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ITIPO AJITEBPY AYCJIEHJIEPA HAIIIBI'PYIIN, IIOPOJXKEHOI
JABOMA AHYJIBOBHUMM 2-HIJIBITOTEHTHUM I
2-IIOTEHTHUM EJIEMEHTAMMN

Hanisrpynu Tpersoro nopsaky suepiie onucas y 1953 p. T. Tamypa, a 3romom, y 1955 p.
(3a momomororo komir'roreprol nporpamu) I'. E. @opcaiit. B 060x Bumakax onmc orpuMa-
HO B TepmiHax Tabsunps Keni 3 TounicTio /10 i3oMmopdizmy Ta antuizomopdizmy. Icaye 18
PI3HUX HAIIBIPYI TPETHOrO HOPsAKY (HamiBrpynu S i T HA3UBAIOTHCHA aHTUIZOMOP(OHUMHE,
SKINO HamiBrpyua S izomopdua zanisrpyni T°P, nyasnbniit 10 vanisrpyuu T'). Minimanbai
CHCTEeMU TBIpHUX Ta BIJIIIOBI/IHI BU3HAYAJIbHI CIIIBBIHOIIEHHS JIJIs1 BCIX TAKUX HAIBIPYI
nobyroBani B nparsx B. M. Boumapenka i f. B. Bamixu. 3okpema, jijisi KOMyTaTUBHIX
HAIIBrPYIl BOHU Taki (B KPYIVIMX Jy?KKAX BKA3AHO BCI €JIEMEHTHU HAIIBIPYIIH, & B KyTOBUX
Jy2KKax BKa3aHO MiHIMAJIbHY CHCTEMY TBIpHHWX; TPUBIaJIbHI BU3HAYAJBHI CIIBBIIHOITEHHS
JIJIL ONIUHUYIHOTO 1 HYJIOBOI'O TBIpHUX € 1 0, SKIIO0 BOHU €, HE BUIIUCYIOTHCH):

1) (0,b,¢) = (b,c): b> =0, ¢> =0, be = cb = 0;

2) (0,c2,¢) = {e): ¢ = 0;

3) (0,b,¢) = (b, >b2—OC=C,bC—Cb= ;

4) (0,b,€) = (b,e): b? =

5) (0,b,¢) = (b, >b2—bC=C,bC—Cb= ;

6) (0,c%,¢) = (0,c): ¢® = c?;

7) (0,b,€) = (0,b,¢): b> = b;

8) (0,e,¢) = (0,¢): ® =¢;

9) (¢2,b,¢) = (b,c): b3 =b2, 3 =¢, b> =2, bc = cb = ¢;

10) (%, e,¢) = (e,c): 3 =¢;
11) (c2,¢%,¢) = {e): ¢* = 2
12) (e,b,b%) = (b): b® =e.

Bonwu x omnmcasu 300pakyBabHUIT TUIT HATIBIPYT TPETHOT'O MOPSIIKY HAJT TIOJIEM 1 BKa-
3aJI1 KAHOHIYHY (DOPMY MaTPUYHUX 300parkeHb JJIs HALIBIPYI CKIHYEHHOI'O 300parKyBaJIb-
HOro THILy (TOOTO TAKUX, AKI MaIOTh, 3 TOYHICTIO JI0 €KBIBAJEHTHOCT], CKIHUEHHE YUC/I0 HE-
po3KJIagHuX 300pazkenn). ABrop, pazom 3 B. M. Bormapenkom, onucain 306paxKyBajbHUi
TUI CTAHJIAPTHUX HATHAINBIPYI HAIIBIPYIH, TOPOJIZKEHO] IBOMA B3aEMHO aHYJILOBHUMHA 2-
HIJILIIOTEHTHUM 1 2-II0TEHTHUM eJieMeHTaMu. ¥ il cTarTi JJisl €IuHOI TaKol (3 TOYHICTIO JI0
isomopdismy Ta arTHiZOMOpdI3MY) HAJIHATIBIPYIN CKIHYEHHOTO 300payKyBaJbHOTO THUITY
ommcaHa IXHsl MaTpU4YHa ajrebpa AyciieHiepa siK OjHa i3 GOpM 3ajaHHsi KaTeropil 300pa-
JKEHb.

Kuaro4doBi csioBa: noJte, HamiBrpymna i HaqHAMIBrpyIa, aHTHI30MOP@di3M, BUZHATAIBHI CITiB-
BIJIHOIIIEHHSI, MaTPUYHI 300pakeHHsI, 300paKyBaJIbHUI THUIl, KaHOHIYHA (popMa, ajredbpa
Aycnenzepa.
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1. Beryn. 3riguo 3 [1, Teopema 1| Bci HamiBrpynu Tperboro mopsiky € py<IHUMA
(o3HAYEHHST DYYHUX Ta JUKUX MATPUYHUX 3a/ad npusegeno B pobori FO. A. JIpos-
na [2]). Cepes HuX, AKIO He PO3MIAIATH HI NUKJIYHI HAMIBIPYIH, Hi MUKJHYHI 3
[IPUETHAHUM OJIMHUYHUM YU HYJIHOBUM €JIEMEHTOM, € JIUIIEe TPU KOMYyTaTUBHUX Ha-
HIBrPYyNU CKIHYEHHOrO 300parKyBaJIbHOIO THITY HAJI JOBLIbHUM 110jieM K (1o06TO Ma-
I0Th, 3 TOYHICTIO JI0 €KBIBAJIEHTHOCT, CKIHYEHHE IHCJIO HEPO3KJIATHIX 300pazKeHb ).
OjHi€ero i3 TaKUX HAINBIPYII € HAINIBIPYIIa, MOPO/KEHA JTBOMa B3aE€MHO aHY/IbOBHU-
MU 2-HUIBIOTEHTHUM 1 2-TIOTeHTHUM (1JIEMIIOTEHTHUM) eJleMeHTaMU, MaTPUIHI 30-
OparkeHHs siKOl BuBYaJsiucst B pobori [1], a marpudni 306pazKkenHs i1 cTaHIAPTHUX
(moB’si3aHUX 13 BU3HAYAIBHUME CITIBBIJIHOIIEHHSIME BiTHOCHO MiHIMAJIBHOI CHCTEME
TBIPHIX) HAHAIIBIPYI — B poboTi [3].

st poboTa mpucesidena onucy aaredp Aycienaepa s HaJHAIIIBIPYIT CKiHYIEH-
HOT'O 300pazKyBaJIbHOT'O THUITY.

2. Ilontepeani Binomocti. Po3srisinemo HamiBrpyiy S, MOpo/zKeHy JIBOMa B3a-
€MHO aHYJILOBHUMU 2-HIJILIIOTEHTHUM 1 2-TIOTEHTHUM eJIeMeHTaMu, TOOTO HAIiBIPYyITy
3 estementamiu 0, b, ¢, (MiHIMAJIBHOIO) CHCTEMOIO TBIpHUX b, ¢ i BUBHAYAJLHUMH CITiB-
BigHomennamu b?> = 0, ¢2 = ¢, bc = 0, ¢b = 0, gKi B HOJAIBIIOMY ITIO3HAMUMO
Bigmosigno wepes (), (¢), (be), (cb).

Bsenemo Taki HamiBrpymnm:

S® = S\ (b) := (0,b,¢) = (b,c): > = ¢, be =0, cb = 0;

S =8\ (c) := (0,b,¢) = (b,c): b¥» =0, bc = 0, cb = 0;

St .= S\ (be) := (0,b,¢) = (b,c): b* =0, ? = ¢, cb = 0;

S0 = S\ (cb) := (0,b,¢) = (b,c): b* =0, ¢? = ¢, be = 0.

IToxknaemo

S0 = S\ {(2), (y)} wna 2,y € {(b), (c), (be), (cb)}, = # y;

S@w2) = S\{(x), (y), (2)} ana z,y, 2 € {(b), (c), (be), (cb)}, & # y, v # 2,y # 2.

OueBH/IHO, IO IIPH NEPECTAHOBIN &, ¥, 2z Hamisrpymnn S@Y) 1 §®¥2) ge 3miniomn-
ThedA. BBeJleHi TakKuM YUHOM HAIIBrpyIu JjIs HAINIBIPYIH S MalTh (haKTOP-HAIiB-
rpyiy, isomopdry S, ToOTO € HaIHAIIBIPyIaMI HAIBIPYIH S.

B poborti [3| moBejena HacTynHa TEOpeMa.

)= (b,c): b
) = (b,c): b

Teopema 1. /las dosiavhozo nois K maromov micue HAGCMYNHE MEEPIAHCEHHA.

1) S@® — nanieepyna crinuenozo 306pasicyearvnozo muny 0
x € {(bc), (cb)};

2)  S@ — pyuna naniszpyna neckinueno2o 306paNCy6aNLHO20 MUNY OAA
z € {(b),(c)};

3) S @¥) — pyuna nanisepyna Heckinuenno20 306patCYEaANLHO20 MUNY OAA
z,y € {(b), ()} abo x,y € {(bc), (cb)};

4)  S@Y) — Quxa nanieepyna das x € {(b), (c)}, y € {(bc), (cb)} abo
z € {(be), (cb)}, y € {(b), (0)};

5) S@¥2) — guxa nanisepyna das dosisvruz ,y, z € {(b), (c), (be), (cb)}.

cb) P

Bpaxosyiouun, mo S = 5t e S — ayamena 10 S mamisrpyma (3
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OIIEPAIIIEI0 MHOYKEHHSI T O iy = Yx), MaTPUUHI 300parKeHHsI sIKOI OTPUMYIOThHCS 13
MaTPHIHIX 300pazkenb S TpaHCIOHYBAHHAM BCIX MATDHIb, IO CYTI MAaEMO JIH-
1Te Oy HAJHAIIBIPYITY CKiHUeHHOro 306paskysaabHoro tamy — S, B pobori [3]
oTpuMaHa KaHoHiuHa dopma 11 MATPUIHUX 300paKeHb.

Teopema 2. Kanoniuna Gopma 04 MAmMpuaruz 306pasicers Hanieepynu
N = S .= (0,b,¢) = (b,c): b* =0, ¢ = ¢, bc = 0 maxa:
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Tyt gepes B, C' nmo3HavaeThCs BiAIOBIIHO MATPUILA 300paskKeHHs, 1110 BiAIOBi1a€e
TBIpHOMY eJieMeHTY b, ¢. E 1io3Havae OMHIIHY MATPHUIO OY/Ib-IKOTO PO3MIPY N X N
(n>0).

3ayBaykuMo, 10 MATPUIlA 300parKeHHsI, K& BIIIIOBIIA€ HYJIHOBOMY €JIEMEHTY
HAaIIBIPYIIH, 3aBK/IM BBAXKAETHCS HYTHOBOIO.

3. ®opmysrOBaHHS OCHOBHOTO pe3yJbTaTry. ¢k i paniiie, Bci 300pazkeHHs
posrsiaThesa Ha noem K. Anrebporo Ayciieraepa aaredpu CKiHIeHHOro 300pa-
JKYBaJbHOTO THUILY HA3WBAETHCS ajredpa eHaoMopdi3MiB IPsSIMOI CyMU BCiX HEPO3-
KJIaTHIX 300pazkeHb (110 OTHOMY HPEJICTABHUKY i3 KOXKHOT'O KJIACY €KBIBAJEHTHOCT ).
Ao 300pazkeHHsT PO3MJIAIATH B MATPUIHOMY BHIVISL, TO 1 ajredbpa Ayciemne-
pa OyJe peasizoByBaTHCh B MaTPUYIHOMY BHIVIAJL 1 B IIbOMY BHUITQJKY 11 IPUPOTHO
Ha3MBATH MATPUYHOIO ajarebporo Aycienziepa. 3ayBaykKUMO, IO MaTpUYHA aJrebpa
Aycrenaepa He 3a/1€KUTh BiJl BUOOPY IpPEICTABHUKIB y KJlacaX €KBIBaJIEHTHOCTI y
TOMY CEHCI, 1110 BCI OTPUMAaHI TAKUM YMHOM areOpu Oy Th CIIPsizKeH] gK Tiaareopu
[TIOBHOI MAaTPUIHOI aJireOpu BiJIIIOBITHOTO TOPSJIKY, & OTXKe, 1 130MOphHUMHA.

Haranaemo, mo anredpa engoMopdismiB MaTprudIHOTO 300pazkeHHs 1’ aesikol Ha-
miBrpynu S — 1e MHOKUHA Beix mMarpuib X takux, mo 1'(x)X = XT'(z) s 6y
skoro x € T'. 3po3yMiJio, 0 KOJIU HAINBIPYIIA 33/Ia€ThC TBIDHUMU 1 BU3HAYATbHU-
My criBBignomenuamu, To pisrocti T'(x)X = XT'(x) gocraTHbO pO3IVISIATH JIAIIE
IJIs TBIpHUX €JIEMEHTIB.
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Teopema 3. Mampuuna anrzebpa Aycaendepa A(N) nanieepynu N nad noaem
K ckaadaemoves 3 yeiz mampuuyb eu2andy

T11 T12 T13 0 0 0 0 0 0
0 To2 T23 0 0 0 0 0 0
0 0 23 0 O O O O O
0 0 0 x99 0 46 Tar T4 Tao

X = 0 0 0 @54 55 56 Ty Tsg Tsg |

0 0 0 0 0 x99 O 0 O
0 0 0 0 0 T54 Tss 0 0
O 0 0 0 0 x2 0 z1 O
0 0 0 0 0 w@xg wor Tog Tgg

de x;; — eaemernmu noas K.

4. [oBenennsi reopemu 3. Posrignemo marpuyne 306pakeHHsI HAIIBIPYIIH
N, sike € KAHOHITHUM 3 OJMHUIHUME KITHHAMY MOpsaAKy 1 (1uB. Teopemy 2):

0000O0OO0OO0OT1@O0
000O0O0OT1O0O0O0
000O0O0OO0OO0OTO0O
0000O0OT1O0O0@ 0
Bo=1000000160 01,
000O0O0OO0OO0®O0OO
000O0O0OO0OO0OTO0O
000O0O0OO0OOTO0O
0000O0OO0O0O0O@ 0
100000O0O0O
01 0000O0O0O0
001 0O0O0O0O0O0
000O0O0OO0OO0OTO0O
Co=|10000O0O0O0O0O0
0000O0OO0OO0O®O0O@ O
000O0O0OO0OOO0O
000O0O0OO0OOO0O
000O0O0OO0OOO0O

[e 300paxkeHHs mepecTaBHO MOIiOHE TPAMill cyMi 300pazkKeHb
1) By = (0), C1=(1);
2) By = (0), Cy=(0);
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00 1 100
5)Bs=|00 1], ¢cs=[00 0|,
000 000

KOXKHE 3 gKUX €, O9eBUTHO, HEPO3KJIA IHE.

OckibKI T0BiIbHE 300parkeHHsI, 1[0 Ma€ KAHOHIIHII BUTIsII, HE MiCTUTD 1HIINX
IPSIMUX HEPO3KJIATHUX JIOIAHKIB, OKpiM 1)-5) (60 mpu HasBHOCTI KaiTHHE E HOpsiI-
Ky S > 1 BOHO eKBiBaJIeHTHe IIpAMiil cyMi JIBOX KAaHOHIYHUX 300pazkKeHb MEHIIIO] PO3-
MipHOCTI), To MaTpudHa ajnrebpa Aycienepa 3ajaerbest piBnoctsavu BoX = X By,
CoX = X () sk piBusanusamu Bignoctno marpuni X = (x;;), 1 <i4,5 < 5.

Jlerko obumcnmTn, mo pisaicte Co X = X () exBiBajenTHa piBHOCTAM ;; = 0
s o= 1,237 = 4,5,6,7,8,91 jyia ¢ = 4,5,6,7,8,9,5 = 1,2,3 (nus., mamp., [4,
VIII, §2]).

Posrasuemo tenep piBaicts BgX = X By. Maewmo:

0O000O0O0OO0OO0ODTITO T11 T12 T13 0 0 0 0 0 0
0O00O0O0OT1TO0OO0O0 T91 X292 T23 0 0 0 0 0 0
00 0O0O0OO0OO0OTOTP O 31 X332 I33 0 0 0 0 0 0
00 0O0O0OT1TU0OTGO0ODPO 0 0 0 T44 T45 T4 Ta7 T48 T49
000O0O0OO0OT1QO0O0 0 0 0 T4 Tr5 T L7 T8 Iy9 =
00 0O0O0OO0OO0ODTOSO 0 0 0 Tea Teg; Tee L7z TLgs Lgo
0000O0OO0OO0OTODO 0 0 0 Tra Ty Ty Tyr Tyg Ty
000O0O0OO0OTO0ODQ 0 0 0 g4 gy Ty Lgy gy g9
000O0O0O0OO0OO0ODQ 0 0 0 Tgg Tog5 Tgg TL97 T9g 99
ri1 12 vi3 00 0 O O O 0000O0OO0OOT1PQ0
To1 T92 T93 0 0 0 0 0 0 000O0O0OT1TTO0OTO0OGO
T3] T32 I33 0 0 0 0 0 0 000O0O0OOO0OO0ODO
0 0 0 T4 T45 T4 L4717 T48 T49 00 00O0OT1TO0O0OO
= 0 0 0 T4 X5 T L7y Ty Tyg 0O000O0OO0OO0OT1QO0TPO0 y
0 0 0 Tea Tes Teeg Ler TLeg L9 000O0O0OO0OO0ODP
0 0 0 Trg Ty g X7 Xyg Trg 00 0O0O0OO0OOTOG O
0 0 0 Trga gy Tgg gy Tgy Tg9 000O0O0OOOTODO
0 0 0 Tgga T95 Tg9g L9y T9g T99 00 00O0OO0OO0OTODO
TOOTO
000 Trgqg Ty Ty g7 gy IXg9 00 0O0O T12 0 T11 0
000 Tea Tes Teg L7 Teg L9 0 00O00O0 T2 0 T21 0
ooo o0 o 0 0 0 0 00000 232 0 x5 O
000 Teae Tes Teg Ler Tes Lg9 00 0O0O T44 T45 0 0
00O T7q4 Trs Trg X7 Trg X9 = 00 O0O0O T54 Ty5 0 0
ooo o0 o0 o 0 0 O 00000 2gg4 g5 0 O
ooo0o o0 o0 o 0 0 O 00000 g 275 0 O
cooo o0 o 0 0 0 0 00000 284 25 0 O
ooo o0 o0 o 0 0 O 00000 gg g5 0 O
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11 T12 T13 0 0 0 0 0 0
0 Tog T23 0 0 0 0 0 0
0 0 33 O 0 0 0 0 0
0 0 0 x990 0 46 Tar T4s Ty
X = 0 0 0 @5y Ts55 Ts6 X7 Tsg Tsg
0 0 0 0 0 z9o O 0 0
0 0 0 0 0 x5 755 0 0
0O 0 0O 0 0 z32 0 z17 O
0 0 0 0 0 wme Tgr Tog Tog

Teopema 3 joBenena.

5. BuCHOBKM Ta NepCHeKTUBH ITOJAIBIINX JOCTiI2KEeHb. Y poO0Ti pO3IIs-
JIAIOTHCS MATPUYHI 300paKeHHd HAHAINBIPYIT CIEIIAJIBHOTO BUIJISLY HAIIBIPYIIH
TPETHOTO TOPSAKY, AKa MOPO/IZKEHA IBOMa B3a€EMHO aHyTHOBHUMHA 2-HIJTBIIOTEHTHUM
i 2-norentauM (igemmorenTHIM) eslemerTaMu. ONMUCaHO ABHUN BUMIIsiy agrebpu Ay-
cJIeHJIepa JIJIsl HaTHAINBIPYT CKIHIEHHOIO 300ParkyBaIbHOTO THITY €T HAIIBIPYIIH.

Orpumani pesybraTit (Pa3soM 3 BiIOBITHUMEI METOIAMHU JOC/IIZKEHb ) 3HANRY Th
3aCTOCYBAHHS IPY BUBYEHHI 300pazKeHb IHINUX HAIIBIPYII.
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Zubaruk O. V. On the Auslander algebra of a semigroup generated by two anni-
hilating 2-nilpotent and 2-potent elements.

Semigroups of the third order were first described in 1953 by T. Tamura, and later,
in 1955 (with the help of a computer program) by G. E. Forsythe. In both cases, the
description is obtained in terms of Kelly tables, up to isomorphism and antiisomorphism.
There are 18 different semigroups of the third order (semigroups S and T are called anti-
isomorphic if the semigroup S is isomorphic to the semigroup 7°P dual to the semigroup
T). The minimal systems of generators and the corresponding defining relations for all
such semigroups are constructed in the works of V. M. Bondarenko and Ya. V. Zaciha. In
particular, for commutative semigroups they are as follows (all elements of the semigroup
are indicated in parentheses, and the minimal system of generators is indicated in angle
brackets; trivial defining relations for unit and zero generators e and 0, if any, are not
written):

1) (0,b,¢) = (b,c): b> =0, ¢* =0, be = cb = 0;
2) (0,c2,¢) = {¢): ¢3 = 0;

3) (0,b,¢) = (b,c): b¥* =0, c? =c¢, bc = cb=0;
4) (0,b,e) = (b,e): b* = 0;
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5) (0,b,¢) = (b,c): b* =b, ¢® = ¢, bc = cb = 0;

6) (0,c%,¢) = (0,c): ¢ =c?

7) (0,b,e) = (0,b,€): b* = b;

8)(060) 0,¢): 2 =e¢;

9) (¢%,b,¢) = (b,c): ¥* =0, B =c, b =c2, bc=chb=c;
)(C o) =(ec): =

11) (,¢3,¢) = {c): ¢* =%

12) (e,b,b%) = (b): b® =e.

They also described the representation type of third-order semigroups above a field and
indicated the canonical form of matrix representations for semigroups of finite representa-
tion type (i.e., those that have, up to equivalence, a finite number of indecomposable rep-
resentations). The author, together with V. M. Bondarenko, described the representation
type of standard oversemigroups of the semigroup generated by two mutually annihilating
2-nilpotent and 2-potent elements. In this paper, for a single such (up to isomorphism
and antiisomorphism) oversemigroup of finite representation type, their Auslander matrix
algebra is described as one of the forms of specifying the category of representations.

Keywords: field, semigroup and oversemigroup, antiisomorphism, defining relations, ma-
trix representations, representation type, canonical form, Auslander algebra.
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