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Vasyliovych Kozachenko.

Regression analysis is a huge part of mathematical and applied statistics. Nonlinear
regression analysis is a significant extension and complication of classical linear regression
analysis, due to the use of nonlinear or partially nonlinear in parameters models that
describe more adequately than linear model phenomena requiring statistical analysis. A
large number of applied problems in the numerical scientific, technical, and humanitarian
fields of knowledge give impetus to the development of nonlinear regression analysis.

The task of estimation the vector signal parameter in the «signal + noise» observation
models is a well-known problem of statistics of stochastic processes, and in the case of a
nonlinear signal parameter is the problem of nonlinear regression analysis.

Among the variety of nonlinear regression analysis problems the problem of estimating
amplitudes and angular frequencies of the sum of harmonic oscillations that are observed
against the background of a random noise, takes significant place due to its numerous
applications. Statistical model of such a type is said to be trigonometric regression, and
the problem of statistical estimation is called the problem of detecting hidden periodicities.

The paper is devoted to the study of time continuous trigonometric regression model
where the random noise is a linear Lévy driven stationary of the fourth order stochastic
process with zero mean, integrable and square integrable impulse transmission function.
This assumption leads to the integrability of the noise covariance function and cumulant
function of the fourth order.

To estimate unknown amplitudes and angular frequencies of such a trigonometric model
we use the least squares estimators in the Walker sense, that is special parametric set are
considered to distinguish properly different angular frequencies in the sum of harmonic
oscillations.

Theorem on strong consistency of the least squares estimators is proved in the paper
under the assumption on the random noise described above.

To obtain such a result a very important lemma was proved on the uniform tending
to zero almost surely of the average value of Lévy-driven linear stochastic process Fourier
transform.

This Lemma is the main tool of the strong consistency Theorem proof. To prove the
Theorem we, firstly, find some expressions for the least squares estimates of amplitudes
via corresponding estimates of angular frequencies. Secondly, we substitute these formulas
into the functional of the least squares method. The last step of the proof consists of
the La-norm transformation of the difference between empirical trigonometric regression
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function and true regression function such that this norm tends to zero almost surely if
and on if the estimators are strongly consistent.

Keywords: The detection of hidden periodicities, least squares estimator, consistency,
Lévy-driven linear stochastic process.

1. Introduction. Let a stochastic process

X(t)=g(t.0°) +e(t),  tel0,T], (1)
be observed, where
N
g(t,0°) = Y (Adcosgit + Blsing(t), (2)
k=1

0° = (9(1)’937907 s 793N—279gN—170gN) = (A?7B?790(1)7 s 7A[J)V7B?V790(])V>7 (3)

(A%)2 + (B%)? > 0,k =1, N ; here £(t),t € R', is a stochastic process defined on a
complete probability space (€2, F, P) and satisfying the condition introduced below.

The statistical estimation of unknown amplitudes and angular frequencies (3) of
a sum of harmonic oscillations (2) observed in a random noise £(t) is a probabilistic
setting of the hidden periodicities detection problem. Investigations of this problem
as well as of its deterministic counterpart £(¢) = 0 are initiated by Lagrange. Many
applications of this problem in numerous scientific fields up to the middle of the
20-ies century are described in [1|. More recent applied aspects of the problem of
detecting hidden periodicities are considered, for example, in the review [2] and
monograph [3].

The literature on this problem is quite extensive. We mention only a few publica-
tions [4-9], where the consistency and asymptotic normality are studied for various
statistical estimators of unknown amplitudes and angular frequencies under different
assumptions concerning the stationary random noise £(t) in the model of observa-
tion (1), (2) with N > 1. Both cases of discrete and continuous time are studied in
those papers.

To introduce the conditions on the stochastic process € in (1) we need in some
preliminary remarks [10].

A Lévy process L(t),t > 0, is a stochastic process, with independent and sta-
tionary increments, continuous in probability, with sample-paths which are right-
continuous with left limits (cadldg) and L(t) = 0.

Let (a,b,1I) denote a characteristic triple of the Lévy process L(t),t > 0, that is
forallt >0

log F exp{izL(t)} = tk(2)

for all z € R, where

1 )
k(z) =iaz — 5()22 + / (e — 1 —iz7(u)) (du),z € R, (4)
R
where a € R, b > 0, and
S Ju <
T = Jul > 1
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The Lévy measure II in (4) is a Radon measure on R\{0}, such that II({0}) = 0,
and

/min(l,u2) M(du) < oo.

It is known that L(t) has finite p-th moment for p > 0 (E|L(t)|? < o), if and

only if
|ul? I(du) < oo, ()
Ju>1

see, i.e., Sato [11], Theorem 25.3.

If L(t),t > 0 is a Lévy process with characteristics (a, b, IT), then process —L(t),
t > 0 is also a Lévy process with characteristics (—a, b, II), where II(A) = II(—A)
for each Borel set A, modifying it to be caglad [12].

We introduce a two-sided Lévy process L(t),t € R, defined for ¢ < 0 to be equal
to independent copy of —L(—t).

Let a : R — R, be a measurable function. We consider the Lévy-driven contin-
uous time linear (or moving average) stochastic process

£(t) = / a(t — s)dL(s),t € R. (6)

R

For causal process (6) a = 0,t < 0.
In the sequel we assume that

i€ Li(R) N Ly(R), EL(1) = 0. (7)

Under the condition (7) and
/ w? TI(du) < oo,
R

the stochastic integral in (6) is well-defined in L9(2) in the sense of stochastic
integration introduced in Rajput and Rosinski [13].

The popular choices for the kernel in (6) are Gamma type kernels:

L. a(t) = t“e M o) (£), A > 0,0 > —1;

2. a=e Moo (t), A > 0 (Ornstein-Uhlenbeck process);

3. a=e M X\ >0 (well-balanced Ornstein-Uhlenbeck process).

A. The process € in (1) is a measurable causal linear process of the form (6),
where a two-sides Lévy process L and a satisfy (7). Moreover the Lévy measure I1
of L(1) satisfies (5) for p=4.

From the condition A it follows [12] for r = 1,2, 3,4

log F exp{i szg(tj)} = /Rk (Z zia(t; — s)) ds. (8)

In turn from (8) it can be seen that the stochastic process ¢ is stationary of the
4th order.
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Denote by
my(ty, ..., t.) = Ec(ty) ... e(t,),

aT
57 log F exp{i Z 2;e(tj) Ha=..=2=0

ety ty) =i T——————
<1 ) ! 821...
7=1

the moment and cumulant functions correspondingly of order r of the process ¢.
Thus ma(ty,t2) = B(t; — t), where

B(t) = dy / a(t — s)a(s)ds,t € R,
R
is a covariance function of ¢, and the 4th moment function

m4<t1a t?a t37 t4) - C4(t1a t27 t37 t4) + m2(t17 tQ)mQ(t37 t4)+
+my (tl, tg)mQ (tQ, t4) -+ Mo (tl, t4)m2 (tQ, t4) (9)

The explicit expression for cumulants of the stochastic process € can be obtained
from (8) by direct calculations:

er(ty, ... ty) :dr/Hd(tj —5) ds, (10)
R =1

where d, is the r-th comulant of the random variable L(1). In particular,
dy = EL*(1) = —k©,  dy = EL*(1) — 3(EL*(1))%.

2. Setting of the problem. The consistency of the least squares estimator
(LSE) of the parameter #° in the model (1) —(3) is studied in the paper under
condition A.

We arrange the frequencies ¢° = (¢9, ..., ¢%) in ascending order. In other words,
we assume that the parametric set where we search an estimator of unknown angular
frequencies is of the following form:

@(g,@):{gp:(apl,...,@v)ERN:O§£<<,01<...<<,0N<¢<+OO}.
Let

:Tl/ £ — g(t, 02 dt. (11)

According to the standard definition, the LSE of the parameter #° constructed
from observation {X(¢),¢ € [0,7} is any random vector

Or = (Avr, Bir, o1r, - - Anr, BNr, onT) (12)

that minimizes the functional Q7 (#) in the set of parameters such that © c R3Y
the amplitudes Ay, B,k = 1, N, can take arbitrary values in © and ¢ € ¢, where
@€ is the closure of the set ®(p, ).
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When proving the consistency of the estimator 01 (see theorem below) we face
the problem of studying the behavior, as T" — oo, of the ratios

inT Py sin T’ — 0 inT’ —
o Mur — oor), W =8) -y SToa TR )
T (¢rr — @i1) T(pxr — ¥3) Towr
However the above definition of the estimator pr = (p17,...,@N7) makes it

impossible to determine the behavior of the differences pir — @7 and @rr — cpg-),
Jj # k, as T'— oo. Therefore the question of the behavior of ratios (13) remains
open.

Walker [5] proposed a modification of the definition of the estimator ¢° which
guarantees the convergence to zero of the ratios (13). In turn, this implies the
consistency of the LSE.

The Walker idea is to define the estimator (12) as a point of minimum of the
functional (11) in a set where one can well distinguish the parameters .

Consider a nondecreasing family of open sets

Or C ¥(p,p), T >T,>0.

We assume that these sets contain the true value of the parameter ¢" and satisfy
the following conditions:

li inf T — ;) = 14
gm b Tk —¢)) = +oo, (14)

Tlg{)lo goleanT Ty = +o00. (15)

In view of the above remark, we say that a vector 01 is the LSE, if 67 is a point
of minimum of the functional Q7(#) in the set ©7 for which (in contrast with ©)
p € PF.

Condition (15) obviously holds if ¢ > 0. If &7 C ®(0,%), then one can consider,
for example, parametric sets such that

inf T(pp — ;) = TV, inf Ty, =T71/2

1<j<k<N pe®r pedr
in order to satisfy (14), (15).

Theorem 1. Let assumption A holds. Then LSE Or is a strongly consistent
estimator of the parameter 6°, namely:

AkT — Agv BkT — Blg?T(QDkT - @2) — 0 a.s., (16)

as T — oo, k=1, N.
3. Lemma. The next lemma is the main part of the convergence (16) proof.

Lemma 1. Under condition A
T
£(T) = sup Tl/ei’\t&?(t) dt| -0 as., as T — oo. (17)

AER
0
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Proof. Since

T 2 T T—|ul
/e—%(t) gt :/e_m / e(t + |u))e(t) dt du =
0 =T

u

T—
cos)\u/at—i-u ) dt du,
0

o

=2

St~

then

N

—Uu

T
T
EE(t) < 2T~ 2/E e(t +u)e(t)dt| du < 2T2/ KYm=¢(y)du.
0
0

ok\§\

By formula (9)

= [ ettt wetoopras =

T—u pT—u
= / / ca(t +u, s+ u,t, s)dtds + (T — u)*B*(u)+

T—u pT—u T—u pT—u
/ / t—sdtds—l—/ / B(t—s+u)B(t —s—u)dtds <

< Ki(u) + Ko (u) + Ks(u) + | Ka(u)],

and
EE(T) < 272 / (K7 () + K2 (u) + K2 (u) + | Ka(u)]?)du. (18)

Accordind to (10)

2

Kl(u):d4/R(/()T_ud(t+u—r)d(t—r)dt> dr <
§d4/R(/OT_ud2(t+u—r)/OT_ud2(t—T)dt) dr <

T—u
gd4||a||§/ dt/Ra2<t+u—r)dr < dyllal2(T = w),
0

that is
r o, 1 T 2 1 1
2/ K2 (u)du < d |ya||§T2/ VT = udu=Sdi 3T (19)
0 0
From condition A it follows || B|; = [, |B(t)|dt < co. Then

2/0 K3 (u)du = T?/O (T — w)|B(w)|du < ||B|,T. (20)
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Moreover,

f@@gB@[ZfAuum—@wmsmwwmw—m

Similarly,

From the inequalities (18) — (22) we get E€2(T) = O(T~2), as T — co.
Let T,, = n?*? for some § > 0. Then

> EE(T,) < oo,
n=1

that is
&(T,) — 0 a.s.,as n — oo.

Consider a sequence of random variables

Gn=_sup  [§(T) =&(Th)| =

Tn §T<Tn+1

= sup
Tn ST<Tn+l

sup
AeR!

I
T/o e”‘te(t)dt'—sup

AeRl

I
T /O e"\ta(t)dt‘ ‘ <
1

T ] 1 T )
7 /0 e Me(t)dt — ™ /0 e—”ta(t)dt‘ <

< sup sup
Tn<T<Tpt1 XeR!

su su — = — e e sup |— e e
o Tn§T<an+1 /\61[51 T T.) Jo Aeﬂg T Jr,
T, . —T, 1 Th+1
<=t =g+ o [ el = ¢ + ¢

It is clear that C,sl) — 0 a.s., as n — oo.
Consider

212 1 Tnt1 Trt1
BCPP =0 [ [ Blees lindes <

2
< B(0) (W) =0(n"?), as n — .

Thus, C,(lz) — 0 a.s., as n — 00, also.
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4. The proof of the Theorem. The proof of the theorem uses the ideas of

the paper [8].
Let
e — sin T (orr — ©2) r — 1 —cosT(ppr — @2))'
T(orr — &y)) T(orr — &)
We show that
Apr = Alapr — Blyrr + o(1), Bur = AVyrr — Brayr + o(1), (23)

for k = 1, N, where o(1) denotes, generally speaking, different stochastic processes
approaching zero a.s., as T' — o0.
Differentiating the functional Q7 () with respect to the variables Ay, ..., Ay and

B, ..., By we obtain the following system of linear equations for the LSE Ayr and
BkT7 k= 1, N:
) 1 . =
25:1 ak; (T)Awr + Zg 1 k; <T>BkT = C; )(T), J=L1LN, (24)
N 2 .
> k=1 akj (T)AkT + Zk 1 k:j (T)BkT C; )(T)a Jj=LN,

where we used the notation
T
(u(t).o(0) =77 [ uteyo(t)at,
0

a%) (T) = (cos prrt, cos gjrt), ay; (T') = (cos prt, sin p;rt),
b (T) = (sinprt, cos gyrt), b (T) = (sin gyrt, sin ),
cgl)(T) = (X (t), cos p;rt), (1) = (X(t),sin pirt),
k,j=1,N.

Considering the properties (14) and (15) of the parametric set &1 (whose closure
contains the value of the LSE or = (17, - - ., onr)) we derive the following relations:

a)(T)=o(1),  k#j,

1 _
af (1) =5 +o1). (M) =o1). kj=TN, (25)
and
2
by (T) = a3 (T) = o(1),

B2 : 2) 1 Y

w (1) = o(1), k +# j, b (T) = 5 + o(1), k,j=1,N. (26)
Further,

eV (T) = (£(t), cos pyrt) + (g(t,60°)m cos prt) = d(T) + dP(T),
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and moreover, dgl)(T) = o(1) by Lemma. Then

d§2) (T) = A){cos @it, cos irt) + B (sin @)t cos pjrt) + o(1) (27)

1 :
= E[A?ij — B?%‘T} + o(1), Jj=1N.

Similarly

1 .
= 5[142ij + Bjajr] + o(1), j=1N. (28)

Now relations (23) follow from (24) —(28).
Since |zpr|, [yrr| < 1, relations (23) imply that

|Akr|, | Ber| < |Awr| + | Ber| + o(1), kE=1,N. (29)

Let Ag(t; 01,02) = g(t;61) — g(t; 02) and G (61, 02) = (Ag(t; 01,02), Ag(t; 01, 02)).
By the definition of the LSE

Qr(r) < Qr(6°). (30)
On the other hand,
Qr(07) — Qr(0°) = Gr(0r,0°) + 2(e(t), Ag(t:60°, 1)), (31)
where
(e(t), Ag(t;6°,67)) = o(1) (32)

in view of Lemma and bounds (29). Taking into account inequality (30), we obtain
from (31) and (32) that

Gr(07,0°) -0 a.s., as T — oo. (33)
Put
ger(t) = Agr cos pprt + Byr sin gt — AY cos @it — By sin ¢)t.
Then
N
Gr(67,6°) = (ger(T), ger(T)) + 2> (gur(T), gy (T)).
k=1

k<j

Using the above reasoning and bounds (29), we find that

<ng<t)7 ng(t» = 0(1)7 k 7é Js (34)

1
(gr (1), gr (1)) = S[Akr + Bir + (A3)° + (B)’] = (Awr Ay + Bir BY)wxr+ - (35)

+(Akr By, — A) Bir )y + o(1), k=1,N.
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Substituting relations (23) into (35) and considering (34), we deduce that

N
1
Gr(0r,6°) = 52 (BY)?) (1 = 23 — yip) + o(1)
k=1
N -1 0 2
1 sin 57 (prr — )
= (A +(BHY [ 1- ( 2 + o(1).
T2 ; 1T (pur — &Y
Thus relation (33) holds if and only if
T(per —)) =0 as., as T o0, k=1,N. (36)

Relation (36) obviously imply that
xer — 1, yr —0 as., as T — o0, k=1,N.

The strong consistency of the estimators Axr and Byr follows from equalities (23).

5. Conclusions. In the paper strong consistency of the least squares esti-
mators in Walker sense of the trigonometric regression parameters provided that
the parametric set contains the true value of the vector parameter and in which
the least squares estimate is sought, separates the angular frequencies in some way,
and random noise is a Lévy-driven stochastic process with zero mean that satisfies
some regularity conditions. An important feature of this work is rejection of any
assumptions related to the Gaussianity of the random noise.

The natural direction of further research is to obtain conditions for the asymp-
totic normality of the least squares estimators in trigonometric regression model
under our assumptions about random noise. A very important task is also to ob-
tain the properties of strong consistency and asymptotic normality of periodogram
estimates of the parameters in the model considered in the paper.

References

1. Serebrennikov, M. G., & Pervozvanskii, A. A. (1965). Vyiyavlenie skryityih periodichnostey
[The detection of hidden periodicities|. Mosow:Nauka. [in Russian]

2. Artis, M., Hoffman, M., Nachane, D., & Toro J. (2004). The detection of hidden periodicities:
a comparison of alternative methods. EUI Working paper ECO, 10, 26.

3. Quinn, B. G., & Hannan, E. J. (2001). The estimation and tracking of frequency. Cambridge
Univ. Press.

4. Whitle, P. (1952). On the estimation of a time series harmonic components and covariance
structure. Trabajos Estadistica, 3, 43-57.

5. Walker, A. M. (1973). On the estimation of a harmonic component in a time series with
stationary dependent residuals. Adv. Appl. Probab., 5, 2, 217-241.

6. Hannan, E. J. (1973). The estimation of frequency. J. Appl. Probab., 10, 3, 510-519.

7. Ivanov, A. V. (1980). A solution of the problem of detecting hidden periodicities. Theor.
Probab. Math. Statist., 20, 51-68.

8. Ivanov, A. V. (2010). Consistency of the least squares estimator of the amplitudes and angular
frequencies of a sum of harmonic oscillations i models with long-range dependence. Theor.
Probab. Math. Statist., 80, 61-69.

9. Ivanov, A. V., Leonenko, N. N., Ruiz-Medina, M. D., & Zhurakovsky, V. M. (2015). Estimation
of harmonic component in regression with cyclically dependent errors. Statistics: A Journal
of Theoretical and Applied Statistics, 49, 1, 156—186.

10. Ivanov, A. V., Leonenko, N. N.; & Orlovsky, I. V. (2020). On the Whittle estimation for linear
random noise spectral density parameter in continuous-time nonlinear regression models. Stat.
Inference Stoch. Process, 23, 129-169.

Hayk. Bicuuk Yzkropog. yu-ty, 2020, sun. 37, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



64

A. V. IVANOV, O. V. MITROFANOVA

11.

12.

13.

Sato, K. (1999). Lévy processes and infinitely divisible distributions. Cambrige: Cambridge
University Press.

Anh, V. V., Heyde, C. C., & Leonenko, N. N. (2002). Dynamic models of long-memory pro-
cesses driven by Lévy nose. J. Appl. Prob., 89, 4, 730-747.

Rajput, B., & Rosinski, J. (1989). Spectral representations of infinitely divisible processes.
Prob. Theory Rel. Fields, 82, 451-487.

Isanos O. B., MurpodanoBa O. B. KoHncrucreHTHICTD OIIHKN HAMEHIITNX KBa-
JpaTiB MapaMeTpiB TPUTOHOMETPUIHOI MOJIEsIi perpecil y TpUCYTHOCTI JIHIITHOTO BU-
1aJIKOBOT'O TITYMY.

Perpeciitauit anaJi3 € iCTOTHOIO YaCTHHOI MATEMATUYHOI Ta IMPUKJIAIHOI CTATUCTUKH.
Heninitiauit perpeciiinuii anajiz € 3HAYHIM POIMIUPEHHAM Ta YCKJIATHEHHAM KJIACHIHOTO
JIIHIHHOTO PEerpeciitHoro aHaJii3y, 3aBISKN BUKOPHUCTAHHIO HEJIHIHHHX ab0 9acTKOBO HEJIi-
HIfTHUX 3a TapaMeTpaMu MOJIeJIel, SKi aJIeKBATHIIIE OMUCYIOTh, HI2K JIIHIfHI MO/Ie/Ti, SBUIIA,
110 HOTPeOYIOTh CTATUCTUYHOIO aHalizy. Benmnka KuIbKICTh NPUKJIAIHUX HIPOOJIEM Y UU-
CJIEHHUX HAYKOBUX, TEXHIUYHUX Ta TYMAHITAPHUX TaIy3dX 3HAHD JAIOTH MOIITOBX PO3BUTKY
HEeJIHITHOTO perpeciifiHoro aHaJizy.

3ajiaua OIMHIOBAHHST BEKTOPHOTO TApAMETPA CUTHAJY B MOJEJISIX CIOCTEPEYKEHHS «CU-
THAJI + IIyM» € 100pe BioMOI0 mpobJIeMOI0 CTATUCTUKY BUIAIKOBUX IIPOIECIB, Ta y BU-
M3 IKy HEJIHIHOTO mapaMeTpa CUTHAJIY — 3aJia9el0 HEJIIHINHOrO perpeciiiHoro aHaJisy.

Cepe,1 pisHOMaAHITHOCTI 38184 HEJIIHIHHOTO perpeciiiHoro aHaJIi3y OIiHIOBaHHS aMILIITY
Ta, KyTOBUX YaCTOT CyMHU TapMOHIYHUX KOJIMBaHb, IO CIIOCTEPIraeThes Ha (POHI BHUITAIKO-
BOIO IIyMy, 3afiMae 3HaYHE MicIle, 3aBIsKHU 11 9UC/IEHHUM 3acrocyBanHsM. CTaTUCTUYHI
MOJIEJIi TAKOTO THILY HA3WBAIOTHCs TPUTOHOMETPUIHUMU MOJIEISIMU perpecii, a mpobiema
CTATUCTUYHOTO OIIHIOBAHHS 11 TapaMeTpiB Ha3WBAETHCH 33/1a9€l0 BUSIBJIEHHS ITPUXOBAHUX
MIePIOUIHOCTEN.

CTaTTIo IPUCBSIYEHO BUBUYEHHIO TPUTOHOMETPUYIHOI MOJIE/II perpecii, B siKiii BUIIaIKOBUil
myM € JIiHiftHuM JIeBi-KepoBaHUM CTaIliOHAPHUM YETBEPTOTO TMOPAJIKY BUIAIKOBUM IIPOIIE-
COM i3 HYJIbOBUM CEpPEIHIM, iIHTEerPOBHYIO Ta IHTEIPOBHYIO 3 KBaJPATOM IMITYJILCHOIO TI€pe-
xigaoo dyukIieo. e mpumymenss Tpu3BOAUTD 10 IHTErPOBHOCTI KoBapiamiitHol pyHKITIT
Ta KyMYJIAHTHOI (DyHKIIT 4-TO TOPSIKY.

g OIiHIOBAaHHA aMIUIITY/ Ta KYTOBUX YacTOT TaKOl TPUIOHOMETPUYHOI MOJEI MU
BUKOPHUCTOBYEMO OIIIHKM HaifiMEHIINX KBaJPATiB y ceHcl YoJikepa, TOOTO PO3IJISHYTO CIie-
miaJbHy MHOXKWHY IIapaMeTpiB, mo0 pO3PI3HUTH HAJEKHUM YNHOM Pi3HI KyTOBI 9aCTOTHU B
CyMi TapMOHIYHUX KOJINBAHbD.

V cTarTi 10BEIEHO TEOPEMY PO CUIIBHY KOHCUCTEHTHICTH OIIHKN HAMEHIIIINX KBAaPaTiB
3a OIMCAHUMHU BUIIE NIPHUIIYIIEHHSIMHA 1010 BUIIAKOBOI'O IIYMY.

it oTpUMAaHHSI TaKOTO PE3yJIbTaTy OyJI0 JIOBEJIEHO JTyKe BaXK/JIUBY JIEMY PO PiBHO-
MipHY 30KHICTH MalizkKe HAIIEBHO CEPEIHBOIO 3HadeHHsi nepeTBoperHss Pypbe JTHITHOTO
JIeBi-KepOBAHOTO BUIAIKOBOTO IIPOIIECA.

Il mema € rosIOBHUM 1HCTPYMEHTOM JOBEIEHHS TEOPEMH PO CHJIbHY KOHCUCTEHTHICTb.
g moBeieHHsT TEOpEeMH, TIO-TIepIIe, 3HAXOINMO JlesKi IPeJICTABIeHHS OIIHOK HAWMEHIITNX
KBaJIPATiB aMILITY/JI Yepe3 BiIOBiIHI OIiHKKN KyTOBUX dacToT. [lo-apyre, Mmu migcrasiise-
MO i popMmysin y DYHKIIOHAT METOIy HaiiMeHITnX KBajapariB. OcTaHHIl KPOK JTOBEIeHHS
[IOJIATAE Y IEPETBOPEHH] Lo-HOPMU PI3HUIN MiXK €MITiPUIHOI TPUTOHOMETPUIHOIO (DYHKITI-
€10 perpecii Ta icTuHOIO DYHKIEIO perpecil TaKUM YHHOM, IO Isi HOPMAa MPSAMYE 0 HYJIA
MaiiKe HAIIEBHO TOMI i TIIBKU TOJi, KOJIM OIIHKN € CHUJIbHO KOHCUCTEHTHUMU.

Kurouosi cioBa: BusiBienHs IpUXOBaHUX MTEPIOAWIHOCTEH, OIiHKA HAWMEHIAX KBapa-
TiB, KOHCHUCTEHTHICTD, JleBi-kepoBauwmii JiHIHAI BUIAIKOBUIT IIPOIIEC.
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