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STABILITY OF LIMIT REGIMES IN GENERAL
REACTION-DIFFUSION TYPE SYSTEMS

In this paper, we consider the stability of limit regimes for a general class of nonlinear
distributed mathematical models named Reaction-Diffusion models. RD systems naturally
arise in many applications. For instance, in the biological mathematical modeling and in
the signal transmission theory the FitzHugh–Nagumo model, whose distributed variant is a
particular case of general RD system, is widely used. We investigate the problem of stability
of attracting sets for an infinite-dimensional RD system with respect to bounded external
signals (disturbances). The interaction functions as well as nonlinear perturbations do not
assume to be Lipschitz continuous. Therefore, we cannot expect the uniqueness of solution
for the corresponding initial-value problem and we have to use a multi-valued semigroup
approach. An undisturbed system is considered to have a global attractor, i.e., the mini-
mal compact uniformly attracting set. The main purpose is to estimate the deviation of
the trajectory of the disturbed system from the global attractor of the undisturbed one
as a function of the magnitude of external signals. Such an estimate can be obtained in
the framework of the theory of input-to-state stability (ISS). The paper proposes a new
approach to obtaining estimates of robust stability of the attractor in the case of a mul-
tivalued evolutionary operator. In particular, it is proved that the multivalued semigroup
generated by weak solutions of a nonlinear reaction-diffusion system has the property of
local ISS with respect to the attractor of the undisturbed system.

Keywords: reaction-diffusion system, system without uniqueness, input-to-state stability,
robust stability, global attractor.

1. Introduction. Conditions of practical stabilization of di�erential inclusions
and properties of optimal sets of practical stability of di�erential inclusions with a
spatial component were studied in [1], [2]. Important results of practical stability,
conditions of practical stability were obtained in works [3], [4].

In the present paper we investigate stability of limit regimes in general reaction-
di�usion type systems. In dissipative evolutionary systems it is a common view to
characterize such regimes in terms of the global attractor theory [5]�[8]. For ill-posed
problems when there are no results about uniqueness or regularity of solutions, and
for the control problems with singular perturbations the corresponding theory was
developed in [9]�[15]. If the considered autonomous system with global attractor
undergoes external signals (disturbances) then the natural problem is to estimate the
deviation of the trajectory of the disturbed system from the global attractor of the
undisturbed one as a function of the magnitude of external signals. Such an estimate
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can be obtained in the framework of the theory of input-to-state stability (ISS) [16]�
[19]. Recently this theory has been developed to in�nite-dimensional systems with
non-trivial attractors in [13]� [21]. In particular, the local input-to-state stability
and asymptotic gain properties were obtained for well-posed semilinear parabolic and
hyperbolic equations. The ISS property for the attractor of a PDE-ODE type system
(which consisting of a parabolic system of the reaction-di�usion type and a system
of ordinary di�erential equations) undergoing additive bounded perturbations was
explored in paper [22].

In the present paper we generalize these results for more general classes of PDEs
like reaction-di�usion systems with non-smooth interaction functions which do not
guarantee the uniqueness of solutions of the corresponding initial value problem in
the natural in�nite-dimensional phase spaces.

2. Setting of the problem. In bounded domain Ω ⊂ R𝑛 we consider the
following general reaction-di�usion system{︃

𝑢𝑡 = 𝑎∆𝑢− 𝑓(𝑢) + ℎ(𝑥) + 𝑔(𝑢)𝑑(𝑡), 𝑥 ∈ Ω, 𝑡 > 0,

𝑢|𝜕Ω = 0,
(1)

where 𝑢 = 𝑢(𝑡, 𝑥) = (𝑢1(𝑡, 𝑥), . . . , 𝑢𝑁(𝑡, 𝑥)) is an unknown vector-function, ℎ =
= (ℎ1, . . . , ℎ𝑁), 𝑓 = (𝑓 1, . . . , 𝑓𝑁) are given vector-functions, 𝑔 = ((𝑔𝑖𝑗))𝑁𝑖,𝑗=1 is a
given matrix-valued function, 𝑎 is a real 𝑁 × 𝑁 matrix such that 1

2
(𝑎 + 𝑎*) ≥ 𝜇𝐼,

𝜇 > 0, 𝑑 = (𝑑1, . . . , 𝑑𝑁) is an external signal (disturbances).
Under rather general assumption (see the last section) we can claim that this

problem is globally resolvable in weak sense in the phase space 𝐻 = (𝐿2(Ω))𝑁 , i.e.,
for any disturbances 𝑑 ∈ 𝐿∞(R+;𝐻) and for any 𝑢0 ∈ 𝐻 there exists (maybe not
unique) solution of the problem (1) 𝑢 ∈ 𝐶([0,+∞);𝐻) with 𝑢(0) = 𝑢0.

Let us consider undisturbed system (𝑑 ≡ 0){︃
𝑢𝑡 = 𝑎∆𝑢− 𝑓(𝑢) + ℎ(𝑥), 𝑥 ∈ Ω, 𝑡 > 0,

𝑢|𝜕Ω = 0.
(2)

It is known [7], that the corresponding multi-valued semi�ow (𝑚-semi�ow for
short)

𝑆(𝑡, 𝑢0) = {𝑢(𝑡)| 𝑢(·) is a weak

solution (2), 𝑢(0) = 𝑢0} (3)

has a global attractor Θ in 𝐻, i.e., there exists a compact set Θ ⊂ 𝐻 such that
(i) Θ = 𝑆(𝑡,Θ), 𝑡 ≥ 0,
(ii) for any bounded set 𝐵 ⊂ 𝐻

𝑑𝑖𝑠𝑡(𝑆(𝑡, 𝐵),Θ) → 0 as 𝑡→ ∞,

where for 𝐴,𝐵 ⊂ 𝐻 we denote

𝑆(𝑡, 𝐵) =
⋃︁
𝑏∈𝐵

𝑆(𝑡, 𝑏),

𝑑𝑖𝑠𝑡(𝐴,Θ) = sup
𝑥∈𝐴

inf
𝑦∈Θ

‖𝑥− 𝑦‖𝐻 ,
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‖𝐴‖Θ = 𝑑𝑖𝑠𝑡(𝐴,Θ).

Property (ii) means that all trajectories of the system ultimately belong to a
given neighborhood of the global attractor is stable in Liapunov sense, i.e.,

∀𝜀 > 0 ∃𝛿 > 0 ∀𝑡 ≥ 0 𝑆(𝑡, 𝑂𝛿(Θ)) ⊂ 𝑂𝜀(Θ), (4)

where here and after
𝑂𝛿(𝐴) = {𝑥 ∈ 𝐻| 𝑑𝑖𝑠𝑡(𝑥,𝐴) < 𝛿}, for 𝐴 ⊂ 𝐻.

Thus, the limit behavior of undisturbed system is completely determined by the
global attractor Θ. The main question is how external disturbances 𝑑 a�ect such
dynamics? Let the initial point 𝑢0 := 𝑢(0) ∈ 𝐻 and disturbances 𝑑 are given. Let
us denote by 𝑆𝑑(𝑡, 0, 𝑢0) the set of all solutions of (1) with 𝑢(0) = 𝑢0. It is not true
in general that those solutions will converge to Θ as 𝑡 → ∞. But it turns out that
under additional assumptions it possible to show that we can estimate the deviation
of the trajectory of the disturbed system from the global attractor of the undisturbed
one as a function of the magnitude of external signals. For that purpose, we need
the following classes of comparison functions [21]:

K := {𝛾 : [0,+∞) ↦→ [0,+∞) | 𝛾 is continuous, strictly increasing, 𝛾(0) = 0},

K∞ := {𝛾 ∈ K | 𝛾 is unbounded},

L := {𝛾 : [0,+∞) ↦→ [0,+∞) | 𝛾 is continuous,

strictly decreasing, 𝛾(𝑡) → 0, 𝑡→ ∞},

KL := {𝛽 : [0,+∞)× [0,+∞) ↦→ [0,+∞) | 𝛽 is continuous,

𝛽(·, 𝑡) ∈ K, ∀𝑡 ≥ 0, 𝛽(𝑠, ·) ∈ L, ∀𝑠 > 0}.
First, under rather general assumptions, we will show that for the 𝑚-semi�ow

𝑆, generated by undisturbed system (2), with global attractor Θ ∃𝛽 ∈ KL ∀𝑢0 ∈
𝐻, ∀𝑡 ≥ 0

‖𝑆(𝑡, 𝑢0)‖Θ ≤ 𝛽(‖𝑢0‖Θ, 𝑡).

This property helps us to prove the main result about robust stability of our
disturbed system (1): ∃𝑟 > 0, ∃𝛽 ∈ KL, ∃𝛾 ∈ K such that

‖𝑢0‖Θ ≤ 𝑟, ‖𝑑‖∞ ≤ 𝑟 ⇒ ∀𝑡 ≥ 0

‖𝑆𝑑(𝑡, 0, 𝑢0)‖Θ ≤ 𝛽(‖𝑢0‖Θ, 𝑡) + 𝛾(‖𝑑‖∞), (5)

where ‖𝑑‖∞ = ess sup
𝑡≥0

|𝑑(𝑡)|.

3. Stability of attractors for multi-valued semiflows in abstract spaces.
We consider an abstract evolutionary (autonomous) system, which is character-
ized by a normed phase space (𝑋, ‖ · ‖) and a family of maps (solutions) 𝐾 ⊂
⊂ C ([0,+∞);𝑋) such that the following conditions hold:

(K1) ∀𝑥 ∈ 𝑋 ∃𝜙 ∈ 𝐾 such that 𝜙(0) = 𝑥;
(K2) 𝜙𝜏 (·) := 𝜙(·+ 𝜏) ∈ 𝐾, ∀𝜏 ≥ 0, ∀𝜙 ∈ 𝐾.
Than the multi-valued map 𝑆 : R+ ×𝑋 ↦→ 2𝑋

𝑆(𝑡, 𝑥) = {𝜙(𝑡)| 𝜙 ∈ 𝐾, 𝜙(0) = 𝑥},
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is semi�ow. Moreover,

𝜙(𝑡+ 𝑠) ∈ 𝑆(𝑡, 𝜙(𝑠)), ∀𝜙 ∈ 𝐾, ∀𝑡, 𝑠 ≥ 0.

Assume, that 𝑆 is strict, i.e., 𝑆(𝑡+ 𝑠, 𝑥) = 𝑆(𝑡, 𝑆(𝑠, 𝑥)). The last equality allows
us to state existence of invariant global attractor.

Lemma 1. Assume that (K1), (K2) hold, 𝑆 is strict, and
(G1) exists bounded 𝐵0 ⊂ 𝑋 such that for all bounded 𝐵 ⊂ 𝑋 ∃𝑇 = 𝑇 (𝐵) ∀𝑡 ≥ 𝑇

𝑆(𝑡, 𝐵) ⊂ 𝐵0 (dissipativity),
(G2) ∀𝑡𝑛 ↗ ∞, for all bounded 𝐵 ⊂ 𝑋, ∀𝜉𝑛 ∈ 𝑆(𝑡𝑛, 𝐵) the sequence {𝜉𝑛} is

precompact (asymptotic compactness),
(G3) ∀𝑡 > 0, ∀𝑥𝑛 → 𝑥0, ∀𝜉𝑛 ∈ 𝑆(𝑡, 𝑥𝑛), 𝜉𝑛 → 𝜉0 we have: 𝜉0 ∈ 𝑆(𝑡, 𝑥0) (closed

graph).
Then 𝑚-semiflow 𝑆 possesses global attractor Θ.
Moreover, if
(G4) ∀𝑡𝑛 → 𝑡0 ≥ 0, ∀𝑥𝑛 → 𝑥0, ∀𝜉𝑛 ∈ 𝑆(𝑡𝑛, 𝑥𝑛) up to sequence 𝜉𝑛 → 𝜉0 ∈

𝑆(𝑡0, 𝑥0)
then Θ is stable in the sense of (4).

Lemma 2. Assume that 𝑆 : R+ ×𝑋 ↦→ 2𝑋 is a strict 𝑚-semiflow, which has a
stable global attractor Θ. Also, assume that

for all bounded 𝐵 ⊂ 𝑋 the set
⋃︁
𝑡≥0

𝑆(𝑡, 𝐵) is bounded. (6)

Then ∃𝛽 ∈ KL ∀𝑥 ∈ 𝑋, ∀𝑡 ≥ 0

‖𝑆(𝑡, 𝑥)‖Θ ≤ 𝛽(‖𝑥‖Θ, 𝑡). (7)

Now assume that our evolutionary system undergoes disturbances 𝑑 ∈ 𝑈 , where
the set 𝑈 satis�es

(U) 𝑈 ⊂ 𝐿∞(R+), 0 ∈ 𝑈 , 𝑈 is translation-invariant, i.e.,

𝑑ℎ(·) = 𝑑(·+ ℎ) ∈ 𝑈, ∀ℎ ≥ 0, ∀𝑑(·) ∈ 𝑈.

Denote by 𝐾𝜏
𝑑 ⊂ C([𝜏,+∞);𝑋) the family of maps satisfying the following

properties:
(S1) ∀𝑥 ∈ 𝑋, ∀𝜏 ≥ 0, ∀𝑑 ∈ 𝑈 ∃𝜙 ∈ 𝐾𝜏

𝑑 : 𝜙(𝜏) = 𝑥,
(S2) 𝜙|[𝑠,+∞) ∈ 𝐾𝑠

𝑑, ∀𝜙 ∈ 𝐾𝜏
𝑑 , ∀𝑠 ≥ 𝜏 ,

(S3) 𝜙(·+ ℎ) ∈ 𝐾𝜏
𝑑(·+ℎ), ∀𝜙 ∈ 𝐾𝜏+ℎ

𝑑 , ∀ℎ ≥ 0.
Let us put

𝑆𝑑(𝑡, 𝜏, 𝑥) := {𝜙(𝑡)| 𝜙 ∈ 𝐾𝜏
𝑑 , 𝜙(𝜏) = 𝑥}.

Then {𝑆𝑑}𝑑∈𝑈 generates the family of 𝑚-semiprocesses, i.e., ∀𝑑 ∈ 𝑈, ∀𝑡 ≥ 𝑠 ≥
≥ 𝜏 ≥ 0, ∀𝑥 ∈ 𝑋, ∀ℎ ≥ 0.

𝑆𝑑(𝑡, 𝜏, 𝑥) = 𝑥,

𝑆𝑑(𝑡, 𝜏, 𝑥) ⊂ 𝑆𝑑(𝑡, 𝑠, 𝑆𝑑(𝑠, 𝜏, 𝑥)),

𝑆𝑑(𝑡+ ℎ, 𝜏 + ℎ, 𝑥) ⊂ 𝑆𝑑(·+ℎ)(𝑡, 𝜏, 𝑥).
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It is easy to verify that {𝑆𝑑}𝑑∈𝑈 satis�es cocycle property:

𝑆𝑑(𝑡+ ℎ, 0, 𝑥) ⊂ 𝑆𝑑(𝑡+ ℎ, ℎ, 𝑆𝑑(ℎ, 0, 𝑥)) ⊂ 𝑆𝑑(·+ℎ)(𝑡, 0, 𝑆𝑑(ℎ, 0, 𝑥)),

and ∀𝜙 ∈ 𝐾𝜏
𝑑 𝜙(𝑡) ∈ 𝑆𝑑(𝑡, 𝑠, 𝜙(𝑠)).

In particular, ∀𝜙 ∈ 𝐾0
𝑑 , ∀𝑡, ℎ ≥ 0

𝜙(𝑡+ ℎ) ∈ 𝑆𝑑(𝑡+ ℎ, ℎ, 𝜙(ℎ)) ⊂ 𝑆𝑑(·+ℎ)(𝑡, 0, 𝜙(ℎ)). (8)

(S4) Moreover, if ∀𝑠 ≥ 𝜏, ∀𝜓 ∈ 𝐾𝜏
𝑑 , ∀𝜙 ∈ 𝐾𝑠

𝑑 with 𝜓(𝑠) = 𝜙(𝑠) the function

Θ(𝑝) =

{︃
𝜓(𝑝), 𝑝 ∈ [𝜏, 𝑠],

𝜙(𝑝), 𝑝 ≥ 𝑠,

belongs to 𝐾𝜏
𝑑 , then inclusion 𝑆𝑑(𝑡, 𝜏, 𝑥) ⊂ 𝑆𝑑(𝑡, 𝑠, 𝑆𝑑(𝑠, 𝜏, 𝑥)) takes place.

(S5) If ∀ℎ ≥ 0, ∀𝜙 ∈ 𝐾𝜏
𝑑(·+ℎ) we have that 𝜙(· − ℎ) ∈ 𝐾𝜏+ℎ

𝑑 , then inclusion

𝑆𝑑(𝑡+ ℎ, 𝜏 + ℎ, 𝑥) ⊂ 𝑆𝑑(·+ℎ)(𝑡, 𝜏, 𝑥) takes place.

Lemma 3. Under conditions (U), (S1)–(S5) for the semiprocess family {𝑆𝑑}𝑑∈𝑈
we have that {𝑆𝑑}𝑑∈𝑈 is strict, i.e.

𝑆𝑑(𝑡, 𝜏, 𝑥) = 𝑆𝑑(𝑡, 𝑠, 𝑆𝑑(𝑠, 𝜏, 𝑥)),

𝑆𝑑(𝑡+ ℎ, 𝜏 + ℎ, 𝑥) = 𝑆𝑑(·+ℎ)(𝑡, 𝜏, 𝑥),

𝑆𝑑(𝑡+ ℎ, 0, 𝑥) = 𝑆𝑑(·+ℎ)(𝑡, 0, 𝑆𝑑(ℎ, 0, 𝑥)).

In particular, in the undisturbed case (𝑑 ≡ 0)

𝑆0(𝑡+ ℎ, 0, 𝑥) = 𝑆0(𝑡, 0, 𝑆0(ℎ, 0, 𝑥)),

so 𝑆0 is a strict 𝑚-semiflow.

The next theorem is the main abstract result of the paper.

Theorem 1. Assume that 𝑚-semiflow 𝑆0 is generated by family of maps 𝐾
satisfying (K1), (K2), 𝑆0 is strict, has compact values, and possesses stable global
attractor Θ.

Additionally, exists locally bounded function 𝑐 : R+ → R+ such that

∀𝑟 > 0, ∀𝑡 ≥ 0,

‖𝑥1‖ ≤ 𝑟, ‖𝑥2‖ ≤ 𝑟 ⇒ 𝑑𝑖𝑠𝑡(𝑆0(𝑡, 0, 𝑥1), 𝑆0(𝑡, 0, 𝑥2)) ≤ 𝑒𝑐(𝑟)𝑡‖𝑥1 − 𝑥2‖. (9)

Assume that {𝑆𝑑}𝑑∈𝑈 is the family of 𝑚-semiprocesses satisfying (U), (S1)–(S5),
where 𝑑 ∈ 𝑈 is disturbances of the initial system 𝑆0.

Assume that ∃𝜎 ∈ K, exists continuous function 𝐷 : R2
+ → R+ such that ∀𝑟 >

0 lim
𝑡→0+

𝑑(𝑟,𝑡)
𝑡

<∞, and ∀𝑡 ≥ 0

‖𝑑‖∞ ≤ 𝑟, ‖𝑥‖ ≤ 𝑟 ⇒

𝑑𝑖𝑠𝑡(𝑆𝑑(𝑡, 0, 𝑥), 𝑆0(𝑡, 0, 𝑥)) ≤ 𝐷(𝑟, 𝑡)𝜎(‖𝑑‖∞). (10)

Assume, that

∀𝑟 > 0 the set
⋃︁
𝑡≥0

⋃︁
‖𝑑‖∞≤𝑟

⋃︁
‖𝑥‖≤𝑟

𝑆𝑑(𝑡, 0, 𝑥) is bounded. (11)

Then {𝑆𝑑}𝑑∈𝑈 is local ISS w.r.t. Θ, i.e., inequality (5) holds.
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Proof. First let us prove that ∀𝑟 > 0 ∃𝜓, 𝜓, 𝛼 ∈ K, exists Lipschitz continuous
function 𝑉 with Lipschitz constant equals 1, such that

𝜓(‖𝑥‖Θ) ≤ 𝑉 (𝑥) ≤ 𝜓(‖𝑥‖Θ), ∀‖𝑥‖Θ ≤ 𝑟, (12)

�̇�0(𝑥) := lim
𝑡→0+

1

𝑡
𝑑𝑖𝑠𝑡(𝑉 (𝑆0(𝑡, 0, 𝑥)), 𝑉 (𝑥)) ≤ −𝛼(‖𝑥‖Θ) ∀‖𝑥‖Θ ≤ 𝑟, (13)

where here and after for 𝐴 ⊂ 𝑋, 𝑉 (𝐴) =
⋃︀
𝑎∈𝐴

𝑉 (𝑎).

For this purpose, we choose function 𝛽 from (7), �x 𝑟0 > 0 and ∀𝜀 > 0 let
𝑇 = 𝑇 (𝑟0, 𝜀) be such that

𝛽(𝑟0, 𝑡) ≤ 𝜀 ∀𝑡 ≥ 𝑇. (14)

We put

𝑉 𝜀(𝑥) := 𝑒−(𝑐0+𝑐)𝑇 sup
𝑡≥0

(𝑒𝑐𝑡𝜂𝜀(‖𝑆0(𝑡, 0, 𝑥)‖Θ)), ‖𝑥‖Θ < 𝑟0,

where 𝑐0 = 𝑐(𝑟0) is taken from (9), 𝑐 > 0 will be �xed throughout the proof,
𝜂𝜀(𝑟) := max{0, 𝑟 − 𝜀}. Due to (14)

𝑉 𝜀(𝑥) = 𝑒−(𝑐0+𝑐)𝑇 sup
𝑡∈[0,𝑇 ]

(𝑒𝑐𝑡𝜂𝜀(‖𝑆0(𝑡, 0, 𝑥)‖Θ)).

Using elementary properties of 𝜂𝜀:

𝜂𝜀(𝑟) ≤ 𝑟, |𝜂𝜀(𝑟1)− 𝜂𝜀(𝑟2)| ≤ |𝑟1 − 𝑟2|,

we get the following properties of 𝑉 𝜀:

𝑉 𝜀(𝑥) ≤ 𝑒−𝑐0𝑇 sup
𝑡∈[0,𝑇 ]

𝜂𝜀(‖𝑆0(𝑡, 0, 𝑥)‖Θ) ≤ 𝛽(‖𝑥‖Θ, 0), ∀‖𝑥‖Θ ≤ 𝑟0,

and

|𝑉 𝜀(𝑥)− 𝑉 𝜀(𝑦)| ≤ 𝑒−(𝑐0+𝑐)𝑇×
× sup

𝑡∈[0,𝑇 ]
|𝑒𝑐𝑡𝜂𝜀(‖𝑆0(𝑡, 0, 𝑥)‖Θ)− 𝑒𝑐𝑡𝜂𝜀(‖𝑆0(𝑡, 0, 𝑦)‖Θ)| ≤

≤ 𝑒−𝑐0𝑇 sup
𝑡∈[0,𝑇 ]

|‖𝑆0(𝑡, 0, 𝑥)‖Θ)− ‖𝑆0(𝑡, 0, 𝑦)‖Θ)| ≤

≤ 𝑒−𝑐0𝑇 sup
𝑡∈[0,𝑇 ]

dist (𝑆0(𝑡, 0, 𝑥), 𝑆0(𝑡, 0, 𝑦)) ≤

≤ 𝑒−𝑐0𝑇 𝑒𝑐0𝑇‖𝑥− 𝑦‖ =

= ‖𝑥− 𝑦‖, ∀ ‖𝑥‖Θ ≤ 𝑟0, ∀ ‖𝑦‖Θ ≤ 𝑟0.

Here, we utilized the inequality

dist (𝐴,𝐵) ≤ dist (𝐴,𝐶) + dist (𝐶,𝐵),

with 𝐴 = 𝑆0(𝑡, 0, 𝑥), 𝐵 = Θ, 𝐶 = 𝑆0(𝑡, 0, 𝑦).
Due to compactness of Θ we have that ∀‖𝑥‖Θ < 𝑟0

‖𝑥‖Θ = inf
𝜉∈Θ

‖𝑥− 𝜉‖ = ‖𝑥− 𝜉0‖, 𝜉0 ∈ Θ.
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Then due to (9)

dist (𝑆0(𝑡, 0, 𝑥), 𝑆0(𝑡, 0, 𝜉0)) ≤ 𝑒𝑐0𝑡‖𝑥− 𝜉0‖.

Invariance of Θ implies the inclusion

𝑆0(𝑡, 0, 𝜉0) ⊂ Θ.

Therefore,
dist (𝑆0(𝑡, 0, 𝑥), 𝑆0(𝑡, 0, 𝜉0)) ≥ ‖𝑆0(𝑡, 0, 𝑥)‖Θ.

So, from the strict inequality ‖𝑥‖Θ < 𝑟0 we derive that for su�ciently small
𝜏 > 0

‖𝑆0(𝜏, 0, 𝑥)‖ < 𝑟0.

Then ∀𝜙 ∈ 𝐾 : 𝜙(0) = 𝑥, we get from the strictness of 𝑆0

𝑉 𝜀(𝜙(𝜏)) = 𝑒−(𝑐0+𝑐)𝑇 sup
𝑡≥0

(𝑒𝑐𝑡𝜂𝜀(‖𝑆0(𝑡, 0, 𝜙(𝜏))‖Θ)) ≤

≤ 𝑒−(𝑐0+𝑐)𝑇 sup
𝑡≥0

(𝑒𝑐𝑡𝜂𝜀(‖𝑆0(𝑡+ 𝜏, 0, 𝑥)‖Θ)) ≤

≤ 𝑒−𝑐𝜏𝑉 𝜀(𝑥) for su�ciently small 𝜏 > 0.

Due to compactness of 𝑆0(𝑡, 0, 𝑥) we deduce: for every small 𝜏 > 0 ∃𝜙 ∈
∈ 𝐾, 𝜙(0) = 𝑥 such that

dist (𝑉 𝜀(𝑆0(𝜏, 0, 𝑥)), 𝑉
𝜀(𝑥)) = 𝑉 𝜀(𝜙(𝜏))− 𝑉 𝜀(𝑥) ≤ (𝑒−𝑐𝜏 − 1)𝑉 𝜀(𝑥).

Therefore,

�̇� 𝜀
0 (𝑥) := lim

𝑡→0+

1

𝑡
𝑑𝑖𝑠𝑡(𝑉 𝜀(𝑆0(𝑡, 0, 𝑥)), 𝑉

𝜀(𝑥)) ≤ −𝑐𝑉 𝜀(𝑥), ‖𝑥‖Θ < 𝑟0.

Now, for every ‖𝑥‖Θ ≤ 𝑟0, we put

𝑉 (𝑥) :=
∞∑︁
𝑘=1

2−𝑘𝑉
1
𝑘 (𝑥).

Then from the previous arguments, we get

𝑉 (𝑥) ≤ 𝛽(‖𝑥‖Θ, 0), ‖𝑥‖Θ ≤ 𝑟0,

|𝑉 (𝑥)− 𝑉 (𝑦)| ≤ ‖𝑥− 𝑦‖, ‖𝑥‖Θ ≤ 𝑟0, ‖𝑦‖Θ ≤ 𝑟0,

∀𝜙 ∈ 𝐾, 𝜙(0) = 𝑥 for su�ciently small 𝜏 > 0

𝑉 (𝜙(𝜏)) ≤ 𝑒−𝑐𝜏𝑉 (𝑥),

and therefore,
dist (𝑉 (𝑆0(𝜏, 0, 𝑥)), 𝑉 (𝑥)) ≤ (𝑒−𝑐𝜏 − 1)𝑉 (𝑥).

So,
�̇�0(𝑥) ≤ −𝑐𝑉 (𝑥), ‖𝑥‖Θ < 𝑟0.
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Moreover, inequality

sup
𝑡≥0

(︁
𝑒𝑐𝑡𝜂 1

𝑘
(‖𝑆0(𝑡, 0, 𝑥)‖Θ)

)︁
≥ 𝜂 1

𝑘
(‖𝑥‖Θ),

implies

𝑉 (𝑥) ≥
∞∑︁
𝑘=1

2−𝑘𝑒−(𝑐0+𝑐)𝑇 (
1
𝑘
)𝜂 1

𝑘
(‖𝑥‖Θ), ‖𝑥‖Θ ≤ 𝑟0.

Finally, denoting
𝜓(𝑟) = 𝛽(𝑟, 0) + 𝑟,

𝜓(𝑟) =
∞∑︁
𝑘=1

2−𝑘𝑒−(𝑐0+𝑐)𝑇 (
1
𝑘
)𝜂 1

𝑘
(𝑟),

𝛼(𝑟) = 𝑐𝜓(𝑟),

we obtain (12),(13).
Then for ∀‖𝑥‖Θ < 1, ∀𝑢 ∈ 𝑈 : ‖𝑢‖∞ ≤ 1, ∀𝜙 ∈ 𝐾0

𝑢 : 𝜙(0) = 𝑥, let us consider
for 𝑡 > 0 the upper right-hand Dini derivative [23]

𝐷
+
𝑉 (𝜙(𝑡)) = lim

𝜏→0+

1

𝜏
(𝑉 (𝜙(𝑡+ 𝜏))− 𝑉 (𝜙(𝑡))).

According to property (8)

𝜙(𝑡+ 𝜏) ∈ 𝑆𝑢(𝑡+ 𝜏, 0, 𝑥) ⊂ 𝑆𝑢(·+𝑡)(𝜏, 0, 𝜙(𝑡)).

From (11), for some 𝑟0 > 0, ‖𝜙(𝑡)‖ < 𝑟0 ∀𝑡 ≥ 0. We �x such 𝑟0 in all previous
arguments. So, in view of (10), we can write

𝑉 (𝜙(𝑡+ 𝜏))− 𝑉 (𝜙(𝑡)) ≤ dist (𝑉 (𝑆𝑢(·+𝑡)(𝜏, 0, 𝜙(𝑡))), 𝑉 (𝜙(𝑡))) ≤
≤ dist

(︀
𝑉 (𝑆𝑢(·+𝑡)(𝜏, 0, 𝜙(𝑡))), 𝑉 (𝑆0(𝜏, 0, 𝑉 (𝑆𝑢(·+𝑡)(𝜏, 0, 𝜙(𝑡)))))

)︀
+

+ dist (𝑉 (𝑆0(𝜏, 0, 𝑉 (𝑆𝑢(·+𝑡)(𝜏, 0, 𝜙(𝑡))))), 𝑉 (𝜙(𝑡))) ≤
≤ 𝑑(𝑟0, 𝜏)𝜎(‖𝑢‖∞) + (𝑒−𝑐𝜏 − 1)𝑉 (𝜙(𝑡)).

It means that

𝐷
+
𝑉 (𝜙(𝑡)) ≤ −𝑐𝑉 (𝜙(𝑡)) + 𝑑𝜎(‖𝑢‖∞), ∀𝑡 > 0, (15)

where 𝑑 = lim
𝜏→0+

𝑑(𝑟0,𝜏)
𝜏

.

Due to the properties of upper limit, we get from (15):

𝐷
+ (︀
𝑉 (𝜙(𝑡))𝑒𝑐𝑡

)︀
≤ −𝐷+

(︂
−𝑑𝜎(‖𝑢‖∞)

𝑐
𝑒𝑐𝑡
)︂
,

𝐷
+
(︂
𝑉 (𝜙(𝑡))𝑒𝑐𝑡 − 𝑑𝜎(‖𝑢‖∞)

𝑐
𝑒𝑐𝑡
)︂

≤ 0. (16)

Then inequality (16) implies that (see [23])

𝑉 (𝜙(𝑡))𝑒𝑐𝑡 − 𝑑𝜎(‖𝑢‖∞)

𝑐
𝑒𝑐𝑡 ≤ 𝑉 (𝑥)− 𝑑𝜎(‖𝑢‖∞)

𝑐
, ∀𝑡 ≥ 0.
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So,

𝑉 (𝜙(𝑡)) ≤ 𝑉 (𝑥)𝑒−𝑐𝑡 +
𝑑

𝑐
𝜎(‖𝑢‖∞), ∀𝑡 ≥ 0.

Finally,

𝜓(‖𝜙(𝑡)‖Θ) ≤ 𝜓(‖𝑥‖Θ)𝑒−𝑐𝑡 +
𝑑

𝑐
𝜎(‖𝑢‖∞),

‖𝜙(𝑡)‖Θ ≤ 𝜓−1(𝜓(‖𝑥‖Θ)𝑒−𝑐𝑡 +
𝑑

𝑐
𝜎(‖𝑢‖∞)) ≤

≤ 1

2
𝜓−1

(︀
2𝜓(‖𝑥‖Θ)𝑒−𝑐𝑡

)︀
+

1

2
𝜓−1

(︂
2𝑑

𝑐
𝜎(‖𝑢‖∞)

)︂
. (17)

If we denote

𝛽(𝑟, 𝑠) :=
1

2
𝜓−1

(︀
2𝜓(‖𝑥‖Θ)𝑒−𝑐𝑠

)︀
,

𝛾(𝑟) :=
1

2
𝜓−1

(︂
2𝑑

𝑐
𝜎(𝑟)

)︂
,

then inequality (17) implies the required local ISS property.
Theorem is proved.
4. Application to reaction-diffusion systems. We consider the problem{︃

𝑢𝑡 = 𝑎∆𝑢− 𝑓(𝑢) + ℎ(𝑥) + 𝑔(𝑢)𝑑(𝑡), 𝑥 ∈ Ω, 𝑡 > 0,

𝑢|𝜕Ω = 0.
(18)

Suppose that all components of functions 𝑓, 𝑔 belong to the class 𝐶(R), ℎ ∈
∈ (𝐿2(Ω))𝑁 , ∃𝐶1, 𝐶2, 𝐶3 > 0, 𝛾𝑖 > 0, 𝑝𝑖 ≥ 2, 𝑖 = 1, 𝑁 such that ∀𝑣 ∈ R𝑁

𝑁∑︁
𝑖=1

|𝑓 𝑖(𝑣)|
𝑝𝑖

𝑝𝑖−1 ≤ 𝐶1(1 +
𝑁∑︁
𝑖=1

|𝑣𝑖|𝑝𝑖), (19)

𝑁∑︁
𝑖=1

𝑓 𝑖(𝑣)𝑣𝑖 ≥
𝑁∑︁
𝑖=1

𝛾𝑖|𝑣𝑖|𝑝𝑖 − 𝐶2, (20)

‖𝑔(𝑣)‖2 :=
𝑁∑︁

𝑖,𝑗=1

|𝑔𝑖𝑗(𝑣)|2 ≤ 𝐶3. (21)

We will use the following standard functional spaces:

𝐻 = (𝐿2(Ω))𝑁 and 𝑉 = (𝐻1
0 (Ω))

𝑁 .

Let us denote

𝑝 = (𝑝1, . . . , 𝑝𝑁), 𝐿
𝑝(Ω) = 𝐿𝑝1(Ω)× . . .× 𝐿𝑝𝑁 (Ω).

It is known [24] that under assumptions (19)�(21) for any disturbances 𝑑 ∈
∈ 𝐿∞(R+;𝐻) (even for 𝑑 ∈ 𝐿2

𝑙𝑜𝑐(R+;𝐻)) the problem (18) is globally resolvable in
weak sense in the phase space 𝐻, i.e., for every 𝑢0 ∈ 𝐻 there exists (maybe not
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unique) a function 𝑢 = 𝑢(𝑡, 𝑥) ∈ 𝐿2
𝑙𝑜𝑐(0,+∞;𝑉 )

⋂︀
𝐿𝑝𝑙𝑜𝑐(0,+∞;𝐿𝑝(Ω)) such that for

any 𝑇 > 0, 𝑣 ∈ 𝑉 ∩ 𝐿𝑝(Ω)

𝑑

𝑑𝑡

∫︁
Ω

𝑢(𝑡, 𝑥)𝑣(𝑥)𝑑𝑥+

∫︁
Ω

(︁
𝑎∇𝑢(𝑡, 𝑥)∇𝑣(𝑥)+

+𝑓(𝑢(𝑡, 𝑥))𝑣(𝑥)− 𝑔(𝑥)𝑣(𝑥)− 𝑑(𝑡, 𝑥)𝑣(𝑥)
)︁
𝑑𝑥 = 0.

in the sense of scalar distributions on (0, 𝑇 ), and 𝑢(0, 𝑥) = 𝑢0(𝑥). Due to inclusion
𝑢 ∈ 𝐶([0,+∞);𝐻) the last equality makes sense. Moreover, every weak solutions
of (18) belongs to the class of absolutely continuous functions from [𝜏, 𝑇 ] to 𝐻 for
every 𝑇 > 𝜏 , and for positive constants 𝑣, 𝑐1, 𝑐2 for a.a. 𝑡 > 𝜏

𝑑

𝑑𝑡
‖𝑢(𝑡)‖2 + 𝑣‖𝑢(𝑡)‖2 ≤ 𝑐1 + 𝑐2‖𝑑‖2∞.

So,

‖𝑢(𝑡)‖2 ≤ ‖𝑢(𝜏)‖2𝑒−𝑣(𝑡−𝜏) + 1

𝑣
(𝑐1 + 𝑐2‖𝑑‖2∞), ∀𝑡 ≥ 𝜏. (22)

Moreover, if 𝑢𝑛0 → 𝑢0 weakly in 𝐻, 𝑑𝑛 → 𝑑 weakly in 𝐿2(0, 𝑇 ) ∀𝑇 > 0 then up
to subsequence

∀𝑡 > 0 𝑢𝑛(𝑡) → 𝑢(𝑡) in 𝐻, (23)

where 𝑢 is a solution of (1) with initial data 𝑢0 and disturbances 𝑑.
These statements allow us to claim that for 𝑑 ≡ 0 all weak solutions 𝐾 of

undisturbed problem (2) generate strict 𝑚-semi�ow 𝑆 according to the formula (8),
and properties (22), (23) imply (G1) � (G4). So, due to Lemma 1, 𝑚-semi�ow 𝑆
has stable global attractor Θ ⊂ 𝐻.

Moreover, from estimate (22) we get that property (6) takes place. So, Lemma
2 implies the robust stability estimate (6) for our problem (2).

Theorem 2. Suppose that (19) – (21) takes place and, additionally, components
of 𝑓 belong to the class 𝐶1(R𝑛), and the corresponding Jacobian matrix 𝐷𝑓 satisfies
the following inequality:

∃𝐶4 > 0 ∀𝑣 ∈ R𝑛 𝐷𝑓(𝑣) ≥ −𝐶4. (24)

Then the formula

𝑆𝑑(𝑡, 𝜏, 𝑢𝜏 ) := {𝑢(𝑡)| 𝑢(·) is a solution of (2) on [𝜏,+∞), 𝑢(𝜏) = 𝑢𝜏}, (25)

generates the family of semiprocesses {𝑆𝑑}𝑑∈𝑈 with 𝑈 = 𝐿∞(0,+∞), which is locally
ISS w.r.t. Θ, i.e., property (5) takes place.

Proof. It can be proved that the family of mappings {𝑆𝑑}𝑑∈𝑈 de�ned by (25),
satis�es (S1) � (S5). So, Lemma 3 implies that {𝑆𝑑}𝑑∈𝑈 is the strict family of
semiprocesses. Moreover, inequality (24) allows us to prove that 𝑆0 and 𝑆𝑑 satisfy
properties (9), (10). Estimate (22) gives property (11). Thus, we can apply Theorem
1 and obtain required result.
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5. Conclusions. In this work, we considered the stability of the limit modes of
an in�nite-dimensional system of the reaction-di�usion type in relation to external
disturbing signals. The main result is the estimation of the deviation of the tra-
jectories of the disturbed system from the uniform attractor set (global attractor)
of the undisturbed system in terms of the amplitude of the external signal. At the
same time, the obtained results can be applied to wide classes of reaction-di�usion
systems under rather general assumptions on coe�cients, including systems with
non-smooth interaction functions, multi-dimensional Lotka-Volterra systems with
di�usion, FitzHugh�Nagumo systems and others for which the uniqueness of the
solution of the Cauchy problem is not guaranteed. Therefore, we can conclude that
this robust stability with respect to disturbances is the interior property of evolu-
tionary processes which are modeled by reaction-di�usion systems.
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Капустян О. В., Юсипiв Т. В. Стiйкiсть граничних режимiв для загаль-
ного випадку систем типу реакцiя-дифузiя.

У цiй статтi ми розглядаємо стiйкiсть граничних режимiв для загального класу
нелiнiйних розподiлених математичних моделей, якi називаються моделями реакцiї-
дифузiї. Системи реакцiї-дифузiї природно виникають у багатьох застосуваннях. На-
приклад, при математичному моделюваннi в бiологiї та у теорiї передачi сигналiв
широко використовується модель ФiтцХью–Нагумо (FitzHugh–Nagumo model), роз-
подiлений варiант якої є окремим випадком загальної системи реакцiї-дифузiї. До-
слiджено проблему стiйкостi притягуючих множин для нескiнченновимiрної системи
реакцiї-дифузiї вiдносно обмежених зовнiшнiх сигналiв (збурень). Функцiї взаємодiї,
а також нелiнiйнi збурення не вважаються неперервними за Лiпшицем. Отже, ми не
можемо очiкувати єдиностi розв’язку для вiдповiдної початкової задачi, i ми повиннi
використовувати багатозначний напiвгруповий пiдхiд. Вважається, що незбурена си-
стема має глобальний атрактор, тобто мiнiмальну компактну рiвномiрно притягаючу
множину. Основною метою дослiдження є оцiнка вiдхилення траєкторiї збуреної си-
стеми вiд глобального атрактора незбуреної як функцiї величини зовнiшнiх сигналiв.
Таку оцiнку можна отримати в рамках теорiї стiйкостi вiд входу до стану (ISS). У стат-
тi запропоновано новий пiдхiд до отримання оцiнок робастної стiйкостi атрактора у
випадку багатозначного еволюцiйного оператора. Зокрема, доведено, що багатозначна
напiвгрупа, породжена слабкими розв’язками нелiнiйної системи типу реакцiї-дифузiї,
має властивiсть локальної ISS вiдносно атрактора незбуреної системи.

Ключовi слова: система реакцiя-дифузiя, система без єдиностi розв’язку, стiйкiсть
вiд входу до стану, робастна стiйкiсть, глобальний атрактор.
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