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SOME PROPERTIES OF DIFFERENTIAL, QUASI-PRIME AND
DIFFERENTIALLY PRIME SUBSEMIMODULES

The notion of a semiring derivation is traditionally defined as an additive map satisfying
the Leibnitz rule, i. e. amap d: R — R is called a derivation on Rif § (a +b) = 6 (a)+ (b)
and ¢ (ab) = 6 (a)b+ ad (b) for any a,b € R. The notion of a quasi-prime ideal, for
the first time, was introduced in differential commutative rings, i.e. commutative rings
considered together with a derivation, as a differential ideal maximal among those disjoint
from some multiplicatively closed subset of a ring. A subsemimodule P of a semimodule
M is called prime if for any ideal I of R and any subsemimodule N of M the inclusion
IN C P follows N C Por I C (P:M). A differential subsemimodule P of M is called
a differentially prime subsemimodule if for any r € R, m € M, k € Ny, rm®¥) ¢ P
follows r € (P : M) or m € P.

The present paper is devoted to investigating the notions of differential subsemimo-
dule, differentially prime subsemimodule, and quasi-prime subsemimodule of a
differential semimodule (which is defined as a semimodule together with a derivation on it
related to the corresponding semiring derivation), not necessarily commutative. The objec-
tive of the article is to investigate some properties of such subsemimodules, and to show the
interrelation between quasi-prime ideals and differentially prime subsemimodule
in case of differential semimodules satisfying the ascending chain condition for differential
subsemimodules. The paper consists of two main parts. In the first part, the author inves-
tigates some properties of differential subsemimodules and the corresponding differential
ideals, and gives some examples of such subsemimodules. The second part of the paper
is devoted to considering the connection existing between quasi-prime subsemimodules
and differentially prime subsemimodules. It is established that a differential sub-
semimodule N of M is differentially prime if and only if N is a quasi-prime subsemimodule
for a differential semimodule M satisfying the ascending chain condition for differential
subsemimodules.

Keywords: semimodule derivation, semiring derivation, differential semimodule, differ-
ential semiring, differential ideal, differential subsemimodule, differentially prime subsemi-
module, quasi-prime subsemimodule.

1. Introduction. The notion of a derivation for semirings is defined in [1] as
an additive map satisfying the Leibnitz rule. Recently in [2], |3], [4] the authors
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SOME PROPERTIES OF DIFFERENTIAL SUBSEMIMODULES 61

investigated different properties of semiring derivations, differential semirings, i.e.
semirings considered together with a derivation, and differential ideals of such rings.
Prime subsemimodules of semimodules over semirings were introduced and studied
in [5]. Differentially prime ideals were introduced in [6] for differential, not necessar-
ily commutative, rings. Differentially prime submodules of modules over associative
rings were studied in [7], [8]. Quasi-prime ideals of differential rings were introduced
and studied in [9], [10], its generalizations to differential modules, semirings and
semimodules were studied by different authors, e.g. [3], [4].

Due to the development of semiring and semimodule theory recently, the need
of studying the properties of differential semirings, differential semimodules, semir-
ing ideals and subsemimodules defined by similar conditions arose. The objective
of this paper is to introduce and investigate differential semimodules over differen-
tial semirings. We extend some basic results on differential modules to differential
semimodules over differential semirings.

2. Preliminaries. For the sake of completeness some definitions and properties
used in the paper will be given here. For more information see [1], [5]. Throughout
the paper N denotes the set of positive integers and Ny = N J {0} the set of non-
negative integers.

A semiring is a non-empty set R equipped with two associative binary opera-
tions called addition (denoted by +) and multiplication (denoted by -), such that
multiplication distributes over addition from either side. A semiring which is not a
ring is called a proper semiring. A semiring (R, +,-) is said to be commutative if -
is commutative on R.

Zero Or € R is called (multiplicatively) absorbing if a - 0p = Or - a = 0 for all
a € R. An element 1z € R is called identity if a - 1, = 1g - a = a for all a € R.
Suppose 1g # Og.

A subset S of R closed under addition and multiplication is called a subsemiring
of R. A semifield is a semiring in which non-zero elements form a group under
multiplication.

The center of a semiring R is a set Z(R) = {r € R|rs = srVs € R}. It is
a subsemiring of R. Since 0 € Z(R), Z(R) # &. An element r € Z(R) is called
central. A semiring R is commutative if Z(R) = R.

A left ideal of a semiring R is a nonempty set [ # R which is closed under +
and satisfying the following conditions ra € I for all a € I, r € R. Similarly we can
define right ideal and two-sided ideal of a semiring.

An ideal T of a semiring R is called subtractive (or k-ideal) if a € I and a+b € I
follow b € I.

Let R be a semiring with 1z # Or. A left semimodule over a semiring R (or
R-semimodule) is a nonempty set M together with two operations +: M x M — M
and -: R x M — M such that (M, +) is a commutative monoid with 0y, (M, ") is a
semigroup, (r+s)m = rm+sm forallr,;s € R, m € M, r(my+my) = rmy+1rms for
allr € R, mi,ms € M,0g-m =1-0jy =0y forallr € Rand m € M, 1g-m = m for
all m € M. An R-subsemimodule M is called a semivector space if R is a semifield.
A subset N of an R-semimodule M is called a subsemimodule of M if N itself is a
semimodule with respect to the operations for M, i. e. if m+n € N and rm € N
for any m,n € N, and r € R . A subsemimodule N of an R-semimodule M is called
subtractive or k-subsemimodule if mqy € N and m; + mqo € N follow my € N. So
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{05} is a subtractive subsemimodule of M.

3. Differential semimodules and subsemimodules. Let R be a semiring.
A map §: R — R is called a derivation on R [1] if d (a+b) = §(a) + 6 (b) and
d (ab) =6 (a) b+ ad (b) for any a,b € R. A semiring R equipped with a derivation ¢
is called a differential semiring with respect to the derivation § (or é-semiring), and
denoted by (R,0) [2]. A derivation of a semiring R is called trivial if it sends all a in
R to Ogr. A semiring is called differentially trivial if it has no non-trivial derivation.

Let M be a left semimodule over the semiring R. A map d: M — M is called a
derivation of the semimodule M, associated with the semiring derivation §: R — R
(or a d-derivation) if the following conditions hold:

1) d(m+n)=d(m)+d(n) for any m,n € M;
2) d(rm) =204 (r)m+rd(m) for any m € M, r € R.

Since the semiring Ny is differentially trivial, any derivation of Ny-semimodule is
a semimodule homomorphism. In a Ny-semimodule any semimodule homomorphism
is a semimodule derivation associated with the trivial derivation on Nj.

The same is true for a semimodule over the differentially trivial semiring Q. .

A left R-semimodule M together with a derivation d: M — M is called a differ-
ential semimodule (or d-§-semimodule) and denoted by (M, d).

Zero semimodule (0,/) is a differential semimodule over any differential semiring
under any semimodule derivation. Any semiring can be considered as a differential
Ng-semimodule under derivation associated with the trivial derivation on Ny. Here
any semimodule homomorphism is a semimodule derivation. Any differential left
ideal of the differential semiring R is a left differential semimodule over R. Any
differential semiring is a left (right) differential semimodule over itself. Any dif-
ferential module over a differential ring R is a differential semimodule over R as a
differential semiring. Any differential semivector space over a differential semifield
F'is a differential semimodule over a differential semiring F. If R is a semiring and
A # @ is any set then the set R4 of all differentiable functions from A to R is a left
differential R-semimodule, where the addition and scalar multiplications is defined
elementwise and the derivation is defined in the ordinary way.

Proposition 1. Let (R, ) be a differential semiring and let {(M;,d;)|i € I} be a
family of left differential semimodules over R, where all the semimodule derivations
d;: M; — M; are associated with the semiring derivation 6.

A direct product [[,.; M; is a left differential R-semimodule.

Proof. As shown in [1], [[,c; M; has a structure of a left R-semimodule under
componentwise addition and scalar multiplication.

Define amap d: [],.; M; — [[,c; M; by therule d: ((m;)) — (d; (m;)) . It is easy
so see that d is additive. Now consider d (r - (m;)) = (d; (rm;))=(0 (r) m;+rd; (m;)) =
=0 (r) (mi)+r (d; (m;))=06 (r) (m;)+r-d (m;) . Hence M is a differential J-semimodule
over R.

If not stated otherwise, in what follows let (R, §) be a differential semiring, (M, d)
be a left differential semimodule over R.

A subsemimodule N of the R-semimodule M is called differential if d (m) € N
whenever m € N. Any differential semimodule has two trivial differential subsemi-
modules: {0/} and itself.

An element m € M is called additively idempotent if m + m = m. Denote by
IT(M) the set of all additively idempotent elements of M. A semimodule M is
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called additively idempotent if every element of M is additively idempotent, i. e.
IT(M) = M. Tt is easy to see that every semimodule over an additively idempotent
semiring is additively idempotent.

Proposition 2. The set IT(M) of all additively idempotent elements of M is a
differential subsemimodule of M.

Proof. Straightforward.

According to [1], the zeroid of M is defined to be Z(M) ={m € Mm+z ==z
for some x € M}. Z(M) is a subtractive subsemimodule of M containing I*(M).
Moreover Z(R)M C M.

Proposition 3. Z(M) is a differential subsemimodule of M.
Proof. Straightforward.

Proposition 4. Let {N,}aca be a family of subsemimodules of M.

1) Anintersection (\,cq Na of any family of differential (subtractive) subsemimod-
ules of M is a differential (subtractive) subsemimodules of M.

2) A sum Y .4 No of any family of differential subsemimodules of the differential
semimodule M is a differential subsemimodules of M.

Proof. Straightforward.

Proposition 5. If I is a left differential ideal of R and N is a differential
R-subsemimodule of M, then set IN consisting of all finite sums of elements r;m;
with r; € R and m; € M, is a differential R-subsemimodule of M.

Proof. Suppose x € IN. Then x = Zle r;m; for some m; € N, r; € I,
i€ {1,2,...,k}, k € Ng. We have that

k k

d(x) =Y (5 (r)mi+rid(m;) =Y 5 (r)m+ Zrid(mi) .

=1 i=1

Since I and N are differential, then ¢ (r;) € I and d (m;) € N foralli € {1,2,...,n}.
Hence d(x) € IN.

Corollary 1. If I is a left differential ideal of the differential semiring R, then
the set IM 1is a differential subsemimodule of the left differential R-semimodule M.

Proposition 6. If I is a differential ideal of R and N is a differential subtractive
subsemimodule of M, then the residual (N : I) = {m € M|Im C N} is a differential
subtractive R-subsemimodule of M.

Proof. 1t is easy to prove that (N : I) is a subtractive subsemimodule of M.
Let z,o +y € (N : I). Then for every a € I, ar € N and a(z +y) € N. By
subtractiveness of N the latter implies ay € N. Soy € (N : ).

Let m € (N:I). Then am € N for every a € I. Since N is differential
d(am) = 6§ (a)m+ ad (m) € N. The differentiality of I follows § (a) m € N. Given
N is subtractive subsemimodule, we have ad (m) € N. Hence d (m) € (N : I).

Corollary 2. (0 : I) = {m € M|Im = {0y}} is a differential subtractive
subsemimodule of M.
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Proposition 7. If N is a differential subtractive subsemimodule of M and X 1is
a non-empty differentially closed subset of M, then (N : X) = {r € Rl[rX C N} is
a differential subtractive left ideal of R.

Proof. The residual (N : X) is a subtractive left ideal of R by [1]|, Proposition
14.24. Let r € (N : X). Then d(rz) =6 (r)x +rd(z) € N for every x € X. Since
X is differentially closed, rd (z) € N. Given N is a subtractive subsemimodule,

d(r)e (N:X).

Corollary 3. Let N, K be differential subtractive subsemimodules of the dif-
ferential left R-semimodule M. Then (N : K), (N: M), (0: M) are differential
subtractive left ideals of R.

An annihilator of an R-semimodule M is aset Ann (M) = (0: M). An annihila-
tor of the element m € M is aset Ann(m) = (0: Rm) = {r € Rlrm =0} .In [5] it is
shown that Ann (M) = (0: M), (N :m) ={r € Rlrm € N} and Ann (m) = (0 : m)
are subtractive ideals of R, where R is a commutative semiring. For a differential
semimodule M Ann (M) is always a differential ideal, however Ann(m) is generally
not. So we define a differential analogue of the annihilator of an element m € M.

For an element m € M denote by m(® = m, m/ = d(m), m" = d(m’), m™ =
d (m™=), n € Ny. Moreover, let m = {m™|n € No}. It is easy to see that the
set m(>) is differentially closed. A differential annihilator of the element m € M is
the set Anng (m) = (0:m(>)) = {r € Rlrm>) = 0)/}. By Proposition 7 we have
the following corollary

Corollary 4. If N is a differential subtractive subsemimodule of M, then for
any m € M the set (N : m>®)) = {r € R|lrm(>) C N} is a differential subtractive
left ideal of R.

Corollary 5. If m € M then Anng(m) = (0 : m(oo)) is a differential subtractive
left ideal of R. Moreover, Anng(m) C Ann(m).

Proposition 8. Let T be a non-empty subset of M. An intersection of all differ-
ential subtractive subsemimodules of the differential R-semimodule M containing the
set T is a differential subtractive subsemimodule of M. It is the smallest differential
subsemimodule of M containing T.

Proof. 1t is obvious that (-, IV is a subsemimodule of M. Clearly it is sub-
tractive. Let m € (pcny N. Then m is contained in any subsemimodule containing
T. Therefore, d(m) € (pey N.

Denote by (T') = (\ycny IV the subsemimodule generated by the set 7. A sub-
semimodule (T') is called finitely generated if the set T is finite.

Denote [T] = (\ycn N and call it the subsemimodule differentially generated by
the set T.

Proposition 9. A differential subsemimodule [T] is generated by the set
MNeen, d®) (T) as an R-subsemimodule.

Proof. Straightforward.

Example. For an Ny-subsemimodule Ny [z] under the ordinary derivation § =L,
where § (z) = 1, consider a differential subsemimodule N = [z?]. By Proposition 8,
N = [2?] = (2%, 22,2) = (22,2).
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According to [1], amap f: M; — Ms is called a homomorphism of R-semimodules
if f(x+y)=f(x)+ f(y) and f(rz) =rf(x) for all z,y € M and r € R. The kernel
of f is defined to be the set Ker(f) = {m € M|f(m) = 0,1}, and the image of f is
the set Im(f) = {f(m) € My|m € M;}. Ker(f) is a subtractive subsemimodule of
M; and Im(f) is a subsemimodule of Mj.

Let (R,d) be a differential semiring. TLet (M, d), (M;,d) be left differential
semimodules over R. A homomorphism of differential R-semimodules f: M; — M,
is called a differential R-homomorphism if f (d(m)) = d(f (m)) for all m € M,.

Proposition 10. Let (R, ) be a differential semiring, (My,d) and (Mz,d) be dif-
ferential semimodules over R, and f: My — My be a differential R-homomorphism.
Then

1) Kerf is a differential subtractive subsemimodule of M;;

2) Imf is a differential subsemimodule of My;

3) If N is a differential subsemimodule of My, then N€ is a differential subsemi-
module of My,

4) If N is a differential subtractive ideal of My, then N€ is a differential subtractive
wdeal of M.

Proof. Straightforward.

Corollary 6. Let My and My be differential semimodules. If f: My — My is
a differential semimodule homomorphism and N is a prime differential subtractive
subsemimodule of My, then f~1(N) is a prime differential subtractive subsemimodule
Of Ml .

As a consequence we obtain the following

Theorem 1. Let My and My be differential semirings, and let f: My — My be
a differential semiring homomorphism. Then f induces a differential isomorphism

f: My/Kerf — Imf for which f(m + Kerf) = f(m) for all m € M.

4. Quasi-prime and differentially prime subsemimodules. In what
follows semirings are considered to be commutative.

A differential subsemimodule N of the left differential semimodule M is called
quasi-prime if it is maximal differential subsemimodule of M disjoint from some
S-closed subset of M. A differential subsemimodule P of M is called differentially
prime if for any r € R, m € M, k € Ng, rm™® € P follows r € (P : M) or m € P.

Proposition 11. If P is a differentially prime subtractive subsemimodule of M,
then (P : M) is a differentially prime subtractive ideal of R.

Proof. (P : M) is subtractive [4]. Let P be differentially prime subsemimodule
of M, and let a®b® € (P : M) for some a,b € R, k,l € Ng. Then a®pOm e P
for all m € M. Therefore, a®® (b0m) = a® (bm)®) € P follows a € (P : M) or
bm € M, by differential primeness of P. Hence, b € (P : M).

Theorem 2. Let M be a differential semimodule satisfying the ascending chain
condition for differential subsemimodules. A differential subsemimodule N of M is
differentially prime if and only of N is a quasi-prime subsemimodule.

Proof. Let N be a quasi-prime subsemimodule of M. Suppose there exist
r € R,m € M such that [r] - [m] C N, r € R\ (N : M) and m € M\ N. It
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66 I. O. MELNYK, R. V. KOLYADA, O. M. MELNYK
is clear that N C N + [m] and (N : M) C (N : M)+ [r]and (N : M)+ [r] is a
differential ideal of R, N+[m] is a differential submodule of M. Since N is a maximal
differential submodule satisfying N N X = & for some S-closed subset X of M, for
the differential ideal (N : M) + [r| and the differential subsemimodule N + [m] we
have that (N : P)+[r])NS # @ and (N 4+ [m])N X # @. Then s € (N : M) + [r]
and £ € N + [m] for s € S, 2 € X. Therefore, sz™ € X for some n € Ny,
because X is an S-closed subset of M. Then sz(™ € (N : M)+ [r]) - (N + [m]) =
= (N : M)N+(N : M)-[m]+[r]-N+[r]-Im] C N. It follows that sz™ € X N # @,
which contradicts to the fact that X is disjoint from N. Hence, N is differentially
prime.

If N is a differentially prime subsemimodule of M, then X = M\N is a Sdm-
system for some dm-system S of R. Since N is maximal differential subsemimodule
not meeting X = M\ N, then it is quasi-prime.

5. Conclusions. In this article we study differential subsemimodules, quasi-
prime and differentially prime subsemimodules. Namely, we give new examples of
such subsemimodules, prove some of their properties. We also describe the interre-
lation between quasi-prime and differentially prime subsemimodules. The obtained
results can be used in further study of differential semimodules.
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Megasauk 1. O., Koxgna P. B., Measauk O. M. /lesxi BractuBocti jgudepen-
MiaJIbHUX, KBa3iMepBUHHUX Ta JIUM(EPeHIiajlbHO-TePBUHHAX MiIHATIBMO/TYJIIB

Ilonsarrs mupepenninBanHsg HAIiBKiNbIA TPAJUNINHO BU3HAYAIOTH SK aJUTHUBHE Bijl-
obpazkeHHsI, K€ 3aJ0BOJLHSAE MpaBuio Jleibnima, To6To Bimobpakenns 6: R — R Ha-
3WBAIOTH JudepeHnioBaHsaAM HaMiBKLIbIg R, skuio 6 (a+b) = d(a) + 5 (b) i  (ab) =
d(a)b+ ad (b) pua Oyap-sikux a,b € R. llouarrs xksasinepsunnuit izmean Oy/0 Brepiie
BBE/IEHO B KOMYTATHBHUX IW(PEPEHIIATbHAX KiIbIFIX, TOOTO KOMYTATUBHUX KITbIAX, SKi
PO3IIAAAIOTHCS PA30M i3 3aJaHUM HA HUX Au(EPEeHIIOBAHHAM, IK AudepeHIiagabanii ime-
aj, MakCUMAaJbLHUi cepen andepeHIiaaIbHuX imeasiB, dKi He TMEePeTHHAIOTHCS i3 JIesTKOI0
MYJIbTHUILTIKATHBHO-3aMKHEHOIO T IMHOKMHOIO KisbItsd. Ilizramismonyns P namismomyns M
HA3WBAIOTH MEPBUHHUM, SIKITO /s OyIb-9KOro imeasy I nHamiBkiabisg R Ta Oyap-gaKoro mii-

Posain 1: Maremarnka 1 crarucTuka



SOME PROPERTIES OF DIFFERENTIAL SUBSEMIMODULES 67

10.

Hanismoaynst N Haniemonynst M 3 IN C P surumsae N C P a6o I C (P : M). dudepenri-
anpHIi migHanisMoayab P HaniBMomynd M Ha3uBalOTh AudepeHIlianbHO-IEepBUHHENN Iif-
HaIliBMOZyIb, AKINO st Oyab-akux r € R, m € M, k € Ny 3 rm®) € P summsae, mo
re (P:M)abome P.

s crarrs npucBaYeHa JOCIIIKEHHIO IOHATh fubepeHnianbeuil nigHaniBMonynb, qu-
depeHIianbHO-IEPBUHHENA IinHANiBMOLYb, KBa3inepBUHHUE mimHamiBMoLynb B Jude-
PEHIla/IbHUX HAMIBMOLYJISAX (fKi 03HAYAIOTHCS K HAMIBMOLYJL pa3oM i3 mudepeHIiioBaH-
HAM, 33JaHOMY Ha HUX, K€ Y3TOIKYEThCs 3 BiAMOBIAHUM Au(EPEHITIOBAHHIM HAITIBK1Th-
ust). Meroro crarri € qocjiauTu Aeski BIACTUBOCTI TAKUX Il HANIBMO/LYJIIB, 10KA3aTH B3a~
€MO3B’43KM MiK KBa3ilepBHHHUMM IifgHaniBMOAysMu Ta LubepeHIialbHO-II€pBUHHAMA
nigHamiBMOnynaME y BUMAAKY nudepeHIiaJbHuX HATIBMOMLYJIIB, M0 33 0BOJIbHSIOTH YMO-
By OOpHBY 3POCTAIYMX JIAHIOTIB AudepeHIiagIpbHuX miananiBMoayiais. CrarTd ckiagae-
ThCA 3 JIBOX OCHOBHUX YACTUH. Y MEPINiif 9aCTWHI aBTOP JAOCTIIKYE esdKi BIACTHBOCTL
nudepeHIiaTbHuX M IHAIIBMOIY/IIB Ta BiAOMOBITHUX AudepeHItiaIbHIX i7eariB, a Takox
HABOIUTH J€dAKi MPUKIAIU TAKUX IIiTHAMIBMOMY/IB. Y APYri#l 9acTHHI CTATTi PO3IIIsaIaio-
ThCS JIAHITIOTH 3B’ SI3KU, 10 iICHYIOTh MiXK MOHSTTSIMY KBa31IepBUHHUN I1iHATIBMOLYIb T
IvdepeHIlianbHO-IepBUHHNE IimHaniBMomyns. BeranoBmieno, Mo guepenniansunit min-
HaniBMomyne N HamiBMonyna M e mubepeHIianbHO-IepBUHHME IigHaniBMomyms TOAI i
TibKY TOI, KOU [N € KBasimepBuHHUYE ninHaniBMomynsb audepeHiaTbHOrO HAliBMOMLY s
M, gakuit 3a0BOJIbHSIE YMOBY OOPHBY 3POCTAIOYUNX JIAHITIOTIB AU(EPEHITATbHAX IIiTHAIIB-
MO/LYJIiB.

KurouoBi cioBa: nudepeHniioBaHHsa HAIIBMOAYIsA, Au(epeHIiioBaHHs HAIIBKIIbI, Ju-
depeHtiaabaEI HATIBMOIY/Ib, AudepeniiaibHe HAmiBKiabIe, udepeHIianbanii imean, -
depeHtiaabHE T THATIBMOLY/b, ArdepeHIiaabHO-IEPBUHHAN IIi THAIIBMO/1y/Ib, KBa3imep-
BUHHMI TiTHATTIBMOIYJTh.
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