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ON POSETS OF SIXTH ORDER HAVING
OVERSUPERCRITICAL MM-TYPE

Representations of posets (partially ordered sets) were introduced by L. A. Nazarova
and A. V. Roiter in 1972. In the same year M. M. Kleiner proved that a posets S is of
finite representation type if and only if it does not contain subposets of the form K; =
(1,1,1,1), Ky = (2,2,2), K3 = (1,3,3), Ks = (1,2,5) and K5 = (N, 4). These posets are
called critical posets relative to the finiteness of type (in the sense that they are minimal
posets with an infinite number, up to equivalence, of indecomposable representations) or
the Kleiner’s posets. In 1974 Yu. A. Drozd proved that a poset S has finite representation
type if and only if its Tits quadratic form

QS(Z) = Zg + ZZ? + Z ZiZj — Zozzi

i€s i<j,i,j€S i€s

is weakly positive (i.e., positive on the set of non-negative vectors). Consequently, the
Kleiner’s posets are critical relative to weak positivity of the Tits quadratic form, and
there are no (up to isomorphism) other such posets. In 2005 the authors proved that a
poset is critical relative to the positivity of the Tits quadratic form if and only if it is
minimax isomorphic to a Kleiner’s poset.

A similar situation takes place for posets of tame representation type. In 1975 L. A. Na-
zarova proved that a poset S is tame if and only if it does not contain subsets of the form
Ny =(1,1,1,1,1), Ny = (1,1,1,2), N3 = (2,2,3), Ny = (1,3,4), N5 = (1,2,6) and (N, 5).
She called these posets supercritical; they are critical relative to weak non-negativity of the
Tits quadratic form and there are no other such posets. In 2009 the authors proved that
a poset is critical relative to non-negativity of the Tits quadratic form if and only if it is
minimax isomorphic to a supercritical poset.

The first author suggested to introduce posets (called oversupercritical), which differ
from supercritical sets in the same degree as the latter differ from critical ones. Among
these posets, there are four of the smallest order, namely 6. In this article, we describe
all posets that are minimax isomorphic to them and study some of their combinatorial
properties. The importance of studying minimax isomorphic posets is determined by the
fact that their Tits quadratic forms are Z-equivalent, and minimax isomorphism itself is a
fairly general constructively defined Z-equivalence of the Tits quadratic forms for posets.

Keywords: representation, critical and supercritical poset, oversupercritical poset, Tits
quadratic form, finite and tame representation type, positivity and weak positivity, non-
negativity and weak non-negativity.
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8 V. M. BONDARENKO, M. V. STYOPOCHKINA

1. Introduction. M. M. Kleiner [1] proved that a poset S is of finite repre-
sentation type (i.e. has only a finite number of equivalence classes of indecompo-
sable representations) if and only if it does not contain (full) subposets of the form
Ky =(1,1,1,1), Ky = (2,2,2), K3 = (1,3,3), K, = (1,2,5) and K5 = (N,4), which
are called critical posets. Now they are called (critical) Kleiner’s posets. On the
other hand, Yu. A. Drozd [2] showed that a poset has finite representation type if
and only if its Tits quadratic form is weakly positive (i.e., positive on the set of
nonnegative vectors). Consequently, the critical posets are also critical relatively
to the weak positivity of the Tits quadratic form. In [3] the authors proved that a
poset is critical relatively to the positivity of the Tits quadratic form if and only if
it is minimax isomorphic to a Kleiner’s poset (such isomorphism was introduced by
the first author in [4]); in this paper all such posets are fully described (they are
named by the authors as P-critical).

A similar situation takes place for tame posets. A poset S is tame if and only
if it does not contain subsets of the form Ny = (1,1,1,1,1), No = (1,1,1,2), N3 =
(2,2,3), Ny = (1,3,4), N5 = (1,2,6), (N,5) [5], and this is equivalent to the weak
non-negativity of the Tits quadratic form of S; these posets are called supercritical.
In [6] the authors proved that a poset is critical relatively to the non-negativity of
the Tits quadratic form if and only if it is minimax isomorphic to a supercritical
poset. In [7] all such posets are fully described (they are named by the authors as
N P-critical).

The importance of studying minimax isomorphic posets (introduced in [4]) is de-
termined by the fact that their Tits quadratic forms are Z-equivalent, and minimax
isomorphism itself is a fairly general constructively defined Z-equivalence for posets.

In [8] were introduced 1-oversupercritical posets which differ from supercritical
sets in the same degree as the latter differ from critical ones; often, including in this
article, they are simply called oversupercritical. Among these posets, namely the
posets of the forms

1) (1,1,1,1,1,1), 2)(1,1,1,1,2), 3)(1,1,2,2),

4) (1,1,1,3), 5)(2,3,3), 6)(2,2,4), 7)(1,4,4),

8) (1,3,5), 9)(1,2,7), 10) (N,6),
here are four of the smallest order, which is equal to 6 (for posets XY, Z=(X,Y)
denotes their direct sum, i.e. Z = X UY and any elements z € X and y € Y are
incomparable; (m) denotes the linearly ordered set of order m). In this article, we
describe all posets that are minimax isomorphic to them and study some of their
combinatorial properties.

2. The main result. Throught the paper, all posets are finite.

Let S be a poset. For a minimal (resp. maximal) element a of S, denote by
T = ST (respect. T = S¥) the following poset: T = S as usual sets, T\ a = S\ a
as posets, the element a is maximal (resp. minimal) in 7', and a is comparable with
x in T if and only if they are incomparable in S. Two posets S and T are called
(min, max)-equivalent if there are posets Si,...,S, (p > 0) such that, if we put
S = Sy and T = Spy1, then, for every ¢ = 0,1,...,p, either Sy = ()], or
Sit1 = (593, [4]. Obviously, any poset is (min, max)-equivalent to itself. Since
some time we also use the term minimax equivalence.

The notion of minimax equivalence can be naturally continued to the notion of
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ON POSETS OF SIXTH ORDER HAVING OVERSUPERCRITICAL MM-TYPE 9

minimaz isomorphism: posets S and S’ are minimax isomorphic if there exists a
poset T', which is minimax equivalent to S and isomorphic to S".

Let P be a fix poset. A poset S is called of M M-type P if S is minimax
isomorphic to P [12]. In the case when the poset P is an oversupercritical one we
say that S is of oversupercritical M M -type. Posets of such type were studied in
many papers (see [8] — [14]). In particular, the work [8| describes all posets minimax
isomorphic to (1,3,5) and (1,2, 7). The main result of this paper describes all posets
of oversupercritical M M-type in the case when P runs through all oversupercritical
posets of order 6, i.e. it has (up to isomorphism) one of the following forms A0-DO:

A0 B0 co DO

R | |

Recall that a poset T is called dual to a poset S and is denoted by S°P if T'=§
as usual sets and x < y in T if and only if x > y in S.

Theorem 1. Up to isomorphism and duality, the complete set of posets minimaz
isomorphic to A0,B0, C0O, DO consists, in addition to A0-DO themselves, of the
posets indicated in the following table (Ai,Bj, Ck, Ds are, respectively, minimaz
isomorphic to A0,B0, C0, DO):

Al A2 A3

A4 A5 A6

AT A8 A9

Al0 B1 B2

|||
X |2
| | |2
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10 V. M. BONDARENKO, M. V. STYOPOCHKINA

B3 B4 B5

B6 B7 B8

)
A
A
A

B9 C1 C?2

C3 Cc4 C5

C6 Cc7 C8
RSN

D1 D2 D3

{INHNEE
b [9x|e

ARN

3. Proof of Theorem 1. The definition of posets of the form T"= S| can be
extended to posets of the form T = Sg, where A is a lower subposet of S, i.e. x € A
whenever x < y and y € A. Namely, T' = SL is defined as follows: T' = S as usual
sets, partial orders on A and S\ A are the same as before, but comparability and
incomparability between elements of x € A and y € S\ A are interchanged and the
new comparability can only be of the form x > y. In the special case, when A = {a}
is a one-element subposet, we identify A with a. Instead of (S]] write write Sl,.

Let S be a poset. For subposets X,Y of S, X <Y means that x < y for any
x € X,y €Y. We call subposets X and X' of S strongly isomorphic if there exists
an automorphism ¢ : S — S such that p(X) = X’ (as equality of subposets).
Similarly, pairs (Y, X) and (Y, X”) of subposets of S are called strongly isomorphic
if there exists an automorphism ¢ : S — S such that p(Y) =Y’ and p(X) = X'

In [3], the authors propose the following algorithm for finding (up to isomorp-
hism) all posets that are minimax isomorphic to a given one.

I. Describe, up to strongly isomorphic, all lower subposets of P # S in S, and,
for every of them, build the poset S}, (P = @ is not excluded).

Posnin 1: MaremaTuka 1 CTaTUCTUKS,



ON POSETS OF SIXTH ORDER HAVING OVERSUPERCRITICAL MM-TYPE 11

IT. Describe. up to strongly isomorphic, all pairs (Q, P) consisting of a proper
lower subposet ) in S and a nonempty lower subposet P in @) such that P < S\ Q;
for every such pair, build the poset Sgp.

ITI. Among the posets obtained in I and II, choose one from each class of iso-
morphic posets.

For each poset A0,B0, C0, DO (see the first table), we denote the partial order by
< and number the points with numbers 1,2, 3, ... in such a way that ¢« < 5 whenever
i < 7 oriis (in the picture) to the left of j. Then the posets A0,B0, C0, DO consist
of the numbers 1,2,3,4,5,6 and we have 3 < 4,5 < 6 for A0, 4 < 5 < 6 for B0,
5 < 6 for C0, and the empty set of relations for DO.

Now we apply our algorithm to the proof of the theorem.

Step I. Describe (up to strongly isomorphic) all lower subposets. They are:

for A0 — X() = O, X1 = {1}, XQ = {3}, X3 = {172}, X4 = {1,3}, X5 =
{3,4}, X¢ = {3,5}, X7 = {1,2,3}, Xg = {1,3,4}, Xg = {1,3,5}, X190 = {3,4,5},
X11 - {1,2,3,4}, X12 — {1,2,3,5}, X13 - {1,3,4,5}, X14 — {3,4,5,6}, X15 -
{1,2,3,4,5}, X16 = {1,3,4,5,6};

for BO — Yy, = 2, Y] = {1}7 Yy = {4}7 Y; = {172}7 Yy = {174}7 Y; = {475}7
Yo = {1,2,3}, Y7 = {1,2,4}, Yz = {1,4,5}, Yo = {4,5,6}, Yio = {1,2,3,4},
Y ={1,2,4,5}, 1o = {1,4,5,6}, Yi3 = {1,2,3,4,5}, Y1, = {1,2,4,5,6};

for CO — ZO = J, Zl = {1}7 ZQ = {5}, Zg = {1,2}, Z4 = {1,5}, Z5 = {5,6}7
Zs = {1,2,3}, Z; = {1,2,5}, Zs = {1,5,6}, Zy = {1,2,3,4}, Z1o = {1,2,3,5},
Zy ={1,2,5,6}, Z1o ={1,2,3,4,5}, Z15={1,2,3,5,6};

for DO — Ty = @, Ty = {1}, To = {1,2}, T3 = {1,2,3}, T, = {1,2,3,4},
Ts ={1,2,3,4,5}.

Denote by K; ; the poset S‘T/ fori=1,S=Ayand V =X, i =2, § = By and
V=Y,i=395=CandV =7;,i=4,5 =Dy and V =T;. Then it is easy to
see that

Kiog = A0, K11 = A5, K12 = A9, Ki3 = A2, K4 =2 A6, Ki5 = A3,
Kl’ﬁ = AlO, K1’7 = A70p’ KLg = Al, KLg A8, Kl,lO = A?, Kl,ll = AlOOP,
K10 =2 A3P, K13 = A6P, K14 = A2, K15 = AP, K 16 = A5P;

Ko =2 B0, Koy = B4, Kyy = B9, Ky3 = B1®°, Kyy = B6, Ky5 = BT,
Ky = B2P, Ko7 = B5P, Kyg =2 B, Kog = B2, Ky =2 B7°°, Ky11 = B6,
K12 = Bl, Ky13 = BIP, Ko14 & B4A°P;

Ksg =2 C0, K31 = C6, K35 = (8, K33 =02, K34 = C7, K35 = C4, K3
C].Op, K377 = 03, K378 = 01, K379 = 0401)7 K3710 = C?Op, K3711 = 020137 K3’12
C80p, K3713 = C6Op;

Kyi0=2D0, K41 =2 D3, Kyo=2 D2, Ky3= D1, Ky = D2 K,5= D3.

Step II. Describe (up to strongly isomorphic) all pairs of lower subposets (see
the algorithm). They are:

for A0 — X{ = (X15, {5}),

for BO — YY = (3/107 {4})) Yé’ = (Yl?n {4})7 YE’)/ = (}/13’ {47 5})7

for CO — Z| = (Z12,{5});

for DO, there are no such pairs.

Denote by Kj; the poset (STl for i =1, 8 = Ay and (V,W) = X i =2,
S =DByand (V,W) =Y/, i=35=Cyand (V,IW) = Z]. Then it is easy to see
that K7, = A4; K; | = B3, K;, = B8, Ky3 = B3; K, = C5.

Step III. It is easy to verify that in I and II each of the posets Ai, Bl, Ck, Ds,

e 112

111
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12 V. M. BONDARENKO, M. V. STYOPOCHKINA

indicated in the condition of the theorem, and dual to them (in the non-dual cases)
occurs only once. And hence the theorem is proved.

4. Coefficientts of transitivity. Let S be a (finite) poset and S% :=
{(z,y)|z,y € S,z <y}. If (z,y) € S% and there is no z satisfying z < z < y, then
we say that z and y are neighboring. We put n,, = n,(S) := |S2| and denote by
ne = ne(S) the number of pairs of neighboring elements. The ratio k; = k:(S) of the
numbers n,, — n. and n,, are called the coefficient of transitiveness of S; if n, = 0
(then n, = 0), we assume k; = 0 (the coefficient of transitivity is introduced in [15]).

In this part of the paper we calculate k; for the posets of M M-type to be
A0, B0, C0, DO.

Theorem 2. The following holds for posets Ai, Bj, Ck, Ds:

N | ne | ny ky

A0 | 2 2 0

BO| 2| 3 ]0,33333

col 1] 1 0

DO O | 0 0
N | ne | ny ky N | n. | ny k; N | ne | ny k;
Al | 6 | 11 | 0,45455 || B1 | 6 | 11 | 045455 || C2 | 7 9 |0,22222
A2 | 6 | 10 0,4 B2 |5 12058333 C3| 8 | 8 0
A3 | 5 |10 0,5 B3| 7|12 1041667 | C4| 5 | 9 |0,44444
A4 | 7 | 10 0,3 B4 5 | 8 0,375 || C5| 8 | 9 |0,11111
A5 | 5| 7 028571 || B5| 6 | 8 0,25 C6| 5| 6 |0,16667
A6 | 6 | 8 0,25 B6| 6 | 7 |014286 | C7 | 7 | 7 0
A7 1 6 | 9 |0,33333 || BT | 4 | 7 | 042857 | C8| 4 | 4 0
A8 | T | T 0 B8 |6 | 7 [0,14286 | D1| 9 | 9 0
A9 | 4 | 5 0,2 B9 | 4| 4 0 D2 8 | 8 0
A0 | 6 | 6 0 Cl1] 7110 0,3 D3| 5|5 0

The transitivity coefficients are written out with an accuracy of five decimal places.
The value s exact if and only if the number of decimal places is less than five, and
two values equal to exactly five digits are equal at all.

The proof is carried out by direct calculations.

Recall that the greatest length among the lengths of all linear ordered subsets
of a poset S is called its height and the greatest number of pairwise incomparable
elements of S is called its weight, An element of a poset is called nodal, if it is
comparable with all the others elements. A subposet X of T is said to be dense if
there is not x1,29 € X, y € T'\ X such that x; < y < xs.

Note that a poset of M M-type A0—DO0 can have at most three nodal elements.

Corollary 1. The coefficient k.(S) of a poset S is the largest among all the
posets of MM -type AO-DO if and only if S contains a dense subposet with three
nodal elements.

Corollary 2. The coefficient k(S) of a poset S is the smallest among all the
posets of M M -type AO-DO if and only if S is a self-dual connected poset of height
two.

Posnin 1: MaremaTuka 1 CTaTUCTUKS,



ON POSETS OF SIXTH ORDER HAVING OVERSUPERCRITICAL MM-TYPE 13

Corollary 3. For a posets S of MM -type AO-DO, the following conditions are
equivalent:

(a) k(S) = 1;

(b) S is a non-self-dual poset of width three with two nodal elements.

5. Conclusions. In this article we study combinatorial aspects of oversuper-
critical posets which differ from supercritical sets in the same degree as the latter
differ from critical ones. Namely, we describe, up to isomorphism, all the posets
that are minimax isomorphic to oversupercritical posets of the order 6.

The importance of studying minimax isomorphic posets is determined by the fact
that their Tits quadratic forms are Z-equivalent. This allowed the authors (earlier)

(1) to prove that a poset is critical relative to the positivity of the Tits quadratic
form if and only if it is minimax isomorphic to a Kleiner’s poset;

(2) to prove that a poset is critical relatively to the non-negativity of the Tits
quadratic form if and only if it is minimax isomorphic to a supercritical poset;

(3) to describe all the posets mentioned in (1) and (2),

and also to solve a number of other problems, which were not mentioned in this
article and, in particular,

(4) to describe, up to isomorphism, all posets with the Tits quadratic form to
be positive.

We also describe the transitivity coefficients for all posets minimax isomorphic
to oversupercritical posets of the order 6.

The obtained results (together with the corresponding research methods) will be
used in the study of combinatorial aspects of other classes of posets.
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Bongapenko B. M., Creonoukina M. B. [Ipo 1acTkoBo BropsiikOBaHi MHOXKH-
HU IIOCTOT'O TOPSIJIKY, MO MaloTh HajcynepKputuauuit M M-tu.

300pazkeHHs 9. B. MHOXKUH (4aCTKOBO BIOPsAKOBaHUX MHOXKUH) BBeau JI. A. Hazaposa
i A. B. Poitrep B 1972 p. B Tomy 2k pori M. M. Kureitnep noBiB, 1m0 4. B. MHOXKHHA S Mae
CKiIHYeHHUiT 300parkKyBaJIbHUIT TUI TOI 1 JIUIIIE TO/l, KOJW BOHM HE MICTHUTH Y. B. IiJIMHO-
x)un surasany Ky = (1,1,1,1), Ko = (2,2,2), K3 = (1,3,3), K4 = (1,2,5) i K5 = (N,4).
IIi 9. B. MHOXKUH Ha3MBAIOTHCS KPUTUYHUMH 9. B. MHOXKHUH IIOJ0 CKIHYEHHOCTCTI THILY
(B TOMY CeHCI, 110 1e MiHIMAJIbHI Y. B. MHOXKUH 3 HECKIHYEHHOIO KIJIbKICTIO HEPO3KJIAIHIX
300pazKeHb, 3 TOYHICTIO JI0 eKBiBajeHTHOCTI) abo 4. B. MHOKuHaMu Kiielinepa. Y 1974 pori
FO. A. JIposs joBiB, M0 9. B. MHOXKHHA S Ma€ CKIHYEHHUH 300paKyBaJbHUNA TUI TOJ i
Jmrre Toji, Koum i1 kBaaparuwana dpopma Titca

qs(z) =: 25 + Z 22 + Z ZiZj — 20 Z Z

i inS 1<j,t,j inS i inS

€ c1abko mofaTHon (TOOTO MOAATHOI Ha MHOXKWHI HeBix'emHux BekTopiB). OTike, 4. B.
vHOKUHE KJeitHepa € KpuruaamME 1010 c1abKol oaaTHocTi KBaaparuanol ¢dopmu Titca,
i iHmMX TAaKWX 9. B. MHOXKUH Hemae (3 TOouHicTIO 70 i3oMopdizmy). ¥V 2005 poui asropu
JIOBEJIU IO 4. B. MHOXKHWH € KPUTHYHOIO IIOJI0 TOAATHOCTI KBaaparndnol ¢popmu Turca Tomi
i Jumre Toxi, KOJIM BOHA € MiHIMAaKCHO i3oMopdHa JesKiil 4. B. MHOXKKHI Kuteitnepa.

ITonibuy curyariito Ma€Mo 3 9. B. MHOXKUHAMU PYYHOI'0 300pazKyBaJjibHOro Tuiry. ¥ 1975
p- JI. A. Hazaposa jioBesa, 1m0 9. B. MHOXXKHMHA S € PYyYHOIO TOJi 1 Jiuie ToJIi, KO BOHA
He MicruTh 4. B. migmuoxkus Burisimy N1 = (1,1,1,1,1), No = (1,1,1,2), N3 = (2,2,3),
Ny =(1,3,4), N5 = (1,2,6) i (N,5). Bona nassasia 1 4. B. MHOXKUHU CyIE€PKPUTUIHUME;
BOHM € KPUTHUIHUMHU IIOJIO CJAA0KOI HeBix'emHOCTI KBasparwdHoi dopmu Tirtca, i immux
TaKUX 4. B. MHOKUH HeMmae. ¥ 2009 porii aBTopu J0BeJId, MO Y. B. MHOXKUHA, € KPUTHIHOIO
IIOI0 HeBi eMHOCTI KBajapaTudHol ¢popmu TiTca Toai i jaumne To/i, KO BOHA MIHIMAKCHO
isoMopdHA JedKiit CymepKPUTHIHIA 9. B. MHOXKIHI.

Ilepimuii aBTOp 3aIPONOHYBAB BBECTH 4. B. MHOXKMHU (HA3BaHI HAJICYIIEPKPUTUIHUMA),
AK1 BIJIPI3HAIOTHCS BiJl CYNEPKPUTUYHUX Y. B. MHOKUH B Tiif caMiif Mipi, 1110 i ocTaHHI BijI-
pisHsitoThCs Bij KpurudyHuxX. Cepesl 1uX 9. B. MHOXKUH € YOTHUPU HAWMEHINIOTO IOPSIIKY,
a came 6. ¥V miif cTaTTi MH ONMCYeMO BCi Y. B. MHOXKMHHU MiHIMaKCHO €KBiBaJIeHTHI 1M, i
BUBYAEMO JledKi ixHI KOMOIHATOpHI BiacTUBOCTI. Bak/MBiCcTh BUBYEHHS MiHIMAKCHO i30-
MOp(MHUX 9. B. MHOXKHWH BU3HAYAETHCT THM (akToM, 1o IX KBajaparudai ¢opmu Tirca
Z-exBiBaJIeHTHI, & caM MiHIMaKCHHUH i30MOpdi3M € TOCUTH 3arajbHOI0 KOHCTPYKTUBHO BU-
3HAYEHOIO Z-eKBIBAJEHTHICTIO /I KBagpaTndaux ¢opM TiTca 4. B. MHOXKUH.

Karo4doBi cjoBa: 300paxkeHHst, KpUTHIHA Ta CYyMEPKPUTHIHA . B. MHOXKHUHA, HAICYIIEP-
KPUTAYHA 9. B. MHOXKWHA, KBajsparuwdHa dopma Tirca, ckindennuit i pydnnit 306paxKy-
BaJILHUI THUII, JOJATHICTD 1 c1abKa JOAATHICTh, HEraTUBHICTD i CJ1abKa HEraTUBHICTD.

Posnin 1: MaremaTuka 1 CTaTUCTUKS,
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