12 V. M. BONDARENKO, O. V. ZUBARUK

YIIK 512.53, 512.64
DOT https://doi.org/10.24144/2616-7700.2023.42(1) .12-17

V. M. Bondarenko!, O. V. Zubaruk?

! Institute of Mathematics of NAS of Ukraine,

Leading researcher of the department of algebra and topology,
Doctor of physical and mathematical sciences
vitalij.bond@gmail.com

ORCID: https://orcid.org/0000-0002-5064-9452

2 Kyiv National University named after Taras Shevchenko,

Head of the cycle commission of mathematics teachers of UFML,
Candidate of physical and mathematical sciences
sambrinka@ukr.net

ORCID: https://orcid.org/0000-0002-3620-4262

ON THE AUSLANDER ALGEBRA OVER A FIELD OF
CHARACTERISTIC TWO OF THE COMMUTATIVE
NONCYCLIC SEMIGROUP OF THIRD ORDER
WITHOUT UNIT AND ZERO ELEMENTS

The classification of the semigroups of third order (in terms of Cayley tables, up to
isomorphism and antiisomorphism) was first received by T. Tamura in 1953, and later,
but with the help of a computer program, by G. E. Forsyth (in 1955). The minimal
systems of generators and the corresponding defining relations for all such semigroups were
constructed in the papers of V. M. Bondarenko and Y. V. Zatsikha. They also described
representation type of third-order semigroups over an arbitrary field and in the case of
semigroups of finite representation type, the canonical forms of matrix representations
were indicated.

In a number of previous papers, the authors studied matrix Auslander algebras for
third-order semigroups. This paper continues such research.

Keywords: semigroup, antiisomorphism, minimal system of generators, defining relations,
matrix representation, representation type, canonical form, Auslander algebra.

1. Introduction. Minimal systems of generators and corresponding defining
relations for all third-order semigroups are described in [1]. If we consider only
commutative semigroups, and also those that are not neither cyclic nor cyclic with
an attached unit or zero element, then there exist, up to isomorphism, only four
semigroups (in square brackets are indicated all elements, in angular a minimal
system of generators, and then the defining relations):

(a) (0,b,¢) = (b,c): B* =0, ¢* =0, bc = cb = 0;

(b) (0,b,¢) = (b,c): B* =b, * = ¢, bc = cb=0;

(€) (0,b,¢) = (b,c): 1> =0, c* =c¢, bc = cb=0;

(d) (3, b,¢) = (b,c): b® =b* 3 =c
(is a consequence of the remaining relations),
b?> =¢c2 be=chb=c.

Note that trivial relations for unit and zero generating 0 and e (if any) are not
written out.

All these semigroups are tame; moreover, except for the semigroup (a), are of

finite representation type [1], that is, have a finite number of equivalence classes of
indecomposable representations.

Pozain 1: MaremaTnka i CTaTuCTAKA
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In the case of finite representation types, one of the forms of studying the cat-
egory of representations is the description of the Auslander algebra as the algebra
of endomorphisms of the direct sum of representatives of all equivalence classes of
indecomposable representations. In the simple case of (b), the Auslander algebra
was considered as an example in the paper [2]|, and in the case of (c) it was studied
in [3]. In [4], we study the Auslander algebra of the semigroup (d) over a field of
characteristic not equal to 2. The remaining case (when the characteristic is equal
to 2) is considered in this paper.

2. Formulation of the main result. Let S be a semigroup and T =
= {T'(z)|x € S} be its matrix representation over a field K. An endomorphism of
the representation T is a matrix X such that T(z)X = XT'(z) for any x € S. It is
clear that when a system of generating elements of S is fixed, then it is sufficient
to consider the indicated equality only for such elements. All matrices with this
property form an algebra called the algebra of endomorphisms of T. In the case
when the semigroup S has a finite representation type, the algebra of endomor-
phisms of the direct sum of all, with accuracy up to equivalence, indecomposable
representations (i.e., one representative from each equivalence class) is called the
Auslander algebra of the semigroup S over the field K and is denoted by Ausg(S).
Since we are considering matrix representations, it is natural to call the Auslander
matriz algebra. Note that it does not depend on the choice of representatives in the
equivalence classes in the sense that all algebras obtained in this way are isomorphic;
moreover, they are conjugated as subalgebras of the complete matrix algebra of the
corresponding size.

We now formulate the main result. The semigroup of the form (d) is denoted by

Sa-

Theorem 1. The Auslander matriz algebra Ausg(Sy) of the semigroup Sy over
a field K of characteristic 2 consists of all matrices of the form

x11 x12 w13 0 0 0
0O 2zn 0 O 0 O
0 T3z I33 0 0 0
0 0 0 =zg x45 w46
0 0 0 0 T 44 0
0 0 0 0 Tes L6

where z;; are elements of K.

3. Proof of Theorem 1. Canonical forms of the matrix representations of
the semigroups of third order over a field K were obtained in [1], using methods of
the Kyiv school on the theory of matrix problems and representations (see, e.g., [5]—
[16]). In particular, for the semigroup S, in the case of char K = 2, the canonical
form looks like this:

b— B= , c—=>C=

oo o oo™
cooom@mo
coolmoo
oo o oo
colmo oo
oo o oo
o oo oo™
oc oo o @y
coolmoo
cooc oo o
oo oo o
oo oo o

—

*

N~—
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where E are some unit cells (the size of which we do not fix). Since any rep-
resentation is equivalent to an representation of the form (k) (at the same time,
some unit cells may be empty), then this property holds for the direct sum ¥ of
all representatives of equivalence classes of indecomposable representations. So it is
possible to calculate the Auslander algebra assuming that the representation X has
the form (x). And it is clear that at the same time (if we reason purely formally)
all unit cells have dimension 1 or 0 (otherwise some representation is included in
Y. two or more times). The effectiveness of the method used to obtain a canonical
form, also consists in the fact that if all unit cells in the matrix > are considered
to be one-dimensional, then permutations indecomposable direct terms will be in-
decomposable and pairwise non-equivalent. It is easy to check also directly. Indeed,
the representation X is permutatively equivalent to the direct sum of the following
representations:

1) By = (1), ¢y =(1);
2) By = (0), Cy=(0);

10 11
3)33:(0 1)’ 03:(01);

0 1 0 0
4)B4:(0 O)) C\(4:(0 0)7

each of which is obviously indecomposable and all of them are pairwise non-equivalent.

Hence we have that the representations 1)-4) exhaust all (up to equivalence)
indecomposable representations of the semigroup S; and, therefore, the Auslander
algebra can be calculated starting from the representations ¥ of the form (x) with
one-dimensional unit cells. Therefore, Yy is given by the matrices

b_>BO: C-)C():

[l oNoll
O OO o= O
oo o~ OO
SO OO OO
OO RO oo
OO OO OO
(ol S
[=elellell S .
SO oo~ OO
SO OO OO
OO OO OO
OO OO OO

which means that the Auslander matrix algebra is given by equalities By X = X By,
CoX = X () as equations relative to the matrix X = (x;;), 1 <1i,7 <5.

It is easy to calculate that the equality BoX = X By is equivalent to the equalities
z; = 0 for i = 1,2,3,j = 4,5,6; 1 = 4,5,6,j = 1,2,3; 1 = 1,2,3,j = 4,5,6;
i=5,6,7=4;i=5,7=06and x4y = 55 (see, e.g., [17, VIII, §2|).

Now consider the equality Co X = X . We have:

1 10000 11 T12 T13 0 0 0
01 0000 To1 Tog 23 0 0 0
001000 x31 x32 x33 0 0 0 B
0O 00 0O0O0 0 0 0 T4 T45 T4 N
00 0O0O0O0 0O 0 0 0 x4 O
0O 00 O0O0@O0 0 0 0 0 Tes Tee

Pozain 1: MaremaTnka i CTaTHCTAKA
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T11 X122 13 0 0 0 110000
To1 X922 X923 0 0 0 01 0000
. T31 X32 33 0 0 0 001 0O0O0
0 0 0 T4 T45 T4 00 0O0O0@P ’
0O 0 0 0 x4 O 00 0O0O0O
0 0 0 0 Tes L6 00 0O0O0FO O
i.e.

T1p + T2 Tiz+ Tz Tiztag 0 0 0 11 runt+x12 3 0 0 0
T2 T92 93 0 00 To1 To1 + Toa Taog 0 00
31 32 T33 000 ]| | @1 @31 +a32 w33 0 0 0
0 0 0 000 | 0 0 0 000
0 0 0 0 00 0 0 0 000
0 0 0 0 00 0 0 0 000

From here we have that

11 T12 X113 0 0 0
0 T11 0 0 0 0
X — 0 T32 I33 0 0 0
0 0 0 Taa X455 T46
0 0 0 0 x4 O
0 0 0 0 Tes L6

Theorem 1 is proved.

4. Conclusions. The paper describes the Auslander matrix algebra over
an arbitrary field of characteristic 2 of a unique (up to isomorphism) commutative
noncyclic semigroup of the third order without unit and zero elements. Since the
Auslander matrix algebra unambiguously defines the category of matrix representa-
tions, the obtained result (together with the corresponding research methods) will
find application in the study of categories of representations of other semigroups.
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Bonmapenko B. M., 3ybapyk O. B. Ilpo anrebpy Ayciengepa Haj moaem xa-
PAKTEPUCTUKHU JIBA KOMYTATUBHOI HENMUKJIYHOI HAMIBIPYIH TPETHOTO MOPHAJIKY 0e3
OJIMHUYHOTO 1 HYJIHOBOTO €JIeMEHTIB.

Kunacudikauis Hanisrpyn rperboro nopsixy (B repminax rabuuup Kesi, 3 Tounicrio 10
isomopdizMy Ta anTuizomopdizmy) Oyma Breprie orpuMana T. Tamyporo B 1953 pori, a
nizHime, ajge BxKe 3a JI0MOMOron KoM torepuoi nporpamu, I. E. ®opcaiirom (B 1955 pori).
MinimasibHi cucTeMu TBIPHUX 1 BiAMOBiIHI BU3HAYAJbHI CIiBBIIHOINEHHS JJIsi BCIX TaKUX
naniBrpyn nobyaoBani B mpangx B. M. Bougapenka ra 4. B. 3anixu. Bonu takox onmcanu
300pakyBajbHAN THUIl HAMBIPYI TPETHOrO MOPSAKY HAJ JOBLIbHAM IIOJIEM, 8 y BUIAIKY
HAIIBIPYHI CKiHYEHHOrO 300parkyBajibHOTO THUIY BKAa3ajad KAHOHIYHI (popMm MaTpUIHUX
300parkeHb.

V Hu3IMi monepesHixX npalb aBTOPU JIOCHIIKYBAJIN MaTpUIHi ajaredbpu Ayciaengepa mjis
HAMiBTPYHI TPETHOro mopaaky. Lsa crarTa mpoaoBKye Taki JOCTLIZKEHHS.

Kurro4oBi cioBa: Hamniprpyma, antuizoMopdism, MiHiMaIbHI CUCTEMU TBIPHUX, BUSHAYAIb-
Hi CHIBBiIHOIIIEHHsI, MATPUIHE 300pPaKeHHS, 300parKyBaJbHUI THUII, KAHOHIIHA dOpMa, aTl-
rebpa Aycienzepa.
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