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SOME PROPERTIES OF DIFFERENTIAL, QUASI-PRIME AND
DIFFERENTIALLY PRIME SUBSEMIMODULES

The notion of a semiring derivation is traditionally defined as an additive map satisfying
the Leibnitz rule, i. e. a map 𝛿 : 𝑅 → 𝑅 is called a derivation on 𝑅 if 𝛿 (𝑎+ 𝑏) = 𝛿 (𝑎)+𝛿 (𝑏)
and 𝛿 (𝑎𝑏) = 𝛿 (𝑎) 𝑏 + 𝑎𝛿 (𝑏) for any 𝑎, 𝑏 ∈ 𝑅. The notion of a quasi-prime ideal, for
the first time, was introduced in differential commutative rings, i.e. commutative rings
considered together with a derivation, as a differential ideal maximal among those disjoint
from some multiplicatively closed subset of a ring. A subsemimodule 𝑃 of a semimodule
𝑀 is called prime if for any ideal 𝐼 of 𝑅 and any subsemimodule 𝑁 of 𝑀 the inclusion
𝐼𝑁 ⊆ 𝑃 follows 𝑁 ⊆ 𝑃 or 𝐼 ⊆ (𝑃 : 𝑀). A differential subsemimodule 𝑃 of 𝑀 is called
a differentially prime subsemimodule if for any 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀 , 𝑘 ∈ N0, 𝑟𝑚

(𝑘) ∈ 𝑃
follows 𝑟 ∈ (𝑃 : 𝑀) or 𝑚 ∈ 𝑃 .

The present paper is devoted to investigating the notions of differential subsemimo-

dule, differentially prime subsemimodule, and quasi-prime subsemimodule of a
differential semimodule (which is defined as a semimodule together with a derivation on it
related to the corresponding semiring derivation), not necessarily commutative. The objec-
tive of the article is to investigate some properties of such subsemimodules, and to show the
interrelation between quasi-prime ideals and differentially prime subsemimodule

in case of differential semimodules satisfying the ascending chain condition for differential
subsemimodules. The paper consists of two main parts. In the first part, the author inves-
tigates some properties of differential subsemimodules and the corresponding differential
ideals, and gives some examples of such subsemimodules. The second part of the paper
is devoted to considering the connection existing between quasi-prime subsemimodules

and differentially prime subsemimodules. It is established that a differential sub-
semimodule 𝑁 of 𝑀 is differentially prime if and only if 𝑁 is a quasi-prime subsemimodule
for a differential semimodule 𝑀 satisfying the ascending chain condition for differential
subsemimodules.

Keywords: semimodule derivation, semiring derivation, differential semimodule, differ-
ential semiring, differential ideal, differential subsemimodule, differentially prime subsemi-
module, quasi-prime subsemimodule.

1. Introduction. The notion of a derivation for semirings is de�ned in [1] as
an additive map satisfying the Leibnitz rule. Recently in [2], [3], [4] the authors
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investigated di�erent properties of semiring derivations, di�erential semirings, i.e.
semirings considered together with a derivation, and di�erential ideals of such rings.
Prime subsemimodules of semimodules over semirings were introduced and studied
in [5]. Di�erentially prime ideals were introduced in [6] for di�erential, not necessar-
ily commutative, rings. Di�erentially prime submodules of modules over associative
rings were studied in [7], [8]. Quasi-prime ideals of di�erential rings were introduced
and studied in [9], [10], its generalizations to di�erential modules, semirings and
semimodules were studied by di�erent authors, e.g. [3], [4].

Due to the development of semiring and semimodule theory recently, the need
of studying the properties of di�erential semirings, di�erential semimodules, semir-
ing ideals and subsemimodules de�ned by similar conditions arose. The objective
of this paper is to introduce and investigate di�erential semimodules over di�eren-
tial semirings. We extend some basic results on di�erential modules to di�erential
semimodules over di�erential semirings.

2. Preliminaries. For the sake of completeness some de�nitions and properties
used in the paper will be given here. For more information see [1], [5]. Throughout
the paper N denotes the set of positive integers and N0 = N

⋃︀
{0} the set of non-

negative integers.
A semiring is a non-empty set 𝑅 equipped with two associative binary opera-

tions called addition (denoted by +) and multiplication (denoted by ·), such that
multiplication distributes over addition from either side. A semiring which is not a
ring is called a proper semiring. A semiring (𝑅,+, ·) is said to be commutative if ·
is commutative on 𝑅.

Zero 0𝑅 ∈ 𝑅 is called (multiplicatively) absorbing if 𝑎 · 0𝑅 = 0𝑅 · 𝑎 = 0 for all
𝑎 ∈ 𝑅. An element 1𝑅 ∈ 𝑅 is called identity if 𝑎 · 1𝑅 = 1𝑅 · 𝑎 = 𝑎 for all 𝑎 ∈ 𝑅.
Suppose 1𝑅 ̸= 0𝑅.

A subset 𝑆 of 𝑅 closed under addition and multiplication is called a subsemiring
of 𝑅. A semifield is a semiring in which non-zero elements form a group under
multiplication.

The center of a semiring 𝑅 is a set 𝑍(𝑅) = {𝑟 ∈ 𝑅|𝑟𝑠 = 𝑠𝑟 ∀𝑠 ∈ 𝑅}. It is
a subsemiring of 𝑅. Since 0 ∈ 𝑍(𝑅), 𝑍(𝑅) ̸= ∅. An element 𝑟 ∈ 𝑍(𝑅) is called
central. A semiring 𝑅 is commutative if 𝑍(𝑅) = 𝑅.

A left ideal of a semiring 𝑅 is a nonempty set 𝐼 ̸= 𝑅 which is closed under +
and satisfying the following conditions 𝑟𝑎 ∈ 𝐼 for all 𝑎 ∈ 𝐼, 𝑟 ∈ 𝑅. Similarly we can
de�ne right ideal and two-sided ideal of a semiring.

An ideal 𝐼 of a semiring 𝑅 is called subtractive (or k-ideal) if 𝑎 ∈ 𝐼 and 𝑎+ 𝑏 ∈ 𝐼
follow 𝑏 ∈ 𝐼.

Let 𝑅 be a semiring with 1𝑅 ̸= 0𝑅. A left semimodule over a semiring 𝑅 (or
𝑅-semimodule) is a nonempty set𝑀 together with two operations +: 𝑀 ×𝑀 →𝑀
and · : 𝑅×𝑀 →𝑀 such that (𝑀,+) is a commutative monoid with 0𝑀 , (𝑀, ·) is a
semigroup, (𝑟+𝑠)𝑚 = 𝑟𝑚+𝑠𝑚 for all 𝑟, 𝑠 ∈ 𝑅, 𝑚 ∈𝑀 , 𝑟(𝑚1+𝑚2) = 𝑟𝑚1+𝑟𝑚2 for
all 𝑟 ∈ 𝑅, 𝑚1,𝑚2 ∈𝑀 , 0𝑅 ·𝑚 = 𝑟 ·0𝑀 = 0𝑀 for all 𝑟 ∈ 𝑅 and𝑚 ∈𝑀 , 1𝑅 ·𝑚 = 𝑚 for
all 𝑚 ∈𝑀 . An 𝑅-subsemimodule 𝑀 is called a semivector space if 𝑅 is a semi�eld.
A subset 𝑁 of an 𝑅-semimodule 𝑀 is called a subsemimodule of 𝑀 if 𝑁 itself is a
semimodule with respect to the operations for 𝑀 , i. e. if 𝑚 + 𝑛 ∈ 𝑁 and 𝑟𝑚 ∈ 𝑁
for any 𝑚,𝑛 ∈ 𝑁 , and 𝑟 ∈ 𝑅 . A subsemimodule 𝑁 of an 𝑅-semimodule𝑀 is called
subtractive or k-subsemimodule if 𝑚1 ∈ 𝑁 and 𝑚1 + 𝑚2 ∈ 𝑁 follow 𝑚2 ∈ 𝑁 . So
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{0𝑀} is a subtractive subsemimodule of 𝑀 .
3. Differential semimodules and subsemimodules. Let 𝑅 be a semiring.

A map 𝛿 : 𝑅 → 𝑅 is called a derivation on 𝑅 [1] if 𝛿 (𝑎+ 𝑏) = 𝛿 (𝑎) + 𝛿 (𝑏) and
𝛿 (𝑎𝑏) = 𝛿 (𝑎) 𝑏+ 𝑎𝛿 (𝑏) for any 𝑎, 𝑏 ∈ 𝑅. A semiring 𝑅 equipped with a derivation 𝛿
is called a differential semiring with respect to the derivation 𝛿 (or 𝛿-semiring), and
denoted by (𝑅, 𝛿) [2]. A derivation of a semiring 𝑅 is called trivial if it sends all 𝑎 in
𝑅 to 0𝑅. A semiring is called differentially trivial if it has no non-trivial derivation.

Let 𝑀 be a left semimodule over the semiring 𝑅. A map 𝑑 : 𝑀 →𝑀 is called a
derivation of the semimodule 𝑀 , associated with the semiring derivation 𝛿 : 𝑅 → 𝑅
(or a 𝛿-derivation) if the following conditions hold:
1) 𝑑 (𝑚+ 𝑛) = 𝑑 (𝑚) + 𝑑 (𝑛) for any 𝑚,𝑛 ∈𝑀 ;
2) 𝑑 (𝑟𝑚) = 𝛿 (𝑟)𝑚+ 𝑟𝑑 (𝑚) for any 𝑚 ∈𝑀 , 𝑟 ∈ 𝑅.
Since the semiring N0 is di�erentially trivial, any derivation of N0-semimodule is

a semimodule homomorphism. In a N0-semimodule any semimodule homomorphism
is a semimodule derivation associated with the trivial derivation on N0.

The same is true for a semimodule over the di�erentially trivial semiring Q+.
A left 𝑅-semimodule 𝑀 together with a derivation 𝑑 : 𝑀 →𝑀 is called a differ-

ential semimodule (or 𝑑-𝛿-semimodule) and denoted by (𝑀,𝑑).
Zero semimodule (0𝑀) is a di�erential semimodule over any di�erential semiring

under any semimodule derivation. Any semiring can be considered as a di�erential
N0-semimodule under derivation associated with the trivial derivation on N0. Here
any semimodule homomorphism is a semimodule derivation. Any di�erential left
ideal of the di�erential semiring 𝑅 is a left di�erential semimodule over 𝑅. Any
di�erential semiring is a left (right) di�erential semimodule over itself. Any dif-
ferential module over a di�erential ring 𝑅 is a di�erential semimodule over 𝑅 as a
di�erential semiring. Any di�erential semivector space over a di�erential semi�eld
𝐹 is a di�erential semimodule over a di�erential semiring 𝐹 . If 𝑅 is a semiring and
𝐴 ̸= ∅ is any set then the set 𝑅𝐴 of all di�erentiable functions from 𝐴 to 𝑅 is a left
di�erential 𝑅-semimodule, where the addition and scalar multiplications is de�ned
elementwise and the derivation is de�ned in the ordinary way.

Proposition 1. Let (𝑅, 𝛿) be a differential semiring and let {(𝑀𝑖, 𝑑𝑖)|𝑖 ∈ 𝐼} be a
family of left differential semimodules over 𝑅, where all the semimodule derivations
𝑑𝑖 : 𝑀𝑖 →𝑀𝑖 are associated with the semiring derivation 𝛿.

A direct product
∏︀

𝑖∈𝐼 𝑀𝑖 is a left differential 𝑅-semimodule.

Proof. As shown in [1],
∏︀

𝑖∈𝐼 𝑀𝑖 has a structure of a left 𝑅-semimodule under
componentwise addition and scalar multiplication.

De�ne a map 𝑑 :
∏︀

𝑖∈𝐼 𝑀𝑖 →
∏︀

𝑖∈𝐼 𝑀𝑖 by the rule 𝑑 : ((𝑚𝑖)) ↦→ (𝑑𝑖 (𝑚𝑖)) . It is easy
so see that 𝑑 is additive. Now consider 𝑑 (𝑟 · (𝑚𝑖))=(𝑑𝑖 (𝑟𝑚𝑖))=(𝛿 (𝑟)𝑚𝑖+𝑟𝑑𝑖 (𝑚𝑖))=
=𝛿 (𝑟) (𝑚𝑖)+𝑟 (𝑑𝑖 (𝑚𝑖))=𝛿 (𝑟) (𝑚𝑖)+𝑟·𝑑 (𝑚𝑖) . Hence𝑀 is a di�erential 𝛿-semimodule
over 𝑅.

If not stated otherwise, in what follows let (𝑅, 𝛿) be a di�erential semiring, (𝑀,𝑑)
be a left di�erential semimodule over 𝑅.

A subsemimodule 𝑁 of the 𝑅-semimodule 𝑀 is called differential if 𝑑 (𝑚) ∈ 𝑁
whenever 𝑚 ∈ 𝑁 . Any di�erential semimodule has two trivial di�erential subsemi-
modules: {0𝑀} and itself.

An element 𝑚 ∈ 𝑀 is called additively idempotent if 𝑚 + 𝑚 = 𝑚. Denote by
𝐼+(𝑀) the set of all additively idempotent elements of 𝑀 . A semimodule 𝑀 is
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called additively idempotent if every element of 𝑀 is additively idempotent, i. e.
𝐼+(𝑀) =𝑀 . It is easy to see that every semimodule over an additively idempotent
semiring is additively idempotent.

Proposition 2. The set 𝐼+(𝑀) of all additively idempotent elements of 𝑀 is a
differential subsemimodule of 𝑀 .

Proof. Straightforward.
According to [1], the zeroid of 𝑀 is de�ned to be 𝑍(𝑀) = {𝑚 ∈𝑀 |𝑚+ 𝑥 = 𝑥

for some 𝑥 ∈ 𝑀}. 𝑍(𝑀) is a subtractive subsemimodule of 𝑀 containing 𝐼+(𝑀).
Moreover 𝑍(𝑅)𝑀 ⊆𝑀 .

Proposition 3. 𝑍(𝑀) is a differential subsemimodule of 𝑀 .

Proof. Straightforward.

Proposition 4. Let {𝑁𝛼}𝛼∈𝐴 be a family of subsemimodules of 𝑀 .

1) An intersection
⋂︀

𝛼∈𝐴𝑁𝛼 of any family of differential (subtractive) subsemimod-
ules of 𝑀 is a differential (subtractive) subsemimodules of 𝑀 .

2) A sum
∑︀

𝛼∈𝐴𝑁𝛼 of any family of differential subsemimodules of the differential
semimodule 𝑀 is a differential subsemimodules of 𝑀 .

Proof. Straightforward.

Proposition 5. If 𝐼 is a left differential ideal of 𝑅 and 𝑁 is a differential
𝑅-subsemimodule of 𝑀 , then set 𝐼𝑁 consisting of all finite sums of elements 𝑟𝑖𝑚𝑖

with 𝑟𝑖 ∈ 𝑅 and 𝑚𝑖 ∈𝑀 , is a differential 𝑅-subsemimodule of 𝑀 .

Proof. Suppose 𝑥 ∈ 𝐼𝑁 . Then 𝑥 =
∑︀𝑘

𝑖=1 𝑟𝑖𝑚𝑖 for some 𝑚𝑖 ∈ 𝑁 , 𝑟𝑖 ∈ 𝐼,
𝑖 ∈ {1, 2, . . . , 𝑘}, 𝑘 ∈ N0. We have that

𝑑 (𝑥) =
𝑘∑︁

𝑖=1

(𝛿 (𝑟𝑖)𝑚𝑖 + 𝑟𝑖𝑑 (𝑚𝑖)) =
𝑘∑︁

𝑖=1

𝛿 (𝑟𝑖)𝑚𝑖 +
𝑘∑︁

𝑖=1

𝑟𝑖𝑑 (𝑚𝑖) .

Since 𝐼 and 𝑁 are di�erential, then 𝛿 (𝑟𝑖) ∈ 𝐼 and 𝑑 (𝑚𝑖) ∈ 𝑁 for all 𝑖 ∈ {1, 2, . . . , 𝑛}.
Hence 𝑑 (𝑥) ∈ 𝐼𝑁 .

Corollary 1. If 𝐼 is a left differential ideal of the differential semiring 𝑅, then
the set 𝐼𝑀 is a differential subsemimodule of the left differential 𝑅-semimodule 𝑀 .

Proposition 6. If 𝐼 is a differential ideal of 𝑅 and 𝑁 is a differential subtractive
subsemimodule of 𝑀 , then the residual (𝑁 : 𝐼) = {𝑚 ∈𝑀 |𝐼𝑚 ⊆ 𝑁} is a differential
subtractive 𝑅-subsemimodule of 𝑀 .

Proof. It is easy to prove that (𝑁 : 𝐼) is a subtractive subsemimodule of 𝑀 .
Let 𝑥, 𝑥 + 𝑦 ∈ (𝑁 : 𝐼). Then for every 𝑎 ∈ 𝐼, 𝑎𝑥 ∈ 𝑁 and 𝑎(𝑥 + 𝑦) ∈ 𝑁 . By
subtractiveness of 𝑁 the latter implies 𝑎𝑦 ∈ 𝑁 . So 𝑦 ∈ (𝑁 : 𝐼).

Let 𝑚 ∈ (𝑁 : 𝐼). Then 𝑎𝑚 ∈ 𝑁 for every 𝑎 ∈ 𝐼. Since 𝑁 is di�erential
𝑑 (𝑎𝑚) = 𝛿 (𝑎)𝑚+ 𝑎𝑑 (𝑚) ∈ 𝑁 . The di�erentiality of 𝐼 follows 𝛿 (𝑎)𝑚 ∈ 𝑁 . Given
𝑁 is subtractive subsemimodule, we have 𝑎𝑑 (𝑚) ∈ 𝑁 . Hence 𝑑 (𝑚) ∈ (𝑁 : 𝐼).

Corollary 2. (0 : 𝐼) = {𝑚 ∈ 𝑀 |𝐼𝑚 = {0𝑀}} is a differential subtractive
subsemimodule of 𝑀 .
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Proposition 7. If 𝑁 is a differential subtractive subsemimodule of 𝑀 and 𝑋 is
a non-empty differentially closed subset of 𝑀 , then (𝑁 : 𝑋) = {𝑟 ∈ 𝑅|𝑟𝑋 ⊆ 𝑁} is
a differential subtractive left ideal of 𝑅.

Proof. The residual (𝑁 : 𝑋) is a subtractive left ideal of 𝑅 by [1], Proposition
14.24. Let 𝑟 ∈ (𝑁 : 𝑋). Then 𝑑 (𝑟𝑥) = 𝛿 (𝑟)𝑥 + 𝑟𝑑 (𝑥) ∈ 𝑁 for every 𝑥 ∈ 𝑋. Since
𝑋 is di�erentially closed, 𝑟𝑑 (𝑥) ∈ 𝑁 . Given 𝑁 is a subtractive subsemimodule,
𝛿 (𝑟) ∈ (𝑁 : 𝑋).

Corollary 3. Let 𝑁 , 𝐾 be differential subtractive subsemimodules of the dif-
ferential left 𝑅-semimodule 𝑀 . Then (𝑁 : 𝐾), (𝑁 :𝑀), (0 :𝑀) are differential
subtractive left ideals of 𝑅.

An annihilator of an 𝑅-semimodule𝑀 is a set 𝐴𝑛𝑛 (𝑀) = (0 :𝑀). An annihila-
tor of the element 𝑚 ∈𝑀 is a set 𝐴𝑛𝑛 (𝑚) = (0 : 𝑅𝑚) = {𝑟 ∈ 𝑅|𝑟𝑚 = 0} . In [5] it is
shown that 𝐴𝑛𝑛 (𝑀) = (0 :𝑀), (𝑁 : 𝑚) = {𝑟 ∈ 𝑅|𝑟𝑚 ∈ 𝑁} and 𝐴𝑛𝑛 (𝑚) = (0 : 𝑚)
are subtractive ideals of 𝑅, where 𝑅 is a commutative semiring. For a di�erential
semimodule 𝑀 𝐴𝑛𝑛 (𝑀) is always a di�erential ideal, however 𝐴𝑛𝑛(𝑚) is generally
not. So we de�ne a di�erential analogue of the annihilator of an element 𝑚 ∈𝑀 .

For an element 𝑚 ∈ 𝑀 denote by 𝑚(0) = 𝑚, 𝑚′ = 𝑑 (𝑚), 𝑚′′ = 𝑑 (𝑚′), 𝑚(𝑛) =
𝑑
(︀
𝑚(𝑛−1)

)︀
, 𝑛 ∈ N0. Moreover, let 𝑚(∞) = {𝑚(𝑛)|𝑛 ∈ N0}. It is easy to see that the

set 𝑚(∞) is di�erentially closed. A differential annihilator of the element 𝑚 ∈𝑀 is
the set 𝐴𝑛𝑛𝑑 (𝑚) =

(︀
0 : 𝑚(∞)

)︀
= {𝑟 ∈ 𝑅|𝑟𝑚(∞) = 0𝑀}. By Proposition 7 we have

the following corollary

Corollary 4. If 𝑁 is a differential subtractive subsemimodule of 𝑀 , then for
any 𝑚 ∈ 𝑀 the set (𝑁 : 𝑚(∞)) = {𝑟 ∈ 𝑅|𝑟𝑚(∞) ⊆ 𝑁} is a differential subtractive
left ideal of 𝑅.

Corollary 5. If 𝑚 ∈𝑀 then 𝐴𝑛𝑛𝑑 (𝑚) =
(︀
0 : 𝑚(∞)

)︀
is a differential subtractive

left ideal of 𝑅. Moreover, 𝐴𝑛𝑛𝑑(𝑚) ⊆ 𝐴𝑛𝑛(𝑚).

Proposition 8. Let 𝑇 be a non-empty subset of 𝑀 . An intersection of all differ-
ential subtractive subsemimodules of the differential 𝑅-semimodule𝑀 containing the
set 𝑇 is a differential subtractive subsemimodule of 𝑀 . It is the smallest differential
subsemimodule of 𝑀 containing 𝑇 .

Proof. It is obvious that
⋂︀

𝑇⊆𝑁 𝑁 is a subsemimodule of 𝑀 . Clearly it is sub-
tractive. Let 𝑚 ∈

⋂︀
𝑇⊆𝑁 𝑁 . Then 𝑚 is contained in any subsemimodule containing

𝑇 . Therefore, 𝑑 (𝑚) ∈
⋂︀

𝑇⊆𝑁 𝑁 .
Denote by (𝑇 ) =

⋂︀
𝑇⊆𝑁 𝑁 the subsemimodule generated by the set 𝑇 . A sub-

semimodule (𝑇 ) is called finitely generated if the set 𝑇 is �nite.
Denote [𝑇 ] =

⋂︀
𝑇⊆𝑁 𝑁 and call it the subsemimodule differentially generated by

the set 𝑇 .

Proposition 9. A differential subsemimodule [𝑇 ] is generated by the set⋂︀
𝑘∈N0

𝑑(𝑘) (𝑇 ) as an 𝑅-subsemimodule.

Proof. Straightforward.
Example. For an N0-subsemimodule N0 [𝑥] under the ordinary derivation 𝛿=

𝑑
𝑑𝑥
,

where 𝛿 (𝑥) = 1, consider a di�erential subsemimodule 𝑁 = [𝑥2]. By Proposition 8,
𝑁 = [𝑥2] = (𝑥2, 2𝑥, 2) = (𝑥2, 2).
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According to [1], a map 𝑓 : 𝑀1 →𝑀2 is called a homomorphism of𝑅-semimodules
if 𝑓(𝑥+ 𝑦) = 𝑓(𝑥)+ 𝑓(𝑦) and 𝑓(𝑟𝑥) = 𝑟𝑓(𝑥) for all 𝑥, 𝑦 ∈𝑀 and 𝑟 ∈ 𝑅. The kernel
of 𝑓 is de�ned to be the set 𝐾𝑒𝑟(𝑓) = {𝑚 ∈𝑀 |𝑓(𝑚) = 0𝑀2}, and the image of 𝑓 is
the set 𝐼𝑚(𝑓) = {𝑓(𝑚) ∈ 𝑀2|𝑚 ∈ 𝑀1}. 𝐾𝑒𝑟(𝑓) is a subtractive subsemimodule of
𝑀1 and 𝐼𝑚(𝑓) is a subsemimodule of 𝑀2.

Let (𝑅, 𝛿) be a di�erential semiring. Let (𝑀1, 𝑑), (𝑀1, 𝑑) be left di�erential
semimodules over 𝑅. A homomorphism of di�erential 𝑅-semimodules 𝑓 : 𝑀1 →𝑀2

is called a differential 𝑅-homomorphism if 𝑓 (𝑑 (𝑚)) = 𝑑 (𝑓 (𝑚)) for all 𝑚 ∈𝑀1.

Proposition 10. Let (𝑅, 𝛿) be a differential semiring, (𝑀1, 𝑑) and (𝑀2, 𝑑) be dif-
ferential semimodules over 𝑅, and 𝑓 : 𝑀1 →𝑀2 be a differential 𝑅-homomorphism.
Then
1) 𝐾𝑒𝑟𝑓 is a differential subtractive subsemimodule of 𝑀1;
2) 𝐼𝑚𝑓 is a differential subsemimodule of 𝑀2;
3) If 𝑁 is a differential subsemimodule of 𝑀1, then 𝑁 𝑒 is a differential subsemi-

module of 𝑀2;
4) If 𝑁 is a differential subtractive ideal of 𝑀2, then 𝑁

𝑐 is a differential subtractive
ideal of 𝑀1.

Proof. Straightforward.

Corollary 6. Let 𝑀1 and 𝑀2 be differential semimodules. If 𝑓 : 𝑀1 → 𝑀2 is
a differential semimodule homomorphism and 𝑁 is a prime differential subtractive
subsemimodule of𝑀2, then 𝑓

−1(𝑁) is a prime differential subtractive subsemimodule
of 𝑀1.

As a consequence we obtain the following

Theorem 1. Let 𝑀1 and 𝑀2 be differential semirings, and let 𝑓 : 𝑀1 → 𝑀2 be
a differential semiring homomorphism. Then 𝑓 induces a differential isomorphism
𝑓 : 𝑀1/𝐾𝑒𝑟𝑓 → 𝐼𝑚𝑓 for which 𝑓(𝑚+𝐾𝑒𝑟𝑓) = 𝑓(𝑚) for all 𝑚 ∈𝑀1.

4. Quasi-prime and differentially prime subsemimodules. In what
follows semirings are considered to be commutative.

A di�erential subsemimodule 𝑁 of the left di�erential semimodule 𝑀 is called
quasi-prime if it is maximal di�erential subsemimodule of 𝑀 disjoint from some
𝑆-closed subset of 𝑀 . A di�erential subsemimodule 𝑃 of 𝑀 is called differentially
prime if for any 𝑟 ∈ 𝑅, 𝑚 ∈𝑀 , 𝑘 ∈ N0, 𝑟𝑚

(𝑘) ∈ 𝑃 follows 𝑟 ∈ (𝑃 :𝑀) or 𝑚 ∈ 𝑃 .

Proposition 11. If 𝑃 is a differentially prime subtractive subsemimodule of 𝑀 ,
then (𝑃 :𝑀) is a differentially prime subtractive ideal of 𝑅.

Proof. (𝑃 :𝑀) is subtractive [4]. Let 𝑃 be di�erentially prime subsemimodule
of 𝑀 , and let 𝑎(𝑘)𝑏(𝑙) ∈ (𝑃 : 𝑀) for some 𝑎, 𝑏 ∈ 𝑅, 𝑘, 𝑙 ∈ N0. Then 𝑎(𝑘)𝑏(𝑙)𝑚 ∈ 𝑃
for all 𝑚 ∈ 𝑀 . Therefore, 𝑎(𝑘)(𝑏(𝑙)𝑚) = 𝑎(𝑘)(𝑏𝑚)(𝑠) ∈ 𝑃 follows 𝑎 ∈ (𝑃 : 𝑀) or
𝑏𝑚 ∈𝑀 , by di�erential primeness of 𝑃 . Hence, 𝑏 ∈ (𝑃 :𝑀).

Theorem 2. Let 𝑀 be a differential semimodule satisfying the ascending chain
condition for differential subsemimodules. A differential subsemimodule 𝑁 of 𝑀 is
differentially prime if and only if 𝑁 is a quasi-prime subsemimodule.

Proof. Let 𝑁 be a quasi-prime subsemimodule of 𝑀 . Suppose there exist
𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀 such that [𝑟] · [𝑚] ⊆ 𝑁 , 𝑟 ∈ 𝑅 ∖ (𝑁 : 𝑀) and 𝑚 ∈ 𝑀 ∖ 𝑁 . It
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is clear that 𝑁 ⊂ 𝑁 + [𝑚] and (𝑁 : 𝑀) ⊂ (𝑁 : 𝑀) + [𝑟] and (𝑁 : 𝑀) + [𝑟] is a
di�erential ideal of 𝑅, 𝑁+[𝑚] is a di�erential submodule of𝑀 . Since𝑁 is a maximal
di�erential submodule satisfying 𝑁 ∩𝑋 = ∅ for some 𝑆-closed subset 𝑋 of 𝑀 , for
the di�erential ideal (𝑁 : 𝑀) + [𝑟] and the di�erential subsemimodule 𝑁 + [𝑚] we
have that ((𝑁 : 𝑃 ) + [𝑟]) ∩ 𝑆 ̸= ∅ and (𝑁 + [𝑚]) ∩𝑋 ̸= ∅. Then 𝑠 ∈ (𝑁 :𝑀) + [𝑟]
and 𝑥 ∈ 𝑁 + [𝑚] for 𝑠 ∈ 𝑆, 𝑥 ∈ 𝑋. Therefore, 𝑠𝑥(𝑛) ∈ 𝑋 for some 𝑛 ∈ N0,
because 𝑋 is an 𝑆-closed subset of 𝑀 . Then 𝑠𝑥(𝑛)∈ ((𝑁 :𝑀) + [𝑟]) · (𝑁 + [𝑚]) =
= (𝑁 :𝑀)𝑁+(𝑁 :𝑀)·[𝑚]+[𝑟]·𝑁+[𝑟]·[𝑚] ⊆ 𝑁 . It follows that 𝑠𝑥(𝑛) ∈ 𝑋

⋂︀
𝑁 ̸= ∅,

which contradicts to the fact that 𝑋 is disjoint from 𝑁 . Hence, 𝑁 is di�erentially
prime.

If 𝑁 is a di�erentially prime subsemimodule of 𝑀 , then 𝑋 = 𝑀∖𝑁 is a 𝑆𝑑𝑚-
system for some 𝑑𝑚-system 𝑆 of 𝑅. Since 𝑁 is maximal di�erential subsemimodule
not meeting 𝑋 =𝑀∖𝑁 , then it is quasi-prime.

5. Conclusions. In this article we study di�erential subsemimodules, quasi-
prime and di�erentially prime subsemimodules. Namely, we give new examples of
such subsemimodules, prove some of their properties. We also describe the interre-
lation between quasi-prime and di�erentially prime subsemimodules. The obtained
results can be used in further study of di�erential semimodules.
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Мельник I. O., Коляда Р. В., Мельник О. М. Деякi властивостi диферен-
цiальних, квазiпервинних та диференцiально-первинних пiднапiвмодулiв

Поняття диференцiювання напiвкiльця традицiйно визначають як адитивне вiд-
ображення, яке задовольняє правило Лейбнiца, тобто вiдображення 𝛿 : 𝑅 → 𝑅 на-
зивають диференцiюванням напiвкiльця 𝑅, якщо 𝛿 (𝑎+ 𝑏) = 𝛿 (𝑎) + 𝛿 (𝑏) i 𝛿 (𝑎𝑏) =
𝛿 (𝑎) 𝑏 + 𝑎𝛿 (𝑏) для будь-яких 𝑎, 𝑏 ∈ 𝑅. Поняття квазiпервинний iдеал було вперше
введено в комутативних диференцiальних кiльцях, тобто комутативних кiльцях, якi
розглядаються разом iз заданим на них диференцiюванням, як диференцiальний iде-
ал, максимальний серед диференцiальних iдеалiв, якi не перетинаються iз деякою
мультиплiкативно-замкненою пiдмножиною кiльця. Пiднапiвмодуль 𝑃 напiвмодуля𝑀
називають первинним, якщо для будь-якого iдеалу 𝐼 напiвкiльця 𝑅 та будь-якого пiд-
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напiвмодуля 𝑁 напiвмодуля𝑀 з 𝐼𝑁 ⊆ 𝑃 випливає 𝑁 ⊆ 𝑃 або 𝐼 ⊆ (𝑃 : 𝑀). Диференцi-
альний пiднапiвмодуль 𝑃 напiвмодуля𝑀 називають диференцiально-первинний пiд-

напiвмодуль, якщо для будь-яких 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀 , 𝑘 ∈ N0 з 𝑟𝑚(𝑘) ∈ 𝑃 випливає, що
𝑟 ∈ (𝑃 : 𝑀) або 𝑚 ∈ 𝑃 .

Ця стаття присвячена дослiдженню понять диференцiальний пiднапiвмодуль, ди-
ференцiально-первинний пiднапiвмодуль, квазiпервинний пiднапiвмодуль в дифе-
ренцiальних напiвмодулях (якi означаються як напiвмодулi разом iз диференцiюван-
ням, заданому на них, яке узгоджується з вiдповiдним диференцiюванням напiвкiль-
ця). Метою статтi є дослiдити деякi властивостi таких пiднапiвмодулiв, показати вза-
ємозв’язки мiж квазiпервинними пiднапiвмодулями та диференцiально-первинними

пiднапiвмодулями у випадку диференцiальних напiвмодулiв, що задовольняють умо-
ву обриву зростаючих ланцюгiв диференцiальних пiднапiвмодулiв. Стаття складає-
ться з двох основних частин. У першiй частинi автор дослiджує деякi властивостi
диференцiальних пiднапiвмодулiв та вiдоповiдних диференцiальних iдеалiв, а також
наводить деякi приклади таких пiднапiвмодулiв. У другiй частинi статтi розглядаю-
ться ланцюги зв’язки, що iснують мiж поняттями квазiпервинний пiднапiвмодуль та
диференцiально-первинний пiднапiвмодуль. Встановлено, що диференцiальний пiд-

напiвмодуль 𝑁 напiвмодуля 𝑀 є диференцiально-первинний пiднапiвмодуль тодi i
тiльки тодi, коли𝑁 є квазiпервинний пiднапiвмодуль диференцiального напiвмодуля
𝑀 , який задовольняє умову обриву зростаючих ланцюгiв диференцiальних пiднапiв-
модулiв.

Ключовi слова: диференцiювання напiвмодуля, диференцiювання напiвкiльця, ди-
ференцiальний напiвмодуль, диференцiальне напiвкiльце, диференцiальний iдеал, ди-
ференцiальний пiднапiвмодуль, диференцiально-первинний пiднапiвмодуль, квазiпер-
винний пiднапiвмодуль.
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