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THE COEFFICIENTS OF TRANSITIVITY OF THE POSETS
MINIMAX ISOMORPHIC TO THE SYPERCRITICAL
NON-PRIMITIVE POSET

The representations of partially ordered sets (abbreviated as posets), introduced by
L. A. Nazarova and A. V. Roiter (in matrix form) in 1972, play an important role in the
modern representation theory and its applications. After Yu. A. Drozd proved in 1974
that a poset S has finite representation type if and only if its Tits quadratic form

gs(z) =: 2(2, —|—sz + Z 2% — ZOZZZ'

i€s i<j,i,j€S i€s

is weakly positive (i.e., positive on the set of non-negative vectors), but not enough to be
positive as for quivers, problems related to the positive and also non-negative Tits quadratic
form began to be of great interest from various points of view.

In this paper we continue to study combinatorial properties of posets that are minimal
with non-negative Tits quadratic form.

Key words: supercritical poset, positive and weakly positive quadratic forms, Tits quad-
ratic form, finite representation type, minimax equivalence and isomorphism, coefficient of
transitivity, nodal and neighboring elements.

1. Introduction. This paper continues the study of combinatorial properties
of posets, minimax isomorphic to the supercritical posets. The cases of primitive
supercritical posets were considered in [1-3]. In this paper it is considered the case
of non-primitive poset, i.e. (N,5).

The importance of studying minimax isomorphic posets (infroduced by V. M. Bon-
darenko) is determined by the fact that their Tits quadratic forms are Z-equivalent,
and minimax isomorphism itself is a fairly general constructively defined Z-equiva-
lence of the Tits quadratic forms for posets.

2. The list of posets minimax isomorphic to (N, 5).

Let P be a poset. For a minimal (resp. maximal) element a of S, denote by
T = ST (respect. T = S¥) the following poset: T = S as usual sets, T\a = S\a as
posets, the element a is maximal (resp. minimal) in 7', and a is comparable with z
in 7T if and only if they are incomparable in S. Two posets S and T are called (min,
max)-equivalent |4] if there are posets Sy, ..., S,(p > 0) such that, if we put S = Sy
and T = S,.4, then, for every i = 0,1, ...,p, either S; ;1 = (5;)] or S;4q = (Sl)i )
Since some time the term minimaz equivalence are also used.

The notion of minimax equivalence can be naturally continued to the notion of
minimaz isomorphism: posets S and S’ are minimax isomorphic if there exists a
poset T', which is minimax equivalent to S and isomorphic to S’

Pozain 1: MaremaTrnka i cTaTuCTAKA
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From the results of [5] it follows that the following table contains all (up to
isomorphism and duality) posets which are minimax isomorphic to the the only
non-primitive supercritical poset (N, 5):

1(85)

1

2(40) 3(39) 4(32) 5(35) 6(57% 7(38)
8(36) 9(33) 10(34) 11(75) 12(76) 13(91)
14(93) 15(89) 16(86) 17(100) 18(107) 19(97)
20(98) 21(102) 22(106) 23(103) 24(104) 257V
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26(92=91")

27(90=89’)

28(87=86")

29(88=86"")

30(110)

31(109)

32(111)

33(108)

In the parentheses it is placed the nimbers from the table of [5].

3. Coefficients of transitivity. Main results. Let S be a poset and
S2 = {(z,y)|z,y € S,z < y}. If (z,y) € S% and there is no z satisfying x < z < y,
then z and y are called neighboring. Put n, = n,(S) := |S%| and denote by
ne = ne(S) the number of pairs of neighboring elements. The ratio k; = k;(.S) of the
numbers n,, — n. and n,, we call the coefficient of transitivity of S. If n,, = 0 (then
ne = 0), we assume k; = 0 (see [6]). Obvioisly, dual poset have the same coefficient
of transitivity.

The aim of this paper is to calculate k; for all posets minimax isomorphic to
Ne = (N,5) ={1,2,---,9]1 <2<3<4<56<78<9,6 <9}, which is the
only non-primitive supercritical poset.

Theorem 1. The following holds for posets 1 — 33 minimaz isomorphic to Ng:

N | ng | ny ky N | ng | ny ky N | n, | nyg k;

1| 7 | 131046154 || 12| 7 | 17 | 0,58824 || 23 | 8 | 21 | 0,61905
219 1(119]052632 | 13| 8 | 15 | 0,46667 || 24 | 8 | 27 | 0,70370
319 |21 057143 | 14| 8 | 13 | 0,38462 || 25 | 8 | 23 | 0,65217
419 331072727 (15| 8 | 19 | 0,57895 || 26 | 9 | 15 0,4
519 |29 |0,6896 || 16 | 8 | 25 0,68 2719 | 19 | 0,52632
6 |9 |25 0,64 17| 8 | 15 | 0,46667 || 28 | 9 | 25 0,64
719125 0,64 18 | 8 | 15 | 0,46667 || 29 | 9 | 25 0,64
819129 0,6896 | 19| 8 | 19 | 0,57895 || 30 | 9 | 17 | 0,47059
9 | 10| 33 |0,69697 || 20 | 8 | 15 | 0,46667 || 31 | 9 | 19 | 0,52632
10| 10 | 33 | 0,69697 || 21 | 8 | 17 | 0,52941 || 32| 9 | 17 | 0,47059
11 7 |21 | 0,66667 || 22 | 8 | 14 | 0,42857 || 33 | 9 | 23 | 0,60870

Pozain 1: MaremaTnka i CTaTuCTAKA
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The transitivity coefficients are written out with an accuracy of five decimal
places. The value is exact if and only if the number of decimal places is less than
five, and two values equal to exactly five digits are equal at all.

The proof is carried out by direct calculations.

Recall that the greatest length among the lengths of all linear ordered subsets of
a poset S is called its height. An element of a poset is called nodal, if it is comparable
with all the others elements. A subposet X of T is said to be dense if there is not
x1,29 € X, y € T\ X such that x; <y < zs.

Corollary 1. The coefficient ki(S) of a poset S is the largest among all the
posets minimazx isomorphic to Ng if and only if S contains a dense subposet that
consists of five nodal elements.

4. Conclusions. In this paper we investigate combinatorial spects of the only
supercritical non-primitive poset, namely, describe the coefficients of transitivity for
all posets that are minimax isomorphic to it. The importance of studying minimax
isomorphic posets is determined by the fact that their Tits quadratic forms are Z-
equivalent. The obtained results can be used in the study of combinatorial aspects
of other classes of posets.
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Crromoukina M. B. Koedinientn TpaH3uTHBHOCTI 9aCTKOBO BIOPSITKOBAHUX MHO-

JKUH MiHIMAaKCHO i30MOp(HUX CYNEPKPATHYHINA HeIPUMITUBHIN MHOXKHIHI.
300parkeHHs 9aCTKOBO BIOPSIIKOBAHUX (CKOPOYEHO Y. B.) MHOXKUH, 5Kl BBemeni JI. A. Ha-
sapoBoo 1 A. B. Poiirepom (B marpuuwiii ¢hopwmi) B 1972 p., Bifirparorh BasKJIuBy pojib B
cydacHiit Teopil 306paskenn. Ilicis Toro, sk FO. A. JIposx y 1974 p. noBiB, 1m0 9. B. MHO-
KuHa S Mae CKiHYeHHUU 300parkKyBajIbHUN TUI TOL 1 JIMINE TOMAL, KOJX 11 KBAJAPATAYIHA

dopma Tirca
qs(z) =: 22 + sz + Z 2izj — Zozzi
icS i<ji,j€S i€s

€ cJabKo J0MaTHOO (TOOTO JONATHOK HA MHOXKMHI HEBiJ'€MHUX BEKTODIB), ajie He JIOCUTD,
1106 TOTATHOIO fK I caraiilakis, 3a/1ati, OB’ A3aHi 3 JOJATHUMH, & TAKOXK HEBI/I €MHUMH,
kBazpaTugaumMu (opmavu TiTca cranu MiKABUMHU 3 PI3HUX TOYOK 30DY.

V miif cTaTTi MM TPOOBKYEMO BHBYATH KOMOIHATOPHI BJIACTUBOCTI 4. B. MHOXKUH, IO
€ MiHiManpHUME, g 9KuX KBaaparudna dpopma Tirca He € HEBix €MHOIO.

Kurro4oBi cioBa: CymepKpUTUYHA, 9. B. MHOXKWHA, ITOJATHI 1 CIa0KO J0JAaTHI KBaIpaTH-
qni dopmu, kBaaparnana ¢opma Tirca, ckinyeruuit 300parkKyBajbHUI THUI, MiHIMAKCHA
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€KBIBAJIEHTHICTh 1 MiHIMakcHMIT i30MOpdi3M, KOedIllieHT TPaH3UTUBHOCTI, BY3JI0Bi i CycCi-
JTHI eJIEMEHTH.
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