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THE PROPERTIES OF GENERALIZED SOLUTIONS OF CAUCHY
PROBLEM FOR THE HEAT EQUATIONS WITH A RANDOM
RIGHT PART

The subject of this work is at the intersection of two branches of mathematics: mathe-
matical physics and stochastic processes. The physical formulation of problems of mathe-
matical physics with random factors was studied by Kampe de Feriet. In the works by E.
Beisenbaev, Yu.V. Kozachenko and V.V. Buldygin a new approach studying the solutions
of partial differential equations with random initial conditions was proposed. The authors
investigate the convergence in probability of the sequence of function spaces of partial sums
approximating the solution of a problem. The mentioned approach was used in the works
by E. Barrasa de La Krus, Endzhyrgly, Ya.A. Kovalchuk. In the paper by V.V. Buldygin
and Yu.V. Kozachenko the application of the Fourier method for the homogeneous hy-
perbolic equation with Gaussian initial conditions is justified and existence conditions in
terms of correlation functions are studied. Homogeneous hyperbolic equation with random
initial conditions from the space Sub, () are considered in works by B. V. Dovgay, G.I.
Slyvka-Tylyshchak. The model of a solution of a hyperbolic type equation with random
initial conditions was investigated in the papers by G.I. Slyvka-Tylyshchak. There is stud-
ied a boundary value problem of mathematical physics for the inhomogeneous hyperbolic
equation with ¢-subgaussian in right part in works by B. V. Dovgay. The parabolic type
equations of Mathematical Physics with random factors of Orlicz spaces have been studied
in the papers by Yu.V. Kozachenko and K.J. Veresh. Properties of the classical solution
of the heat equation on a line with a random right part are considered in works by Yu.V.
Kozachenko and G.I. Slyvka-Tylyshchak.

We consider a Cauchy problem for the heat equations with a random right part. We
study the inhomogeneous heat equation on a line with a random right part. We consider
the right part as a random function of the space L,(€2). The conditions of existence with
probability one generalized solution of the problem are investigated.

Keywords: heat equation, stochastic processes, generalized solution.

1. Introduction. The influence of random factors should often be taken into
account in solving problems of mathematical physics. The heat equation with ran-
dom factors is a classical problem of the parabolic type of mathematical physics. In
this paper the heat equation with random right part are examined. In particular,
we give conditions of existence with probability one generalized solutions in the case
when the right part is a random field, sample continuous with probability one from
the space L,(€2).

The paper consists of the introduction and one parts. In the section we consider
heat equations with random right part. For such problem conditions of existence
with probability one of generalized solution with random right-hand side from the
space L,(£2) are found.

Poznin 1: Maremaruka i craTucTuKa



THE PROPERTIES OF GENERALIZED SOLUTIONS... 63
2. Main Results. We consider the Cauchy problem for the heat equation [3]

Ou(zx, 0?u(w,
Ul _ @880 | e, 1)

—oo < x < +oo, t>0,

subject to the initial condition
u(z,0) =0, —oo <z < +o0. (2)

Let the function &(z,t) = {{(x,t), = € R, t > 0} is a random field, selective
and continuous with probability one from the space L,(2), such that E{(x,t) = 0,
E(&(x,t))* < +00. Let us denote

B(x,t,z,s8) = E&(z,t)E(y, s).

Let B(x,t, z,s) be a continuous function.
Problem when the function £(x,¢) nonrandom has been seen in [3]. Consider

t
1 —a22(t—1) &
Glot) = —= / Ny ),
0

+o00
1
7)== / cos yat (v, 7)dz,

and
+oo
u(z,t) = /cosya:G(y,t)dy. (3)
Let D ={(z,t): x € [-A, A], t €0, T] and
+an
up(z,t) = / cosyzG(y, t)dy, (4)

o
where a,, — oo for n — o0.

Definition 1. The solution u(x,t) which is represented in the form (3) is called
a generalized solution of problem (1)—(2) in the domain D if sequence (4) converges
uniformly in probability and satisfies the condition (2).

Lemma 1. [7] Let &(x,t) is a random field, sample continuity for each t > 0
with probability one, there is a continuous derivative % for x € R and satisfy

condition
/\/E(@(x,t))dx < 0. (5)
R

Then for the function £(x,t) for each t > 0 the integral Fourier transform

+oo
- 1
é(yﬁ):E/cosyxé(w,T)dw
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exist and

+o00
{(z,1) = \/LQ—W/COSWE(% t)dy

Lemma 2. [8] Let £(x,t) be a random field, sample continuity from the space

L,(Q2). Let B(x,t,v,s) be the correlation function of the field {(x,t). For all t >
+00 +00

0, s >0 assume that [ [ |B(x,t,v,s)|dxdr < B < c0.
Then Lebesgue @'nt_egrc;ls
+oo
/ cos yzG(y,t)dy

exist with probability one.

Theorem 1. [5] Let R* be the k-dimensional space,

d(t,s) = max |t; — s,

1<igk

T={0<t;<T;,,1=1,2,....k}, T; > 0. Let X, = {X,, (t), t € T} be a sequence
of stochastic processes belonging to the Orlicz space Ly (), and let the function U
satisfy the g-condition. Assume that

1) forallteT
Xo(t) = X (1)

wn probability;
2)
sup  sup || Xy (t) — Xu(s)[| < o(h),

d(t S)<hn 1.00 ,00

where o = {o(h), h > o} is a monotone increasing continuous function o(h) —
0 as h — 0;

3) for some e >0

k

/05 4D (11 (%(—Ln(u) + 1)) du < o,

where oV (u) is the inverse function to o(u).

Then the processes X, (t) are continuous with probability one and the converge in
probability in the space C(T).

Theorem 2. [7] Let T ={—A<z <A, 0<t<T}

d(z,xq1,t,t) = max (|lx — x|, [t = t1]) .

= {X, (z,t), (x,t) € T} be a sequence of stochastic processes belonging to the
spac Ly(82), where p > 2. The sequence Xy(x,t) converges in probability in the

space C(T) if
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1) for all (z,t) € T X, (x,t) — X(x,t) in probability;

2)
sup  sup (B|Xu(2,t) — Xo(z1, 1)) < Ch,

d(z,xl,t,tl)gh n=1,00
where a > 2.
p
Lemma 3. [5] Let a function X(A\,u) , A >0 and v > 0 be such that:
n s Xl <B

0<u<00,0<A<00
2) | XA\ u) — X\ v)| < CAu—wv| for allu >0, v > 0.

Let o(N), A > 0 be a continuous increasing function such that (X)) > 0 for all
A > 0, and the function ﬁ is increasing for A > vy, and for some constant vy > 0.
Then

oA+ vg)
()

| XA\, u) — X (A, v)| < max(C,2B)

for all X >0 and v > 0.

Theorem 3. Let {(x,t) is a random field, selective and continuous with prob-
ability one from the space L,(S2). and the conditions of lemma 1 and lemma 2 are
holds, and

“+oo

[ (Bl npyde <=2
Then u(x,t) is the classical solution to the problem (1)-(2).

Proof. 1t follows from Lemma 2 that there exist with probability one integral

+oo

/ cos yzG(y, t)dy,
Then from Theorem 1 that integral (4) are converging in probability to integral

+oo

/ cos yzG(y, t)dy,
for 2] <A, 0<t<T.
By to Theorem 2, integral (4) coincide in probability space C(7") required that

the conditions: )
(E |uan (:,U, t) - uan (l‘17 t1)|p); S Cha7

where

Qn

Uq, (T, 1) = /cosny(y,t)dy.

—an
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Using generalized Minkovskoho inequality we obtain

(E|ua, (z,1) = ta, (z1, 1)) =

RS

an an p
E /Cosny(y,t)dy— /Cosyle(y,tl)dy =
an p %
E / [cosyzG(y, t) — cosyz1G(y, t1)] dy =
"

IN

an

E / [(cosyx — cosyx1)G(y,t1) + (G(y,t) — G(y,t1)) cosyzx] dy

an

o0

[ [lcosyz = cosyai| (G001 + (BIG0.1) = Glu. )]} ] dy.

—00

Using the inequality |sinz| < |z]|* for 0 < @ < 1 and an arbitrary h, |z — x| < h

we will have

y(l‘ ; (L’1> < 21704|y‘o¢ha'

sin

|cos yr — cosyxy| < 2

Consider
t1 p

E /eazyz(tlT)é(y,T)dT <

0

LS

B =
|
5~

N

(ElG(y, t)[")

t1

1 2,2 - :

e v (i) (E T p) " dr.

=/ Eym)
0

1
+oo P\ b

; 1
=—|F /Cosyxf(x,T)dx <

e}

+o00o
1 e L
—= [ Bl as < ——=e.

Therefore ,
1
1
(E|G(y,t1)|p)% < 2_/@6—a2y2(t1—7')d7- <
s
0
1 1 1 —a2yh |
2 ay?
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Let t; < t then )
(E|G(y7 t) - G(y7 t1)|p); =

t t1 p %
RS S
2T J )

t

~+
-

51-
oy
=

t1

t1

[l
e (B np) ar

t1

—a?y?(t-1) _ o—a®y?(ti—7)

(Blét )| ars

Using Lemma 3, we obtain the estimate

2,20, 202 (44—
‘eay(t T)_eay(t1 T)

= ‘ 6*0«2112 (tl 77)

[e*aQyQ(t*T) — eV T)} é( )dTJF/eazm(tT)g(yaT)dT -

‘67a2y2(t7t1) -1 S

efa2y2(t1,7-) max(l, a2)y2a\t _ t1|a S €,a2y2(t177) max(l, a2)y2aha.

Therefore 1
(E|G(y,t) — Gy, t1)[")» <
t
/eay (t1— T)max(la)2aha@ dT—|—/ —aytr@ dr
0
S 2\, 21 o 1 —a 2¢ —a2
7 max(1,a”)y“*h az_yQ‘l y’t1 / y2(
h®
9 max(l,aQ)— ‘1 T +/6—a VA (t=7) g
27 a’y?(1 — «)
t1
Then 1
(E |tg, (7,1) = Uq, (x1,11)[")? <
o[ 1 B
_ 21—a apol_— |1 —a2y2t, he 1 2 ‘1 _
o / |: |y |a2y2 + maX( ,a )—a2y2(1 _@)

t

+o0
/6—a2y2(t_7—)d7_ dy: 9/ [21—a 2h2_
Y a“y~«
0

t1

t
a

ha 1 2 ‘1 . —a2y2t1
max(1,a )—a2y2(1 —a) e

t1 |
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«

—22t 2 h —(l22t
l—eayl —f-hc‘max(l,a)m‘l—e y1>|

@ 11—«
;/{2 a22a
0

t +oo h‘l
a“y=—«
t1 1
h / ©
a 2 __—a?y%t —a2y?(t—T) _
h max(l,a)—aQyz(l_a)‘l e v —I—/e Y dr | dy —W(]1+Ig).
t1
Consider
i h
_ 11—« —a?y?t a 2 —a’y?t
[1—/|:2 a2y27a 1—6 v —|-h max(l,a)m)l—e vy
0
t 1 1
+ / P | gy — 2 2h / 21 e
a (TRl
t1 0
1 1 t
Emax(l a?) —1 1— e "t gy + eV ar | dy =
a2 y20-a) Yy Yy
0 0 t1
21 aha ha

Iy + —max(l a*) g + L.

Since |1 — et < q224, | < a2y2T,

1

1 2,2 G2T
Iy= [ ——[1— e |ay < .
H /yQ(la) ‘ Y=+
0
i 2T
1 2,2 a
Ip= | ——|[1— et dy < .
’ 0/ RN V=911

Using that e=*¥*(t=") < 1, we have

1 t

Ly = / / eV dr | dy < / t—t)dy < h < hoT
0

0 t1

So we have

11—« 2
I < he 2 T+max(1,a)T+T1_a ‘
a+1 200+ 1

+00 ho‘
_ 11—«
I = / [2 a2y?—
1
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t

o h _a2y? a2y (t—1
h max(l,aQ)m‘l—e yTh +/€ ye(t )dT dy:
t1
gl-apa he o
2,2 2,2
1 —e v dy 4+ — max(1,a?) / —_ ‘1 — eV dy+
a2 1/ nya a2 1 y2(17a)
+o0o t
—a2y2(t—7) 21—0¢ho¢ [e% 5
(& dr dy = 02 [21 + ? max(l, a )[22 + 123.
1 t1
N N 1
Iy = 1—e @Vl g </ dy = .
21 / o € Y= 2o Y 1—a
1 1
N N 1
_ _—a?yih _
I = / 210 ‘1 ‘ dy < / g = T
1 1
“+o0 t 1 +ool
[23 — / /ea2y2(t7)d7_ dy — — / - (1 . B,a2y2(t7t1)) dy S
a
1 t1 1 y
he o he |
2 Yy 2
ﬁmaxl,a / m—ﬁmax(l,a )m
1
Therefore o1 ) ( 2)
o 1 max(1,a
I, = . ’ he.
? ( a? l1l—a T a? >
Then for 0 < a < %, we have
(B Jta () = g, (21, 11)]")7 < Ch,
where
e /2T N max(1,a®)T Lla 217 1 N 2max(1,a?)
Cr \a+1 200 + 1 a2 1—« a? '
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CamBka-Tumumak I'. I. Biractusocti yzaraibnenoro po3s’a3ky 3aadi Korri s
PIBHSIHHSI TEILIOIIPOBIAHOCTI 3 BUIIQIKOBOIO IIPABOIO YaCTUHOIO.

Tematuka Janol pobOTH 3HAXOMUTHCA HA TIEPETHHI JIBOX TaJIy3eil MAaTeMaTHKU: MaTeMa-
THuHa Pi3uKa Ta BUIAIKOBI IPOIECH. Y MOBH Ta OIIHKY ITBUIKOCTI 301?KHOCTI 38 WMOBIpHi-
CTIO BUIIQIKOBUX PSIB 3HAUILIN MHUPOKE 3aCTOCYBAHHS IIPU PO3B’sA3yBaHi 3324 MaTeMa-
TuaHOl (bizukm 3 BumaakoBuMu (gpakropamu. Pi3udHi TOCTAHOBKN TAKUX 33189 PO3TJISIIAB
Kamme ne @ep’e. Y poborax 0. B. Kozauenka, B. B. Byngurina, €. Becenbaesa 3amporo-
HOBAHO IiJIXiJ, AKAN IPYHTYETHCS Ha JIOCJI/2KEHH] y IMeBHUX (DYHKITIOHAJIBHUAX IIPOCTOPAX,
3612KHOCTI 32 IMOBIPHICTIO IOC/IIJOBHOCTI YACTKOBUX CYM, III0 alIPOKCUMYIOTH PO3B’SI3KH J1€-
sakux Kpaitopux 3amad. B. B. Bymmuria ta FO. B. Kozauenko posrisimaau mepiry KpailoBy
3a/1a9y JJI8 OJHOPIAHOTO rinepOoiTHOro PiBHHHS 3 BUMIAIKOBUMHU I'ayCCOBUMU TOYATKOBU-
mu ymoBamu. B poborax FO. B. Kozauenka i Bappaca e JIa Kpyc 11s k 3aj1a9a BUB4a1ach,
KOJIM TI0YATKOBI YMOBHU € BHIIaJIKOBUMHU IIpoliecaMu 3 mpocropis Opiida. ¥ GararoBUMipHO-
MY BUIIQJIKY OJHOPiJHE TirmepOoJiuHe PIBHAHHS 3 MOYATKOBUMHU BHUIAIKOBUMU YMOBAMH 3
poctopy Sub, (€2) posrismanace B poborax 0. B. Kosaenka i I'. I. Comusku. ¥ npansx B.
B. HloBras Buepire po3risimansach KpaitoBa 3aada [iJisi HEOTHOPITHAX PIBHSHB 3 BUITAIKO-
BOIO IIPABOIO YaCTUHOIO, IO € (-cyOrayccoBuM BumagkoBuM mosieM. Ilapabosivyni piBasnas
MareMaTUYHOI (PI3UKMU 3 BUIIAJIKOBUMU pakTopamu 3 npocropy OpJrida TakozK JOCIIIKY-
BaJmcs: y poborax FO. B. Kozauenka ta K. 11. Bepern. BiacTuBocTi KIIaCHIHOTO PO3B SI3KY
PIBHSIHHSI TEILIOIPOBITHOCTI Ha MpsiMit gociimkyBases y npaisix FO.B. Kosauenka Ta I'.1.
Causka-Tunnmax.

B poborti posrirsinyTo 3amady Ko mrs piBHAHHS TENIONPOBIIHOCTI HA IPsiMiii 3 BULIAI-
KOBOIO IIPABOI0 IACTHHOIO 3 mpocTopy L, (€2). Orpumano yMoBu icHyBaHHS 3 iMOBipHiCTIO
OJIMHUIIA y3araJbHEHOTO PO3B’SA3KY TaKOl 3aJadi.

Kuro4oBi ciioBa: piBHSHHS TEIJIONPOBIIHOCT], BUIAIKOBI IIPOIECH, Y3araJbHEHIIT PO3B’si-
30K.
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