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THE COEFFICIENTS OF TRANSITIVITY OF THE POSETS OF

MM-TYPE BEING THE HIGHEST SYPERCRITICAL POSET

The representations of partially ordered sets (abbreviated as posets), introduced by
L. A. Nazarova and A. V. Roiter (in matrix form) in 1972, play an important role in the
modern representation theory. In his first paper on this topic M. M. Kleiner proved that
a poset S is of finite representation type (i.e. has a finite number, up to equivalence, of
indecomposable representations) if and only if it does not contain subposets of the form
X =(1,1,1,1),Ks = (2,2,2),K5 = (1,3,3),K4 = (1,2,5) and K5 = (N,4). Specified
posets are called critical posets relative to the finiteness of the type. They are also called
the Kleiner’s (critical) posets. In 1974 Yu. A. Drozd proved that a poset S has finite
representation type if and only if its Tits quadratic form

qs(z) =: 22 + sz + Z 22 — ZOZzi
i€s i<j,i,j€S i€s
is weakly positive (i.e., positive on the set of non-negative vectors). Consequently, the
Kleiner’s posets are critical relative to weak positivity of the Tits quadratic form, and
there are no (up to isomorphism) other such posets. In 2005 the authors proved that a
poset is critical relative to the positivity of the Tits quadratic form if and only if it is
minimax isomorphic to a Kleiner’s poset.

A similar situation takes place for posets of tame representation type. In 1975 L. A. Na-
zarova proved that a poset S is tame if and only if it does not contain subsets of the form
Ny = (1,1,1,1,1), No = (1,1,1,2), N3 = (2,2,3), Ny = (1,3,4), N5 = (1,2,6) and
Ng = (N,5). She called these posets supercritical; they are also critical relative to weak
non-negativity of the Tits quadratic. In 2008 the authors proved that a poset is critical
relative to non-negativity of the Tits quadratic form if and only if it is minimax isomorphic
to a supercritical poset.

In this paper we study the combinatorial properties of posets, minimax isomorphic
to the supercritical poset of greatest height, i.e. (1,2,6). The importance of studying
minimax isomorphic posets is determined by the fact that their Tits quadratic forms are
Z-equivalent, and minimax isomorphism itself is a fairly general constructively defined
Z-equivalence of the Tits quadratic forms for posets.

Keywords: representation, critical and supercritical poset, Tits quadratic form, finite
and tame representation type, positivity and weak positivity, non-negativity and weak
non-negativity, minimax isomorphism, coefficient of transitivity.
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1. Introduction. The representations of partially ordered sets (abbreviated as
posets), introduced by L. A. Nazarova and A. V. Roiter (in matrix form) in 1972 [1],
play an important role in the modern representation theory. In his first paper on this
topic M. M. Kleiner [2| proved that a posets S is of finite representation type (i.e.
has a finite number, up to equivalence, of indecomposable representations) if and
only if it does not contain subposets of the form K; = (1,1,1,1), Ky = (2,2,2), K3 =
=(1,3,3),Ks = (1,2,5) and K5 = (N,4). Specified posets are called critical posets
relative to the finiteness of the type (i,e. they are minimal posets with an infinite
number of indecomposable representations, up to equivalence). They are also called
the Kleiner’s (critical) posets. On the other hand, Yu. A. Drozd [3] proved that a
poset has finite representation type if and only if its Tits quadratic form is weakly
positive (i.e., positive on the set of nonnegative vectors). From these two statements
it follows that the critical posets are also critical relatively to the weak positivity of
the Tits quadratic form.

In 2005 the authors proved that a poset is critical relatively to the positivity
of the Tits quadratic form if and only if it is minimax isomorphic to a Kleiner’s
poset [4] (such isomorphism was introduced by the first author in [5]); in this paper
all such posets, which were named by the authors as P-critical, were fully described.

A similar situation takes place in the case of tame posets. A poset S is tame if
and only if it does not contain subsets of the form N; = (1,1,1,1,1), Ny = (1,1, 1, 2),
N3 =(2,2,3), Ny = (1,3,4), N5 = (1,2,6), Ng = (N, 5) [6], and this is equivalent
to the weak non-negativity of the Tits quadratic form of S; these posets are called
supercritical. In [7] the authors proved that a poset is critical relatively to the non-
negativity of the Tits quadratic form if and only if it is minimax isomorphic to
a supercritical poset. In [8] all such posets, which were named by the authors as
N P-critical, were fully described.

In addition to the above three papers of the authors, posets with positive and
non-negative Tits quadratic form. were also studied in many of their other papers
(see e.g. [9] — [17]).

In this paper, continuing to study the combinatorial properties of different classes
of posets (see e.g. [18] — [22]), we consider posets that are minimax isomorphic to
the supercritical poset of greatest height.

2. The list of posets of MM-type (1,2,6). Throught the paper, all posets
will be supposed finite.

Let S be a poset. For a minimal (resp. maximal) element a of S, denote by
T = ST (respect. T = SY) the following poset: T' = S as usual sets, T\ a = S\ a as
posets, the element a is maximal (resp. minimal) in 7', and a is comparable with z
in 7T if and only if they are incomparable in S. Two posets S and T are called (min,
max)-equivalent if there are posets Si,...,S, (p > 0) such that, if we put S = Sy
and T' = S,41, then, for every i = 0,1,...,p, either S;;1 = (Sz); or Sii1 = (Sl)i [5].
Obviously, any poset is (min, max)-equivalent to itself. Since some time we also use
the term minimazx equivalence.

The notion of minimax equivalence can be naturally continued to the notion of
minimazx isomorphism: posets S and S’ are minimax isomorphic if there exists a
poset T', which is minimax equivalent to S and isomorphic to S’.

When P is a fix poset, we call that a poset S is of M M-type P if S is minimax

Posain 1: Maremaruka 1 craTrucTuka
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isomorphic to P [19].

From the results of [8] it follows that the following table contains all posets (up
to isomorphism and duality) of M M-type (1,2,6), which is the highest supercritical
poset (in the sense of its longest chain):
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20(78) 21(79) 22(80) 23(81) 24(82) 25(83)
26(84) 27(94) (95) 29(96) 30(99) 31(101)

Al

3. Coefficients of transitivity. Main results. Let S be a poset and
S ={(z,y)|z,y € S,z < y}. If (z,y) € S% and there is no z satisfying x < z < y,
then we say that x and y are neighboring. Put n, = n,(S) := |S2| and denote by
ne = ne(S) the number of pairs of neighboring elements. The ratio k; = k;(.S) of the
numbers n,, — n. and n,, are called the coefficient of transitiveness of S; if n, = 0
(then n, = 0), we assume k; = 0 (this notion was introduced in [18]).

In this part of the paper we calculate k; for all posets of M M-type N5 =
= (1,2,6) = {1,2,---,9]2 < 3,4 <5 <6 <7 <8 < 9}, which is the highest
supercritical one.

Theorem 1. The following holds for posets 1 — 31 of M M -type Ns:

N | ng | ny ks N | n, | nyg k N | ng | ny ky
116 16| 0,625 111 8 | 20 0,6 221 7 | 16 | 0,5625
2 | 8 |34 ]0,76471 || 12| 8 | 20 0,6 23| 8 | 16 0,5
319 (34]0,73529 || 13| 8 | 18 | 0,55556 || 24 | 7 | 14 0,5
4 19 |34]0,73529 || 14 | 8 | 18 | 0,55556 || 25 | 8 | 14 | 0,42857
519 |34 10,73529 || 15| 7 | 26 | 0,73077 || 26 | 7 | 14 0,5
6 | 8 |30 0,73333 | 16 | 8 | 26 | 0,69231 || 27 | 8 | 22 | 0,63636
719 |30 0,7 17 8 | 26 | 0,69231 || 28 | 8 | 18 | 0,55556
8 | 8 |28 0,71429 || 18 | 7 | 22 | 0,68182 || 29| 8 | 16 0,5
9 | 8 | 24 ]0,66667 || 19 | 7 | 20 0,65 30| 8 | 16 0,5
10| 8 | 24 | 0,66667 || 20 | 8 | 20 0,6 31| 8 | 18 | 0,55556
211 8 | 20 0,6

The transitivity coefficients are written out with an accuracy of five decimal
places. The value is exact if and only if the number of decimal places is less than
five, and two values equal to exactly five digits are equal at all.

Poszain 1: Maremaruka 1 craTrucTuka



THE COEFFICIENTS OF TRANSITIVITY OF THE POSETS ... 15

The proof is carried out by direct calculations.

Recall that the greatest length among the lengths of all linear ordered subsets of
a poset S is called its height An element of a poset is called nodal, if it is comparable
with all the others elements. A subposet X of T is said to be dense if there is not
x1,T9 € X,y € T\ X such that z; <y < zs.

Note that a poset of M M-type N5 can have at most six nodal elements.

Corollary 1. The coefficient k,(S) of a poset S is the largest among all the
posets of MM -type N5 if and only if S contains a dense subposet with six nodal
elements.

Corollary 2. The coefficient k,(S) of a poset S is the smallest among all the
posets of M M -type N5 if and only if S is a self-dual poset of height four.

4. Conclusions. In this paper we investigate combinatorial aspects of su-
percritical posets which arise in the study of tame posets. Namely, we indicate,
up to isomorphism and duality, all the posets that are minimax isomorphic to the
supercritical posets (1,2,6) and describe for them the coefficients of transitivity.

The importance of studying minimax isomorphic posets is determined by the
fact that their Tits quadratic forms are Z-equivalent. Using this fact the authors,
in particular, proved (earlier) that a poset is critical relative to the positivity of the
Tits quadratic form if and only if it is minimax isomorphic to a critical Kleiner’s
poset, and a poset is critical relatively to the non-negativity of the Tits quadratic
form if and only if it is minimax isomorphic to a supercritical poset. They also
described all the posets that are minimax isomorphic to any critical or supercritical
poset, classified all the posets with positive Tits quadratic form and solved a number
of other classification problems,

The obtained results can be used in the study of combinatorial aspects of other
classes of posets.
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Bongapenko B. M., Croiika M. B., Creomoukina M. B. Koedimiearu Tpan-
3UTUBHOCTI YaCTKOBO BIIOPSIKOBAHUX MHOKWH HAUBHUIITOTO cynepKputudaoro M M-
THILY.

306parkeHHs 4aCTKOBO BHOPsIIKOBAHUX (CKOPOYEHO 4. B.) MHOKUH, siKi BBeeni JI. A. Ha-
3apoBoro i A. B. Poiirepom (B marpuuwniii ¢hopwmi) B 1972 p., Bifirpaorh BasKJIuBy pojb B
cydJacHiii Teopii 300paxkenb. ¥ CBOiM meprmiit mpami 3a mieo Temarukoo M. M. Kaeitrep
JIOBIB, IO 9. B. MHOXKHMHA S Ma€ CKiHYeHHUH 300paxkyBasibhuii Tun (TO6TO Ma€ CKiHdYeH-
HE YUCJI0 HEPO3KJIAJHUX 300pazKeHb, 3 TOYHICTIO /10 €KBIBAJIEHTHOCT1) TOAL 1 JiuIe TOi,
KOJIU BOHA He MiCTUTh 4. B. migmuoxud surisny K; = (1,1,1,1), Ko = (2,2,2), K3 =
=(1,3,3), K4 = (1,2,5) i K5 = (N,4). Bka3ani 4. B. MHO2KMHYU HA3UBAIOTHCSA KPUTHIHUMU
9. B. MHOXKWH IIOJI0 CKiHYEHHOCTI THIy (TOOTO BOHU € MIHIMAJBHUME 9. B. MHOKUHAMU
3 HECKIHYEHHUM YHCJIOM HEPO3KJIQTHUX 300DayK€Hb, 3 TOYHICTIO [0 €KBIBAJEHTHOCT). Ix
TAKOXK HA3WBAIOTHh (KPUTHYHMMU) 4. B. MHOKuHaMu Kueiinepa. ¥ 1974 p. FO. A. JIposx
JIOBIB, 0 9. B. MHOXKHHA S Ma€ CKiHYeHHUI 300parKyBasbHUI TUI TOI 1 JIUIIE TOML, KOJIH
i1 kBagparuana ¢gopma Tirca

L2 2
qs(z) =: 25 + g z; + E ZiZj — 20 g %
i inS 1<j,i,j inS i inS

€ c1abKo JOJaTHOIO (TOOTO JOJATHOI HA MHOYKUHI HEBiJ eéMHUX BEKTOPIB). TakuM duHOM,
4. B. MHOXKWHN KileliHepa € KpUTHIHUMH OO0 CIA0KOT JTOMATHOCTI KBAAPATHIHOI (POPMHU
Tirca, i iHIMX TaKUX 9. B. MHOKUH HEMa€ (3 TOUHICTIO 10 i30Mopdismy). ¥V 2005 p. aBTropu
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10.

11.

12.

13.

JIOBEJIU IO 9. B. MHOYKWHA € KPUTHUYHOIO IMTOI0 J0JATHOCTI KBaaparuduoi ¢gopmu Turca
TOMI i JIUITe TO/Ii, KOJIM BOHA MIHIMAKCHO i3oMopdHa faedaKii 4. B. MHOXKIHI KiteiitHepa.

Iloxibuy curyarito MaemMo 3 4. B. MHOXKHHAMH PYYHOTO 300PaxKyBaJbHOIO THUITY. Y
1975 p. JI. A. Hazaposa moBesia, 110 9. B. MHOXKHHA S € Py9HOIO TO/I i Juie 1o/, KOJIU BO-
HA HE MiCTUTH 4. B. uigmuoxkud Burusay Ny = (1,1,1,1,1), Ny = (1,1,1,2), N3 = (2,2,3),
Ny = (1,3,4), N5 = (1,2,6) i (N,5). Bona Ha3zBaja Ii 9. B. MHOXHWHHU CyTEPKPHUTHIHN-
MW, BOHH € TaKOXK KPUTHYHUMHU IIOAO CIa0KOI HeBim emuOCTI KBagparwanoi dopmu Ti-
tca. ¥ 2009 pori aBTOpH JOBENH, IO Y. B. MHOXKHHA € KPUTHIHOIO IOI0 HEBiI €eMHOCTI
kBagparudaol ¢popmu Tirca Tomi i smmre Tomi, KoM BOHA MiHIMAKCHO i3oMOpdHA mesaKiit
CYIEPKPUTUYHIN 4. B. MHOXKUHI.

V miit ctaTTi BUBYAIOTHCSA KOMOIHATOPHI BJIACTHBOCTI Y. B. MHOXKHWH, MIHIMAKCHO i30-
MOpGHUX CYyNEepKPUTHYHIN 9. B. MHOKMHI HaiiGibmol Bucorn, To6To (1,2, 6). Baxsusictsb
BUBYEHHS MiHIMAaKCHO 130MOp(MHUX 4. B. MHOXKHAH BHU3HAYAETHCS TUM (DAKTOM, IO iX KBa-
aparuani ¢popmu TiTca Z-ekBiBajaeHTHi, a caM MiHIMAKCHHH i30MOPdI3M € JOCHTDH 3arajb-
HOIO KOHCTPYKTHBHO BU3HAYEHOIO Z-eKBiBasleHTHICTIO s KBaaparudnux dpopm Tirca 4.
B. MHOXKWH.

Kurro4oBi csroBa: 300pakeHHst, KpUTUYIHA i CYMIEPKPUTUYIHA, 9. B. MHOKUHA, KBAIPATHIHA
dopma Tirca, ckindennwmii i pyvHuii 300pakyBajbHAN THUM, TOJATHICTH i cjabka 1013~
THICTh, HETATUBHICTD 1 C1a0Ka HETaTUBHICTD, MiHIMAKCHMH i30MOpdi3M, KOeillieHT TpaH-
3UTUBHOCTI.
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