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PO MATPUYHI 30BPAYKEHHS MOHOIIIB YETBEPTOT'O
TOPSAJIKY

We describe canonical forms of the matrix representations of monoids of the fourth order over an
arbitrary field and indicate criteria on representation type.

Mu ommcyemo kamonivmi (hopMM MATPUUHUX 300pakeHb HCKOMYTATUBHUX MOHOI/IB YICTBEPTOTO
TIOPSIIKY HAaJ[ MOBITHHUM TTOJIEM Ta BKA3YEMO KPHUTEPIl Mpo 300paskyBaIbHUIT THUIIL.

Matrpuuni 300paKeHHs CKIHUeHHUX HAIIBIPYIT Ha/[ MOJISIMU BUBYEHI He Tak j00pe,
K CKIHYeHHHUX I'PYI. fIKIIO TOBOPUTH IIPO ONHUC HEPO3KJIAIHUX 300parkKeHb HalliB-
IPYyIL, TO B LEPILY Yepry CJiJl BUIAIATA OKPeMi Pe3yJIbTaTh IIPO IIJIKOM IIPOCTI Ha-
nierpynu [1| Ta HamiBrpymm Beix mepeTBOpeHb CKiHueHHOT MHOXKuHE (2, 3] (y BU-
[aJIKy CKIHYEeHHOTO 300paykyBabHOrO THIly) i s Hamierpyn Picca [4,5] Ta namie-
IPYII, TIOPOJIZKEHUX 1JeMIIOTeHTaMK 3 YaCTKOBUM HYJIBOBUM MHOXKeHHAM [6-8| (K
y BUNAJKY CKIHYEHHOIO THITy, TaK 1 PYyJHOTrO HecKiHdeHHoro tuiy). lobpe Bimo-
mMuil omuc 306paxkenb aaredp < a,b|a™ = 0,0™ = 0,ab = ba = 0 > [9,10] Ta
<a,bla®>=0*>=0,(ab)" =0, (ba)™ = 0 > [11,12] TaKo:K TPUPOIHO POBLIIJIATH K
pesyJibTaTi 1po 306pakeHHs (CKIHYeHHUX) HaliBIPYIL.

[Is craTTa npucBsddeHa MaTPUYHUM 300pazKeHHAM HEKOMYTATHUBHUX MOHOIJIIB
9eTBEPTOrO MOPAJIKY HaJI JTOBLIHHUM TOJIEM.

HamniBrpynu 4derBepToro mopsiaky. Hamisrpynu nopsiiky n < 4 BUBYeHi J10-
cuTh jAetasibHO. Bunajgku n = 1,2 tpusiaabni. Hanisrpymum nopsiaky n = 3 omnu-
cap T. Tamypa, y Burusyii rabauns Kesi, B 1953 p. |13]. Bonn Buuasmcs, 30Kpe-
ma, B [14-16]. Hauisrpyuu unopsijky n = 4 suepiie omucas takoxk 1. Tamypa B
1953 p. [17]. a B 1955 p. I'. E. @opcaiit [18] orpumas anajgoridauii pesyabrar 3a
JIOTIOMOTOI0 KOMII FOTEPHOI IIPOrpaMu. 3ayBazKHMO, IO I1iJT OIUCOM TPAJIUINIIHO Ma-
€ThCd Ha yBa3i OIUC 3 TOYHICTIO /10 130MOpMI3MYy Ta JyajbHOCTI (JIyaabHO JIO0 Ha-
MIBIPYIIN HA3WBAETHCA Ta YK CaMa MHOXKUHA 3 OTEPAaIi€l0 MHOXKEHHsSI T O Y = YI).
Hamisrpymu, 1o po3risijlaioThCs 3 TaKOIO TOUHICTIO, HA3UBAIOTHCH DISHUMU.

[TpuBeneMo mesdki MOsiCHEHHS 10 CIUCKY MOHOIIB, 10 BKa3aHi B TeOpeMi, sKa,
dopMyTIoeThC HIKYE. B Kpyrinx Jy’KKax BKa3aHO BCl €JIEeMEHTH MOHOIIA, a B KY-
TOBUX — MiHIMaJIbHY cucTeMy TBipHUX. Uepes () Ta e mo3HAYAETHCS BiIOBITHO HY-
JILOBUH Ta OJIMHUYHUN eJIeMeHTH; Y BUTIAJIKY, KOJIM MOHOIJT 3 BIIKUHYTUM €JIeMEeHTOM
€ TaKOK € MOHOIJIOM, HOBUII OJMHUYHUIL €JIeMeHT II03HAYaEMO depes €y (TpuBiaiib-
Hi BU3HAYAJIbHI CHIBBIIHOIIEHH JJIsl € Ta €y BUIUCYBATUCH He OyayTh). HagBHicTh
pisHuX OYKB B NMO3HAYEHHSX TBIPHUX PIZHUX HAIIBI'PYII BU3HAYAETHCS CIEIU(IKOIO
3aIPOIIOHOBAHOTO IEPIINM aBTOPOM AJTOPUTMY 3HAXOYKEHHS MIHIMAJIBHUX CHCTEM
TBipHEX (7uB., Hanpukia, [16]).

Teopema 1. Monoidu eueandy
In) (e,0,b,¢c) = {e,b,c): > =0, > =c, bc =0, cb = b;
2n) (e,be,b,c) = (e,b,c): b =b%, 2 =c, bc =b?, cb = c;
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e,0,b,¢) = (e,0,b,c): 0> =b, 2=c,bc=b, cb=c;

) (
) (
5n) (e,a,eq,c) = {e,a, ey c): a®>=a, > =c, ac = a, ca = c;
) (e;a,b,c) ={(e,a,b,c):a®> =a, b =b, > = ¢, ab = a,
ac=a,ba=0b,bc=0, ca=c, cb=c.

™) (e,a,c,d) = {(a,c,d): a*>=a, * =e¢, d* =d, ac=a, ca = a,

a J
ad=a,da=d, cd=d, dc =d.
8n) (e,a,d,da) = (a,d): a* = a, d* = e, ad = a.

YMBOPI010Ms NOBNY CUCTNEMY NONAPNO PIZHUT HEKOMYMAMUSHUT MON0IJI6 Yemaeep-
mo2o nopaAodKy.

BayBaKuMo, 1110 CUCTEMU TBIPHUX HE 3aBXK1 € MiniMajabauMu. Ilo-tiepre, Taka
3ajlada aBTOpaMW He CTaBUJIACH, MO-Jpyre, JIsd BUBUYEHHS MATPUIHUX 300parkeHb
HAIIBIPYII 1€ 1 He HOTPiGHO (IHKOJIH, Jijist HAIIIOIO METOJy BUBYEHHs, 3aifBl CIiBBi/I-
HOITIEHHST MOYKYTb OyTH HABITH KOPUCHUMH).

[Tepexoumo 10 noBegeHHS TeopeMmu 1.

Momnoin M HasWBaeThCsI 3 MPUETHAHOIO ONUHUIEIO €, aKio M \ e — HamiBrpyma.

[Tepri micTh MOHOIIIB 13 clHCeKy (BKa3aHOTO B T€OPEMi) € HANIBIPYNaMu 3 TpH-
€/IHaHOI0 OJIMHUIIEIO, a JiIsd JIBOX 1HINUX OJIMHUI He € npue/nanoro. Toi dakT, 1o
HeMae IHIMMUX MOHOIMIB 3 MPUEAHANO0 OJMHUIEIO, BUILINBAE 3 ONNCY MiHIMaJIbHUX
CHCTEM TBIPDHHUX, pPa30M 3 BU3HAYAJIbHUMH CIIIBBIHOIIEHHSIME, BCIX HAIBIPYIL TO-
pszky 3 [19]. I3 ocHoBHOrO pesysbrary poboru [20] BHILIMBAE, 0 HEKOMYTATHBHI
MOHOII TOPAJKY 4 3 HENIPUEIHAHOIO OJUHUIIEI0 BUYEPIYIOTHCA MOHOTIAMY BUTISLY
7n) 1 8n) (ne namisrpynu 3 Homepamu 98 1 100).

DopmystioBaHHs OCHOBHUX TeopeM. [lij1 300parkeHHsIM 3aBXK /11 PO3YMIiEMO Ma-
TpudHe 300pakeHHst HaJ (1oBlTbHUM) mosteM K.

Bynemo BBazkaTu, mo maTpuilsd 300pakeHHd HAIIBIPYIIH, sdKa BiIMOBiIae Hy-
JTBOBOMY (BIMOBIHO OJMHIYHOMY) €JIeMeHTY HAIIBIPYIIH, SIKIO BiH €, — HYJIbOBa
matpuist 0 (Bignosiguo omwnmana marpuig F). Ipu mpomy (mus. [21]) “Brpauae-
ThCsl JTUITIE OJTHE HEPO3KJIajiHe 300parkeHHs, a caMe OJTHOBUMIpHe 300parkeHHs, 0
CKJIAJIA€ThCS 13 OJMHUIHAX (BIIOBIIHO HYJIBOBHUX) €JIeMEHTIB 10Jist. [Ipu BUBYeH-
Hi 300pazKeHb HAMIBIPYI MOPSJIKY 4, BKazaHWX B TeopeMmi 1, MaTpuiig 300pazKeH-
Hel, 110 BIJIIIOBi/Ia€ TBIpHOMY €JI€eMEHTY €q, a, b, ¢ 103HAYAETbCs BiJIIIOBIIHO dYepe3
Eo, A, B, C.

Harazaemo, 1110 HAIIBIPYIU PO3IIISLIAIOTHCS 3 TOYHICTIO JI0 AyaJbHOCTI (i, 3BH-
gaiino, i3omopdizmy). Ile mo cyTi He € 0OMe)eHHsAM, 60 JlyaJbHUM HAIiBIPYyIIaM
BiIIIOBIIaf0Th 300parkKeHH 3 TPAHCIIOHOBAHUMHU MATPUIIAMHE.

Harasaemo, 1o HamiBrpyma Ha3suBAETbCd PYUHOR (BLAMOBIIHO IMKOMO) HaJ TIO-
aeM K| K10 3aj1ada Ipo oIuc i1 306parkeHb € PyYHOIO (BIIIOBIIHO JIUKO0); TOTHI
O3HaYeHHs TIPHBEIeHO B PoGoTi [22]. fIKino HamiBrpymna Hal (J1esKuM) HeCKIHIeHHUM
nosieM L, O K Mae, 3 TOYHICTIO JI0 €KBiBaJI€EHTHOCTI, HECKIHUEHHE YNCJI0 HEPO3KJIa -
HIX 300parkeHb, TO KayKyTh, IO BOHA € HECKIHYEHHOTI'O 300paKyBabHOTO TUITY Ha/I
noseM K. B inmomMy pasi — CKiH4eHHoro 300paKyBaJibHOTIO THITY.
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Teopema 2. Bci Hexomymamusti Monoiodu 4emeepmozo nopaoky € py4HuMuU.

Teopema 3. Ceped nexomymamusHur Monoidie wemeepmozo nopadky AUUWE MO-
H0id 6n) mae (3 mounicmio 0o ex6i8aACHIMHOCNG) HECKIHYEHHE YUCAO HEPOSKAAOHUL
300pasicens.

O6u/IBl TeopeMu BUILIMBAIOTH i3 pe3y/braris poboru [19] Ta Treopemu 1iel crarti,
gka chopMysIboBaHa 1 j0Be/ieHa HIKYe. A came, Toi (akT, 10 MOHOI BUTTIALY 6n)
Ma€ HeCKiHUeHHUI 300pazKyBajbHuil TuI BUulLnBae Teopemu 1 poboru [19] (ockisb-
KU 1efl MOHOIJI 3 NPHWEJIHAHOI OJMHUIEIO). PydHicTh 1IbOro MOHOIY BHILIMBaE i3
pesyibTariB maparpady 6 Tiel K poboTu. Permta MOHOIIB, K BUILINBAE 3 HACTY-
THOT TeopeM 4, MaioTh CKIHUYEHHUN 300pazKyBaIbHII THUII.

[Tepexoanmo 10 hopMyTIOBaHHS TEOpEMU TTPO KaHOHITHI (DOPMU MATPUIHUX 30-
OpazkeHb MOHOLIIB y Bunajkax sn), s € {1,2,...,8}\ 6.

Ba Tpajuiiiero Teopil MATpUYHUX 3a/a49 depe3 F OylaeMo Mo3Hav9aTH OJMHUYHY
MATPHUIO JOBLIbHOrO posmipy n X n (n > 0), a Tomy moBlibHi a8l kiituan F B
MAaTPUISX HE 000B’s13KOBO piBHI (SIKIO IX PIBHICTH HE BHIUIMBAE 13 JICAKAX YMOB).
[le pobuThes it TOro, MO0 HE 3arPOMAKYBATH 1HIEKCH.

Teopema 4. Karoniuna $opma 0af HEKOMYMAMUSHUT MOH0I0I6 4emMBEEPmMo20
NOPAIKY, UL0 MANOMb CKIHYEHHUT 300DANCYBAALHUT MUN, MAKA:

1n) (e,0,b,¢) = {e,b,c): 1¥?* =0, * = ¢, bc =0, cb = b;
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(e,b,c): V> =b, *=c, cb=c;

3n) (e, be, b, c)

o O O

b, > =c,bc=0b, cb=c;

4n) (e,0,b,¢) = (e,0,b,c): b?

c, ac = a, ca = C;

(e a,eq,c): a* =a, c*

5n) (e, a,eq,c)
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(a,c,d): a* =a, * =e, d* =d, ac=a, ca = a,

0 0 0 00
ad = a, da =d, cd
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d, dc = d;
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npu char K = 2.
8n) (e,a,d,da) = (a,d): a®> = a, d* = e, ad = a;

?

E 0 000 E 0 0 0 0
0O F 000 0O F 0 0 0
A=10 0 00 O, D=0 0O FE O 0
0 0 00O E 0 0 —-FE 0
0 0 000 0o 00 0 -—-FE
npu char K # 2 i
E 0 0 00O0O0O0O0 E 0 0 0 0 0 0 0 O
0O FE 0 0O0O0O0O0TO 0 0O £ 0 0 0 0 0 0 0
0 0 F 00O0O0O0OO 0O 0 F 0 0 0 0 0 0
0 0 0O0O0OO0OO0TO0OO O 0O K 0O F 0 F 0 0 0
A=10 0 0 0OO0OO0OOOOf, D=0 0 0O 0 F 0 E 0 0
00 0 0O0O0O0TO0OO O 0O 0 000 F 000
0 0 0O0OO0OO0OO0OT OO 0 0000 0 E 0O
0 0 0O0O0OO0OO0TUO0DO E 0 0 0 0 0 0 E O
0 0 0O0OO0OO0OOT OO 0 00000 0 0 F
npu char K = 2.

Hosenenust reopemu 4. OcCKUIbKE y BUNAIKax 1n) — 5n) MaeMo MOHOIIU 3 NIPH-
€THAHOIO OJIMHUTICIO, TO B IINX BUIAIKAX TBEP/ZKCHHS TEOPEMU BUILINBAE 13 TCOPEMMT
3 [19] (ane mpu npomy Tpeba MaTH Ha yBa3i, 10 CJICMCHTY €y, AKIIO BiH iCHYyE, BXKe
He 000B’SI3KOBO BIJINIOBIIa€ OJMHIYHA MATPUIIS).

Posrisinemo rernep Bumajku 7n) i 8n). Posmounenmo 3 MoHOIIA TN).

[TpuBeseMo 3a JOMOMOTO0 TePEeTBOPEHDb MOMIGHOCTI (OIHOTACHO 3 TPhOMa MaT-
putgamu A, C'; D) marpuiio A 710 KOPJaHOBOrO BUIJISIILY

1= (0 o)

i pozi6’emo marpuii C'1 D Ha 6j0KK (Takoro » posmipy):

_ Cl CQ o D1 DQ
¢= (03 04)7 b= (Ds D4>'

Bukopucraemo cnogarky pisaocti AC = A, CA = A:
E 0\ (C, C3\ (E O
0 0)\Cs Cy) \0O 0)’
Ci Co\ (E 0y (E O
Cs Cy/J\0O 0) \O0 0)’

abo (micsist mepeMHOKEeHHsT MATPHIID)

(@ 9)-00 @060
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3 ocTaHHIX JBOX PIBHOCTEH MaeMo, 10

E 0
c= (5 &)

Tenrep Buxkopucraemo pisnocri AD = A, DA = D:
E 0\ (D D\ _ (E 0
0 0)\Ds Dy) \O 0}’
Dl DQ E 0 _ Dl D2
Dy DyJ\O 0] \Ds D)’

abo (mic/ist mepeMHOKeHHsST MATPHIID)

(@)= 0 (o0

3 ocTaHHIX JBOX PIBHOCTEH MaeMo, IO

E 0
p=(5 0)

PiBHicTs D? = ) BUKOHYETHCS aBTOMATHTIHO.

e ne sukopucrani pisnocri C? = E, CD = D, DC = D exsiBasenrni, sk
Jerko Gauwnrn, pisnoctsm CF = F i CyDz = Dj.

[TpuBeseMo 3a JIOMOMOIOI0 MEPETBOPEHb MOAIOHOCT (OHOYACHO 3 TPhOMA Ma-
rputgavu A, C'; D) marpuigo Cy 10 KOPAAHOBOIO BUIJISIILY

E 0
C4:<0 —E)’

AKIO XapakTepuctuka char K noas K gopiBHIOE 2, 1 710 KOP/IaHOBOTO BUIJISALY

I
VR
CE
S
N———

YOR )
Cy=1(10 E 0],
0 0 F

skio char K # 2. Otxe, BpaxoBytoun piBHicts Cy D3 = D3, Maemo, 1110

E 0 0 E 00

c=10 F 0 ], D=1|D; 0 0

0 0 —-F 0 00

upu char K # 2 1

E 0 0 O E 000
|0 E E 0 | Dy 000
¢= 0O 0 FE 0]’ b= 0 000
0 0 0 F DY 0 0 0

pu char K = 2.
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Hani noBesieHHS NMPOBOIUTHCA IO Till 2Ke cXeMi, dAKa 3aCTOCOBYBaJIach B POOO-
i [19] npu noBenenni Bunaskis 13) 1 14) Teopemu 3. B pesysbrari orpumaemo Ka-
HOHIYHI (popMuU, BKa3aHl B HaIIiil TeopeMmi.

[Tepexoaumo 70 MoHOIIA 81).

[TpuseeMo 3a JOMOMOIOK [epeTBOPeHb MOMOHOCT] (OJHOYACHO 3 JBOMaA MaT-
purgamu A, D) marpuiio A 70 KOPIAHOBOIO BUIJISIILY

E 0
(5 0)
i po3i6’emo matpuio D Ha 610KH (TAKOTO K PO3MIPY ):
_(Dy D,
D= ( o D4> |
I3 piBnocti AD = A Bummsae, 1o
E 0
D= ( B D4) |

Ockinbku D3 = Dy, To (mepeTBopeHHAME TIOAiOHOCTI 3 MaTpuigamu A, D, mo He
SMIHIOIOTH OTPUMAHUH BUTJIsL MaTpulll A) Marpuio D npuBeIeMo JI0 BULJISILY

E 0 O

D=|D; E 0
Dy 0 —F

upu char K # 2 i 1o Bursisany

E 0 0 0
D_ Dy EF E 0
| Dy 0 E O
Dy 0 0 K

upu char = 2. Ilpn npomy B neprmomy Bumagky Dj = 0, a B npyromy — D% = 0.

Jasti J0BeJICHHS IPOBOANTHCS 10 Tiff 2Ke cXeMi, sika 3aCTOCOBYBaJach B POGOTI
[19] mpu moBenenni Bunasakis 13) i 14) reopemu 3.
Teopema 4 oBejeHa.
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