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ON QUASI-PRIME DIFFERENTIAL SEMIRING IDEALS

The notion of a quasi-prime ideal, for the first time, was introduced in differential
commutative rings, i.e. commutative rings considered together with a derivation, as dif-
ferential ideals maximal among those not meeting some multiplicatively closed subset of
a ring. The notion of a semiring derivation is traditionally defined as an additive map
satisfying the Leibnitz rule. Due to rapid development of semiring theory in recent years,
the need of considering ideals in semirings defined by similar conditions arose.

The present paper is devoted to investigating the notion of a quasi-prime ideal of
differential semiring (which is defined as a semiring together with a derivation on it), not
necessarily commutative. It aims to show, how quasi-prime ideals are related to prime
differential ideals, primary ideals, maximal ideals and other types of ideals of semirings.
The paper consists of two main parts. In the first part, the author investigates some
properties of quasi-prime differential ideals, and gives some examples of such semiring
ideals, such as prime differential, maximal differential ideals, or ideal obtained by derivation
operator acting on a prime ideal of a semiring. It contains a theorem, which gives equivalent
conditions for a quasi-prime semiring ideal to be prime.

The second part of the paper is devoted to considering chains of quasi-prime ideals.
In this part, the interrelation between quasi-prime ideals and other types of differential
ideals of semirings is established. It contains a theorem, which gives a characterization
of such ideals in case of a commutative semiring. This characterization involves the no-
tion of the radical of an ideal of a semiring and a derivation operator for semirings. The
paper ends with a theorem, which states that every chain of quasi-prime ideals of a semir-
ing has the least upper bound and the greatest lower bound. It is also proven that ev-
ery quasi-prime ideal containing some differential ideal contains a quasi-prime ideal
minimal among all the quasi-prime ideals of the given semiring, which contain the above
mentioned differential ideal.
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1. Introduction. Semirings were introduced by Vandiver [9] as a generalization
of associative rings and distributive lattices. The notion of a semiring derivation is
defined in [4] as an additive map satisfying the Leibnitz rule. Thierrin [8] studied
a semiring of languages over some alphabet and showed that it forms a differential
additively idempotent semiring under the operations of union as the addition and
catenation as the product, proving that differential semirings are of great interest
due to their possible applications. Recently Chandramouleeswaran and Thiruveni [2]
investigated different properties of semiring derivations and differential semiring
ideals. This motivates a further study into properties of differential semirings, not
necessarily idempotent, commutative, or connected with formal languages. Quasi-
prime ideals were introduced by Keigher [6] for differential commutative rings. The
objective of this paper is to investigate quasi-prime ideals of differential semirings,
not nesessarily commutative, and their interrelation with prime differential ideals.
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For the sake of completeness some definitions and properties used in the paper
will be given here. For more information on semirings see [4] or [5].

Let R be a nonempty set, and let + and - be binary operations on R. An
algebraic system (R, +,-) is called a semiring if (R, +,0) is a commutative monoid,
(R,-) is a semigroup and multiplication distributes over addition from either side.
A semiring (R, +,-) is said to be commutative if - is commutative on R.

Zero 0 € R is called (multiplicatively) absorbing if a-0=0-a =0 for all a € R.
An element 1 € R is called an identity if a-1=1-a = a for all a € R.

An element a € R is called additively cancellable if a +b = a + ¢ follows b = ¢
for all b,c € R. Denote by K*(R) the set of all additively cancellable elements of
R. A semiring R is called additively cancellative if K™ (R) = R.

An element a € R is called additively idempotent if r +r = r. Denote by I't(R)
the set of all additively idempotent elements of R. A semiring R is called additively
idempotent if IT(R) = R.

A semiring is called entire if ab = 0 implies that either a = 0 or b = 0 for all a, b €
R. A subset S of R closed under addition and multiplication is called a subsemiring
of R. The center of a semiring R is a set Z(R) = {r € R|rs = srfor alls € R}. It
is a subsemiring of R. Since 0 € Z(R), Z(R) # @.

A left ideal of a semiring R is a nonempty set I # R which is closed under
addition and satisfies the condition ra € I for all @ € I, r € R. Similarly we can
define a right ideal and a (two-sided ideal) of a semiring. An ideal I of a semiring R
is called subtractive (or k-ideal) if a € I and a+ b € I follow b € I for any a,b € R.
An ideal I of the semiring R is called strong if a +b € I implies a € [ and b € [ for
any a,b € R. Every strong ideal is subtractive. The k-closure cl(I) of an ideal I is
the set cl(I) of all elements a € R such that a + b € I for some b € I. It is an ideal
of R satisfying I C cl(I) and cl(cl(I)) = cl(I). An ideal I of R is subtractive if and
only if I = cl(I).

The zeroid Zr(R) of a semiring R is the set of elements a of R such that there
exists b € R such that a + b = b. The zeroid of a ring consists of 0 only. The zeroid
of a semiring is a (two-sided) ideal. [1]

A prime ideal of R is an ideal P # R such that whenever I.J C P for any ideals
I and J of R then either I C P or J C P. An ideal P of a commutative semiring
R is prime if and only either a € P or b € P whenever ab € P for any a,b € R. A
primary ideal of a commutative semiring R is a proper ideal P of R for which either
a € Porbe P whenever ab € P. An ideal P is primary if and only if I.J C P
implies that either I C P or J C v/P. If Q is a primary ideal of a commutative
semiring R, then 1/@Q is a prime ideal of R [4].

Throughout the paper R denotes a semiring in the above sense, not nesessarily
commutative, with identity 1 and absorbing zero 0 # 1, unless stated otherwise. N
denotes the set of positive integers, and Ny = N J{0}.

2. Quasi-prime and prime differential ideals. A map 6: R — R is called
a deriwation [4] on R if 6 (a +b) = d(a) + d(b) and 0 (ab) = 0 (a)b + ad (b) for
any a,b € R. A semiring R equipped with a derivation 0 is called differential with
respect to the derivation d, or a d-semiring, and denoted by (R, ) [2].

For an element a € R denote a¥ = a, ' = 6(a), a’ = §(6(a)), ...a"™ =
§(a™ ), n € Ny, and a'* = {a™|n € Ny}.

Let (R, ) be a differential semiring. For a subset A of R we define its differential
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Ay to be the set

Ay ={ac R}a(") € Aforalln € Ny } .

An ideal I of the d-semiring R is called differential [4] if 0 (a) € I whenever
a € I. A subsemiring S of the d-semiring R is called differential if a € S follows
d(a) €S.

{0} is a differential k-ideal of any differential semiring R. As noted in [2], in a
differential semiring R with absorbing zero the set V(R) of all additively invertible
elements of R is a differential ideal.

The set IT(R) of all additively idempotent elements of R is a differential ideal of
R. Every multiplicatively idempotent two-sided ideal I of a differential semiring R
is differential. If I is a differential ideal of R, then its k-closure cl(1) is a differential
k-ideal of R [7].

Proposition 1. The zeroid Zr(R) of a differential 6-semiring R is a differential
tdeal of R.

Proof. For a € Zr(R) solvability of the equation a + = = x for x € R implies
d(a) + d(x) = 0(x), which in turn gives é(a) € Zr(R).

Proposition 2. If R is an additively cancellative differential semiring, then its
center Z(R) is a differential subsemiring of R.

Proof. For a € Z(R) and b € R we have ab = ba. Then §(ab) = §(a)b+ §(b)a
and 6(ba) = 6(b)a + ad(b) follows d(a)b = ad(b). Therefore, §(a) € Z(R).

A non-empty subset S of the semiring R is called an m-system [4] of R if for
every a,b € S there exists an element r € R such that arb € S. An ideal I of R is
prime if and only if R\ I is an m-system [4]. Any maximal ideal of a semiring is
prime [4].

A differential ideal @ of R is called quasi-prime if it is maximal among differential
ideals of R disjoint from some m-system of R.

Proposition 3. Any prime differential ideal of R is quasi-prime.

Proof. For any prime ideal P of R the complement R\ P = S is an m-system [4].
The result follows by definition.

Proposition 4. Every mazimal differential ideal of R is quasi-prime.

Proof. Let () be a maximal among differential ideals of R, S = U(R) be the set
of units of R. Then S is an m-system and no differential ideal I contains a unit of
R, s0 QN U(R) = . Therefore, @ is a quasi-prime ideal.

Proposition 5. In any differential semiring R for any prime ideal P of R the
differential ideal Py is quasi-prime.

Proof. Suppose P is a prime ideal of R and S = R\ P. Then S is an m-system
and SN P = (. By Propositions 10 and 11 from [7], Py is a differential ideal of
R disjoint from S. If I is any differential ideal disjoint from S, then I C P. Thus
I =1, C Py. Hence Py is a quasi-prime ideal of R.

Theorem 1. For a differential semiring R the following conditions are equiva-
lent:
1) Any quasi-prime ideal I in R is prime.
2) If I is a prime ideal of R, then Iy is a prime differential ideal of R.
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3) Any prime ideal, minimal over some differential ideal, is differential.

4) If S C R is an m-system of R (0 ¢ S) and I is a differential ideal of R disjoint
from S, then every differential ideal of R which is mazimal among differential
wdeals containing I and not meeting S is prime.

Proof. (1) = (2) If I is prime then by Proposition 5 I is quasi-prime.
Therefore, Iy is a prime differential ideal.

(2) = (3) Let I be a differential ideal of R, and let P be a prime ideal minimal
among prime ideals containing /. Then I = Iy C Py C P. Since Py is prime, then
P, = P. Therefore, P is a prime differential ideal.

(3) = (4) Obvious.

(2) = (4) Obvious.

(4) = (2) Suppose S C R is an m-system of R (0 ¢ S), I is a differential ideal
of R such that INS = &, and every differential ideal K of R, maximal among those
containing / and not meeting S is prime. Let P be any prime ideal. Under given
conditions S = R\ P is an m-system of R and {0} is a differential ideal disjoint
from S. Moreover, Py C P follows SN Py = &. Thus Py is a differential ideal of
R disjoint from S. If I is an arbitrary differential ideal of R such that Py C I and
I'NS =@, then I C P. It follows that [ = Ix C Py. Thus Py is prime.

3. Chains of quasi-prime ideals. Many interesting results on quasi-prime
ideals can be obtained in commutative case.

Let A be a subset of R. Denote the smallest differential ideal containing the set
A by [A], the smallest radical differential ideal containing A by {A}, the smallest
differential subtractive ideal containing the set A by |A|, and the smallest radical
differential subtractive ideal containing A by (A) .

Lemma 1. Let a,b € R, n € Ny, 6: R — R be a semiring derivation. Then
a"16™(b) € |ab).

Proof. By induction on n. The lemma is obviously true for n = 0. Let n > 1.
Assume the assertion is true for all £ < n.

Consider §(a™ - b™ V) = na"a/b™ Y + @™, and multiply it by a. Then
a-d0(a” - b)) = na"a’b™ Y + a"*1p™. By induction hypothesis, since |ab| is a
differential ideal, then a-d(a™-b™~Y) € |ab|, moreover na™a’b™~Y +a"*!. Therefore
by subtractivity of |ab|, a""'b™ € |ab|, as needed.

Theorem 2. Every quasi-prime ideal of R is primary.

Proof. Let ) be a quasi-prime ideal of R, and let a ¢ @ and 0" ¢ @ for
all n € Ny. Prove that @ is primary by showing that ab ¢ (. There exists a
multiplicatively closed subset S of R such that SN Q =0 and I NQ # ( for every
I # @ such that Q@ C I. Then Q C Q + >_,_, R6¥(a) = I for some n € Ny and
Q # I, and by maximality of @), IN.S # 0. So there exists s € SNQ+Y_,_, R6*(a)
for some m € Ny. Similarly, there exists an element ¢t € SN Q + >_,", RO (b"H1).
Then by Lemma 1 s"t € |ab| + @ for some r € Ny. Hence ab ¢ @, for if ab € @, then
lab] C @, and |abl + Q@ = @, so s"t € @, and SN Q # () which would contradict to
the assumption.

In a commutative semiring R the radical of an ideal I is denoted by v/I and
defined to be the set VT = {r € R|r" € I for some n € Ny}. According to [3]
I C V1. If T is a subtractive ideal of R, then so is v/I. Moreover, VI is an
intersection of all the prime ideals of R containing I, whenever 1 € R.
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Theorem 3. Let R be a commutative semiring. For a differential ideal Q) of R
the following conditions are equivalent:
1) Q is quasi-prime;
2) Q is primary and Q = (V/Q)4;
%) V@ € Spec(R) and Q = (VQ)y;
4) There exists P € Spec(R) such that () = Py.

Proof. (1) = (2) Let @ be a quasi-prime ideal of R. @ is primary by Propo-
sition 2. Moreover, () is maximal among differential ideals of R disjoint from some
multiplicatively closed subset S. Prove that /Q NS = 0. If a € v/Q NS, then
there exists n € Ny such that a™ € ), and a € S. Therefore, the Ra™ C @, and
Ra™ C QN S, which contradicts to the assumption.

Since @ C /@ then by [7] Q@ = Q4 C (v/Q)4. Then QNS =0 and (VQ)y C
VQ follow (1/Q)x NS = 0. Since @ is the maximal among differential ideals of R

not meeting S, then @ = (v/Q)4.

(2) = (3) Let @ be a primary ideal of R. Then /@ is a prime ideal of R [4].
(3) = (4) P = +/Q is the prime ideal of R satisfying the condition Q = Py.
(4) = (1) Let P be a prime differential ideal of R such that @ = Px. Then by
Proposition 5 @ is quasi-prime.

Proposition 6. Let f: Ry — Ry be a differential semiring homomorphism. If
Q is a quasi-prime ideal of Ry, then f~1(Q) is a quasi-prime ideal of R;.

Proof. Let Q be a quasi-prime ideal of R;. By Theorem 5 there exists P €
Spec(R) such that Q = Py. Then f~1(Q) = f~'(Py) = (f~'(P))4 by Proposition
13 [7]. Then again since f~(P) € Spec(R), by Theorem 3 f~!(Q) is quasi-prime in
Rl.

Let Spec(R) denote the spectrum of R. Denote by Quas(R) the set of all quasi-
prime differential ideals of R, and call it a quasi-prime spectrum of R. Then the map
a: Spec(R) — Quas(R) given by a(P) = Py for any P € Spec(R) is surjective,
and the map 3: Quas(R) — Spec(R) given by 5(Q) = /@ for any Q € Quas(R) is
injective. Moreover, af = id is the identity on Quas(R).

A differential homomorphism f: R; — R, induces a function f~1: Quas(Rs) —
Quas(Ry).

Theorem 4. Let R be a commutative semiring. If {Q;}icr is a chain of quasi-
prime ideals of R, then (\,c; Qi s a quasi-prime ideal of R and there is a unique
smallest quasi-prime ideal of R containing | J,c; Qi

Every chain of quasi-prime ideals of R has the least upper bound and the greatest
lower bound.

Proof. 1If {Q;}ics is a chain of quasi-prime ideals of R, then by Proposition 2,
{V/Qi}icr is a chain of prime ideals of R. Since (,c; v/@Q; and U, ; v/Q; are prime
ideals of R. By Proposition 10 from [7] ((;c; VQi)% = Nier(VQi)# = Nic; Qi- The
ideal (,.; v/Q; being prime follows that ((),c; v/Q:)# is quasi-prime, by Proposition
5, 50 is ();c; @i

If @ is any quasi-prime ideal of R containing the prime ideal [ J

V Uie[ Qi = Uie[ \/@ C \/@ Thus (Uie[ \/@)# - (\/@)# =Q.

Theorem 5. Let R be a commutative semiring. Let I be a differential ideal of R
and @ be a quasi-prime ideal of R such that I C Q). Then @) contains a quasi-prime

@i, then

el
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ideal minimal among all quasi-prime ideals of R containing I.

Proof. Embed () in a maximal chain {Q;};c; of quasi-prime ideals of R con-
taining /. Thus, ﬂie ; Qi is a quasi-prime ideal of R and is clearly minimal.
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Meabauk 1. O. IIpo kBasinepBunHi qudepeHIiagIbHi i1ea I HalliBKiIelb.

IlonsiTTst kBazinmepBuUEHOTO imeainy OyJIO BIEpIle BBEJIEHO B KOMYTATUBHUX judepeH-
[iaJbHUAX KUIBIHAX, TOOTO KOMYTATUBHUX KIJIBISAX, SKI PO3IVISIAIOTHCA Pa30M 13 33 aHUM
Ha HAX JAUMEPEeHIIOBAHHSAM, siK AU(epPeHIaJbHI i/1ea/1, MaKCUMaIbHA cepes, AudepeH-
IMaJbHUX 1J1easiiB, gKi He MePEeTHHAIOTHCH 13 JIESKOI0 MYJIBTHILTIKATUBHO-3aMKHEHOIO ITiJT-
MHOXKWHOIO Kinbligd. [lonarTs mudepenioBanls y HaAMIBKIIbII TPaIUIiiiHO BU3HAYAIOTH
sIK JINTUBHE BiTOOpaXKeHHsI, sTKe 3a/I0BOJIbHSIE TpaBuiIo JIeiiOHina. Y 3B's13Ky 3 IMIBUIKAM
PO3BUTKOM TeOpil HAINBKIJIEIh B OCTAHHI POKHU, BUHUKJIA OTpeba y BUBYEHHI ieasiiB, sKi
BU3HAYAIOTHCS TOMIOHNME BJIACTUBOCTSIME YV HAITIBKIIBIIAX.

Ilst craTTsa npucBsvena IOCIIiIKEHHIO IOHATTS KBa3inepBUHHEOrO ineainy B audepeHiii-
AJIbHUX HAMIBKIIBIAX (FKI 03HATAIOTHCS SIK HAIIBKIJIBIE Pa3oM i3 qudepeHIiioBaH M, 3a-
JIAHOMY Ha HUX ), sIKi He 060B’I3K0BO KoMy TaTuBHi. MeToro cTaTTi € okasary, sik kBasimep-
BUHH1 ifeasu 1OB’si3aHi 3 NMEpBUHHUMU JU(EPEHIIATLHUMHA 1/1ealaMy, TPUMapHUMU 1J1e-
aJlaMi, MaKCAMAJbHUMU ifeajlaMyu Ta IHIMUMU THUIIAMHA iT1eaiB y HamiBKiibigx. CrarTs
CKJIQJTIAETHCS 3 JIBOX OCHOBHUX YaCTUH. Y HEPIIiil YACTUHI aBTOP JOCJII/IKY€E JAesIKi BJIaCTU-
BOCTi KBa3inmepBUHHUX Au(EPEeHIlaIbHIX i7ealiB, a TaKOXK MOJA€ AeIKi MPUKJIAIN TaKUX
ifeastiB, 30KpeMa IepBUHHI JudepeHItiaabii, MaKCUMaJbHi JudepeHiiaabhi Ta igeann, sKi
MOXKHA OTPUMATH B Pe3ysbTari jil oneparopa audepeHIifoBaHHs] Ha [TIEPBUHHI i/1eajn Ha-
MBKUIBI. ¥ il YACTHHI MTOJAHO TEOPeMY, V dKiil JTal0ThCs eKBIBAJEHTHI YMOBH TOTO, IO
KBa3iMepPBUHHUN 171eaJT € IEPBUHHUM.

YV napyri#t 9acTuHi CTaTTi PO3IJISIAIOTHCS JIAHIIOIN KBal3iNepBWHHUX imeanis. ¥ Iiit
YaCTUHI BCTAHOBJIEHO B3a€MO3B I3KM MiXK KBa31iMepBUHHUMK iJeanaMy Ta IHINUMY TUIAMU
JaudepeHIiaJIbHIX i1ea i HamiBKigenb. B onHiil 3 TeopeM moJaHo XapaKTepU3allilo TaKUX
ileasiB y BUNQIKY KOMYTATUBHUX HAIMBKLIENb. ¥ Iilf XapaKTepu3allil BUKOPUCTOBYIOTHCS
IOHSATTS PAJUKAJIy i7eaily HAIBKIJIbIE Ta OMEPATOD AUMEPEHINIOBAHHS B HAIIBKLIBIIX.
Ha 3aBeprmenss craTTi 101aHO TEOPEMY IIPO Te, IO KOYKHUI JIAHIIIOr KBA31IepBUHHUX ize-
aniB HAMIBKIIbIET Ma€ TOYHY BEPXHIO 1 TOUHY HIZKHIO MeXKY. TaKoXK JI0BEeIeHO, 10 KOKHUH
KBa3inepBUHHMA ifeas, AKWil MIiCTUTH Jedakuil nudepeHIiaJbHUI ineast, MICTUTh KBasi-
MIepBUHHUI i/1eas, MiHIMAJIbHUI cepejl yciX KBa3iMepBUHHUX iJ€aJIiB JIAHOTO HAIiBKIIbIIM,
K1 MICTATh BUIE3raIaHuil audepeHItiaabHmil iaeadt.

KumrouoBi cioBa: jgudepenriagbie HammiBKiIble, MUdepeHIlaIbHAl i1eas, ileaa HaIiB-
KIJTbITsl, KBa3ilepBUHHMI i1ealT.
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