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CLASSIFICATION OF THE POSETS OF MM-TYPE BEING THE
SYMMETRIC OVERSUPERCRITICAL POSET OF ORDER 9

Representations of posets were introduced by L. A. Nazarova and A. V. Roiter in 1972,
and the first author was one of those who took an active part in the development of
the relevant theory. The first criterion in it was the criterion on finiteness of the rep-
resentation types obtained by M. M. Kleiner. In 1992 he proved that a posets S is of
finite representation type if and only if it does not contain full subposets of the form
K, =(1,1,1,1), Ky = (2,2,2), K5 = (1,3,3), Ky = (1,2,5) and K5 = (N,4). These posets
are called critical posets (relative to the finiteness of type) in the sense that they are mini-
mal posets with an infinite number, up to equivalence, of indecomposable representations.
Now they are called the Kleiner’s posets. In 1974, Yu. A. Drozd proved that a poset S has
finite representation type if and only if its Tits quadratic form

qs(z) == 22 —|—sz + Z 22 — ZOZZZ'

i€S i<j,i,jES i€S

is weakly positive (i.e., positive on the set of non-negative vectors). Consequently, the
Kleiner’s posets are also critical relative to weak positivity of the Tits quadratic form.
In 2005, the authors proved that a poset is critical relative to the positivity of the Tits
quadratic form if and only if it is minimax isomorphic to a Kleiner’s poset.

A similar situation takes place for posets of tame representation type. In 1975, L. A. Na-
zarova proved that a poset S is tame if and only if it does not contain full subsets of the form
N, =(1,1,1,1,1), No = (1,1,1,2), N3 = (2,2,3), Ny = (1,3,4), N5 = (1,2,6) and (N, 5).
So these posets are critical relative to the tameness and she called them supercritical. They
are also critical relative to weak non-negativity of the Tits quadratic form. In 2009, the
authors proved that a poset is critical relative to non-negativity of the Tits quadratic form
if and only if it is minimax isomorphic to a supercritical poset.

The first author suggested to introduce posets (called oversupercritical) which differ
from the supercritical posets to the same extent as the supercritical posets differ from the
critical ones.

In previous papers, the authors described all posets that are minimax isomorphic to
any oversupercritical poset except (1,4,4) and studied some of their combinatorial prop-
erties. The case of the poset (1,4,4) is considered in this paper.

Keywords: representation, critical and supercritical poset, oversupercritical poset, Tits
quadratic form, finite and tame representation type, positivity and weak positivity, non-
negativity and weak non-negativity.

1. Introduction. Representations of posets were introduced by L. A. Nazarova
and A. V. Roiter [1], and Kyiv algebraists actively participated in development of
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8 V. M. BONDARENKO, M. V. STYOPOCHKINA

the relevant theory (see, e.g., [2] — [11]). The first criterion in it was the criterion
on finiteness of the representation types obtained by M. M. Kleiner [2]. He proved
that a posets S is of finite representation type if and only if it does not contain full
subposets of the form K; = (1,1,1,1), Ky = (2,2,2), K3 = (1,3,3), Ky = (1,2,5)
and K5 = (N,4) (see below Remark 1). These posets are called critical posets
(relative to the finiteness of type) in the sense that they are minimal posets with
an infinite number, up to equivalence, of indecomposable representations. Now they
are called the Kleiner’s posets. On the other hand, Yu. A. Drozd [3] proved that a
poset S has finite representation type if and only if its Tits quadratic form

qs(z) == 28 —I—Zz?+ Z 2i%j —ZOZzi

€S 1<j,i,J€S i€S

is weakly positive (i.e., positive on the set of nonnegative vectors). Consequently, the
critical posets are also critical relatively to the weak positivity of the Tits quadratic
form. In [12] the authors proved that a poset is critical relative to the positivity of
the Tits quadratic form if and only if it is minimax isomorphic to a Kleiner’s poset
(such isomorphism was introduced by the first author in [13]); in this paper all such
posets are fully described (they are named by the authors as P-critical).

A similar situation takes place for posets of tame representation type. L. A. Na-
zarova [4] proved that a poset S is tame if and only if it does not contain full
subsets of the form Ny = (1,1,1,1,1), Ny = (1,1,1,2), N3 = (2,2,3), Ny = (1,3, 4),
N5 = (1,2,6) and (N, 5) (see below Remark 1). So these posets are critical relative
to the tameness and she called them supercritical. They are also critical relative to
weak non-negativity of the Tits quadratic form. In [14] the authors proved that a
poset is critical relative to non-negativity of the Tits quadratic form if and only if
it is minimax isomorphic to a supercritical poset. In [15] all such posets are fully
described (they are named by the authors as N P-critical).

The importance of studying minimax isomorphic posets is determined by the fact
that their Tits quadratic forms are Z-equivalent, and minimax isomorphism itself is
a fairly general constructively defined Z-equivalence for posets.

In [16] were introduced 1-oversupercritical posets which differ from supercritical
sets to the same extent as the letter differ from critical ones; often, including in this
paper, they are simply called oversupercritical. Such posets are exhausted (up to
isomorphism) by the following:

1) (1,1,1,1,1,1), 2)(1,1,1,1,2), 3)(1,1,2,2), 4)(1,1,1,3),

5) (2,3,3), 6)(2,2,4), 7)(1,4,4), 8)(1,3,5), 9)(1,2,7), 10) (N,6).

Remark 1. For posets XY, Z=(X,Y) is denoted their direct sum, i.e., Z =
X UY and any elements x € X and y € Y are incomparable; (m) denotes the
linearly ordered set 1 < 2 < --- < m and N the poset 1 < 2,3 < 4,1 < 4. These
notations are used as a rule when the posets are specified by their Hasse diagrams.

In previous papers [16] — [19], the authors described all posets that are minimax
isomorphic to a oversupercritical poset, except the single asymmetric one of order
greater than 8 (i.e., (1,4,4)) and studied some of their combinatorial properties.
The case of the poset (1,4,4) is considered in this paper.

2. The main result. We consider only finite posets and identify them with
their Hasse diagrams.

Pozain 1: MaremaTnka i CTaTuCTAKA
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For a poset S and its minimal (respectively maximal) element a, we denote by
T = S! (respectively T = SY) the following poset: T = S as usual sets, T\ a = S\ a
as posets, the element a is maximal (respectively minimal) in T, and a is comparable
with x in 7" if and only if they are incomparable in S. Two posets S and T are called
(min, max)-equivalent if there are posets Si,...,S, (p > 0) such that, if we put
S = Sy and T = S,;1, then, for every i = 0,1,...,p, either S;;; = (5;)] or
Siy1 = (Sl)t [13]. Obviously, any poset is (min, max)-equivalent to itself (if one put
p = 0). Since some time we also use the term minimaz equivalence.

The notion of minimax equivalence can be naturally continued to the notion of
minimaz isomorphism: posets S and S’ are minimax isomorphic if there exists a
poset T which is minimax equivalent to S and isomorphic to S’.

Let P be a fix poset. A poset S is called of M M-type P if S is minimax isomorphic
to P |20]. In the case when the poset P is an oversupercritical one we say that S is
of oversupercritical M M -type.

The main result of this paper describes all posets of oversupercritical M M-type P
with P to be the oversupercritical poset of order 9, i.e., P is equal to Gy = (1,4,4):

GO

Recall that a poset T is called dual to a poset S and is denoted by SP if T'= S
as usual sets and x < y in T if and only if x > y in S.

Theorem 1. Up to isomorphism and duality, the complete set of posets minimazx
wsomorphic to GO consists of, in addition to GO itself, the posets indicated in the
following table:

G1

G2

G3

G4

G5

G6

G7

G8

G9

G10

G11

G12
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10 V. M. BONDARENKO, M. V. STYOPOCHKINA

G13 G14 G15 G16 G17 G18

3. Proof of Theorem 1. The definition of posets of the form 7" = S! can
be extended to posets of the form T = 5’1, where A is a lower subposet of 5, i.e.,
x € A whenever z < y and y € A. Namely, 7" = SL is defined as follows: T'= S as
usual sets, partial orders on A and S\ A are the same as before, but comparability
and incomparability between elements of z € A and y € S\ A are interchanged and
the new comparability can only be of the form =z > y. In the special case, when
A = {a} is a one-element subposet, we identify A with a. Instead of (ST}, write
write ST,

For subposets X,Y of S of a poset S, X < Y means that + < y for any = €
X,y €Y. Subposets X and X’ of S are called strongly isomorphic if there exists an
automorphism ¢ : S — S such that ¢(X) = X’ (as equality of subposets). Similarly,
pairs (Y, X) and (Y', X') of subposets of S are called strongly isomorphic if there
exists an automorphism ¢ : .S — S such that p(Y) =Y’ and ¢(X) = X'.

In [12], the authors propose the following algorithm for finding (up to isomorp-
hism) all posets that are minimax isomorphic to a given one.

I. Describe, up to strongly isomorphic, all lower subposets of P # S in S, and,
for every of them, build the poset S, (P = & is not excluded).

IT. Describe. up to strongly isomorphic, all pairs (Q, P) consisting of a proper
lower subposet @ in S and a nonempty lower subposet P in @) such that P < S\ Q;
for every such pair, build the poset Sgp.

III. Among the posets obtained in I and II, choose one from each class of iso-
morphic posets.

For the poset GO, we denote the partial order by < and number the points with
numbers 1,2,3,... in such a way that ¢ < j whenever i < j or i is (in the picture)
to the left of 7. Then the poset GO consists of the numbers 1,2,3,4,5,6,7,8,9 and
we have 2 <3 <4<56<7<8<09.

Now we apply our algorithm to the proof of the theorem.

Step I. Describe (up to strongly isomorphic) all lower subposets. They are:

for GO — Xy = @, X; = {1}, Xo = {2}, X5 ={1,2}, X4y = {2,3}, X5 ={2,6},
Xe = {1,2,3}, X7 = {1,2,6}, Xg = {2,3,4}, X9 = {2,3,6}, X350 = {1,2,3,4},
XH — {172,3,6}, X12 — {2,3,4,5}7 X13 — {2,3,4,6}, X14 — {2,3, 6, 7}7 X15 —
{1, 2, 3, 4, 5}7 X16 - {1, 2, 3, 4, 6}, X17 - {]_, 2, 3, 6, 7}, X18 - {2, 3, 4, 5, 6}, X19 -
{2,3,4,6,7}, Xo0 = {1,2,3,4,5,6}, Xo1 = {1,2,3,4,6,7}, Xoo = {2,3,4,5,6,7},
Xoz = {2,3,4,6,7,8}, Xoy = {1,2,3,4,5,6,7}, Xo5 = {1,2,3,4,6,7,8}, Xog =
{2,3,4,5,6,7,8}, Xor = {1,2,3,4,5,6,7,8}, Xos = {2,3,4,5,6,7,8,9}.

Denote by K; the poset GO}Z_. Then it is easy to see that

Ky = G0, K1 = G7, Ky = G12, K3 = G6®, Ky = G10, K5 = G18, K¢ = G5°P,
K; =2 G15°°, Kg =2 G8, Ky = G16, K19 & G4, K11 =2 G14°°, K5 =2 G1, K3 =

Pozain 1: MaremaTnka i CTaTuCTAKA
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G13, K14 = G17, K15 = G1°P, K1 = G13°°, K7 = G17°P, K13 = G4, K9 = G14,
Koy = G8P, Ky = G16°P, Ky = G5, Koz = G15, Ky = G10°P, Ky = G18°P,
KQG = G’67 K27 = G12Op, Kgg = GI7OP,

Step II. Describe (up to strongly isomorphic) all pairs of lower subposets (see
the algorithm). They are:

for GO — X = (X3, {6}), X3 = (X24, {6}), X3 = (X24,{6,7}), X} = (X7, {6}),
Xé = (X277 {67 7})7 Xt/’) = (X277 {67 77 8}>

Denote by K! the poset (GO!)l,, and (V, W) = X;. Then it is easy to see that

K{ = G2%%, K}, = G9?, K} = (3, K} = G11, Kl = G9, K = F2.

Step III. It is easy to verify that in I and II each of the posets G4, indicated in
the condition of the theorem, and dual to them (in the non-dual cases) occurs only
once. And hence the theorem is proved.

4. Coefficients of transitivity. Let S be a (finite) poset and S% :=
{(z,y)|z,y € S,z < y}. If (x,y) € S2 and there is no z satisfying r < z < y,
then we say that = and y are neighboring. We put n, = n,(S) := |S2| and denote
by n. = n.(S) the number of pairs of neighboring elements. The ratio k = k(.5)
of the numbers n,, — n. and n,, are called the coefficient of transitiveness of S; if
ny, = 0 (then n, = 0), we assume &k, = 0 (see [20]).

In this part of the paper we calculate k; for the posets of M M-type to be GO.

Theorem 2. The following holds for posets Gi:

N | ne | ny | ke
GO| 6 |12 |05

N | ne | ny k; N | ne | ny k; N | ne | ny k;
G1| 8 | 32 0,75 G7 | 8 | 20 0,6 G13 | 8 | 20 0,6
G219 |32]071875 | G8 | 7 |24 |0,70833 || G14 | 8 | 18 | 0,55556
G319 |32]071875 | G9 | 8 | 24 | 0,66667 || G15 | 8 | 18 | 0,55556
G4 8 | 26 10,69231 || G10 | 7 | 18 | 0,61111 || G16 | 8 | 16 0,5
G5 | 8 | 22 ]0,63636 || G11 | 8 | 18 | 0,55556 || G17 | 8 | 16 0,5
G6 | 8 | 20 0,6 G12 | 7 | 14 0,5 G18 | 8 | 14 | 0,42857

The transitivity coefficients are written out with an accuracy of five decimal
places. The value s exact if and only if the number of decimal places is less than
five, and two values equal to exactly five digits are equal at all.

The proof is carried out by direct calculations using [21, Lemmas 1 -5].

Recall that the greatest length among the lengths of all linear ordered subsets of
a poset S is called its height. An element of a poset is called nodal, if it is comparable
with all the others elements. A subposet X of T is said to be dense if there is not
x1,29 € X, y € T\ X such that z; <y < zo.

Note that a poset of M M-type GO can have at most four nodal elements.

Corollary 1. The coefficient ki(S) of a poset S is the largest among all the
posets of M M-type GO if and only if S contains a dense subposet with four nodal
elements.

Hayxk. Bicuuk Y:kropom. yu-ty, 2024, rom 44, Ne 1 ISSN 2616-7700 (print), 2708-9568 (online)



12 V. M. BONDARENKO, M. V. STYOPOCHKINA

5. Conclusions. In this paper we describe the finite posets that are minimax
isomorphic to the oversupercritical poset (1,4, 4) which is a single symmetric one of
the order 9. We also study combinatorial properties of these posets, namely calculate
their transitivity coefficients.

Analogous results for the rest of the oversupercritical posets were obtained by
the authors earlier.

The importance of studying minimax isomorphic posets is determined by the
fact that their Tits quadratic forms are Z-equivalent.

The obtained results (together with the corresponding research methods) can be

used in the study of other classes of posets.
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306parkeHHsT 9. B. MHOYKWH (YaCTKOBO BIOPSITKOBAHWX MHOYKWH) HAJ| TOJIEM BBEJIH
JI. A. Hazaposa i A. B. Poiirep B 1972 p., i mepmmii apTop OyB OZHUM i3 THX, XTO OpaB
AKTUBHY y49acTh y PO3BUTKY Bifmosimgaol Teopii. [lepmum kpurepiem y Hiit OyB oTpumanmii
M. M. Kineiinepom kpurepiit ckingenHocti 300pazkyBajabaoro tuiy. ¥ 1992 p. BiH 10BiB,
MO 9. B. MHOXKHUHA S Ma€ CKiHYEeHHWH 300pakKyBajibHAN THII TOJI i Jidilie TOJi, KOJIU BO-
HM HE MICTHTh NOBHHX 4. B. maMHOXkuH Burmamny K, = (1,1,1,1), Ko = (2,2,2), K5 =
(1,3,3), Ky = (1,2,5) i K5 = (N,4). IIi 9. B. MHOXKHH HA3WBAIOTbCS KPUTHIYHUMH 9. B.
MHOXKMHAMU (1010 CKIHYEHHOCTI THIYy) B TOMY CEHCI, IO e MiHIMaJIbHI 4. B. MHOXKHUH
3 HECKIHYEHHOIO KiJIbKICTIO HEPO3KJIAJHUX 300parkeHb, 3 TOYHICTIO JO €KBIBAJEHTHOCTI).
Tenep ix TakoK Ha3WBAOThH 4. B. MHOKuHaMu Kieiinepa. Y 1974 p. FO. A. JIpo3x mosis,
O 9. B. MHOXKHMHA S Ma€ CKiHYeHHUI 300parKyBaJIbHUN TUI TOAI 1 Jinine TOxAi, KOau 11
kBagparnyna ¢popma TiTca

qs(z) == 22 —|—sz + Z 22 — ZOZZZ'

= i<j,i,jES i€S

€ cJ1abKo nofaTHOK (TOOTO NOAATHOI HA MHOXKMHI HeBin'emHux Bekropis). Orike, 4. B.
mHOXKHE Kimeiinepa € TakoK KPUTHIHUMH 00 CIA0KOI JTOMATHOCTI KBAAPATHIHOI POp-
mu Tirca. Y 2005 p. aBTOpHM HOBEW IO 9. B. MHOXKHH € KPHUTHIHOIO MO0 JOJAATHOCTI
kBagpaTuanol ¢popmu TiTca Tomi i awime Toai, KOIM BOHA € MiHIMAKCHO i30MOpdHa, TesaKiit
4. B. MHOXKUHI KJteitaepa.

Ilonibuy cuTyarito MaEMO 3 4. B. MHOXKUHAMHU PYYHOI'O 300pazKyBaJsibHOro Tuiy. ¥ 1975
p. JI. A. Hazaposa mosena, 1o 4. B. MHOXKHHA S € Py9IHOIO TOJI 1 Juime TO/Ii, KOJH BOHA
He micrurh 4. B. miaMmuoxun Burasay N1 = (1,1,1,1,1), No = (1,1,1,2), N5 = (2,2,3),
Ny =(1,3,4), N5 = (1,2,6) i (N,5). Orxe, 11i 9. B. MHOXKWHW € KDUTHIHUMH OO0 PYIHOTO
300pakyBaJbHOTO THUITY i BOHA HA3BAJIA IX CYNEPKPUTUIHUMU; BOHU € TAKOXK KPUTHUIHUMMU
IIIO/I0 CJIAOKOI HeBix eMHOCTI KBamparwaroi ¢popmu Titca. Y 2009 pori aBToOpu HOBEH, IO
9. B. MHOXKHHA € KPUTHIHOIO OO0 HEBi eMHOCTI KBaapaTudaol (popmu TiTca Tozi i aurme
TO/i, KOJIM BOHA MiHIMAKCHO i30MOpQHA AesKiil CyIIepKPUTAIHIN 9. B. MHOXKHHI.

Iepuiuit aBrop 3aupoLOHYBAB BBECTH Y. B. MHOXKMHU (HA3BAHI HAJCYIEDKPUTUYHUMU),
AK1 BiIPI3HAIOTHCA BiJl CyMEPKPUTUIHUX Y. B. MHOXKUH B Tiif Ke Mipi, IO CyMepKpUTUIHI
BIAPIZHAIOTHCS BiJl KDUTUIHUX.

VY nonepenHix crarrsax aBTopu onucanu (3 ToYHIiCTIO 10 i30oMopdismy) Bci 4. B. MHO-
JKUHU, MiHIMAakCcHO i3oMopdHi n0BLIbHINA HazcynepkpuTuuniii Maoxkuni, okpim (1,4,4), i
BUBYHJIN JIeAKI 1XHI KOMOiHATOPHI BiacTuBocTi. Y il cTaTTi PO3T/IAIAETHCA BUIAIOK 9. B.
muokuH (1,4,4).

Kurro4oBi ciioBa: 300parkeHHs, KPUTHIHA Ta CyHEPKPUTUYHA 4. B. MHOXKHHA, HaJICylep-
KPUTHYHA Y. B. MHOXKWHA, KBagparudHa ¢dopma Tirca, cKindeHHU i pyuHuii 300paxky-
BaJILHUH THI, JOJATHICTD i cabKa JOSATHICTH, HETATUBHICTD i CJIa0Ka HErATHBHICTD.
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