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ON DIFFERENTIALLY PRIME IDEALS OF NOETHERIAN
SEMIRINGS

The paper is devoted to the investigation of the notion of a differentially prime
ideal of a differential commutative semiring (i. e. a semiring equipped with a derivation),
and its interrelation with the notions of a quasi-prime ideal and a primary ideal. The
notion of a semiring derivation is traditionally defined as an additive map satisfying the
Leibnitz rule, i. e. a map 0: R — R is called a derivation on R if 6 (a +b) = 6 (a) 4+ § (b)
and ¢ (ab) = 6 (a) b+ ad (b) for any a,b € R.

A differential ideal P of R is called a differentially prime ideal if for any a,b € R,
k € Ny, ab®) € P follows a € P or b € P. Tt is proved that an ideal P of a semiring R
is prime if and only if for any ideals I and J of R the inclusion IJ C P follows I C P or
J C P. A quasi-prime ideal is a differential ideal of a semiring which is maximal among
those ideals disjoint from some multiplicatively closed subset of a semiring.

In this paper we investigate some properties of such differentially prime ideals, in par-
ticular in case of differential Noetherian semirings. The paper consists of two main parts.
The first part of the paper is devoted to establishing some properties of differentially
prime ideals and gives some examples of such ideals. In the second part, the author in-
vestigates the connection existing between quasi-prime ideals, primary ideals and
differentially prime ideals in differential Noetherian semirings. It is established
that in a differential Noetherian semiring R a differential ideal I of R is differentially prime
if and only if I is a quasi-prime ideal.

Keywords: semiring derivation, differential semiring, differential semiring ideal, differen-
tially prime ideal, quasi-prime ideal, primary ideal, Noetherian semiring.

1. Introduction. The notion of a derivation for semirings, defined in [1] as an addi-
tive map satisfying the Leibnitz rule, as well as the notion of a differential semiring
recently received a lot of attention in [2—4]. Different properties of semiring derivati-
ons, differential semirings, ideals of differential semirings were investigated. Quasi-
prime ideals of differential rings were introduced and studied in [5,6], its generalizati-
ons for differential modules, semirings and semimodules were studied in [3,4,7, 8§].
Differentially prime ideals were introduced in [9] for differential, not necessarily
commutative, rings. Differentially prime submodules of modules over associative
rings were studied in [10]. In [11] the author studied the relations between differenti-
ally prime and quasi-prime submodules of differential modules. The objective of this
paper is to investigate some properties of differentially prime ideals of differential
commutative semirings. We aim to find the connections between differentially prime
ideals and other types of ideals of differential semirings with the ascending chain
condition for their ideals (Noetherian semirings), in particular quasi-prime ideals.

For the sake of completeness some definitions and properties used in the paper
will be given here. For more information see |1,12-14|.
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Throughout the paper N denotes the set of positive integers and Ny = N|J {0}
the set of non-negative integers. Let R be a nonempty set and let + and - be binary
operations on R. An algebraic system (R,+,-) is called a semiring if (R, +,0) is
a commutative monoid, (R,-) is a semigroup and multiplication distributes over
addition from either side. A semiring (R, +,-) is said to be commutative if - is
commutative on R. A semiring which is not a ring is called a proper semiring.

Zero Or € R is called (multiplicatively) absorbing if a - 0p = Og - a = 0 for all
a € R. Note that Or € R cannot be additively absorbing when R contains more than
one element. An element 1 € R is called identity if a-1g = 1g-a = a for all a € R.
A subset S of R closed under addition and multiplication is called a subsemiring of
R.

A left ideal of a semiring R is a nonempty set I # R which is closed under +
and satisfying the following conditions ra € I for all a € I, r € R. Similarly we can
define right ideal and two-sided ideal of a semiring. An ideal I of a semiring R is
called subtractive (or k-ideal) if a € I and a + b € I follow b € 1.

An element a € R is called additively cancellable if a + b = a + ¢ follows b = ¢
for all b,c € R. Denote by K (R) the set of all additively cancellable elements of
R. A semiring R is called additively cancellative if every element of R is additively
cancellable, i. e. K*(R) = R. An element a € R is called additively idempotent if
r +r = r. Denote by I"(R) the set of all additively idempotent elements of R.
A semiring R is called additively idempotent if every element of M is additively
idempotent, i. e. IT(R) = R.

Let R be a semiring. A map 0: R — R is called a derivation on R [1]if 6 (a + b) =
d(a)+ 6 (b) and ¢ (ab) = 6 (a) b+ ad (b) for any a,b € R.

A semiring R equipped with a derivation 0 is called a differential semiring with
respect to the derivation 6 (or §-semiring), and denoted by (R,6) |2|. An ideal I of
the semiring R is called differential if d(I) C I. Any differential semiring has two
trivial differential ideals: {Og} and itself.

Throughout the paper we consider commutative semirings.

2. Quasi-prime differential ideals and dmsp-semirings. Let A be a subset
of R. Denote the smallest differential ideal containing the set A by [A], the smallest
radical differential ideal containing A by { A}, the smallest differential k-ideal contai-
ning the set A by |A|, and the smallest radical differential k-ideal containing A by
(A). A non-empty subset S of the semiring R is called a multiplicatively closed subset
of R if ab € S for every a,b € S.

Let S be a multiplicatively closed subset of R, 0 ¢ S. If I is a radical differential
k-ideal of R maximal among radical differential k-ideals disjoint from S, then [ is
prime. If [ is any radical differential subtractive ideal disjoint from S, then there
exists a prime differential k-ideal P containing I which is disjoint from S. If I is a
radical differential k-ideal of R, then it is an intersection of all the prime differential
k-ideals containing I. [3]

Definition 1. A differential ideal I of the semiring R is called quasi-prime if
there exists a multiplicatively closed subset S of R such that I is maximal differential
tdeal such that I NS = O.

For a subset A of R the set Ay = {a €ER ‘a(”) € Aforalln € NO} is called the
differential of A.
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Examples. Any prime differential ideal of R is quasi-prime. If () is a maximal
differential ideal of R then () is quasi-prime. In any differential semiring R for any
prime ideal P of R the differential ideal Py is quasi-prime. [3,4]

Definition 2. A differential semirings R is called a dmsp-semiring (or a Keigher
semiring) if for any prime k-ideal P of R, Py is prime.

Examples. Every differentially trivial semiring is a dmsp-semiring. {0} is a
dmsp-semiring. Any differential semifield is a dmsp-semiring. Any Keigher ring is a
dmsp-semiring.

In a dmsp-semiring maximal among differential k-ideals are prime. [3,4]| In a
dmsp-semiring the radical of an arbitrary differential k-ideal is the intersection of
all the prime differential k-ideals containing I. [3]

3. Differentially prime ideals of semirings. We investigate some properties
of differentially prime ideals of differential commutative semirings.

Definition 3. A differential k-ideal P of R is called differentially prime if for
any a,b € R, k € Ny, ab® € P follows a € P orb € P.

If the ideal [ is quasi-prime, then [ is a differentially prime ideal of R.

Definition 4. Let S # O be a subset of R. A subset S is called d-multiplicatively
closed if for any a,b € S there exists n € Ny such that ab™ € S.

If a subset is d-multiplicatively closed, then it is multiplicatively closed.

Proposition 1. An ideal I of R is differentially prime if and only if R\ I is
d-multiplicatively closed.

Proof. Suppose I is a differentially prime ideal of R and there exist a, b ¢ I such
that ab™ € I for all n € Ny. Then a € I or b € I, which contradicts to a,b € R\ I.
Conversely, suppose R \ [ is d-multiplicatively closed, and for all a,b € R and all
n € Ny, ab™ € 1,a,b¢ I. Then ab® ¢ I for some k € Ny, which is a contradiction.

Theorem 1. For a differential ideal P # R of R, the following conditions are

equivalent:
1) For any a,b € R, k € Ny, ab®) € P follows a € P or b € P;

2) For any a,b € R, k,1 € Ny, a®b®) € P follows a € P or b € P;
3) For any a,b € R, [a] - [b] C P followsa € P orb € P;
4) For any differential ideals I and J of R, IJ C P follows I C P or J C P.

Proof. (1 = 2) Suppose ao*) € P for any k,1 € Ny. Denote t = [ + k.
For t = 0 we have a(¥b(®) = ab € P. Therefore, 5(ab) € P. For a k-ideal P,
(ab) = d'b+all € P, ab' € P follow a'b € P.

Consider (ab®)" = a’b®) 4-ab*+ Y for all k € Ny. Similarly, (ab™)" € P, ab®+1) ¢
P follow a’b®) € P. Then from (a/b*~V) = a"b* =Y 4 a/b*) € P, a/b™ € P and the
subtractiveness of P we obtain a”b®) € P, etc. (2 == 1) Obvious when [ = 0.

(2 = 3) Conversely, if [a] - [)] C P then Y, .y, Rab™ C P, in partic-
ular a6®) € P. Hence, a € Por b € P. (3 = 2) It is clear that [a] =
> ien, Ba®, [b] = 37, BV®), and so [a] - [b] = Y, o, RaVOR). If aDb®) € P,
then >, cn, RaWp®) C P. Therefore, [a] - [b] € P, which follows a € P or b € P.

(3 = 4). Suppose I € P and J ¢ P. There exists a € I, a ¢ P, and
be J,b¢ P. Clearly, [a] - [b] C IJ C P. Therefore, a € P or b € P, which is a
contradiction. (4 == 3) is obvious.
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Theorem 2. Let S be d-multiplicatively closed subset of R. If the ideal I is
d-mazimal in R\ S, then I is a differentially prime ideal of R.

Proof. Suppose that there exist a,b € R and n € Ny such that ab™ € N,
a,b ¢ P. Tt is clear that P C P + [a] and P C P + [b]. Since P is maximal
among the differential ideals not meeting some d-multiplicatively closed subset S,
(P+a))NS # @, (P+[b])NS # @. Therefore there exist a,b € S such that
a € P+ [a] and b € P+ [b]. On the other hand, since S is a d-multiplicatively
closed subset, then a,b € S follows the existence of n € Ny such that ab™ € S.
Therefore b € (P 4 [a]) N'S. Then ab™ € (P + [a]) - (P + [b]) € P. Therefore,
ab™ € P S # @, but it contradicts the assumption that S|P = @. Hence P is
a differentially prime ideal.

4. Quasi-prime and differentially prime ideals in Noetherian semir-
ings.

Here we study the interrelationship between differentially prime, quasi-prime and
primary ideals of differential Noetherian semirings.

Proposition 2. Let a € R. There existsn € Ny such that (I : a") is a differential
ideal and (I : a™) = (I : a*) for any k > n.

Proof. Denote U = U (I : a') C R. For any b € U there exists [ € Ny such
that b € (I : a'). Then a'b € I. Since I is a differential ideal of R, then §(a'd) € I.
From §(a'b) = la'"*dab + a'6b € I and subtractiveness of I we have that a'6(b) € I.
Thus, §(b) € (I : a'), which follows §(b) € U.

The ideals (1 : a™), n € Ny, form a chain, therefore there exists n € Ny such that
(I:a") = (I:a") for any k > n.

Theorem 3. Let R be a Noetherian semiring. If the ideal P of R is differentially
prime, then P is a primary ideal of R.

Proof. Suppose ab € P. For an ideal P we have that a"b € P, which follows
b € (P :a™). By Proposition 2, [b] C (P : a™). From a"b € P we also have that
a" € (P : [b]). Therefore, [a"] C (P : [b]). Then [a"]|[b] C P. By Theorem 1, we have
[a"] C P or [b] C P. Hence, a™ € Por b e P,i. e. Pis a primary ideal.

Theorem 4. For every differential ideal I of the Noetherian semiring R the
following are equivalent:
1) I is a quasi-prime ideal;
2) I = Py for some prime ideal P of R;
3) I is a differentially prime ideal.

Proof. (1) = (2) Let I be a quasi-prime ideal of R, i. e. maximal among
differential ideals disjoint from the multiplicatively closed subset S, and let K be
maximal among ordinary ideals disjoint from S and containing I. Then K is prime
ideal of R as each d-multiplcatively closed subset is multiplicatively closed. Show
that I = K. Since [ is a differential ideal of R, then I C K4. The converse
inclusion implies due to maximality of the differential ideal I among those disjoint
from S, because K is disjoint from S and it is differential ideal of R.

(2) = (3) Let I = Py for some prime ideal of R of M. Then [ is maximal
among differential ideals disjoint from P. Let S = R\P. Assuming that all the
derivations are trivial, we see that S is a multiplicatively closed subset of R. Denote
by K the intersection of all d-multiplicatively closed subsets of R, which contain S.
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Then S is the least d-multiplicatively closed subset of those containing S. Hence [
is a differentially prime ideal of R because of 1. It remains to verify that [ = R\ K.
Since R\K is disjoint from S, then R\K C P, and due to the fact that R\K is a
differential ideal of R, we have the inclusion R\K C I. Given the minimality of the
set K, we obtain that the set R\ K is a maximal ideal among the differential ideals
of I. Hereby R\K = N.

(3) = (1) Let I be some differentially prime ideal of R. Then, by Proposition
1, the set R\I is a d-multiplicatively closed subset of the semiring R. Since I is
maximal differential ideal disjoint from R\, then, by definition, it is quasi-prime.

5. Conclusions. This paper is devoted to investigating differentially prime
ideals of differential semirings. We continue studying the interrelationship between
different types of differential ideals of differential semirings, in particular differen-
tially prime, quasi-prime and primary ideals of differential Noetherian semirings,
i. e. differential semirings with the ascending chain conditions for their ideals. The
obtained results can be used in the further study of differential ideals.
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Meabauk 1. O. [Ipo mudepenniajbHo-IepBUHHI i/lea Il HETEPOBUX HAIIIBKLICIb.
Il crarTs mpuCcBSYeHa TOCIiIKEHHIO TOHATTS OuepeHIialsHO-IepBUHHOTO iZeany
B audepeHniaJbHOMy KOMYTaTUBHOMY HAIMiBKiIbIl (HAMIBKIJIBbII pa3oM i3 3aJaHOMY Ha
HBOMY AudEPEHIII0BAHHAM) Ta HOro 38’s3KaMu 3 HOHATTAMU KBa3ilepBUHHOTO inealy Ta
npumapHoro inmeany. IlomsaTTsi mudpepenninBanHa HAUiBKiNbIHE TPAAUIIAHO BA3HAYAIOTH
K AIWTUBHE BiIoOpakKeHHs, sike 3a/I0BOJIbHSE MpaBuiio JleibHina, Tod6ro BinobOpakeHHs
d: R — R ma3uBaoTh qudepeHIioBatusM HAmBKinbg R, axmo 6 (a +b) =6 (a) + 0 (b) i
d (ab) =4 (a) b+ ad (b) must 6ynp-skUX a,b € R.
Hudepennianbunit inean P HamiBkizgblsg R Ha3WBAOTh IudepeHIlianbHO-IepBUHHAM
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10.

11.

12.

13.

14.

imeanom, sxmo s Oynb-sikux a,b € R, k € Ny, 3 ab®) € P punnmsae, mo a € P
abo b € P. Joseneno, 1o imeas P HamiBKijgbllsa R € andepeHiaabHO-TEPBUHHAM TOI i
TiTBKHU TOZL, KO i imeanis I Ta J mamiBkinabing R 3 Bkaodents [J C P BumimBae, mo
I C P abo J C P. KBasinepBunHuil imean HamiBkijgbiug — 1e audepeHniaabauii igead,
MaKCUMAaJIbHHUI cepes, mudepeHIiajibauX i1eatis, Mo MalOTh MOPOXKHIN HepeTHH 3 JIeIKOI0
MYJIbTHILTIKATHBHO-3aMKHEHOIO TIMHOYKWHOIO JTAHOTO HAIBKiIBIIS.

VY miii cTaTTi JOCTLKYIOThCS AeSKi BJACTUBOCTI TudepeHianbHo-IepBUHHNX ineanis,
30KpeMa TaKHX ireasiB B AudepeHIialbHuX HeTEPOBUX HAIIBKIIbIIX.

CrarTd CKIaJaeThbCsd 3 JBOX OCHOBHUX YACTHH. ¥ IEPIIil 4acTUHI BCTAHOBJIEHO JIe-
AKI BJIACTHBOCTI JaupepeHIiagbHO-IIEPBUHHNAX i/1easiB Ta IOMAHO MPUKJIAIA TAKHX i/1e-
amiB. Y Apyriii 9acTuHI CTATTI ABTOP MOCIIKYE 3B’SI3KHU, IO iCHYIOTH MiXK MTOHSTTS-
MW KBa3inepBuWHHUI, NpuMapHui inean Ta DudpepeHIlialbHO-IEpBUHHUE imean B HETEPO-
BUX AudepenIiaJbHuX HAMIBKiIbIAX. BeTanosieno, mo B audepeHiialbHOMY HETEPpOBOMY
HaniBrimbui R mubepennmianbuuil imean [ mamiBkinbis R € qubepeHIianbHO-IepBUHHEAM
imeanom Toxi i TinbKu TOAI, KO | € KBasinmepBuHHUE imeai.

Kuro4doBi cioBa: nudepeHniroBaHts HAMMBKIIbI, ArudepeHitiaabie HABKiIbIE, aude-
PeHIianbHu iMean HAMIBKIIbIA, AudepeHItiaaTbHO-IePBUHHAN 11eat, KBa3inepBUHHAN i1e-
aJi, IpuMapHuil ijieasi, HeTepoBe HalliBKiIbIIE.
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