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THE COEFFICIENTS OF TRANSITIVITY OF THE POSETS
MINIMAX ISOMORPHIC TO THE SYPERCRITICAL

NON-PRIMITIVE POSET

The representations of partially ordered sets (abbreviated as posets), introduced by
L. A. Nazarova and A. V. Roiter (in matrix form) in 1972, play an important role in the
modern representation theory and its applications. After Yu. A. Drozd proved in 1974
that a poset 𝑆 has finite representation type if and only if its Tits quadratic form

𝑞𝑆(𝑧) =: 𝑧20 +
∑︁
𝑖∈𝑆

𝑧2𝑖 +
∑︁

𝑖<𝑗,𝑖,𝑗∈𝑆

𝑧𝑖𝑧𝑗 − 𝑧0
∑︁
𝑖∈𝑆

𝑧𝑖

is weakly positive (i.e., positive on the set of non-negative vectors), but not enough to be
positive as for quivers, problems related to the positive and also non-negative Tits quadratic
form began to be of great interest from various points of view.

In this paper we continue to study combinatorial properties of posets that are minimal
with non-negative Tits quadratic form.

Key words: supercritical poset, positive and weakly positive quadratic forms, Tits quad-
ratic form, finite representation type, minimax equivalence and isomorphism, coefficient of
transitivity, nodal and neighboring elements.

1. Introduction. This paper continues the study of combinatorial properties
of posets, minimax isomorphic to the supercritical posets. The cases of primitive
supercritical posets were considered in [1�3]. In this paper it is considered the case
of non-primitive poset, i.e. (𝑁, 5).

The importance of studying minimax isomorphic posets(infroduced byV. M. Bon-
darenko) is determined by the fact that their Tits quadratic forms are 𝑍-equivalent,
and minimax isomorphism itself is a fairly general constructively de�ned 𝑍-equiva-
lence of the Tits quadratic forms for posets.

2. The list of posets minimax isomorphic to (𝑁, 5).
Let 𝑃 be a poset. For a minimal (resp. maximal) element 𝑎 of 𝑆, denote by

𝑇 = 𝑆↑
𝑎 (respect. 𝑇 = 𝑆↓

𝑎) the following poset: 𝑇 = 𝑆 as usual sets, 𝑇∖𝑎 = 𝑆∖𝑎 as
posets, the element 𝑎 is maximal (resp. minimal) in 𝑇 , and 𝑎 is comparable with 𝑥
in 𝑇 if and only if they are incomparable in 𝑆. Two posets 𝑆 and 𝑇 are called (min,
max)-equivalent [4] if there are posets 𝑆1, ..., 𝑆𝑝(𝑝 ≥ 0) such that, if we put 𝑆 = 𝑆0

and 𝑇 = 𝑆𝑝+1, then, for every 𝑖 = 0, 1, ..., 𝑝, either 𝑆𝑖+1 = (𝑆𝑖)
↑
𝑥𝑖
or 𝑆𝑖+1 = (𝑆𝑖)

↓
𝑦𝑖
.

Since some time the term minimax equivalence are also used.
The notion of minimax equivalence can be naturally continued to the notion of

minimax isomorphism: posets 𝑆 and 𝑆 ′ are minimax isomorphic if there exists a
poset 𝑇 , which is minimax equivalent to 𝑆 and isomorphic to 𝑆 ′.

Роздiл 1: Математика i статистика
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From the results of [5] it follows that the following table contains all (up to
isomorphism and duality) posets which are minimax isomorphic to the the only
non-primitive supercritical poset (𝑁, 5):
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In the parentheses it is placed the nimbers from the table of [5].

3. Coefficients of transitivity. Main results. Let 𝑆 be a poset and
𝑆2
< := {(𝑥, 𝑦) |𝑥, 𝑦 ∈ 𝑆, 𝑥 < 𝑦}. If (𝑥, 𝑦) ∈ 𝑆2

< and there is no 𝑧 satisfying 𝑥 < 𝑧 < 𝑦,
then 𝑥 and 𝑦 are called neighboring. Put 𝑛𝑤 = 𝑛𝑤(𝑆) := |𝑆2

<| and denote by
𝑛𝑒 = 𝑛𝑒(𝑆) the number of pairs of neighboring elements. The ratio 𝑘𝑡 = 𝑘𝑡(𝑆) of the
numbers 𝑛𝑤 − 𝑛𝑒 and 𝑛𝑤 we call the coefficient of transitivity of 𝑆. If 𝑛𝑤 = 0 (then
𝑛𝑒 = 0), we assume 𝑘𝑡 = 0 (see [6]). Obvioisly, dual poset have the same coe�cient
of transitivity.

The aim of this paper is to calculate 𝑘𝑡 for all posets minimax isomorphic to
𝑁6 = (𝑁, 5) = {1, 2, · · · , 9 | 1 ≺ 2 ≺ 3 ≺ 4 ≺ 5, 6 ≺ 7, 8 ≺ 9, 6 ≺ 9}, which is the
only non-primitive supercritical poset.

Theorem 1. The following holds for posets 1 – 33 minimax isomorphic to 𝑁6:

𝑁 𝑛𝑒 𝑛𝑤 𝑘𝑡 𝑁 𝑛𝑒 𝑛𝑤 𝑘𝑡 𝑁 𝑛𝑒 𝑛𝑤 𝑘𝑡
1 7 13 0,46154 12 7 17 0,58824 23 8 21 0,61905
2 9 19 0,52632 13 8 15 0,46667 24 8 27 0,70370
3 9 21 0,57143 14 8 13 0,38462 25 8 23 0,65217
4 9 33 0,72727 15 8 19 0,57895 26 9 15 0,4
5 9 29 0,68966 16 8 25 0,68 27 9 19 0,52632
6 9 25 0,64 17 8 15 0,46667 28 9 25 0,64
7 9 25 0,64 18 8 15 0,46667 29 9 25 0,64
8 9 29 0,68966 19 8 19 0,57895 30 9 17 0,47059
9 10 33 0,69697 20 8 15 0,46667 31 9 19 0,52632
10 10 33 0,69697 21 8 17 0,52941 32 9 17 0,47059
11 7 21 0,66667 22 8 14 0,42857 33 9 23 0,60870

Роздiл 1: Математика i статистика
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The transitivity coe�cients are written out with an accuracy of �ve decimal
places. The value is exact if and only if the number of decimal places is less than
�ve, and two values equal to exactly �ve digits are equal at all.

The proof is carried out by direct calculations.
Recall that the greatest length among the lengths of all linear ordered subsets of

a poset 𝑆 is called its height. An element of a poset is called nodal, if it is comparable
with all the others elements. A subposet 𝑋 of 𝑇 is said to be dense if there is not
𝑥1, 𝑥2 ∈ 𝑋, 𝑦 ∈ 𝑇 ∖𝑋 such that 𝑥1 < 𝑦 < 𝑥2.

Corollary 1. The coefficient 𝑘𝑡(𝑆) of a poset 𝑆 is the largest among all the
posets minimax isomorphic to 𝑁6 if and only if 𝑆 contains a dense subposet that
consists of five nodal elements.

4. Conclusions. In this paper we investigate combinatorial spects of the only
supercritical non-primitive poset, namely, describe the coe�cients of transitivity for
all posets that are minimax isomorphic to it. The importance of studying minimax
isomorphic posets is determined by the fact that their Tits quadratic forms are 𝑍-
equivalent. The obtained results can be used in the study of combinatorial aspects
of other classes of posets.
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Стьопочкiна М. В. Коефiцiєнти транзитивностi частково впорядкованих мно-
жин мiнiмаксно iзоморфних суперкритичнiй непримiтивнiй множинi.

Зображення частково впорядкованих (скорочено ч. в.) множин, якi введенi Л. А. На-
заровою i А. В. Ройтером (в матричнiй формi) в 1972 р., вiдiграють важливу роль в
сучаснiй теорiї зображень. Пiсля того, як Ю. А. Дрозд у 1974 р. довiв, що ч. в. мно-
жина 𝑆 має скiнченний зображувальний тип тодi i лише тодi, коли її квадратична
форма Тiтса

𝑞𝑆(𝑧) =: 𝑧20 +
∑︁
𝑖∈𝑆

𝑧2𝑖 +
∑︁

𝑖<𝑗,𝑖,𝑗∈𝑆

𝑧𝑖𝑧𝑗 − 𝑧0
∑︁
𝑖∈𝑆

𝑧𝑖

є слабко додатною (тобто додатною на множинi невiд’ємних векторiв), але не досить,
щоб додатною як для сагайдакiв, задачi, пов’язанi з додатними, а також невiд’ємними,
квадратичними формами Тiтса стали цiкавими з рiзних точок зору.

У цiй статтi ми продовжуємо вивчати комбiнаторнi властивостi ч. в. множин, що
є мiнiмальними, для яких квадратична форма Тiтса не є невiд’ємною.

Ключовi слова: суперкритична ч. в. множина, додатнi i слабко додатнi квадрати-
чнi форми, квадратична форма Тiтса, скiнченний зображувальний тип, мiнiмаксна
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еквiвалентнiсть i мiнiмаксний iзоморфiзм, коефiцiєнт транзитивностi, вузловi i сусi-
днi елементи.
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