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ON TRANSITIVITY COEFFICIENTS FOR POSETS OF MM-TYPE
TO BE OVERSUPERCRITICAL NON-PRIMITIVE

M. M. Kleiner proved that a poset S has finite representation type if and only if it does
not contain subposets of the form

(1,1,1,1), (2,2,2), (1,3,3), (1,2,5), (N,4).

These posets are called the Kleiner’s posets and are (up to isomorphism) all the critical
posets relative to the finiteness of type (i.e. minimal posets having infinite representation
type). Later Yu. A. Drozd proved that a poset S has finite representation type if and only
if the quadratic form

qs(z)::zg—i—z,zf—i— Z zizj—zOZzi,

i€s i<j,i,j€S ies

which is called the Tits quadratic form of S, is weakly positive (i.e., positive on the set of
non-negative vectors). Thus, the Kleiner’s posets are critical relative to weak positivity of
the Tits quadratic form. In 2005 the authors proved that a poset is critical relative to the
positivity of the Tits quadratic form if and only if it is minimax isomorphic to a Kleiner’s
poset.

An analogous situation takes place for posets of tame representation type. L. A. Na-
zarova proved that a poset S is tame if and only if it does not contain subsets of the
form

(1,1,1,1,1), (1,1,1,2), (2,2,3), (1,3,4),(1,2,6), (N,5).

These posets are critical relative to weak non-negativity of the Tits quadratic form and are
called supercritical.

In 2009 the authors proved that a poset is critical relative to non-negativity of the Tits
quadratic form if and only if it is minimax isomorphic to a supercritical poset. The first
author suggested to introduce so-called oversupercritical (or l-oversupercritical) posets,
which differ from the supercritical ones in the same degree as the supercritical posets
differ from the critical ones. Among these posets, there is a single non-primitive poset, i.e.
which is not a direct sum of chains. In this paper, we describe all posets that are minimax
isomorphic to them and study some of their combinatorial properties. The importance of
studying minimax isomorphic posets is determined by the fact that their Tits quadratic
forms are Z-equivalent, and minimax isomorphism itself is a fairly general constructively
defined Z-equivalence of the Tits quadratic forms for posets.

Keywords: representation, critical and supercritical poset, oversupercritical poset, Tits
quadratic form, finite and tame representation type, positivity and non-negativity, transi-
tivity coefficient.
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1. Introduction. In [1| were introduced I-oversupercritical posets which differ
from supercritical posets in the same degree as the latter differ from critical ones;
often, including in this article, they are simply called oversupercritical (in more
details see Introduction in [2]). Among these posets, there is, up to isomorphism,
only one not being primitive (i.e. which is not a direct sum of chains), namely

U={1,2,...,10/1<2<3<4<5<6,7<8,9<10,7 < 10}.

In this article, we describe all posets that are minimax isomorphic to him and study
some of their combinatorial properties.

2. The main classification theorem. Let S be a finite poset. For an
element a € S being minimal (resp. maximal), denote by T' = S! (resp. T = S})
the following poset: 7' = S as usual sets, T\ a = S\ a as posets, the element a is
maximal (resp. minimal) in 7', and @ is comparable with z in 7" if and only if they
are incomparable in S. Posets S and T are called (min, max)-equivalent or minimaz
equivalent if there are posets Si,...,S, (p > 0) such that, if we put S = Sy and
T = Sp41, then, for every i = 0,1,...,p, either Siyy = (S)], or Siy1 = (S, [3]-
Posets S and S’ are called (min, max)-isomorphic or minimaz isomorphic if there
exists a poset X, which is minimax equivalent to S and isomorphic to S’. Obviously,
empty poset is (min, max)-equivalent (and (min, max)-isomorphic) to itself.

Let P be a fix poset. A poset S is called of M M-type P if S is minimax
isomorphic to P [4]. If P is oversupercritical we say that S is of oversupercritical
M M -type. Posets of concrete M M-types were studied in many papers (see, besides
the above mentioned papers, [5] — [13]). All posets of oversupercritical M M-type U
are described by the following theorem (for a definition of U see Introduction).

Theorem 1. Up to isomorphism and anti-isomorphism, the set of posets mini-
mazx isomorphic to U consists of the posets indicated in the following two tables.

1/ J%
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13 14 15 16 17 18
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A poset with number s (resp.s’), indicated in Table 1 (resp. Table 2), is denoted
by Ny (resp. Ny).

Recall that a poset T is called dual to a poset S and is denoted by SP if T'=§
as usual sets and x < y in 7T if and only if x > y in S. Posets S and T are
called anti-isomorphic if S and T°P are isomorphic. Note that the posets N,, z =
1,2,...,29,1',2" ... 12" (indicated in Tables 1 and 2), are pairwise non-isomorphic
and non-anti-isomorphic.

3. Proof of Theorem 1. We will use some ideas and definitions of [5],
which are also presented in our paper published in the previous issue of this journal
(see |2, Section 3]). Many of them (in particular, the algorithm for describing all
posets that are minimax isomorphic to a given one) are not duplicated in this article.

Apply our algorithm to the proof of the theorem.

Step I. Describe (up to strongly isomorphic) all lower subposets X of the poset
U. They are:
X1 =9, Xo = {1}, X5 ={7}, Xy = {9}, X5 = {1,2}, X¢ = {1,7}, X7 = {1,9},
Xg = {7’8}> Xo = {7’9}7 X0 = {17273}a X1 = {17277}> X = {17279}7
X3 ={1,7,8}, X1a ={1,7,9}, X15 = {7,8,9}, X165 = {7,9,10}, X317 = {1,2,3,4},
Xis = {1,2,3,7}, X190 = {1,2,3,9}, Xoo = {1,2,7,8}, X9y = {1,2,7,9}, Xop =
{1,7,8,9}, Xos = {1,7,9,10}, Xoy = {7,8,9,10}, Xo5 = {1,2,3,4,5}, Xops =
{1,2,3,4,7}, Xor = {1,2,3,4,9}, Xog = {1,2,3,7,8}, Xog = {1,2,3,7,9}. X530 =
{1,2,7,8,9}, X351 = {1,2,7,9,10}, X3 = {1,7,8,9,10}, X33 = {1,2,3,4,5,6},
X3a = {1,2,3,4,5,7}, X35 = {1,2,3,4,5,9}, X36 = {1,2,3,4,7,8}, X3y = {1,2,3,
4,79}, X3z = {1,2,3,7,8,9}, X3 = {1,2,3,7,9,10}, X4 = {1,2,7,8,9,10},
Xu = {1,2,3,4,5,6,7}, Xy = {1,2,3,4,5,6,9}, Xy3 = {1,2,3,4,5,7,8}, Xyq =
{1,2,3,4,5,7,9}, Xy5 = {1,2,3,4,7,8,9}, Xys = {1,2,3,4,7,9,10}, X47 = {1,2,3,
7,8,9,10}, Xyus ={1,2,3,4,5,6,7,8}, X490 = {1,2,3,4,5,6,7,9}, X50 = {1,2,3,4,5,
7,8,9}, X5 = {1,2,3,4,5,7,9,10}, X5 = {1,2,3,4,7,8,9,10}, X53 = {1,2,3,4,5,
6,7,8,9}, Xss = {1,2,3,4,5,6,7,9,10}, X55 = {1,2,3,4,5,7,8,9,10}. Denote by
K; the poset U;( for X = X, It was showed in [7] that, up to isomorphism and
duality, the sets of posets K; with ¢ running from 1 to 55 coincides with the set of
posets, indicated in Table 1.

Step II. Describe, up to strongly isomorphic, all pairs Z = (Y, X) consisting of
a proper lower subposet Y in U and a nonempty lower subposet X in Y such that
X <U\Y (ie. xz<tforany z € X,t € U\Y). They are:
Zy = (X2, {1}), 2o = (X0, {1}), Z5 = (Xuo,{1,2}), Zs = (Xur,{1}), %5 =
(Xa7,{1,2}), Zs = (Xu7,{1,2,3}), Zr = (X9, {T}), Zs = (X52,{1}), Zy = (X2,
{1,2})7 ZlO = (X52,{1,2,3}), Zy = <X527{1,2,3,4}); g = (X53,{7}), Zlg =
(X53,19}), Z1a = (X53,{7,9}), Z15 = (X4, {7}), Z16 = (Xs5,{1}), Z1r = (X5,
{17 2})7 Z1g = (X557 {17 27 3})7 Zyg = <X557 {17 27 3, 4})7 Zoy = (X557 {17 27 37 4, 5})

Denote by K/ the poset (U3) for (Y, X) = Z; and show that, up to isomorphism
and duality, the sets of posets K| with ¢ running from 1 to 20 coincides with the set
of posets, indicated in Table 2. Indeed, it is easy to see that K] = N7, K} = N,?,
K, = NP, K| = NP, K! = N?, K, =~ Ny, K. = Ny, K, & N¥. K} = Ny,
K{O = N5/7 Kil = N3’> K{Q = NlO’; K{J = N{){)’? K{4 = N?’pa K{B = Nll’; K{()‘ = N12’7
Kiz = Ny, Kig = Ny, Kig = Ny, Ky, = Ny.
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Step III. It is easy to verify that all the posets, indicated in the condition of
the theorem, and dual to them (in the non-dual cases) occur in I and II (and even
one time at a time). And hence the theorem is proved.

4. Coefficientts of transitivity. For a (finite) poset S, we put S :=
{(z,y)|z,y € S,z < y}. If (x,y) € S% and there is no z satisfying z < z < y, then
we say that = and y are neighboring. We put n,, = n,(S) := |S%| and denote by
ne = ne(S) the number of pairs of neighboring elements. The ratio k; = k(S) of
the numbers n,, — n, and n,, is called by definition the coefficient of transitivity of
S (see [10]). Note that in the case n,, = 0 (then n, = 0) we assume k; = 0.

In this part of the paper we calculate k; for the posets of M M-type U.

Theorem 2. The following holds for posets Ny, s =1,2,...,29,1',2" ..., 12":

N | ng | ny k; N | ng | ny k; N | ne | ny ky

1| 8|18 [0,55556 || 11| 9 | 19 |0,52632 | 21| 9 | 20 0,55
219 |17]047059 || 12 | 10| 21 | 0,52381 | 22| 9 | 28 | 0,67857
3| 8 123]0,65217 || 13|10 | 27 | 0,62963 || 23 | 10 | 30 | 0,66667
419 1|25 0,64 141 9 | 23 | 0,60870 || 24 | 10 | 42 | 0,76190
519 |18 0,5 1519 | 35 10,74286 || 25 | 9 | 33 | 0,72727
6 | 9|20 0,55 16 | 10 | 37 | 0,72973 || 26 | 9 | 23 | 0,60870
7 11022 |0,54545 || 17| 9 | 26 | 0,65385 || 27 | 10 | 25 0,6

8 [10] 32| 0,6875 || 18| 9 | 20 0,55 28 | 10 | 23 | 0,56522
9 | 8 | 28 |0,71429 || 19 | 10 | 22 | 0,54545 |29 | 9 | 19 | 0,52632
101 9 | 21 [0,57142 | 20 | 10 | 24 | 0,58333

N | ng | ny k; N | ne | ny k; N | ng | ny ky

17 11|42 | 0,73810 || 5" | 10 | 33 | 0,69697 || 9" | 10 | 26 | 0,61538
2/ 110 | 33 10,69697 || 6’ | 11 | 42 | 0,73810 || 10’ | 9 | 30 0,7
3| 11| 42 {0,73810 || 77 | 10| 37 | 0,72973 || 11’ | 10 | 32 | 0,6875
4" 110 | 26 | 0,61538 || & | 10| 21 | 0,52381 || 12’ | 10 | 18 | 0,44444

The transitivity coefficients are written out with an accuracy of five decimal
places. The value 1s exact if and only if the number of decimal places is less than
five, and two values equal to exactly five digits are equal at all.

The proof is carried out by direct calculations.

Recall that height of a poset S is, by definition, the greatest length among the
lengths of all linear ordered subsets of S. An element of a poset is called nodal, if
it is comparable with all the other elements. A subposet X of T is called dense if
there is not x1,29 € X, y € T\ X such that x; <y < xs.

Note that a poset of M M-type U can have at most six nodal elements.

Corollary 1. The coefficient ki(S) of a poset S is the largest among those for
all the posets of MM -type U if and only if S contains a dense subposet with six
nodal elements.

Corollary 2. The coefficient k(S) of a poset S is the smallest among those for
all the posets of MM -type U if and only if S is a self-dual non-connected poset of
height four.
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Corollary 3. For a posets S of MM -type U, the following conditions are equi-
valent:

<a> kt(S) = %7'
(b) S is a non-self-dual non-connected poset of height four.

5. Conclusions. In this paper we continue study combinatorial aspects
of oversupercritical posets. Namely, we describe all the posets that are minimax
isomorphic to the oversupercritical poset

U={1,2,...,10/1<2<3<4<5<6,7<8,9<10,7 < 10}.

The importance of studying minimax isomorphic posets is determined by the
fact that their Tits quadratic forms are Z-equivalent.

We also describe the transitivity coefficients for all posets minimax isomorphic
to this oversupercritical poset.

The obtained results (together with the corresponding research methods) can be
used in the study of combinatorial aspects of other posets.

References

1. Bondarenko, V. V., Bondarenko, V. M., Styopochkina, M. V., & Chervyakov, I.V. (2011).
l-oversupercritical partially ordered sets with trivial group of automorphisms and min-
equivalence. 1. Sci. Bull. of Uzhhorod Univ. Ser. of Math. and Inf., 22(2), 17-25 [in Russian].

2. Bondarenko, V. M., & Styopochkina, M. V. (2021). On posets of sixth order having
oversupercritical M M-type. Sci. Bull. of Uzhhorod Univ. Ser. of Math. and Inf., 38(1), 7-
15.

3. Bondarenko, V.M. (2005). On (min, max)-equivalence of posets and applications to the Tits
forms. Bull. of Taras Shevchenko University of Kyiv. (series: Physics & Mathematics), 1,
24-25 [in Russian].

4. Bondarenko, V. M., & Styopochkina, M. V. (2018). On properties of posets of M M-type
(1,3,5). Sci. Bull. of Uzhhorod Univ. Ser. of Math. and Inf.s, 1(32), 50-53.

5. Bondarenko, V. M., & Styopochkina, M. V. (2005). (Min, max)-equivalence of partially ordered
sets and the Tits quadratic form. Problems of Analysis and Algebra: Zb. Pr. Inst. Mat. NAN
Ukr., 2(3), 18-58 [in Russian].

6. Bondarenko, V. M., & Styopochkina, M. V. (2009). Description of posets critical with respect
to the nonnegativity of the quadratic Tits form. Ukr. Math. J., 61(5), 611-624 [in Russian].

7. Bondarenko, V. V., & Styopochkina, M. V. (2013). Non-primitive 1-oversupercritical partially
ordered set and min-equivalence. Scien. J. of NPU named after Dragomanov. Series 1. Phys.-
Math. sciences, 14, 55-61 [in Russian].

8. Styopochkina, M. V., & Chervyakov, I. V. (2015). The number of partially ordered sets,
(min, max)-equivalent to the set (1, 2, 7). Applied problems of mech. and math., 13, 18-21
[in Ukrainian].

9. Styopochkina, M. V., & Chervyakov, I. V. (2016). The number of partially ordered sets,
(min, max)-equivalent to the l-oversupercritical partially ordered set (1, 3, 5). Applied prob-
lems of mech. and math., 14, 12-15 [in Ukrainian].

10. Bondarenko, V. M., & Styopochkina, M. V. (2017). Coefficients of transitiveness of P-critical
posets. Proc. Inst. Math. of NAS of Ukraine, 14(1), 46-51.

11. Bondarenko, V. M., Orlovskaja, Yu. M., & Styopochkina, M. V. (2018). On Hasse diagrams
connected with the 1-oversupercritical poset (1,3,5). Applied problems of mech. and math., 16,
30-32.

12. Bondarenko, V. M., & Styopochkina, M. V. (2019). On properties of posets of M M-type
(1,2,7). Applied problems of mech. and math., 17, 7-10.

13. Bondarenko, V. M., Styopochkina, M. V., & Stoika M. V. (2020). The coefficients of transi-
tiveness of the posets of MM-type being the smallest supercritical poset of width 3. Applied
problems of mech. and math., 18, 11-13.

Hayk. Bicuuk Yxkropoa. yu-ty. 2021. Tom 39, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



28 V. M. BONDARENKO, M. V. STYOPOCHKINA

Bornapenko B. M., Ctronoukina M. B. Tlpo koeditieatn Tpan3uTuBHOCTI
YACTKOBO BIIOPSIKOBAHUX MHOYKHUH, IO MAIOTh HAJICYTEPKPUTUIHIN HEITPUMITUBHU it

M M -tum.

M. M. Kneiinep 70BiB, 0 4. B. (44CTKOBO BIOPSAIKOBAHA) MHOKHUHA S MA€ CKIHYCHHU
300pakyBaJIbHAN TUIT TOJI i JIUIIE TO/L, KOJU BOHA HE MICTUTBH 4. B. i IMHOKUH BUTJISILY

(1,1,1,1), (2,2,2), (1,3,3), (1,2,5), (N,4).

IIi 4. B. MHOXKUHM HA3UBAIOTHCH 4. B. MHOxkuHaMu Kieitaepa i € (3 Tounicrio no isomopdi-
3My) BCIMa KPUTHYHMMU 4. B. MHOXKMHAMU II0J0 CKIHYEHHOCT] THUIly (B TOMY CeHCi, o e
MiHiMasbHi 4. B. MHOXKMHUM HECKIHYEHHOr0 300pazkyBajbHoro ruity ). izuime FO. A. JIposx
JIOBIB, IO Y. B. MHOXKWHA, S Ma€ CKiHUEHHMI 300parKyBAJIBHUIN THUI TOMI i JIWIITE TOi, KON
KBaJIpaTuvHa (popma

qs(z) =: zg + Z zf + Z 2iZj — %o Z %,

iinS 1<j,i,j inS i inS

sIKa HA3UBAEThC KBaaparuduoo dopmoro Tirca muoxkuuu S, € ciaabko gonarHo (To6To
JIOAATHOI0 HA MHOXKMHI HeBia emuux BeKTopiB). O1xe, 4. B. Mmuokunu Kieiinepa € kpuruy-
HUMU IOJ0 CJIabKOT momaTHocTi KBaaparudnol ¢popmu Tirca. Y 2005 poli aBTOpw JTOBETH
10 9. B. MHOKMHA, € KPUTUIHOIO IO JOIATHOCTI KBaaApaTudnoi ¢popmu Titca Tomi i aurme
TOZi, KOJIM BOHA MiHIMAaKCHO i3oMopdHa AesKiit 4. B. MHOkuHI Kiteiinepa.

Tonibuy cuTyarfito MaeMo Jijisi 9. B. MHOYKUH PYYHOTO 300pazKyBasbHOrO Tuiry. JI. A.
Hazaposa moBena, o 4. B. MHOXKHHA, S € PYYIHOIO TO/I 1 Jiniiie TO/Ii, KOJIM BOHA HE MiCTHTD
4. B. UIMHOX>KUH BUIVISILY

(1717 ]" ]" 1)7 (]"17]‘72)’ (272’3)7 (1’374)7(]"2’6)7 (N75)'

IIi 9. B. MHOXWHYM € KPUTUYHUMHU OO0 CJIaOKOI HEBi €MHOCTI KBAApPATHIHOI (DOpMU
Tirca i HazuBaOTHCA cynmepKputudauMu. ¥ 2009 pori aBTOpH AOBEH, IO I. B. MHOXKHUHA €
KPUTHIHOIO IOI0 HeBix eMHOCTI KBaaparudnoi (popmu Tirca Tomi i auie Tozi, KoM BOHA
MiHIMaKCHO i3oMOpdHA AeAKifl cynepKpuTUdHi# 4. B. MHOXKHUHI. Ilepmuit aBTop 3amporo-
HYBaB BBECTH TaK 3BaHi HAJACyNepKpuTuuHi (200 1-HAJACYTEpKPUTAYIHI) 4. B. MHOKWUHY, SIKi
BiIPIZHAIOTHCA BiJl CYyMEPKPUTUIHAX 4. B. MHOYKUH B Tilt camiit mipi, 1m0 i ocTamHi Biapi3-
HAIOTHCA Bij kpurwaawux. Cepes nmux 9. B. MHOXKWH € €IWHA HE MPUMITHBHA, TOOTO sKa HE
€ MPSAMOIO CYMOIO JIAHIIIOTIB. ¥ Iiiif CTATTI MU OMUCYEMO BCi 9. B. MHOXKWHU, Ki MiHIMAKCHO
isomopdHi Tit, i BUBIaeMo Aeski ixHi koMmbinaTopHi BiaacTuBocTi. BaxknuBicTh BUBUEHHS
MiHIMAKCHO i30MOp(HUX €Y. B. MHOXKHWH BH3HAYAETHCSI THUM, IO 1X KBaJpaTudHi (HopmMu
Tirca Z-exBiBajeHTHI, a caM MiHIMAKCHUiT i30MOpP}I3M € JOCUTH 3araJbHOK KOHCTPYKTHB-
HO BU3HAYEHOIO Z-€KBiBAJIEHTHICTIO i KBaapaTuduaux dhopm Tirca 4. B. MHOKHUH.

Kurro4oBi ciioBa: 300pakeHHs, KpUTUYHA Ta CYLHEPKPUTHYHA 4. B. MHOKHHA, HAJICyLIEp-
KPUTHYHA 9. B. MHOXKWHA, KBagparudHa ¢dopma Tirca, ckindenHuit i pyunuii 300paxy-
BaJILHUH THI, JOJATHICTD i cjabKa JTONATHICTH, HETATUBHICTD i CJIa0Ka HErATHBHICTD.
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