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THE GENERATION PROBLEM FOR
INVERTIBLE MEALY AUTOMATA

An invertible Mealy automaton A over an input-output alphabet X generates a group
G(A) through its action on words over X. We prove that the following problem is algorith-
mically undecidable: given two invertible Mealy automata, decide whether they generate
the same automaton group. Moreover, we construct an invertible Mealy automaton A for
which the following problem is undecidable: given an invertible Mealy automaton B, decide
whether B generates G(A) or not. We also show that the automaton subgroup problem
and the intersection triviality problem are undecidable.

Keywords: Mealy automaton, automaton group, generation problem, subgroup problem,
undecidable problem.

1. Introduction. Decision problems in group theory address various compu-
tational aspects of groups. Among the classical group-theoretic decision problems
are the word problem, the conjugacy problem, the isomorphism problem, the mem-
bership problem, and the generation problem. Although all of these problems are
undecidable for finitely presented groups, positive results are known for various
classes of groups (see, for example, the survey [5]).

In this paper, we consider groups associated with Mealy automata, known as au-
tomaton groups. An invertible Mealy automaton A (henceforth, simply an automa-
ton) over the same input-output alphabet X generates a group G(A) via its action on
the set of words over X. Decision problems for automaton groups have been inten-
sively studied. The word problem in every automaton group is decidable. In [7], an
automaton group with an undecidable conjugacy problem was constructed. Using
the same approach, the undecidability of the isomorphism problem for automaton
groups can be shown. In [4], the undecidability of the order problem for automaton
groups was proved. Furthermore, the group F, x F,, which can be realized by an
automaton, has undecidable generation and membership problems (see [5]). Several
problems are known to be decidable for the class of bounded automata (see [1,2]).

In contrast to classical group-theoretic decision problems, where the input is
typically a word over group generators, for automaton groups the input can be
given by automata. Specifically, we consider the uniform automaton generation
problem: Given two automata A and B, decide whether G(A) = G(B) or not. For a
fixed automaton A, we also consider the automaton generation problem for A: Given
an automaton B, decide whether B generates G(A) or not. We prove that these
problems are undecidable.

Theorem 1. There exists an invertible Mealy automaton with undecidable au-
tomaton generation problem.
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The proof of Theorem 1 is constructive; we exhibit the automaton A that gener-
ates the group Z* x (F, x F}), using the construction given in [3,7], and show that
it satisfies the theorem.

Another problem we consider is the automaton subgroup problem for A: Given
an automaton B, decide whether G(B) is a subgroup of G(A) or not.

Theorem 2. There exists an invertible Mealy automaton with undecidable au-
tomaton subgroup problem.

The triviality problem — given an automaton A, decide whether G(A) is trivial
or not — is decidable via automata minimization. Next, we address the automaton
intersection triviality problem: Given two automata A and B, decide whether G(A)N
G(B) is trivial or not.

Theorem 3. The automaton intersection triviality problem is undecidable.

2. Mealy automata and groups. Let X be a finite alphabet, and X* be the
free monoid generated by X. The elements of X* are words over X. The length of
a word w is the number of letters in it.

An automaton over X is a tuple A = (S, X,7: S x X — X x 5), where S is a
finite set of states and 7 is the transition-output function. We can represent A as the
directed labeled graph whose vertices are the states, and the edges are determined
by the transition-output function as follows:

s 2% ¢ whenever (s, x) = (y,1).

An automaton A is called invertible if, for every state s € S and output y € X,
there exist an input x € X and a state ¢t € S such that 7(s,z) = (y,1).

Let A be an automaton and s be its state. The automaton A initialized at s
processes an input word x1xs...x, € X* and produces an output word y19s ...y, €
X* of the same length. This defines a transformation T, : X* — X* such that
Ts(z129. .. ) = Y1Y2 - . . Yy if there exists a directed path in A of the form

z1/y1 Ta/y2 x3/y3 Tn/Yn
7 S9 7 S3 e

s =57 > Sp+1 = L.

Let A = (S, X, ) be an invertible automaton. Then, for every s € S, the trans-
formation T, : X* — X* is invertible. The group generated by the transformations
T, for s € S under composition is called the automaton group G(A) generated by
A. By construction, an automaton group is a subgroup of the symmetric group

Sym(X*).
3. The proofs. Our strategy is to reduce the problems to the following known
undecidable problems in the direct product of two free groups of rank two.

Theorem 4 (Miller [5]). 1) The generation problem in the group Fy X Fy is
undecidable.

2) The group Fy X Fy contains a finitely generated subgroup H such that the gen-
eralized word problem for H in Fy x Fy — given a word w over the generators
of Fy x Fy, decide whether w € H or not — is undecidable.

3) The intersection triviality problem in the group Fy X Fy is undecidable.
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The group F» x F, can be generated by an automaton (see |6, Sect. 1.10.4]),
but this does not immediately yield a proof. The difficulty lies in the fact that the
states of a given automaton represent a specific set of group elements. Decidability
might hold for such specific sets; for instance, every initial automaton representing
a nontrivial group element might contain states for all group generators.

Instead, we will use the automaton realization of the affine group Aff(Z") =
Z™ x GL,(Z) constructed in [3] (see also [7]). The elements of Aff(Z") are pairs
(v, M) for v € Z" and M € GL,(Z), and the operation is

(v, M) (u,N) = (v+ Mu, MN), where v,u € Z" and M, N € GL,(Z).

The group Aff(Z™) acts on Z™ by affine transformations (v, M) : z — v + Mz,
xr € Z". For | > 0, taking modulo 2’ induces an action on Z"/2!Z". The elements
of Z/2'7 are uniquely represented as binary words of length [, and thus Z/2!Z can
be identified with {0,1}'. Similarly, elements of Z"/2'Z" are represented by words
of length [ over X = {0,1}", and thus Z"/2'Z" can be identified with X'. In this
way, we get an action of Aff(Z") on the space X*. (Equivalently, we may consider
an affine action on Z%, the set of n-tuples of dyadic integers, and use the dyadic
representation of its elements.)

It was proved in [3,7| that the action (Aff(Z"), X*) can be realized by automata.
For v € Z", let Mod(v) € X and Div(v) € Z" denote its remainder and quotient,
respectively, when divided by two, here v = Mod(v) + 2Div(v). Let M € GL,(Z)
and v € Z". We construct an automaton A, ;) representing the action of (v, M)
on X*. The states are of the form (u, M), where u ranges over a finite subset of Z".
We begin with the state (v, M) and iteratively construct new states and arrows by
the following rule:

(v, M) oy, (u, M), where y = Mod(v + Mz) and u = Div(v + Mz).

The resulting automaton A, 57y has at most 2(a+b)" states, where a is the maximal
absolute row sum of M and b is the maximal absolute entry in v. The automaton
transformation of X* induced by a state (u, M) is exactly the transformation in-
duced by the element (u, M) € Aff(Z"). In particular, the group generated by the
automaton A, ps) coincides with the group generated by the affine transformation
(u, M), where (u, M) ranges over the states. The crucial property of A, s that
we will exploit is that all states share the same linear part M. When v is the zero
vector, we write Ay instead of A ap.

We are ready to prove our results.

Proof of Theorem 1. The free group F; can be generated by matrices

1 2 10
A_(Ol) and B—(21>.

By using two diagonal embeddings into G L4(Z), we obtain the set of four matrices
S = { My, My, M3, My} generating Fy x F,. Define the automaton A as the union of
the automata Ay, for M € S. The automaton A essentially consists of four copies
of the automaton described in Figure 1, where each copy corresponds to a specific
embedding of {0,1}? into X = {0,1}*, with a trivial extension to the remaining
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Figure 1. The automaton A,; for M = ( (1) i )

elements of X. Notice that the group G(A) generated by A contains standard basis
vectors of Z*. Then, by construction, G(A) = Z* x (Fy x F3).

We show that the automaton A fulfills the requirement of the theorem. Given
words wy, ..., w, over the generators S of Fy x F3, consider the corresponding au-
tomata A, ,...,A,,. Note that the linear part of every state of A, is w;. Let
the automaton B be the union of these automata together with automata A, g
for the standard basis vectors v of Z*. Then the automaton B generates the group
G(B) = Z* x (wy,...,w,). Therefore, wy,...,w, generate Fy x F} if and only if B
generates G(A). Since the first problem is undecidable by Theorem 4, the automaton
generation problem for A is undecidable.

Proof of Theorem 2. Let H be a finitely generated subgroup of Iy x Fy with an
undecidable generalized word problem in F5 x F5. Let A be an automaton generating
the group G(A) = Z* x H. Given a word w over the generators of I, x Fy, construct
the automaton A, as above. Let B, be the union of A, and automata A, g for
the standard basis vectors v of Z*. Note that the linear part of every state of B,,
is either w or trivial. Then B,, generates the group G(B,) = Z* x (w). Therefore,
G(B,) is a subgroup of G(A) if and only if w € H. The result follows.

Proof of Theorem 3 follows a similar argument.

4. Conclusions and prospects for further research. We established the
undecidability of several fundamental problems for groups generated by invertible
Mealy automata. While these problems are undecidable in general, they may be
solvable for certain classes of Mealy automata. Notably, the generation problem
is decidable for the automaton generating the famous Grigorchuk group and for
any automaton generating a contracting regular branch group. An interesting open
question remains whether the generation problem is decidable for every bounded
automaton.
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Bonnapenko €. B. I[Ipobiema mopospkenHts st 060poTHIX aBromMariB Misi.

O6oporuuit apromar Mimi A nan andasitom Bxomis-suxozis X nopomxkye rpyiy G(A)
CBO€IO fi€fo Ha ciaoBax Ham X. Mu JT0BOZUMO, IO HACTYITHA MPOOJIEMa aJTOPUTMITHO He-
PO3B’d3HA: 3a 33JIAaHMMU JBOMa 00OPOTHMMH aBTOMaTaMu Misi, BUSHAYUTH, YU TOPOJIKY-
OTh BOHH OJIHY I Ty K aBromarHy rpyiy. Kpim Toro, Mu 6ypyemMo obOpOTHHUII aBTOMAT
Mimi A, njis sKoro HacTynHa TpobJjieMa € HEPO3B SI3HO0: 3a 3aJJaHUM ODOPOTHUM ABTOMA-
roMm Mini B, Busnauntu, 9u nopoukye B rpymy G(A). Mu Takoxk J10BOIUMO, 1110 Ipobiema
aBTOMATHOI MiArpynu Ta mpob/eMa TPUBIAILHOCTI IEPETUHY € HEPO3B SI3HUMU.

Kuarodyosi ciaoBa: apromar M, aBromaTHa rpyna, mpobjeMa MOPOKeHHsI, pobJeMa
MiArpyIU, HEPO3B d3Ha PobJIEMa.
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