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INTERPOLATION PROBLEM FOR PERIODICALLY
CORRELATED PROCESSES WITH MISSING OBSERVATIONS

The problem of the optimal linear estimation of a linear functional depending on the
unknown values of periodically correlated stochastic process from observations of the pro-
cess with additive noise with missing observations is considered. Formulas for calculating
the mean square error and the spectral characteristic of the optimal linear estimate of the
functional are proposed in the case where spectral densities are exactly known. Formulas
that determine the least favorable spectral densities and the minimax spectral character-
istics are proposed in the case of spectral uncertainty, where the spectral densities are not
exactly known while some classes of admissible spectral densities are specified.

Keywords: periodically correlated stochastic process, spectral characteristics, mean-
square error, minimax (robust) estimate, least favorable spectral density, minimax spectral
characteristics.

1. Introduction. The investigation of cyclostationarity as a phenomenon was
started by W. R. Bennett in 1958, [1]. He studied the statistical characteristics of
signals in channels of communication and called the group of such signals the cyclo-
stationary process. That is a nonstationary process having a periodically varying
in time statistical characteristics. Literature review of theory and application of
cyclostationarity in different spheres of research is presented in the article [2] by
W. A. Gardner, A. Napolitano, L. Paura. In other sources cyclostationary processes
are called periodically stationary, periodically nonstationary, periodically correlated.
We will use the term periodically correlated processes.

E. G. Gladyshev, [3], was one of the first who started the study of periodically
correlated processes with continuous time. H. L. Hurd continued study of period-
ically correlated processes and their properties in the papers [4], [5]. A. Makagon
in [6] investigated relations between periodically correlated processes and stationary
processes.

A. N. Kolmogorov [7], N. Wiener [8], A. M. Yaglom [9], [10], proposed their
methods of solution of estimation problems for stationary processes and sequences
in the case of spectral certainty. In the case where complete information on the
spectral densities is impossible, but a set of admissible spectral densities is given,
the minimax approach to estimation problem is used. That is we find estimate
that minimizes the mean square error for all spectral densities from a given class
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of densities simultaneously. U. Grenander, [11], was the first who applied the mini-
max estimation method to find solution of the extrapolation problem for stationary
processes.

The detailed analysis of the estimation problems with missing observations are
presented in the books by M. J. Daniels and J. W. Hogan [12], P. E. McKnight
et al [13]. The interpolation and extrapolation problems of linear functionals from
periodically correlated stochastic sequences with missing observations were investi-
gated by I. I. Golichenko and M. P. Moklyachuk in [14], [15], by I. I. Golichenko,
O. Yu. Masyutka and M. P. Moklyachuk in [16].

In this paper we study the problem of mean square optimal linear estimation
of the functional 𝐴𝑠𝜁 =

∑︀𝑠−1
𝑙=0

∫︀𝑀𝑙+𝑁𝑙+1

𝑀𝑙
𝑎(𝑡)𝜁(𝑡)𝑑𝑡 which depends on the unknown

values of a periodically correlated stochastic process 𝜁(𝑡). The estimation is based
on observations of the process 𝜁(𝑡) + 𝜃(𝑡) at points 𝑡 ∈ R ∖ 𝑆, 𝑆 =

⋃︀𝑠−1
𝑙=0 [𝑀𝑙,𝑀𝑙 +

𝑁𝑙+1], 𝑀𝑙 =
∑︀𝑙

𝑘=0(𝑁𝑘 +𝐾𝑘), 𝑁0 = 𝐾0 = 0. We obtain formulas for calculation the
mean square error and the spectral characteristic of the optimal linear estimate of
𝐴𝑠𝜁 in the case of spectral certainty. The least favorable spectral density and the
minimax (robust) spectral characteristic of the optimal linear estimate of 𝐴𝑠𝜁 are
found in the case when the spectral density is not known, but the class of admissible
densities is given.

2. Periodically correlated processes and generated vector stationary
sequences.

Definition 1. [3] Mean square continuous stochastic process 𝜁 : R → 𝐻 =
𝐿2(Ω,F,P), E𝜁(𝑡) = 0, is called periodically correlated (PC) with period 𝑇 , if its
correlation function 𝐾(𝑡 + 𝑢, 𝑢) = E𝜁(𝑡+ 𝑢)𝜁(𝑢) for all 𝑡, 𝑢 ∈ R and some fixed
𝑇 > 0 is such that

𝐾(𝑡+ 𝑢, 𝑢) = 𝐾(𝑡+ 𝑢+ 𝑇, 𝑢+ 𝑇 ).

Let {𝜁(𝑡), 𝑡 ∈ R} and {𝜃(𝑡), 𝑡 ∈ R} be mutually uncorrelated PC processes. We
construct two sequences of stochastic functions

{𝜁𝑗(𝑢) = 𝜁(𝑢+ 𝑗𝑇 ), 𝑢 ∈ [0, 𝑇 ), 𝑗 ∈ Z}, (1)

{𝜃𝑗(𝑢) = 𝜃(𝑢+ 𝑗𝑇 ), 𝑢 ∈ [0, 𝑇 ), 𝑗 ∈ Z}. (2)

Sequences (1) and (2) form the 𝐿2([0, 𝑇 );𝐻)-valued stationary sequences {𝜁𝑗, 𝑗 ∈ Z}
and {𝜃𝑗, 𝑗 ∈ Z}, respectively, with the correlation functions

𝐵𝜁(𝑙, 𝑗) = ⟨𝜁𝑙, 𝜁𝑗⟩𝐻 =

∫︁ 𝑇

0

𝐾𝜁(𝑢+ (𝑙 − 𝑗)𝑇, 𝑢)𝑑𝑢 = 𝐵𝜁(𝑙 − 𝑗),

𝐵𝜃(𝑙, 𝑗) = ⟨𝜃𝑙, 𝜃𝑗⟩𝐻 =

∫︁ 𝑇

0

𝐾𝜃(𝑢+ (𝑙 − 𝑗)𝑇, 𝑢)𝑑𝑢 = 𝐵𝜃(𝑙 − 𝑗),

where 𝐾𝜁(𝑡, 𝑠) = E𝜁(𝑡)𝜁(𝑠), 𝐾𝜃(𝑡, 𝑠) = E𝜃(𝑡)𝜃(𝑠) are correlation functions of PC
processes 𝜁(𝑡), 𝜃(𝑡).

Let us define in 𝐿2([0, 𝑇 );R) the orthonormal basis

{̃︀𝑒𝑘 =
1√
𝑇
𝑒2𝜋𝑖{(−1)𝑘[ 𝑘2 ]}𝑢/𝑇 , 𝑘 = 1, 2, . . . }, ⟨̃︀𝑒𝑗, ̃︀𝑒𝑘⟩ = 𝛿𝑘𝑗.
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Stationary sequences {𝜁𝑗, 𝑗 ∈ Z} and {𝜃𝑗, 𝑗 ∈ Z} can be represented in the form

𝜁𝑗 =
∞∑︁
𝑘=1

𝜁𝑘𝑗̃︀𝑒𝑘, 𝜁𝑘𝑗 = ⟨𝜁𝑗, ̃︀𝑒𝑘⟩ =
1√
𝑇

∫︁ 𝑇

0

𝜁𝑗(𝑣)𝑒−2𝜋𝑖{(−1)𝑘[ 𝑘2 ]}𝑣/𝑇𝑑𝑣, (3)

𝜃𝑗 =
∞∑︁
𝑘=1

𝜃𝑘𝑗̃︀𝑒𝑘, 𝜃𝑘𝑗 = ⟨𝜃𝑗, ̃︀𝑒𝑘⟩. (4)

Let us name sequences

{𝜁𝑗, 𝑗 ∈ Z}, {𝜃𝑗, 𝑗 ∈ Z},

or corresponding vector sequences

{𝜁𝑗 = (𝜁𝑘𝑗, 𝑘 = 1, 2, ...)⊤, 𝑗 ∈ Z}, {𝜃𝑗 = (𝜃𝑘𝑗, 𝑘 = 1, 2, ...)⊤, 𝑗 ∈ Z}

generated vector stationary sequences, that means that vector sequences {𝜁𝑗 =

(𝜁𝑘𝑗, 𝑘 = 1, 2, ...)⊤, 𝑗 ∈ Z}, {𝜃𝑗 = (𝜃𝑘𝑗, 𝑘 = 1, 2, ...)⊤, 𝑗 ∈ Z} are generated by
processes {𝜁(𝑡), 𝑡 ∈ R}, {𝜃(𝑡), 𝑡 ∈ R}, respectively.

Components {𝜁𝑘𝑗, 𝑘 = 1, 2, . . . } and {𝜃𝑘𝑗, 𝑘 = 1, 2, . . . } of stationary sequences
{𝜁𝑗, 𝑗 ∈ Z} and {𝜃𝑗, 𝑗 ∈ Z} are such that, [17],

E𝜁𝑘𝑗 = 0, ‖𝜁𝑗‖2𝐻 =
∞∑︁
𝑘=1

E|𝜁𝑘𝑗|2 = 𝑃𝜁 = 𝐵𝜁(0) <∞, E𝜁𝑘𝑙𝜁𝑛𝑗 = ⟨𝑅𝜁(𝑙 − 𝑗)𝑒𝑘, 𝑒𝑛⟩,

E𝜃𝑘𝑗 = 0, ‖𝜃𝑗‖2𝐻 =
∞∑︁
𝑘=1

E|𝜃𝑘𝑗|2 = 𝑃𝜃 = 𝐵𝜃(0) <∞, E𝜃𝑘𝑙𝜃𝑛𝑗 = ⟨𝑅𝜃(𝑙 − 𝑗)𝑒𝑘, 𝑒𝑛⟩.

where {𝑒𝑘, 𝑘 = 1, 2, . . . } is a basis of the space ℓ2. Correlation functions 𝑅𝜁(𝑗)
and 𝑅𝜃(𝑗) of generated vector stationary sequences {𝜁𝑗, 𝑗 ∈ Z} and {𝜃𝑗, 𝑗 ∈ Z} are
correlation operator functions in ℓ2. Correlation operators 𝑅𝜁(0) = 𝑅𝜁 , 𝑅𝜃(0) = 𝑅𝜃

are kernel operators and their kernel norms satisfy the following restrictions:
∞∑︁
𝑘=1

⟨𝑅𝜁𝑒𝑘, 𝑒𝑘⟩ = ‖𝜁𝑗‖2𝐻 = 𝑃𝜁 ,
∞∑︁
𝑘=1

⟨𝑅𝜃𝑒𝑘, 𝑒𝑘⟩ = ‖𝜃𝑗‖2𝐻 = 𝑃𝜃,

Generated vector stationary sequences {𝜁𝑗, 𝑗 ∈ Z}, {𝜃𝑗, 𝑗 ∈ Z} have spectral density
functions 𝑓(𝜆) = {𝑓𝑘𝑛(𝜆)}∞𝑘,𝑛=1 , 𝑔(𝜆) = {𝑔𝑘𝑛(𝜆)}∞𝑘,𝑛=1 that are positive operator
valued functions of variable 𝜆 ∈ [−𝜋, 𝜋) in ℓ2, if their correlation functions 𝑅𝜁(𝑗)
and 𝑅𝜃(𝑗) can be represented in the form

⟨𝑅𝜁(𝑗)𝑒𝑘, 𝑒𝑛⟩ =
1

2𝜋

∫︁ 𝜋

−𝜋
𝑒𝑖𝑗𝜆⟨𝑓(𝜆)𝑒𝑘, 𝑒𝑛⟩𝑑𝜆,

⟨𝑅𝜃(𝑗)𝑒𝑘, 𝑒𝑛⟩ =
1

2𝜋

∫︁ 𝜋

−𝜋
𝑒𝑖𝑗𝜆⟨𝑔(𝜆)𝑒𝑘, 𝑒𝑛⟩𝑑𝜆, 𝑘, 𝑛 = 1, 2, . . . .

Spectral densities 𝑓(𝜆), 𝑔(𝜆) a.e. on [−𝜋, 𝜋) are kernel operators with integrable
kernel norms:

∞∑︁
𝑘=1

1

2𝜋

∫︁ 𝜋

−𝜋
⟨𝑓(𝜆)𝑒𝑘, 𝑒𝑘⟩𝑑𝜆 = ‖𝜁𝑗‖2𝐻 = 𝑃𝜁 ,

∞∑︁
𝑘=1

1

2𝜋

∫︁ 𝜋

−𝜋
⟨𝑔(𝜆)𝑒𝑘, 𝑒𝑘⟩𝑑𝜆 = ‖𝜃𝑗‖2𝐻 = 𝑃𝜃.
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Hilbert space projection method of linear interpolation.
Let consider the problem of mean square optimal linear estimation of the func-

tional

𝐴𝑠𝜁 =
𝑠−1∑︁
𝑙=0

𝑀𝑙+𝑁𝑙+1∫︁
𝑀𝑙

𝑎(𝑡)𝜁(𝑡)𝑑𝑡,

which depends on the unknown values of a periodically correlated stochastic process
𝜁(𝑡). The estimation is based on observations of the process 𝜁(𝑡) + 𝜃(𝑡) at points 𝑡 ∈
R ∖ 𝑆, 𝑆 =

⋃︀𝑠−1
𝑙=0 [𝑀𝑙,𝑀𝑙 +𝑁𝑙+1], 𝑀𝑙 =

∑︀𝑙
𝑘=0(𝑁𝑘 +𝐾𝑘), 𝑁0 = 𝐾0 = 0. Process 𝜃(𝑡)

is uncorrelated with 𝜁(𝑡) periodically correlated process. The function 𝑎(𝑡), 𝑡 ∈ R,
satisfies the condition

∑︀𝑠−1
𝑙=0

∫︀𝑀𝑙+𝑁𝑙+1

𝑀𝑙
|𝑎(𝑡)|𝑑𝑡 <∞.

We assume that length of each interval of observations is a multiple of the period
𝑇 and the length of each interval of missed observations is a multiple of 𝑇 , what
means that

𝐾1 = 𝑇 ·𝐾𝑇
1 , 𝐾2 = 𝑇 ·𝐾𝑇

2 , . . . , 𝐾𝑠−1 = 𝑇 ·𝐾𝑇
𝑠−1,

𝑁1 = 𝑇 ·𝑁𝑇
1 , 𝑁2 = 𝑇 ·𝑁𝑇

2 , . . . , 𝑁𝑠 = 𝑇 ·𝑁𝑇
𝑠 ,

respectively. The set which corresponds to the set 𝑆 is of the form

̃︀𝑆 =
𝑠−1⋃︁
𝑙=0

{︀
𝑀𝑇

𝑙 , ...,𝑀
𝑇
𝑙 +𝑁𝑇

𝑙+1 − 1
}︀
.

The functional 𝐴𝑠𝜁 can be written as

𝐴𝑠𝜁 =
𝑠−1∑︁
𝑙=0

∫︁ 𝑀𝑙+𝑁𝑙+1

𝑀𝑙

𝑎(𝑡)𝜁(𝑡)𝑑𝑡 =
𝑠−1∑︁
𝑙=0

𝑀𝑇
𝑙 +𝑁𝑇

𝑙+1−1∑︁
𝑗=𝑀𝑇

𝑙

∫︁ 𝑇

0

𝑎(𝑢+ 𝑗𝑇 )𝜁(𝑢+ 𝑗𝑇 )𝑑𝑢,

where 𝑀𝑙 = 𝑇 ·𝑀𝑇
𝑙 , 𝑙 = 0, ..., 𝑠− 1.

Denoting by 𝑎(𝑢 + 𝑗𝑇 ) = 𝑎𝑗(𝑢), 𝜁(𝑢 + 𝑗𝑇 ) = 𝜁𝑗(𝑢), 𝑗 ∈ ̃︀𝑆, 𝑢 ∈ [0, 𝑇 ), and
taking into account the decomposition (3) of generated vector stationary sequence
{𝜁𝑗, 𝑗 ∈ Z}, [18], the functional 𝐴𝑠𝜁 can be written as

𝐴𝑠𝜁 =
𝑠−1∑︁
𝑙=0

𝑀𝑇
𝑙 +𝑁𝑇

𝑙+1−1∑︁
𝑗=𝑀𝑇

𝑙

∫︁ 𝑇

0

𝑎(𝑢+ 𝑗𝑇 )𝜁(𝑢+ 𝑗𝑇 )𝑑𝑢 =

=
𝑠−1∑︁
𝑙=0

𝑀𝑇
𝑙 +𝑁𝑇

𝑙+1−1∑︁
𝑗=𝑀𝑇

𝑙

(︃
𝑎1𝑗𝜁1𝑗 +

∞∑︁
𝑛=2

𝑎𝑛+(−1)𝑛,𝑗 𝜁𝑛𝑗

)︃
=

𝑠−1∑︁
𝑙=0

𝑀𝑇
𝑙 +𝑁𝑇

𝑙+1−1∑︁
𝑗=𝑀𝑇

𝑙

𝑎⃗⊤𝑗 𝜁𝑗,

where vectors 𝑎⃗𝑗 have the special form

𝑎⃗𝑗 = (𝑎𝑘𝑗, 𝑘 = 1, 2, . . . )⊤ = (𝑎1𝑗, 𝑎3𝑗, 𝑎2𝑗, . . . , 𝑎2𝑘+1,𝑗, 𝑎2𝑘,𝑗, . . . )
⊤, 𝑗 ∈ 𝑆,

where 𝑎𝑘𝑗 = ⟨𝑎𝑗, ̃︀𝑒𝑘⟩ = 1√
𝑇

∫︀ 𝑇
0
𝑎𝑗(𝑣)𝑒−2𝜋𝑖{(−1)𝑘[ 𝑘2 ]}𝑣/𝑇𝑑𝑣, 𝜁𝑗 = (𝜁𝑘𝑗, 𝑘 = 1, 2, . . . )⊤, 𝑗 ∈̃︀𝑆, is generated vector stationary sequence.
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Let us assume that coefficients {𝑎⃗𝑗, 𝑗 ∈ ̃︀𝑆} satisfy conditions

‖𝑎⃗𝑗‖ <∞, ‖𝑎⃗𝑗‖2 =
∞∑︁
𝑘=1

|𝑎𝑘𝑗|2, 𝑗 ∈ 𝑆. (5)

On condition (5) functional 𝐴𝑠𝜁 has finite second moment.
Let the spectral densities 𝑓 𝜁(𝜆) and 𝑓 𝜃(𝜆) satisfy the minimality condition∫︁ 𝜋

−𝜋
𝑇𝑟
[︀
(𝑓 𝜁(𝜆) + 𝑓 𝜃(𝜆))−1

]︀
𝑑𝜆 < +∞. (6)

Condition (6) is necessary and sufficient in order that the error-free interpolation of
the unknown values of the sequence 𝜁𝑗 + 𝜃𝑗 is impossible, [19].

Denote by 𝐿2(𝑓) the Hilbert space of vector valued functions 𝑏⃗(𝜆) = {𝑏𝜈(𝜆)}∞𝜈=1

that are square integrable with respect to a measure with the density 𝑓(𝜆) =

{𝑓𝜈𝜇(𝜆)}∞𝜈,𝜇=1:
∫︀ 𝜋
−𝜋 𝑏⃗

⊤(𝜆)𝑓(𝜆)⃗𝑏(𝜆)𝑑𝜆 =
∫︀ 𝜋
−𝜋
∑︀∞

𝜈,𝜇=1 𝑏𝜈(𝜆)𝑓𝜈𝜇(𝜆)𝑏𝜇(𝜆)𝑑𝜆 < +∞.
Denote by 𝐿𝑠2(𝑓) the subspace in 𝐿2(𝑓) generated by the functions 𝑒𝑖𝑗𝜆𝛿𝜈 , 𝛿𝜈 =

{𝛿𝜈𝜇}∞𝜇=1 , 𝑗 ∈ Z ∖ ̃︀𝑆, 𝜈 = 1, . . . , where 𝛿𝜈𝜈 = 1, 𝛿𝜈𝜇 = 0 for 𝜈 ̸= 𝜇.
Every mean-square optimal linear estimate ̂︂𝐴𝑠𝜁 of the functional 𝐴𝑠𝜁 from ob-

servations of the sequence 𝜁𝑗 + 𝜃𝑗 at points 𝑗 ∈ Z ∖ ̃︀𝑆 has the form

̂︂𝐴𝑠𝜁 =

∫︁ 𝜋

−𝜋
ℎ⃗⊤(𝑒𝑖𝜆)(𝑍𝜁(𝑑𝜆) + 𝑍𝜃(𝑑𝜆)) =

∫︁ 𝜋

−𝜋

∞∑︁
𝜈=1

ℎ𝜈(𝑒
𝑖𝜆)(𝑍𝜁

𝜈 (𝑑𝜆) + 𝑍𝜃
𝜈 (𝑑𝜆)), (7)

where 𝑍𝜁(∆) =
{︀
𝑍𝜁
𝜈 (∆)

}︀∞
𝜈=1

and 𝑍𝜃(∆) =
{︀
𝑍𝜃
𝜈 (∆)

}︀∞
𝜈=1

are orthogonal random
measures of the sequences 𝜁𝑗 and 𝜃𝑗, and ℎ⃗(𝑒𝑖𝜆) =

{︀
ℎ𝜈(𝑒

𝑖𝜆)
}︀∞
𝜈=1

is the spectral
characteristic of the estimate ̂︂𝐴𝑠𝜁. The function ℎ⃗(𝑒𝑖𝜆) ∈ 𝐿𝑠2(𝑓 𝜁 + 𝑓 𝜃).

The mean square error ∆(⃗ℎ; 𝑓 𝜁 , 𝑓 𝜃) of the estimate ̂︂𝐴𝑠𝜁 is calculated by the
formula

∆(⃗ℎ; 𝑓 𝜁 , 𝑓 𝜃) = 𝐸|𝐴𝑠𝜁 −̂︂𝐴𝑠𝜁|2 =

=
1

2𝜋

𝜋∫︁
−𝜋

[︁
𝐴𝑠(𝑒

𝑖𝜆)− ℎ⃗(𝑒𝑖𝜆)
]︁⊤
𝑓 𝜁(𝜆)

[︁
𝐴𝑠(𝑒𝑖𝜆)− ℎ⃗(𝑒𝑖𝜆)

]︁
𝑑𝜆+

1

2𝜋

𝜋∫︁
−𝜋

ℎ⃗⊤(𝑒𝑖𝜆)𝑓 𝜃(𝜆)⃗ℎ(𝑒𝑖𝜆)𝑑𝜆,

(8)
where 𝐴𝑠(𝑒𝑖𝜆) =

∑︀𝑠−1
𝑙=0

∑︀𝑀𝑇
𝑙 +𝑁𝑇

𝑙+1−1

𝑗=𝑀𝑇
𝑙

𝑎⃗𝑗𝑒
𝑖𝑗𝜆.

The spectral characteristic ℎ⃗(𝑓 𝜁 , 𝑓 𝜃) of the optimal linear estimate of 𝐴𝑠𝜁 mini-
mizes the mean square error

∆(𝑓 𝜁 , 𝑓 𝜃) = ∆(⃗ℎ(𝑓 𝜁 , 𝑓 𝜃); 𝑓 𝜁 , 𝑓 𝜃) = min
ℎ⃗∈𝐿𝑠

2(𝑓
𝜁+𝑓𝜃)

∆(⃗ℎ; 𝑓 𝜁 , 𝑓 𝜃) = min̂︂𝐴𝑠𝜁

E|𝐴𝑠𝜁−̂︂𝐴𝑠𝜁|2. (9)

Optimal estimate ̂︂𝐴𝑠𝜁 is a solution of optimization problem (9). With the help
of the Hilbert space projection method proposed by A. N. Kolmogorov, [7], we can
find a solution of the optimization problem (9). The optimal linear estimate ̂︂𝐴𝑠𝜁 is
a projection of the functional 𝐴𝑠𝜁 on the subspace 𝐻−[𝜁 + 𝜃] = 𝐻−[𝜁𝑘𝑗 + 𝜃𝑘𝑗, 𝑗 ∈
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Z∖̃︀𝑆, 𝑘 = 1, 2, . . . ] of the Hilbert space 𝐻 = {𝜉 : E𝜉 = 0, E|𝜉|2 <∞}. The projection
is characterized by the following conditions: 1)̂︂𝐴𝑠𝜁 ∈ 𝐻−[𝜁 + 𝜃], 2)𝐴𝑠𝜁 −̂︂𝐴𝑠𝜁 ⊥
𝐻−[𝜁 + 𝜃].

From condition 2) it follows that

1

2𝜋

∫︁ 𝜋

−𝜋

(︀
𝐴⊤
𝑠 (𝑒𝑖𝜆)𝑓 𝜁(𝜆)− ℎ⊤(𝑒𝑖𝜆)(𝑓 𝜁(𝜆) + 𝑓 𝜃(𝜆))

)︀
𝑒−𝑖𝑗𝜆𝑑𝜆 = 0, 𝑗 ∈ Z ∖ ̃︀𝑆. (10)

From (10) we can derive the formula for the spectral characteristic of the optimal
estimate

ℎ⃗⊤(𝑓 𝜁 , 𝑓 𝜃) =
(︀
𝐴⊤
𝑠 (𝑒𝑖𝜆)𝑓 𝜁(𝜆)− 𝐶⊤

𝑠 (𝑒𝑖𝜆)
)︀ [︀
𝑓 𝜁(𝜆) + 𝑓 𝜃(𝜆)

]︀−1
=

= 𝐴⊤
𝑠 (𝑒𝑖𝜆)−

(︀
𝐴⊤
𝑠 (𝑒𝑖𝜆)𝑓 𝜃(𝜆) + 𝐶⊤

𝑠 (𝑒𝑖𝜆)
)︀ [︀
𝑓 𝜁(𝜆) + 𝑓 𝜃(𝜆)

]︀−1
, (11)

where 𝐶𝑠(𝑒𝑖𝜆) =
∑︀𝑠−1

𝑙=0

∑︀𝑀𝑇
𝑙 +𝑁𝑇

𝑙+1−1

𝑘𝑙=𝑀
𝑇
𝑙

𝑐⃗𝑘𝑙𝑒
𝑖𝑘𝑙𝜆, column-vectors of unknown coefficients

𝑐⃗𝑘𝑙 = (𝑐𝑘𝑘𝑙 , 𝑘 ≥ 1) = (𝑐1𝑘𝑙 , 𝑐2𝑘𝑙 , . . . )
⊤ , 𝑙 = 0, . . . , 𝑠− 1, 𝑘𝑙 = 𝑀𝑇

𝑙 , . . . ,𝑀
𝑇
𝑙 +𝑁𝑇

𝑙+1− 1.
Condition 1) is satisfied when the system of equalities∫︁ 𝜋

−𝜋
ℎ⃗⊤(𝑓 𝜁 , 𝑓 𝜃)𝑒−𝑖𝑗𝜆𝑑𝜆 = 0, 𝑗 ∈ ̃︀𝑆, (12)

holds true.
Let us define operators D𝑠, B𝑠 that are determined by matrices

D𝑠 =

⎛⎜⎜⎝
𝐷00 𝐷01 . . . 𝐷0,𝑠−1

𝐷10 𝐷11 . . . 𝐷1,𝑠−1

. . . . . . . . . . . .
𝐷𝑠−1,0 𝐷𝑠−1,1 . . . 𝐷𝑠−1,𝑠−1

⎞⎟⎟⎠ , B𝑠 =

⎛⎜⎜⎝
𝐵00 𝐵01 . . . 𝐵0,𝑠−1

𝐵10 𝐵11 . . . 𝐵1,𝑠−1

. . . . . . . . . . . .
𝐵𝑠−1,0 𝐵𝑠−1,1 . . . 𝐵𝑠−1,𝑠−1

⎞⎟⎟⎠ ,

constructed from block-matrices

𝐷𝑚𝑛 = {𝐷𝑚𝑛(𝑘, 𝑗)}𝑀
𝑇
𝑚+𝑁𝑇

𝑚+1−1

𝑘=𝑀𝑇
𝑚

𝑀𝑇
𝑛 +𝑁𝑇

𝑛+1−1

𝑗=𝑀𝑇
𝑛

, 𝐵𝑚𝑛 = {𝐵𝑚𝑛(𝑘, 𝑗)}𝑀
𝑇
𝑚+𝑁𝑇

𝑚+1−1

𝑘=𝑀𝑇
𝑚

𝑀𝑇
𝑛 +𝑁𝑇

𝑛+1−1

𝑗=𝑀𝑇
𝑛

,

𝑚, 𝑛 = 0, . . . , 𝑠− 1,

with elements

𝐷𝑚𝑛(𝑘, 𝑗) =
1

2𝜋

∫︁ 𝜋

−𝜋

[︀
𝑓 𝜁(𝜆)(𝑓 𝜁(𝜆) + 𝑓 𝜃(𝜆))−1

]︀⊤
𝑒𝑖(𝑗−𝑘)𝜆𝑑𝜆,

𝐵𝑚𝑛(𝑘, 𝑗) =
1

2𝜋

∫︁ 𝜋

−𝜋

[︀
(𝑓 𝜁(𝜆) + 𝑓 𝜃(𝜆))−1

]︀⊤
𝑒𝑖(𝑗−𝑘)𝜆𝑑𝜆,

𝑘 = 𝑀𝑇
𝑚, . . . ,𝑀

𝑇
𝑚 +𝑁𝑇

𝑚+1 − 1, 𝑗 = 𝑀𝑇
𝑛 , . . . ,𝑀

𝑇
𝑛 +𝑁𝑇

𝑛+1 − 1, 𝑚, 𝑛 = 0, . . . , 𝑠− 1.

With the help of the defined operators, relation (12) can be written in the form
of the equation

D𝑠𝑎⃗𝑠 = B𝑠𝑐⃗𝑠, (13)

where 𝑎⃗𝑠, 𝑐⃗𝑠 are column-vectors

𝑎⃗𝑠 =
(︁
𝑎⃗⊤0 , . . . , 𝑎⃗

⊤
𝑁𝑇

1 −1, 𝑎⃗
⊤
𝑀𝑇

1
. . . , 𝑎⃗⊤𝑀𝑇

1 +𝑁𝑇
2 −1, . . . , 𝑎⃗

⊤
𝑀𝑇

𝑠−1
, . . . , 𝑎⃗⊤𝑀𝑇

𝑠−1+𝑁
𝑇
𝑠 −1

)︁⊤
,
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𝑐⃗𝑠 =
(︁
𝑐⃗⊤0 , . . . , 𝑐⃗

⊤
𝑁𝑇

1 −1, 𝑐⃗
⊤
𝑀𝑇

1
. . . , 𝑐⃗⊤𝑀𝑇

1 +𝑁𝑇
2 −1, . . . , 𝑐⃗

⊤
𝑀𝑇

𝑠−1
, . . . , 𝑐⃗⊤𝑀𝑇

𝑠−1+𝑁
𝑇
𝑠 −1

)︁⊤
.

If the inverse matrix for the block-matrix B𝑠 exists, the unknown components 𝑐⃗𝑘𝑙 , 𝑙 =
0, . . . , 𝑠 − 1, 𝑘𝑙 = 𝑀𝑇

𝑙 , . . . ,𝑀
𝑇
𝑙 + 𝑁𝑇

𝑙+1 − 1, of vector 𝑐⃗𝑠 are determined from the
equation (13).

The mean-square error of the optimal estimate ̂︂𝐴𝑠𝜁 is calculated by the formula
(8) and is of the form

∆(𝑓 𝜁 , 𝑓 𝜃) = ⟨⃗𝑎𝑠,R𝑠𝑎⃗𝑠⟩+ ⟨𝑐⃗𝑠,B𝑠𝑐⃗𝑠⟩, (14)

where ⟨𝑎, 𝑏⟩ denotes the scalar product, R𝑠 is the linear operator determined by
matrix R𝑠 = {𝑅𝑚𝑛}𝑠−1

𝑚.𝑛=0 composed with block-matrices

𝑅𝑚𝑛 = {𝑅𝑚𝑛(𝑘, 𝑗)}𝑀
𝑇
𝑚+𝑁𝑇

𝑚+1−1

𝑘=𝑀𝑇
𝑚

𝑀𝑇
𝑛 +𝑁𝑇

𝑛+1−1

𝑗=𝑀𝑇
𝑛

, 𝑚, 𝑛 = 0, . . . , 𝑠− 1,

with elements

𝑅𝑚𝑛(𝑘, 𝑗) =
1

2𝜋

∫︁ 𝜋

−𝜋

[︀
𝑓 𝜁(𝜆)(𝑓 𝜁(𝜆) + 𝑓 𝜃(𝜆))−1𝑓 𝜃(𝜆)

]︀⊤
𝑒𝑖(𝑗−𝑘)𝜆𝑑𝜆,

𝑘 = 𝑀𝑇
𝑚, . . . ,𝑀

𝑇
𝑚 +𝑁𝑇

𝑚+1 − 1, 𝑗 = 𝑀𝑇
𝑛 + 1, . . . ,𝑀𝑇

𝑛 +𝑁𝑇
𝑛+1 − 1.

The following statement holds true.

Theorem 1. Let {𝜁(𝑡), 𝑡 ∈ R} and {𝜃(𝑡), 𝑡 ∈ R} be mutually uncorrelated PC
processes such that stationary sequences {𝜁𝑗, 𝑗 ∈ Z} and {𝜃𝑗, 𝑗 ∈ Z}, which are
built by relations (1), (2), respectively, have spectral density matrices 𝑓 𝜁(𝜆) and
𝑓 𝜃(𝜆). Assume that the matrices 𝑓 𝜁(𝜆) and 𝑓 𝜃(𝜆) satisfy the minimality condition
(6). Let coefficients {𝑎⃗𝑗, 𝑗 = 0, 1, . . . } that determine the functional 𝐴𝑠𝜁 satisfy
conditions (5). Then the spectral characteristic ℎ⃗(𝑓 𝜁 , 𝑓 𝜃) and the mean square error
∆(𝑓 𝜁 , 𝑓 𝜃) of the optimal estimate of the functional 𝐴𝑠𝜁 from observations of the
process 𝜁(𝑡) + 𝜃(𝑡) at points 𝑡 ∈ R ∖𝑆 are given by (11), (14). The optimal estimatê︂𝐴𝑠𝜁 of the functional 𝐴𝑠𝜁 is calculated by the formula (7).

In the case of observations without noise we have the following corollary.

Corollary 1. Let {𝜁(𝑡), 𝑡 ∈ R} be a PC process such that stationary sequence
{𝜁𝑗, 𝑗 ∈ Z}, which is built by relations (1), has spectral density matrix 𝑓 𝜁(𝜆). Assume
that the matrix 𝑓 𝜁(𝜆) satisfies the minimality condition∫︁ 𝜋

−𝜋
𝑇𝑟
[︀
(𝑓 𝜁(𝜆))−1

]︀
𝑑𝜆 < +∞. (15)

Let coefficients {𝑎⃗𝑗, 𝑗 = 0, 1, . . . } that determine the functional 𝐴𝑠𝜁 satisfy conditions
(5). The spectral characteristic ℎ⃗(𝑓 𝜁) and the mean square error ∆(𝑓 𝜁) of the optimal
linear estimate of the functional 𝐴𝑠𝜁 based on observations of the process 𝜁(𝑡) at
points 𝑡 ∈ R ∖ 𝑆, are calculated by formulas

ℎ⃗⊤(𝑓 𝜁) = 𝐴⊤
𝑠 (𝑒𝑖𝜆)− 𝐶⊤

𝑠 (𝑒𝑖𝜆)
[︀
𝑓 𝜁(𝜆)

]︀−1
, (16)

∆(𝑓 𝜁) = ⟨𝑐⃗𝑠, 𝑎⃗𝑠⟩, (17)
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where 𝑎⃗𝑠, 𝑐⃗𝑠 are column-vectors, components of vector 𝑐⃗𝑠 are determined from the
equation B𝑠𝑐⃗𝑠 = 𝑎⃗𝑠, if the inverse matrix for B𝑠 exists. Operator B𝑠 is constructed
from block-matrices 𝐵𝑚𝑛 = {𝐵𝑚𝑛(𝑘, 𝑗)}𝑀

𝑇
𝑚+𝑁𝑇

𝑚+1−1

𝑘=𝑀𝑇
𝑚

𝑀𝑇
𝑛 +𝑁𝑇

𝑛+1−1

𝑗=𝑀𝑇
𝑛

, 𝑚, 𝑛 = 0, . . . , 𝑠 − 1,

with elements which are the Fourier coefficients of the matrix function
[︀
(𝑓 𝜁(𝜆))−1

]︀⊤:

𝐵𝑚𝑛(𝑘, 𝑗) =
1

2𝜋

∫︁ 𝜋

−𝜋

[︀
(𝑓 𝜁(𝜆))−1

]︀⊤
𝑒𝑖(𝑗−𝑘)𝜆𝑑𝜆,

𝑘 = 𝑀𝑇
𝑚, . . . ,𝑀

𝑇
𝑚 +𝑁𝑇

𝑚+1 − 1, 𝑗 = 𝑀𝑇
𝑛 , . . . ,𝑀

𝑇
𝑛 +𝑁𝑇

𝑛+1 − 1, 𝑚, 𝑛 = 0, . . . , 𝑠− 1.

Minimax (robust) method of linear interpolation.
Let 𝑓(𝜆) and 𝑔(𝜆) be the spectral density matrices of generated stationary se-

quences 𝜁𝑗 and 𝜃𝑗, which are built by relations (1), (2), respectively.
Formulas (11), (14) and (16), (17) may be applied for finding the spectral char-

acteristic and the mean square error of the optimal linear estimate of the functional
𝐴𝑠𝜁 only under the condition that the spectral density matrices 𝑓(𝜆) and 𝑔(𝜆) are
exactly known. But when the density matrices are not known exactly while a set
𝐷 = 𝐷𝑓 × 𝐷𝑔 of admissible spectral densities is given, the minimax (robust) ap-
proach to estimation of functionals from unknown values of stationary sequences is
used. In this case we find the estimate which minimizes the mean square error for
all spectral densities from the given set simultaneously.

Definition 2. For a given class of pairs of spectral densities 𝐷 = 𝐷𝑓 ×𝐷𝑔 the
spectral density matrices 𝑓 0(𝜆) ∈ 𝐷𝑓 , 𝑔0(𝜆) ∈ 𝐷𝑔 are called the least favorable in 𝐷
for the optimal linear estimation of the functional 𝐴𝑠𝜁 if

∆(𝑓 0, 𝑔0) = ∆(⃗ℎ(𝑓 0, 𝑔0); 𝑓 0, 𝑔0) = max
(𝑓,𝑔)∈𝐷

∆(⃗ℎ(𝑓, 𝑔); 𝑓, 𝑔).

Definition 3. For a given class of pairs of spectral densities 𝐷 = 𝐷𝑓 ×𝐷𝑔 the
spectral characteristic ℎ⃗0(𝜆) of the optimal linear estimate of the functional 𝐴𝑠𝜁 is
called minimax (robust) if

ℎ⃗0(𝜆) ∈ 𝐻𝐷 =
⋂︁

(𝑓,𝑔)∈𝐷

𝐿𝑠2(𝑓 + 𝑔),

min
ℎ⃗∈𝐻𝐷

max
(𝑓,𝑔)∈𝐷

∆(⃗ℎ; 𝑓, 𝑔) = max
(𝑓,𝑔)∈𝐷

∆(⃗ℎ0; 𝑓, 𝑔).

Taking into consideration these definitions and the obtained relations we can
verify that the following lemmas hold true.

Lemma 1. The spectral density matrices 𝑓 0(𝜆) ∈ 𝐷𝑓 , 𝑔0(𝜆) ∈ 𝐷𝑔, that satisfy
condition (6), are the least favorable in D for the optimal linear estimation of 𝐴𝑠𝜁,
if the Fourier coefficients of the matrix functions (𝑓 0(𝜆) +𝑔0(𝜆))−1, 𝑓 0(𝜆)(𝑓 0(𝜆) +
𝑔0(𝜆))−1, 𝑓 0(𝜆)(𝑓 0(𝜆) + 𝑔0(𝜆))−1𝑔0(𝜆) define matrices B𝑠

0,D𝑠
0,R𝑠

0, that deter-
mine a solution of the constrained optimization problem

max
(𝑓,𝑔)∈𝐷

(⟨⃗𝑎𝑠,R𝑠𝑎⃗𝑠⟩+ ⟨(B𝑠)
−1D𝑠𝑎⃗𝑠,D𝑠𝑎⃗𝑠⟩) = ⟨⃗𝑎𝑠,R𝑠

0𝑎⃗𝑠⟩+ ⟨(B𝑠
0)−1D𝑠

0𝑎⃗𝑠,D𝑠
0𝑎⃗𝑠⟩.

The minimax spectral characteristic ℎ⃗0 = ℎ⃗(𝑓 0, 𝑔0) is given by (11), if ℎ⃗(𝑓 0, 𝑔0) ∈
𝐻𝐷.
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Lemma 2. The spectral density matrix 𝑓 0(𝜆) ∈ 𝐷𝑓 , that satisfies condition
(15), is the least favorable in 𝐷𝑓 for the optimal linear estimation of 𝐴𝑠𝜁 based on
observations of the process 𝜁(𝑡) at points 𝑡 ∈ R ∖ 𝑆, if the Fourier coefficients of the
matrix function (𝑓 0(𝜆))−1 define the matrix B𝑠

0, that determine a solution of the
constrained optimization problem

max
𝑓∈𝐷𝑓

⟨(B𝑠)
−1𝑎⃗𝑠, 𝑎⃗𝑠⟩ = ⟨(B𝑠

0)−1𝑎⃗𝑠, 𝑎⃗𝑠⟩.

The minimax spectral characteristic ℎ⃗0 = ℎ⃗(𝑓 0) is given by (16), if ℎ⃗(𝑓 0) ∈ 𝐻𝐷.

The least favorable spectral densities 𝑓 0(𝜆) ∈ 𝐷𝑓 , 𝑔0(𝜆) ∈ 𝐷𝑔 and the minimax
spectral characteristic ℎ⃗0 = ℎ⃗(𝑓 0, 𝑔0) form a saddle point of the function ∆(⃗ℎ; 𝑓, 𝑔)
on the set 𝐻𝐷 ×𝐷. The saddle point inequalities

∆(⃗ℎ0; 𝑓, 𝑔) ≤ ∆(⃗ℎ0; 𝑓 0, 𝑔0) ≤ ∆(⃗ℎ; 𝑓 0, 𝑔0), ∀ℎ⃗ ∈ 𝐻𝐷,∀𝑓 ∈ 𝐷𝑓 ,∀𝑔 ∈ 𝐷𝑔

hold when ℎ⃗0 = ℎ⃗(𝑓 0, 𝑔0), ℎ⃗(𝑓 0, 𝑔0) ∈ 𝐻𝐷 and (𝑓 0, 𝑔0) is a solution of the constrained
optimization problem

sup
(𝑓,𝑔)∈𝐷𝑓×𝐷𝑔

∆
(︁
ℎ⃗(𝑓 0, 𝑔0); 𝑓, 𝑔

)︁
= ∆

(︁
ℎ⃗(𝑓 0, 𝑔0); 𝑓 0, 𝑔0

)︁
. (18)

The linear functional ∆(⃗ℎ(𝑓 0, 𝑔0); 𝑓, 𝑔) is calculated by the formula

∆(⃗ℎ(𝑓 0, 𝑔0); 𝑓, 𝑔) =
1

2𝜋

∫︁ 𝜋

−𝜋

(︀
𝐴𝑠(𝑒

𝑖𝜆)𝑔0(𝜆) + 𝐶0
𝑠 (𝑒𝑖𝜆)

)︀⊤
(𝑓 0(𝜆) + 𝑔0(𝜆))−1𝑓(𝜆)×

(𝑓 0(𝜆) + 𝑔0(𝜆))−1(𝐴𝑠(𝑒𝑖𝜆)𝑔0(𝜆) + 𝐶0
𝑠 (𝑒𝑖𝜆))𝑑𝜆+

1

2𝜋

∫︁ 𝜋

−𝜋

(︀
𝐴𝑠(𝑒

𝑖𝜆)𝑓 0(𝜆)− 𝐶0
𝑠 (𝑒𝑖𝜆)

)︀⊤×
(𝑓 0(𝜆) + 𝑔0(𝜆))−1𝑔(𝜆)(𝑓 0(𝜆) + 𝑔0(𝜆))−1(𝐴𝑠(𝑒𝑖𝜆)𝑓 0(𝜆)− 𝐶0

𝑠 (𝑒𝑖𝜆))𝑑𝜆.

In the case of estimation of the functional based on observations without noise
we have the following statement.

Lemma 3. Let 𝑓 0(𝜆) satisfies the condition (15) and be a solution of the con-
strained optimization problem

∆(⃗ℎ(𝑓 0); 𝑓)→ 𝑠𝑢𝑝, 𝑓(𝜆) ∈ 𝐷𝑓 , (19)

∆(⃗ℎ(𝑓 0); 𝑓) =
1

2𝜋

∫︁ 𝜋

−𝜋

(︀
𝐶0
𝑠 (𝑒𝑖𝜆)

)︀⊤
(𝑓 0(𝜆))−1𝑓(𝜆)(𝑓 0(𝜆))−1(𝐶0

𝑠 (𝑒𝑖𝜆))𝑑𝜆.

Then 𝑓 0(𝜆) is the least favorable spectral density matrix for the optimal linear es-
timation of 𝐴𝑠𝜁 based on observations of the process 𝜁(𝑡) at points 𝑡 ∈ R ∖ 𝑆. The
minimax spectral characteristic ℎ⃗0 = ℎ⃗(𝑓 0) is given by (16), if ℎ⃗(𝑓 0) ∈ 𝐻𝐷.

The least favorable spectral densities in 𝐷−
0 .

Let {𝜁(𝑡), 𝑡 ∈ R} be a PC process such that stationary sequence {𝜁𝑗, 𝑗 ∈ Z},
which is built by relations (1), has spectral density matrix 𝑓 𝜁(𝜆). Assume that
the length of each interval of observations is a multiple of the period 𝑇 : 𝐾1 =
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𝑇 ·𝐾𝑇
1 , 𝐾2 = 𝑇 ·𝐾𝑇

2 , . . . , 𝐾𝑠−1 = 𝑇 ·𝐾𝑇
𝑠−1, and the length of each interval of missed

observations is a multiple of 𝑇 : 𝑁1 = 𝑇 ·𝑁𝑇
1 , 𝑁2 = 𝑇 ·𝑁𝑇

2 , . . . , 𝑁𝑠 = 𝑇 ·𝑁𝑇
𝑠 .

Consider the problem of minimax estimation of the functional 𝐴𝑠𝜁 from obser-
vations of the process 𝜁(𝑡) at points 𝑡 ∈ R ∖ 𝑆 without noise, under the condition
that the spectral density matrix 𝑓(𝜆) of generated stationary sequence 𝜁𝑗 belongs
to the set

𝐷−
0 =

{︂
𝑓(𝜆)| 1

2𝜋

∫︁ 𝜋

−𝜋
𝑓−1(𝜆)𝑑𝜆 = 𝑃

}︂
,

where 𝑃 = {𝑝𝜈𝜇}∞𝜈,𝜇=1 is a given positive definite matrix and 𝑑𝑒𝑡𝑃 ̸= 0.
With the help of Lemma 3 and the method of Lagrange multipliers we can

find that a solution 𝑓 0(𝜆) of the constrained optimization problem (19) satisfy the
following relation: [︀

(𝑓 0(𝜆))−1
]︀⊤
𝐶0
𝑠 (𝑒𝑖𝜆) =

[︀
(𝑓 0(𝜆))−1

]︀⊤
𝛼⃗, (20)

where 𝛼⃗ = {𝛼𝑘}∞𝑘=1 – a vector of Lagrange multipliers, 𝐶0
𝑠 (𝑒𝑖𝜆) =∑︀𝑠−1

𝑙=0

∑︀𝑀𝑇
𝑙 +𝑁𝑇

𝑙+1−1

𝑗=𝑀𝑇
𝑙

𝑐⃗𝑗
0𝑒𝑖𝑗𝜆, 𝑐⃗𝑠

0 = {(𝑐⃗𝑗0)⊤}𝑗∈̃︀𝑆 – column-vector of unknown coefficients

𝑐⃗𝑗
0, 𝑗 ∈ 𝑆, which are determined from relation B0

𝑠 𝑐⃗𝑠
0 = 𝑎⃗𝑠, the matrix B0

𝑠 is con-
structed from the Fourier coefficients of the matrix function [(𝑓 0(𝜆))−1]

⊤:

𝐵0
𝑠 (𝑘, 𝑗) = 𝑅⊤(𝑘 − 𝑗) =

1

2𝜋

∫︁ 𝜋

−𝜋

[︀
(𝑓 0(𝜆))−1

]︀⊤
𝑒𝑖(𝑗−𝑘)𝜆𝑑𝜆, 𝑘, 𝑗 ∈ 𝑆,

The Fourier coefficients 𝑅(𝑘) = 𝑅*(−𝑘), 𝑘 ∈ 𝑆, found from the equation B0
𝑠𝛼⃗𝑠 =

𝑎⃗𝑠, for 𝛼⃗𝑠 = (𝛼⃗, 0⃗, . . . , 0⃗, . . . )⊤, satisfy relation (20) and B0
𝑠 𝑐⃗𝑠

0 = 𝑎⃗𝑠. From equations
above we obtain that

𝑅(𝑘) =

{︃
𝑃 (⃗𝑎0)

−1𝑎⃗⊤𝑘 , 𝑘 ∈ 𝑆,
0, 𝑘 ∈ {0, . . . ,𝑀𝑇

𝑠−1 +𝑁𝑇
𝑠 − 1}∖𝑆,

where [(⃗𝑎0)
−1]

⊤ · 𝑎⃗0 = 1. The equality 𝑅(0) = 𝑃 follows as a consequence of the
restriction on the spectral densities from the class 𝐷−

0 .
Let the vector-valued sequence 𝑎⃗𝑘, 𝑘 ∈ 𝑆, be such that the matrix function

(𝑓 0(𝜆))−1 =
∑︀𝑀𝑇

𝑠−1+𝑁
𝑇
𝑠 −1

𝑘=−(𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1)

𝑅(𝑘)𝑒𝑖𝑘𝜆 is positive definite and has nonzero deter-

minant. Then (𝑓 0(𝜆))−1 can be represented in the form, [20],

(𝑓 0(𝜆))−1 =

⎛⎝𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1∑︁

𝑘=0

𝑄(𝑘)𝑒−𝑖𝑘𝜆

⎞⎠ ·
⎛⎝𝑀𝑇

𝑠−1+𝑁
𝑇
𝑠 −1∑︁

𝑘=0

𝑄(𝑘)𝑒−𝑖𝑘𝜆

⎞⎠*

,

where 𝑄(𝑘) = 0 – zero matrix for 𝑘 ∈ {0, . . . ,𝑀𝑇
𝑠−1 + 𝑁𝑇

𝑠 − 1} ∖ 𝑆. Thus 𝑓 0(𝜆)
is the spectral density of the vector autoregression stochastic sequence of order
𝑀𝑇

𝑠−1 +𝑁𝑇
𝑠 − 1 generated by the equation

𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1∑︁

𝑘=0

𝑄(𝑘)𝜁𝑛−𝑘 = 𝜀⃗𝑛, (21)
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where 𝜀⃗𝑛 is a vector “white noise” sequence. The minimax spectral characteristic
ℎ⃗(𝑓 0) is given by

ℎ⃗(𝑓 0) = −
𝑀𝑇

𝑠−1+𝑁
𝑇
𝑠 −1∑︁

𝑘=1

𝑅(𝑘)(𝑃 𝑇 )−1𝑎⃗0𝑒
−𝑖𝑘𝜆. (22)

Hence the following theorem holds true.

Theorem 2. Let the sequence 𝑎⃗𝑗, 𝑗 ∈ ̃︀𝑆, which determine the linear functional
𝐴𝑠𝜁 from observations of the process 𝜁(𝑡) at points 𝑡 ∈ R ∖ 𝑆 without noise, be such
that the matrix function

∑︀𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1

𝑘=−(𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1)

𝑅(𝑘)𝑒𝑖𝑘𝜆, where

𝑅(𝑘) = 𝑅*(−𝑘) =

{︃
𝑃 (⃗𝑎0)

−1𝑎⃗⊤𝑘 , 𝑘 ∈ 𝑆,
0, 𝑘 ∈ {0, . . . ,𝑀𝑇

𝑠−1 +𝑁𝑇
𝑠 − 1}∖𝑆,

is positive definite and has nonzero determinant. Then the least favorable in the class
𝐷−

0 spectral density for the optimal linear estimate of 𝐴𝑠𝜁 is given by the formula

𝑓 0(𝜆) =

⎛⎜⎝ 𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1∑︁

𝑘=−(𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1)

𝑅(𝑘)𝑒𝑖𝑘𝜆

⎞⎟⎠
−1

. (23)

The minimax spectral characteristic ℎ⃗(𝑓 0) is given by (22).

The least favorable spectral densities in 𝐷−
𝑀 .

Let {𝜁(𝑡), 𝑡 ∈ R} be a PC process such that stationary sequence {𝜁𝑗, 𝑗 ∈ Z},
which is built by relations (1), has spectral density matrix 𝑓 𝜁(𝜆). Assume that
the length of each interval of observations is a multiple of the period 𝑇 : 𝐾1 =
𝑇 ·𝐾𝑇

1 , 𝐾2 = 𝑇 ·𝐾𝑇
2 , . . . , 𝐾𝑠−1 = 𝑇 ·𝐾𝑇

𝑠−1, and the length of each interval of missed
observations is a multiple of 𝑇 : 𝑁1 = 𝑇 ·𝑁𝑇

1 , 𝑁2 = 𝑇 ·𝑁𝑇
2 , . . . , 𝑁𝑠 = 𝑇 ·𝑁𝑇

𝑠 .
Consider the problem of minimax estimation of the functional 𝐴𝑠𝜁 from obser-

vations of the process 𝜁(𝑡) at points 𝑡 ∈ R ∖ 𝑆 without noise, under the condition
that the spectral density matrix 𝑓(𝜆) of generated stationary sequence 𝜁𝑗 belongs
to the set

𝐷−
0 =

{︂
𝑓(𝜆)| 1

2𝜋

∫︁ 𝜋

−𝜋
𝑓−1(𝜆) cos(𝑚𝜆)𝑑𝜆 = 𝑃 (𝑚), 𝑚 = 0, 1, ...,𝑀

}︂
,

where the sequence of matrices 𝑃 (𝑚) = {𝑃𝜈𝜇(𝑚)}∞𝜈,𝜇=1, 𝑃 (𝑚) = 𝑃 *(−𝑚), 𝑚 =

0, ...,𝑀, is such that the matrix function
∑︀𝑀

𝑚=−𝑀 𝑃 (𝑚)𝑒𝑖𝑚𝜆 is positive definite and
has the determinant that does not equal zero.

With the help of Lemma 3 and the method of Lagrange multipliers we can find
that solution 𝑓 0(𝜆) of the constrained optimization problem (19) satisfy the following
relation: [︀

(𝑓 0(𝜆))−1
]︀⊤
𝐶𝑠

0(𝑒𝑖𝜆)
(︀
𝐶𝑠

0(𝑒𝑖𝜆)
)︀* [︀

(𝑓 0(𝜆))−1
]︀⊤

=

=
[︀
(𝑓 0(𝜆))−1

]︀⊤(︃ 𝑀∑︁
𝑚=0

𝛼⃗𝑚𝑒
𝑖𝑚𝜆

)︃(︃
𝑀∑︁
𝑚=0

𝛼⃗𝑚𝑒
𝑖𝑚𝜆

)︃* [︀
(𝑓 0(𝜆))−1

]︀⊤
,

(24)
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where 𝛼⃗𝑚, 𝑚 = 0, 1, . . . ,𝑀 are Lagrange multipliers. Relation (24) holds true if

∑︁
𝑗∈𝑆

𝑐⃗𝑗
0𝑒𝑖𝑗𝜆 =

𝑀∑︁
𝑚=0

𝛼⃗𝑚𝑒
𝑖𝑚𝜆.

Consider two cases: 1) 𝑀 ≥𝑀𝑇
𝑠−1 +𝑁𝑇

𝑠 − 1 and 2) 𝑀 < 𝑀𝑇
𝑠−1 +𝑁𝑇

𝑠 − 1.
Let 1) 𝑀 ≥ 𝑀𝑇

𝑠−1 + 𝑁𝑇
𝑠 − 1. Then the Fourier coefficients of the function

(𝑓 0(𝜆)−1)
⊤ determine the matrix B0

𝑠 and 𝛼⃗𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠

= 𝛼⃗𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 +1 = ... = 𝛼⃗𝑀 = 0⃗.

Thus, extremum problem (19) is degenerate.
Let 𝛼⃗𝑀𝑇

𝑠−1+𝑁
𝑇
𝑠

= · · · = 𝛼⃗𝑀 = 0⃗ and 𝛼⃗𝑚 = 0, 𝑚 /∈ 𝑆, and 𝛼⃗0, . . . , 𝛼⃗𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1 find

from the equation B0
𝑠𝛼⃗

0
𝑠 = 𝑎⃗𝑠, where 𝛼⃗0

𝑠 =
(︁
𝛼⃗0, . . . , 𝛼⃗𝑀𝑇

𝑠−1+𝑁
𝑇
𝑠 −1

)︁⊤
. Then the least

favorable density satisfies the relation

𝑓 0(𝜆) =

(︃
𝑀∑︁

𝑚=−𝑀

𝑃 (𝑚)𝑒𝑖𝑚𝜆

)︃−1

=

(︃(︃
𝑀∑︁
𝑚=0

𝑄(𝑚)𝑒−𝑖𝑚𝜆

)︃(︃
𝑀∑︁
𝑚=0

𝑄(𝑚)𝑒−𝑖𝑚𝜆

)︃*)︃−1

(25)
This spectral density 𝑓 0(𝜆) is the density of the vector stochastic autoregression
sequence of the order 𝑀

𝑀∑︁
𝑚=0

𝑄(𝑚)𝜁𝑙−𝑚 = 𝜀⃗𝑙. (26)

Let 2) 𝑀 < 𝑀𝑇
𝑠−1 + 𝑁𝑇

𝑠 − 1. Then the matrix B𝑠 is defined by the Fourier
coefficients of the function (𝑓(𝜆)−1)

⊤. Among them 𝑃 (𝑚),𝑚 ∈ {0, . . . ,𝑀} ∩ 𝑆,
are known and 𝑃 (𝑚),𝑚 ∈ 𝑆 ∖ {0, . . . ,𝑀}, are unknown. The unknown coefficients
𝛼⃗𝑚, 𝑚 ∈ {0, . . . ,𝑀} ∩ 𝑆 and 𝑃 (𝑚),𝑚 ∈ 𝑆 ∖ {0, . . . ,𝑀} we find from the equation

B𝑠𝛼⃗
0
𝑀 = 𝑎⃗𝑠, (27)

where 𝛼0
𝑀 = (𝛼⃗0, . . . , 𝛼⃗𝑀 ′ , 0⃗, . . . , 0⃗)⊤, 𝑀 ′ is defined from the relation {0, . . . ,𝑀} ∩

𝑆 = {0, . . . ,𝑀 ′}.
The equation (27) can be represented as a system of the following equations∑︀
𝑚∈{0,...,𝑀}∩𝑆 𝐵𝑠(𝑗,𝑚)𝛼⃗𝑚 = 𝑎⃗𝑗, 𝑗 ∈ 𝑆. From the first 𝑀 ′ equations we can find

coefficients 𝛼⃗0, . . . , 𝛼⃗𝑀 ′ and from the next equations we can find matrices 𝑃 (𝑚),𝑚 ∈
𝑆 ∖ {0, . . . ,𝑀}.

If the sequence of matrices 𝑃 (𝑚),𝑚 ∈ 𝑆, is such that 𝑃 (𝑚) = 𝑃 *(𝑚),𝑚 ∈ 𝑆,
the matrix function

∑︀𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1

𝑚=−(𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1)

𝑃 (𝑚)𝑒𝑖𝑚𝜆 is positive-definite and has the

determinant which does not equal zero identically, then the least favorable spectral
density 𝑓 0(𝜆) is defined by the formula

𝑓 0(𝜆) =

⎛⎜⎝ 𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1∑︁

𝑚=−(𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1)

𝑃 (𝑚)𝑒𝑖𝑚𝜆

⎞⎟⎠
−1

(28)

and 𝑓 0(𝜆) =
(︁(︁∑︀𝑀𝑇

𝑠−1+𝑁
𝑇
𝑠 −1

𝑚=0 𝑄(𝑚)𝑒−𝑖𝑚𝜆
)︁(︁∑︀𝑀𝑇

𝑠−1+𝑁
𝑇
𝑠 −1

𝑚=0 𝑄(𝑚)𝑒−𝑖𝑚𝜆
)︁*)︁−1

. This spec-
tral density 𝑓 0(𝜆) is the density of the vector stochastic autoregression sequence of
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the order 𝑀𝑇
𝑠−1 +𝑁𝑇

𝑠 − 1

𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1∑︁

𝑚=0

𝑄(𝑚)𝜁𝑙−𝑚 = 𝜀⃗𝑙. (29)

Thus, the following theorem holds true.

Theorem 3. If 𝑀 ≥𝑀𝑇
𝑠−1 +𝑁𝑇

𝑠 − 1 then the least favorable spectral density in
the class 𝐷−

𝑀 for the optimal estimation of the functional 𝐴𝑠𝜁 is defined by (25). It
is spectral density of the vector stochastic autoregression sequence (26) of order 𝑀 ,
that is determined by matrices 𝑃 (𝑚),𝑚 ∈ {0, 1, . . . ,𝑀}.

If 𝑀 < 𝑀𝑇
𝑠−1 + 𝑁𝑇

𝑠 − 1 and solutions 𝑃 (𝑚),𝑚 ∈ 𝑆 ∩ {0, 1, . . . ,𝑀}, of the
equation B𝑠𝛼⃗

0
𝑀 = 𝑎⃗𝑠 with coefficients 𝑃 (𝑚),𝑚 ∈ 𝑆∖{0, 1, . . . ,𝑀}, form a positive-

definite matrix function
∑︀𝑀𝑇

𝑠−1+𝑁
𝑇
𝑠 −1

𝑚=−(𝑀𝑇
𝑠−1+𝑁

𝑇
𝑠 −1)

𝑃 (𝑚)𝑒𝑖𝑚𝜆, with the determinant which

does not equal zero identically, then the spectral density (28) of the vector stochastic
autoregression sequence (29) of order 𝑀𝑇

𝑠−1 + 𝑁𝑇
𝑠 − 1 is the least favorable in the

class 𝐷−
𝑀 . The minimax spectral characteristic ℎ(𝑓 0) is calculated by the formula

(16).

3. Conclusions and prospects for further research. We propose formulas
for calculating the mean square error and the spectral characteristic of the optimal
linear estimate of the functional 𝐴𝑠𝜁 =

∑︀𝑠−1
𝑙=0

∫︀𝑀𝑙+𝑁𝑙+1

𝑀𝑙
𝑎(𝑡)𝜁(𝑡)𝑑𝑡 which depends

on the unknown values of a periodically correlated stochastic process 𝜁(𝑡). The
estimation is based on observations of the process 𝜁(𝑡) + 𝜃(𝑡) at points 𝑡 ∈ R ∖ 𝑆,
𝑆 =

⋃︀𝑠−1
𝑙=0 [𝑀𝑙,𝑀𝑙 + 𝑁𝑙+1], 𝑀𝑙 =

∑︀𝑙
𝑘=0(𝑁𝑘 + 𝐾𝑘), 𝑁0 = 𝐾0 = 0. Process 𝜃(𝑡) is

uncorrelated with 𝜁(𝑡) periodically correlated process.
The problem is considered under conditions of spectral certainty and spectral

uncertainty. In the first case the spectral density matrices 𝑓 𝜁(𝜆) and 𝑓 𝜃(𝜆) of the
generated vector stationary sequences are known exactly. In this case we derived
formulas for calculating the spectral characteristic and the mean-square error of the
optimal estimate of the functional. In the second case the spectral density matrices
are not exactly known, but a class 𝐷 = 𝐷𝑓 × 𝐷𝑔 of admissible spectral densities
is specified. Formulas that determine the least favorable spectral densities and the
minimax spectral characteristic of the optimal estimate of the functional 𝐴𝑠𝜁 are
proposed. The problem is investigated in details for classes 𝐷−

0 , 𝐷−
𝑀 of admissible

spectral densities.
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