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I'PAHNYHI TEOPEMU T'JIJIACTOT'O ITPOITECY 3 MITPAIIIETO

OKpeMuM pO3JILIOM BUIAIKOBUX IIPOIECIB, IO BUBYAE PO3MHOXKEHHS 1 MEPETBOPEHHS
MIEBHUX YACTUHOK € Teopist rijutsicTux mporeciB. OCHOBHIM MaTeMATHIHUM TIPUITY IIEHHSIM,
IO BUJILISE TIJLUISACTI TIPOIECH CepeJl IHINX BUIIAIKOBUX IPOIIECIB € IEPETBOPEHHS YaCTU-
HOK HE3aJIEZKHO OJIHE BiJ OJIHOTO. A cami 3aKOHU PO3MHOXKEHHS 1 IIEPETBOPEHHST YaCTUHOK
ITiJITAI0THCS TIEBHUM 3aKOHOMIPHOCTSIM, y SIKUX TOJIOBHY POJIb BiJIirpa€ BUIIAIKOBICTD.

TlyisicTi mporecn 9acTo BUKOPUCTOBYIOTHCS K MATEMATHYHI MOJIEJ PI3HUX PeabHUX
mporieciB. Kpim Toro, risisgcTi mporecn MOXYTh OMUCYBATH JUHAMIKY OISl 9aCTUHOK
pi3HOI IpUpPOIU, 30KPeEMa, IIe MOXKYTh OyTH (POTOHM, €JIEKTPOHM, HEHTPOHH, IPOTOHU, ATO-
MU, MOJIEKYJIU, KJITUHA, MiKPOOPTaHi3MHU, POCJIMHHU, TBAPWUHU, OCOOUHMU, IHHHU, iHMOpMAaITis
tomno. Ileit crimcok mMoxkHa mpooBKyBaTh. OCKUIBKU CTOPOHHI (DAKTOPU YaCTO iCHYIOTH,
icaye morpeba BuBumMTH Pi3Hi Momudikamil nporo mnporecy. Cepell HUX € TMJUISICTI IPOIeCcH
3 iMMmirparriero, emirparrieo abo MOEIHAHHSAM JBOX IIPOIECIB, a came MPOIECiB 3 MIrpaIlieio
y BUIMAJKY JUCKPETHOTO ab0 HEIepepPBHOrO 4Yacy. TaKuM YUHOM, MJLISCTI MPOIECH MAaIOTh
JOCUATH IMINPOKE 3aCTOCYBAHHSI Y PI3HUX HAyKaX.

Y nanift cTaTTi JOCTIZKYETHCS OJHOPIIHUN TiJISCTHI TIPOIEC 3 OJIHUM THUIIOM YaCTH-
HOK, Mirparjero ta HernepepsHuM dacoM p(t), ¢t € [0, 00). IIpumyckaerbes, Mo B HOUYATKOBHUIL
MOMEHT Yacy B CUCTeMi 3HAXOJUTHCS OJIHa JYacTUHKA. 1Iporiec 3a/1aeThes mepeximHuMu WMo-
BIDHOCTSIMH, IO BU3HAYAIOTHCS IHTEHCUBHOCTAMH PO3MHOXKEHHsI YACTUHOK, iMMirparii Ta
emirpariii YaCTUHOK.

OCHOBHUM PE3YJIBTATOM CTATTI € FPAHUTHI TEOPEMHU JIJIs JAHOT Mojiedii mporiecy. OTpuma-
HO TPAHUYIHY TEOPEMY JIJISI MATEMATUIHOTO CIIOJIIBAHHS Y BUIMAJIKY JOKPUTHIHOTO MPOIIECY.
Takok OTPpUMAHO I'PAHUYHY TEOPEMY JIJII KPUTUIHOTO IIPOIIECY.

Kuaro4uoBi cisioBa: risuisctuii mnporiec, HemepepBHHUII dac, Mirpaliisi, KpUTUIHAN TPOIIEC,
JOKPUTHYHHUHN TTPOTIEC.

1. Beryn. Ilepmi 3aza4i 3 Teopil risuisctux nporecis 3’apuiuch y XIX ct. [Ipore
IHTEHCUBHMIT PO3BUTOK ITHOTO HAIPSAMKY TeOPil BUITAKOBHUX ITPOIECIB PO3NOYABC Y
40-x pokax XX cr. Bueprire mirpariitai mporecu (moeHasnst emirparii ta iMmmirpa-
1il), posrustnysiu C. B. Haraes i JI. B. Xamn [1] y 1980 porii. Boru nmoby,tyBajm Mojiesb,
y SKiii MOpsijl 3 €BOJIIOIEI0 YaCTHHOK y cucTeMi B MoMeHT vacy ¢ (t = 0,1,...) abo 3
iimosipwicTio Py (t) (k= 0,1,...) B momyssrito iMmirpye k 9acTuHOK, abo 3 HMOBIp-
Hictio Q- (t)(r = 1,...,m) emirpye r i3 iCHyl0OYMX y MOMEHT 4acy ¢ 9aCTHHOK, Jie 1M -
nosiibie dikcoate Harypasbie qucio (Y, Pe(t) + Y70, Q. (t) = 1).

[TapasiesibHo panuit HanpsiMok jroctikysaau H. fdues i K. Mirtos [2]. Tisuisicrnii
IIPOIIEC 3 BUIMAKOBOIO MIIPAIifHOI0 KOMIIOHEHTOIO PO3IVISHYTO K OCOOJIMBUIl BUTIA-
JIOK (p-KOHTPOJTHOBAHUX T1JIJISICTAX TPOIIECIB, Jie eMirpallisd, iIMMIrpariis Ta KJIacuIHa
€BOJTIONIA TIJSICTUX TTPOIIECIB YTBOPIOIOTH MMOBHY T'PYITY TOJIiA.

TyT cnin BimzHauUTH, M0 y HepeBarXKHil OLIBIMTOCTI TIIISICTI IPOIECH 3 Mirpa-
II€I0 PO3IVISIAJIN JIJIsl BUIIAJIKY JUCKPETHOTO Yacy. Xoda € i CTarTi Jyisd TijIsgcTux
IpOIIECiB 3 HellepepBHUM 1dacoM. 30kpema, y (3], [4], [5], [6].

Posnin 1: Maremaruka 1 CTaTUCTUKS,



I'PAHUYHI TEOPEMHU I'JIJIACTOI'O ITPOLECY 3 MII'PAIIEIO 77

Y naniit cTaTTi JOCIIIRKYEThCA OLIBIN 3araJbHa MOJIE/Ib OJHOPIIHUN TiIIsICTUi
[POIIEC 3 OJJHUM THUIIOM YACTHHOK 3 HEIIEPEPBHUM YacoM Ta Mirpariero (iMmMirpariero
Ta eMmirpariero yactuHok) [7]. Immirparis, emirpailis Ta eBoJIOLis BiOYBAIOTHCS Y
BHIIAIKOBI MOMEHTH YacCy Ta BU3HAYAIOTHCHA IHTUHCUBHOCTSIMU IePEXiTHUX HMOBIp-
Hocreit. Y 7] 3uaiigeno Buriisy audepeHIiagsbHOro piBHAHHS Jist TBIpHOT (hyHKITT
Ta BUIJIsIT cucTeMu piBHsIHB KosMoroposa jijist epexiiHux fiMOBIipHOCTEl TpoTiecy.
A y [8] 3HaiiieHo BUTJIS] MATEMATHIHOTO CIIOJIBAHHS Ta JIPYTOrO MOMEHTY.

Pobota cktajiaeTbest 3 BCTYILY Ta TPHOX PO3JLIIB. Y JIPYTOMY PO3JIiJii HABEIEHO
MOJIJ/Ib T1JISICTOIO TPOIIECY 3 MIIPAI€lo y BUIIAJIKY HEIepepBHOI'O Yacy Ta OCHOBHI
[IO3HAaYCHH:A. B TpeTboMy po3/Iiji I0BeJIeHO IPAHINYHY TEOPEMY JIJIsi MaTeMaTUIHOTO
CIOJIIBAHHS Y BUMNAJKY JOKPUTUYHOIO IIPOIECy. ¥y HYeTBEPTOMY PO3JILIY JIOBEJIEHO
FPAHUYIHY TEOPEMY JIsi KPUTUIHOTO TiJIJISICTOTO MPOIIECY.

2. Omnwmc mozesi riJuIICTOro Ipoliecy 3 Mirpalii€o Ta HelepepBHUM
qacoMm. Po3sriisiHeMo MapKiBChbKUIA TJIACTUI TIPOTIEC 3 OJHUM TUIIOM YaCTHHOK Ta
mirpariero u(t), t € [0,00) [7]. u(t) nosHauae KIBKICTh YACTUHOK Yy MOMEHT Yacy
t €10, 00).

Braxkaemo, mo y modaTKOBUI MOMEHT Yacy B CHCTEMi ICHY€ OJHA TaCTUHKA,

TOOTO
pu(0) = 1.
[Iporiec u(t), t € [0,00) mpu At — 0 33/1a€ThCs TAKMME TIEPEXITHUMEI HMOBIPHO-
CTAMUI
P{u(t + At) = jlu(t) =i} =
[ 1+ qoAt + o(At), i=7=0;
¢; At + o(At), 1=0,7=1,2,..;
(po + >_m)At + o(At), 1=1,7=0;
=1
1+ (g +710+p1)At+0(At), i=175=1;
(pj + qj',l)At + O(At), 7= 1, j = 2, .
=< Y At + o(At) l<i<m,j=0;
1=
(ipo + 1) At + o( At), 1=2,3,...,j=1—1;
ri—; At + o(At), 1=3,...m, 1<j<i-—1;
ri—; At + o(At), i=m+1,.,i—-m<j<i—1;
14 (go + 7o +ip1) At + o(At), 1 =2,3,..., 1 =7j;
(ipj—it1 + qj—i) At + o(At), 1=2,3,...,1<7;
o(At), 6 THWUT 6UNAJKAT,

\

Jie m — Jjiedke (bikcoBane HATypaJsbHe YUCHO, a Pk, (k Ta Iy 3a0BOJIbHIIOTH YMOBU

kaOa k#lv pl<07 Zpkzoa

k=0

Qk207 k#07 q0<07 ZQk:[)?

k=0

m
rn, >0, n=1m, rp <0, Zrk:().
k=0
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Basnaunmo, 1mo pr (k = 0,1,...) — IHTEHCUBHICTH PO3MHOXKEHHSI YACTHHOK, G
(k=0,1,...) — inTencuBHicTb iMMirpanii yacTuHOK, a 1, (n = 0,m) — iHTeHCHBHICTS
IMMIrpaIril 9acTHHOK.

BBesemo HacTynHI MO3HAYEHHS.

Tsipuy dyukuito nporecy j(t) OygaemMo mosHadaTn

F(t,s) =Y _ P{u(t) =n}s".

Taxoxx Bu3HAUYMMO TBipHI (DYHKIIT /I MLJIBHOCTEN TepexiiHuX fIMOBipHOCTE
(imTeHCHBHOCTE! MPOTIECiB €BOJIIONT, IMMIrpartii Ta emirpartii)

f(s) = ans", s] <1, seC,
n=0
g(s) = ansn, |s] <1, seC,
n=0
r(s) = Zrns_", 0<|s| <1.
n=0
Hacainok 1 (qus. [8]). Mamemamuune cnodisarns npouecy iu(t) susnauaemocs
PLBHICTTNIO

m k—1 t
k

Ay =~ (1 + 4 *0‘” S n Y k) /Pﬂ(u,n)e_“oudu) et (1)

a a
0 =1 n=0

3

Apyeuti momernm npovecy ju(t) 6usnauaemoca cni6eioHOWEHHAM

t

B(t) = (bl 0o (1 — e 2% + (b + 2a; + 2as) /A(u)e‘QaO“du—

2@0
0
m k—1 t
— Y 1 E Ai_k/PM(t,n)e_Q‘m“du> 2ot
k=1 n=0

0
3. 'panuvyHa TeopeMa JIJIst MATEMAaTUYHOI'O CIO/IiBAHHS TiJIJISICTOTO IMTPO-

Iecy 3 Mirpartli€ro.
Hexait ag = f'(1) a1 = ¢'(1) #0 ag =r'(1) 0 by = r"(1) # 0.
Teopema 1. Hexati ag < 0 ma ay,as, by -cxinvenmi, modi

2 3 b
lim A(t) < — 01+ San 2
t—o0 2@0

Jlosederns.
Posrisinemo maremarudase crofiBaHs mporecy fi(t) (1)

m k—1 ¢
+ +
AW == (1 S Y ) [ Pl = ne i e =
k=1 n=0 0
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m k—1 t
_ _a1 ;’ (€5} i (1 ap + a Z Z(n i ]C) /P{,LL(U) _ n}e—aoudu) et
0 k=1  n=0

0

SMIHUBINYT MOPSJIOK CYMYBaHHS OTPUMAEMO

m—1 t

A = =20 (185 S i) [ Pl = nhe ) ol =

a
0 n=0 k=n+1 0

m—1 ¢ m
ai + as ay + (05} _ t
=— + (14 =5 [ Plulw) = nYetdu S (n— k) et =
0 ( / {[L(’LL) TL}@ U (’I’L )T’k> e

n=0 k=n+1

m—1 m m
aq + a9 aq + a9
= - +( 1+ - P{u(u) = nye du( Y nrp— Y k
. ( o {,u n}e U nr Tk )

n= 0 k=n+1 k=n+1

Posriisinemo rpanuitio npu t — 0o

m—1 m
) a1 +a a1 + az - t
1 A t - 1 P = ao’LLd —k ao —
Jim (t) o —|— ( nE:D/ =n}e u E (n )rk)e

k=n+1
m—1 m
__w a2+ao +a; + ap lim ¢ —hm Z /P{u(u) = n}e “"du Z (n—k)rye® =
ag a t—o0
n:O k=n+1
t m
_ _CL1+CL2+(IO+CL1+@2 lim €a hm /P{,u _n}efaoudueaot) Z (n-k)'f’k
ap Qo t—00 n—0 =00 k=n+1

0

Posrisgmemo Oibmn gerabHO

t t

tliglo (/P{:“< ) =mn}e” aoudue%t) < lim (/e_aoudueaot) =

t—o0
0 0
—apt —ap0 apt
. et — g7 oewt —1
= lim (—e““t) = lim

BpaxoBytouu 11e, oTpuMaemMo

) ai+ay aptartay . ., .. e —1
< —_ ot __ _— E E —_ et

n=0 k=n+1
m k—1
ai + as ap +ay +as .. aot . Gaot —1
=— + lim e —hm—g rkg(n—k):
a a t—o0 t—o0 Qa,
0 0 O k=1 n=0
aot m 2
ai+ay aptarta . o, e —1 —k—k
= — + lim €% — lim E Tk
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_ _a1+a2 ag + a1 + a9 lim eaot

. 1 -
ao + a0 P 2 Parend Z k’ + 2/{:)7%

t
:_CL1+CL2+6L0+CL1+CL2hmeaot_l_lhmeao—1

2a0+2a1+3a2+b2 . ant 2(11+36L2+b2
= lim e** — .

2a t—o0 2ay

(2&2 + bz) =

3BijICH BUILTUBAE TBEP/IZKEHHS] TEOPEMU.

4. 'pannvyHa TeopeMa [Jjisd KPUTUIHOTO TLJJISICTOTO MpoIiecy 3 Mirparii-
€10.

Teopema 2. Hexatiag = /(1) =0,bp = f"(1) >0a1 =¢'(1) >0as =7'(1) >0
ma by, ai, ag — ckinveHHi, mo npu t — 0o

Sy(x) = P{Qﬂ(t) < x} s S(a),

byt
de
0, x <0
S(x) = p 72(“1“2) 1 _
<) W{y Gydy,l’ZO.
1
Jlosederrs.

2t
BHaiiemMo BUrIs XapakrepucTuanol yHKIil mporecy F(t,ebit) Ta 3naiigeMo
2ir
lim F'(t,ebi?).
t—o0
ITokaxkemo, 110

t

i [ (g(F(u, e55)) + r(Flu, 7))y = —29 921 q oy,

t—o00 bl
0

Anasnoriuno, sk y [9] orpumaemo

¢
~ 2ir -2
lim [ g(F(u, eglf))du = alln(l —iT).

t—o0 bl
0

Posriganemo
t

~ 2iT

lim [ r(F(u,e"?))du
t—o00
0

Ta Bubepemo JioBiibhe 0 < T' < t. [nrerpas npecTraBuMo y BUTIST

t t 24t

T
~ 2iT 20T 1 — eﬁ
/T(F(u,eblt / (u, e®rt))du — ag/ ; s du—
0 T L4551 —enr)

0

t iT
~ 2ir 1 —e%
_a2/ 1 - F(u’eblt) - 24T du+
J 1+ 21— eh)
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t

2iT 2iT

+/ (T(F(u,eblf)) — ag(F(u,ent) — 1)>du =L+ L+ I3+ 14

)

Posrisinemo KozkeH iHTErpas OKpeMo.
ITpu mobomy ckinvennomy 7' > 0 i ¢t — oo. Bpaxosyoun, mo |r(F(u,s))| <
aze™"|s — 1| orpumaemo

T

|]1|—/| (, e"17) Idus/aﬂeilt —1|du < GZ’;‘ 0.
1

0

Brigno 3 [9] npu O6yab-skomy ckindennomy 1 > 0 it — 0o orpumaemo, 1mo |I3] — 0

Ta
t 2iT

2ay [ d(%(1 —ent)u)

2iT b T 2iT

= —@(ln (1+ E(1 —ent)) —In(1+ 17(1 —eblf))) =

25T

2ay . 14 UL1—ehr) L, 2
n 2iT 7
bl —eni) b

[Ipu |s| < 1 upegcraBumo byHKIO 7(s) y BUTIsI
r(s) =as(s—1)+e(s)(s—1),

ne (s) — 0 mpu s — 1. 3Bijcu BumMBaE, 1m0

t t

2iT ~ 2iT

r(F(u,en)) — ay(F(u,en) — 1)

14| =

<—({t—=T) sup ‘5(ﬁ(u,eb1t))’ —0

npu t > 1T — oo.
Ot2ke, MU OTpUMAJIN IO TTOTPIOHO OYJIO MOKA3ATH.
Posrismaemo

t—x

[ (g(F(u,5))+r(F(u,s))du

Z/P{M —n}zrkl—F"’“( x,s))e 0 da.

k=n+1
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Binomo, mo y Bumaky kKputndHoro mporecy npu ag = f'(1) = 0 npu ckingeHHOMY
bo = f"(1) > 0 mae wmicre acumroTHdHa HopMyTa
~ 1—s

1—F(t,s)=77———
(t:5) U1 —s)+1

(1+ a(t,s)),

ne a(t,s) — 0 npu t — oo piBHOMIpHO B | § |< 1.
Posrismemo
1—s
b1(t2—:c) (1 _ S) +1

1— F bt —a,8) =1 (1— (1+a(t_x,s)))n_k:

B (@(1—s)(1+a(t—x,s))+1+a(t—x,s)—1+s
B )+ 1

(1+a(t—uz, s)))n_k =

—1_ (Mg_fc)(l—s)(1+a(t—x,s))+a(t_w,s)+S

bl (] —s) 41

(1+aft - x,s)))nk

w(173)(1+a(t—x,s))+a(t7(£,s)+s
Dlm) (1-s)+1

[Ipu t — oo oTpumaemo, 110 —1,a

1 —ﬁ”_k(t—x,s) — 0.

BpaxoBytoun 11e, MU OTPUMAEMO

t t—x
o o ~ [ (9(F(u,8)+r(F(u,s)))du
. — _gm—k(y <
tlgglo gO/P{u(x) n} g (1 —F""(t —z,s))ed drx <
n=07

k=n+1

—x

t t
" " ~ (9(F (u,8))+7(F(u,5)))du
< limz Z rk(l—F"_k(t—x,s))eof ! dxr = 0.

T t—oo
n=0 0 k=n+1

BazHagumo, 1o upu t — 0o TBipHa (YHKILIA
1—s

Flt,s)=1— 37—
(t,5) L1 —s)+1

(1+af(t,s)) — 1.

Taxum 9uHOM, OTPUMYEMO

2ir —2
lim F(t,en’) = —2(a +ap)

t—o0 bl

In(1 — 7).

5. BucHOBKHM. VY 1aHiil cTarTi IPOIOBXKEHO JOCJIKEeHHSI OJIHOPIAHOIO T'iJj-
JIACTOTO TIPOIECY 3 OJHUM THUIIOM YACTHHOK 3 HENEePEPBHUM HacoOM Ta MIrpalli€ro
(immirpariero Ta emirpanieo dactuok) [7]. JloBejieno rpanudHy Teopemy Jijisi Ma-
TEMaTHUYIHOT'O CIIOJIIBAHHS Y BUIIQJIKY JJOKPUTUYIHOT'O MIPOIECY Ta I'PAHUYIHY TEOpeMy
JJI KPUTAIHOTO T1JLJISCTOTO ITPOIIECY.
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Prysyazhnyk K. M. Boundary theorems of branching process with migration.

A separate section of random processes studies laws of reproduction and transformation
of particles and it is the theory of branching processes. The basic mathematical assumption
distinguishes branching processes among other random processes is the transformation of
particles independently from one another. The laws of reproduction and transformation of
particles are subject to regularities, in which randomness plays a major role.

Branched processes are often used as mathematical models of different real processes, in
particular, physical, chemical, biological, genetic, demographic, environmental, economic,
technical and others. In addition, branching processes can describe the population dynam-
ics of particles of different nature, in particular, they can be photons, electrons, neutrons,
protons, atoms, molecules, cells, microorganisms, plants, animals, individuals, prices, in-
formation, etc. This list can be continued. Thus, branching processes are quite widely used
in various sciences. Since third party factors often exist, there is a need to study different
modifications of this process. Among them are branching processes with immigration, em-
igration, or a combination of two processes, namely processes with migration for the case
of discrete or continuous time.

This article investigates a homogeneous branching process with one particle type, mi-
gration, and continuous time p(t), ¢ € [0,00). It is assume that there is one particle in the
system at the beginning. The process is defined by transient probabilities, determined by
the intensities of particle reproduction, immigration, and emigration

The main result of the article is the boundary theorems for this process model. The
boundary theorem for mathematical expectation in the case of a subcritical process is
obtained. A boundary theorem for the critical branching process with migration and
continuous-time is also obtained.

Keywords: branching process, migration, continuous time, critical process, subcritical
process.
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