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ON SEMIDISTRIBUTIVE LOCAL NEARRINGS

In [1] it was proved that the additive group of every semidistributive nearring 𝑅 with
an identity is abelian. In this paper we consider finite semidistributive local nearrings.
A nearring 𝑅 = (𝑅,+, ·) with identity is said to be local if the set 𝐿 of all non-invertible
elements of 𝑅 is a subgroup of 𝑅+. It is shown that the semigroup (𝐿, ·) of all non-invertible
elements of finite semidistributive local nearrings on 2-generated 2-group is commutative.

Keywords: additive group, local nearring, semidistributive local nearring, 2-generated
2-group, semigroup of all non-invertible elements.

1. Preliminaries.

We recall �rst some basic de�nitions of the theory of nearrings.

Definition 1. A set 𝑅 with two binary operations “+” and “ ·” is called a (left)
nearring if the following statements hold:

(1) (𝑅,+) is a (not necessarily abelian) group with neutral element 0;

(2) (𝑅, ·) is a semigroup;

(3) 𝑥 · (𝑦 + 𝑧) = 𝑥 · 𝑦 + 𝑥 · 𝑧 for all 𝑥, 𝑦, 𝑧 ∈ 𝑅.

If 𝑅 is a nearring, then the group 𝑅+ = (𝑅,+) is called the additive group of
𝑅. If in addition 0 · 𝑥 = 0, then the nearring R is called zero-symmetric and if the
semigroup (𝑅, ·) is a monoid, i. e. it has an identity element 𝑖, then 𝑅 is a nearring
with identity 𝑖. In the latter case the group 𝑅* of all invertible elements of the
monoid (𝑅, ·) is called the multiplicative group of 𝑅.

Definition 2 ( [1]). A (left) nearring R is called semidistributive if so is the
multiplication from the right in respect to its addition. In other words, for any
elements 𝑟, 𝑠, 𝑡 ∈ 𝑅 the equality (𝑟 + 𝑠+ 𝑟)𝑡 = 𝑟𝑡+ 𝑠𝑡+ 𝑟𝑡 holds.

It is obvious that every distributive nearring is semidistributive, but not con-
versely. For example, the nearring 𝑀𝑎𝑝(𝐺) of all functions on the group 𝐺 of order
2 is semidistributive and not distributive.

Recall that an element 𝑡 of a nearring 𝑅 is called distributive in 𝑅 if (𝑟 + 𝑠)𝑡 =
= 𝑟𝑡+ 𝑠𝑡 for any elements 𝑟, 𝑠 of 𝑅.

It is well-known that the additive group of any distributive nearring with identity
is abelian. The following two assertions were proved in [1].

Lemma 1. The additive group of every semidistributive nearring 𝑅 with an
identity is abelian.
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Lemma 2. Let 𝑅 be a semidistributive nearring with an identity. Then the
elements of odd orders of the additive group of 𝑅 are distributive in 𝑅. In particular,
each semidistributive nearring of odd order is a ring.

2. Finite semidistributive local nearrings.

Maxson shown in [6] that every non-cyclic abelian 𝑝-group of order 𝑝𝑛 > 4 is the
additive group of a zero-symmetric local nearring which is not a ring.

Definition 3. A nearring 𝑅 with identity is said to be local if the set 𝐿 = 𝑅∖𝑅*

of all non-invertible elements of 𝑅 is a subgroup of 𝑅+.

The following lemma characterizes the main properties of �nite local nearrings
(see [3]).

Lemma 3. Let 𝑅 be a finite local nearring with identity 𝑖 and 𝐿 be the subgroup
of 𝑅+ of all non-invertible elements from 𝑅. Then 𝑅+ is a 𝑝-group for a certain
prime number 𝑝 whose exponent is an additive order of the identity 𝑖.

The following result determines the structural feature of �nite local nearrings.

Proposition 1. Each non-trivial subnearring with identity of a finite local near-
ring is a local nearring.

Proof. Let 𝑅 = (𝑅,+, ·) be a �nite local nearring and 𝐿 be the subgroup of
𝑅+ of all non-invertible elements from 𝑅. Let 𝑅1 be a non-trivial subnearring with
identity in 𝑅 and (𝐿1,+) be the semigroup of non-invertible elements of 𝑅1. Since
(𝐿1,+) is a subsemigroup of 𝐿 it follows that (𝐿1,+) is a subgroup of 𝐿, and hence
a subgroup in 𝑅1

+. Hence 𝑅1 is a local nearring by De�nition 3. The statement is
proved.

As a direct corollary of Lemmas 1, 2 and 3 we have the following statement.

Lemma 4. Let 𝑅 be a finite semidistributive local nearring which is not a ring.
Then 𝑅+ is an abelian 2-group.

Let 𝑅 be a �nite semidistributive local nearring on 2-generated 2-group 𝑅+.
Hence 𝑅+ is an abelian group of type (2𝑚, 2𝑛) with 𝑚 ≥ 𝑛 ≥ 1 as a corollary of
Lemma 4. Let |𝑅 : 𝐿| = 2𝑘 with 1 ≤ 𝑘 < 𝑚+ 𝑛. Then 𝑅+ = ⟨𝑎⟩ + ⟨𝑏⟩, where
𝑎2𝑚 = 𝑏2𝑛 = 0 with 𝑚 ≥ 𝑛 ≥ 1 and 𝑎 + 𝑏 = 𝑏 + 𝑎. Hence 𝑅+ is of exponent
2𝑚 and, so 𝑎 coincides with identity of 𝑅 by Lemma 3. Moreover, each element
𝑥 ∈ 𝑅 is uniquely written in the form 𝑥 = 𝑎𝑥1 + 𝑏𝑥2 with coe�cients 0 ≤ 𝑥1 < 2𝑚

and 0 ≤ 𝑥2 < 2𝑛. So that 𝑥𝑎 = 𝑎𝑥 = 𝑥 for each 𝑥 ∈ 𝑅. Furthermore, for each
𝑥 ∈ 𝑅 there exist uniquely determined integers 𝛼(𝑥) ∈ 𝑍2𝑚 and 𝛽(𝑥) ∈ 𝑍2𝑛 such
that 𝑥𝑏 = 𝑎𝛼(𝑥) + 𝑏𝛽(𝑥) and so some mappings 𝛼 : 𝑅 → 𝑍2𝑚 and 𝛽 : 𝑅 → 𝑍2𝑛 are
determined. So 𝑏 ∈ 𝐿, whence 𝐿 = ⟨𝑎2𝑘⟩+ ⟨𝑏⟩. Furthermore, 𝑅* = 𝑅 ∖𝐿 and so an
element 𝑥 = 𝑎𝑥1 + 𝑏𝑥2 belongs to 𝑅

* if and only if 𝑥1 ̸≡ 0 ( mod 2𝑘 ).

Lemma 5. Let 𝑥 = 𝑎𝑥1 + 𝑏𝑥2 and 𝑦 = 𝑎𝑦1 + 𝑏𝑦2 be elements of 𝑅. Then

𝑥𝑦 = 𝑎(𝑥1𝑦1 + 𝛼(𝑥)𝑦2) + 𝑏(𝑥2𝑦1 + 𝛽(𝑥)𝑦2).

Moreover, for the mappings 𝛼 : 𝑅 → 𝑍2𝑚 and 𝛽 : 𝑅 → 𝑍2𝑛 the following statements
hold:
(0) 𝛼(0) = 𝛽(0) = 0 if and only if the nearring 𝑅 is zero-symmetric;
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(1) 𝛼(𝑎) = 0 and 𝛽(𝑎) = 1;
(2) 𝛼(𝑥) ≡ 0 ( mod 2𝑚−𝑛);
(3) 𝛼(𝑥𝑦) = 𝑥1𝛼(𝑦) + 𝛼(𝑥)𝛽(𝑦);
(4) 𝛽(𝑥𝑦) = 𝑥2𝛼(𝑦) + 𝛽(𝑥)𝛽(𝑦).

Proof. As 0 · 𝑎 = 𝑎 · 0 = 0, the nearring 𝑅 is zero-symmetric if and only
if 0 = 0 · 𝑏 = 𝑎𝛼(0) + 𝑏𝛽(0) whence 𝛼(0) = 𝛽(0) = 0, proving statement (0). In
addition, from the equality 𝑏 = 𝑎𝑏 = 𝑎𝛼(𝑎)+𝑏𝛽(𝑎) it implies 𝛼(𝑎) = 0 and 𝛽(𝑎) = 1,
and so statement (1) holds. Next, by the left distributive law, we have

𝑥𝑦 = (𝑥𝑎)𝑦1 + (𝑥𝑏)𝑦2 = (𝑎𝑥1 + 𝑏𝑥2)𝑦1 + (𝑎𝛼(𝑥) + 𝑏𝛽(𝑥))𝑦2 =

= 𝑎𝑥1𝑦1 + 𝑏𝑥1𝑦1 + 𝑎𝛼(𝑥)𝑦2 + 𝑏𝛽(𝑥)𝑦2 =

(*) = 𝑎(𝑥1𝑦1 + 𝛼(𝑥)𝑦2) + 𝑏(𝑥2𝑦1 + 𝛽(𝑥)𝑦2)

as desired.
Next, by formula (*) for 𝑦 = 𝑏2𝑛 = 0 we have 0 = 𝑥(𝑏2𝑛) = 𝑎𝛼(𝑥)2𝑛. Thus

𝛼(𝑥) ≡ 0 ( mod 2𝑚−𝑛), as claimed in (2).
Finally, the associativity of multiplication in 𝑅 implies that

𝑥(𝑦𝑏) = (𝑥𝑦)𝑏 = 𝑎𝛼(𝑥𝑦) + 𝑏𝛽(𝑥𝑦).

Furthermore, substituting 𝑦𝑏 = 𝑎𝛼(𝑦) + 𝑏𝛽(𝑦) instead of 𝑦 in formula (*), we also
have

𝑥𝑦 = 𝑎((𝑥1𝛼(𝑦) + 𝛼(𝑥)𝛽(𝑦)) + 𝑏(𝑥2𝛽(𝑦) + 𝛽(𝑥)𝛽(𝑦)).

Comparing the coe�cients under 𝑎 and 𝑏 in two expressions obtained for 𝑥(𝑦𝑏), we
derive statements (3) and (4) of the lemma.

Theorem 1. Let 𝑅 be a semidistributive local nearring whose additive group
𝑅+ is isomorphic to an abelian group of type (2𝑚, 2𝑛) with 𝑚 ≥ 𝑛 > 1. Then the
semigroup (𝐿, ·) is commutative.

Proof. If 𝑥 = 𝑎𝑥1 + 𝑏𝑥2 and 𝑦 = 𝑎𝑦1 + 𝑏𝑦2 ∈ 𝐿 then 𝑥1 ≡ 0 ( mod 2𝑘 ) and
𝑦1 ≡ 0 ( mod 2𝑘 ). Let 𝑥1 = 2𝑠 and 𝑦1 = 2𝑡, where 𝑠, 𝑡 ∈ 𝑁 . Then for each 𝑥, 𝑦 ∈ 𝐿
using the left distributive and semidistributive laws we have:

𝑥𝑦 = (𝑎𝑥1 + 𝑏𝑥2)𝑦 = (𝑎2𝑠+ 𝑏𝑥2)𝑦 = (𝑎𝑠+ 𝑏𝑥2 + 𝑎𝑠)𝑦 =

= (𝑎𝑠)𝑦 + (𝑏𝑥2)𝑦 + (𝑎𝑠)𝑦 = 𝑎𝑠(𝑦 + 𝑦) + (𝑏𝑥2)𝑦 =

= (𝑎𝑠)(𝑦2) + (𝑏𝑥2)𝑦 = 𝑎𝑠(𝑎2𝑦1 + 𝑏2𝑦2) + 𝑏𝑥2(𝑎𝑦1 + 𝑏𝑦2) =

= 𝑎2𝑠𝑦1 + 𝑏2𝑠𝑦2 + 𝑏𝑥2𝑦1 + 𝑎𝛼(𝑏)𝑥2𝑦2 + 𝑏𝛽(𝑏)𝑥2𝑦2 =

= 𝑎𝑥1𝑦1 + 𝑏𝑥1𝑦2 + 𝑏𝑥2𝑦1 + 𝑎𝛼(𝑏)𝑥2𝑦2 + 𝑏𝛽(𝑏)𝑥2𝑦2 =

= 𝑎(𝑥1𝑦1 + 𝛼(𝑏)𝑥2𝑦2) + 𝑏(𝑥1𝑦2 + 𝑥2𝑦1 + 𝛽(𝑏)𝑥2𝑦2).

At the same time we get:

𝑦𝑥 = (𝑎𝑦1 + 𝑏𝑦2)𝑥 = (𝑎2𝑡+ 𝑏𝑦2)𝑥 = (𝑎𝑡+ 𝑏𝑦2 + 𝑎𝑡)𝑥 =

= (𝑎𝑡)𝑥+ (𝑏𝑦2)𝑥+ (𝑎𝑡)𝑥 = 𝑎𝑡(𝑥+ 𝑥) + (𝑏𝑦2)𝑥 =
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= (𝑎𝑡)(𝑥2) + (𝑏𝑦2)𝑥 = 𝑎𝑡(𝑎2𝑥1 + 𝑏2𝑥2) + 𝑏𝑦2(𝑎𝑥1 + 𝑏𝑥2) =

= 𝑎2𝑡𝑥1 + 𝑏2𝑡𝑥2 + 𝑏𝑦2𝑥1 + 𝑎𝛼(𝑏)𝑥2𝑦2 + 𝑏𝛽(𝑏)𝑥2𝑦2 =

= 𝑎𝑥1𝑦1 + 𝑏𝑥2𝑦1 + 𝑏𝑥1𝑦2 + 𝑎𝛼(𝑏)𝑥2𝑦2 + 𝑏𝛽(𝑏)𝑥2𝑦2 =

= 𝑎(𝑥1𝑦1 + 𝛼(𝑏)𝑥2𝑦2) + 𝑏(𝑥1𝑦2 + 𝑥2𝑦1 + 𝛽(𝑏)𝑥2𝑦2).

Therefore 𝑥𝑦 = 𝑦𝑥 for each 𝑥, 𝑦 ∈ 𝐿 and so (𝐿, ·) is commutative, as desired.
As an example, there exist 1068 non-isomorphic local nearrings (LNR) on 2-

generated abelian 2-groups of order at most 32, among which 42 are semidistributive
(SDLNR). The next table is obtained from the packages SONATA and LocalNR [9]
of the computer algebra system GAP.

Additive Group Number of LNR Number of SDLNR
𝐶2 ⊕ 𝐶2 2 2
𝐶4 ⊕ 𝐶2 5 5
𝐶4 ⊕ 𝐶4 29 9
𝐶8 ⊕ 𝐶2 23 5
𝐶8 ⊕ 𝐶4 880 16
𝐶16 ⊕ 𝐶2 129 5
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Раєвська М. Ю. Про напiвдистрибутивнi локальнi майже-кiльця.

В [1] було доведено, що адитивна група кожного напiвдистрибутивного майже-
кiльця 𝑅 з одиницею є абелевою. В цiй статтi розглядаються скiнченнi напiвдистри-
бутивнi локальнi майже-кiльця. Майже-кiльце 𝑅 = (𝑅,+, ·) з одиницею називається
локальним, якщо множина 𝐿 всiх необоротних елементiв з 𝑅 є пiдгрупою в 𝑅+. Пока-
зано, що напiвгрупа (𝐿, ·) всiх необоротних елементiв скiнченного напiвдистрибутив-
ного локального майже-кiльця на 2-породженiй 2-групi є комутативною.

Ключовi слова: адитивна група, локальне майже-кiльце, напiвдистрибутивне ло-
кальне майже-кiльце, 2-породжена 2-група, напiвгрупа всiх необоротних елементiв.
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