈0, c〉: c3 = c2;

C =









E 0 0 0
0 0 E 0
0 0 0 0
0 0 0 0









.

7) (0, b, e) = 〈0, b, e〉: b2 = b;

B =

(

E 0
0 0

)

.

8) (0, e, c) = 〈0, c〉: c2 = e;

C =

(

E 0
0 −E

)

äëÿ charK 6= 2;

C =





E E 0
0 E 0
0 0 E
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äëÿ charK = 2.

9) (c2, b, c) = 〈b, c〉: b3 = b2, c3 = c, b2 = c2, bc = cb = c;

B =













E 0 0 0 0
0 E 0 0 0
0 0 0 E 0
0 0 0 0 0
0 0 0 0 0













, C =













E 0 0 0 0
0 −E 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0













äëÿ charK 6= 2;

B =

















E 0 0 0 0 0
0 E 0 0 0 0
0 0 E 0 0 0
0 0 0 0 E 0
0 0 0 0 0 0
0 0 0 0 0 0

















, C =

















E E 0 0 0 0
0 E 0 0 0 0
0 0 E 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

















äëÿ charK = 2.

10) (c2, e, c) = 〈e, c〉: c3 = c;

C =





E 0 0
0 −E 0
0 0 0





äëÿ charK 6= 2;

C =









E E 0 0
0 E 0 0
0 0 E 0
0 0 0 0









äëÿ charK = 2.

11) (c2, c3, c) = 〈c〉: c4 = c2;

C =













E 0 0 0 0
0 −E 0 0 0
0 0 0 E 0
0 0 0 0 0
0 0 0 0 0













äëÿ char 6= 2;

C =

















E E 0 0 0 0
0 E 0 0 0 0
0 0 E 0 0 0
0 0 0 0 E 0
0 0 0 0 0 0
0 0 0 0 0 0

















äëÿ char = 2.
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12) (e, b, b2) = 〈b〉: b3 = e.

B =





E 0 0
0 εE 0
0 0 ε2E





äëÿ char 6= 3, ÿêùî â K iñíó¹ êóái÷íèé êîðiíü ε 6= 1 ç îäèíèöi;

B =





E 0 0
0 0 E

0 −E −E





äëÿ char 6= 3, ÿêùî â K íå iñíó¹ êóái÷íîãî êîðåíÿ ε 6= 1 ç îäèíèöi;

B =

















E E 0 0 0 0
0 E E 0 0 0
0 0 E 0 0 0
0 0 0 E E 0
0 0 0 0 E 0
0 0 0 0 0 E

















äëÿ char = 3.

Òåîðåìà 3. Êàíîíi÷íà ôîðìà äëÿ íåêîìóòàòèâíèõ íàïiâãðóï 13)�18) òðå-
òüîãî ïîðÿäêó òàêà:

13) (0, b, c) = 〈b, c〉: b2 = 0, c2 = c, bc = 0, cb = b;

B =









0 0 E 0
0 0 0 0
0 0 0 0
0 0 0 0









, C =









E 0 0 0
0 E 0 0
0 0 0 0
0 0 0 0









.

14) (bc, b, c) = 〈b, c〉: b3 = b2, c2 = c, bc = b2, cb = c;

B =





























E 0 0 0 0 0 0 0 0
0 E 0 0 0 0 0 0 0
0 0 E 0 0 0 0 0 0
0 0 0 0 0 E 0 0 0
0 0 0 0 0 0 E 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0





























,

C =





























E 0 0 0 0 0 0 0 0
0 E 0 0 0 0 0 0 0
0 0 E 0 0 0 0 0 0
0 E 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
E 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0





























.
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15) (bc, b, c) = 〈b, c〉: b2 = b, c2 = c, cb = c;

B =













E 0 0 0 0
0 E 0 0 0
0 0 E 0 0
0 0 0 0 0
0 0 0 0 0













, C =













E 0 0 0 0
0 E 0 0 0
0 0 0 0 0
E 0 0 0 0
0 0 0 0 0













.

16) (0, b, c) = 〈0, b, c〉: b2 = b, c2 = c, bc = b, cb = c;

B =









E 0 0 0
0 E 0 0
0 0 0 0
0 0 0 0









, C =









E 0 0 0
0 E 0 0
E 0 0 0
0 0 0 0









17) (a, e, c) = 〈a, e, c〉: a2 = a, c2 = c, ac = a, ca = c;

A =









E 0 0 0
0 E 0 0
0 0 0 0
0 0 0 0









, C =









E 0 0 0
0 E 0 0
E 0 0 0
0 0 0 0









Çàóâàæèìî, ùî ó âèïàäêó, êîëè ìàòðè÷íå çîáðàæåííÿ íàïiâãðóïè ç îäíèì
òâiðíèì çàäà¹òüñÿ íîðìàëüíîþ ôîðìîþ Æîðäàíà, ìîæíà öå æ çîáðàæåííÿ çà-
äàòè i íîðìàëüíîþ ôîðìîþ Ôðîáåíióñà (àëå íå íàâïàêè). Çðîçóìiëî, ùî ìè
âèáèðà¹ìî íîðìàëüíó ôîðìó Æîðäàíà ÿê áiëüø ïðîñòó (â äåÿêèõ âèïàäêàõ
îáèäâi ôîðìè çáiãàþòüñÿ).

3. Äîâåäåííÿ òåîðåìè 2. Äîâåäåííÿ äëÿ íàïiâãðóï 2), 4), 6)�8), 10)�12)
âèïëèâà¹ ç âiäîìèõ ðåçóëüòàòiâ ëiíiéíî¨ àëãåáðè (íîðìàëüíà ôîðìà Æîðäàíà
òà Ôðîáåíióñà).

Ðîçãëÿíåìî âèïàäîê íàïiâãðóïè 3).
Ìàòðèöi B,C ìîæíà ïðèâîäèòè îäíî÷àñíèìè ïåðåòâîðåííÿìè ïîäiáíîñòi

(ñàìå òàêi ïåðåòâîðåííÿ âiäïîâiäàþòü åêâiâàëåíòíèì çîáðàæåííÿì). Çà äîïîìî-
ãîþ âêàçàíèõ ïåðåòâîðåíü ïðèâåäåìî ìàòðèöþ C äî íîðìàëüíî¨ ôîðìè Æîð-
äàíà â òàêîìó âèãëÿäi:

C =

(

E 0
0 0

)

.

Çàóâàæèìî, ùî ìàòðèöþ B, ÿêà ïðè öüîìó ÿêèìîñü ÷èíîì çìiíèòüñÿ, áóäåìî
çíîâó ïîçíà÷àòè ÷åðåç B, ùîá íå íàãðîìàäæóâàòè iíäåêñè (i öèì ïðèíöèïîì
áóäåìî êîðèñòóâàòèñÿ çàâæäè). Òîäi, ïiñëÿ ðîçáèòòÿ ìàòðèöi B íà áëîêè (òàêîãî
æ ðîçìiðó, ÿê i áëîêè ìàòðèöi C), âîíà ìà¹ âèãëÿä

B =

(

B1 B2

B3 B4

)

,

äå B1, B2, B3, B4 � äåÿêi ìàòðèöi. Âèêîðèñòà¹ìî ðiâíîñòi BC = CB = 0 (ÿêi
âiäïîâiäàþòü âèçíà÷àëüíèì ñïiââiäíîøåííÿì bc = cb = 0):

(

E 0
0 0

)(

B1 B2

B3 B4

)

=

(

0 0
0 0

)

,
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(

B1 B2

B3 B4

)(

E 0
0 0

)

=

(

0 0
0 0

)

.

Iç öèõ ðiâíîñòåé îòðèìó¹ìî, ùî B ìà¹ âèãëÿä

B =

(

0 0
0 B4

)

.

Îñêiëüêè B2

4
= 0, òî çàëèøèëîñÿ ëèøå ïðèâåñòè (ïåðåòâîðåííÿìè ïîäiáíîñòi)

ìàòðèöþ B4 äî íîðìàëüíî¨ ôîðìè Æîðäàíà ó âèãëÿäi

B4 =





0 E 0
0 0 0
0 0 0





(ÿêà ïåðåñòàâíî ïîäiáíà ïðÿìié ñóìi âiäïîâiäíèõ êëiòèí Æîðäàíà). Ïðè öüîìó
òðåáà ðîçáèòè äîäàòêîâî ìàòðèöþ C íà íîâi áëîêè, âiäïîâiäíî äî ðîçáèòòÿ
ìàòðèöi B.

Âèïàäîê íàïiâãðóïè 5) ðîçãëÿäà¹òüñÿ àíàëîãi÷íî âèïàäêó íàïiâãðóïè 3), àëå
ïî÷èíà¹ìî ç ïðèâåäåííÿ ìàòðèöi B i íà çàêëþ÷íîìó åòàïi îòðèìó¹ìî ìàòðèöþ
C4, ÿêà çàäîâîëüíÿ¹ ðiâíiñòü C2

4
= C4, à çíà÷èòü ïåðåòâîðåííÿìè ïîäiáíîñòi

ìîæå áóòè ïðèâåäåíà äî æîðäàíîâîãî âèãëÿäó

C4 =

(

E 0
0 0

)

.

Ðîçãëÿíåìî âèïàäîê íàïiâãðóïè 9).
Ïðèâåäåìî ìàòðèöþ B äî íîðìàëüíî¨ ôîðìè Æîðäàíà â òàêié ôîðìi:

B =









E 0 0 0
0 0 E 0
0 0 0 0
0 0 0 0









.

Òîäi, ïiñëÿ ðîçáèòòÿ ìàòðèöi C íà áëîêè (òàêîãî æ ðîçìiðó, ÿê i áëîêè ìàòðèöi
B), ìà¹ìî

C =









C1 C2 C3 C4

C5 C6 C7 C8

C9 C10 C11 C12

C13 C14 C15 C16









i ç ðiâíîñòåé CB = BC = C âèïëèâà¹, ùî

C =









C1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0









.

Âèêîðèñòîâóþ÷è ðiâíiñòü B2 = C2, îòðèìó¹ìî C2

1
= E i çàëèøèëîñÿ ëèøå ïðè-

âåñòè (ïåðåòâîðåííÿìè ïîäiáíîñòi) ìàòðèöþ C1 äî âèãëÿäó

C1 =

(

E 0
0 −E

)

,
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ÿêùî charK 6= 2, i äî âèãëÿäó

C1 =





E E 0
0 E 0
0 0 E



 ,

ÿêùî charK = 2. Çàóâàæèìî, ùî ðiâíiñòü C3 = C âèêîíó¹òüñÿ àâòîìàòè÷íî (áî
c3 = (c2)c = b2c = bc = c).

4. Äîâåäåííÿ òåîðåìè 3. Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê íàïiâãðóïè 13).
Ïðèâåäåìî (çà äîïîìîãîþ ïåðåòâîðåíü ïîäiáíîñòi ç îáîìà ìàòðèöÿìè) ìàò-

ðèöþ C äî æîðäàíîâîãî âèãëÿäó

C =

(

E 0
0 0

)

.

Ðîçiá'¹ìî ìàòðèöþ B íà áëîêè (òàêîãî æ ðîçìiðó):

B =

(

B1 B2

B3 B4

)

;

i âèêîðèñòà¹ìî ðiâíîñòi CB = B, BC = 0:
(

E 0
0 0

)(

B1 B2

B3 B4

)

=

(

B1 B2

B3 B4

)

,

(

B1 B2

B3 B4

)(

E 0
0 0

)

=

(

0 0
0 0

)

.

Ç öèõ ðiâíîñòåé îòðèìó¹ìî, ùî B ìà¹ âèãëÿä

B =

(

0 B2

0 0

)

.

Ðiâíiñòü B2 = 0 âèêîíó¹òüñÿ àâòîìàòè÷íî (áî b2 = (cb)(cb) = c(bc)b = 0).
Ëåãêî áà÷èòü, ùî ïåðåòâîðåííÿ ïîäiáíîñòi

X =

(

X1 X2

X3 X4

)

íå çìiíþ¹ âèãëÿä ìàòðèöi C (òîáòî X−1CX = C àáî, â åêâiâàëåíòíié ìîâi,
XC = CX) òîäi i ëèøå òîäi, êîëè âîíî ìà¹ âèãëÿä

X =

(

X1 0
0 X4

)

.

Òîäi

X−1BX =

(

0 X−1

1
B2X4

0 0

)

,

à, îòæå, B2 äîïóñêà¹ äîâiëüíi (íåçàëåæíi) ïåðåòâîðåííÿ ðÿäêiâ i ñòîâïöiâ. Çàëè-
øèëîñÿ ëèøå ïiäñòàâèòè â B çàìiñòü áëîêà B2 éîãî êàíîíi÷íó ôîðìó (âiäíîñíî
âêàçàíèõ ïåðåòâîðåíü)

(

E 0
0 0

)

.
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Ðîçãëÿíåìî âèïàäîê íàïiâãðóïè 14).
Ïðèâåäåìî ìàòðèöþ B äî íîðìàëüíî¨ ôîðìè Æîðäàíà â íàñòóïíîìó âèãëÿ-

äi:

B =









E 0 0 0
0 0 E 0
0 0 0 0
0 0 0 0









.

Ðîçiá'¹ìî ìàòðèöþ C íà áëîêè òàêîãî æ ðîçìiðó:









C1 C2 C3 C4

C5 C6 C7 C8

C9 C10 C11 C12

C13 C14 C15 C16









;

i âèêîðèñòà¹ìî ñïî÷àòêó ðiâíiñòü CB = C:









C1 C2 C3 C4

C5 C6 C7 C8

C9 C10 C11 C12

C13 C14 C15 C16

















E 0 0 0
0 0 E 0
0 0 0 0
0 0 0 0









=









C1 C2 C3 C4

C5 C6 C7 C8

C9 C10 C11 C12

C13 C14 C15 C16









.

Ëiâà ÷àñòèíà öi¹¨ ðiâíîñòi (ïiñëÿ ïåðåìíîæåííÿ ìàòðèöü) äîðiâíþ¹









C1 0 C2 0
C5 0 C6 0
C9 0 C10 0
C13 0 C14 0









,

çâiäêè

C =









C1 0 0 0
C5 0 0 0
C9 0 0 0
C13 0 0 0









.

Âèêîðèñòîâóþ÷è òåïåð ðiâíiñòü BC = B2, îòðèìó¹ìî, ùî

C =









E 0 0 0
C5 0 0 0
0 0 0 0
C13 0 0 0









.

Ðiâíiñòü C2 = C âèêîíó¹òüñÿ àâòîìàòè÷íî (áî c2 = (cb)(cb) = c(bc)b = c(b2)b =
cb3 = cb2 = (cb)b = cb = c).

Âèÿñíèìî òåïåð, êîëè ïåðåòâîðåííÿ ïîäiáíîñòi

X =









X1 X2 X3 X4

X5 X6 X7 X8

X9 X10 X11 X12

X13 X14 X15 X16
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íå çìiíþ¹ âèãëÿä ìàòðèöi B. Ïiñëÿ ïiäñòàíîâêè i ïåðåìíîæåííÿ ìàòðèöü ðiâ-
íiñòü BX = XB ìà¹ âèãëÿä









X1 0 X2 0
X5 0 X6 0
X9 0 X10 0
X13 0 X14 0









=









X1 X2 X3 X4

X9 X10 X11 X12

0 0 0 0
0 0 0 0









,

çâiäêè

X =









X1 0 0 0
0 X6 X7 X8

0 0 X6 0
0 0 X15 X16









.

Îñêiëüêè X−1 ìà¹ âèãëÿä

X−1 =









X−1

1
0 0 0

0 X−1

6
Y2 Y3

0 0 X−1

6
0

0 0 Y8 X−1

16









,

äå Y3 = −X−1

6
X8X

−1

16
(âèðàçè äëÿ Y2 i Y8 íå çíàäîáëÿòüñÿ), òî

X−1CX =









E 0 0 0
X−1

6
C5X1 −X−1

6
X8X

−1

16
C13X1 0 0 0

0 0 0 0
X−1

16
C13X1 0 0 0









.

Îòæå, ïðèéøëè äî çàäà÷i ïðî çîáðàæåííÿ ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè
ç äâîõ ïîðiâíÿëüíèõ åëåìåíòiâ i çãiäíî ðåçóëüòàòiâ ðîáîòè [20] ìàòðèöiX1, X6, X8, X16

ìîæíà âèáðàòè òàêèì ÷èíîì, ùî

X−1

6
C5X1 −X−1

6
X8X

−1

16
C13X1 =

(

0 E 0
0 0 0

)

,

X−1

16
C13X1 =

(

E 0 0
0 0 0

)

(âiäïîâiäíi âåðòèêàëüíi ñìóãè ìàþòü îäíàêîâó êiëüêiñòü ñòîâïöiâ). Çàëèøèëîñÿ
ëèøå ïiäñòàâèòè â C çàìiñòü áëîêiâ C5, C13 ¨õíþ âêàçàíó êàíîíi÷íó ôîðìó (ÿê
çîáðàæåííÿ âêàçàíî¨ ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè).

Ðîçãëÿíåìî âèïàäîê íàïiâãðóïè 15).
Ïðèâåäåìî ìàòðèöþ B äî âèãëÿäó

B =

(

E 0
0 0

)

.

Ðîçiá'¹ìî ìàòðèöþ C íà áëîêè òàêîãî æ ðîçìiðó:

C =

(

C1 C2

C3 C4

)

;
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i âèêîðèñòà¹ìî ðiâíiñòü CB = C:
(

C1 C2

C3 C4

)(

E 0
0 0

)

=

(

C1 C2

C3 C4

)

.

Ç öi¹¨ ðiâíîñòi îòðèìó¹ìî, ùî C ìà¹ âèãëÿä

C =

(

C1 0
C3 0

)

,

à òîäi ç ðiâíîñòi C2 = C ìà¹ìî, ùî C2

1
= C1, C3C1 = C3.

Ïåðåòâîðåííÿ ïîäiáíîñòi

X =

(

X1 X2

X3 X4

)

íå çìiíþ¹ âèãëÿä ìàòðèöi B òîäi i ëèøå òîäi, êîëè âîíî ìà¹ âèãëÿä

X =

(

X1 0
0 X4

)

(äèâ. âèïàäîê 13)). Òîäi

X−1CX =

(

X−1

1
C1X1 0

X−1

4
C3X1 0

)

,

Îòæå, C1 äîïóñêà¹ ëèøå ïîäiáíî¨ ïåðåòâîðåííÿ ìàòðèöi, à çíà÷èòü ¨¨ ìîæíà
ïðèâåñòè (çà äîïîìîãîþ âèáîðó ìàòðèöi X1) äî æîðäàíîâîãî âèãëÿäó

C1 =

(

E 0
0 0

)

.

Iç C3C1 = C3 âèïëèâà¹, ùî
C3 =

(

C ′

3
0
)

i, î÷åâèäíî, ìàòðèöi X1 i X4 ìîæíà âèáðàòè òàêèì ÷èíîì, ùî (íîâèé) âèãëÿä
ìàòðèöi C1 íå çìiíèòüñÿ, à ìàòðèöÿ C ′

3
ìàòèìå âèãëÿä

C ′

3
=

(

E 0
0 0

)

.

Çàëèøèëîñÿ ëèøå ïiäñòàâèòè â C çàìiñòü áëîêiâ C1, C3 ¨õíi âêàçàíi êàíîíi÷íi
ôîðìè.

Ðîçãëÿíåìî âèïàäîê íàïiâãðóïè 16).
Ïðèâåäåìî ìàòðèöþ B äî æîðäàíîâîãî âèãëÿäó

B =

(

E 0
0 0

)

.

Ðîçiá'¹ìî ìàòðèöþ C íà áëîêè òàêîãî æ ðîçìiðó:

C =

(

C1 C2

C3 C4

)

;
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i âèêîðèñòà¹ìî ðiâíîñòi BC = B, CB = C:
(

E 0
0 0

)(

C1 C2

C3 C4

)

=

(

E 0
0 0

)

,

(

C1 C2

C3 C4

)(

E 0
0 0

)

=

(

C1 C2

C3 C4

)

.

Ç öèõ ðiâíîñòåé îòðèìó¹ìî, ùî C ìà¹ âèãëÿä

C =

(

E 0
C3 0

)

.

Äàëi äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî, ÿê ó âèïàäêó 13).
Âèïàäîê íàïiâãðóïè 17) çáiãà¹òüñÿ ç âèïàäêîì 16) ç òî÷êè çîðó ìàòðè÷íèõ

çîáðàæåíü, áî ÿêùî íå âðàõîâóâàòè íóëüîâi i îäèíè÷íi åëåìåíòè íàïiâãðóï, òî
ïiñëÿ çàìiíè a íà b ìàòèìåìî òi æ ñàìi ñïiââiäíîøåííÿ.

5. Äîâåäåííÿ òåîðåìè 1. Çàäà÷à ïðî ìàòðè÷íi çîáðàæåííÿ íàïiâãðóïè
1) ëåãêî çâîäèòüñÿ äî âiäîìî¨ çàäà÷i ïðî ïó÷îê ìàòðèöü (äèâ, íàïðèêëàä, [21]);
âïåðøå öå ïîêàçàíî â [2] äëÿ ïîëÿ õàðàêòåðèñòèêè 2. Çâiäñè ìà¹ìî, ùî íàïiâ-
ãðóïà 1) ìà¹ íåñêií÷åííå ÷èñëî íåðîçêëàäíèõ çîáðàæåíü: ìàòðè÷íi çîáðàæåííÿ
äîâiëüíî¨ ôiêñîâàíî¨ ðîçìiðíîñòi n = 2m > 0

T (b) =

(

0 Em

0 0

)

, T (c) =

(

0 Jm(α)
0 0

)

,

äå Jm(α)� êëiòèíàÆîðäàíà ðîçìiðóm×m ç âëàñíèì ÷èñëîì α, Em � îäèíè÷íà
ìàòðèöÿ ðîçìiðó m×m, íåðîçêëàäíi i íååêâiâàëåíòíi ìiæ ñîáîþ.

Ñåðiÿ çîáðàæåíü ç àíàëîãi÷íèìè âëàñòèâîñòÿìè iñíó¹ i äëÿ íàïiâãðóïè 18):

T (a) =

(

Em 0
0 0

)

, T (b) =

(

Em 0
Em 0

)

, T (c) =

(

Em 0
Jm(α) 0

)

.

6. Ðó÷íi òà äèêi âèïàäêè. Âiäíîñíî îçíà÷åííÿ ðó÷íèõ òà äèêèõ ìàòðè÷-
íèõ çàäà÷ ìè âiäñèëà¹ìî ÷èòà÷à äî ðîáîòè Þ. À. Äðîçäà [1]. Íàïiâãðóïà íàçèâà-
¹òüñÿ ðó÷íîþ (âiäïîâiäíî äèêîþ), ÿêùî çàäà÷à ïðî îïèñ ¨¨ çîáðàæåíü ¹ ðó÷íîþ
(âiäïîâiäíî äèêîþ).

Çãiäíî òåîðåìè 1 ëèøå íàïiâãðóïè 1) i 18) ìàþòü íåñêií÷åííå ÷èñëî íåðîç-
êëàäíèõ çîáðàæåíü (íàä äîâiëüíèì ïîëåì). Â òàêié ñèòóàöi¨ ñàìå äëÿ öèõ íà-
ïiâãðóï i ¹ ñåíñ ñòàâèòè ïèòàííÿ ïðî òå, ðó÷íi âîíè ÷è äèêi.

Íàïiâãðóïà 1) ðó÷íà, áî òàêîþ ¹ çàäà÷à ïðî ïó÷îê ìàòðèöü.
Ïîêàæåìî. ùî ðó÷íîþ ¹ i íàïiâãðóïà 18).
Çãiäíî âèïàäêó 16) (äèâ. äîâåäåííÿ òåîðåìè 3) çà äîïîìîãîþ ïîäiáíèõ ïåðåò-

âîðåíü ìàòðèöi A i B ìîæíà ïðèâåñòè äî âèãëÿäó

A =









E 0 0 0
0 E 0 0
0 0 0 0
0 0 0 0









, B =









E 0 0 0
0 E 0 0
E 0 0 0
0 0 0 0









.

Ðîçiá'¹ìî ìàòðèöþ C íà áëîêè (òàêîãî æ ðîçìiðó, ÿê â A òà B) i âèêîðèñòà¹ìî
ðiâíîñòi AC = A, CA = C:









E 0 0 0
0 E 0 0
0 0 0 0
0 0 0 0

















C1 C2 C3 C4

C5 C6 C7 C8

C9 C10 C11 C12

C13 C14 C15 C16









=









E 0 0 0
0 E 0 0
0 0 0 0
0 0 0 0









,
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C1 C2 C3 C4

C5 C6 C7 C8

C9 C10 C11 C12

C13 C14 C15 C16

















E 0 0 0
0 E 0 0
0 0 0 0
0 0 0 0









=









C1 C2 C3 C4

C5 C6 C7 C8

C9 C10 C11 C12

C13 C14 C15 C16









.

Ç öèõ ðiâíîñòåé îòðèìó¹ìî, ùî C ìà¹ âèãëÿä

C =









E 0 0 0
0 E 0 0
C9 C10 0 0
C13 C14 0 0









.

Ðiâíîñòi C2 = C, BC = C,CB = B âèêîíó¹òüñÿ àâòîìàòè÷íî (áî c2 = (ca)(ca) =
c(ac)a = ca2 = ca = c; bc = (ba)c = b(ac) = ba = b; cb=(ca)b=c(ab)=ca=c).

Âèÿñíèìî òåïåð, êîëè ïåðåòâîðåííÿ ïîäiáíîñòi

X =









X1 X2 X3 X4

X5 X6 X7 X8

X9 X10 X11 X12

X13 X14 X15 X16









íå çìiíþ¹ âèãëÿä ìàòðèöi A i B (òîáòî AX = XA, BX = XB). Ïiñëÿ ïiäñòà-
íîâêè i ïåðåìíîæåííÿ ìàòðèöü ðiâíîñòi AX = XA, BX = XB) ìàþòü âèãëÿä









X1 X2 X3 X4

X5 X6 X7 X8

0 0 0 0
0 0 0 0









=









X1 X2 0 0
X5 X6 0 0
X9 X10 0 0
X13 X14 0 0









,









X1 X2 X3 X4

X5 X6 X7 X8

X1 X2 X3 X4

0 0 0 0









=









X1 + X3 X2 0 0
X5 + X7 X6 0 0
X9 + X11 X10 0 0
X13 + X15 X14 0 0









.

Ç öèõ ðiâíîñòåé âèïëèâà¹, ùî

X =









X1 0 0 0
X3 X4 0 0
0 0 X1 X6

0 0 0 X8









.

Àíàëiç ìàòðèöi X−1CX (ïîäiáíèé ÿê ó âèïàäêó íàïiâãðóïè 14)) ïîêàçó¹, ùî
çàäà÷à ïðî îïèñ çîáðàæåíü íàïiâãðóïè 18) çâîäèòüñÿ äî àíàëîãi÷íî¨ çàäà÷i äëÿ
â'ÿçêè äâîõ ëàíöþãiâ {e1 < e2} i{f1 < f2} ç íàñòóïíîþ iíâîëþöi¹þ: e∗

1
= e1, f

∗

1
=

f1, e
∗

2
= f2 (äèâ. çàãàëüíå îçíà÷åííÿ â [24]). À çãiäíî êëàñèôiêàöiéíî¨ òåîðåìè

ðîáîòè [24] áóäü-ÿêà â'ÿçêà ëàíöþãiâ ¹ ðó÷íîþ.
ßê íàñëiäîê ìà¹ìî, ùî ñåðåä íàïiâãðóï òðåòüîãî ïîðÿäêó äèêèõ íàïiâãðóï

íåìà¹.
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