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LOCAL NEARRINGS AND ENDOCYCLIC GROUPS OF SMALL
ORDER

Nearrings are generalization of associative rings, in which the additive group can be
non-abelian, and addition is connected with multiplication at least one distributive law,
left or right. In this sense local nearrings are generalization of local rings.

The package SONATA of the computer algebra system GAP contains a library of all
non-isomorphic nearrings of order at most 15 and nearrings with a unity of order at most
31, among which 698 are local. However, the classification of nearrings of higher orders
requires much more complex calculations.

The classification of nearrings with identity (up to order 32) and local nearrings
(of orders 32 and 64) on endocyclic additive groups is given. Moreover, some informa-
tion concerning these nearring from the LocalNR and SONATA packages of GAP is presented.

Keywords: nearring with identity, local nearring, endocyclic group, additive group, Lo-
calNR package, GAP.

1. Introduction. We study algebraic structures called nearrings, which are
interesting examples of generalised rings (i.e. addition need not to be commutative,
and only one distributive law is assumed).

The classification of all nearrings up to certain orders is an open problem. The
SONATA package [1] of GAP [2]| contains a library of all non-isomorphic nearrings
of order at most 15 and nearrings with identity of order up to 31, among which
698 are local. We have implemented algorithms to compute all local nearrings of
further orders, in a new GAP package called LocalNR [3]. The current version of
this package contains all local nearrings of order at most 361, except some orders.

2. Nearrings with identity and endocyclic groups.

Definition 1. A set N with two binary operations + and - is called a (left)
nearring if the following statements hold:

1) (N,+) = NT* is a (not necessarily abelian) group with neutral element 0;
2) (N,-) is a semigroup;
3) x(y+z2) =xy+axz forall z,y,z € N.
The monographs by Pilz [4], Meldrum [5], Clay [6], C. Ferrero and G. Ferrero [7],
and Lockhart [8] are devoted to the general theory of nearrings.
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Let G be a group and End GG be the set of all its endomorphisms, which can be
considered as a semigroup with respect to the composition operation of endomor-
phisms. For each g € G we denote by ¢¥"4¢ the set {g%|a € End G} of all images
of the element g with respect to endomorphisms of End G.

Definition 2. A group G is called endocyclic if it contains an element g with
G = gEndG'

The SONATA package includes the AllLibraryNearRingsWithOne database
of nearrings with identity. In this library, nearrings are arranged according to their
additive groups G, for example, the command

N := AllLibraryNear RingsWithOne(G)

defines the lists of local nearrings N.

We use the function s EndoCyclicGroup from the LocalNR package for checking
whether G is an endocyclic group.

Let [n,i] be the i-th group of order n in the SmallGroups library in GAP. We
denote by C,, D, and @, the cyclic, dihedral and quaternion groups of order n,
respectively.

Let m(G) be the number of all non-isomorphic nearrings with identity R whose
additive group R™ is isomorphic to the group G.

The SONATA package includes the list of all non-isomorphic nearrings with
identity of order less than 32.

The following lemma are obtained using GAP, the LocalNR and SONATA pack-
ages.

Lemma 1. The following groups G of order less than 32 are endocyclic. More-
over, if G is an additive group of a nearring with identity R, then the following
holds.

IdGroup(G) | StructureDescription(G) | m(G)
[4,1] Cy 1
[4, 2] 02 X Cg )
5, 1] Cs 1
6, 2] Cs 1
[7,1] C; 1
8, 1] Cs 1
8,2] Cy x Cy 10
8, 3] Dy 7
[87 4] QS "
8, 5] Cy x Cy x Oy 35
9, 1] Cy 1
9,2] Cs % O 10
10,2 Cro 1
11,1 O 1
12,2 Cra 7
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IdGroup(G) | StructureDescription(G) | m(QG)
[12,4] Diy 1
[12, 5] Cg x Cf 9
13, 1] Cis 1
[14, 2] 014 1
15, 1] Cis 1
16, 1] Cio 1
[16, 2] 04 X 04 51
16,3 (04 X CQ) X Cg 152
16,4 Ca % C; 70
16, 5] Cs x Oy 37
[16, 6] Cs % Cs 33
16, 7] Drs i

[16, 10] Cy x Cy x Cy 470
16, 11] C, x Ds 708
16, 12 CQ X Qg 4
16, 14 Cy x Oy x Cy x Cy 2798
[17, 1] Cir 1
[].8, 2] Clg 1
[18, 3] 03 X Sg 8
18, 5] Cs % Cs 17
19, 1] Cho 1
20, 2] Coo 1
20, 4] Do 1
[20, 5] OlO X 02 9
21, 2] Con 1
22,2] Cos 1
23, 1] Cos 1
24, 2] Cos 1
[24, 5] Cy X Sg 1
[24, 6] D24 -
[24, 9] 012 X 02 14
[24, 10] Cy x Dy 7
24, 11] Cy x Qs -
24, 13] Cy x Ay 8
24, 14 OQ X 02 X 53 10
24, 15 06 X CQ X 02 136
25, 1] Cos 1
[25, 2] C5 X C5 16
26, 2] Co 1
27, 1] Cor 1
27.2] Co % Cs 20
27,3 (Cg X 03) X Cg 22
7.4 Co % Cs y
27,5] Cy % Cs x Cs 202

Continued on the next page
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IdGroup(G) | StructureDescription(G) | m(QG)
28,2] Cos 1
28, 3] Dos 1
[28, 4] 014 X 02 9
[29, 1] 029 1
30, 4] Co 1
31,1 Con 1

The following theorem follows from Lemma 1.

Theorem 1. Let G be a group of order less than 32. If G is an additive group
of nearring with identity R, then G is endocyclic.

3. Local nearrings and endocyclic groups. Main results about local
nearrings are given in surveys 9] and [10].

Definition 3. A nearring with identity is called local if the set of all its non-
wnvertible elements is a subgroup of its additive group.

The LocalNR package provides functionality for investigating nearrings with
identity and local nearrings. It also includes the AllLocalNearRings database of
local nearrings of small orders. In this library, local nearrings are arranged according
to their additive and multiplicative groups, for example, the command

N := AllLocalNear Rings(k,l,m,n)

defines the lists of local nearrings N. The arguments k, [, m, n are from IdGroup
of the additive group and the multiplicative group, respectively.

3.1. Local nearrings and endocyclic groups of order 32. Let n(G)
be the number of all non-isomorphic local nearrings R whose additive group R™ is
isomorphic to the group G.

There exist 51 non-isomorphic groups of order 32 = 2% from which 35 are endo-
cyclic groups and only 19 of these groups are the additive groups of local nearrings.
The list and the database of all local nearrings of order 32 can be found in [11], the
LocalNR package and [12].

Lemma 2. The following groups G of order 32 are endocyclic. Moreover, if G
1s an additive group of a local nearring R, then the following holds.

IdGroup(G) | StructureDescription(G) n(G)
32, 1] Cra 1
[32, 2] (04 X CQ) X C4 1597
32, 3] Cs x Cy 880
32, 4] Cs x Cy 798
32, 5] (Cs x Cy) x Cy 1945
32,6 ((04 X Cg) X 02) X Cg 433
32, 7 (Cg X CQ) X CQ 225
[32,8] 02((04 X 02) X 02) =

(CQ X CQ)(C4 X CQ) 208

Continued on the next page
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IdGroup(G) | StructureDescription(G) n(G)
[32,9] (Cg X Cg) D! CQ -
[32, 10] Qg x Cy -
[32,11] (Cy x Cy) x Cy -
(32, 12] Cy x Cy 2406
[32, 16] 016 X CQ 129
(32, 17] Che X Cy 129
(32, 18] Dss -
32,21 04 X 04 X CQ 155558
32,22 Cy x ((Cy x Cg) x Cy) 14937}
(32, 23] Cy x (Cy x Cy) 157905
(32, 24] (Cy x Cy) x Cy 262544
(32, 25] Cy X Dg -
(32, 26] Cy X Qg -
[32,27] (Cy x Cy x Cy x Cy) x Cy -
32,28 (04 X Cg X 02) X CQ -
32,34 (Cy x Cy) ¥ Cy -
(32, 35] Cy X Qg -
(32, 36] Cs x Oy x (Y 177175
(32, 37] Cy x (Cg x Cy) 527419
(32,39 Cy X Dyg -
[32 43] (02 X Dg) X Cg -
[32,45] Cy x Cy x Cy x Cy >60684533
[32 46] 02 X Cg X DS -
[ 47] CQ X 02 X Qg -
[ 49] (CQ X Dg) X CQ -
(32, 50] (Cy x Qg) ¥ Cy -
(32, 51] Co x Cy x Cy x Cy x Cy | >7007053

As a consequence of Lemma 2 we have the following result.

Theorem 2. Let G be a group of order 32. If G is an additive group of a local
nearring R, then G is endocyclic.

3.2. Local nearrings and endocyclic 2-generated groups of order 64.
There exist 267 non-isomorphic groups of order 64 = 2% from which 53 are 2-
generated groups and only 39 of these groups are endocyclic. Moreover, 24 of these
groups are the additive groups of local nearrings. The list and the database of all
local nearrings of order 64 can be found in [10], the LocalNR package and [13].

Lemma 3. The following 2-generated groups G of order 64 are endocyclic. More-
over, if G is an additive group of a local nearring R, then the following holds.

IdGroup(G) StructureDescription(G) n(G)
64, 2] Cy % Cs 1683
64, 3] Cy % Cs 1623
64, 4] (Cs x C) % C3) % Cs 167275

Continued on the next page
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IdGroup(G) StructureDescription(G) n(G)

[64, 5] (Cy % Cy) % Cy 118190
[64,6] (Cg X 04) X Cz -
(64, 7] Qs » Cy -
[64,8] ((08 X 02) X 02) X 02 -
(64, 9] (Cy x Qg) x Cy

(64, 10] (Cs x Cy) x Cy 74_24
64, 11] (Cy x Cq).((Cy x Cy) x Cy) =
= (Cy x Cq).(Cy x Cy) -

64, 12] (Cy x Cg) x Cy 5633
[64, 14] (Cg X 02)((04 X 02) X 02) =

= (Cy x Cq).(Cy x Cy) 5520
[64, 15] 08 X Cg 2384
64, 16 Cs x Cy 2384
64,17 (Cs x Cs) x Cy 433060
64 18] (Cg X OQ) X 04 -
64 19] C4.<C4 X C4) -
6 ] <C4 X 04) X C4 -

]

[

[

|

[64 21 (Cs x Cy) x Cy -
[64 23] (04 X 02 X Cg) A 04 111758
64, 24] (Cs % Cy) % Oy 109189
(64, 26] Cio x Oy 11767
[64 27] 016 X 04 11467
[6 ] 016 X C4 -
(64, 29] (Cho % Ca) x Cs 28185
(64, 30] (Cho X Ca) x Cs EE;
64 32 ((Cg X 02) X Cg) A OQ -
64,33 (04 X CQ X Cg) X 04 -
(64, 34] (Cy x Cy) x Cy) x Cy) x Cy | 16177
[64, 35] (C4 X C4) X C4 15504
[64,36] (CQ((C4 X Cg) X CQ) =

(CQ X 02)(04 X Cg)) X 02 15761
[64,37] 02(((04 X Cg) X Cg) X Cg) =
(04 X 02)(04 X 02) 15920

[64, 38] (016 X Cg) X CQ -
(64, 41] (C16 X Cy) x Cy -
(64, 44] Cy x Chg 28500
[64, 45] Og.Dg = 04'(08 X Cg) 1920
(64, 50] Ciz % Cy 257
64, 51] Ciz % Cy 257
64, 52] Dex i

The following result follows from Lemma 3.

Theorem 3. Let G be a 2-generated group of order 64. If G is an additive group
of a local nearring R, then G is endocyclic.
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PaeBcbka 1., PaeBcbka M. JlokaJyibHi MaiizKe-KiJIbIlsd Ta €HJIOMUKJ/IITHI TPy Ma-
JINX TIOPSIIKIB.

Maitzke-KinbIisg — 11€ y3araJibHEHHS aCOIIATUBHUX KiJIelb, B AKUX aIUTUBHA T'PYIIa MOXKE
OyTu HeabeJsIeBOIO, a JIOJIABAHHS OB’ sI3aHE 3 MHOXKEHHSIM X04a 0 OJHUM JUCTPUOYTHBHUM
3aKOHOM, JIIBUM a00 TpaBUM. ¥ IILOMY CEHCI JIOKAJbHI Maii?Ke-KUJIbId € y3arajbHEeHHsIM
JIOKAJIbHIX KiJTeIlb.

ITaker SONATA cucremu xomir'iorepHoi anrebpun GAP micturs 6i61i0oTeKy Beix Heizo-
MOP(QHUX MaiizKe-KiJIellb MOPsJIKy He Oijibine 15 Ta MaiizKe-Kijienb 3 OJUHUIEID ITOPSIKY
He 6utbie 31, cepen axux 698 € mokaapanmu. OpHak Kaacudikallis MaizKe-Kijelb BUAIAX
TIOPSIZKIB BUMAarae HabaraTo CKJIAIHIINX O0YUNCIEHD.

Hageneno wiacudikaniio malixe-xinenps 3 onuuunen (0 IOPSJAKY 32) Ta JIOKAIbHUX
Malixe-Kieis (HOpHJIKiB 32 Ta 64) Ha eHIOIUWKIiYHMX amguTuBHUX rpynax. Kpim Toro,
IIPEJICTABJIEHO JEeAKY iH(MOPMAIIIo MO0 MUX MaiiKe-Kiienb 3 GAP-makeTis LocallNR Ta
SONATA.

Kiro4uoBi cjioBa: MaiiKe-Kijiblle 3 OJUHHUIEIO, JIOKAJIbHE Maii?Ke-KiJiblle, €HIOMUKJIIIHA

rpyna, aguTuBHa rpyna, naker LocalNR, GAP.
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