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CTOAYI XBIMJII B AVMCKPETHNX PIBHAHHAX TUILY
KJIEMHA-TOPOIOHA 31 CTEIIEHEBUMUI HEJIHINMHOCTAMU

Jlana crarTs IPUCBAYCHA BUBYCHHIO JUCKPeTHHX pisHanb tumy Kieina-Topuona, axi
OMUCYIOTh JUHAMIKY HECKIHUYEHHOTO JIAHITIOTA JIHIWHO 3B’I3aHUX HEJTIHITHIUX OCIIHISTOPIB.
11i piBHSHHS TPEICTABIISAIOTH COOOI0 3YNCIEHHY CUCTEMY 3BUYANHUX MudepPeHIiaIbHUX PiB-
HAHBb. Taki cucTeMu € HeCKIHYeHHOBUMIPHUMH TaMiTbTOHOBHMU CHCTeMAaMHu. PO3rismaio-
Thest piBusinus Tuny Koeiina-Topiaona 3i cremeneBuMy HesiHIHOCTSME HEIAPHOIO CTELIe-
us. Ilpu migcraHoBIi aH3ama y BUIVISAL CTOSYIOl XBUJI OJIEPKYETHCS CHCTEMA, airedpaiaHux
PIBHSHB JJId aMILTITYIu CTOsT90l XBuJIi. Jlaji po3riasgaeThcs CucTeMa 3 OLIBIN 3arajJbHUM
omeparopoM L JIHIHHOT B3a€MOIil OCIUIATOPIB, AKU € OOMEKEHUM i CAMOCIPSIKEHUM Y
riap6epTOBOMY IPOCTOPI JilfiCHEX JBOXCTOPOHHIX HOCTiZoBHOCTE [2. PosriasaeTnea 3a7a-
4a 0po iCHyBaHHs NepioAMYHUX 1 JIOKAIi30BaHuX (30IraroThCs JI0 HyJIs HA HECKIHYEHHOCT)
PO3B’s3KiB jutst Takux cucreM. OCHOBHUMHU yMOBAMU iICHYBAHHS X PO3B’A3KiB € IPOCTOPO-
Ba TEPIOANIHICTH KOEDIIIEHTIB omepaTopa, JHIHHOT B3aEMO/IIT OCITUIATOPIB Ta HAJIEKHICTH
YaCTOTH CTOSTIOT XBUJII CIIEKTPAILHOMY MPOMIXKKY omepaTropa L. fKio mpaswmii KiHers cre-
KTPAJIbHOIO MPOMiYKKa CKIHYEHHUI, TO CHCTEMAa Ma€ HEeTPUBiaIbHI pO3B’sa3Ku. ¥ Iiif cTaTTi
MTOKA3aHO, IO MEePIOANTHi 1 JTOKATi30BaHi PO3B’SI3KH Ii€l CHCTEMH MOXKHA MOOYLyBATH K
KpuTudHi TOuKu Bignosiguux dyukiionanis Ji ta J. IcayBanns nepioguunux po3s’a3KiB
BCTAHOBJIEHO 34 JIOIIOMOIOIO TEOPEMH IIPO 3a9eIIEHHs. 3OKPEMa, IIOKA3aHO, 10 (PYHKIOHAI
Ji, 3a10BobHSIE Tak 3Bany ymoBy [laje-Cwmeiia Ta reoMeTpiro 3a49erieH s, a OTKe, MAE He-
TpuBianbHi KpuTwaHi TouKu. OcTanHi i € mepioAuIHUMY PO3B’sI3KAMU CUCTEMHU. Y BUIAIKY
JIOKAJTI30BAHUX PO3B’sI3KiB BUKOPHUCTATH TEOPEMY PO 3AYUEITICHHS HE MOYKHA, OCKLIHKH s
dyukiionany J #e Bukonyerbes ymona Ilame-Cwmeina. Tomy y 11boMy BUIIAJIKY BUKOPHCTA-
HO METOJ [I€PIO/INYHUX AIPOKCUMAIliil, T06T0 KpuTnudni Touku dbyHxuionany J Oyayorscs
3a IOTIOMOTOI0 TPAHUYHOTO TIEPEXOay Mpu k — 00 B KPUTUYHUX TOYKAX (DYHKILOHATY J.
B cuny BimomMumx BITaCTHBOCTEl AMCKPETHOrO omepaTropa Jlammaca omep:KaHO HACTIIOK, B
SKOMY BCTQHOBJIEHO YMOBU iCHYBAHHS JIOKAJIi30BAHUX PO3B’SA3KIB [JIsi BUXITHOI CHCTEMH.

Kurodosi cioBa: guckperni pismustas timy Koeitna-Topmona, crostai XBmim, cremenesi
HEJIIHITHOCTI, KPUTUYHI TOYKH, TEOPEMA MPO 3aYeTIeHH, TIEPIOTUIHI alTPOKCUMAITii.

1. Beryn. /luckperHi ramiJIbTOHOBI CUCTEMH TTUPOKO BUKOPHUCTOBYIOTHCA B HEJTi-
HilHI# (i3nIl 11T MOAETIOBAHHS CKJIAAHUX ONMTUYHUX 1 KBAHTOBUX ABUII. /10 Takmx
cucTeM, 30KpeMa, HaJlexkaTb cucteMu Tury Pepwmi-llacTtu-Ymama, TucKpeTH] piBHS-
HHA Tuny [llpeaiarepa, AucKpeTHI piBHAHHS TUITY Kefina—Loprona ta im. [TomiGui
CHCTEMHU € IIKABUMMU 3 OLJIsily Ha YHMCJIEHH] 3acTocyBanHs y dizuni (qus. [1-4]).
BaxymmBumu kjacaMu po3B’d3KiB TaKUX cucTeM € OiKydi 1 cros4i xBuJi. /lerajib-
Hi pe3y/JbTaTH Npo icHyBaHHd OixKyumx XBwib B cucremi @epwmi-IlacTtu-Viama mo-
KHa 3HaiiTu B Monorpadii O. [Tankosa [5]. YMoBHU icHYBaHHSI DI3HUX THINB 012Ky IHX
XBIJIb B IUCKPETHUX piBHgnnsax Tumy Kieiina-I'oprona noctimzxeno s npasx [6-10].
BoKpeMa, JIst 0JIepKAHHSI OCHOBHUX Pe3YJIbTaTiB B cTaTTsX [6-9] 6y10 BAKOpHCTAHO
MEeTOJ, KpUTHYHUX TOYOK, Toail siK B [10] — meromu reopii 6idypkaniit. Y crarti [3]

Hayk. Bicnuk Yxkropog. yu-ty. 2021. Tom 39, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



8 C. M. BAK

3a JIOMOMOTOI0 YUCEILHOrO aHAI3y JIOCIIZKeHO ICHYBaHHSA Ta HeiCHyBaHH OixKy-
qUX KiHKiB B AMCKpeTHNX piBAsSHHAX Ty Koieina-Topaona. B mpamsx [11-13] 3a
JIOTIOMOTOI0 BapiallifHMX TeXHIK BUBYAJIOCS NMHTAHHS ICHYBAaHHS CTOAYUX XBUJIb B
JUCcKpeTHHX piBHAHHAX THy [peminrepa. Ctosddi XBUI B JUCKPETHUX PIBHAHHSIX
tuity Keitna—T opsiona suuamcs s npangx [14] ta [15]. B mux crartsax gociiizKeno
MUTAHHS CTIKOCTI CTOSYNX XBUJIb B TAKUX DIBHAHHAX.

Y miit crarTi 3a JOMOMOrOI0 METOAY KPUTHYHUX TOYOK 1 METOIY MEePioJuTHIX
AIIPOKCUMAIIiil BCTAHOBJIEHO ICHYBAHHS CTOSYUX XBUJIb B JJUCKPETHUX PIBHSIHHAX TH-
ny Kiteiina[opmona 31 creneHeBUME HesTiHIHHOCTSIMHE.

2. [TocTanoBka 3a7a4i Ta OCHOBHI IPUMYIIEeHHd. Y Iiii CTATTI BUBYAIOTHCA
qnckperni pisasgHHs Ty Kieitra-Toprona,

Gn — (AQ)n + M*qn — f(gn) =0, n € Z, (1)

ae ¢, = qn(t) — y3arajpHeHA KOODJMHATA N-TO OCIHIATODA B MOMEHT dacy i,
(AQ)n = Gni1+ Gn-1 — 2q, — oqHOBUMIpHUI AuCKpeTHUI oneparop Jlamraca. PiBHs-
HHsI (1) mpecTaBIAoTh cODOK HECKIHUYEHHY CHCTeMY 3BHYalHUX IrbepeHIiaTbHIX
PIBHSHDB Ta ONUCYIOTH AUHAMIKY HECKIHYEHHOI'O JIAHIIOra JIHIHHO 3B’S3aHUX HEJIi-
HIHHIX OCITUJISITOPIB.

Bynemo posrasgaru cucremy (1) 3i creneneBuMu HeTIHITHOCTSME BHLJISILY

f(r) = dulr|*r, {d.} CR, p€N.
C'moAano10 T6user0 € PO3B’I30K BUTJISILY

qn(t) = u, exp(—iwt), (2)

Je u, € R HasuBaeThCs amnaimydorw crosuol xBuwil, a w € R — wacmomoro.
[TigcraBasoun crosay xpuo (2) B cucremy (1) i BpaxoByouu, 1o | exp(—iwt)| =1,
OJIEPIKUMO CHCTEMY

—Au, — (W? —mHu, = dp|un|*u,, n€Z. (3)

[oznagnmo wepes (Lu), = apUni1 + Gp_1Un—1 + byu, 1 posrisaeMo GLAbIT 3a-
raJbHy CHCTEMY
(L), — w?uy, = dy|u,|*u,, n € Z. (4)

3ayBazKHMO, IO OLIepaTop L € o6MexKeHHM i caMmocIpszkennM y mpoctopi [2. Moro
cuekrp o(L) mae rpynoBy crpykrypy, 10610 (L) € 00’€HaHHIM CKIHYEHHOTO YH-
cia Biapiskis (aus. [17]). Jonosuenua R \ o(L) cxaanaerses 31 CKiHU@HHOTO 9HCIA
iHTepBaJIiB, sIKi HA3UBAIOTHCS CNEKMPANLHUMY NPOMIICKAMU. [IBa 3 HUX HAITIBCKiH-
gerHi. fkmo N = 1, To cKiHYeHHI TPOMIXKKH He icHYIOTh. OJIHAK, y 3araJbHOMY
BUINIAJKY CKiHYeHHI IPOMIKKH iCHYIOTH 1 HafiGLIBII IiKaBHil BUNAI0K, KON w? Ha-
JIEZKUTH CKIHYEHHOMY ITPOMIZKKY.

Berou jasti npuirycKaeThed, 1Mo BUKOHYEThCS YMOBa N-TIepioiuIHOCTI
(1) icnye maxe N € N, wo xkoepiyienmu a,, b, i d, ¢ N-nepioduunumu, mobmo

UptN = Ap, bn+N = bn ZAdn—i—N = dn

Byiemo BUBYATH CTOsIYi XBHJI JABOX BU/IB: 3 kN-mepionvHO0 aMILiTy1010 (Tre-
PIOMYHI PO3B’A3KM) Ta AMILIITYION, sIKA HA HECKIHYeHHOCTI 30iraeThest 10 HYJIs
(TokastizoBami po3s’sa3Km), TOOTO

UpikN = Up, N E 7, (5)

Posnin 1: Maremarnka 1 craructuka
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ne k — dikcoBane HaTypaJjbHE YHUCJIO, T

lim u, =0 6
n—+oo " ( )
Bi/[1IOB1IHO.

3. Bapianiiine popmyroBanus 3aga4i. 3 cucremoro (4) mos’sa3yerbes dyH-
KI[IOHAJI

1 1
J(u) = 5(Lu — w?u,u) — 2910 Z dpuPt?, (7)
nez

BU3HaUeHUil Ha ribbeproBomy npocropi 2 = [%(Z) 3i ckangpuum 100y TKOM

(u,v) = Z Up U,

neL

1
2
[ull = (Z Iunlg) :
neL

Haragaemo, mo KOyKHEIT eJIeMEeHT TPOCTOPY [? aBTOMATHIHO 33 10BO/IbHsE YMOBY (6).
Irozi mMu Gyemo posrasiiaru npocropu [P (p > 1) 3 HOpMOIO

Ta HOPMOIO

1
p

el = [ Jual?

nel

Haragaemo, mo gepes [*° mo3HAIa€THCSI TPOCTIP BCIX 00MeKeHUX HOCTIiI0OBHOCTEH 3
HOPMOIO

[[uf[10e = sup [un|
nel

itmpn 1 <p<qg<oo
[ullie < Jlulle-
[Tosnaaumo [wepes [ CKIHUCHHOBAMIPHUI TPOCTIp Beix kN-TIepiomnaHnX MOCTi-
JIOBHOCTEI 31 CKaJISIDHUM 100y TKOM

(u,v) = Z Un U,

nEQk
Ta HOPMOIO
1
2
b= (X )
nEQk
nie
kN kN
Qr=sneZ: —|—|<n<kN—-|—| -1,
2 2
i [%} — 1IjIa YacTUHA %
Ha npoctopi [7 posrasaemo byHKIIOHAT
1 1
) = =iy =5 3 il (8)
neQk

ne Ly, — oneparop L, sikuii jiie B npocropi 3.
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10 C. M. BAK

Jlema 1. 3a spobaenux npunyuenv dynxuyionaru J ma J, narescams xaacy
Cl, a ixri noTioni 6UHANAIOMBEA HOPMYAGMU

(J'(u),h) = (Lu — w?u, h) — Z d,u**h,,

ne’

(Ji(u), h) = (Lyu — w’u, h)y — > dpu™ hy,
neQy
de u, h € 1> ma u,h € I? sidnosiono.
Kpim moeo, xpumuuni mouku yux @Gynkyionanie € poss’askamu cucmemu (4)
610n06id1o 3 npocmopis I ma [3.

Hosedenns. Posraanemo dynkimionan J. Jlerko GaunTu, mo J € Ct. 3naiigemo
fioro moxiny. Hexaii u, h € [* Ta |A\| < 1. Tonui

J(u+ Ah) = = (L(u+ Ah) — w’(u+ Ah),u+ Ah) —

N | —

1
2p+ 2

> " di (g + Ay )P = % ((Lu — w?u) + A(Lh — w?h), u + \h) —
neZ
1

2p+ 2

1 A
Z dp (U + Ay )?P T2 = §(Lu — w?u,u) + E(Lu — w?u, h)+

nez

A A2 1
Z(Lh — 2 Lh — 2 . 2p+2 _
+2( h wh,u)+—2( h —w*h, h) 2p+2ngezdn(un+)\hn)

1 A2
= §(Lu — w?u,u) + M Lu — wu, h) + 7(Lh —w?h, h)—

1
dp (U, + Ay, 22,
= % (un + )

2p
Ockinbku
2

1 A
J(u+ Ah) — J(u) = §(Lu — w?u,u) + M Lu — wu, h) + 5 (Lh — w?h, h)—

1 1 1
- dn . )\hn 2p+2 _ — Lu — 2 dn 2p+2 _
2p+QE (tun + Ahy) 2( u wu,u)+2p+2 g u!
nez nez
2 N 2
= MLu — w?u, h) + ?(Lh — w*h, h)—
1 (2p +2)(2p+1)
_ 2 2 2p+1 2p 2 2p+2
2p+2n§ez dn (( P+ 2)u, P Nhy, + o u (A )® + o+ (Ahy) ,
TO
J(u+Ah) —J(u) . A
' _ _ 2 Z — 2 _
(J'(u), h) = /I\IE(I) ) = }\12% (Lu —wu, h) + 2(Lh wh, h)
1 (2p+2)(2p+1)
———— d, (Cp+2u*tth, PA(hp)? + ..+ (AP, )22 =
g2 o B0 CEZZE NG o PP

Posnin 1: Maremarnka 1 craructuka



CTOSYI XBIJII B JNUCKPETHIX PIBHAHHAX TUITY KJIEMHA-TOPIOHA 11
= (Lu — w?u, h) — Z dpu?h,.

nez

Jlerxo Gauwntn, mo Kpuruani Toukn u € [? dyuxmionany J € po3s’a3KaMu cucTe-
v (4).

JoBenenns y Bunajky yHKIoHATY Ji anajaoridne. Jlemy moBeaeHo.

Taxkum unsoM, cucrema (4) € cucremoro piBusiub Eitiepa-Jlarpanzxka ajst byHK-
mionaJis gil J Ta Jy y Bianosigaux mpocropax. Ilg cucrema 3aBxKam Ma€ HYJIbOBHi
PO3B’SI30K, TOMY HaC IIKaBJAATH HETPUBIAJIbHI KPUTUIHI TOYKHU IUX (PYHKITIOHATIB.

4. Ilomepeani jgemu. 3i ceKTpajabHOI Teopil AudepeHIiaJIbHIX OlepaTopiB
(nus. [17]) maemo, mo o(Lg) C o(L) i, orke, ||Li|| < ||L].

Hexait E* — uigupocrip [2, yrsopenuii 1o1aTHOI0 YaCTHHOIO CIIEKTPa OlIePATO-
pa L — w? (nomarnuii crnexrpasibuuii nignpocrip oneparopa L — w? B [?), B~ —
nijinpoctip 12, yTBOpeHuil B €MHOI0 YaCTUHOIO clieKTpa (Bia eMHuil ciekTpabHuil
mignpocTip omeparopa L — w? B lz). AHaJIOriYHO BBeJIEMO JOJATHUHA Ta BlJ €MHU
CIIEKTPaJbHI TiampocTopu E,:“ C Ex1 E, C Ej, noa oneparopa Ly, —w?. Jlerko nepe-
BipUTH, MO BiAMOBiAHI MiANIpocTOPH TONAPHO OPTOTOHAIBHI, mpuyoMmy [2 = Bt G E~
ta l} = E;" & E, . Toni 6yap-saxy dbyuknio u € [? (u € [}) MoKHA MOJATH Y BUTIAI]
uw=ut+u", neut € ET (ut € EN), u” € E- (u~ € E;). lpuuomy u* = P*u
(u* = Pfu), ne P* i P¥ — Binnosiani opToronasbhi mpoekTopH.

[Tosnaunmo vepes § := min{|a — w?|,|b — w?|} — BigcTamp Big wW? 10 cHeKTpa
o(L), me (a,b) — nowinbumil dikcoBanuii crnekTpaabHUl TPOMIZKOK omeparopa L.
Tomi

+(Lu — w?u,u) > 0|jul®, u € EF, 9)

2 2 +
+(Lyu — wu,w)y > dllully, u € B (10)
Hacrynna jiema 1a€ yMOBH HEICHYBAHHS HETPUBIATbHAX KPHTHIHUX TOYUOK.

Jlema 2. Hezati d,, > 0 dasa sciz n € Z, w* € (a,b) ma b = +oo. Todi u = 0
eduna Kpumuyuna mouka dynrkyionanic J ma Jy, 6idnosiono y npocmopaz 1* ma [2.

Hoeedennsa. Hexait u € [ xpurnuna touka ¢pynxnionany J. Toxui

0= (J'(u),u) = (Lu — wu,u) — ZdnuipJr2 < (Lu — w?u, u).

nez
Ockinbku b = 400, o ET = {0} 1 3rigno (9)
0 < (Lu — wu,u) < —6||ul|*.

A 1e oznauae, mo u = 0.
HoBenenns y Bunajky dyHKIioHATY Ji anaaoridne. Jlemy moBeaeHo.
JaJzi 3na,/100UTHCs TaKa JemMa.

Jlema 3. /lra 6ydo-akux HemMpusiGAbHUT KPUMUNHUL Mouok GyHryionanis J
ma Jr npasusbti 610N0610H0 HEPIGHOCM

2p+2

[l 25t < T (u),

2p+2

ull ™ <y Ji(w),

de 7y = ((45_11)%(2910)_1, | =sup{d,} i lp = inf{d,}.
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12 C. M. BAK

JToeedenns. Hexait u € [? kpuruuna Touka dynkuionany J, a b = J(u) Biano-
BiJlHEe KpUTHIHE 3HAUYeHHsI. 1ol

1 1 1
b=J E— = | - = dn 2p+2 > S 2p+2

3BLAKHT
|| ||2p+2 (2p+ 2)b
S ply

Ockinbkn u € [2 moxna mogaTu y surasaai v = ut +u~, neut € EYiu~ € B,
TO
0= (J'(u),u") = (Lu — w?u,u* Zd wP iyt
nez
= (Lut —w*u™,uh) — Zdnuipﬂu:.
nez

Toxi, Bukopucrosytouu (9) i nepisuicts Kommi-Byusikoseskoro-I1Iapiia, maemo

Sllu™])? < (Lu™ — w?ut ut) = Z:alnufj”lu;r <

ne”z
3 3
2 1 2 1
= (ZUipH) (Z(U:{)2> = {ul Bt < Ul .
nez nez
3Bijgcu
(2p+2)b B2
| < 67 2 | < 57 (—) ) =
plo
— 2951 61 (plo) B2 b ||ut ).
Anmajoriuao

p+1  2p+

lu™|[2 < 275 6N (plo)~ 22z |u|.

I ocraTo4no, OCKINbKHU
lull® = fla* [ + u™|®

_ 1
[l + lu™ | < 22w,

TO
1 1
el = (12 + Jlum 2)% < (2557 6~ Uplo) ™ 552055 (Ju | + lu7])) " <
< 257313 (plo) " Wb |Jul|?,
3BIIKHT

2p+1  2p+1

l[ul| < 46~ (ply) 22 b2z,

mo # nae HeobxiaHe.
Hosenenns y sunaaky (pyukiionaay .J, anajoridne. Jlemy moBejeHo.

Posnin 1: Maremarnka 1 craructuka
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Jlema 4. Jlra 6ydo-akux HempusiGAbHUT KPUMUNHUL Mmouok GyHKryionanis J
ma J npasusvhi 810N0610H0 HEPIGHOC

HuH2 2 €0, J('LL) 2 g,

|ullf > eo, Ji(u) > e,

_1 11 _BptD(p+l) ptl  pti
decog =2 20rl v, e =2 @+ §p [ » plo.

Jlosedenns. Hexait u = ut+u~ € F (ut € E*) xpurnuna Touka dpyHkiionasty
J, a b= J(u) BignosinHe KpuruyHe 3HadeHHs. Toi, sK 1 B JOBeIeHH] MONEPeTHBOT
JIEMH, MAaEMO
+1|2 2p+1, + 2p+1, +
Sju™]” < E dyuPut < E wP

nez nez

3acTOCOBYIOUHN JI0 MPaBOl YACTHHU OCTAHHBOI HEpiBHOCTI HepiBHICTH [enbaepas:

1 1
|x,y|§|x|l |y|la_+_:17
(@, 9)| < [|z]lw |yl » g

npu p = Z—ﬁ 1q=2p+ 2, onepKyemo

2p+1

2p+2
Sl 12 < U e ez =1 (Z |u|) a2 =
P

neL

= Uullzlu e < Jull* [lu]].

AmnaJsioriano
Sllu~[|* < Ul lut e < JlullPH lut]).

I ocrarouno, ockinbkn |[ul|2 = |Jut||2 4 u~||2 i |lut| + Ju~|| < 22]|ul|, To
_ _ 1
Ollull® = & (1" + u™[1%) < elulP*H(lu® + fla 1) < 22 ful**2,
3BLIKH
lull* > 278017,
JList ONIHKKM KPUTHUYHOTO 3HAYEHHS BUKOPUCTAEMO OCTAHHIO HEPIBHICTH i BEPXHIO
OIIHKY 3 MOTEPEeTHBOI JeMU

2p+1  2p+l

ul| < 46~ 11(ply) "2 b2,

Takum guHOM, MAEMO

2p+2 2p+2

b> (4*151*1(]950)3?1%;@”)%“ > (4715171@10)32%2—%5%1—%)W _

2p+2
_ 8p+1 2p41  2p+1 2p+1\ 5,071 _@p+(p+1) p4+1  _ p+l
— (2 4p 6 2p l 2p (plo) 2p+2> e = 2 2p(2p+1) 5 P l P plo
Hosejienns y Bunajaky gpyakiionasy .Jp anajoridne. Jlemy mgoBejieHo.
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14 C. M. BAK

5. Teopema npo 3adenyieHHsda. Jlaji HaMm 3HAI00UTHCS O/HA 13 MOMYJASIPHUX
MIHIMAKCHUX TEOPeM — TeopeMa Mpo 3adenIeHHs.

Hexait na rinbbeproBomy mpoctropi H 3aganuit dpyuxiionan I : H — R kiacy
Cl.

[ocaigosuicrs {u,} T0490K rinbbGeproBoro mpocropy H HAa3uBAETHCS N0CAI006-
wicmio Iane-Cmeting dyuxiionany I ua neskomy piBai b, sakmo [(u,) — b ta
I'(u,) — 0 mpu n — oo.

Kaxkyts, mo I 3amoBoabasie ymosy Ilare—Cmetiiag, IKIMO BAKOHYETHCSA TaKa, YMO-

Ba:
(PS) 6ydv-ara nocaidosnicmo Ianre-Cmeting {u,} C H micmumo 36iscny nidno-

CAL008HICMD.
Hexait H =Y @ Z. | uexaii takox p > r > 01z € Z rakuii enemenr, o ||z|| = r.

Iloznauumo
M:={u=y+Az:yeY|ull <p,A>0}

My:={u=y+Xz:yeY,|ul|=piA >0, abo ||u]| < p,\ =0},
TobTO0 My — Mexka M. Hexait
N:={ueZ:|ul|=r}
Posrasmemo Cl-dynkmionan [ wa H i npumycTumo, 1Mo

B = inf I(u) > o := sup I(u).
ueN u€Mo
B takomy BUTIaJIKy KaxKyTb, M0 (YHKIOHAT [ 3aJ0BOJILHIE 2€0MeEMpPi0 3a4en-
AEHHA.

Cdopmymnoemo Terep Teopemy mpo 3aderients (aus. [5,16,18]).

Teopema mpo 3ademnenHs. Hexat na 2iavbepmosomy npocmopi H sadanudi
dynxuyionan I : H — R xaacy CY, axud sadosoavrae ymosy Ilare—Cmeting ma
eeomempito aauenasenns. Todi ichye kpumuuna mouka u€ H dynrxuyionary I maxa,
WO KPUINUYHE SHAYEHH

I(u) = b:= inf max I(y(u)) > B,

vell uveM
del:={ye C(M,H) : v|nm, = id}. IIpu yvomy
I(u) < sup I(u).

ueM
6. IcuyBanHg mepioanvHUX pO3B’4A3KiB. 3a J0IOMOIOI0 TEOPEMH IIPO 3aUe-
IJICHHST BCTAHOBUMO iCHYBaHHs HeTpubiaibHux kN-1epiogudanx po3B’sa3KiB cucTe-
mu (4). st boro, 3rimHo jgeMu 1, 10CTaATHBO BCTAHOBHTH iCHYBAHHST HOTPHUBIAIbHUX
KPUTHIHUX TOYOK (DYHKIIOHATY J.
OCHOBHEM Pe3yJIbTaTOM IbOT'0 Iaparpady € Teopema;:

Teopema 1. Hezati cuxonyemues ymosa (i), d, > 0 das sciz n € Z, w? € (a,b)
ma b # +oo. Todi dan bydv-axozo k > 1 cucmema (4) mae nempusianvrut kN -
nepioduunutl pose’asok u € I2. Biavwe mozo, icuyrome maki dodammui cmani g, Co,
e 1 C, ari He 3arencamsv 610 k, w0

eo < lull < Co,
e < Ji(u) < C.

Posnin 1: Maremarnka 1 craructuka
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[TepeBipuMO BUKOHAHHS YMOB TEOPEMH IIPO 3a4EIICHHA i (PYHKIOHATY J).
[Tounemo 3 ymosu IMase-Cwmeita.

Jlema 5. 3a ymos meopemu 1 pynxuyionan Jy, 3adososvrae ymosy llanre-Cmetina.

Josedennsn. Ockinbku [? € CKIHIEHHOBUMIDHUM MTPOCTOPOM, TO I JOBEICHHS
JIEMH JIOCTATHBO MOKa3aTH, IO Oyab-sKa mocainoBHicTh [lame—Cwmeitia B mpocTopi
I2 € 0bMexKeHOI0.

Cupasai, nexait {u)} nocmxigosnicrs IMane-Cwmeitna dyukiionany J; Ha JesKo-
My piBHi b, To6T0 Ji(u?) — b i J(u)) — 0 mpu j — 0o. BayBazKuMO, IO 3aMi-
auBmn L Ha L+ w? Ta w? HA w? + Wi 3 JeAKHuM wj MOKHA BBazkartu, mo ||L|| > 1,
TOOTO

(L) > ull,

AJId JOCTaTHDBO BEJINKHX ] Ma€MO

ne u € 12 taw? > 0. Toxi, BuGpaum 3 € <2p+2, 2)

b1+ B > Ju(w) = B (), 0) =

- (% _ 5) (Lut — w2 u)) + ( > S d (w22 —

nEQk

1 N 1 ,
= (5 — 5) (Lu(])’u(J))k _ (5 _ 5) W2HUO)HIZ+

(5_2 +2>Zd Pz

neQ

1 4 1 .
> (= — D2 (== 211,,(4) (|2 _ 2p+2
_(2 ﬁ) 2 (2 B)w\lu uk+(5 . +2>z0uu 2

Ocxinbku 12 < K () + er??™2 ne K(g) — oo npu € — 0, ta w? > 0, o

bt1 4 Bl > (% = 8) I~ (5 - ) Ko~

1 2 2 1 i) 112p+2

Bubupatoun gocratapo majie € > 0, 0/1epKyeEMO

b+1+ﬁllu(j)llk2(__5> [uD|2 + C|[ut|?*+? - C,

3 peakumu pogarHuMu craauvu C' i Cy. OctanHg HEpiBHICTD 1 TOBOAUTH OOMerKe-
HICTH MOCJILTOBHOCTL {u(j)}. Jlemy moBeseno.

oknagemo Y = E,” ta Z = E,j Haranaemo, mo ¢gynkmionan J, Mae HeTpuBi-
aJIbHI KPUTUYHI TOYKH Y BUMAJKY, Ko b # 400, a otxke, Z # {0}.

Beegemo rtemep Tak 3BaHuii onepamop obpisku (mus. [12]). Iokmamemo s

Uy, € 12
Rku _ Up, N E le
" 07 n g Qk:
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16 C. M. BAK

I mexaii {Syu,} enumna mocminoBmicTb 3 [2 Taka, MO Spu, = U, aKkmo n € Q
(oneparop nepioamzanii). Toxi [Jullp = || Ryullw. Ouesnano, mo

[Brullw < flullw, [[Skully < flullw

qig Beix u € [P. Binbire toro, g Beix u € P, 1 <p < 00

lim [|Reullr = lim [[Spullp = [Julw,
k—o0 k—o0
lim ||LRyu|p = lim HRkLquZ = || Lul|w,
k—o0 k—o0
lim | LSxull = lim ||SeLullw = | Lullw.
k—o0 k k—o0 k

BizbMmeMo n0BLIbHEI OMMHUYHME BeKTOp 2 € B 1 nokaaazemo

= ——0 c Z.
15 Skl

Z(

Badikcyemo aBi crami p > r > 0 i mo3HaINMO Yepes
N=A{ueZ: ||u|lp=r},
M={u=y+ X" : yecY, ||lulp <p, A>0},

My={u=y+Xx®: yecV, ||lullp=p, iA>0, abo |ully < p, i A\ =0}

Hactynmna stema mokasye, mo byHKIIOHAT Ji 3a/I0BOJIBHSIE TeOMETPio 3aden-
JIeHHS.

JIema 6. IIpu r?? < 1710p maemo, wo

)
>
Ji(u) 2 2p + 2

r?, u € N,

Je(u) <0, ue M

oaa docmamnvo seaurur p. Biavwe mozo, ichye cmana C > 0, aka e 3anescums
610 k 1 maxa, wo

Je(u) < C, ue M. (11)

Llosedernsa. ko u € Z, to

1 1 5
J = (Lou — w? _ E d.u 2p+2 o 2p+2.
Toui sikimo u € N, 10
1) l )
J > _ 2 _ 2p+2 > 2
R i e L

upu 72 < [71op.

Posnin 1: Maremarnka 1 craructuka
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Hexait Temep u = y + Az*) € M. Toxi, ockinbku Y Ta Z B3a€MHO OPTOTOHAIbHI
CHeKTPaIbHI HimpocTopu onepaTopa Lj, — w?, To

)\2
A (Lpe® — 2,0 0y,

1
Ti(y + Az®) = 5Ly = Wy ) + 5

Sl (g +220) 7 <

2p—|— 2 et

2

0 A
< =Syl + 5 (Lae® = w2e®,0)

ol + A 212

ko 2p 42

Posrnsremo miampocrip X =Y @ Rz ¢ [2, mapinenuit HOPMOIO

2p+2
Jullzrea = (Z |un|2p+2> .

neQy

Bigo6pazxenns y + Az®) — Az ¢ o6meskerny mpoextopom ma RzF). Ockimbkn
fioro HOpMa He MeHIIe 1, TO

ly+ AP 2 20212

2p+2 2p+2 -

Takum yuHOM,

)\2p+2

/\2

Iey+ 25%) £ =Gl + 5 (L) = w2200, 20), - 22l (12)
Kpim Toro, ockiibku
(Lkz( — w2z ™), (k')),C < || Ly, — W?| = ag
Ta
lim (|23 = |2 12

2p+2 T 12p+2>

To 3 HepiBuocTi (12) Maemo

5
Je(y + 2™ < —§|yy\|2 + %)\2 —a NPT < %AQ — a A2

3 gedakuM a; > 0, gxe He 3a1exkuTh Big k. OTzKe, 1/1g BCIX JOCTATHBO BEJIUKHX
Je(u) <0, u e M,.

Binwire Toro,
a
sup Ji(u) < C' = max (—0)\2 — a1/\2p+2>
ueM A>0 \ 2

3 neskum C' > 0, sike He 3aJieKUTh Bix k. Jlemy moBeaeHo.
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Jlosedennss meopemu 1. 3 nem 5 Ta 6 Bumamsae, mo A PYHKIIOHALY Jy
BUKOHYIOTHCS BCI YMOBH TeOpPEMU MPO 3avellIeHHd, a OTKe, BiIH Ma€ HeTPUBIaIbHY
KPHUTUIHY TOUKY U € l,%. Binpmie Toro, 3a mi€r0 K TEOPEMOIO BLIIOBITHE KPUTHIHE
3HAYEHHY 33JI0BOJIbHAE HEPIBHICTH

b= Ji(u) < sup Ji(u).
ueM
Tenep omiHKM I KPUTHYIHOI TOYKH 1 BIAIMOBIIHOIO KPUTHYHOI'O 3HAYEHHS BUILIH-
BalOThH 3 JjieMm 3, 4 ta 6. Teopemy J10BeeHO.

7. IcuyBaHHa JOKaNi30BaHUX PO3B’ga3KiB. Temep 3a 10MOMOrOI0 METOLY
MePIOINIHUX aNPOKCUMAIIiii MOYXKHA JIOBECTH ICHYBAHHS HETPWBIAJBHUX JOKAJI30-
BaHUX pO3B’s3KiB cucremu (4). 3a jgemMoro 1 i pO3B’A3KH € KPUTHIHUMU TOIKAME
dyukmionany J. OnHak 1eil pyHKIIOHAT He 3a/10BOIbHAE yMOBY llame-Cwmeiira i
TOMY CKOPHUCTATHCS B JAHOMY BUNAJIKY TEOPEMOIO PO 3aderieHus ue suiine. [Ipore
KPUTUYHI TOYKK PYHKIIOHATY J MOXKHA TOOY/yBaTH 3a JIONOMOTOI0 HEPEXOILY J10
IrpaHuIl mpu k — 0O B KPUTHIHUX TOUYKAX (DYyHKIIOHATY J.

OCHOBHIM DPe3yJIbTaTOM IHOTO Maparpady € Taka TeopeMa:

Teopema 2. Hezati suxonyemoca ymosa (i), d, > 0 das eciz n € Z, w? € (a,b)
ma b # +o0. Todi cucmema (4) mae nempusiarvnut po3e’azox u € I2.

Josedenns. Hexait u¥) = {u%k)} € [? merpusianbuuii kN-nepioguanuii po3B 130K

cucremu (4), skuif icaye 3a Teopemoro 1.
BazHaunmMo, 110 icHYI0Th 0y > 0 Ta ny € Z Taki, 1mo

|ull)| > . (13)

Crpasai, y npormiezkuomy sumaaky u® — 08 [, a otxke, v¥) = Ru® — 0 B (™.
Ba teopemoro 1, [ = [[u® ]|, obmesxera. Tari ockimbkn

-2
[l < lllE==lvll?, p > 2,

to v®) — 0 B [P ms Beix p > 2. A ne ozHavae, Mo Hu(k)HlZ — 0 msa Beix p > 2.
Tomi, 9K Ha MOYATKY JOBeJeHHd JeMH 3, /IS BIAMOBLAHOTO KPUTUYHOTO 3HAUYEHHS
b = Ji(u®) Maemo mo cymepeunts mgeni 4.

B cuiy nepioauanocTti Koeilli€eHTiB TOCIIOBHICTH {ugiz N € TAKOXK PO3B’SI3KOM
cucremu (4). Tomy moxkua BBazkatw, mo 0 < n, < N — 1. OaHak, Takux 3HAYEHD
CKIHYEHHE IHCJI0, TOMY, IePEeXOsIn J0 MiAnocaiaoBaocTi (1o k), MOXKEeMO BBaXKaTH,
0 BCI I1i HOMEPH CHiBIAIAI0TH, TOOTO Ny = Nyg.

B cuny obmexenocti {u®}, mepexomgum o migmocmizoBHOCTI (3 THM caMuEM
MMO3HAYEHHSIM ), MAEMO u = w, mpm kb — oo (st BCix n € Z). Kpim Toro, 3a
repiricTio (13),

|un0‘ Z 507

a oTkKe, u = {u,} HEHYIbOBA TMOCTIOBHICTh. BUKOPHCTOBYIOUN TpaHWIHHUIT TTepexis,
HEBAKKO MOKa3aTh, mo u = {u,} € po3s’s3kom cucremu (4).

Bamumaerbesa nokasatu, mo u = {u,} € [?. CnpaBai, OCKLIbKH Jjig 6Y/b- KOO
dikcoBaHOTO N, M € Z 1 TOCTATHHO BEJIHKOTO K,

n

D PP < < 02,

n=—m
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TO MEPeXO/sdn JI0 TPAHUI MPu k — 00, OAEPKYEMO

n
>l < 2

n=—-—mn

B cuny nosiapHOCTI 72 Maemo, 1o u € [2. TeopeMmy 10BeIeHO.

BayBaKuMo, 1Mo Ko b = +00, To 3a JemMoro 2 cucrema (4) Mae TITBKH TPUBi-

AJbHHUI PO3B’I30K.

Ockinbkn cnekTp omeparopa —A +m? € Biapizkom [m?, 4 +m?], To 3 Teopemn 2

OJIEPKYEMO HACJIJIOK:

Hacaigok 1. Hexati d, > 0 das eciz n € Z ma w? < m?. Todi cucmema (3)

MaE HeMPusiarvruli pose’azon u € 2.

10.

11.

12.

13.

14.

15.

16.

17.

18.
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Bak S. M. Standing waves in discrete Klein-Gordon type equations with power
nonlinearities.

10.

11.

12.

This article is devoted to the study of discrete Klein-Gordon type equations that de-
scribe the dynamics of an infinite chain of linearly coupled nonlinear oscillators. These
equations represent a countable system of ordinary differential equations. Such systems
are infinite-dimensional Hamiltonian systems. Equations of the Klein-Gordon type with
power nonlinearities of odd degree are considered. When substituting the ansatz in the
form of a standing wave, a system of algebraic equations for the amplitude of the standing
wave is obtained. Further, we consider a system with a more general operator L of linear
interaction of oscillators, which is bounded and self-adjoint in the Hilbert space of real
two-sided sequences [2. The problem of the existence of periodic and localized (converging
to zero at infinity) solutions for such systems is considered. The main conditions for the
existence of these solutions are the spatial periodicity of the coefficients of the linear inter-
action operator of the oscillators and the belonging of the standing wave frequency to the
spectral interval of the operator L. If the right end of the spectral interval is finite, then the
system has nontrivial solutions. This article shows that periodic and localized solutions
of this system can be constructed as critical points of the corresponding functionals Jj
and J. The existence of periodic solutions was established using the linking theorem. In
particular, it is shown that the functional Jj satisfies the so-called Palais-Smale condition
and the linking geometry, and therefore has nontrivial critical points, which are the peri-
odic solutions of the system. In the case of localized solutions, the linking theorem cannot
be used, since the Palais-Smale condition does not hold for the functional J. Therefore,
in this case, the method of periodic approximations is used, that is, the critical points of
the functional J are constructed using the passage to the limit as £k — oo at the critical
points of the functional Ji. By virtue of the well-known properties of the discrete Laplace
operator, a corollary is obtained in which conditions for the existence of localized solutions
for the original system are established.

Keywords: discrete Klein-Gordon type equations, standing waves, power nonlinearities,
critical points, linking theorem, periodic approximations.
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ON TRANSITIVITY COEFFICIENTS FOR POSETS OF MM-TYPE
TO BE OVERSUPERCRITICAL NON-PRIMITIVE

M. M. Kleiner proved that a poset S has finite representation type if and only if it does
not contain subposets of the form

(1,1,1,1), (2,2,2), (1,3,3), (1,2,5), (N,4).

These posets are called the Kleiner’s posets and are (up to isomorphism) all the critical
posets relative to the finiteness of type (i.e. minimal posets having infinite representation
type). Later Yu. A. Drozd proved that a poset S has finite representation type if and only
if the quadratic form

qs(z)::zg—i—z,zf—i— Z zizj—zOZzi,

i€s i<j,i,j€S ies

which is called the Tits quadratic form of S, is weakly positive (i.e., positive on the set of
non-negative vectors). Thus, the Kleiner’s posets are critical relative to weak positivity of
the Tits quadratic form. In 2005 the authors proved that a poset is critical relative to the
positivity of the Tits quadratic form if and only if it is minimax isomorphic to a Kleiner’s
poset.

An analogous situation takes place for posets of tame representation type. L. A. Na-
zarova proved that a poset S is tame if and only if it does not contain subsets of the
form

(1,1,1,1,1), (1,1,1,2), (2,2,3), (1,3,4),(1,2,6), (N,5).

These posets are critical relative to weak non-negativity of the Tits quadratic form and are
called supercritical.

In 2009 the authors proved that a poset is critical relative to non-negativity of the Tits
quadratic form if and only if it is minimax isomorphic to a supercritical poset. The first
author suggested to introduce so-called oversupercritical (or l-oversupercritical) posets,
which differ from the supercritical ones in the same degree as the supercritical posets
differ from the critical ones. Among these posets, there is a single non-primitive poset, i.e.
which is not a direct sum of chains. In this paper, we describe all posets that are minimax
isomorphic to them and study some of their combinatorial properties. The importance of
studying minimax isomorphic posets is determined by the fact that their Tits quadratic
forms are Z-equivalent, and minimax isomorphism itself is a fairly general constructively
defined Z-equivalence of the Tits quadratic forms for posets.

Keywords: representation, critical and supercritical poset, oversupercritical poset, Tits
quadratic form, finite and tame representation type, positivity and non-negativity, transi-
tivity coefficient.
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1. Introduction. In [1| were introduced I-oversupercritical posets which differ
from supercritical posets in the same degree as the latter differ from critical ones;
often, including in this article, they are simply called oversupercritical (in more
details see Introduction in [2]). Among these posets, there is, up to isomorphism,
only one not being primitive (i.e. which is not a direct sum of chains), namely

U={1,2,...,10/1<2<3<4<5<6,7<8,9<10,7 < 10}.

In this article, we describe all posets that are minimax isomorphic to him and study
some of their combinatorial properties.

2. The main classification theorem. Let S be a finite poset. For an
element a € S being minimal (resp. maximal), denote by T' = S! (resp. T = S})
the following poset: 7' = S as usual sets, T\ a = S\ a as posets, the element a is
maximal (resp. minimal) in 7', and @ is comparable with z in 7" if and only if they
are incomparable in S. Posets S and T are called (min, max)-equivalent or minimaz
equivalent if there are posets Si,...,S, (p > 0) such that, if we put S = Sy and
T = Sp41, then, for every i = 0,1,...,p, either Siyy = (S)], or Siy1 = (S, [3]-
Posets S and S’ are called (min, max)-isomorphic or minimaz isomorphic if there
exists a poset X, which is minimax equivalent to S and isomorphic to S’. Obviously,
empty poset is (min, max)-equivalent (and (min, max)-isomorphic) to itself.

Let P be a fix poset. A poset S is called of M M-type P if S is minimax
isomorphic to P [4]. If P is oversupercritical we say that S is of oversupercritical
M M -type. Posets of concrete M M-types were studied in many papers (see, besides
the above mentioned papers, [5] — [13]). All posets of oversupercritical M M-type U
are described by the following theorem (for a definition of U see Introduction).

Theorem 1. Up to isomorphism and anti-isomorphism, the set of posets mini-
mazx isomorphic to U consists of the posets indicated in the following two tables.

1/ J%
VL
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13 14 15 16 17 18
19 20 21 22 23 24
25 2 27 28 29
Table 2.
2 3 4 5/ 6
(o] I % o)
8 9o 10/ 11/ 12/

;A%
A%

%?
;aé

[

iﬁ
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A poset with number s (resp.s’), indicated in Table 1 (resp. Table 2), is denoted
by Ny (resp. Ny).

Recall that a poset T is called dual to a poset S and is denoted by SP if T'=§
as usual sets and x < y in 7T if and only if x > y in S. Posets S and T are
called anti-isomorphic if S and T°P are isomorphic. Note that the posets N,, z =
1,2,...,29,1',2" ... 12" (indicated in Tables 1 and 2), are pairwise non-isomorphic
and non-anti-isomorphic.

3. Proof of Theorem 1. We will use some ideas and definitions of [5],
which are also presented in our paper published in the previous issue of this journal
(see |2, Section 3]). Many of them (in particular, the algorithm for describing all
posets that are minimax isomorphic to a given one) are not duplicated in this article.

Apply our algorithm to the proof of the theorem.

Step I. Describe (up to strongly isomorphic) all lower subposets X of the poset
U. They are:
X1 =9, Xo = {1}, X5 ={7}, Xy = {9}, X5 = {1,2}, X¢ = {1,7}, X7 = {1,9},
Xg = {7’8}> Xo = {7’9}7 X0 = {17273}a X1 = {17277}> X = {17279}7
X3 ={1,7,8}, X1a ={1,7,9}, X15 = {7,8,9}, X165 = {7,9,10}, X317 = {1,2,3,4},
Xis = {1,2,3,7}, X190 = {1,2,3,9}, Xoo = {1,2,7,8}, X9y = {1,2,7,9}, Xop =
{1,7,8,9}, Xos = {1,7,9,10}, Xoy = {7,8,9,10}, Xo5 = {1,2,3,4,5}, Xops =
{1,2,3,4,7}, Xor = {1,2,3,4,9}, Xog = {1,2,3,7,8}, Xog = {1,2,3,7,9}. X530 =
{1,2,7,8,9}, X351 = {1,2,7,9,10}, X3 = {1,7,8,9,10}, X33 = {1,2,3,4,5,6},
X3a = {1,2,3,4,5,7}, X35 = {1,2,3,4,5,9}, X36 = {1,2,3,4,7,8}, X3y = {1,2,3,
4,79}, X3z = {1,2,3,7,8,9}, X3 = {1,2,3,7,9,10}, X4 = {1,2,7,8,9,10},
Xu = {1,2,3,4,5,6,7}, Xy = {1,2,3,4,5,6,9}, Xy3 = {1,2,3,4,5,7,8}, Xyq =
{1,2,3,4,5,7,9}, Xy5 = {1,2,3,4,7,8,9}, Xys = {1,2,3,4,7,9,10}, X47 = {1,2,3,
7,8,9,10}, Xyus ={1,2,3,4,5,6,7,8}, X490 = {1,2,3,4,5,6,7,9}, X50 = {1,2,3,4,5,
7,8,9}, X5 = {1,2,3,4,5,7,9,10}, X5 = {1,2,3,4,7,8,9,10}, X53 = {1,2,3,4,5,
6,7,8,9}, Xss = {1,2,3,4,5,6,7,9,10}, X55 = {1,2,3,4,5,7,8,9,10}. Denote by
K; the poset U;( for X = X, It was showed in [7] that, up to isomorphism and
duality, the sets of posets K; with ¢ running from 1 to 55 coincides with the set of
posets, indicated in Table 1.

Step II. Describe, up to strongly isomorphic, all pairs Z = (Y, X) consisting of
a proper lower subposet Y in U and a nonempty lower subposet X in Y such that
X <U\Y (ie. xz<tforany z € X,t € U\Y). They are:
Zy = (X2, {1}), 2o = (X0, {1}), Z5 = (Xuo,{1,2}), Zs = (Xur,{1}), %5 =
(Xa7,{1,2}), Zs = (Xu7,{1,2,3}), Zr = (X9, {T}), Zs = (X52,{1}), Zy = (X2,
{1,2})7 ZlO = (X52,{1,2,3}), Zy = <X527{1,2,3,4}); g = (X53,{7}), Zlg =
(X53,19}), Z1a = (X53,{7,9}), Z15 = (X4, {7}), Z16 = (Xs5,{1}), Z1r = (X5,
{17 2})7 Z1g = (X557 {17 27 3})7 Zyg = <X557 {17 27 3, 4})7 Zoy = (X557 {17 27 37 4, 5})

Denote by K/ the poset (U3) for (Y, X) = Z; and show that, up to isomorphism
and duality, the sets of posets K| with ¢ running from 1 to 20 coincides with the set
of posets, indicated in Table 2. Indeed, it is easy to see that K] = N7, K} = N,?,
K, = NP, K| = NP, K! = N?, K, =~ Ny, K. = Ny, K, & N¥. K} = Ny,
K{O = N5/7 Kil = N3’> K{Q = NlO’; K{J = N{){)’? K{4 = N?’pa K{B = Nll’; K{()‘ = N12’7
Kiz = Ny, Kig = Ny, Kig = Ny, Ky, = Ny.
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Step III. It is easy to verify that all the posets, indicated in the condition of
the theorem, and dual to them (in the non-dual cases) occur in I and II (and even
one time at a time). And hence the theorem is proved.

4. Coefficientts of transitivity. For a (finite) poset S, we put S :=
{(z,y)|z,y € S,z < y}. If (x,y) € S% and there is no z satisfying z < z < y, then
we say that = and y are neighboring. We put n,, = n,(S) := |S%| and denote by
ne = ne(S) the number of pairs of neighboring elements. The ratio k; = k(S) of
the numbers n,, — n, and n,, is called by definition the coefficient of transitivity of
S (see [10]). Note that in the case n,, = 0 (then n, = 0) we assume k; = 0.

In this part of the paper we calculate k; for the posets of M M-type U.

Theorem 2. The following holds for posets Ny, s =1,2,...,29,1',2" ..., 12":

N | ng | ny k; N | ng | ny k; N | ne | ny ky

1| 8|18 [0,55556 || 11| 9 | 19 |0,52632 | 21| 9 | 20 0,55
219 |17]047059 || 12 | 10| 21 | 0,52381 | 22| 9 | 28 | 0,67857
3| 8 123]0,65217 || 13|10 | 27 | 0,62963 || 23 | 10 | 30 | 0,66667
419 1|25 0,64 141 9 | 23 | 0,60870 || 24 | 10 | 42 | 0,76190
519 |18 0,5 1519 | 35 10,74286 || 25 | 9 | 33 | 0,72727
6 | 9|20 0,55 16 | 10 | 37 | 0,72973 || 26 | 9 | 23 | 0,60870
7 11022 |0,54545 || 17| 9 | 26 | 0,65385 || 27 | 10 | 25 0,6

8 [10] 32| 0,6875 || 18| 9 | 20 0,55 28 | 10 | 23 | 0,56522
9 | 8 | 28 |0,71429 || 19 | 10 | 22 | 0,54545 |29 | 9 | 19 | 0,52632
101 9 | 21 [0,57142 | 20 | 10 | 24 | 0,58333

N | ng | ny k; N | ne | ny k; N | ng | ny ky

17 11|42 | 0,73810 || 5" | 10 | 33 | 0,69697 || 9" | 10 | 26 | 0,61538
2/ 110 | 33 10,69697 || 6’ | 11 | 42 | 0,73810 || 10’ | 9 | 30 0,7
3| 11| 42 {0,73810 || 77 | 10| 37 | 0,72973 || 11’ | 10 | 32 | 0,6875
4" 110 | 26 | 0,61538 || & | 10| 21 | 0,52381 || 12’ | 10 | 18 | 0,44444

The transitivity coefficients are written out with an accuracy of five decimal
places. The value 1s exact if and only if the number of decimal places is less than
five, and two values equal to exactly five digits are equal at all.

The proof is carried out by direct calculations.

Recall that height of a poset S is, by definition, the greatest length among the
lengths of all linear ordered subsets of S. An element of a poset is called nodal, if
it is comparable with all the other elements. A subposet X of T is called dense if
there is not x1,29 € X, y € T\ X such that x; <y < xs.

Note that a poset of M M-type U can have at most six nodal elements.

Corollary 1. The coefficient ki(S) of a poset S is the largest among those for
all the posets of MM -type U if and only if S contains a dense subposet with six
nodal elements.

Corollary 2. The coefficient k(S) of a poset S is the smallest among those for
all the posets of MM -type U if and only if S is a self-dual non-connected poset of
height four.
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Corollary 3. For a posets S of MM -type U, the following conditions are equi-
valent:

<a> kt(S) = %7'
(b) S is a non-self-dual non-connected poset of height four.

5. Conclusions. In this paper we continue study combinatorial aspects
of oversupercritical posets. Namely, we describe all the posets that are minimax
isomorphic to the oversupercritical poset

U={1,2,...,10/1<2<3<4<5<6,7<8,9<10,7 < 10}.

The importance of studying minimax isomorphic posets is determined by the
fact that their Tits quadratic forms are Z-equivalent.

We also describe the transitivity coefficients for all posets minimax isomorphic
to this oversupercritical poset.

The obtained results (together with the corresponding research methods) can be
used in the study of combinatorial aspects of other posets.

References

1. Bondarenko, V. V., Bondarenko, V. M., Styopochkina, M. V., & Chervyakov, I.V. (2011).
l-oversupercritical partially ordered sets with trivial group of automorphisms and min-
equivalence. 1. Sci. Bull. of Uzhhorod Univ. Ser. of Math. and Inf., 22(2), 17-25 [in Russian].

2. Bondarenko, V. M., & Styopochkina, M. V. (2021). On posets of sixth order having
oversupercritical M M-type. Sci. Bull. of Uzhhorod Univ. Ser. of Math. and Inf., 38(1), 7-
15.

3. Bondarenko, V.M. (2005). On (min, max)-equivalence of posets and applications to the Tits
forms. Bull. of Taras Shevchenko University of Kyiv. (series: Physics & Mathematics), 1,
24-25 [in Russian].

4. Bondarenko, V. M., & Styopochkina, M. V. (2018). On properties of posets of M M-type
(1,3,5). Sci. Bull. of Uzhhorod Univ. Ser. of Math. and Inf.s, 1(32), 50-53.

5. Bondarenko, V. M., & Styopochkina, M. V. (2005). (Min, max)-equivalence of partially ordered
sets and the Tits quadratic form. Problems of Analysis and Algebra: Zb. Pr. Inst. Mat. NAN
Ukr., 2(3), 18-58 [in Russian].

6. Bondarenko, V. M., & Styopochkina, M. V. (2009). Description of posets critical with respect
to the nonnegativity of the quadratic Tits form. Ukr. Math. J., 61(5), 611-624 [in Russian].

7. Bondarenko, V. V., & Styopochkina, M. V. (2013). Non-primitive 1-oversupercritical partially
ordered set and min-equivalence. Scien. J. of NPU named after Dragomanov. Series 1. Phys.-
Math. sciences, 14, 55-61 [in Russian].

8. Styopochkina, M. V., & Chervyakov, I. V. (2015). The number of partially ordered sets,
(min, max)-equivalent to the set (1, 2, 7). Applied problems of mech. and math., 13, 18-21
[in Ukrainian].

9. Styopochkina, M. V., & Chervyakov, I. V. (2016). The number of partially ordered sets,
(min, max)-equivalent to the l-oversupercritical partially ordered set (1, 3, 5). Applied prob-
lems of mech. and math., 14, 12-15 [in Ukrainian].

10. Bondarenko, V. M., & Styopochkina, M. V. (2017). Coefficients of transitiveness of P-critical
posets. Proc. Inst. Math. of NAS of Ukraine, 14(1), 46-51.

11. Bondarenko, V. M., Orlovskaja, Yu. M., & Styopochkina, M. V. (2018). On Hasse diagrams
connected with the 1-oversupercritical poset (1,3,5). Applied problems of mech. and math., 16,
30-32.

12. Bondarenko, V. M., & Styopochkina, M. V. (2019). On properties of posets of M M-type
(1,2,7). Applied problems of mech. and math., 17, 7-10.

13. Bondarenko, V. M., Styopochkina, M. V., & Stoika M. V. (2020). The coefficients of transi-
tiveness of the posets of MM-type being the smallest supercritical poset of width 3. Applied
problems of mech. and math., 18, 11-13.

Hayk. Bicuuk Yxkropoa. yu-ty. 2021. Tom 39, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



28 V. M. BONDARENKO, M. V. STYOPOCHKINA

Bornapenko B. M., Ctronoukina M. B. Tlpo koeditieatn Tpan3uTuBHOCTI
YACTKOBO BIIOPSIKOBAHUX MHOYKHUH, IO MAIOTh HAJICYTEPKPUTUIHIN HEITPUMITUBHU it

M M -tum.

M. M. Kneiinep 70BiB, 0 4. B. (44CTKOBO BIOPSAIKOBAHA) MHOKHUHA S MA€ CKIHYCHHU
300pakyBaJIbHAN TUIT TOJI i JIUIIE TO/L, KOJU BOHA HE MICTUTBH 4. B. i IMHOKUH BUTJISILY

(1,1,1,1), (2,2,2), (1,3,3), (1,2,5), (N,4).

IIi 4. B. MHOXKUHM HA3UBAIOTHCH 4. B. MHOxkuHaMu Kieitaepa i € (3 Tounicrio no isomopdi-
3My) BCIMa KPUTHYHMMU 4. B. MHOXKMHAMU II0J0 CKIHYEHHOCT] THUIly (B TOMY CeHCi, o e
MiHiMasbHi 4. B. MHOXKMHUM HECKIHYEHHOr0 300pazkyBajbHoro ruity ). izuime FO. A. JIposx
JIOBIB, IO Y. B. MHOXKWHA, S Ma€ CKiHUEHHMI 300parKyBAJIBHUIN THUI TOMI i JIWIITE TOi, KON
KBaJIpaTuvHa (popma

qs(z) =: zg + Z zf + Z 2iZj — %o Z %,

iinS 1<j,i,j inS i inS

sIKa HA3UBAEThC KBaaparuduoo dopmoro Tirca muoxkuuu S, € ciaabko gonarHo (To6To
JIOAATHOI0 HA MHOXKMHI HeBia emuux BeKTopiB). O1xe, 4. B. Mmuokunu Kieiinepa € kpuruy-
HUMU IOJ0 CJIabKOT momaTHocTi KBaaparudnol ¢popmu Tirca. Y 2005 poli aBTOpw JTOBETH
10 9. B. MHOKMHA, € KPUTUIHOIO IO JOIATHOCTI KBaaApaTudnoi ¢popmu Titca Tomi i aurme
TOZi, KOJIM BOHA MiHIMAaKCHO i3oMopdHa AesKiit 4. B. MHOkuHI Kiteiinepa.

Tonibuy cuTyarfito MaeMo Jijisi 9. B. MHOYKUH PYYHOTO 300pazKyBasbHOrO Tuiry. JI. A.
Hazaposa moBena, o 4. B. MHOXKHHA, S € PYYIHOIO TO/I 1 Jiniiie TO/Ii, KOJIM BOHA HE MiCTHTD
4. B. UIMHOX>KUH BUIVISILY

(1717 ]" ]" 1)7 (]"17]‘72)’ (272’3)7 (1’374)7(]"2’6)7 (N75)'

IIi 9. B. MHOXWHYM € KPUTUYHUMHU OO0 CJIaOKOI HEBi €MHOCTI KBAApPATHIHOI (DOpMU
Tirca i HazuBaOTHCA cynmepKputudauMu. ¥ 2009 pori aBTOpH AOBEH, IO I. B. MHOXKHUHA €
KPUTHIHOIO IOI0 HeBix eMHOCTI KBaaparudnoi (popmu Tirca Tomi i auie Tozi, KoM BOHA
MiHIMaKCHO i3oMOpdHA AeAKifl cynepKpuTUdHi# 4. B. MHOXKHUHI. Ilepmuit aBTop 3amporo-
HYBaB BBECTH TaK 3BaHi HAJACyNepKpuTuuHi (200 1-HAJACYTEpKPUTAYIHI) 4. B. MHOKWUHY, SIKi
BiIPIZHAIOTHCA BiJl CYyMEPKPUTUIHAX 4. B. MHOYKUH B Tilt camiit mipi, 1m0 i ocTamHi Biapi3-
HAIOTHCA Bij kpurwaawux. Cepes nmux 9. B. MHOXKWH € €IWHA HE MPUMITHBHA, TOOTO sKa HE
€ MPSAMOIO CYMOIO JIAHIIIOTIB. ¥ Iiiif CTATTI MU OMUCYEMO BCi 9. B. MHOXKWHU, Ki MiHIMAKCHO
isomopdHi Tit, i BUBIaeMo Aeski ixHi koMmbinaTopHi BiaacTuBocTi. BaxknuBicTh BUBUEHHS
MiHIMAKCHO i30MOp(HUX €Y. B. MHOXKHWH BH3HAYAETHCSI THUM, IO 1X KBaJpaTudHi (HopmMu
Tirca Z-exBiBajeHTHI, a caM MiHIMAKCHUiT i30MOpP}I3M € JOCUTH 3araJbHOK KOHCTPYKTHB-
HO BU3HAYEHOIO Z-€KBiBAJIEHTHICTIO i KBaapaTuduaux dhopm Tirca 4. B. MHOKHUH.

Kurro4oBi ciioBa: 300pakeHHs, KpUTUYHA Ta CYLHEPKPUTHYHA 4. B. MHOKHHA, HAJICyLIEp-
KPUTHYHA 9. B. MHOXKWHA, KBagparudHa ¢dopma Tirca, ckindenHuit i pyunuii 300paxy-
BaJILHUH THI, JOJATHICTD i cjabKa JTONATHICTH, HETATUBHICTD i CJIa0Ka HErATHBHICTD.
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METO/I €ETOPNYEBA NJOBEJIEHH{A KOMBIHATOPHUNX
TOTOXKHOCTEM 3 MHOT'OYJIEHAMMU HAPASIHA

VY miit myOsikamii HaBeIEHO HOBi JIOBEIEHHS BOX KOMOIHATOPHHX TOTOXKHOCTei. Hac-
TKOBI BUIIQJIKKM IHAX TOTOXKHOCTEH MicTaATh umcsa Ta MHOrowienu Hapasmua i Bukopucro-
BYIOTHCs, 30KpeMa, y KJIACUYHiil Teopil iHBapiaHTiB Ta muckperHiii maremaruri. OmgHa i3
JIOBEIEHUX HAMU TOTOYKHOCTEl € y3arajbHeHHsaM 334l Crenii.

Xo4a icHye BelmKa KiJbKiCTh METOIB I€HEPYBAHHS HOBHUX KOMOIHATOPHUX TOTOXKHO-
creil, HA 2Kajb, HE ICHy€ €IUHOrO yHIBEPCAJIHHOIO METONY, fKWil J03BOJIUB OW HOBeCTH
Oyp-gKy KOMOIHATPOHY TOTOXKHICTH. ¥ CiMecaTHX POKAaX MHUHYJIOrO crosirtrs leopriem
€ropuueBuM 0yI0 PO3POOJIEHO MEKITBKA HOBUX METO/IB ODYMCIEHHST KOMOIHATOPHUX CYM.
V 1iii cTaTTi MM BUKOPUCTOBYEMO OJIMH 3 METOIB €ropudesa — MeTos JUIIKIB (KoedilieH-
TiB).

KurrogoBi ciioBa: koMbGiHaTOpuKa, OiHOMiaIbHMN KoedimieHT, KOMOIHATOPHA TOTOXKHICTD,
Meron €ropuuesa, muorodsenn Hapasiza.

1. Beryn. Ywucio Hapasna

=) Jasren

BHKODHUCTOBY€ThCs B 6ararbox kombinaropuux sagadax (aus. |1], [2]).
Mu posrignaemo muorodien Hapasna

N,(z) = Z Nn,kzkfl.
k=1

B negxux mzkepesax #oro Ha3uBaioTh acomniffopanumM Muorowienom Hapasua (nus. [3]).
Kpim niboro, posrigaemMo MmHOTOYIeH Hapana tuny B, 10 BU3HAYAETHCI HACTYITHAM

amrow: s @

k=0
3okpeMa, 3acTocyBanus MHorouwieHnip Hapasna ta ducia Hapagna y knacudHiit Te-
opil inBapiauntis wasemeni y [4], [5], [6], [7]. B [8] 3naitmeno pexypenTue cumiBBimaHO-
meHHs jijisi Muorowienis Hapasina:
n—1
Na(2) = (1= 2)Noo1(2) + 2> Ni(2)Nao1i(2).
i=0

Posain 1: Maremarnka 1 crarucTuka



METO/ €TOPMYEBA JTOBEJEHHSI KOMBIHATOPHIX TOTOZKHOCTEN 31
[Topomzkytoua dpyHKIig

—(1=2)t— /(1 =222 -2l +2)t+1
221

G(z,t) =1+ Z N,(2)t" =
i=1

3a/10BLIbHsAe (byHKIiOHATbHE piBHsanHs (auB. [9]):
2tG(z,t)* + (t + 2t — 1)G(z,t) +t = 0.

Pizni pekypenTHi cuiBBigHomenns /g muorowienis Hapasina o0ox Tumis jgoBe-
neno y [10] ta y [11].

VY [12] P. Crenui npornonye psij 3agad. Cepen HUX 3aga9a 15: J0BeCTH, M0 MHO-
rounen Hapagna tuny B moxkHa momaTtu y BUTI/IL

W) = Xn: (Z) (2”71_ ’“) (x— 1),

k=0

B [13]| noseneno anasor uiei opmyan miusa muorodnenis Hapasua N, (2).

B [14] gucTo koMbGiHATOPHO J0BE/IEHA TOTOXKHICTD, 10 X y3araabHioe. JoBee-
HHS 3aiiMae JTeKLIbKa CTOpiHOK. B po3miiai 3 Mu HaBOAMMO KOPOTKE 1 eleMeHTapHe
JIOBEJICHHS I1€T TOTOXKHOCTI, BUKOPUCTOBYIOUH MeTo €ropudeBa. OCHOBHI MOJI0Ke-
HHS IIHOTO METOJIY HaBeJIeHO B pO3JLTL 2.

B |21]| uncro KoMb6iHATOPHO 1OBEAEHO KOMOGIHATOPHY TOTOXKHICTH

it gy m+2s\ (k—1i+2m+2s m+k+s\[/m+k+2s
ZZ; (z)(z+s)< 2m + 2s )_( m+s )( m+s >’
IO € y3araJbHeHHSIM BimoMol ToToxKHOCTI JIi 2ZKenb-ay. /loBenenns 3aiiMae meKiTbKa
CTOPIHOK. ¥ o3/l 4 MU HPOLHOHYEMO IPOCTillle JOBEJIEHHs, 3 BUKOPUCTAHHSIM
MeTony €ropuiena.

2. Metron €ropumuyeBa obuucjeHHsS KOMOiHaTOpHUX cyM. PosrisHemo
OCHOBHI TpaBujia MeTojy JHIIKIB (Koedirientis), pospobiaenoro I. €ropuuesnm
y [15].

Hexait A(w) i B(w) — nopomkytodi dbyHKINT 115 9UCT0BUX mocigoBaocTei {ay }
ta {bx},k=0,1,.... MHOKUHY THX YUCAOBUX DB HAT mojeM K JifiCHUX 9u KOM-
IJIEKCHUX YHCeJI, 1110 MICTATH CKiHYeHHY KiJIbKICTh JIOJAHKIB 3 BiJI €MHUMHI CTEIleHsI-
MH, mo3HadyuMo 4depe3 H. Bsenemo na H anarebpy (popMajbHUX CTEIEHEBUX Ps/IiB
3 olepalisiMi J10/IaBaHHs, MHOXKEHHsI Ta B3ATTs obepHeHoro. Kiipue R cremeneBux

PSIJIIB BUITY

C(w) = chwk; ¢ #0
k=1

HaJ1 mojeM K Mae cTpyKTypy ajredpu Korri.

Osnauenns 1 (qus. [15]). Hexat C(w) € H. Jluwkom nazeemo
resC(w) = res,,C(w) = c_,
de c_y — woeivienm npu w= pady C(w), wo cmoimv nid snaxom res.
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3 o3HAYEHHS JUIIKY res Ta Teopil aHa iTHIHUX (PYHKIIH BAILINBAIOTEH TaKi Mpa-
BUJTA [iif HaI JMITKAME MOPOLKyoUnX dyrKIiit Busy A(w) =Y, -, apw”.

TeBepazkenns 1 (nus. [15]). IIpasuao swamma auwky
res, A(w)w " = res, B(w)w 1 k=0,1,...,
modi i MiAbKU Mo0di, KOAU
A(w) = B(w).

Teepmxkenus 2 (nus. [15]). lpasuro ainitnocmsi
ares, A(w)w ! + Bres, B(w)w ! = res, (aA(w) + fB(w))w 1,

TBepaxenns 3 (qus. [15]). IIpasuno 3aminu 3minnux

oo
g Fres, A(w)w " = A(2).
k=0
TBepakenus 4 (nus. [15]). Hexatl a — doginvhe KOMNACKCHE YUCAO, Th — Ha-
mypaavre. Binomiarvnutd Koediyienm modrcha 6upasumu 4epes AUok 3 00nomo2010

bopmyau

(a) = res, (1 +w)*w "L
n

OcraHHE CHIBBIIHOIIEHHS 3aUIIACTHCS CIIPABETMBUAM 1 y BUIAJAKY, Ko A(w)
MHOTOWJIEH, & 2 = Y oo apw® a_,, # 0, 1e m mogaTHe TmCIO.

Asrebpalvnuii mixia 10 0O3HAYeHs! JHUIKY PO3BHHEHO y poborax [16] 1 [17].

3acTocyBaHHS JAHOTO METOJLY A€ MOXKJIUBICTH MPOCTO FeHePYBATH KOMOIHATODHI
TOTOYKHOCTI, 30KpemMa, 3 yncjaamu Hapagua. [1lo Oyme npogeMoHCTpOBAHO HUZKYE.

3. HoBenenna y3arajdbHeHol 3aga4i Ctenyi. 3acrocoByooun MeTo €ropu-
JeBa, MOKAYKeMO, IO

Teopema 1 (nus. [14]). Jasan,qg > 0,2 € C cnpasedausa momostcricmo
Xn: n\(2n+z+q—k—2 (z—l)k:i: n\(n+x+q—2 k
prt k n+q—1 —~ k k+q—1

Zlosedenns. Bupasumo Ginomiasibai KoedimienTn y npasiit yacTwni yepes Jjim-
MKW, 3TiAHO TBEPIKeHHs 4

2 () e

n

1 n (] 2n+x+q—2—k
:resuvz< +o) (1+u) (z—1)F =

Rt unta
k=0
— n k
(1 + y)?nrate—2 z—1\" (1 +o)"
=res, e res, E . s
k=0
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3acTocyBaBIN MPABUJIO 3aAMHIHU 3MIHHUX, MAEMO

1 2n+q+z—2 —1\" n 1 n+q+z—2
—ren (U () 3 (e,

unta 1+u —~\k ukta

_En: n\(n+x+q—2 k
N k k+q—1 ’

k=0

3aznaunmo, 1o npu r = ¢ = 1 Mu goBean 3agaqy Creni:

Hacaimok 1 (unus. [12], |14]). Mwuozousern Hapasna muny B moocna nodamu y

suzandi
W, (2) = i (Z) (2”7; k) (z — 1~

k=0
IIpu ¢ = 0,z = 2 oTpuMaeMoO aHAJOTIYHUN BUpa3 A MHOro4ieHiB Hapasna.

Hacaimok 2 (nus. (13|, [14], [18]). Muozounen Hapasna moscna nodamu y u-

2AA01
o= (1) e

k=0

n

B n—li—lz (n—;—l) (an—k)zn_k(l_z)k.

k=0

BayBazkKuMo, 110 OCTaHHiil BUpa3 iy MHOTOWwIeHa Hapasina oTpuMyeThes 3aB/1s-
KH TOMY, 1110 MHOTOUTeH TN, () € cAMOB3a€MHIM.

4. HoBenenHsa y3araabHeHHs TOTOXKHOCTiI JIi 2Kenb-uy. IcHye Garato
dopmy, gki erko 3acrocysarn gk j10 yuces Hapadana, Tak i jjia ances BULy ¢y, =

2 . "
(Z) . Hampurnama, sroprka BargepMmoraa j1ae MOXKIUBICTD JIETKO 3HAWTH K CyMY

n . n n 2
> ket Nk, Tak icymy 355 (k) .
B [19], [20] Piopgan poBomurs pexypentai ¢hopMyan Juist 9UCEI Ty = Ny 1

m .
n—+1
T'nm = E T'my )
, 2m
1=0

abo ans unces Hapasna

= n-41
Nn,m-i—l = Z Nm,i—i—l( 2m, )7
=0

Gn,m = Z dm,i (nQ:I;Z) .
=0

SaMiHMBIIH N HAa M + k Ta ¢ HA M — ¢ B OCTaHHi#i dopmysi, 6adumMo, 0 BOHA
€ iumuM 3anucom ToToxKHOCTI JIi 2Kenn-1y. BukopucroByoun meron €ropudena,
JIOBEJIEMO 110 CITPaBe/IUBa OL/IbII 3arajbHa popMyJia.
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Teopema 2 (nus. [21]). /laa dosisvhux yisuzr nesid emuur m, k, s cnpasediusa
MOMONCHICND!

mirim} m\ (m+2s\ (k—i+2m+2s\ (m+k+s\[(m+k+2s
- i i+ s 2m + 2s S\ m+s m+s )

Zlosederns. 3ayBarKuMo, IO (T) =0 npu 2 > m Ta npu ¢ > 0, TAaKOK

k—14+2m+ 2s _0
2m + 2s N

upu ¢ > k, Tomy

Z m\ [ m+2s\ (k—i+2m+2s _O_Z m\ [ m+2s\ [ k—i+2m+2s
i i+s 2m + 2s T i i+s 2m-+2s ’

i>k >m
M{Z]m} m\ (m+2s\ (k—i+2m+2s\
~ \i)\i+s 2m + 2s a
Xk: m\ [m-+2s\ (k—1+2m+ 2s B
i i+ s o2m + 2s N
m
i

Orxe,

=0

i m-+2s\ [k —1+2m -+ 2s B
— 2+ s 2m + 2s N

=0

i m\ (m+ 2s\ [k —i+2m+ 2s
, i i1+ s 2m + 2s '

=0

BukopucroByioun tBepjzKennd 4, mogamMo GiHOMiaJbHI KoedillieHTH dYepes JiH-

IIIKWA:
S:i(m> (m—l—?s) (k—i+2m+23> _
—\ S+ 2m + 2s

x 1 m 1 m+2s 1 k—i+2m-+2s
3 e, L (L4 (1+w) )
=0

uitl Tes, pm—its+1 resy w2m+2s+1

1 m-+2s 1 k+2m—+2s i 1 m
_ sy, LU L+ @) ( v >re L
=0

pmts+l w2m+2s+1 1+w it

3acTocyBaBIIN MPABUIO 3aMiHU, OTPUMAEMO

—( v\ _(fum v \" m m
Z(Hw) resuW:<1+1+—w) = (1+v+w)™1+w)™

=0

Bpaxysasim Takox ¢dopmysy dinoma HbioTona Ta mpasusio JiiHIHHOCT], MAEMO:

(1 + U)m+23 (1 + w)k+m+23

I m —
S = resvw(l U+ w) pmts+l w2m+2s+1 -
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m ) (1 m-2s 1 k+m-+2s
=res,, Y (m) (1 4 p)igm-i I A+ W) -
- 1

Um+s+1 w2m+25+1

res,

2m ;
1 k+m+2s 1 i+2s
Z ( m >resw (14 w) (1+0)

i —m wi+28+1 Um—i—s—i—l
_2m m k+m-+2s\ [1+ 2s
_i:m i—m 1+ 2s s+1 )
Ockinbku
) () =)0
m) \ p p)\m—p)’
TO

o m-+k—+2s in: m k+s B m+k+ s\ — m k+s
U m+ts : 2m—i) \i—m+s) \ m+s — m—i/\s+1)

=m K3

Bukopucrasiu 3roptky Bangepmonia, oTpuMaeMo

S ()=,

ITlo i 1OBOANTH TOTOXKHICTB.
3a3HaunMo, MO y BUNAJAKY s = 0, orpumaeMo BigoMy ToTokHIicTh JIi 2Kenp-uy:

(abo peKypCito Jst ¢ m)

i <m)2(k+2m—i> B (m+k)2
~\i 2m O\ k)
Ampu s =1in=Fk—m — pexypcito gna N, ,, orpumany Piopranom, npo gaxy
HIII0CH HA MOYATKY IIHOTO PO3JILIY.
5. BUCHOBKU Ta HNEPCIEKTUBU MOJANBINUAX AOCHIAKEHb. (OCHOBHUM pe-
3yJIBTATOM JIAHOTO JOCJiIKEHHS € HOBI JOBeIeHHdA IBOX KOMOiHATOpHUX (DOPMYJI,

nojanux y teopemax 1 ta 2. as moBeieHHS BUKOPHUCTAHO MeTOJ, €ropuyeBa, M0
JIO3BOJISIE JIETKO OOYUCIIOBATH 0AraTo BUJIIB KOMOIHATOPHUX CYM.
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I'PAHNYHA TEOPEMA JI{d TOYKOBUX IIPOLIECIB,
ITIOB’A3AHUX 3 Y3ATAJIBHEHOIO 3AJAYEIO IIPO JdHI
HAPOJ2KEHHA

Y poboTi 10BEIEHO TPAHUYHY TEOPEMY [IJIsl TOCJIiIOBHOCTI TOYKOBUX MIPOIIECIB, SKi Omnu-
cylorb MoMmenTu (1 + 1)-X Ha/JXO/2KeHb PI3HMX TULIB 3 3arajibHOl KiJIbKOCTI B 1 THUIIB B
y3arajbHeHi# 3ama4i mpo aui Hapomkenuda. Knacnyana 3amada mpo qHI HApOIKEHHs, Bifl0-
Ma 3 MOIYJISPHOL JiiTeparypu, Bianosigae napamerpam r = 1 (xocrarubo oxHOro 36iry) Ta
n = 365 (kijbKicTh AHIB y HeBUCOKOCHOMY poii). JloBenentsa 6a3yeTbCsa Ha 3aCTOCYBAaHHI
TexHiKu 1yacconizanii/gemnyacconizaiii. Ileit pesynbrar qajii BUKOPUCTOBYETHCS it IPO-
CTOrO JIOBEJIEHHS JIeSKAX KJIACHYHUX IPAHUYHAX TEOPEM y 3a/a4i PO JHI HAPOKEHHS,
AKi (paKTHIHO OIMUCYIOTH ACHMIITOTUYHY ITOBEIHKY Pi3HUX 3MiCTOBHUX (DYHKIHOHAJIB BiI
o0y IOBAHUX TTPOIIECIB.

KurouoBi ciioBa: 3a7a4a mpo JiHI HAPOJPKEHHsI, TOYKOBUI MPOIEC, TPAaHWYHA TeopeMa,
rpy6a 36ixuicTb, mpormec Ilyaccona, myacconisaris, aemyaccoHi3alis, TeopeMa Ipo Hele-
pepBHE BiTOOparKeHHS.

1. Beryn. 3anada npo jHI HapoOJKEeHHS, dKa € OJIHI€I0 3 KJaCHYHUX Ta HaiIo-
NYJIAPHIIIIX 3aa49 KoMOiHaTopHOI Teopil MoBipHOCTel, OyJa BHepIne po3TJIAHYTa
P. don Mizecom y 1939 p. HaBenemo oane 3 ii ancaeHaux popMyIi0BaHb V BULVISII,
3PYYHOMY JIJId MOJAJBIIAX Y3arajbHeHb.

Posrasimemo jpocTarHbo BeJIUKY MHOXKHUHY JIFO/EH, siKi B IMOCJIiIOBHI ITiJIi MOMEH-
TH Yacy OJIMH 3a OJIHUM 3aX0JATh J0 KiMHaTH. [To3Haunmo depes T1(365) BUIAIKOBHT
MOMEHT dJacy, KOJIM JI0 KIMHATH BIepIle 3ailia JOJnHa, JeHb HAPOIKEHHS SIKOI
30ira€Thcs 3 JHEM HAPOIKEHHsI KOrOCh 3 yzKe mpucyTHiX. TyT BepxHiit iHgeKc moka-
3y€ 3araJibHy KUJIbKICTh DI3HUX MOXKJIMBUX JIHIB HAPOJIZKEHHS (BCl DOKH BBAZKAIOTHCSI
HEBHCOKOCHHUMH ), & HUKHI{I O3HAYAE, 10 JOCTATHBO 306iry 3 JHEM HADOJZKEHHSI JIUIIe
001020 3 IPUCYTHIX.

Y npupogHuii crocid ysarajabHIoOYH 16 (POPMYJTIOBAHHS, PO3IJISHEMO TaKy 3a-
magy. Hexait y mocrimoBHI LTI MOMEHTH Yacy JI0 cIocTepirada OJIUH 3a OJTHUM Ha/l-
XOJdTh 00'€KTU, KOXKEH 3 SIKUX 3 IMOBIPHICTIO % He3aJIeZKHO BlJl 1HIUX HAJEKUTh

JI0 OJTHOTO 3 M THUINB. bymgeMo mosnadaTtm depes T,E”) nepimuit MOMEeHT 4acy, KOJIu

i i 3’ (r 4 1)-if 3 7™ = 1, a TP ginnosi
JesTKWii 3 TUTIB 3’9BUBCA B (I -it pa3. 3okpema, Ty’ =1, a T} BIJIMTOBi A€
iHTepupeTallil, HaBeJeHiil y nonepeanboMy ad3ailil.
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V 1iit poboTi MU MPOTOHYEMO JIeIII0 HeTPAUIIHHIH TiaxXijL, 10 JI03BOJISAE JIETKO
OTPUMYBATH TPAHMIHI TeOpeMH I BUMAIKOBAX BeawawH 1~ Ta iX y3araibHeHb.
Bin 6a3yeThcs Ha OCHOBHOMY pPe3y/bTaTi poOOTH — IpaHU4Hii TeopeMi /I HOCTi-
JOBHOCTI TOYKOBUX IIPOIIECiB (fq(nn), n > 1), 0 OMHUCYIOTH MOMeHTH (T + 1)-X HaIXO0-
JipkeHb ycix noruiis. [T 3012kHICTIO TOYKOBUX HPOIECIB MU TPAAUIIAHO PO3YyMIEMO
ix 361KHICTH 33 PO3MOJILI0M Yy Tpybiii TONOIOTT, 3a4aHiit Ha TPOCTOPI JOKAJIBLHO CKiH-
YEeHHUX TOYKOBHX Mip. Bimomo (ame., Hampukiam, Teopemy 4.20 y monorpadii [1]),
o I 301KHICTh eKBiBaJeHTHA 30iKHOCTI BIANOBIIHUX JIYHJIBHUX IIPOIECIB yV Ji-
tonojorii CKopoxoa.

VY HemonasHix poboTax [2] Ta [3] po3rismasocs muTaHHS MPpo 361KHICTH TOYKOBHUX
HpoIeciB y iHIMH KJaacu4Hii 3aa49i — 3aja4i 30upada Kynouis. B mift crarTi mMu
Oy/1eMo 3aCTOCOBYBATH 1/1€1 MyaccoHi3allil Ta JemyaccoHizariii cXoxKi 10 TUX, 1o Oyiu
BUKOpHCTaHi B [3].

2. Oragan nedkmx MOMEPEAHIX pe3yabTaTiB. fBHuM dopmysiaM JJid 9H-
CJIOBUX XapaKTEePHUCTHK BUIAIKOBUX BEJIUIMH 7™ ra ix MOJATBINMAX y3araJbHeHb,
a TAKOZXK I'DAHUYHUM TeopeMaM JIjid TaKUX BeJIMYUH HPUCBAYeHO Oe3siiu pobit. Ha-
HPUKJIAJI, 3 MaiiyKe 04eBUIHOTO 300parkKeHHs

n+1
ET” =Y P{T{" >k} =

_1+Z nn—1) (n_k+1)_/oooe‘t(1+%>ndt

Ta pe3yJabTariB poboru [4] mpo acuMOToTHYHY HOBeMiHKY (Q-byHKIIT Pamamymka-
Ha (sKa AKpa3 1 3aJa€Thcst Apyrow cymoio B (1)) BUILIMBAIOTH pPi3HOMAHITHI J10-

CATH TOYHI OIIHKH BEJIUUYNHH ETl(n). Mwu maBememMo TYT JJId TIOBHOTW BWKJIAIEH-
Hsl JIMIIE OYATOK KJACUYHOIO aCMMITOTHYHOrO po3kJaay Pamanyizkana-Barcona-
Kuyra, skunit B HAIMX TMO3HAYEHHSIX MOYKE 6yT1/1 3alUCAHNNA Y BUIJISIT

ET™ =, /2 =
! 2 + 12 2n 135n

Binnosiani nocuinanns moxua 3naiitu B 6i6siorpadii jo nponuroBanoi podoru |4].
BayBaKuMO TaKOXK, 10 npH 1 = 365, TOOTO Mg KAACHYIHOI 3a1ad9i mpo JHI HAPO-

ET®%) ~ 24.62 inpi i i 23
JIZKeHHS, ) ~~ 24.62. Ile Tpoxu BiIpI3HAETHCA BiJ MeIIaHHOTO 3HAYEHHA 23,
BIIOMOTO 3 TOMYJISPHOI JiTepaTypH.

Ananor dopmynu (1) aas posiabroro r > 1 6y orpumanuii B pobori [5]:

ET(™ = /OOO et [S(%)} dt,

Jte nosuaueno Sy(t) =y o - Ha fioro ocrosi B uiii poGori Takozx 6yJ10 oepxano

ACUMITOTHYHY (DOPMYJLY

2 r
ET™ ~ (T+1)!F<r+1>nT+1, n — oo.
r

3 pesynbratis crarTi [6] (quB. TakoXK [7]), 30Kpema, BUILIHBAE FPAHUYIHA TEOPEMa

TIITs T,«(")
” 7+1
lim P{n 71 T™ < 2} =1 —¢ tF0r, x> 0. (2)

n—oo
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r+1

z

Orzke, rpanmanuM € po3noain BeitGyra 3i minbuicrio Le” 070 - 1{z > 0}. Bara-
TO THITUX TPAHUYHHUX TEOPEM JIJIsi CIOPIHEHUX BUIAJIKOBUX BEJMYUH Ta MPOIECIB
MOXKHA 3HAUTH y KJIacuuHiit MoHOTpadii [8], a TAKOK y YHCIEHHHX YKYPHATBHUX Y-
Gaikanisx. Bigsnaunmo, 3okpema, pobotu [7| Ta [9]. B mepiriii 3 HUX 3aIPOIIOHOBAHO
NOTY2KHUI MeTo/ BKJIaJeHHsd B mporec [lyaccona, gkuit Mu O6ygeMo BUKOPUCTOBY-
BaTH B Iiil pobOTi, a y JPyriil 3a JIONOMOI'OIO IIBOI'O K METO/Ly, 30KpeMa, PO3IJISHY-
TO CXOXKY 3aJla4y 3 BHUIIAJIKOBUMHU HMOBIPHOCTAMHU HAJIEXKHOCTI 0O’'€KTIB 710 pi3HUX
TumiB. 3ayBaskUMO TaKOXK, 10 B MOPIBHAHO HemonasHii crarri [10] posriagaimcs
IPAHUYHI TEOPEMH JJIsi MOMEHTIB JOCATHEHHS CyMapHOI KiJIBKOCTI B 1 30iriB cepej
ycix 00’€KTiB, IO HAIINRILINA 0 MBOTO Yacy.

fK Oys10 BiI3HAYEHO Yy BCTYI, OCHOBHUM PE€3YJIbTATOM i€l poboTH € I'PaHuYHA
TeopeMa Jijis MOCTiAOBHOCTI TOYKOBUX TTPOTIECIB (fﬁn), n > 1), O ONUCYIOTh MOMEH-
T (7 4 1)-X HaIXOZKeHb PI3HAX THUIIB. 3 MHOT0 HAKTY 3a JOTOMOTOI TEOPEMH MPO
HeTlepepBHE Bi/I0OpazKeHHsI MOXKHA, JIETKO OTPUMYBATH I'PDAHUYHI PE3YJIbTATH I Pi-
3HOMAHITHHX (DYHKIIOHAIIB BiJl IIPOIECiB &En), HATIPHKJIAJI, Taki, K dopmyra (2) Ta
11 y3araJjibHEHHS.

3. OcuoBHuii pesynabrar. /[lna ¢dikcoBanux r,n > 1 po3rjigHEeMO TOYKOBUI
nporiec &gn), ATOMM SIKOTO BH3HAYAIOTHCA (y CIeriaibHuii Crioci6 HOPMOBAHMME) MO-
MenTamu (r + 1)-X HaIXOIKeHb yCix n THIIB.

o n .
Hexaii juckperHa BUIIAJIKOBA BEJIUYMHA Yifr), 1 <i < n, 3aja€ MOMEHT HaJIXO-
JkenHs (r+ 1)-ro o6’ekra Tuiy i. [i po3nomaisi, ou4eBuIHO, BUSHAYAETHCS (DOPMYIO0

(n) , Nl — 1\ k—r—1
P =kt =Cia(o) () kzrsl (3)
’ n n
i € olHMM 3 BapiaHTiB Bl €MHOTO OiHOMiaIbHOI'O pO31o/IiIy. B ux TepMinax BBeIeHa,
y BCTYII BeJTHIWHA T JIONYCKa€e 300parKeHHsI
™) — i (n) (n)
T, =min{Y;,’, ..., Y, }.

OckinbKY 31 3POCTAHHSAM N 3HAUEHHS Tr(") TaKOXK 30LIBITYBATUMYTHCS, TO TOYKO-
BHiI IIporiec, OOy I0BAHUN 3a Y;E;L), He MaTHUMe KOJIHOI T'paHuIli mpu n — co. Tomy
JIIsT 3a0e31edeHHs 3012KHOCT1 10 JeIKOr0 IPAHMYHOTO MPOIECY BUIIAIKOBI BEJIUYNHE
v, Tpeba B Jedkmii croci6 HopmyBaTu. OTKe, PO3IVITHEMO TOYKOBHI MpOIEC é}(«”)

T

BUTJIA LY
n

gﬁn) = Z 5n*ﬁyi(?)7 (4)
i=1 ’
ne 0, O3HAYAE OJUHHYIHY TOIKOBY Mipy, 30cepezkeHy B a. OCHOBHHM pe3yJbTaTOM
i€l poboTu € TeopeMa Hpo 301XKHICTH TPOIECiB frn) IpH N —> 00 JI0 JeSIKOTO Heo-
JTHOPLTHOTO TOYKOBOTO Tmporecy Ilyaccona.

ITepe dbopmysoBaHHSAM OO Pe3yJabTaTy KOPOTKO HAraJaceMo O3HadeHHs 30i-
JKHOCTI TOYKOBHUX TIPOIECIB 3a PO3MOALIOM y rpy6iii Tomosorii (geTaibHe BUKJIa/Ie-
HHS MOKHa 3HaiiTu, mampukmaan, y riasi 4 B [1] abo y posmairax 3.4, 3.5 B [11]).
Ilosnauumo uepes M,(R) mpocrip ycix j10KajJbHO CKiHYeHHHX TOYKOBHX Mip Ha R.
st i, pia, plo, - .. € M,(R) KaKyTh, mo f1,, 36iraotbes 10 py rpy6iit (vague) To-
HOJIOTIT, SKIIO fR fdu, — fR fdp nna 6yab-sikoi diniTHOT HemepepBHOI (HyHKIIIT
f: R — [0,+00). @akT Takoi 36iHOCTI MO3HAYAIOTE [1, — . [Ipoctip M,(R) 3
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TOTIOJIOTIEO Ti€T 3612KHOCTI JIONYCKAE MOBHY cenapabe/ibHy MeTPHU3alliio, M0 Y CTaH-
JapTHUIT croci6 103BoJIsA€ PO3TASIATH 30iKHICTh TOYKOBHX TPOIIECiB (TOOTO BUTIAI-
KOBUX TOYKOBUX Mip) &, &1,& ... 3a po3mogiiom y rpy6iii Tomosorii. Ii mu Gymemo

no3HavyaTu &, vl £

Tenep Mu MozkeMO cOPMYIIOBATH OCHOBHHI pe3ysibTaT poboTn. My BUKIIOTHIMO
3 PO3TISAAY BUMAIOK r = 1, OCKIIBKH B il CHTyaIlil HAIl METOJ JOBEJIeHHS He
CIIpalbOBY€. HI/ITaHHH IIpo CHpaBe,ZL.HI/IBiCTb TeopeMUu B IbOMY BUIAAKY 3aJIUINAECTbCA
Hapa3l BIAKPATUM.

Teopema 1. Hexatir > 2 ma &, € neodnopionum moukosum npovecom Ilyaccona
Ha R 3 miporo thmencusrocmi

M (dz) = i—:]l{x > 0} da. (5)

Tooi fﬁn) v, & npun — o0.

3ayBakuMo, 10 rPAHUIHUN mporec &, MoxKe OyTH sIBHO TOOYI0BaHUN ¥ JTOCUTH
npoctrit croci6. Posrignemo nocigosuicTs (£, j > 1) He3aqeKHIX OIHAKOBO PO3-
OJiIeHNX BUNAIKOBUX BesmunH F; ~ Exp(1l). [lokakemo, mo aromu Mmipu &, 3Ha-

XOJSATHCS B TOYKAX ”*{/(7’ + 1)! Z?Zl E;, k>1.

JiiicHO, BHACTIOK TEOPEeMH TpO IHTepBaIu JId oaHopimxHoro mporecy [lyacco-
Ha (IUB., HAIpUK/IaJ, Teopemy 7.2 B [12]) aromu BHIAAKOBOI MyacCOHIBCHKOT Mipn
OJMHUYHOI IHTEHCHBHOCTI PO3TAIOBAHI B TOUYKaX S = 25:1 E;. Te, mo xig na Hei
dbyukuiero h(x) = "R/ (r+ 1)z, x > 0, upuBogurh 10 Mipu &, 3 Teopemu 1, HOACHIO-
€ThCS TEOPEMOIO TPO TepeTBopeHHs st uporecis [lyaccona (reopema 5.1 B [12]),
azzke juist [a,b] C [0, 00) BUKOHYEThCS piBHICTD

ar—i—l prti b "
h(Leb)la,b] = (Lebo h™")[a,b] = Leb]| , | - / Zdz = A, b.
(r+ 1" (r+1)! o 7!
Tyr Leb noznauae mipy Jlebera i € mipoto inTencuBHocti oguopignoro mnpormecy [ly-
acCoHa 3 mapaMeTpoM 1.

4. Hosenenns. Y pobori 7] JI. XoabeT 3anpononyBas ijiero myaccoHizariii, ska
JIO3BOJISIE ICTOTHO CIIPOCTUTH JOBEJICHHA I'PAHHMYHUX TEOpeM Yy 3a/1a4aX PO3MIIIEeHHS
JacTUHOK IO KOMipKaX i, 30KpeMa, B 3aJadi Ipo IHI Hapol:KeHHd. Po3rmgamemo 11
3aCTOCYBaHHA B HalllOMY BHIIQJKY.

Z(f ), 1 <1 < n, BBejleHI Ha MOYATKY MOMEPETHBOTO PO3-
JITY, € OJTHAKOBO PO3MOJLTeHNMHA, ae 3aaeKHuMI. PakT i€l 3aezKHOCT] MOSICHIO-
€ThCsT X04a O THM, IO Yl(:f ) #* YJ(Z}) IpH i #* j — B OAUH MOMEHT Yacy HaJIXOIUTh
qunte oauH 00’ekT. s Toro, mobd mo30aBUTHCS i€l 3a/1e2KHOCTI, PO3TJIAHEMO IIy-
aCCOHI30BaHy IOCTAHOBKY 1 BBarKaTUMeMO, 10 00 €KTHU Ha/IXO/ATh HE B IOCJIiI0BHI
M1l MOMEHTH dYacy, a B MOMEHTH X,g"), k > 1, oaHOPITHOrO TOYKOBOTO TIPOIECY
[Tyaccona 3 mapamerpom 1. OTzKe, iHTepBaJ M MiK TAKHMHU HAJIXO;KEHHAMEI YTBO-
PIOBATUMYTH TOCJIOBHICTH Hesale:kHuX Exp(1)-posmnojiieHux BHIAJIKOBUX BeJIH-
ann (E;,j > 1). na pospisuenns: Tumis pisHEX 00’€KTiB OygeMo BBazkaru Ieit

HIpOIEC MapKOBAHUM — KOKHOMY aromy X ,g") He3aJeKHO Bij IHMUX 1 Bij camoi

HOCJiTOBHOCTI (X,in),k > 1) mpHCBOIMO BHUITQJIKOBY MITKY M,E"), PIBHOMIPHO PO3-
noxieny Ha Muoxkuui THmiB {1,...,n}. Toxl BHACTITOK TeopeMu MPO TPOPIIKEH-

ust st uporecis [Tyaccona (aus., manpukiaz, reopemy 5.8 y [12]|) mocaimosrocri

Bunaakosi Beanunan
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XM () = (X(" (i),k > 1), 1 < i < n, MOMEHTIB HAAXOMKCHHs 00 €KTIB PI3HHX

TUIIB YTBOPIOBATUMYTb HE3aAeHCHL OJIHOPIAHI ToukoBl nponecu llyaccona 3 napa-

MeTpPOM %

(n)

Bunankosa Bemunna X, (i) onucye MoMeHT (r+1)-ro HaJIXOIKeHHS 4-I'0 THILY B

HyaCCOHISOBaHII/I HOCT&HOBHI a 0T2Ke, € HyaCCOH13OBaHI/IM AaHaJIOT'OM BCJIMYMHI Y( )

[Tpu pizanx i € {1,...,n} i BenInHN € HE3aTEKHUMH i OTHAKOBO PO3IO/ITCHUME
— BHACJIJ0K ByKe IIMTOBAHOI TEOPEMT MPO IHTEPBAIN BOHU PO3MOJIIEH] 38 3aKOHOM
F(r + 1, %) Binpm Toro, 3a mobyI0BOIO BeIHYNHU Xﬁi)l(i) Ta Y, JIOIYCKAIOTh

1,7
OPOCTHI KAILIIHT:
Y™

r+1 . Z (6)

IPUIOMY (Y( M1<i< n) ta (Ej,j > 1) e nesanexuaumu. OCTAHHE TBEPIZKEHHS

1,
BHUILIUBAE 3 TOrO, IO MepIia MOoCaiJOBHICTh BUBHAYAETHCA 3HAYEHHAMN MITOK M, ,5"),

a JIpyTra 3aJ1a€ IHTepBaJIl MiXK MOMEHTaMHU HaJIXOKeHb X ,En)

Ananoriuno (4) BBeIEMO TyaCCOHI30BAHMN TOUKOBHI MPOIEC

n

n) __ .
=2 iy

i=1

Ha nepriomy Kpori J0BeJIeHHSA MH ITOKaXKeMO, IO HPH N — OO BHKOHYETHCs 30i-

. d . .
KHICTH nq(n") 2% &, J11st 1hOTO CHOYATKY 3aIMTIEMO MIIbHICTL po3noiay [ (r—i—l, %)—

: . (n) /.
posnoisenoi sesmanan X, (1):

1 e
(n) — 4 TaTh
fr (a:)—ﬂnrﬂxe : x > 0.

Toal MMBLHICTL PO3MOILTY KOXKHOTO aToOMa N ’“+1X(n) 7 ) BUIIaJIKOBO1 M1pu 7(ﬂn) Ma€
r+1

BUILJISLI
1 1
1
):—xex”T , x> 0.
rln

Fi () = ne 10
Orxke, )
lim nf™(z) = %]l{x > 0}.

n—oo

Tomy 3 Teopemu Jlebera mpo MakopoBaHy 3012KHICTH BHILIUBAE, IO JIjI OY/Ib-IKOI
obMezKkeHol bopesriBcbKol MHOXKHHU B C R BUKOHYETHCS

lim n/ f(z)de = / x—]l{:c >0} dx.
n—oo  fp g !
B repminax rpy6oi 36iknocti ne Bracaigok reepkenss 3.12 3 |11 exksiBasenrno
TOMY, IITO

nP{n 7T XY (1) € -} 5 M)

. . vd . .
npu n — oo. Tomy dakT 36i:KHOCTI 77,(,”) — &, BUILIHBAE 3 He3aJI€KHOCTI Xfi)l(z)

npu pizaux 1 < ¢ < n Ta BIAOMOIO TBEpIXKeHHsS PO 30i:KHICTH GIHOMIAJBHUX TO-
YKOBUX MPOIIECIB JI0 MYACCOHIBCHKOTO (JINB., HATIPUKJIAJ, TIEPITY YACTUHY TOBEIEHHS
TBepazkenns 3.21 y [11]).
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Mero HACTYITHOTO KPOKY JIOBeJeHHA Oy/Ie JienyaccoHi3allisi, ToOTO 1mepeTBOpeH-
(n) vd (n) vd . . .
Ha 1y — &y & — &, g boro Mu OIiHUMO CTYIHDL OJTU3BKOCTI JIOTPAHTIHUX
nmponecis 0™ ta &M,

Hnst mosinbaux € > 0 ta i € {1,...,n} 3 piBHOCTI (6) BUIIHBAE, 1O
P{[n= AT X 0) —n Y| > e =

v v (7)
_ p{

_r_ _r_
E (EJ—]_) >nT+1€}:EPYi(:L){ E (Ej—l)‘ >7’LT+1€},
) HO3HAYEHO YMOBHY IIMOBIPHICTb BIIHOCHO BHIIAKOBOI BeJINUUHH Y

J=1 J=1

(n)

7T ’

ae qepes Py

3Barkarun Ha He3aJI€KHICTh Yz(f ) Ta (E;,7 > 1), mo iiMOBipHICTD MOZKHA JIETKO OIIi-

HUTH 38 JIOMOMOTOoI0 HepiBHOcTelt Hebummopa Ta Posenrasst (ocTanHiO AMB., HAITPH-
KJaaj, na c. 152 B [13]):

S (8, - 1>‘ - mllg} <

Jj=1

,T 8
4
8r 8r
- -8 —8r 8(y )
< np rHe EY‘(n)( E (E; — 1)) < Cn g (Y;,r ) .
i=1
Tyt E\ () nosnatae ymMoBHe MaTeMaTHIHE CIO/IBAHHS, C — nesky dpikcoBaHy KOH-

CTAHTY, & caMy HepiBHICTb Tpebda po3yMiTH B CEHCI MaiizKe HalleBHO.
[TpocTumMu, X049a it €10 rPOMI3AKHME O0YUCIEHHIME Ha OCHOBI (3) JIerKo mepe-

4
KOHATHUCSH, TITO IPU 1 — 00 BUKOHYETHCH aCUMITOTHYHA PIBHICTH E(Y;@) ~ Cnts

nesikoro (ikcoBanoro KoacTanToo C,.. Tomy, mosepratouncs 10 Hepisaocti (7), oTpu-
MYEMO

P{[n =X (1) — n Y| > e f <

4—4r 8

—8r -8 N -2 -8 / -
< Cn e °E YM =CCn" g ®=C'nr+1 e ",

Tenep Jerko oMiHATH HMOBIPHICTD TOrO, IO MPHHANMHI OJWH aTOM BUIIQIKOBOI MipHu
777(]1) BiOXWJINTBCS BiJ BiANOBIIHOTO aToOMa MipHu fﬁn) OLTIbINe, HiXK Ha £: 33 HAIIIBAIH-

TUBHICTIO

P{}n’ﬁXﬁﬂ(i) - n’mYz(f){ > & g geskoro 1 < < n} <

(8)

,4747‘ -8 /5737“ -8
<n-Cnmig®=C"Cnrt1g

3adikcyemo gosiabuuit Bigpizox [a,b] C [0, 00]. Toai 3 mepisnocti (8) Bunusae
OIIIHKA
P{™a,b] # n™[a,b]} < C'n =T e d4

9
+]P’{n£”)[a—5,a+5] > 1} +]P’{n£”)[b—5,b+g] > 1}. )
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CeHc 1i€l HEPIBHOCTI € JIOCHTH IIPO3OPHM: PIBHICTH fﬁn) [a,b] = nr [a b] mMoxe He
BHKOHYBATHCS BHACTIIOK JIUINE JIBOX NPHYUH — abo JIedKi aTOMHI &« ") sHagmo BiJI-
XUIAIOTHCA BiJI BIIOBITHUX aTOMIB n,(nn), abo medki aromu 777(«") PO3TAIIOBaHI JOCUTH
6113bKO 110 KiHuiB Biapiska [a, b]. Tomy, nokmagaow B (9) € = N~ i nO3HAYAIOYH

__ 5=3r
Qp = 9 + —, JICTAaEMO

P{&Ma,b] # na, b]} < C'n+
+P{n™a—n"%,a+n" 5] > 1} +P{g"[b—n"5,b+n %] > 1}.

OCKUIbKH, 9K HEBaXKKO HepecBlIuTHCd, v < 0 mpu r > 2, nepinuii 10JaHOK Y
npaBiif YacTUHI NpAMYe 0 HYJIsd Ipu n — oo. Pelnra JBa JIOJAHKH HOBOIATH cebe
TaK caMo — [eil iHTYITUBHO oueBHIHUI hbakT € HacaigkoMm Jemu 3.5 3 [3]. Orike,
IP’{&Q") [a, b] # mn) la, b]} — 0 mpu n — o0o. Biabmt Toro, 3 HamiBaIUTUBHOCTI IMOBIp-
HOCTI BUILJIUBAE, 110 Bi;ppiSOK [a,b] Tyr Moxkna 3aminuTé Ha ckindenue 00’enHAHHI
rakux Binpizkis U = U._,[a;, b;]. Tomy 3a mepismicrio Kamiinra st Gyjib-g9KOro
k > 0 BUKOHY€EThCs

IP{(U) = k} —P{{"(U) =k} <P{M(U) # 0 (U)} -0, n— oo
Pazom 31 301xxHICTIO
P{n"™(U) = k}— P{&.(U) = k}, n — 0o,

d
sIK& BHILJIUBAE 3 JIOBEJICHOI'O BHIIE (PAKTY IIPO n,(n") 25 &, e mae

P{(U) = k}— P{&(U) =k}, n— oo

Orxke, 3a Teopemoro 4.15 3 [1] fﬁn) v, &, mo it Tpeda Oya0 moBECTH.

5. Ilpukaan 3acrocyBaHHd. Y po3jiai 4 poboru 3] HaBegeHi neski 3acTocy-
BaHHS I'PAHUYHOI TEOPEMU JIJIT TOYKOBUX MPOIECiB, OB’ A3aHUX 3 3a/1a9e0 30upada
Kynonis. He moBropioodn TyT aHaorivHi MipKyBaHHs JIjIs HAIIOL 3a1a9i, MH 0OMe-
KUMOCS JIMIIE HAWNIPOCTIIMM NPUKJIAI0M 3aCTOCYBaHHSA TeopeMu 1 1 MOKaxKeMo,
dK 3 Hel MOKHa orpuMmaru rpanudny dopmyay (2). IMeprr 3a Bce 3pobumo ojme
3ayBaykeHHs, HeOOXiTHe /IS JIOBEeIeHH.

SayBaxkeunuda 1. Pesysvmam meopemu 1 36AUMGEMBCA CNPABEIAUBUM, AKULO
poszaadamu sunadkosi Mipu 57(@) ma & na Komnaxmudgirosarnomy npocmopi [0, o).
Taxy KomMnaxmudikauito MoOXCHA 360e3Nevumu, HAnNPurAald, yeedeHnam noeHoi me-
mpuru d(x,y) = |arctgz — arctgy|, x,y € [0, 00|. Hosedenna nosnicmio anarozivme
dosedennio meopemu 1.

. . vd, -
[epeitaemo a0 mosenentst popmynn (2). Ockinbku &(«") — &, TO mepInii aToM
MipH &En) 30ira€Thes 3a PO3MOILIOM J0 nepinoro aroma Mipu &,.. [eit dpaxT Bumnin-
Ba€ 3 TEOPEMHU IIPO HelepepBHE BijI0OpazKeHHsd Ta TOro, Mo (YHKIOHA “TepIiuit

aTOM TOYKOBOI Mipu Ha KoMmmakTi [0, co]” (muB. 3ayBazkeHHs 1) BHACIITOK TBep,ZL)Ke—

uust 3.13 3 [11] € HeHepepBHI/IM y rpy6iit TOHOJIOFll [lepmmuit aTom Mipn fr ") MoKHA

3allfcaTd gK n_ minj<j<y, Y(”) = p T( Posnoain mepmoro aroma A, rpa-
HAYHOI TyacCOHIBCHKOI MipHu §r MOXKHA JIerko 3uaiti: mis x > 0 3 dopmyan (5)

Ma€eMO
L7+

P{A, <2} =1-P{£[0,4] =0} =1 — e >0l =1 —e~F
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3Bijcu Ge3mocepeiHbO BUILIHBAE MPAHUYHUN pe3yabrar (2) miasa r > 2.

Dopmyay (2) MOKHA ICTOTHO y3araJbHIOBATH Ha 3pa30K TOTO, K 1€ OYJI0 3pO-
6s1eH0 B Teopemi 4.1 y [3]. 3 MipKyBaHb, HaBeIeHUX mic/Ist (POPMYITIOBAHHS TeopeMH 1,
BUILTMBAE HECKIHUeHHOBUMIpHUI aHasor dbopmyan (2). Mu 3anumumo itoro 6e3 je-
TaJIbHOI'O JOBEJCHHA, OCKiJ’IbKI/I BOHO IIPOBOAUTBCA HOBHiCTIO aHaJIOFiLIHO JO0BEACHHIO
3rajjanoi Teopemu 4.1.

Teopema 2. /Jlaa dikcosarnozo r > 2 nexail TT(;), 1 < k < n, osnauae nepusuli
MOMEHM wacy, Koau deart k 3 n munie wadidiuwau npunatimmi no r+1 pasie kootcnud,
i noxaademo T,,(’z) = 0 npu k > n. Pozeaanemo maxi sunadkosi esemenmu npocmopy
wucao8ur nocatdoshocmet; R

k 1
VO = (0T k2 1), V= ((<r+ DY E) k2 1)-
j=1

Tym, ax i paniwe, E;, j > 1, € nesanescnumu Exp(1)-posnodicenumu sunadrosumu
BEAUMURAMY.
Tooi Vr(n) — V. npun — oo y npocmopi R*.

6. BucHOBKE Ta mepCneKTUBU NOTAJIBHINX AOCJTIAKEHB. Y POo0OTI MOKa-
3aHO, 1O TIPHU 7" > 2 TMOCAITOBHICTH TOYKOBUX TPOIECIB (§£n), n > 1), K1 ONHACYIOTH
mMoMeHTH (1 + 1)-X HAJXO/KEeHb yCiX m TUIIB B y3arajbHeHi# 3a/1adi mpo JHI Hapo-
JI2KeHHsI, 30iraeThes 3a pO3MOALIOM y TpyOiit TOMOIOTI 10 JeIKOro HeOIHOPIIHOIO
ToukoBoTO Tporiecy llyaccona. Lleit pe3ysnbTar mae 3MOry AOCUTH TPOCTO OTPUMY-
BaTH I'DAHUYHI TEOPEMHU JIjI PI3HOMAHITHUX 3MICTOBHMX (DYHKIIOHAJIB BiJl TaAKUX
MPOTIECIB.

Hanasi 6y0 6 1mikaBo po3MOBCIOANTH OCHOBHUII pe3ysibTaT pobOTH Ha BUIAI0K
r = 1, B IKOMY TeXHiKa IyacCOHi3alil/nemyacconizamil He CIpanboBye. [HIIAM MO-
JKJIMBUM HANPSIMKOM JIOCTiI?KeHb € BUBUEHHs 3012KHOCTI TOYKOBOTO TPOTIECY, KUt
00’€/IHy€ PO3IJISHYTI IIPOIECH 1IPU PI3SHUX 7.
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We prove a limit theorem for the sequence of point processes, which describe the mo-
ments of (r + 1)-th arrivals of different types out of the total number of n types in the
generalized birthday problem. The classic birthday problem, known from popular liter-
ature, corresponds to the parameters r = 1 (one match is enough) and n = 365 (the
number of days in a common year). The proof is based on an application of the poissoniza-
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IIPO IIOBYIIOBY HABJINKEHUX I30JIbOBAHUX PO3B’d3KIB
HEJIIHIMHNX IHTETPAJIBHIX PIBHSHD 31 CTEIIEHEBOIO
HEJIIHINMHICTIO

Posruspaerses neniniiine inrerpanbue piBusuns (HIP) 3i crenenesoro nesiniiinicrio
i cTaBUTHCS 337a49a TTOOYIOBU i30JbOBAHUX OOMEKEHWX 33 HOPMOIO PO3B’SI3KiB, HA SKUX
moximua Pperre oneparopa, BA3HAYEHOTO JIBOI YACTHUHONI DPIBHSHHS OOMEKEHa 3BEpXy
i 3am3y. i mabamxkenoro po3s’s3yBanns HIP 3acrocoBano ememeHTH 3arajibHOI TEOpil
HaOMMKEHNX MeTOMiB. [ KOHCTPYIOBAHHS MOCTiIOBHOCTI HAOMMKEHUX PiBHAHD BUKOPH-
cTaHo Merol, Mexanigaux kBajparyp. ChopmynboBani i 1oBeeHi npsMa ra 0bepHEHA Teo-
pemMu, sKi BiIIOBIIHO XapaKTepu3y0Th 3012KHICTH AIPOKCUMAIIHHOIO METOLY IIEPEXOIY 10
HADIMKEHNX PIBHSAHD i anmoCTepiopHy OIHKY TMOXMOKM HAOJIMNKEHOTO PO3B’SI3KY.

Kurro4oBi cioBa: HesiniiiHe iHTerpaibHe piBHSAHHS, 130/IbOBAaHUIl PO3B’A30K, KBaApaTyp-
HUH POIEC, OIIHKA IMOXUOKH.

1. Beryn. B poGori [1] HaBemeno TeopeTrdHe 00T DYHTYBAHHS Ta TPAKTHIHY DeaJti-
3alliio 3HAXO/IXKEeHHs BCIX i30/ib0BaHuX HabmzKenux po3s’ga3kiB HIP tuny Ypucona

ulz) - / R (2,9, uly)) dy — f(x) =0

B obmacti Q = {(z,y,u) : 0 <2,y <1, ||lul| <d < oo}, ne u(xr) — nrykana dynkmis,
K (z,y,u) Ta f (r) — HemepepsHi GyHKIIT yeix cBoix apryMentis B Q. B maniit po6oTi
npoBeieHi anasoriuni Mipkysanus 1moa0 HIP 3i crenenesoto nemniniiinictio. OTpuma-
Hi Bi/ITOBITHI OMIHKY, AKi (DITyPYIOTH V, TaK 3BAHUX, MpsIMiit Ta obepHeHiil TeopeMax,
sIKi JIAl0OTh TeopeTuvdHe OOIPYHTYBAaHHS Ta MPAKTHIHAN anapar JJisd BUPIIIEHHs MH-
TaHHS MO0 BiIOKPEMJIEHHS PO3B’sI3KiB TaKNX PIBHAHb.

2. IlocranoBka 3amad4i 1 JOIIOMIi>KHI TBEPI2KEHHSI TAa O3HAYEHHSI.

Posrnanemo piBagana HIP surisny

ulz) - / K (a,y) - u"(y)dy — f(x) = 0,m > 2, 1)

ne u (x) — mykana byukmia, K (z,y), f (x) — nenepepsHi byHKIIT yeix ¢BOTX apry-
MeHTiB B 3aMKHeniit obmacti Q = {(z,y,u) : 0 <2,y < 1,||ul| < d < o} C C[0,1].

CraBuThCs 3312498 3HAXOIKEHHS BCIX HEIIEPEPBHUX 130/1bOBAHNX B 0071aCT1 Q Ha-
OMKeHnX PO3B’si3KiB piBHsAHHs (1), MIAXOM HOOYIOBU i HACTYIHOIO PO3B’sA3aHHS
ANPOKCUMAIIHUX piBHsIHB. B pobori [2] ayist mobynoBu HaGIM:KeHUX PIBHSHL BH-
KOPHCTOBYBaBCsSI METOJI BHPOKeHUX sijep. B maniit poboTi BHKOpPHUCTAEMO METOI
MeXaHIYHUX KBa/IpaTyp

JREGIED S ORERIEL )

i=1
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Jie TOYKH Yj,, HA3UBAIOTHCA By3JaaMu KBaIpaTypHol dopmyau, npaaomy 0 < yi, <
< Yo < < Ynn < 1, a koedinientn oy, € R, oy, >0, ayptoiont - o, <a = const.
Osnauennsa 1. Kseadpamyprui npouec (2) nasusaemves 30IHCHUM, AKUWO 3a-
AUK08ULT waer 1, (2) =0 npu n— 00 das 6ydv-axot dynkuii, nenepepsnoi na [0, 1].
Baminoouu inrerpas (1) #oro HabJMzKeHUM 3HAYCHHM, 3r1HO (2), 0OTpuMaeMo

)= K (z,ym) u" (yim) + f(z),m > 2. (3)
7=1
Ananiruani poss’si3Ku, HAOJMKEHOrO PIBHSHHS (3) BU3HAYAIOTHCS PIBHICTIO

uy(z) = Z O‘Jn (T, Yjn) - (Ejn)m + f(z), (4)

Jie EZ = (Eln, Eony- - - ,Enn) — PO3B’A30K CHCTeMH DiBHAHD

Z B (Tins Yjn) - ()" + (i), i=Tm, (5)
AKa alnpokcuMmye pisasgHad (1), a ®,£, Mae BULIALD
= Z Oéjnﬁ (l’, y]n) ’ (gjn)m + f(l’)
j=1

Orzke, 3aMicTb po3B’sa3ky u* (x) piBusnus (1) 3maiimemo iioro p03B’H3KH y By3Jax
IHTePHOMAII Yjn, 7 = 1,n, 9K TOUHI ab0 HAGTHKEH] 3HAYECHHS f u* (Yjn), AKi
BU3HAYAIOTHCS i3 cucremu (5). Bekropu fn = (&1, &ons - - -+ €pyp) DOBIIISIIAIOTHCS SIK
eJIeMeHTH IIPOCTOpPY M, abo R,.

[I106 BCTaHOBHTH Mipy GJIM3BKOCTI BIINOBIIHUX PO3B’si3KiB piBHstHHS (1) Ta cu-
cremu (5) BBOAUTHCS JiHiiiHe BinoOpaxkeHHs p, take, mo V u (x) € C'[0, 1]

Pt = {u (yln) U (an) yeee, U (ynn)} € My, (6)

[1]-
O3nauensd 2. Kaorcymo, 1,0 memod mexanivius keadpamyp 30126emvbea, AKUL0

. =% . .
daa docmammuvo eesuruT n ichyomos pose’asku &, cucmem (5) i 0aa KooHCcHoT no-

. . . =%
a Mipa 6Jin3bKOCTI po3B’sa3KiB u* (x)Ta £, BU3HAYAETHCSA BEJNIHHOIO ‘ Dl

CAL008HOCTE MAKUT PO36 A3KIE {ﬁn}

lim p (EzvpnF> =0, (7)

de F' — mmootcuna pose’askisc pienanni (1).
[Monamo piBusinns (1) B onepaTopHOMY BHIJIsI

Tu:=u—Tu=0, (8)

e T — nsivi qudpepenniftoBauit 3a Operne HemiHIAHHE omepaTop, IO i€ 3 00J1aCTi
CBOTO BU3HAUEeHHs () rinmbbepToBoro npoctopy H y meit xe mpoctip. Hexait u* (z) —
O/lMH 13 po3B’s3KiB piBHsHHS (8).

Posnin 1: Maremarnka 1 craructuka
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Meroa miniManbHEX TOXUOOK [3] mossirae y mobymoBi iTepariifHol moCTi I0BHOCTI
3rijiHo popMyJIH
512
e T
2k
|GETu*||

e G, = T'(uy) — niniiinuii obmezkenuit oneparop, G — cupszkennii fiomy. Hape-
JIEMO TeopeMy iCHyBaHHsI 1 €THHOCTI pO3B’si3Ky piBHstHHS (8) Ta 36iKHOCTI MeTOy
(9) B akiit, na BiaMiny Bix [3], KOHCTAHTH, IO 0OMEXKYIOTH MOXiAHI omeparopa T B
kyai S(u’,r) ={u e Q: |lu—u’|| <r} sanexars Big u’ Ta r.

S — g,

Tu", (9)

0

Teopema 1. Hezati y xyai S(u®,r) 3 sadarnumu u® ma r— suxonyromoca ymosu

[TO)|| < T ()] < M@ 7r), [T (w)]| < N(u,r), (10)
1T (w)h|| > m(u®,7) |[R]| 7 > 0,Yh € H, (11)
de n, M®,7), N r), mu’,r) — xoncmanmu, wo sabeaneuyromv GUKOHAHHA
YMOG
n- N’ r)
=— =<1 12
2n
— < 13
m(u,r) — " (13)

Todi pisnanna (8) mae 6 wyai S(u’,r) edunuti poss’asox u*, do AK%020, NOUUNAIO-
wu 3 u°, MOHOMONHO 1§ cuavbHo 30izacmvea nocaidosnicms {uy t, nobydosana 321010
(9) npunomy ouiHKG NOTUOKU TAPAKMEPUSYEMBCA HEPIBHICTIIO

3. IcHyBaHHS PO3B’93KYy CHCTE€MHU ANPOKCUMAIINHUX PiBHAHB.
Byzemo Beazkarn, mo oneparop ' : {u € C [Q] : |lul| < d} — C[0,1], a cucremy
(5) momamMo K olepaTopHe PiBHSIHHS

2n - omthr) . 2
m(u®,r) M2(u0,r)(1 v(r)| - (14)

T

Tngn = gn_TnEn:07n21727"'a (15)
A€ Tngn = (Tnlgm TnQEnu o Tnngn); Tm‘gn = Ezn _ngn :fin_zyzl O‘J'HF (x’iTh yjn) )
;({:jn)m — f(®in), © = 1,n, npudomy omneparop T, TePeBOIUTb MHOKHHY TOUOK
€ = (EnsEony -1 &) € My, IO 3370BOJIbHSIE HSnH < d B m,,. OckinpKu inTe-

rpajibhe piBHsHHs (1) Mae cTemeHeBy HeqiHilHICTH, TO onepatopu T Ta T, asiui
mudepenniiioBri Bimmosiano Ha Oymp-skomy eementi w € C[0,1], ||w]] < d Ta
&, € My, H,ﬁnH < d. ucdepenniaan omnepaTopiB MalOTh BUTJIST,

T'(w)h = h(z) — m / K (. ) ()] h(y)dy, (16)

T (w)hhy = —m (m — 1) / Rz, ) ()] h(y)ha(y)dy, (17)

Trlz (En) En = {Z [61(]71) - mo‘jnf (xin7yjn) : (gjn)mil] Cjn} En € My, (18)

J=1 i=1
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0, axwo i#j
¢, T —rpancnonosanuii pajgok sexropa (, = ((1,Ca, ..., (), a A, — Kpaaparna
MATPUIS HOPAIKY 70

e (52.(;7) = { L awwo t=75 cumBost Kponekepa, abo 1) (En) ¢, = AT, ne

11— maan (zlny yln) : (fln) _mannF (x1n7 ynn> : (gnn)
_malnf (Inru y1n> : (gln)m_l e 11— mannf (xnna ynn) : €nn)m_1

m—1 m—1

[IpaBomiphicTh nepexomy 10 po3B’si3aHHs HAOJIMKEHUX DPIBHSIHb BUPAKAIOTHCS
JIBOMa TeOpEeMaMHU: B EPIIiil JJOBOJIUTHCH ICHYBaHHs PO3B 43KIB MOC/IiIOBHOCTI arpo-
KCUMAIIHUX PIBHAHb 3a JAHUMHU ICHYBAHHS PO3B SI3KIB BUXIIHOTO piBHAHHS 1 30i-
JKHOCTI METOJY Hepexoiy J0 HaOJUzKeHUX PiBHAHB, a B JAPYTiil 3a JaHUMHU iCHYBa-
HHS npu HIKCOBAHOMY N PO3B’A3KY HAOJIHMZKEHOTO PIBHIHHS JTOBOJIUTHCS ICHYBAHHS
BIITIOBIIHOTO HOMY pPO3B’I3KY BUXITHOTO PIBHSHHS 1 JAETHCS aloCTepiopHA OIIHKA,
OJIM3BKOCTI TAKUX PO3B’A3KIB.

B neprriit Teopemi dirypyoTs omninku oneparopa T, y Touni p,u*, me u* (xr) —
po3B’a30K piBuanng (1) Ta ma exementi &, € S, (pou*,r), gki Bino6paskeni B aemi 1.

Jlema 1. Hexati u* (x) — pose’azor pienanna (1). Todi:

1) y mowui p,u* daa onepamopa T (fn), susnauenozo 3ziono (18), cnpasedauei
OUTHKEU, 0bNUCAEHT 8 HOpMI npocmopy R, :

|7, ()| < Mo, [T, (pate”™) puhll > 0 [|pah]] s de (20)
~ 1 1
_ n+m2Mn}2, axwo K (z,y) - [u* (y)]™ >0,
= ) et o (2,9) - [ (v)] o
{ n +2mM,, +m?M,, }2 ,akwo K (x,y) - [u* (y)]" " <0,
"~ T * m—1
iy = { [L7mIh, v B (@) )" > 0 )
1, awwo K (x,y) - [u” (y)]" " <0,
1
"~ n T * m—1\2] 2
M, = {Zi7j:1(ajnK (Iina yjn) ’ [u (yjn)} 1) }2 )
(23)
M, =310 g [K (20, ygm) - [ ()]
2) na 6ydv-aKomy esemenmi
En S gn (pHU*7r> :png (U*vr) = {gn € mpy : Hgn _pnu*H < T’}
dasa noziowoi T, (En) CNPAGEINUBH OUIHKG
I (€]l < No (pnw, ). (24)

n

o (o) {<m 1= D)™ @2 B ()

1,j=1

Posnin 1: Maremarnka 1 craructuka
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A (C}n, (Y)n) ) mZQ m l} : (25)

=0 =0

N|=

—2)! L
ct = “((7:'11_—220, — qucao kombinayili 3 m — 2 no l.

Hosedenns. Bukopucrosytoun suriisiy (18) oneparopa 1) (£n) (,,, 3TiIHO BHU-
3HaYeHHA HOpMU y TpocTopi R, 3a HepiBHICTIO KoImi cipaBeinBi HEPIBHOCTI:

1
2

17 () pahl| = Z(Z 05 = mas K (zin, ysn) - (0 <yjn>>m—1}h<yjn>) <

i=1 =1

< {Z (Z 667 — mo T (i ) - (0" ()™ D2 mn?)} -

i=1 \j=1 j=1

D=

{ZZ (657 = magu K (in, ) - (0 <yjn>>m1]2} Ipnhl] =

=1 j=1

_ {Z <1 —2m > bV K (i yjn) - [0 ()]
j=1

=1

+ Z (man K (Tin, yjn) - [u* (yjn)]m_1)2>} Ipnhl]| <
(e m? S0 (00 @) - [ )]} Ikl
axuo K (z,y) - [u* ()" =0,
{n+2m 0 0 | K (@ ygm) - [0 ()] +

1
n N7 * m—1\2] 2
2 0 (0K @iy yn) < [0 ()] ™)} Ipabl,
arugo K (z,y) - [u* ()" <0,
Ouirnmo noxinHy oneparopa T, 3Bepxy, BpaxoBywoun mo 1) (p,u*) p,h= A, (pnh)T,

ne marpuns A, mae purisn (19). Posrisaemo Bunaku:
1. Hexait K (z,y) - u"(y) < 0. Toxi

IN

N[

I, (o) pa]| = Z(Z [6£f>—majnf<xm,yjn>-<u*<yjn>>m—1]h(yjn>) >

i=1 \j=1

> Z (Z 55;L)h(yjn)) = {Z [h (yjn)]Q} = ||pnh||

i=1 \j=1 j=1

2. Skmo K (z,y) - u™(y) > 0, roai uposesemo nacryuni mipkysanmst. [logamo
MaTpuiio A, y sBurasai pisaumi A, = E, — A, ne E, — OAUHUIHA MATPHUIS N-TO
nopsaky, a A, — KBajparHa MaTpHUIA 3 eJeMeHTaMu

di; = Mo K (Tin, Yin) - [0 (y5n)]™ " 0,5 =1, n.
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st HopM MaTpuik cupaseyiusa HepiBHicTb ||T) (pou®) pohl| = HAn : (pnh)TH =
= HEn . (pnh) — A, H > ) HE (pnh TH — Hfln . (pnh)TH ’ Buaiinemo m,,
JJIsT SIKOTO

[ o ] |2

(ah)"]|. (26)
Ouinnmo Hfln . (pnh)TH. 3a HepisricTio Ko, BukopucroByodn (23), orpumMaemo
0w /o 2\ 2
| A (pan)|| = 5" (Z [ (i, ) [u” ()" <yjn>) <mil, |Ipahl].
i=1 \j=1

OueBmHO, MO HEn : (panH = | B, - (pah)]| = |puhl] = H(pnh)TH. Sanumenmo (26)

y BHUIVISII JIBOX HEPIBHOCTeI:

| B @) || = | An - @at)" || = 7700 || |
(27)
1B )| = | An - )| < =70 || ou |
Axkimo ]\an < %, TOJI1
|B )| = [|An - oty = (1= man) )] (28)
dxmo M, > %, TOJIL JIPYTY 3 HepiBHOCTeH (27) 3amuineMo y BUTJIsII
| B o)™ + 70 [ u) | < || An - )|
T4 BUKOPHCTAEMO HA (pnh H < mM, ||pnh]|. 3Bizcu
(177 || a)” | < || )|
TOOTO .

Ha ocroBi HepiBHOCTEI (28) Ta (29) oTpuMaeMo, 10 B TAHOMY BUTIAJIKY 77, = ‘m]\/[ -1 ’

Hosenemo Teepzkennst 2). ITix noxinuoro 1) (ﬁn) posymioTh cyKymHicTh 1)) (fn) =
= [ ‘/ln (En) ) ‘/Qn (En) )t Vnn (En) }7 A€ an (En) = [825?1;7?]71]7 iujuk = 1,_71,
1
82T,

o I @)l = { S S T |2

noxinui pyukiii 1), (én), t = 1,n, JOPIBHIOIOTH HYJIIO, BAKOPUCTOBYIOUH (POPMYJTY
6inoma Hpiorona ta mepiBHicTh Kot orpumaemo:

2) 2
} . 3BijJcH, BpaxoBYIOUH, IO MilIaHi

HT7/1/ (En) ”2 < m? - (m - 1)2 ) Za?n ZF2 (l'ina yjn) . [gjn]Q(mim <
J=1 i=1

Posnin 1: Maremarnka 1 craructuka
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<m?-(m—1)7 ) 02K (in, Yjn) - ([(Ejn — " (yjn)) + 10" ()" )" =

,j=1

m—2 2
= m2 ( - 1 Z 043 F -Qjma yjn ( C -2 gjn —u (yjn))m72il (U* (y]n))l> S

i,j=1 =0

l\.’)

—2 m—

<m?(m—1)* [ﬁ:ain?Q @in» Yjn)- (C Y @]n) D (&=t (Yin )Q(mﬂ)lé

ij=1 ! 1=0

3

I
o

<m?(m —1)° [zn:a?nf2 (Zin, Yjn) mZ:Q ( ?Jgn))l>2'mz_:2 (TQ)mZZ] ;

i,j=1 1=0 1=0

ockimbkn Vj=1, n cnpaseymnsa mepiBuicts (£, — w (Y;n))° <Sor (Em— w (Yim)) > =12
Jlema gosenena.

Hapegemo Teopemy mpo icHyBaHHsI po3B’si3kiB cucremu (5) i 36iKHICTH MeTOLY
nepexoy 1o cucremu (5).

Teopema 2. Hezali suxonani ymosu:
1) pisnanna (1) mae pose’azor u* (x) € C'[0,1];
2)  weadpamypnul npouec (2) abicacmuvea, mobmo rn(z) — 0 npu n — 00 das
6ydv-axol pynruii z (x) € C'[0, 1];
3)  dynxuyia K (z,y) - uv™(y) nenepepena sa ecima sminnumu 6 obaacmi ) =
={(z,y,u)}: ||lu—u*|| <r, a pynruyia f(x) nenepepsna wa [0, 1];
4) onepamop T, eusnauenud s2idno (8), deiui nenepepeno dudepenyitiosrud sa
Ppewie 6 wyai S(u*,r) = {u € C[0,1] : ||u—u*|| < r}, npunomy das onepamo-
pa T), eusnauenozo 32iono (18), y mouyi p,u* cnpasedausi nepisnocmi (20);
5) Ha 6Yydv-AKoMY enemenmi

£, € Sp(pau™, 1) = puS (u*,7) = {En € my, : ||En —an*” < 7”}

das onepamopa T (En) BUKOHYEMBCA Hepishicmb (24).
Todi cnpasedausi meepocerms:
1) Onepamopu T, T', T,, T/, eusnaueni 6idnociono Popmyaamu (8) (16), (15),
ma (18), € yinkom nenepepenumu 6i0no6idno na xyias S ' (u*,7) i Sy (paut,T),
nputomy nocaidosricmo onepamopic Ty, : Sy (pu’, r)—>mnT’ (p u)EL(mn,mn)
KOMNAKMHO anpokcumytoms 6ionosiono onepamopu T : S (u*,r) — C'[0,1] m
T (u*) € L(C[0,1],C[0,1]).

2) Ienye maxa obaacmo d(r) = (0,719), de 1o (ro > 0) — Kopine pienarnns My,—
—N,, (ppu*,r) -7 =0, wo daa 6ydv-aroeo v € d(r) 6yde euxonysamucs nepic-
HICTD

My — Ny (ppu*,r) -7 > 0. (30)

3) Jas onepamopis T,, T & wkyai Sh (Ppu™, ) 6ipHi OUiIHKY, 00MUCAEHT 6 HOPMI

npocmopy R, :

n

1T, (pou®)|| < {Z 7o (K (€in, y) [u (y)]m)f} =7 (n,u*), (31

i=1
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1T (pau)|| < My + Ny (pou®,7) -7 = My, (ppu*, 1), (32)
”T;L (pnu) pnh” > [mn - Nn (an*7 T) : T} HpnhH =My, (pnu*, T) ||pnhH . (33)

4)  Jaa 6ydv-axozo r € d(r) snatdemoca cniavue n, (1), wo npu n > n,(r)
OYydymv BUKOHYBATUCA YMOBU,

7 (n,u*) Ny (pau’, 1)
i, (pau*,r)

v(r) = <1, (34)
iy, (pou*,7)

5) Ipu sciz no= (1) cucmema pisnans (5) mae 6 xyai S, (pou*,r) edunu
P036°A30K 5 wo eidnosidae pose’asry u* (x) pienanna (1), do axozo, nowu-

0 =0
narouy 3 U = £, = ppu

(35)

*

, MOHOMOHHO 1 CUABHO 30120€MbCA NOCALI0BHICMDY
—k . .
{£n}, nobydosana 32i0no (9) daa cucmemu (5), npuvOMYy CNPaBEdIUBE OUIHKG

NOLUOKU

n(n. >)[1_ 2 (put', 7)

mn (Pru*,r Mi (ppu*,r)

k/2
(L=~ (7”))] : (36)

6) Byodv-axa nocaidosnicmv poss’askie {fn} 3012a€mMbCA NPu N — 00 3G HOP-

*

MO10 dO enemenma pyu*, nputomy WeUdKICIG 36I0CHOCTE TAPAKMEPUSYEMDLCA
HEPLEHICITIIO
‘— ACKY)
iy, (pu*, 1)’
Hoeederna. Posrisinemo pisusnus (1) ra cucremy (5) Bianosigno sx omepa-
Topri piBugnns (8), (15) y nmpocropax m, ta C'[0,1]. Sriano (3), (4) oneparopn
T:S(ur)—= C0,1] va T, : Sy (pau,7) — My € NUIKOM HelepepBHUME Ha Ky-
aax S (u* ,r) Sh (ppu*,r). doBememo, 1o O BiIHOIIEHHIO /10 3B’S3YI0UNX BinoOpa-
JKEHb Py, 33JaHUX 3rTHO (6), TOCTIOBHICTD OIepaToOpiB T,, KOMIIAKTHO AIPOKCHMY€
oneparop T. Jljisi nporo nepesipumo obuasi ymosu osmadenns 5.1 [4]: 1) aiiicuo,
Yu € § (u 7’), BUKOPHUCTOBYI0UN TBepzKeHHa 8.1 [4], Ha ocHOBI KOMImakTHOCTI CiM’i
{z (v) (z,y) - [u(y)]™}, Oynemo varm:

(37)

H Tu—T u”—max

[ R o) )y >0 G ) 05

= max |70 (K (in, y) - [u (y)]™) | =0 mpir 0 — o0;

2) ma V€, = (Einy Eonse - o Eum) € Sy (ppu®, 1), 3rimHO YMOB(2), (3), BpaxoByIOUH, IO
n
Zajn:a:const, Ha OCHOBI Teopemu ApIiesia moc/IiI0BHICTD
j=1

Posnin 1: Maremarnka 1 craructuka
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wy, () :Zajn? (2, Yjn) [6jn]™ — f (z) xOMmaxTHA B C[0,1] i prwwy, (2)=T,E,,.
j=1

Amasorivmno mokazemo [4], mo nocTioBHiCTL onepaTopin T, (ppu*) KOMIAKTHO
anpokcumye onepatop 1" (u*) € L(C'[0,1],C'[0,1]). Ha ocHoBi kommakTHOCTI ¢iM'i
Dymii {2, (y) = mE (2,y) - [u* (4)]"™"} oxpmsaeno

B Zo‘jnf(fvm,yjn) [ (yn)] T = me max [ry (K (2i,y) - [w” ()] 1) [ =0

puT" (u) = T, (pouu”)

= Imax
1<i<n

m / R (i, y) - [ ()] dy—

/ ’

1<i<n
npu n — oo. [ocsinoBHicTs Wy, (u*_(:c)) =m i K (T,y) - [u ()] wOM-
naktaa B C [0, 1] i py, (u* () =T, (ppu*).

Iloxazemo, 1o icHye Taka obmactb d(r) = (0,7¢), mo f,—N, (p,u*,r)-7>0
nast Oyab-stkoro r € d(r). /[ificHo, mepemuieMo OCTAHHIO HEPIBHICTH y BHIJISII
N, (pout,r) - —m, < 0. ®yuknis f (r) = N, (pyu’,r) - 7 — T, € 3pOCTAIyuoIo
i f(r) < 0npu r = 0. Toni smaitaersca Taxe ro € (0,00), mo f(rg) = 0 i mus
6yap-axoro 1 € (0,79) = d(r) Gyae cupaseausa HepipHicTs f (1) < 0.

MipkyBaHHs TP JOBeIeHHI TBep/zKeHHs 3 aHAJIOrivHI mpoBeaeHnM B [1], Tomy
B JIaHi#l poOOTI HE HABOIATHCSI.

Tax sk g gosiabuaoro r € (0,79) BUKOHYeThCst HepiBaicThb (30), ToAl 3 yMOBH
3012KHOCTI KBaJAPATyPHOTO TIpoIecy (yMoBa 2), MOJKHA CTBEDIZKYBATH, 0 ICHYE TakKe
n, (r), nounHaouN 3 SKOro (Ipm n > n, (1)) npu Beix n cucrema Hepisuoctreit (34),
(35) Gyae cymicHOIO, a Ile 0O3Hadae, 10 11 omeparopa 1,,E, BUKOHYIOTCH BCi yMOBHI
Teopemu 1, To6TO cucrema piBHgAHB (5) B KyIii Sh (ppu*,T) Mae emuHUN PO3B 30K

-0 . X . —k
&,,, 0 FKOTO, MOYMHAKYN 3 £, = p,u” 30ira€Thcs MOCTIIOBHICTD {{n}, o0y 1oBaHa

sriguo (9) masg cucremu (5) Ta cupaseausi oninku (36), (37). 3 mepisuocti (37)
g:L - anJ*
nepexosy Bij piBasiHHS (1) 1m0 cucremu (5). Teopema goBeseHa.

4. IcuyBaHnH4d i €guHicTh pO3B’s3Ky piBHAHHA (1). [Ipunycrumo, mo icHye
[ Toummx i30JpOBaHUX PO3B’A3KiB &, &, ..., &), cuctemu (5), sKi mpw JegKOMY
dikcoBaHOMY 1 > M, BCI BOHU MOXKYThH OyTH 3HalIeHi, HAIIPUKJIAT 3a JOTOMOTOIO
es-anaropurMmy [5]. 3a mmmu po3s’s3kamu, 3rigHo (4), MoxKHA TOOY/yBaTH BiAIOBIIHI
AHAJITHYIHI PO3B'A3KN Uj,,, Uy, - - - , Up,. HACTyIHA Teopema jae pO3B sa3aHHsT 3314l
3HAXO/IZKeHHsI JIJI KOKHOrO v, v () = uf, (i = 1,1) Takux 3HadeHb pajiyca r, gki
6y kyri S(v,r) ={ue€Q:|lu—v| <r} sabesneunin BUKOHAHHS TOCTATHIX yMOB
icHyBaHHSI €IMHOTO PO3B’si3Ky piBHsAHHs (1) (Teopema 1).

BUILIUBAE, IO — 0 nmpu n — 00, a e o3Hada€ 301KHICTH METOLY

Teopema 3. Hezali sukxonani ymosu:
1) pymeuii K (z,y) - [u(y)]™ ma f(z) narescamo npocmopy Cy [Q], x > 3,
C, [ € Ly [0,1];
2) npu Koschomy (ikcosarnomy n > n, cucmema pieHand (5) mae poss’asok Ez,
a 610n06idHul omy anasimuunud pose’azox v = u'(x) mae sueasnd (4).
Todi cnpasediusi Hacmynti meepoHceHHa:
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1) Hopma 1e6’ a3k HabAUNCEH020 PO3E A3KY U iHmeepasbrozo piehanna (1) sado-
BONLHAE HEPIBHICTD

17wl < flra (0 ()] < by - QY (38)

de by — mmootenux, nezaneschut 610 dynwuii K (x,y)-[v(y)]™, ceiti daa xosicroi
keadpamyproi dopmyau, a Q) szadososvrae nepiericmo

[K(z,y) - oy)]™] | < Q; (39)

S

max
0<zy<1 | dy*

2) 0as 6ydv-axozo u € S (v, 1) eiphi oyinku, obuucaeni 6 Hopmi npocmopy Ly [0, 1]
17" ()| <M+ N (ol ,7)-r =M (v,r), (40)

de
17" (w) hl| = [ — N ([[v]| ;) -], [[h]l =m(v,r) A, (41)

a Koncmanma 0 8U3HAMAEMBCA 13 HEPIGHOCNI

{/01 [v? (y)]" dt}é < (/OIUQ(y)dy)MQ;

17" ()] < N (|lvll,r), (42)
de
N (|Jv]l,r) = m(m = 1) |K(z,y)]| -

P (Tm_2 N Z_ (m—1- zz‘ ..(m—2) ol P2 HUHm—z) 7 (43)

i=1

mo{ et e Ky )" 00
(14 2mM; +m2M2)? | axwo K(z,y)[v(y)]™ " <0,
— { [1—mM|, axwo K(x,y) wy)™ >0, M #£L (15)
" L, axuo K(z,y) [v(y)]" <0,
My = | B (@) )| (46)

3)  cwanapne pienanna m — N (||v]|,7) - = 0 mae npunatimmi odun dodammiti
po36’azox R, npu xostcnomy dircosaromy n > y;

4) icnye make Tig > Mg, Wo Npu n > My KOACHOMY D036 A3KY U pishanns (3) byde
sidnosidamu ceit inmepsan (r1,r3) C [0,00) aminu padiyca v xyai S (v,7r).
Ha uvomy inmepsani 6yde cymicua cucmema wepienocmetd (12), (13) 6 axid
n = 1. (v), a gymruii m(v,r) ma N (|[v|,r) maroms eueasd (43) ma (45)
610Nn0610H0;

5) pisnanna (1) mae y wyai S (v,7), de r € (r1,719) edunuti pose’asox u* (x), wo
sidnosidac daromy v (x), do axozo, nowunarowu 3 u’ () = v (x), npu k — oo
36i2aemuea nocaidosHicmsy {uk (:1:)}, nobydosana 32iono (9) das onepamopa T,
NPUYOMY CNPABEONUBHE HEPIBHICTID

Posnin 1: Maremarnka 1 craructuka
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S m(v,r) 1 M2(7J7T) (]‘ 7( )) ) (47)

u* (z) —u* ()]
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6) anocmepiopra oyinka NOTUbKY, U0 TAPAKMEPUIYE bAUSLKICMY P36 askie u* ()
ma v (x) 6idnosidno pienans (1) ma (3) susnauaemocsa HepisHicmio

by - QW)
“(z) — < 48
I @) =v @)l = 255 (48)
Hosedenns. Ockinbku v = u’ (r) € TOYHEM DPO3B’A3KOM piBHsHHA (3), TO

T,v (z) = 0. 3Bigcu, BpaxoByoun Burs oneparopa 1’ i 36iKHICTH KBaIpAaTy PHOTO
nporiecy (2), 3acTOCOBYIOYH OIHKY 3aJHITKOBOTO YJeHa, HaBeneHy B [5], omepxKumo:

I Tv|| < || Tv — TyolH| T, u||_H/ K (z,y)-[v(y)]" dy —Z% (2, yjn) - [v ()™

— [l (0 ()] < b - QW

Hosenemo, mo ajst oneparopis T (u), T (u) B xyai S (v,7) BUKOHYIOTCS OiHKH
(42)-(44). BukopucToBytoun HepiBHICTh TPHKYTHHKA, (bopMmysry Jlarpanzxka Ta Bpa-
XOByIOuH, Mo U € S S (v,), 3rizmo nepisnocti (44), ne N (||v]|,7) mae surasm (45), Ta
ominku ||T'(v)|| < M, ne M, BusHatena 3riqno (46), cpaBeyIBICTb AKAX J0BEICHA
B [2|, orpumaemo:

17" ()l < (17" ()| + 17" (w) = T" (v)]| <

§M+‘/O T"(v+7(u—v))dr-(u—v)| <M+N(Jo|l,r)-r=M(|,r).

BuaiiieMo 3HadeHHs M, s AKOro BUKOHyeTbes Hepiuicts |17 (v) h| > M ||A].
Hexaii K (z,y) - [v(y)]™"" < 0. Toxi

M%@M:Hmw—méiaawwwww1mw@HzM@w.
Hexaii K (z,y) - [v(y)]™ " > 0. Bigomo, mpo

b =m [ K o™ k| =

zhw—7¢£fmwrwwwlmw@ > ).

3anuieMo OCTaHHIO HEPIBHICTH Y BUIVIAJL JIBOX €KBIBaJEHTHHUX HepiBHOCTe:

] = m || f) K (,y) - [o ()] h(y) dy|| > 7 |||
1Al = m || o K (z,9) - [o ()™ " h(y) dy|| < —m- |||

Bukopucroryoun dopmyity Korri-ByrsikoBebkoro ta nosnauenns (48), 6yaemo Ma-

/o1 </01?(x’y) o)™ () dy>2dx <
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é/o / B (@) ()" dyde| 0= || R (2,0 ()] B2 = M2[|RIP. (50)

Axmmo My < %, TOJI1

(1 —mMy) [[p][{[A]] —m

[ Fw e o) 2

> [k = m || K (2.y) - [0 @)™ | - Ih] = (1 —mas) |lA],

T06TO Tepira 3 HepiBHOCTE (49) BUuKOHYeThCs mpu T = 1 — mM;.
Posrasinemo npyry 3 HepiBHOCTe#H (49), sIKY 3amuIeMo y BUTJISAI

/0 K (z.y) [o ()" () dy| .

(A+m) [A Sm]

Ta 3acrocyeMo omiuky (50). Bymemo maru: (1 +m) ||h] < mM ||h]|, TobT0 mpyra 3
HepiBHocteit (49) Bukouyerhest nipu m < mM; — 1, axmo My > % 3BicH BUILINBAE,
mo m = |1 — mM,|. Toxi, 3rinHo HEPIBHOCTI TPUKYTHHKA, BPAXOBYIOYH IO

<

17" (v) = T" ()] < ‘/0 T"(v+7(u—v))dr - (u—v)

< /0 177" (v + 7 (uw—=0)ldr - lu = <N ([[o]| ;) -,
OTPUMAEMO
17" (w) hll = 17" (v) Bl = [[(T" (v) = T" (w)) bl = m|[A]] = [[T" (v) = T" (u)|[ ]l =

> [m = N([Joll,r)-r] ]l

JoBeseMo crpaBeymiBicTs TBepKenns 3. osnauwmo f (r) = N (||v]|,r)-r—m.
Bpaxosytoun suras Gyukiii N (||v]|,7), f (r) — 3pocratoua (pu r > 0), nprdaomy
f(r) < 0 npu r = 0. Tomy 3HaiieTscs Take R > 0, 1o f(ﬁ) = 0, 10610 R €
koperem pisagaasa m — N (||v]|,r) - r = 0.

s oBejieHHS TBEP/KEHDb 4-6 BiIMITHMO, IO KOXKHOMY (DIKCOBAHOMY N > Ty
Oyzle BiAmoBimaTH cBog MHOXKHMHA PO3B’a3KiB v (1) = ), (x), i = 1,1. 1 KoxHOTrO
TAKOTO M > T 1 BLAMOBITHOTO oMy pO3B’s3Ky v (x) icHye CBiif iHTepBaa cyMicHOCTI
cucremn HepiBaocreii (12), (13). e BummuBac i3 361:KHOCTI KBaIpaTyPHOTO TPOTIECY
(7 (v) — 0 mpm n — 00), a byuknii m (v,r) ra N (|Jv||,r) 3anexars six r. OTxe,
3Ha Ay ThCsT Taki bikcoBani n > T 1 Bignosiaui im v (), mo icuaye inTepsan (ry,rg) i
JUist BCiX 1 € (11, 72) Gyae BUKOHYBATHCs cucTeMa HepiBnocreii (12), (13), a 3nadenns
71 Ta Ty BUSHAYAIOTHCA ILISXOM PO3B’A3aHHA BKa3aHOI CUCTEMH. 3BIJICH BUILINBAE,
mwo B Ky S (v,7), e © € (r1,72) BUKOHAHI Bci YMOBH TeopeMmu 1, IO O3HAYAE icHy-
BaHHs €InHOro pos3s’sasky u* (z) € S (v,r) pisusmna (1), 36ixuicTs noCHiTOBHOCT
{u* ()}, nobynosanoi srizmo (9) Ta cupasemmbicTh anocrepioprnx ouiHok (49),
(50). Teopema roBeICHA.

5. BucrHoBku. B naniit po60oTi HaBe1eHO crIocid moOy10BH aHAJITUIHEX PO3B’I3KiB
HeJIIHIHOrO 1HTEerpaJIbHOIO PIBHSHHS 31 CTEIeHEBO0 HeJIHIHHICTIO Ta 3HAXOMKEHHS
00J1acTi €IMHOCTI KOXKHOTO po3B’sa3Ky. [lumu objiactsaMu € 3aMKHEH1 KyJIi, HeHTPaMu

Posnin 1: Maremarnka 1 craructuka
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JKUX 1 € TOYHI 91 HaOJIMKeH] PO3B’A3KH AITPOKCUMAIIHHUX PIBHAHDb, & PAJIIyCH 3HA-
XOJISTh, BAKOPUCTOBYIOUH JOCTATHI YMOBU TEOPEMU iCHYBAHHS i € IUHOCTI PO3B’A3KY
Ta 30i2KHOCTI iTepaniifHoro MeTo1y MiHIMaJIbHAX HMOXHOOK.
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Mamay L. M. About the construction of approximate isolated solutions of nonlin-
ear integral equations with power nonlinearity.

This paper is devoted to questions of the global approximate solving of nonlinear inte-
gral equations with nonlinear degree. The elements of general theory of the approximate
methods for the class of the nonlinear integral equations (NIE) with nonlinear degree were
applied. To designing sequence of approximated equations a quadrature formula was used.
Direct and return theorems were formulated and proved for this class of NIE, which reflect
interrelation between exact and sequence of approximated equations in sense of existence
of solution and their conformity.

Keywords: nonlinear integral equations, isolated solutions, an error, quadrature formula.
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SOME PROPERTIES OF DIFFERENTIAL, QUASI-PRIME AND
DIFFERENTIALLY PRIME SUBSEMIMODULES

The notion of a semiring derivation is traditionally defined as an additive map satisfying
the Leibnitz rule, i. e. amap d: R — R is called a derivation on Rif § (a +b) = 6 (a)+ (b)
and ¢ (ab) = 6 (a)b+ ad (b) for any a,b € R. The notion of a quasi-prime ideal, for
the first time, was introduced in differential commutative rings, i.e. commutative rings
considered together with a derivation, as a differential ideal maximal among those disjoint
from some multiplicatively closed subset of a ring. A subsemimodule P of a semimodule
M is called prime if for any ideal I of R and any subsemimodule N of M the inclusion
IN C P follows N C Por I C (P:M). A differential subsemimodule P of M is called
a differentially prime subsemimodule if for any r € R, m € M, k € Ny, rm®¥) ¢ P
follows r € (P : M) or m € P.

The present paper is devoted to investigating the notions of differential subsemimo-
dule, differentially prime subsemimodule, and quasi-prime subsemimodule of a
differential semimodule (which is defined as a semimodule together with a derivation on it
related to the corresponding semiring derivation), not necessarily commutative. The objec-
tive of the article is to investigate some properties of such subsemimodules, and to show the
interrelation between quasi-prime ideals and differentially prime subsemimodule
in case of differential semimodules satisfying the ascending chain condition for differential
subsemimodules. The paper consists of two main parts. In the first part, the author inves-
tigates some properties of differential subsemimodules and the corresponding differential
ideals, and gives some examples of such subsemimodules. The second part of the paper
is devoted to considering the connection existing between quasi-prime subsemimodules
and differentially prime subsemimodules. It is established that a differential sub-
semimodule N of M is differentially prime if and only if N is a quasi-prime subsemimodule
for a differential semimodule M satisfying the ascending chain condition for differential
subsemimodules.

Keywords: semimodule derivation, semiring derivation, differential semimodule, differ-
ential semiring, differential ideal, differential subsemimodule, differentially prime subsemi-
module, quasi-prime subsemimodule.

1. Introduction. The notion of a derivation for semirings is defined in [1] as
an additive map satisfying the Leibnitz rule. Recently in [2], |3], [4] the authors
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investigated different properties of semiring derivations, differential semirings, i.e.
semirings considered together with a derivation, and differential ideals of such rings.
Prime subsemimodules of semimodules over semirings were introduced and studied
in [5]. Differentially prime ideals were introduced in [6] for differential, not necessar-
ily commutative, rings. Differentially prime submodules of modules over associative
rings were studied in [7], [8]. Quasi-prime ideals of differential rings were introduced
and studied in [9], [10], its generalizations to differential modules, semirings and
semimodules were studied by different authors, e.g. [3], [4].

Due to the development of semiring and semimodule theory recently, the need
of studying the properties of differential semirings, differential semimodules, semir-
ing ideals and subsemimodules defined by similar conditions arose. The objective
of this paper is to introduce and investigate differential semimodules over differen-
tial semirings. We extend some basic results on differential modules to differential
semimodules over differential semirings.

2. Preliminaries. For the sake of completeness some definitions and properties
used in the paper will be given here. For more information see [1], [5]. Throughout
the paper N denotes the set of positive integers and Ny = N J {0} the set of non-
negative integers.

A semiring is a non-empty set R equipped with two associative binary opera-
tions called addition (denoted by +) and multiplication (denoted by -), such that
multiplication distributes over addition from either side. A semiring which is not a
ring is called a proper semiring. A semiring (R, +,-) is said to be commutative if -
is commutative on R.

Zero Or € R is called (multiplicatively) absorbing if a - 0p = Or - a = 0 for all
a € R. An element 1z € R is called identity if a - 1, = 1g - a = a for all a € R.
Suppose 1g # Og.

A subset S of R closed under addition and multiplication is called a subsemiring
of R. A semifield is a semiring in which non-zero elements form a group under
multiplication.

The center of a semiring R is a set Z(R) = {r € R|rs = srVs € R}. It is
a subsemiring of R. Since 0 € Z(R), Z(R) # &. An element r € Z(R) is called
central. A semiring R is commutative if Z(R) = R.

A left ideal of a semiring R is a nonempty set [ # R which is closed under +
and satisfying the following conditions ra € I for all a € I, r € R. Similarly we can
define right ideal and two-sided ideal of a semiring.

An ideal T of a semiring R is called subtractive (or k-ideal) if a € I and a+b € I
follow b € I.

Let R be a semiring with 1z # Or. A left semimodule over a semiring R (or
R-semimodule) is a nonempty set M together with two operations +: M x M — M
and -: R x M — M such that (M, +) is a commutative monoid with 0y, (M, ") is a
semigroup, (r+s)m = rm+sm forallr,;s € R, m € M, r(my+my) = rmy+1rms for
allr € R, mi,ms € M,0g-m =1-0jy =0y forallr € Rand m € M, 1g-m = m for
all m € M. An R-subsemimodule M is called a semivector space if R is a semifield.
A subset N of an R-semimodule M is called a subsemimodule of M if N itself is a
semimodule with respect to the operations for M, i. e. if m+n € N and rm € N
for any m,n € N, and r € R . A subsemimodule N of an R-semimodule M is called
subtractive or k-subsemimodule if mqy € N and m; + mqo € N follow my € N. So
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{05} is a subtractive subsemimodule of M.

3. Differential semimodules and subsemimodules. Let R be a semiring.
A map §: R — R is called a derivation on R [1] if d (a+b) = §(a) + 6 (b) and
d (ab) =6 (a) b+ ad (b) for any a,b € R. A semiring R equipped with a derivation ¢
is called a differential semiring with respect to the derivation § (or é-semiring), and
denoted by (R,0) [2]. A derivation of a semiring R is called trivial if it sends all a in
R to Ogr. A semiring is called differentially trivial if it has no non-trivial derivation.

Let M be a left semimodule over the semiring R. A map d: M — M is called a
derivation of the semimodule M, associated with the semiring derivation §: R — R
(or a d-derivation) if the following conditions hold:

1) d(m+n)=d(m)+d(n) for any m,n € M;
2) d(rm) =204 (r)m+rd(m) for any m € M, r € R.

Since the semiring Ny is differentially trivial, any derivation of Ny-semimodule is
a semimodule homomorphism. In a Ny-semimodule any semimodule homomorphism
is a semimodule derivation associated with the trivial derivation on Nj.

The same is true for a semimodule over the differentially trivial semiring Q. .

A left R-semimodule M together with a derivation d: M — M is called a differ-
ential semimodule (or d-§-semimodule) and denoted by (M, d).

Zero semimodule (0,/) is a differential semimodule over any differential semiring
under any semimodule derivation. Any semiring can be considered as a differential
Ng-semimodule under derivation associated with the trivial derivation on Ny. Here
any semimodule homomorphism is a semimodule derivation. Any differential left
ideal of the differential semiring R is a left differential semimodule over R. Any
differential semiring is a left (right) differential semimodule over itself. Any dif-
ferential module over a differential ring R is a differential semimodule over R as a
differential semiring. Any differential semivector space over a differential semifield
F'is a differential semimodule over a differential semiring F. If R is a semiring and
A # @ is any set then the set R4 of all differentiable functions from A to R is a left
differential R-semimodule, where the addition and scalar multiplications is defined
elementwise and the derivation is defined in the ordinary way.

Proposition 1. Let (R, ) be a differential semiring and let {(M;,d;)|i € I} be a
family of left differential semimodules over R, where all the semimodule derivations
d;: M; — M; are associated with the semiring derivation 6.

A direct product [[,.; M; is a left differential R-semimodule.

Proof. As shown in [1], [[,c; M; has a structure of a left R-semimodule under
componentwise addition and scalar multiplication.

Define amap d: [],.; M; — [[,c; M; by therule d: ((m;)) — (d; (m;)) . It is easy
so see that d is additive. Now consider d (r - (m;)) = (d; (rm;))=(0 (r) m;+rd; (m;)) =
=0 (r) (mi)+r (d; (m;))=06 (r) (m;)+r-d (m;) . Hence M is a differential J-semimodule
over R.

If not stated otherwise, in what follows let (R, §) be a differential semiring, (M, d)
be a left differential semimodule over R.

A subsemimodule N of the R-semimodule M is called differential if d (m) € N
whenever m € N. Any differential semimodule has two trivial differential subsemi-
modules: {0/} and itself.

An element m € M is called additively idempotent if m + m = m. Denote by
IT(M) the set of all additively idempotent elements of M. A semimodule M is
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called additively idempotent if every element of M is additively idempotent, i. e.
IT(M) = M. Tt is easy to see that every semimodule over an additively idempotent
semiring is additively idempotent.

Proposition 2. The set IT(M) of all additively idempotent elements of M is a
differential subsemimodule of M.

Proof. Straightforward.

According to [1], the zeroid of M is defined to be Z(M) ={m € Mm+z ==z
for some x € M}. Z(M) is a subtractive subsemimodule of M containing I*(M).
Moreover Z(R)M C M.

Proposition 3. Z(M) is a differential subsemimodule of M.
Proof. Straightforward.

Proposition 4. Let {N,}aca be a family of subsemimodules of M.

1) Anintersection (\,cq Na of any family of differential (subtractive) subsemimod-
ules of M is a differential (subtractive) subsemimodules of M.

2) A sum Y .4 No of any family of differential subsemimodules of the differential
semimodule M is a differential subsemimodules of M.

Proof. Straightforward.

Proposition 5. If I is a left differential ideal of R and N is a differential
R-subsemimodule of M, then set IN consisting of all finite sums of elements r;m;
with r; € R and m; € M, is a differential R-subsemimodule of M.

Proof. Suppose x € IN. Then x = Zle r;m; for some m; € N, r; € I,
i€ {1,2,...,k}, k € Ng. We have that

k k

d(x) =Y (5 (r)mi+rid(m;) =Y 5 (r)m+ Zrid(mi) .

=1 i=1

Since I and N are differential, then ¢ (r;) € I and d (m;) € N foralli € {1,2,...,n}.
Hence d(x) € IN.

Corollary 1. If I is a left differential ideal of the differential semiring R, then
the set IM 1is a differential subsemimodule of the left differential R-semimodule M.

Proposition 6. If I is a differential ideal of R and N is a differential subtractive
subsemimodule of M, then the residual (N : I) = {m € M|Im C N} is a differential
subtractive R-subsemimodule of M.

Proof. 1t is easy to prove that (N : I) is a subtractive subsemimodule of M.
Let z,o +y € (N : I). Then for every a € I, ar € N and a(z +y) € N. By
subtractiveness of N the latter implies ay € N. Soy € (N : ).

Let m € (N:I). Then am € N for every a € I. Since N is differential
d(am) = 6§ (a)m+ ad (m) € N. The differentiality of I follows § (a) m € N. Given
N is subtractive subsemimodule, we have ad (m) € N. Hence d (m) € (N : I).

Corollary 2. (0 : I) = {m € M|Im = {0y}} is a differential subtractive
subsemimodule of M.
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Proposition 7. If N is a differential subtractive subsemimodule of M and X 1is
a non-empty differentially closed subset of M, then (N : X) = {r € Rl[rX C N} is
a differential subtractive left ideal of R.

Proof. The residual (N : X) is a subtractive left ideal of R by [1]|, Proposition
14.24. Let r € (N : X). Then d(rz) =6 (r)x +rd(z) € N for every x € X. Since
X is differentially closed, rd (z) € N. Given N is a subtractive subsemimodule,

d(r)e (N:X).

Corollary 3. Let N, K be differential subtractive subsemimodules of the dif-
ferential left R-semimodule M. Then (N : K), (N: M), (0: M) are differential
subtractive left ideals of R.

An annihilator of an R-semimodule M is aset Ann (M) = (0: M). An annihila-
tor of the element m € M is aset Ann(m) = (0: Rm) = {r € Rlrm =0} .In [5] it is
shown that Ann (M) = (0: M), (N :m) ={r € Rlrm € N} and Ann (m) = (0 : m)
are subtractive ideals of R, where R is a commutative semiring. For a differential
semimodule M Ann (M) is always a differential ideal, however Ann(m) is generally
not. So we define a differential analogue of the annihilator of an element m € M.

For an element m € M denote by m(® = m, m/ = d(m), m" = d(m’), m™ =
d (m™=), n € Ny. Moreover, let m = {m™|n € No}. It is easy to see that the
set m(>) is differentially closed. A differential annihilator of the element m € M is
the set Anng (m) = (0:m(>)) = {r € Rlrm>) = 0)/}. By Proposition 7 we have
the following corollary

Corollary 4. If N is a differential subtractive subsemimodule of M, then for
any m € M the set (N : m>®)) = {r € R|lrm(>) C N} is a differential subtractive
left ideal of R.

Corollary 5. If m € M then Anng(m) = (0 : m(oo)) is a differential subtractive
left ideal of R. Moreover, Anng(m) C Ann(m).

Proposition 8. Let T be a non-empty subset of M. An intersection of all differ-
ential subtractive subsemimodules of the differential R-semimodule M containing the
set T is a differential subtractive subsemimodule of M. It is the smallest differential
subsemimodule of M containing T.

Proof. 1t is obvious that (-, IV is a subsemimodule of M. Clearly it is sub-
tractive. Let m € (pcny N. Then m is contained in any subsemimodule containing
T. Therefore, d(m) € (pey N.

Denote by (T') = (\ycny IV the subsemimodule generated by the set 7. A sub-
semimodule (T') is called finitely generated if the set T is finite.

Denote [T] = (\ycn N and call it the subsemimodule differentially generated by
the set T.

Proposition 9. A differential subsemimodule [T] is generated by the set
MNeen, d®) (T) as an R-subsemimodule.

Proof. Straightforward.

Example. For an Ny-subsemimodule Ny [z] under the ordinary derivation § =L,
where § (z) = 1, consider a differential subsemimodule N = [z?]. By Proposition 8,
N = [2?] = (2%, 22,2) = (22,2).
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According to [1], amap f: M; — Ms is called a homomorphism of R-semimodules
if f(x+y)=f(x)+ f(y) and f(rz) =rf(x) for all z,y € M and r € R. The kernel
of f is defined to be the set Ker(f) = {m € M|f(m) = 0,1}, and the image of f is
the set Im(f) = {f(m) € My|m € M;}. Ker(f) is a subtractive subsemimodule of
M; and Im(f) is a subsemimodule of Mj.

Let (R,d) be a differential semiring. TLet (M, d), (M;,d) be left differential
semimodules over R. A homomorphism of differential R-semimodules f: M; — M,
is called a differential R-homomorphism if f (d(m)) = d(f (m)) for all m € M,.

Proposition 10. Let (R, ) be a differential semiring, (My,d) and (Mz,d) be dif-
ferential semimodules over R, and f: My — My be a differential R-homomorphism.
Then

1) Kerf is a differential subtractive subsemimodule of M;;

2) Imf is a differential subsemimodule of My;

3) If N is a differential subsemimodule of My, then N€ is a differential subsemi-
module of My,

4) If N is a differential subtractive ideal of My, then N€ is a differential subtractive
wdeal of M.

Proof. Straightforward.

Corollary 6. Let My and My be differential semimodules. If f: My — My is
a differential semimodule homomorphism and N is a prime differential subtractive
subsemimodule of My, then f~1(N) is a prime differential subtractive subsemimodule
Of Ml .

As a consequence we obtain the following

Theorem 1. Let My and My be differential semirings, and let f: My — My be
a differential semiring homomorphism. Then f induces a differential isomorphism

f: My/Kerf — Imf for which f(m + Kerf) = f(m) for all m € M.

4. Quasi-prime and differentially prime subsemimodules. In what
follows semirings are considered to be commutative.

A differential subsemimodule N of the left differential semimodule M is called
quasi-prime if it is maximal differential subsemimodule of M disjoint from some
S-closed subset of M. A differential subsemimodule P of M is called differentially
prime if for any r € R, m € M, k € Ng, rm™® € P follows r € (P : M) or m € P.

Proposition 11. If P is a differentially prime subtractive subsemimodule of M,
then (P : M) is a differentially prime subtractive ideal of R.

Proof. (P : M) is subtractive [4]. Let P be differentially prime subsemimodule
of M, and let a®b® € (P : M) for some a,b € R, k,l € Ng. Then a®pOm e P
for all m € M. Therefore, a®® (b0m) = a® (bm)®) € P follows a € (P : M) or
bm € M, by differential primeness of P. Hence, b € (P : M).

Theorem 2. Let M be a differential semimodule satisfying the ascending chain
condition for differential subsemimodules. A differential subsemimodule N of M is
differentially prime if and only of N is a quasi-prime subsemimodule.

Proof. Let N be a quasi-prime subsemimodule of M. Suppose there exist
r € R,m € M such that [r] - [m] C N, r € R\ (N : M) and m € M\ N. It
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is clear that N C N + [m] and (N : M) C (N : M)+ [r]and (N : M)+ [r] is a
differential ideal of R, N+[m] is a differential submodule of M. Since N is a maximal
differential submodule satisfying N N X = & for some S-closed subset X of M, for
the differential ideal (N : M) + [r| and the differential subsemimodule N + [m] we
have that (N : P)+[r])NS # @ and (N 4+ [m])N X # @. Then s € (N : M) + [r]
and £ € N + [m] for s € S, 2 € X. Therefore, sz™ € X for some n € Ny,
because X is an S-closed subset of M. Then sz(™ € (N : M)+ [r]) - (N + [m]) =
= (N : M)N+(N : M)-[m]+[r]-N+[r]-Im] C N. It follows that sz™ € X N # @,
which contradicts to the fact that X is disjoint from N. Hence, N is differentially
prime.

If N is a differentially prime subsemimodule of M, then X = M\N is a Sdm-
system for some dm-system S of R. Since N is maximal differential subsemimodule
not meeting X = M\ N, then it is quasi-prime.

5. Conclusions. In this article we study differential subsemimodules, quasi-
prime and differentially prime subsemimodules. Namely, we give new examples of
such subsemimodules, prove some of their properties. We also describe the interre-
lation between quasi-prime and differentially prime subsemimodules. The obtained
results can be used in further study of differential semimodules.
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Megasauk 1. O., Koxgna P. B., Measauk O. M. /lesxi BractuBocti jgudepen-
MiaJIbHUX, KBa3iMepBUHHUX Ta JIUM(EPeHIiajlbHO-TePBUHHAX MiIHATIBMO/TYJIIB

Ilonsarrs mupepenninBanHsg HAIiBKiNbIA TPAJUNINHO BU3HAYAIOTH SK aJUTHUBHE Bijl-
obpazkeHHsI, K€ 3aJ0BOJLHSAE MpaBuio Jleibnima, To6To Bimobpakenns 6: R — R Ha-
3WBAIOTH JudepeHnioBaHsaAM HaMiBKLIbIg R, skuio 6 (a+b) = d(a) + 5 (b) i  (ab) =
d(a)b+ ad (b) pua Oyap-sikux a,b € R. llouarrs xksasinepsunnuit izmean Oy/0 Brepiie
BBE/IEHO B KOMYTATHBHUX IW(PEPEHIIATbHAX KiIbIFIX, TOOTO KOMYTATUBHUX KITbIAX, SKi
PO3IIAAAIOTHCS PA30M i3 3aJaHUM HA HUX Au(EPEeHIIOBAHHAM, IK AudepeHIiagabanii ime-
aj, MakCUMAaJbLHUi cepen andepeHIiaaIbHuX imeasiB, dKi He TMEePeTHHAIOTHCS i3 JIesTKOI0
MYJIbTHUILTIKATHBHO-3aMKHEHOIO T IMHOKMHOIO KisbItsd. Ilizramismonyns P namismomyns M
HA3WBAIOTH MEPBUHHUM, SIKITO /s OyIb-9KOro imeasy I nHamiBkiabisg R Ta Oyap-gaKoro mii-
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10.

Hanismoaynst N Haniemonynst M 3 IN C P surumsae N C P a6o I C (P : M). dudepenri-
anpHIi migHanisMoayab P HaniBMomynd M Ha3uBalOTh AudepeHIlianbHO-IEepBUHHENN Iif-
HaIliBMOZyIb, AKINO st Oyab-akux r € R, m € M, k € Ny 3 rm®) € P summsae, mo
re (P:M)abome P.

s crarrs npucBaYeHa JOCIIIKEHHIO IOHATh fubepeHnianbeuil nigHaniBMonynb, qu-
depeHIianbHO-IEPBUHHENA IinHANiBMOLYb, KBa3inepBUHHUE mimHamiBMoLynb B Jude-
PEHIla/IbHUX HAMIBMOLYJISAX (fKi 03HAYAIOTHCS K HAMIBMOLYJL pa3oM i3 mudepeHIiioBaH-
HAM, 33JaHOMY Ha HUX, K€ Y3TOIKYEThCs 3 BiAMOBIAHUM Au(EPEHITIOBAHHIM HAITIBK1Th-
ust). Meroro crarri € qocjiauTu Aeski BIACTUBOCTI TAKUX Il HANIBMO/LYJIIB, 10KA3aTH B3a~
€MO3B’43KM MiK KBa3ilepBHHHUMM IifgHaniBMOAysMu Ta LubepeHIialbHO-II€pBUHHAMA
nigHamiBMOnynaME y BUMAAKY nudepeHIiaJbHuX HATIBMOMLYJIIB, M0 33 0BOJIbHSIOTH YMO-
By OOpHBY 3POCTAIYMX JIAHIOTIB AudepeHIiagIpbHuX miananiBMoayiais. CrarTd ckiagae-
ThCA 3 JIBOX OCHOBHUX YACTUH. Y MEPINiif 9aCTWHI aBTOP JAOCTIIKYE esdKi BIACTHBOCTL
nudepeHIiaTbHuX M IHAIIBMOIY/IIB Ta BiAOMOBITHUX AudepeHItiaIbHIX i7eariB, a Takox
HABOIUTH J€dAKi MPUKIAIU TAKUX IIiTHAMIBMOMY/IB. Y APYri#l 9acTHHI CTATTi PO3IIIsaIaio-
ThCS JIAHITIOTH 3B’ SI3KU, 10 iICHYIOTh MiXK MOHSTTSIMY KBa31IepBUHHUN I1iHATIBMOLYIb T
IvdepeHIlianbHO-IepBUHHNE IimHaniBMomyns. BeranoBmieno, Mo guepenniansunit min-
HaniBMomyne N HamiBMonyna M e mubepeHIianbHO-IepBUHHME IigHaniBMomyms TOAI i
TibKY TOI, KOU [N € KBasimepBuHHUYE ninHaniBMomynsb audepeHiaTbHOrO HAliBMOMLY s
M, gakuit 3a0BOJIbHSIE YMOBY OOPHBY 3POCTAIOYUNX JIAHITIOTIB AU(EPEHITATbHAX IIiTHAIIB-
MO/LYJIiB.

KurouoBi cioBa: nudepeHniioBaHHsa HAIIBMOAYIsA, Au(epeHIiioBaHHs HAIIBKIIbI, Ju-
depeHtiaabaEI HATIBMOIY/Ib, AudepeniiaibHe HAmiBKiabIe, udepeHIianbanii imean, -
depeHtiaabHE T THATIBMOLY/b, ArdepeHIiaabHO-IEPBUHHAN IIi THAIIBMO/1y/Ib, KBa3imep-
BUHHMI TiTHATTIBMOIYJTh.
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IT'OMOMOP®I3MU JIIHIMHUX T'PVYII, III0 MICTATH
HOPMAJIBHI IIATPYIIN EJIEMEHTAPHIX TPAHCBEKIIII

VY crarTi po3rigaaloThCs po3iupeHi i crangapTai onucu romomopdismis rpyn F (n, R) C
C G CGL(n,R), n > 2 nazx aconjiaruBaumu Kinbigmu R 3 1.

Tokazauno, mwo romomopdizmu 3 ymosowo (*) rpymu E (n,R) <G C GL(n,R), n > 4
HAJ| ACOIIATUBHUMHM KiiblsgMu R 3 1 MaIOTh PO3MMPEHO CTAHJAAPTHUI OIUC, & NPH JIETKAX
0OMeXKeHHSIX cTaHmapTHUit onuc Ha rpynax G i E (n, R).

B poGori Takox onucymorbcs romomopdizmu 3 ymosow (*) rpynu E (n,R) C G C
GL (n,R), n > 4, mo Bimobpaxaiors 11y rpyy GL (m, K), m > 2, ski € monomopdizmamu
(3okpema Takumu € izomopdizmu) abo F (n, K) C AFE (n, R) Hax acoliaTnBHAMY KiTbIgMU
RiK3l.

IMokazamo, mo Taki romomMopdizmMu TOMYCKAIOTh cTangapTHuil omuc Ha rpym E (n, R).

KurouoBi ciaoBa: acoujarupni Kijibig 3 1, romomopdizmu 3 ymosoto (*), posmmpeni i
CTaHJAPTHI omucyu roMoMop@i3MiB JTiHIHHUX TPYII.

1. Beryn. Crarrs npucBsiyeHa BUBIEHHIO TOMOMOP(DI3MIB MATPUIHUX TPYT, AKi Mi-
CTATh MATPYNH eJleMeHTApHUX TPaHCBEKINH HaJl acCOMIATUBHUMHA KiJIbIAMEI
3 1.

BBoanuThesa MOHATTS CTAHIAPTHOTO OMUCY TOMOMOP(]I3MIB MATPUYHUX TPYI HAL
acoriaTuBHUMHE Kinbigmu 3 1. Posnisaaerses romomopdism Ao rpynun GL (n, R) y
rpymy apromopdizmis GL (W) nisoro (neobos’a3koBo BiabHOro) K-momynss W oHaz
JOBLILHUMH acOIIaTUBHEMHU Kiablgamu R 1 K 3 1, axkuii BU3HAYa€ThCd 3a, IPaBUIOM

Ao(z) =g " [6(x)e +7(z) T (1—e) + e1]g, x € GL(n, R),
LiP — nisi K- Lg:W—oL@---®LBP-i ism K- iB, § —
Je L1 JI1B1 MOJIYJI1, g SY) © LD izomMopizm MO/YJI1B

KLUIbIEeBU roMoMOp(hI3M 1 7 — KiableBuit gHTI/IFOMOMOp(bBM Kitblg R, iIHIyKOBa-
Hi KiIbIeBUM TOMOMOpP®i3MoM o : R — EndL i KinbleBuM aHTHrOMOMOpPdiZMOM
v : R — EndL signosinuo B kinbne (EndL),, 1 — oguanng i e — meHTpagbHMIit
imemMmorenT Kigbiig EndL, a e; — omununnsg Kiablig EndP, ska oproroHajabHa 3 eJje-
MeHTaMHu Kinblia EndL.

3a ozmadenusM romomopdizm A : G — GL (W) rpynu E(n, R) C G C GL(n, R)
JIONYCKAaE CTaHIapTHUi omuc Ha rpym F (n, R), akmo A 36iraetbesa 3 Ay Ha i

rpyTi.

Posnin 1: Maremarnka 1 craructuka
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Bynemo kazaru, mo romomopdizm A:G— GL(W) rpynn E(n, R) CGCGL(n, R)
JIOTIYCKAE PO3MUPEHO CTAHIAPTHUI omuc HA rpymi (G, KIIO icHye roMoMopgizm 7 :
G — GL (W) rakwuit, mo A (g) = v (g) Ao (9), g € G, 1e € — HeHTpaIbHUIL i1eMIOTeHT
Kutbiig EndL i erementn rpynu v (G) momapHo KOMYTYIOTH 3 €JIeMEHTaMH TPYIH
Ao (G).

Axmo npu npomy eseventu rpynu 7y (G) HOMAPHO KOMYTYIOTh 3 €JeMeHTaMK
Bciel rpymu A (g), To Gyaemo Kazatu, mo /A JA0mycKae CTaHIAPTHUIT OMUC HA TpyIi
G.

VY jauiit crarti pobuthest onue roMmoMopdizMis 3 ymosow (*) rpymu E (n, R) <
1 G C GL(n,R), n > 4 nan acomiaruBaumu Kinbismu R 3 1. [Tokazano, mo BoHn
JIOMYCKAIOTh PO3IMIAPEHO CTAHIAPTHUN ommc Ha rpymni (7, a B OKPEMHX BHIIQIKAX
cTaHmapTHUit onuc Ha Tpymi G.

TFomomopdismu 3 ymosowo (*) rpymu E (n,R) € G C GL(n,R), n > 4 nax
JIOBLIBHAMH acoIiaTHBHUME Kiiblgmu R 3 1 omucani B |1, 3, 4]. Born gomyckaors
crangapTHuil onuc Ha miarpym E (n, R).

Y 3B’43Ky 3 UM BUHUKAE NPUPOJIHE 3AMMTAHHS PO JII0 TAaKUX TOMOMOPQI3MiB
Ha BCiit rpymi G. Y 3arajibHOMY BUIAJKY I 337249 MOBHICTIO HE PO3B’si3aHa, X04a
icHye 6araTo OKpeMuX BHIIQ/IKIB JI/id 9KHX IIe MOyKHA 3pobutu. [l BijmoBiai na mo-
CTaBJIeHe 3N TAHHS BUKOPUCTOBYIOTHCS CIIBBITHONIEHHS MiXK eJleMeHTaMu ITpynu G
i exemenTamu ii miarpynu F (n, R). Y Beix BimoMux Bunaakax y Tiit abo inmiit dbopmi
BUKOPHUCTOBYETHC Te, 110 nigrpyna F (n, R) € HOpMaabHOIO migrpynow rpymu G. Y
JaHiii crarTi pobuThest onuc roMmoMopdiaMiB 3 ymoBow (*) miarpyn moBHOT AiHIHHOT
rpynu HaJl aCOMIATUBHUMY KIJTBIEIMH, B AKUX MATPYTH eJJeMeHTapHUX TPAHCBEKITiit
€ HOPMAJIbHUMH.

B po6ori Takoxk onucyrorbest romomMopdizmu 3 ymosoto (*) rpynu E (n, R) C G C
CGL(n,R),n>4yrpyny GL(m,K), m > 2, sxi ¢ monomopdizmamu abo obpasu
rpymu E (n, R) sxux micrsars niarpyny F (m, K) #an acorjaTuBHUMHA Kiblsivua R
i K31.

[Tokazamno, 10 Taki roMOMOPMI3MHU JIONYCKAIOTH CTAHJIAPTHUHH OIKC Ha TPYII
E (n,R), B sxomy P = 0.

2. BaranapHi oHATTS i TBepaxkeHHsa. Hexait V i W — niBi K-monymi, g :
W — V izomopdizm K-monpynis, V' = gW. Isomopdism i, : GL(W) — GL (V)
HA3UBAETHCS BHYTPINIHIM 130MOpGI3MOM, FKIMO BiH IHAYKYETHCA 130MOpQIZMOM ¢
3a IPABUJIOM i, (1) = grg™', ne & — nopinbauil esement rpyuu GL (W),

Teepmxeuns 1. [3omopdiam g tmdykye i30mopdhiam

g V=W, g1 GL(V) — GL(W)

. . . PR . . . oyN—1
I MAMB MICUE PIBHOCTL Tglg—1 = 1, ig-11g = 1, 151 = (ig) .

doBesieHHsd BUILIMBAE 13 O3HAYEHHS BHYTPIIIHHOTO i30MOpdizMa.

Hexait R — acomiatuBHe KiJgble 3 1, R* — rpyna oO0OpOTHUX e/IeMEeHTIB KiabIIs
R, R, — xinbue marpunp n X n #vag R, n > 2, GL(n, R) = R — noBHa Jjiniiina
(MaTpugHa) Tpyna 060POTHUX N X N MATPUIB HAJ KijdbieMm R.

Oznauenns 1. Bidobpaoicenna 6 xinous R 6 acoutamuene kiavue Ry 3 1 nasu-
saEMbCA Kinvuesum 2omomopdizmom, axuo o (0) =0,

(5(T1+T2):5(T1)+5(T2), 5(7“17"2):5(7"1)(5(7”2)

05 Q0BIALHUT eNeMenmis 11, Ty Kiavus R.
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Osznauennd 2. Bidobpascenns v kinvua R 6 acoutamuene xiavue Ry 3 1 Ha-
3UBAEMBCA KIALUEBUM aHMU20MOMOPPHIzmom, axuio v (0) =0,

viri+ry) =v(r)+v(r), vimr) =v(r)v(r)

045 Q0BIALHUT eNeMenmis 11, Ty Kiavus R.

dxmo 6 : R — Ry — xiabnesuit romomopdism i v @ Ry — Ry — Kinblesnii
aHTHroMOMOpdis3M, T0 0 : R — Ry € KiblieBUM aHTUrOMOMOPhizMoM. AHAIOrIIHO,
akmo v : R — R; — xigeuesuit anturomoMopdism i 6 : Ry — Ry — Kiablesui
romoMopdiszM, To dv : R — Ry € KiIblleBUM aHTHTOMOMOP(]I3MOM.

Osnauvennsa 3. Hexati R° osnavae wiavue R y axomy zadana onepayis mmo-
HCEHHA 3G NPABUAOM T O Y = Yy, de x, Y — dosiabHi eaemenmu xiavus R. Kiavue
R® nasusaemuvea onozumom wisvua R.

Binobpazkennsa vy : R — R°, 3amane 3a mpaBuiom v (r) = 7, 7 € R, € KiLIbIeBEM
anTuromoMopdismom R B RY.

dkimo 6 : R — Ry — xigbnesuit romomopdism, vy @ Ry — RY — xinbuesuit
anTuromomopdizm, 1o vod : R — RY — xinbuesuit anturomomopdism. I, napnaku.
dkmo 6 : R — Ry — kiabnesuit anturomomopdism, vy @ Ry — RY — kinbiesuit
anTEroMoMopdism, To vl : R — RY — Kinbuesuii romoMopdizm.

3By2KeHHs KiTbIIEBOIO TOMOMOPMI3MY Ha MYJIBTHILTIKATUBHY T'PYMY KiTbIS MO-
poJizKy€ rpynoBuit romoMopizm, a Kijabuesuil anTuroMoMopdi3M HOPOJIZKYE I'PYIIO-
BUIl aHTUTOMOMOP®I3M MY/IBTUILTIKATUBHOT IPYIH KLIbIIH.

['pynosuii antTuromoMopdizm MOpOKYE TPYIOBHIT ToMOMOP(]i3M, AKIO KOKHO-
My €JIeMEHTY TIPYIIH IMOCTaBUTHU y BiJIIIOBLIHICTD eJeMeHT, aKuil obepHeHuii 10 foro
aHTUTOMOMOPhHOTO 06pasy.

Kinbuesuii romomopdism 6 : R — Ry innykye Kinbiesuii romomopdism 6 : R, —
— (Ry),, 3a mpasuiom 6 (1) = (0ri;), me 7 € R, 1 <, 5 < n.

Kinbuesuit anturomomopdizm v : R — Ry IHAYKYE KiIbIEeBUil aHTUTOMOMOP-
bism 7 : R, — (Ry), 3a upasmioM 7 (r;) = (vr;) = T(vry), e T — 03HA4a€
KJIACHYHE TPAHCIOHYBAHHSI.

3okpeMa, KiTblieBuil romomMopdiam 0 : R — Ry iHAYKYe rpynoBuii romoMopdizm
5 : GL(n,R) — GL (n, Ry) 3a npasuiom 6g = (8g), g € GL(n, R), a xinbuesuit
aaTuromomopdism v : R — Ry rpynosuit romomopdiam 7 : GL (n, R) — GL (n, Ry)
3a mpasmiom 7g = (7g) ', g € GL (n, R).

TFomomopdismu 6 i 7 npHilHATO HABUBATH KLTBIEBAM I KOHTPATPAIIEHTHIM TO-
Momopdizmamu. Boru oTpuMyoThes 3aminono exeMentis matpuis rpynu GL (n, R)
Ha, 1x 06pasn BijgHOCHO roMoMopdismMis ¢ i T BixnosiHo.

Hexait 1 — oqunwuIs, e — ileMIOTeHT Kbl Ry 1 €1 — JedaKuil i1eMIOTeHT, sIKuit
OpTOTOHAJIbHUI 3 eneMenTamu Kinbig Ry. Bimobpaxkenns A, rpynun GL (n, R) Bu-
3HAYAETHCA 3a IPABHIOM

Ao (v) =dve+ 72 ' (1—€)+e, x€GL(n,R)

i € romomopddizmom rpymu GL (n, R) y rpyny diag (GL (n, Ry), 1), aK1mo igemMmnoresT
e KOMyTYe€ 3 ejeMenTamu Kinenb 0R, v R.
Fomomopdism A, npuilHATO HA3UBATH KOHTPArpai€HTHO-KLIBIEBAM TOMOMOP-
dizmoM.
Hexait R 1 K — aconjarusui kigbus 3 1, W — sisuit (e 0608’ a3k0B0 Blibuuit) K-
Momaysib, L ta P — niBi K-monymi, g: W — L& --- @& LHP — izomopdizm K-moaymiis,
n
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0 — KibIeBuit roMoMOpdi3M i ¥ — KisbieBuit anTuroMmomopdism Kinbig R, iH1yKO-
BaHi KibIeBUM roMoMopdizmom § @ R — EndL i KiJblieBUM aHTUTOMOMOP(I3ZMOM
v: R — EndL BiinoBiIHO B KiJblie (EndL)n, 1 — onuHunsg 1 € — 11eMIIOTeHT Kilb-
usg EndL, a e; — onuaUng Kiablid EndP, sika opTOroHaabHa 3 eJIeMeHTAMHU KiIbIls

EndL.
Binobpazkenns Ay rpynun GL (n, R) BUBHAYAETHCS 33 IPABUIOM

Ao(z) =g " [6(2)e +7(z) " (1—e) + e1]g, x€GL(n,R)

i e romomopdizmom rpynu GL (n, R) y rpyuy g 'diag (GL (n, EndL),1) g C GL (W),
SIKIIO € KOMYTY€E 3 ejieMeHTaMu Kijiens 0 R, v R.

O MHUYHUN eJIeMeHT 1 NeHTPaJbHUN 1JIeMIOTeHT e Kiablig EndL 1mopoaxyorn
OIMHUYHUN eJTeMeHT i meHTpaspHuil inemnorent e - 1 kigpng (EndL),, 9xi Takox
oyaemo mo3HadaT 1 i OYKBOIO € BiIIOBIIHO.

dAxmo P = 0, To imemmnorenT e; BiacyrHiil. fxmo B A, Kigbie Ry € Kijabiem
EndL, ro Ao (x) = g 7' Ac (2) g, ne @ € GL (n, R). Takum aunom Ay = i1 A..

ITosnaunmo 4depes e;; MATPHINIO Kinbid R, y gKol Ha Micni (4, j) CTOITH OIUHUI,
a Ha inmmx Micngx Hyai. O4eBHIHO, O €;;€K = d;k€i, A€ 0 — cuMBOJ KpoHekepa.
OuHIYHY MaTpUIio Kitbng R, Oyaemo nmo3nadatu 1 abo FE.

Oznauennd 4. Eaemenmu t;; (r) = 14re;;, der € R, 1 <i# j <n, e;;— cman-
dapmma MampuaHe 00UHUYA, 6YJemo HA3UBAMU EAEMEHMAPHUMY MPAHCEEKULAMIU,
a diazonasvhi eaemenmu d; = 1 — 2ey, 1 <1 < n, eAeMERMAPHUMY THBOAOULAMU,
mparceexyli t;; (1) 6ydemo nazusamu 00UHUMHUMU EAEMERMAPHUMY MPAHCEERYLA-
M.

Ockinbku 0 i v — Kigbiesi romoMopdizm i anTHroMOMOPdI3M BiAIOBIHO, TO
d(1)=1,v (1) = 1iBinobpaxkenns Ay HA ONUHUIHAX eJEMEHTAPHUX TPAHCBEKITISIX
Mag€ BUTJISA

Aoti; (1) =g~ [ti; W e+t5 (=1) (1 —e) +e] g, 1 <i#j<n.

Hexait £ (n, R) — niarpyna rpymu GL (n, R), sika MOpo/izKeHa BCiMa eJleMeHTap-
HUME TPAHCBeKIiamu ¢;; (1) = 1+re;;, r € R, 1 <i# j <n.
Osnauenns 5. Y dosiavniii 2pyni G eaemenm [g1, go] = 919297 g5+ 6ydemo na-

3UBAMU KOMYMAMOPOM EAEMENNIE G1, (o, & €ACMEN (g1, ..., gt = |91, - -, Gi-1] , 9]
— KOMYMaAmopom 008scunu t eAemenmis gy, ..., g 2pynu G, de t > 2.
Matoth micne pisrocti di = 1, dkeijd,gl = —e;j, 9K0 i # j, k € {i,7}. B inmmx

BHIAIKAX df KOMYTYeE 3 e;;. Tomy [dy, t;; (r)] = ti; (—2r), axmo k € {i,j}, r€ R. B
penrti BUIAAKIB dj KOMYTYE 3 t;; (7).

Besnocepe1nboio mepeBipKoi0 BCTAHOBIIOETHC, IO MAE MiCIe

Teepmkennsa 2. BUKoHylOTbCd HACTYITHI MATPUYHI KOMYTATOPHI (hopMmysin

[tir (1) s tij (r2)] = tij (Omrira)

de 1 < k#1, i #7, 1 # 7 <n — dosiaoni wucsa, O — cumeon Kponexepa, ri, ro —
dosinvni esemenmu kinvua R. Soxpema, [t (1), tr; (1)] = tij (), [ti (), te; (1)] =
=1t;; (1), de 1 <1, j, k <n — nonapro pisni dosinvri namypasori wucaa, v € R.
Hexait K° — omnosut xinbng K. Sk Bigmiuanoch sume Bimobpazkenns v : K —
K, axe BusHavaeThes 3a mpaBuiioM vy (k) = k, € antuizomopdizmom kinenp K i K°,
ve = 1. Anruizomopdism vy NPUIHATO HABUBATH €JIEMEHTAPHUM aHTHIZ0MOPQIZMOM.
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Josinpauii antnizomopdism v = vy (1pr) € H00yTKOM KinbleBoro roMoMopdismy
VoV 1 €JIEMEHTApHOTO aHTHIZOMOPMI3MY 1.

BimmituMmo, 1o KigbieBnii romoMopdism 0 : R — K iHAyKye KiableBuili romo-
Mopdism § : R — Ke, 1e e — neHTpaIbHHN 11eMIOTeHT Kiablla K, IKHHi TaKOXK
OyseMo no3nadaru depe3 0. Anajioridno Kijibiesi anruromomopdizmu v @ R — K|
vy : K — K innykyors Kigbiesi anturomomopdismu v : R — K (1 —e€), vy : K —
K (1 —e), sxi Takok GygemMo MO3HAYATH V 1 1y BiAMOBIIHO.

V uX MO3HAYEHHSIX CyMa § + VoV KIIbIeBUX TOMOMOPMI3MIB 0 i VgV € KiTbIIeBUM
romMomopddizmoMm i i1 MoxkHa mo3Ha4YaTH depes §. Lomomopdism A, B TakoMy pasi
Ti€ 3a TPaBUIOM

Az =6 (x)e —i—V_o(g(:L’))fl (1—-e)+ey,

ne © — posiabHa MaTpuig rpynu GL (n, R), e — ieMOOTeHT, sIKHt KOMYTY€E 3 eJie-
MEHTaMH KiJIbllsd 0 R, a €; — iIeMIIOTeHT, STKUil OPTOrOHAIbHHUN 3 e/IeMeHTaMH KiJIbIls
OR.

Hapmaui, 6ymemo BBazkaTu, 1o romomopdism /A, Bu3HadeHuii came B Takuii Crocio.
30kpema,

Aetij (7’) = tij (57") e+ tji (—1/057’) (1 — 6) + €1,

Je r — JTOBLIbHUE ejleMeHT Kinblg R, e — iIeMIIOTeHT, 9Kl KOMYTY€, a €1 — 1AeM-
HMOTEHT, AKHil OPTOrOHAJBHUN 3 eleMeHTaMu Kiabilsd o IR,

Anruizsomopdism vy : K — K° ingykye antuisomopdism 75 : K, — (K), i,
9K HacaioK, antuizomopdism 7y rpyn GL (n, K) i GL (n, K°). Ocraunniit npuitus-
TO HA3UBATHU eJeMeHTapHO-KOHTPArpaJleHTHIM. BiH YyTBOPIOETHCS 13 HETOTOXKHBOTO
(enmuOr0) aBromopdisma rpada Tumy A,, mo 36epirae KyTu, To6TO KU TAPY (1, )
BiobOpaxkae y mapy (j,1).

Anagoriuno xiabuesuit romomopdism 1 : K, — K,, yTBOPIOETLCH 3 TOTOKHLOTO
BimoOpaxkennsg K — K i ToroxuLOr0 aBromMopdiszma rpada tumy A,, akuii, 3po-
3yMijio, 30epirae KyTu rpada.

Taxum 9UHOM, 3 TOYHICTIO IO BHYTPIITHBOT0 i30MOP(Di3MY 1 KiJIbIIeBOrO TOMOMOP-
diszmy, i cTaHIAPTHIMH HEOAUHUIHUME roMoMOopdizMaMu aIredpaiaHol rpynu TH-
1y Ay, po3ymiiorTs noB’s3aui 3 inemmnorenramu e i (1 — e) romomopdizmu (ToToKHMI
i KoHTparpaaieHTHHIT), sKi iHxyKoBaHi aBromMopdizmamu rpada, 1o 36epirarors io-
ro KyTH.

Harangaemo, 1Mo cucteMy IeHTpaIbHUX OPTOTOHAJBHUAX 1IeMIOTEHTIB K1IbId Ha-
3WBAIOTH MOBHOIO, SIKIMO IX CYyMa JIOPIBHIOE OJWHMUIIL.

Tomy y OLIBIN 3araJbHill cUTyallil CTAHIAPTHUMHI BBaKalOTh Ti HEOIWHUUHI IO-
MOMOPGdi3Mu aaredpaidHoi rpynu, dKi, 3 TOYHICTIO JI0 BHYTPIIIHBOTO 130MOpdi3zmy
i KUIBIIEBOrO TOMOMOPdI3My, MPU BiAMOBIIHUX 1IeMIOTEHTAX MOBHOT CUCTEMU IIEH-
TPaJIbHUX OPTOTOHAJBHHUX 1JIEMIOTEHTIB yTBOPIOIOTH rOMOMOPMDI3MH ajredpaiaHol
I'pylu, gKi HopoazKeHi aproMopdizmamu rpada, 1mo 36epiraloTh #oro KyTH.

FomomopdizMu Takoro THUIY MOXKHA BBayKaTH CTAHAAPTHUME HaBITH HAJ J10-
BUIbHUMU aCONIATUBHUMU KUILIHAME 3 OJUHUISAME. Y OLIBII MIUPOKOMY PO3YyMiHHI
MOHSTTS CTaHAapTHUX romoMopdismin 3anpononysas K. Tirc [11].

[Toxibnum vuHOM BiAImTOBaHI TOoMOMOpPdi3Mu rpyn IlleBayibe Hax KOMyTaTHB-
HUMH Kitblogmu 3 1. HafibibIn icTOTHI pe3yJibTaTd B IBOMY HAIIPAMKY OTPHMAaHi
P. Creitubeprom [12], Tx. €. Xamdpi [13], €. AGe [14], O. 1. Byninoro [15].

Hexait A : G — GL (W) — romomopdism 3 ymosoto (*), sikuit 3 TOYHICTIO 10

Posnin 1: Maremarnka 1 craructuka
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i3omMopdizMy BU3Haua€ po3kJad Moayiasds Wy npamy cymy n i30MOPQHHX MiXK CO-

6010 MAMOJTYJIiB, sKi i30MOpdHI MO0 L i AedKOT0 TiaMOy/ I, TKUil i3oMopdHuit

monyiao P, Wy =L@ ---@® LOP, ne L 6eperbea n pazig: W — W, — Binnosigunit
—_———

n
isomopdiszm. Bryrpimmiit isomopdism iy, : GL (W) — GL(W,) y upoMy BHIAIKY
Oyzemo nosuadarn A,.

3a ozravennam Ag=A;"A.. YV [1,3] nosegeno, mo AgA=A.. Tomy /1:/19_1/16 = /Ay
Ha rpyni F (n, R) BianocHo kinbieoro romomopdisma § : R — EndL i nenrpasib-
HOTO 1meMmoTeHnTa € Kiibind EndlL.

3. O3HaveHHd PO3MNINPEHO CTAHJAAPTHOrO i CTAHJAPTHOr'O OMHCIB rOMO-
Mopdi3zmis.

Oznauennda 6. Hexatl R — acouiamuene xiavue 3 1. Bydemo wasamu, wo 20-
momopism A : G — GL (W) epynu E (n,R) C G C GL (n,R) donyckae cman-
dapmuut onuc na 2pyni E (n, R), axwo A s6icaemvca 3 Ay wa wit epyni i e —
yenmpasorull demnomenm xinoua EndL.

Ozuauennsd 7. Hexati R — acoyiamuene xinvue 3 1. Bydemo xazamu, uo 20mo-
mopism A : G — GL (W) epynu E (n,R) C G C GL (n, R) donyckae poswupero
cmandapmuud onuc wa epyni G, axuwo icnye 2omomopdism v 1 G — GL (W) ma-
kutl, wo A(x) = (x) Ay (z), x € G, e — yenmparvnut idemnomenm wiavua EndL i
eaemenmu 2pynu v (G) nonapro xKomymyroms 3 eaemenmamu epynu Ao (G). Srxwo
npu yvomy esemenmu epynu v (G) nonapno KOMYMYOMb 3 eACMEHMAMY 2DYNU
A(G), mo 6ydemo kazamu, wo A donyckae cmandapmuut onuc na epyni G.

BayBakumo, 1o Ko A gonyckae crangaprauii onuc va rpymi F (n, R) C G C
GL (n, R), To v (G) — xomyTarusua rpyma i A 36iraerses 3 Ay wa rpyni F (n, R). Le
BUILIUBAE 3 PIBHOCTL

Atyj (r) = [Atag, (r) , Aty (V)] = [ (taw (1)) Aot (r) 7 (8 (1) Aoty (1)] =

= [Aotix (1), Aotr; (1)] = Aoti; (1),

ge 1 <i,5, k <n — pizui uncia, r € R.

Tomy o3HaueHHst 7 craHJAapTHOrO onmcy romomopdismis Ha rpyni E (n, R) C
G C GL (n, R) ninkoM y3rofzKyeThcs i3 o3HaYeHHIM 6.

4. Tomomopddizmu 3 ymosorw (*). Posrastremo romomopdizmu 3 ymoBoro (*)
migrpyn rpynu GL (n, R), n > 4 uaj acomiaTuBHuMu Kinbisimu R 3 1, gki MicTaTh
HopMasbny miarpyny E (n, R). 3okpema 1e Tak, sSkio R — J0BiTbHEe KOMyTATHBHE
Kisbie 3 1 [16].

Osuadennsa 8. bydemo kazamu, wo 2omomopdism A 3adososvnae ymosy (*),
AKW0 ONA 006IADHO20 HEHYABLOB020 HiALNOMENMH020 eemenma m € EndW, m?=0
ICHYOMb HATYPAALHE YUCAA S1 © So, Akt obopomui 6 K 1 A € G maxi, wo NA=
=14 sym i 3 pishocmi AA-AB = AB - AA, B € G sunausae, wo A*?B = BA®,

BayBaxkKUMO, IO KOJIM MOBA iijie PO HIIBIOTEHTHUH eIeMeHT m, TO mepeadada-
erbes, mo Bi icaye. Tomy romomopdizmu 3 ymoBowo (*) € HeonnHUIHUMA.

[30MOpdisMu 3310BOIBHSIIOT YMOBY (*), SIKINO MOKJIACTH §; = S = 1 i cKOpH-
CTaTUCs TUM, 10 1 + m € 000POTHUM €JIEMEHTOM.

dxmo B o3HaveHHi romomopdisMa 3 ymoBow (*) AA komyTye i3 CKiHUEHHOMO
KigbkicTio enemenTiB AB;, B; € G, 1 < i < t, To icHye HaTypaJbHe YHCJIO So,
sike oboporae B K take, mo A® komyrye 3 By, ..., By. AHAJIOrYHO 10BOAUTHCS, IO
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3aMicTh OHOTO ejieMeHTa A € (G MOXKHA PO3T/ISIIATH CKIHIeHHY KITbKICTh €/IEMEHTIB
rpymu G.

Biamitimo, mo sxio romomopdism Ay 3amoBoabHsie ymoBy (*), To Kiibig OR i
vR croiBmanaoTh 3 KiabieM EndL.

5. l'omomopddizmu 3 ymosoro (*) rpyn, ski MicTaTh HOpMaIbHY HiArpy-
Iy eJIEMEHTaPHUX TPAHCBEKILiil.

Teopema 1. Hexati R i K — acoutamueni kinvua 3 1, W — aisuti K-modyav,
E(n,R)<xG C GL(n,R),n>4, A: G — GL(W) — dosinvrut 2omomopgism 3
ymosoro (*). Todi A donycxrae poswuperno cmandapmuud onuc wa 2pyni G.

Sxwo komymanm G' = E (n, R), mo A donyckae cmandapmuui onuc na 2pyni
G.

Hosenenns. Hexaii h — nosinbauii etement rpynu G. 3a ymosoto rpyna E (n, R),
n > 3 € HOpMaIbHOWO miarpynoo rpynu G. Tomy

htij (7’) h_l = H tkl (Tkl)a
neheG, 1<i£j<n,r€R,ry € Rimgobyrok dbeperbca mo 1 < k #1 < n.
fx nosemeno B [3, 4] icuye i3omopdizm g : W — W, W, = L& --- @ LGP

n

takuii, mo A 36iraerbes 3 Ao va niarpyni £ (n, R) rpynu G. Tomy

Ah/ltlj (7“) Ahil =A (htm (7") hil) =

= H Atkl (Tk:l) = H AOtkl (Tkl) = /1() (htlj (’l“) h_l) = /10 (h)/ltzj (’I“) (/10 (h))il

Tum camnm goBesero, mo exemernti v (h) = Ag(h) ™" A (k) komyTyioTh i3 exemen-
tamu At;; (1), a enementn A,y (h) KoMyTyoTh i3 enementamu A At;; (r) = Aty (1)
st Beix 1 < i # j <nir € R. 3po3ymiso, 1mo v — Bijjobpaxkenns rpynu G y rpymy
GL(W)iA(h)= A4y (h)v(h), h € q.

Posranemo Bigobpaxkenus x : G — GL (W), ske 3anaune 3a npasuaom x (h) =
Agy(h) mns Beix h € G. Ockinpku erxementn X (h) KOMyTyIOTBH i3 esremeHTaMn
AgAt;; (1) = Acti; (1), o mna Beix 1 < i # j <n, r € R mae mice piBHICTH

X (h) (ti; (0r) e+t (—vpor) (1 —e) +€1) =
= (tij (or) e + tji (—vodr) (1 —€) + e1) x (h).
3 Hel BunmBae, mo X (h) komyTye 3 GOpMATbHUMA MATPHISME
diag ((6re;j) e — (ore;;) (1 —e),0)
st Beix 1 <i# 7 <mn,r € R. Tomy

X (h)=x1(h)e+xa(h)(1—e)+x3(h)e,

ae x1(h) i x2(h) — dopMaibHi cKanspHi MaTpuil, sKi KOMYTYIOTb i3 01 JIJIs BCIX
r e R.

Ockisnbku A — romomopdism i3 ymosotw (*), To dr = EndL i x1 (h), x2 (k) mic-
TaAThCA B HeHTpi Kinbig (EndL),. Tomy enementn x (h) momapHo KOMyTyOTh i3
eJIeMeHTaMK

A (h) =3 () e+ (3<h1)‘1) (1—e)+e

Posnin 1: Maremarnka 1 craructuka
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JUTsT AOBLIBHUX efeMenTiB h 1 hy rpymu G. Otxe, enementn X (G) mOmapHO KOMyTY-
10Th 13 etementamu rpymu A, (G), a erementn Ag-1x (G) = 7 (G) nonapuo komyTy-
10Th 13 estementamu rpyun A,-1 4. (G) = A (G). Ockinbku A, Ay — romomopdizmu
rpymu G i A (h) =~ (h) Ao (h), h € G, To v € Tomomopdizmom rpynu G. Tum camum
JI0BEIEHO, 110 /A J10o1ycKae po3nmMpeHo cranaaprauii onuc va rpyni G.

3posymino, mo B Takomy pasi Bimobpaxennsa x : G — GL (W,) € romomopdi-
3moMm rpynu G. Tomy BimoGpaxenus x3 : G — GL (P) takoxk € romomopdizmom
rpymu G. 3 piBHocti x3E (n, R) = 1 Bumiusae, 1o romoMopdi3M Y3 IHIYKYE TPYy-
nosuit romomopdism xs : G/E (n, R) - GL (P).

Aximo komyrant G’ rpynu G micturbes B rpymi E (n, R), To rpyna G/E (n, R)
— komyTaruBHa. [le o3nauae, mo eaementn X3 (h) i x3(h1), a 3HAYNUTH 1 eseMenTn
X (h) 1 x (h1), a Takox enementn v (h) i v (hy) KOMyTYIOTH Jyist BCiX esrleMeHTiB h i
hy rpynu G.

Tum camum j1oBejieHo, mo 7 (G) — KOMyTaTHBHA IPYIIA, €JIeMEHTH 9KOI MOMApHO
koMyTyIoTh 3 exementamu A (G). Tomy A nomyckae crangaprauit onuc Ha rpymi G.

3 koMyTaTopHuX (HOPMYJI BUILIUBAE

TBepaxkenus 3. Hexati G — 2pyna, akxa nopodscena 2pynoro obopomuuz diazo-
naavrur mampuys D (n, R) i epynoro E (n, R). Todi xomymanm epynu G sbizae-
muca i3 epynor E (n, R).

Brigao 3 Teopemoto 1 romomopdismu 3 ymosowo (*) rpynu D (n, R) - E (n, R),
n > 4 naj acomiaruBHUMHU KigbisgMu R 3 1 jiommyckaiors cTaH apTHUR ONuC Ha Iiit
rpymi. 3okpema, sKmo R — jokajibHe Kigbie, To rpyna G (n, R), n > 2 36iracrbes
i3 rpymoto D (n, R) - E (n, R).

Bimmitrmo, mo gxmo B Teopemi 1 P = 0, To A TakKo»XK IOIYCKAa€ CTaHIAPTHHM
omuc Ha rpym G. Amke, B mpoMy Bumagky esementn rpyn v (G) i A (G) momapuo
KOMYTYIOTh MizK c0O00I0.

Osuauennd 9. Hexat R - acouiamusne kirvue 3 1, G — nidepyna epynu G (n, R),
n > 2. Aemomopiam A epynu G Ha3uBAEMBCA 20MOMEMIEN, AKULO ICHYE 20MOMOD-
Ppism v : G — E(R)" mawud, wo A(g) =7v(g)g dns sciz g € G, de £ (R) — uenmp
Kiavua R.

6. ABromopddizmu JiHiIHUX I TPOEKTUBHUX IPYyN HAJ KOMYTATUBHUMU
K1JIbITSIMU.

Teopema 2. Hexaii R — xomymamuene xiavue 3 1, E(n, R) C G C GL (n, R),
n > 3. Todi dosinvruti asmomopdiam 2pynu G € dobymrom cmandapmuuxr asmo-
MOPPIBMIB: BHYMPIUHDLO20, KiALUEE020 (DO3WUPEHO-KIADUEE020 NPpU N = 3 ), KOH-
mpaz2padieHmHo20 i 20MOMeEMmii.

Hosenenns. 3rigno 3 Teopemoio 1 ommc apromopdizmis A rpymu E (n, R) C
G C GL (n, R), 3 ToO4HICTIO JI0 cTaHAAPTHAX aBTOMOPMI3MiB: BHYTPIIIHBOTO, PO3IIH-
PEHO-KLIBIEBOr0, KOHTPArPai€HTHOTO 3BOJUTHCS JI0 BUIAJKY, KOIH | Bor) =L

Bpaxosytoun, mo E (n, R) nopmasibna miarpyna rpymu GL (n, R) onepxkyemo,
mo A(g)ed(g)" = A(geg™) = geg™! s nosinennx g € G ie € F (n, R). Orixe,
esementu 7y (g) = g~ ' A (g) xomyTytorh i3 ycima ejiementamu rpynu E (n, R) i Tomy
€ CKAJAPHUMH MAaTPHUIIAMHU.

Tuwm camum, nosesero, mo A (g) = v (g) g anst Beix g € G, ae v — romomopdizm
rpynu G y rpyny R*. Otxe, A — romoreTis.

Barato TeopeMm 1mpo romoMopdizMu MATPUIHUX TPYIT HAJ KLIBIAMEA MAIOTh MicIie
1y Bunajiky npoexrusuux rpyu [8, 17|. Haragaemo, 1o 3rigno 3 o3HaueHHsIM, SKIIO
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G —uigrpyna rpymn GL (n, R), To PG = G/aneGLin,r) — NTPOEKTUBHA IPyIa, Je
¢GL (n, R) — uentp rpynu GL (n, R). ¥ pobori [5] noseneno, mo Ha KOMyTaTHBHE-
mu Kinbigmu R 1 K 3 1 isomopdismu A : PG — PH, ne E (n, R) C G C GL (n, R),
n>3, E(m K)CHCGL(m,K), m> 3 e 106yTKOM CTAHAAPTHAX 130MOPdi3MiB
(upu n = m = 3 B PO3HIMPEHOMY CEHC).

3okpema, skimo R — komyrarusme Kijbime 3 1 i A — aBromopdizm rpynu PG,
E(n,R) C G C GL(n,R), n > 3, ro A inaykye aBromopdiszm rpymun PFE (n, R),
KW € CTAHJAPTHUAM Y PO3IIHPEHOMY CEHCI 1 IPOIOBXKYETHCA JI0 aBTOMOPdI3MY TPy-
nu PG. Towmy, 3 TOYHICTIO 10 CTaHIAPTHUX aBTOMOPdI3MIB, MOXKHA BBayKaTH, IO
aBroMopdism A € Toroxkuum Ha rpymni PE (n, R). Ik i Bume, goBoautbes, 1mo A —
romorertis. [le o3nagae, mo aBromopdizm /A 3 TOYHICTIO A0 CTAHIAPTHUX ABTOMOP-
dizmip € ToTroxkuuMm Ha rpym PG.

3po3yMiJio, 10 BUIlEHABEICHI MipKyBaHHd NPUJIATHI 1 Yy TUX BHIIAJIKAX, KOJIU
E(n,R)<G CGL(n,R),n>2iA— asromopdism rpynu PG, akuii TOTOKHAN HA
rpymi PFE (n, R) nan qoBiabauM acormiatuBauM Kinbiem R 3 1. fx i Bumie, Tomi A —
TOTOXKHUIT aBToMOpdi3M Ha Beiit rpyni PG. Tadopmaris npo xinbisg R, ajis skux
rpyna E (n, R) € Hopmaabaowo nigrpynowo B rpym GL (n, R), Bukaagena B [10].

Oanax, po3paxoByBaTH Ha Te, IO 3 TOTOKHOCTI aBTroMopdizmy A rpymu PG,
E(n,R) C G C GL(n,R) na niarpyni PE (n, R) BUIUIMBaE TOTOXKHICTH aBTO-
mopdismy A Ha BCiit rpymi PG Hajg IOBIIBHMM acOIiaTUBHHM KiablleM R 3 1, He
JgoBoauThest. Ajke, sik BumuinBae i3 poboru B.M. Tepacimona [18| icuyiors acornia-
tuBHi Kinblg R 3 1 wan skuvmu rpyna E (n, R) He € HOPMAIBHOW HiAIPYNO0 IPYITH
GL (n, R) i icaytors Heroroxui apromopdiszmu rpymu PGL (n, R), ski TOTOXKHI Ha
it tpyni PE (n, R).

OpmHax, KJIac acomiaTUBHUX Kijenb R 3 1 11 SKAX 3 TOTOXKHOCTI aBTOMOP(hi3MiB
rpyiu PG, E(n,R) C G C GL(n, R) na uiarpyui PE (n, R) Bunsmsae ixHst T0TO-
JKHiCTH Ha BCiit rpyni PG, nocutsb mupoknit. Sk summsae i3 pobit 1. 3. Tonybunka
i O. B. Mixansosa [6], I. 3. Tomy6unka |9] ne Bipno, skmo R — ¢ PI-xinbiem abo R
€ TBOCTOPOHHIM TOPSIKOM y peryagpHoMYy B 3micTi HolimMana KiTbIi.

[somopdizmu marpuanux rpyn GL (n, R), n > 4 B rpyny GL (m, K), m > 2 uan
acoriarusanmu Kibigmu R i K 3 1 omucas 1. 3. Tony6unk [9]. Busisuaocs, mo BoHu
JOIYCKAIOTh CTaHfapTHUil onuc Ha rpymi E (n, R).

7. Tomomopdizmu 3 ymoBoro (*) B wactuaHuUX Bunaakax. Hexailt Ri K
— aconjarusi Kigpng 3 1, E(n,R) CG CGL(n,R),n>4, A:G— GL(m,K) =
GL (W) romomopdism 3 ymosoro (*), W — miBuit K-Moayib po3mipy m.

Hexait C — miarpyna rpynu F (n, R), siKa MOpOKeHA OMUHUIHIMA €JeMEHTAD-
HAMHE TPAHCBeKIiaMu t;, (1), 1 < i < n, t,;(1), 1 < j < n, a Cy — miarpyna rpy-
mi E (n, R), sKa NOpojzKeHa OJANHUIHAME eJeMEeHTADHUMHU TPAHCBEKIiAMHA t;, (1),
l<i<mn, ty(1),1<j<n.

Hexait C' — miarpymna rpynu E (n, R), sika TOPOJIzKeHA OJUHUIHUME €JIeMEHTAP-
HUMHZ TpaHcBeKiamH t;; (1), 1 <i# j < n.

Bukonyerncst Take TBEDKEHHSI.

Teepmxkenus 4. I[enmpanrizamopu Cg (C) @ Cq (Cy) sb6izatombes 3 uenmpa-
aizamopom Cg (C) i ckaadaromvpes i3 ckaarapHuz (e 0608°4A3K060 NONAPHO KOMY-
mamusrux) mampuus 2pyny G.

doBesieHHS OTPUMYETHCS 0€3I0CEPEIHBOIO TIEPEBIPKOIO, SIKa BHILIUBAE i3 BHU-
/1y MEeHTPaJsIi3aTopiB MATPUYHUX OJUHUID.
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Teopema 3. Hezati R i K — acouyiamueni kisvua 3 1, E (n, R) C G C GL (n, R),
n >4, W — aisut siavhut K-modysv, dimW =m, m > 2, A: G - GL(W) =
GL (m, K) — eomomopdism 3 ymosoro (*). Sxwo A e monomopdizmom (makumu e
izomoppizmu) abo E (n,K) C AE (n,R), mo A donyckae cmandapmuud onuc na
epyni E (n, R) & axomy niomodyse P = 0.

HoBenenns. 3rigno 3 poboramu |3, 4] romomopdizmu 3 ymosow (*) maornh
craHnapTHuil onuc Ha rpymi E (n, R). Ile o3Hauae, mo icuye isomopdism g : W —
Wy, ne Wy =L@ ---@® LOP taknit, mo L # 0, 0 : R = EndL — enimopdisM i

————

n

Atij (1) = g7 (ti; (0r) e + tj; (—1o0r) (1 — €) + €1) g,

e — MeHTpAJbHUAH i1eMIoTeHT Kinblid EndL, e, — imzemMnorenT Kinbiig EndP, axwit
OpTOroHAJbHUI 3 ejleMeHTaMu Kiibisg EndL.

Hexait x — nosinbauii enement i3 Hom (P, L).

3riiHO 3 yMOBOIO iICHYIOTh HATYPAJILHI 9NCAA S1, S2, S|, Sh, IKI OOOPOTHI B KiJIbIli
K iwmarpuni h, b rpynu G Taki, o

E 0 sex E 0 si(l—e)x
Ah=¢g'| 0 E 0 g i AW =g 'l 0 E 0 g
0 0 1 0 0 1

i marpuni k%2, (B )8/2 KOMYTy0Th 3 eqementamu rpyn Cp i Cy Bianosigao. Ockiabkn
nenrpaiizaropu Cq (C) i Cg (Cy) cniBnagators i3 nenrpasizaropom Cg (C), 1o h®2,
(W )S/2 KOMYTYIOTb 3 OJMHAYHHMH €JIeMEeHTApHUME TpaHceekuigmu rpymu C. Tomy
AR A (h’)s/2 KOMYTYIOTh 3 ejeMentamu rpymu AC i s1sqex = sish (1 —e)z =0. B
rakomy pasi ex = (1 —e)z = 0, i, s1x Hacainok, = 0, Hom (P, L) = 0. Anajoriuso
nosonuthest, o Hom (L, P) = 0. Tomy

K,, = g 'diag (EndL),, EndP) g, E,, = g 'diag (E,, 1) g.

Enement g 'diag (0,1) g najexxursb nentpy Kinbig K,,, a tomy Mae Burasi AE,,,
1e A2 = \ — ejeMenT menTpa Kinbng K.

Amnasioriuno enement g 'diag (E,,0)g TakoK Hajle:KuTb NEHTPY Kiabld K, i
Mae Buraan (1 — A) E, . Oxpim 1poro,

AE(n,R) C (1= N K, + AEpn.

Tomy Tpancsektii t;; (AK), 1 < i # j < m KOMyTyIOTb 3 eJeMeHTaMI TPy
AE (n, R).

3a ymoBoo (*) mpoobpasm aesKnX CremeHiB exeMeHTIB t;; (A) icHyOTH 1 Ko-
MYTYIOTH i3 CKIHYEeHHOIO KLTbKICTIO eqeMenTiB rpymu E (n, R) (nmanpuknan, t;; (1),
1 <i#j<m), aromy € ckansgpaumu Marpursiva. OJHAK, 3 IIbOrO He BUILIMBAE,
IO T CKAJIAPHI MATPHUIl KOMYTYIOTh MizK c060IO.

SIKIMO K HAKJIACTH JOJATKOBY YMOBY Ha /, 3 gKOI BUILTMBAE, IO JeAKi CTeleHi
TpaHcBeKIii ¢;; (A) 1t (\) 3 MOKasHUKaMu cTeleHiB, aKi € 0G0POTHUMH eJTeMEeHTAMHE
B Kbl K KOMYTYIOTh MizK co6010, To A2 = 0, A = 0 1 A Mae cranjiapTHHil omuc, B
sgakoMy Mojysib P = 0.
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Takoro 101aTKOBOO YMOBOIO MOYKe OyTH, HATIPUKJIAJT, BUMOTA, 06 TOMOMOP(i3M
3 ymoBoto (*) 6yB MmoHOMOpdizMom. Azke, Toi JesKi crereni mpoobpasis, ki icHy-
10T 3aBAgKH yMOBi (*), TpancBextii t;; (A) 1 tj; (\), 3 IOKA3HUKAME CTeIleHiB, SKi
€ 00OPOTHUMH eJeMeHTaMU B KiTbli K, KOMyTYIOTH 3 eqeMentamu rpynu F (n, R),
a TOMY € HEHTPAJbHUMH CKAJSIPHUME MATPHIEMHU, sIKi KOMYTYIOTb MixK co6o0t0. 1le
o3Ha4ae, mo Bignosiani cremeni rpancsekuiit t;; (A) 1 £;; (A) KOMyTy10Tb.

Tomy A mae cranmapTHUii onuc, B sKOMYy MOAY/Ib P = (.

gk HakmacTy inmy gogaTkoBy sumory E (m, K) C AE (n, R), To TpancBeKIii
tij (A) 1 t; (N) manexars rpyni AE (n, R). OckiabKi KOKHa 3 TpaHCBeKIiil ¢;; (A) 1
tj; (\) KomyTye 3 enementamu rpynu AE (n, R), To BOHE KOMYTYIOTh Mixk cobGoro. Lle
o3HaYaE, mo /A Mae TaKOXK CTaHIAPTHUIN OIUC, B AKOMY MOy/h P = 0.

TrepzkeHHST TeopeMH 3 3aJUIIAETHCA TPABUIBHAM 1 B TOMY BHIAJKY, SIKIIO
BEMarary, mob xo4da 6 oxHa TpaHcBekid t;; (\) Hamexkana rpymi AE (n, R). Axxe,
B TaKOMY pasi TpaHcekuis tj; (\), ska KoMmyTye 3 erxeMmentamu rpynu AE (n, R),
KOMyTY€ 13 TparcBektiero t;; (A). Tomy A\* = 0, A = 0. 4k i Bume /A mae crangapTHuit
onuc, B aKkomy moayiab P = 0.

8. BucHoBKH Ta mepCrIeKTUBU NOAATBINTNX AOCILIAXXKEeHb. Y jnaHiii poboTi
PO3LJIAIAIOThCS 3aCTOCYBaHHA ToMOMOPdI3MiB 3 ymoBow (*). Bokpema, posrisiae-
ThCsI MATAHHS OMUCY ToMOMOpdI3MiB 3 ymoBowo (*) miarpyn moBHOI JiHIHHOI rpynu
HaJ acOIMaTUBHUMHU KIIBIAMHA 3 1, B dKUX MIATPYIN eJeMeHTapHUX TPaHCBEKIIIH €
HOPMAJIbHUMHE HiIPYIAME, & TAKOXK 3HAXOUTHCS BULJIsI] TOMOMOPMI3MIB 3 YMOBOIO
(*) B megKMX YACTHHHWUX BUIaAKax. [[oKa3aHO, IO yMOBA HOPMAJbHOCTI MiArDyIH
E (n, R) y ninrpynax rpymu GL (n, R), ski 11 MicTATh, JAI0Th MOKJINBICTH JTOBECTH,
o roMoMopdizmu 3 yMoBOW (*) JI0MyCcKaIOTh PO3MIMPEHO CTAHJIAPTHHI ONMUC, & TPH
JIeSIKUX OOMEKeHHAX CTAHIAPTHHH OIMUC HA TAKHUX MiArPyIax.

Bajada onucy roMomMopdi3MiB MATPUYIHUX TPYIl HAJ ACOIIATHBHUMHE KiIbISIMU
€ aKTya/JbHOI, AKTHUBHO PO3BUBAETHCS, MA€E 3aCTOCYBaHHs B ajrebpaiuniit K-teopil,
Teopii Kijielhb i MOJIyJIiB Ta Teopii 300paskeHb I'PYT HaJI Kiabligmu. B onuci romomop-
dismiB € ynMmaJIo 3a/1a4, ki morpedyioTh Bupimenns. OJIHI€I0 3 HEX € 3a/1a9a OIMUCY
roMoMopdizMiB 3 yMoBOIO (*) MHIHHUX TPYI HAJ ACOMIATUBHUME KiTbIsIMHA 3 1, sKi
MICTATH MATPYILY eJIeMEeHTAPHUX TPAHCBEKII, 10 He € B HUX HOPMAaJILHOIO.

[amoro 3a1a4eio € onucanng roMoOMOpGI3MIB JITHIFTHUX IPYIT HaJI ACOIIATUBHUME
KuTblgMu 3 1, gKki MICTITh MIAIPYyNH eJleMeHTapHUX TPAHCBEKIH 1 3a7al0ThCd HA
HUX OJMHUYIHUMH TOMOMOP(I3MaMu.
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KPATHOCTI BAT HE3BI/THNUX 30BPAKEHD AJITEBPU JITI SL3

B naniit crarri juis komiutekcHoi anrebpu JIi sls 3ampononosana ssua dhopmysia 3Ha-
XO/IXKEHHSI KPATHOCTI BArv HE3BIIHOTO 300parkeHHs [y, sike BU3HATAETHCS CTAPIIOI0 BATOIO
A = (a,b). MHO)k¥Ha Bcix Bar A Takoro 300pasKeHHSI yTBOPIOE IpymoBe Kijbie Z[A] 3
mysbruiiikarusauM Gasucom e(u), n € A. Xapakrep 306paxents CharI'y € enemenrom
Z[A], xoediujenTu gKOro i € mykanumu kparHocramu. [010BHA ines 0649uCIeHb HOJIArae y
cenudikamii 6asucy e(p) = x#1y*2 rpynosoro kinbus Z[A]. le gano moxkamsicTs mpeacra-

. 1
BuTHi xapakrep Char I, j, mesBignroro Iy, 306parkenns ax muorodnen Ilypa sq p (x, g, —

z Yy
BiZ ABOX 3MIHHUX X,%y . fIK HACTIIOK MM BHPA3UTH KOEDIMIEHTH MO0 MHOTOUIEHA depe3
npocti pyHKIil, gKi JerKko 00Uuca0ThCA 3a JiHiiauil yac. KiaodoBy posb B ob4uncieHHi

3irpasu 3HalIeH] ABHO KOEMIIIEHTH PO3KIIALY DPILY

1

Sl Ry sy )

B TepMmiHax yHKIIIT

min(n—k + 2,k),1 <k <n-+1,
c(n, k) =

0, B iHIIOMY BHUIIAJIKY.

Kurrogosi caosa: anrebpu Jli, me3Biani 300pakeHHs, XapakKTepu, KpaTHOCTI, dopmyaa
Beiins, maorownenu Ilypa.

1. Beryn. Ogniero i3 BaxKJIMBUX 3a/1a9 Teopil 300pazkeHb Kjacudnux ajareop Jli e
3HAXO/2KEHHSI KPATHOCTEH Bar ski 3yCTPidaloThed y IXHIX HEe3BLIHUX 300parKeHHAX.
[cuye KimbKa obUYuCIIOBAILHUX (DOPMYI I PO3B’sI3aHHd 1iel 3amaqdi. Kuracuanumu
¢ dopmysn Ppeiinenrans [1|, Kocranra |1, Paka [3], Knuvuxka [4]. Bei mi dbopmysiun
€ HacsTi KoM Bijtomoi dopmyin Beitsist qyist xapakrepis, aus. [5]. Teopernuno, Buko-
puctoByoun (opmysty Beitig MokHa 00YUCIUTH KPATHOCTI JOBLILHOIO HE3B1IHOTO
300paxkenns. [Ipore npakTudHe BUKOPUCTAHHA IHX (HOPMYJI € JOCUTH HE3PYIHUM,
OCKLIbKH BCl BOHU € PEKYPEHTHHUMHU, TOOTO BH3HAYAIOTH JIMIIIE AJITOPUTM OOUNCIeH-
Hy KparHocreil. KpiM Toro Bonu BUKOPUCTOBYIOTH, ab0 cyMyBanHus 110 rpyii Beitig,
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abo cymyBanHs 1o giarpamam FOHTra, mo crae 00YncI0BaIbHO CKIIATHOI 331a9€50
pU 3pOCTaHHI po3MipHOCTEil ajgredp 1 TXHIX 300pazkenb. B 3B’43Ky 3 UM BeJUKUit
iHTepec BUKJIHUKAIOTH POOOTH, 9Ki MPONOHYIOTH OLIbII eheKTUBHI aJrOPpUTMH 00UH-
caenns KparHocreit. Cepe Takux poOiT BapTo BiamituTu crartio Myai i [Tarepu [6]
ta, poboru |7]- |9]. Ilpore B nux poborax He 3HaANIEHO dDOPMYJ Jyisi KpATHOCTEH Yy
3aMKHYTOMY BHDJIsal. SIBHI hopMyan KpaTHOCTEH AedKuX 300pazkKeHb, sdKi MaloTh
cTapiii Baru mpocTol CTPyKTypu 3Haifigeno B [10], ame BoHH MAOTh CKIAIHUIT KOM-
OiHATOPHHIT BUIJISA.

B naniit crarTi a1 KomiutekcHoi ajrebpu JIi sl3 aBTopaMu 3alpoloHOBaHa, iBHA
dopMyIa 3HAXOMKEHHST KPATHOCTI Baru fioro He3BiaHoro 300paxkenus. 'o/10BHa i1es
obuncyenb noJsrae y cuenudikarlii 6a3ucy rpymnoBoro Kbl Bar 300parkeHHs, 110
JIAJIO MOYKJIUBICTH MpeJICTaBICHHS XapakTepy 300paxkenusd sk muoorodiena Illypa.
[e 103B0OJIMIO BUPA3UTH KOEMIIIEHTH IIHOTO MHOIOUIeHA Yepe3 HpocTi (PyHKIIT, dKi
MIBAIKO OOYHMCIIOIOTHC 34 JiHIAHTH Jac.

2. Baru Tta xapakTepu He3BigHOro 300pakennsa ajaredpu JIi sl3. Pos-
[JITHEMO HAHIBIPOCTY KOMILIEKCHY CKideHHOBUMipHY aJjireopy JIi L 3 kapTaHiBCbKOIO
migaarebporo h i Hexait A C h* — pemriTka Bcix miouncenpbHux PyHKIN Ha h, TOOTO
MHOKHHA BJIACHHX 3HAYeHb BiIHOCHO JIil KapTaHIBCHKOI Iijajaredpu Ha Bcix 300pa-
xkenugx L. Muoxuna A yrBoproe abeseBy rpymy i mexaii Z[A] minze rpynose kijbie
uiel rpynu. Basuchuii enement Z[A], sikwii Bigmosigae Basi A € A Mu MO3HAYNMO
dbopmasnbaum cumBosiom e(A). 3okpema, e(N)e(u) = e(A + p) s Beix A\, p € A.
Taxe okpeme no3HaYeHHsd NOTPIOHE JIjId TOTO, OO BiAPI3HUTH Bary A gk €JeMeHTa
MHOXKMHE Bar A i Bary A siK ejieMeHTa IpymnoBoro Kiibis Z[A].

Hexait W — 300paxkenns anarebpu L i Ay MHOXKHHA Bar Iboro 300parkKeHHS.
Ockinbku ajaredopa L HamiBIpocTa, TO BeKTOPHUi mpoctip W po3KIaJaeThes B Mpsi-
My cymy BaroBux mianpocropis W(A) :

TyT M) — KparHicte Baru A. @Popmasvrum rapaxmepom Char(W) zo6paxennst W
ckinuennoBuMipnoi aaredpu JIi L nHazuBaeTbcs cyma

Char(W) = Z nae(A).

AEAW

Xapakrep 306pazkents W e eemeHTOM TpynoBoro Kiabig Z[A].

Hanani mMu GyzmeMo mpalioBaTu i3 KOMILIEKCHOIO aJjireboporo JIi sl3, ska peasi-
3y€ThCcd SIK MATPUYHA aaredpa, Mo MOPOIKYEThCA 3 X 3 MATPUISAMH 3 HYJIBOBHM
caigom. Ilosmaunmo uepes Ej; 3 X 3-MaTpuuio, fka Mae OJUHULIO B k-TOMY DAIKY
Ta i-My CTOBIYHMKY 1 HYJIb Y BCiX iHmux Mmicugx. Tosui

h={s1E11+ saEs2+ s3E53| s1+ 52+ 53 =0,s; € C},

— KapraHiBcbKa minanare6bpa aarebpu sly. Busmauummo L, € h* ax L;(E;;) = 0;;.
Hexait ¢1 = Ly, 9o = L1 + Ly — dynpamentanbui Baru Bignocuo h. loparui kopewni
MAIOTh BUILJISI;

ay =Ly — Ly = 2¢1 — ¢ = (2, 1),

g =Ly — Ly = —¢1 +2¢p = (—1,2),

az:=L1— L3 =¢1+ ¢ = (1,1).

Posain 1: Maremarnka 1 crarucTuka
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Puc. 1. Barosa giarpama 3o0paskenns I'y ;.

Jo6pe Bigomo, muB. [5], 1m0 MHOKWMHa Bar JOBLIBHOIO HE3BITHOTO 300pasKeHHSI
HamiBnpocToi aaredopu JIi € BHOpsiIKOBaHOI MHOYKHHOIO 1 MaKCHUMaJbHI eJeMeHTH
BIJIHOCHO TIbOTO BHOPSJIKYBaHHs (CTAPII BATH) 3 TOYHICTIO 10 i30MOphi3My BH3HA-
qaroTh 1e 300pazkenns. Hessigme 306pazkenns 3 crapiioio Baroio A = (a,b) mozna-
anmo depes 'y = I',p), a MHOKMHY #lOr0 Bar no3HaduMo 9epes A, p.

Baru 3 A(4),a > b MoxkHa 300pa3uTH Ha NJIOMUHI 9K IOCTITOBHICTD BKJIACHIX
ONYKJIUX MIECTUKYTHHUKIB ( TpUKyTHHUKIB fjst b = 0), sxi npu a # b BUPOIKYIO-
ThCsl Y TPUKYTHUK, & MPH a = b BUPORKYIOThCs TouKy, aub. [11], [5]. Ha koxHiit
i3 cTOpiH HAUOLIBIIOrO0 30BHINIHBOIO MECTUKYTHUKA PO3MIIIEHO ITOYEProBO a Ta b
Bar. KpaTrnocTi Bcix Bar HaillmepImoro 30BHINTHLOTO MECTUKYTHUKA PIBHI OJWHUIN, a
MOTIM KPATHOCTI MOCTYIIOBO 30LIBINYIOTHCS HA OJUHMINO HA KOKHOMY HACTYITHOMY
KOHIIEHTPUYIHOMY TMECTUKYTHUKY. /1 npukaa Ly, 9Kimo a = b, To Barosa JiarpaMa
Ma€ BUIJIS] KOHIEHTPUIHUX PIBHOCTOPOHHIX NIECTUKYTHUKIB, 9Ki BUPOIKYIOTHCI
B TOUKY, 10 Bianosigae Basi (0,0). Kparnicrs Beix Bar HafGLIBIIONO 30BHIIHBEOTO
MMeCTUKYTHUKA, Ha KOXKHIHM 13 CTOPIH STKOTO PO3MIMIEHO PIiBHO @ Bar, JOPiBHIOE 1, a
kpartuicts Baru (0,0) piBra a + 1. dkmo a, abo b piBHi HysI0, TO Barosa jJiarpama
YTBOPIOE TPUKYTHHUK 1 TOMI KPATHICTH KOKHOI Barum piBHA OJTMHUIII.

Bci Baru 3 I'y orpuMyioTbed i3 cTapiinoi Baru A BiaHiMaiodn Bij Hel JiHiAHI KOM-
OiHAIll KOpEeHiB i, ig, 3 3 JOAATHUMHU KoedilieHTaMKu Tak, 00 OTpUMAaHI Baru
3aJIUINATNCS B MIECTUKYTHUKY ( 9¥ TPUKYTHWKY) BAroBoi jgiarpavu. Hampukian,
Juist crapiol Baru A = (1, 1) maemo

A —az = (0,0),

A —2a3 = (—1,-1),
A—a; =(—1,2),
A—az—ap = (—2,1),
A— g =(2,-1),
A—az=(1,-2).

Orxe, Ay = {(1,1),(—-1,2),(1,-2),(0,0),(=2,1),(2,—1), (=1, —1)}, npaaomy Kpa-
THOCTI BCiX Bar piBHI OJWHUIIL, KPIM HYJIbOBOI Baru, Jjs K0l KPaTHICTH PiBHA JBIUTII.
Barosa jgiarpama A1 1) nokasana na Puc. 1. Anasoriuno jis crapmioi Baru A = (2, 1)
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Puc. 2. Barosa miarpama 3o0paskenns I's ;.

Ma€MO

A(2,1) = {(27 1)7 (37 _1)7 (07 2)7 (17 0)7 (27 _2)7 (_27 3)7 <_17 1)7 (Ov _1)7 (1’ _3>a
<_37 2)? (_27 0)? (_17 _2>}7

KparHocTi Beix Bar pisi 1 kpim Bar ((1,0),(—1,1), (0, —1), kpaTHOCTI IKHUX TOPiB-
mioTh 2. Barosa giarpama mia Ay noxasama na Puc. 2. 3osnimmi 4opHi TOUKH
YTBOPIOIOTH MIECTUKYTHUK JIOBYKUHU CTOPIH gKOro piBHi 2 i 1, ToOTO Taki Xk, 4K i
KOOpAMHATH cTapiiol Barn A = (2, 1).

3. OOuuciaeHHa KpaTHOCTi Bar. Po3migHeMo Taky creriafizario 0a3ucy
IPYIOBOTO KUIbId Z[A] :

e(p) = o'y,

st = (p, pe) 1 dpopmanbrux 3MinEnX z,y. B nux mosnavennsix xapakrep Oy-
Jie palioHaJbHUM BHPA30M BiJ| JIBOX 3MIHHUX T,Yy. ZBHUIT BHUTJISA 1[OTO BUPA3y B
TepMminax cumerpudnux MuorodseHis Ilypa mae dopmyna Beitng jaisg xapakrepis,
quB. [11, crop. 400]. 3 dhopmysu Beilis BummBae, mo crnemiagizoBaHuii XapakTep
He3BIIHOTO 306pazkenns ajaredpu sl3 i3 crapimoo Barow A = (a,b) Mae BUTISA

1
Char Fa,b = Sa,b (:Ea ga _> )

Ty
ae
$1a+b+2 I2a+b+2 x3a+b+2
331b+1 $2b+1 x3b+1
1 1 1
Sab(T1, T2, T3) = R

T1* x° 1
Ty T2 T3 |,
1 1 1
¢ muorouenom [lypa, sikuii Bignosigae posdourrio (a,b).

Posain 1: Maremarnka 1 craructuka
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Jlisg puKJIa Ly, 3HaX0 MO, IO

1
CharF1,0:m+g+—7
r Yy
a2 x 2 1
Charl"171:2+—+xy+_2+y_+_+%’
Y Y xr xy x
2 2 Ty x  2® oy —1 2, Y 1
Charlyp =ay”+a"+ 5+ +2y+2-+ 5+ 5 +22 +y "+ 5+ .
Y z Yy oy x x YT

[Mozuaunmo gepes ngp(f1, f2) KpATHICTL Baru j = (i1, fi2) B 300pazkenti I', .

3 mpukaay Buiie, MaeMo s 'y 1, mo ny 1(0,0) = 2, a Bei kpatHocti ny1(1, 1),
71171(—1, 2), nl’l(l, 1)7 7117_2(—2, 1)7 n171(2, —1), nlﬂl(—l, —1) plBHl 1.

3a O3HAYEHHSM XapaKTepy KPATHICTb Mg p(fi1, (o) AOPiBHIOE Koedinienty 6ims
xyk? B xapaxrepi I'yp. [ozmaummo neit pakT Tak

na,b(ﬂla M?) - [xﬂl yu2] Cha’r Fa,ba

Tyt cumpost [2"y™] f(x,y) no3nauae koedirient 6insg z"y™ y Bupasi f(x,y).
Homuozknmo xapakrep Ha (zy)*™° 171 TOro mob yHUKHYTH HETATUBHUX CTEIECHIB.
Toni, oueBHAHO

Nap(pn, pg) = [20 Ty« T0TH2] (30)9F0 Char T p.

Mae Miciie HacTylIHE TBEPJZKEHHS, K& OTPUMYETHCH 13 BUpa3y Jijid XapaKTepy ic/is
obuuncyenng muorodieny Ilypa:

Jlema 1.

(zy)*™ Char T,y =

b+1xa+1 _ ya+2 b+3ZL‘2 a+b+3 + ya+1x2 a+2b+4 + y2 a+2 b+4{L’b+1 _ xa+2 b+3 _ ,2a+b+3

(z—y*) (1 —yx) (22 —y)

3ayBakuMo, 10 BCi CTereHi y mpapiit YacTHHI, MIC/Is CIHPOIIEHb, Oy/IyTh 1013~
THAMH IIIAMA 9UCJIaMHu, TOOTO BUpa3 (wy)“+b CharT',; B:ke Oy/1e MHOTOUYIEHOM BiJ
JIBOX 3MIHHUX HaJl Z, a #oro KoedilieHTH OyAyTh IMYKAHUMU KparHOocTaAMH. /[lis
3HAXOJ?KEHHST IBHOTO BUPA3Y JJId IUX KPATHOCTEH BUKOHAEMO JesKi IOoNepeHi 00-
YUCIEHHS.

Y

Y

IToknaaemo

b+l a+1 a+2b+3,.2a+b+3 a+1,.2a+2b+4 2a+2b+4
Nyp =y x" —y +y" +y

" b+1_

a+2b+3__ 2a+b+3

Z Y 3

X

)

1
(¥ —2) (1 —yz) (y —2?)

Jlnst pany A MOXKHA OTPUMATH SIBHHII BHPa3:

A =

Jlema 2. Koegpiuienm 6insa x™ 6 poskaadi A 6 dopmaavrut cmenenesutds pao
00MUCAOEMBCA 30 HOPMYN0I0
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n+1

[1")A = = 37 e, iy,

=1

min(n—k +2,k),1 <k <n+1,
c(n, k) =

0, B IHIIOMY BUIAJIKY,
i 0;; — Pynxyis Kponexepa.

Jloeedenns. Po3knameMo KOKeH 13 CIIBMHOKHHUKIB B PSATI :

(O T R
y—w2_§1—x—2_zy’f“’
Y k=0
11 1 _i 2
yQ—l' y21_y% poare yk+2’
1 oo
e Ltay+ayP’ 4+ +ay +- - = Z(:cy)k

Toui

1 gy i
AT e e

[TepemuOXKUMO TIepIIi JiBa 3 HUX i BUALIAMO KoedilieHTn Ois CTeneHiB & :

o 2k ok oo [ In/2] 1 1 o [ In/2] 1
Z Rt Z gz Z Z YL 222 = Z Z y2n—3k+3 e
k=0 k=0 n=0 \ k=0 n=0 \ k=0

JloMHOXKMMO Ha TPeTi#l psiji i 3HOBY BUILINMO KoedillieHTH Oifisi CTENeHiB & :

11 < [ .
A:y—nyQ—xl—xy go ;; 2i— 3k+3y L

Orxke

n n

[i/2] ' Li/2]
A= ZZ Y2 3k+3y =y Z y31 3k
=0 Y 0 k=0

=0 1=

OrpumMaHny MOOABIHHY CyMy, OCKIIbKH B Hiif 3yCTpidalThcs OXHAKOBI CTEIeHi 1,
MO2KHa 3BECTH JI0 OJMHAPHOL

n [i/2] n

a(n,t
Sy -yl

3t
zOkO t=0 Y

Posnin 1: Maremarnka 1 craructuka



KPATHOCTI BAT HE3BIITHUX 30BPAKEHDb AJITEBPH JII si3 87

TyT a(n,t) mijse 4UC/I0 fKe TOKA3YE CKIILKU pa3 CTemiHb y ! BXOAUTH B MOJBIHHY
cyMmy.

Hnst dikcoBanoro t aucio «(n,t) popisHioe Kigbkocti map (i, k) Takux mo t =
i — k mpu Takux obmexenusax uHa i,k : 0 <i<n,0 <k <i/2. Ockinbku k = i—1t Mu
maemo 0 < i —t <i/2; i, uic/s CupoueHb, OTPUMAEMO TaKi OOMezKeHHs Ha 1 : 1/2 <
t < i < n. Jlua KOKHOTO i, SIKe 33J0BOJIbHSIE IIi yMOBH, napa (i,7 — t) 3a10BOJbHAE
noTpiony ymomy. llopaxyemo, CKiJIbKU icHYE 4ucesT 4, gKi 3aJ0BOJBHAIOTH YMOBY
i/2 <t <i<n upu dikcopanomy t. Jlerko 6auutu, mo Kom t > n/2, T0 A0BLIbHE
t qid gkoro t < ¢ < n 3aJ0BLIBHSIE YMOBY, OTKe Takux ix Oyme n —t + 1. Y
BUMAJKY ¢ < m/2, WAXOIUTH JOBLIbHE i, JJIsI IKOTO BHKOHYETHCd, 1/2 < t < i
3Bigku t < ¢ < 2t. Orke Mu MaeMo ¢ + 1 Takux 3HaYeHb 1. BpaxoByodn

n—t+1, naat>n/2

min(t+1,n—t+1) =
t+1, past t <n/2

B PE3YJIbTATi OTPHUMAEMO, IO KITbKICTh TaKuX map piBHa min(t+ 1,n — ¢+ 1), To6To

n [i/2] n

1 in(n—t+1,¢+1
Z Z i3k - Z min(n Bt )

=0 k=0 t=0

[lizcraBuBimu orpuMany cymy y Bupa3 s A, micias 3MiHE iHAEKCY CyMyBaHHS,
OTPUMAEMO HEOOXiTHUIT Pe3yJIbTaT.
Cdopmyaroemo ocHOBHUIIT pe3ysibTarT poboTH.

Teopema 1. Kpamwicmo eazu (i1, ia) 6 sobpasicenni I'yp obuucmoemvea 3a
Popmy.nomo

a+2b+2u; +
Nap (1, f12) :c(a+b+u1, 3#1 a —|—1) -

2b+ 2 —b+2
—c(b+u1—1,a+ +M1+M2+1)—c(a—|—u1—1,a +M1+M2).

3 3

Jloeederns.
[Toznaunmo

ng(p) = [x*"H] ((2y)*** Char [yyp) -

Toai, BpaxoByto4n, 1o

n _ b+1 2a+2b+4 2a+b+3
[l’ ]Na,b - 5n,a+1 ) + 5n,b+1 ) - 671,0 ) +

- (5n,2 a+b+3ya+2 bt + 5n,2 a+2 b+4ya+1 - (5n,a+2 b+3)
MaEMO
a+b+p1
na(Ml) = Z ([l,z] A) ([xa+b+u1—z] Na,b) —
i=0

— ([xb—i-m—l]A) yb-i-l + ([xa—&-m—l]A) y2a+2b+4_

- ([$a+b+m]A) y2 a+b+3 ([xm—a—S]A) ya+2 b+3_|_ ([$u1—a—b—4]A) ya+1 - ([x’ul_b_?’]A).
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Ockinbku || < a+ b Toxi iy —a—b—4<0. Orxe [z 747074 A = 0.
Mn maemo

b+
([Ib—i-m—l]A) yb+1 _ _ Z c(b + oy — 1’Z')y3(i—1)—b—2u1'
i=1

3BiJICH BUILIUBAE

[ya+b+u2] ([$b+m_l]A) yb+1 = _5a+b+u2,3(i—1)—b—2ulc(b +p = 17i) =
2b+ 2
:—c(b+u1—1,a+ —1—3,u1+,u2+1>'

Anagoriano,

[ya+b+uz] ([Ia-ﬂn—l]A) y2a+2b+4 — ¢ (CI, + 1y — 1’ a—>b +32,U1 + ,UQ) :

2b+ 2
[ya+b+u2] (_[$a+b+u1]A) y2a+b+3 — (a b+, a—+ 20+ 211 + U9 I 1) 7

3

2 —(2 b
[ya+b+uz] (—[:B’“_a_g}A) ya+2b+3 —c (Ml —a-3, M1 =+ o . (2a + ) . 1) ’

" b a—0b+2u +
[y +b+u2] (—[:U“l bB]A):C(ul—b—& 3#1 MQ)_

OCKITBKE, N p(fi1, i) = [y 02N, (1) TO Mz oTpEMaeMo

a-+2b+2uq +
na,b(ﬂl"u?)zc(a—i_b—i_m’ ?,M1 M2+1>_

a+ 2b+ 2uq + a—0b+2u +
—c(b+u1—1, 3#1 M2+1>_C<a+m_17 3#1 M2)+

2 —(2a+b —b+2
u1+u23(a+)_1)+c<m_b_3’a +3u1+u2)‘

JloBesiemo, o ABi octanHi (popmyaIn TOTOXKHO piBHi Hysm0. CupaBmi, JAas mep-
II0I TOTOXKHOCTI 3 BJIACTUBOCTEll Baropol Jiarpamu 300pazkenud ', ,, Mu MaeMo, MO
JApYTuil apryMenT

2p1 + p2 — (2a 4 b)
3

Auste ¢(n, k) =0, axmo k < 0.

st IpyTol TOTOXKHOCTI TOKAYKEMO IO JAPYTHiHl apryMeHT € OLAbIIUM HiXK Tep-
muii. 3 BJIACTUBOCTEH BAroBol mgiarpaMu JJId Pi3HUIN apryMeHTiB, MA MaEMOo,

a—b+2u + a—+2b+ po —
TRz —b—3) = P21 350,
3 3

Ane ¢(n, k) = 0 gkmo n < k. OTxKe, MH MOZKEMO ITHOPYBATH OCTAHHI /IBA BUPA3H.
Teopemy j10BejIeHO.

Posnin 1: Maremarnka 1 crarucTuka
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Taxum 9UHOM MU MOXKEMO 3alMCATH XapaKTep Y ABHOMY BHIJISIJIL:

1
Charf‘ajb = xa—ybzc <a+b+,ul,

HEA
2b + 2 —b+2
—c(b+u1—1,a+ + u1+u2+1)_c(a+ul_17a + H1+#2>$u1yu2.

2b+ 2
a+ +3M1+M2+1)_

3 3

4. BucHOBKHN Ta HEePCHEKTUBHU HNOJAJBINNX AOCHiA»XKeHb. B paniit pobo-
Ti st KomiuiekcHol ajarebpu JIi sl3 3amporonoBana siBHa (popMyJia 3HAXOIZKEHHS
KPaTHOCT1 Baru Hespiianoro 3obpazkenns I'gp, dKe Bu3HavaeTbCs CTAPHIOID Barolo
A = (a,b). TosoBHa imest obumnciaeHb nojsirac y HacTynHiil crnenudikarnii 6a3ucy
e(p) = xMyt2 rpynosoro Kinbig Z([A]. 1le 1am0 MOXKIMBICTD MpeCTABATH XapakTep

. y 1 )
Char I, me3Binnoro I'y , 300paxenns ak maorowred Hlypa s, <x, =, — | Bix aBOX
Ty
3Mminnux ,y . KiodoBy poJib B obuuc/ieHHi 3irpaJiu 3HaiijieHi 9BHO KoedimienTu

PO3KIALY Py
1

(y? —2) (1 —yz) (y — 2?)’
B TepMiHax (pyHKIIT MAKCUMYyMy JIBOX 4ncesn. Pe3yabTarn o0YUCIeHHsT KPAaTHOCTeH
MOHOBHICTIO CHIBHAJAIOTH 13 pe3yJibTaTaMi OTPUMAHUMU 1HIITUMHI METO/[aMU B CTATT1
[12].
[nel, axi peasizoBaHo B CTATTI, aBTOPU IJIAHYIOTH TOMUPUTH /T 3HAXOI?KEHHST
KpaTHOCTEH Bar He3BiIHUX 300paxkeHb ajaredp Jli sl, mpu n > 3.
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Ramskyi A. O., Samaruk N. M., Poplavska O. A. Weight multiplicities of
irreducible representations of the Lie algebra sls.

In this paper, for the complex Lie algebra sl3 we propose an explicit formula for finding
the multiplicity of the weight of the irreducible representation I'y, which is determined by
its higher weight A = (a,b). The set of all weights A of such a representation forms a group
ring Z[A] with the multiplicative basis e(u), u € A. The character of the representation
CharT)y is an element of Z[A], the coefficients of which are the required multiplicities. The
main idea of the calculations is to specify the basis e(u) = z#1y#2 of the group ring Z[\].
This made it possible to represent the character CharI'y of the irreducible representation

1
I'y as a Schur polynomial s, (a:, £7 ) of two variables z,y. As a consequence, we express
X

the coefficients of this polynomial through simple functions that are easily computed for
linear time. The key role in the calculation was played by the explicitly found coefficients
of the series decomposition

1

AT DD

in terms of the function

min(n—k + 2,k),1 <k <n-+1,
c(n, k) =
0, otherwise.

Keywords: Lie algebras, irreducible representations, characters, multiplicities, Weyl for-
mula, Schur polynomials.

References

1. Freudenthal, H.(1954). Zur Berechnung der chararktere der halbeinfachen Lieschen gruppen.
Indag. Math., 16, 369-376.
2. Kostant, B. (1959). A formula for the multiplicity of a weight. Transactions of the American
Mathematical Society, 93(1), 53-73.
3. Racah, G. (1964). Lectures on Lie groups, Group Theoretical Concepts and Methods in Ele-
mentary Particle Physics, F. Gfirsey, ed., Gordon and Breach, New York, 1-36.
4. Klimyk, A. U. (1967). Multiplicities of weights of representations and multiplicities of repre-
sentations ofsemisimple Lie algebras. Soviet Math. Dokl., 177(5), 1001-1004.
5. Humphreys, J. (1978). Introduction to Lie Algebras and Representation Theory, Springer.
6. Moody, R. V. & Patera, J. (1982). Fast recursion formula for weight multiplicities. Bull. Amer.
Math. Soc. (N.S.), 7(1), 237-242.
7. Cavallin, M. (2017). An algorithm for computing weight multiplicities in irreducible modules
for complex semisimple Lie algebras. J. Algebra, 471, 492-510.
8. Siddhartha, S. (2000). A new formula for weight multiplicities and characters. Duke Math. J.,
101 (1), 77-84.
9. Schiitzer, W. (2012). A new character formula for Lie algebras and Lie groups. J. Lie Theory,
22(3) , 817-838.
10. Lauret, E A. & Bertone, F.R. (2017). Multiplicity formulas for fundamental strings of repre-
sentations of classical Lie algebras. Journal of Mathematical Physics, 58, 111-703.
11. Fulton, W. & Harris, J. (2004). Representation theory: a first course, Graduate texts in
mathematics, 129, Springer.
12. Libeck, F. (2001). Small degree representations of finite Chevalley groups in defining charac-
teristic, LMS J. Comput. Math., 4, 135-169.

Ounepxkano 31.10.2021

ISSN 2616-7700 (print), 2708-9568 (online) Hayk. Bicauk Yxkropoa,. yu-ty. 2021. Tom 39, Ne 2



MOZAEJJIFOBAHHA TAYCCOBOI'O CTAIIIOHAPHOI'O BUITAJKOBOTI'O ITPOLECY ... 91

VIIK 512.44
DOI https://doi.org/10.24144/2616-7700.2021.39(2) .91-99

A. M. Terza

JBH3 "VYxkroposacbkuit Harnionaabuuii yHiBepcurer',

JomeHT Kadeapu Teopil HMOBIpHOCTEH i MATEMATHIHOTO AHAJII3Y,
KaHIuaaT Qi3UKO-MATEMATHIHUX HAYK, JTOIMEHT
antonina.tegza@uzhnu.edu.ua

ORCID: https://orcid.org/0000-0001-5310-4311

MOAEJIFOBAHHA T'AYCCOBOT'O CTAIIIOHAPHOTI'O
BUITA/IKOBOT' O ITPOLIECY 3 OBME2KEHVIM CITEKTPOM 3
3AJJAHUMU TOYHICTIO I HAJIIMHICTIO ¥V PIBHOMIPHIN

METPUIIL

Pobora npucssuena momaabIioMy PO3BUTKY TEOPil MOMAETIOBAHHS T'ayCCOBUX CTAITIOHAD-
HUX BUIMAIKOBUX MPOIECIB 38 METOIOM, sKuii 3ampornonyBas i po3susas H).B.Ko3auenko.
PosrisuyTo rayccoBuii cramioHapHUil MEHTPOBAHII BUMAIKOBHIT TPOIEC 3 OOMEXKEHUM CITe-
KTPOM 3 33/IaHOI0 KOBapiaIiiinoo yHKIie€. BUKOprCcTOBy09n €HTPOIiiiHI XapaKTePUCTHU-
KH Ta OIIHKY CyOrayccOBOTO CTAHIAPTY, [Jis MOJEN] Oe€P2KAHO PO3OUTTS CIEKTPATHHOTO
MIPOMIXKKY, IIPH SIKOMY MOJEIb HAOTMKATHME MPOIEC 3 33 JaHNMHU TOUHICTIO 1 HAIIHICTIO.
VY cepenosuii Python 6ys10 3Mome1b0BaH0 MPOIIEC /st IACTKOBOTO BUIIAJIKY.

Ku1ro4oBi cjioBa: rayccis craiioHapHuil BUIAIKOBUH IIPOLIEC, MOIED [IPOIECy, eHTPOIIHHI
XapaKTEPUCTUKH, TOYHICTh, HAJIMHICTD MOJIETI.

1. Beryn. Opnieo 3 akTyajabHUX 3329 TEOPii BUIIAAKOBUX IPOIECIB € MO0YI0Ba
MaTeMaTHIHOT MOJIEJI, a TAKOXK JIOC/IIZKeHH 11 3araJbHuX BjacTuocteit. Ha choro-
JTHITITHIA JeHb aKTUBHO PO3POOJIIOI0THCS 3arajabHi METOIN YNCEJIHhHOIO MOIETIOBAHHS
BHIIQIKOBUX IIPOIECIB, & TAKOXK IIBHIKO 3POCTAE 00JACTDH 3aCTOCYBAHHS CTOXACTH-
YHUX MOJIeJIel, 30KpeMa B PaJioTexXHill, eJeKTpoHimi, v ¢dhiHaHCOBii MaTeMaTHuIl i
T,

OckinbKn OLIBITCTD (PI3UTHUX ABHIN 3a/I€KUTH B Oararhox hakTopiB, TO Mpu
iX MOJIeJIIOBaHHI HaMaraloThCs BIATBOPUTHU TPOIMECH, IO € CYMOIO BEJUKOTO YUCJIa
BHIIQIKOBUX (PAKTOPiB, TOOTO, 3TiAHO 3 MEHTPAJIBLHOIO 'PAHUYIHOIO TEOPEMOIO, Iayc-
coBi ab0 OJIM3bKI /10 HEX Hpolecd. ToMy HaWOLIbII MOIMIMPEHUMH i HAROLIBIT PO3-
pOOJIEHUMH € MEeTOIHM MOJEJTIOBAHHS TayCCOBUX BHIIQIKOBHUX ITPOIECIB i moJiB. Ps
HOBHUX HAIPSMKIB y Trajy3i MOJe/IOBaHHS BUITAIKOBUX IPOIECIB Ta IMOJIB PO3PO-
6neno I. O. Muxaitnopum, FO. B. Kozagenkom Ta ix yuansamu [5], [1,3,4]| . lana
poboTa HpUCBAYEHA TI0IAIBIIOMY PO3BUTKY TEOPil MOJIE/TIOBAHHS FayCCOBUX CTAIiO-
HAPHUX BHIIAJIKOBUX IIPOIECIB 38 METOIOM, KUl 3anpornonyBaB i po3suBas 0. B.
Kozauenko [2|. ¥V pobori [6] mocaimKyBagach TOUHICTH 1 HAAIHICTE MOsIesIi raycco-
BOI'O CTAIlIOHAPHOI'O BUIIAJIKOBOIO IIPOIECY 3 0OMeKeHUM CIIeKTPoM. ¥ JiaHiit podbori
BUKOPUCTOBYIOYN TOYHIII OIIHKHU, MOOYT0BAHO MOJIE/Ib TOTECY 3 OOMEZKEHUM CIIpe-
KTPOM 3 33JIaHUMH TOYHICTIO 1 Ha IIHHICTIO, JIJid YaCTKOBOI'O BUIIAJIKY KOMII FOTEPHO
3MOJIETHOBAHO TTPOTIEC.

2. OcuoBHuii pe3yabTar. Po3risiHeMo rayccoBuil cramioHapHUN HificHU 1MeH-
TPOBaHUi HENEPEPBHUI B CePEJIHbOMY KBaJIPATHIHOMY BUNaAKOBHi 1poiec X (1) 3
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92 A. M. TET'3A

00MeZKEeHUM CIIEKTPOM, TOOTO KoBapiariiina (pyHKIg SKOTO MA€ BUTJISA:
A
r(r) = EX(t +7)X(1) = / cos MdF (M),
0
ne F(\) — menepepBra creKTpasabia (byHKINS IIHOTO MPOIECY.
Toni BumankoBuil mporec Mae 300pazKeHHsI
A

A
X(t) = /cos Atdny (A +/sm Atdng (A
0

0

ae m1(A) Ta 1m2(\) Taki HesasexkHI NMEHTPOBAHI rayccoBl BHIAIKOBI IPONECH, IO
E(ni(A2) = n:i(M1))* = F(A2) = F(A1) mpm Ay < g, 0= 1,2.

3a MojieJIb IPOIeCy Bi3bMEMO BHUIIQIKOBUIT TIPOIIEC

M-1
(711 cos Cpt + Mo sin (it (1)

k=0
e M1, Nm2, Cx — He3aJde:kHi npu Bcix [, m Ta k BHIAQJKOBI BeJUYUHH,

A = {Xo, A1, ..., Ay} — Take posourTs imrepsany [0,A], mo Ao = 0, A\ < Api1,
Av = A, Mk1, Mre — TayccoBi BUOAAKOBI BejqumumHU, Taki mo Eng = Eng = 0,
Eni, = Enty = F(Mey1) — F(A\x) = b2, () — BUNAQJKOBI BeJIMUHHY, IO TPHIAMAIOTH
3HAUeHHs Ha BIAPIZKaX [Ag, \pi1], Ta sxmo b > 0, To

FQ) = F(A)

Axmo b7 = 0, 1o M1 = 0, Mge = 0, = 0 3 HMOBIPHICTIO OMMHUTIS.

Osnauvenns 1 (nus. [1]). Bunadrosut npouec X, (t) nabaustcye 2ayccie npoyec
X(t) 3 nadidinicmio 1 — 5, 0 < B < 1 ma mounicmio 6 > 0 6 npocmopi C([0,T1),
AKWO tenye maxe posbummasa N, wo cnpasedausa nepieHicms

P{ sup. | X (1) — Xa(0)] > 5} <.

0<t<T

Osnauennsd 2 (nus. [1|). Bunadkosy sesununy & nazusamumemo cyb2ayccosoro,
Axuo 3natidemoea maxe a > 0, wo das 6ciz X € R sukxonyemvea nepiericms

Eexp{A} <exp { a22)\2 } .

Kaac sciz cybeayccosux seaunun 6ydemo nosnauwamu Sub(€).
Bunadrosuii npoyec X = {X(t), t € T} nasusaemwvea cybzayccosum npoyecom,

axuo das ecixt € T, X (1) — cybzayccosa sunadrosa eesuvuna ma sup 7(X (t)) < oo.
teT

Hexait ny(t) = X(t) — Xy (t). Toni

M1 Ak41 Ak41
nu(t) = / (cos A\t — cos Cxt)dm (M) + / (sin A\t — sin (xt)dne(N) | . (2)
k=0 \ 3 5,

Posain 1: Maremarnka 1 craructuka



MOZAEJJIFOBAHHA T'AYCCOBOI'O CTAIIIOHAPHOI'O BUITAIKOBOI'O ITPOLECY ... 93

Hexait 7(np(t)) — cybrayccis crangapr nporecy 7y ().
3 mocutipkenn crarTi [6] Maemo, 1o s cybrayccosoro mporecy 1y (t) Mae micie
TaKa HePiBHICTh

N[

m

dF(\) | dF(u) NG

3=

B Akt1 [/ k41
M-1 Hu— )2

sin

ae bi = F()\k+1) — F()\k>
BukopucroByoun TBep/zKeHHs i3 [1| mpo eHTpomiiiHi XapakTepucTHKH, MAaEMO,
o upu 0 > 81(gg) ass cybrayccoBoro mporecy 1y (1) BUKOHYEThCS HepiBHICTD [6]

P {oi?% s ()] > 5} < 2exp {_ZLg(Q) (5 - &sf(go))Q} , ()

e
I(go) 1/0\/H()d 1/01 L i1)de <o
£0) = —= g)de = — n|-——m-— £
ROV V2 2001(e) ’
0 0
H(e) — merpuuna entpomisa kommakrtaoli Muoxkuuu [0,7], g = sup 7(nu(t)),

0<t<T
o(h) = sup T(nm(t) —nm(s)) -
[t—s|<h
Tobro st jrocitijpkerns 301KHOCTI MOJIeJIl JI0 CBOT'O BHUIIAIKOBOI'O IIPOIECY, 110~
Tpibuo oninutu £¢ i o(h).
BukopucroByoun ymMoBy (3), MaTHMEMO:

2 (Nt — A2 v
o= sup 7(nu(t)) < sup (Z 80j; k+14 : > =
0<t<T 0<t<T k—0

A
k=0

0<t<T

Hnst moBinbaux t, s € [0,T] po3riasHeMo pi3HHUIIO

M1 [ M1
() —nu(s) = Z (cos At — cos (xt — cos As + cos (S)dn; ()
k=0 | §
k
Akt1
+ / (sin At — sin (xt — sin As + sin ;. $)dno ()
Ak
CropaBe//TiBa HACTYITHA JIEMA:
Jlema 1. Jlaa m =0,1,--- cnpasediusi cnicgidnowerms
Akt 2m—+1
E / (cos A\t — cos (gt — cos As + cos (;$)dn (N) =0,
Ak
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94 A. M. TET'3A

et 2m+1
E / (sin At — sin (it — sin As + sin (;$)dnz () =0,
Ak
_— 2m
E / (cos At — cos (gt — cos As + cos (xs)dn; () <
Ak
PV ) m
< Ao E /1Ot—ﬂ.u+ﬂ-Ai;3)dFu) |
Ak
Aea 2m
E / (sin At — sin (it — sin As + sin (g.s)dna(N) <
Ak
Akt1 m
< Ban | [ (1=l (M +1G)* AP
Ak

Jloeedenns. TIlpoBenemo OmMiHKT HiiHTErPAJIbHUX BAPA3iB:

|cos At — cos (xt — cos As + cos (8| =
A(s—t A t
=) 4y 2o 1)

(s+1)

2

2 sin + 2sin sin (g, <

A t
mM‘ +2’sin

2
Ci(t — 5)
2

G(t —s)

2

Ck(t -+ S)
2

< 2|sin

2 2

. ‘sin —Ck(t + )

+2

L[ Ms=8] |As+1)
2 2
N+ G

2 ?

= |t—s|-|t+s|-

| sin At — sin (t — sin As + sin (s| =
At — s) At +s) (s — 1) Cilt + 5)

2sinT-cosT+28m 5 - COS 5

Mt =5)| [ ME+9) o8] | b1
2 2 2

<t = s (A + [Gkl)-

< 2 + 2 [sin - |cos

sin

OCKiJIbKHT JIJIS eHTPOBAHOI rayccoBoi BUIaAKoBOI Besmanan & Maemo BE =0, BE2 =02

Posnin 1: Maremarnka 1 craructuka
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BEMH =0, BE™ = Ngpo™ k=1,2,..., Mgy = 2 1o

Pk
)\k+1 2m
E / (cos At — cos As — cos (it + cos (;s)dn; () <
Ak
Akt1 m
< Ay, E / (cos At — cos As — cos (it + cos (8)2dF(\) | <
Ak
Ak+1 m
22 2\ 2
< Ay, FE / (]t—s|-]t—|—3\- +Ck) dF(X)
Ak
AHaIOriIHO 71 CUHYCIB.
Abt1 2m
E / (sin A\t — sin As — sin (it + sin (x.s)dna () <
Ak
Ak41 m
< B | [ (=l (N + fod) PO
Ak

st mpomniecy 1y (t) wa [0, T'] mposegemo oninky Besmaunu o(h) = sup 7(ny(t)—

jt—s|<h
=N (s)).
Posriignemo inrerpadim:
Ak+1
Wl = / (cos A\t — cos (gt — cos As + cos (;s)dn; (),
Ak
Ak+1
Wio = / (sin At — sin (it — sin As + sin (xs)dn(N).
Ak
Ak i npu ominti 7(ny(t)) oTpEMaeMo Taki HepiBHOCTI
M-1 M-1
T2a(t) = ma()) 2D (TP (wm) + T (wi2)) <2 (0% (win) + O (wia))
k=0 k=0

1

Je O(wy;) = sup <?;—$:Ew,§zﬂ>ﬁ ,i=1,2.

m2>1
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Orxke, 3rinao jgemu 1 MaTuMeMo:

T2 (1a(t) — na(s))

m =

M-1 [ Akt1 / Akl )\2 ) ) oy
< 2) sup / / (\t—s|-(t—|—s)-+u)> dF(\) | dF,(u)| +
k=0 M1 B e
M—1 [ Akt1 [/ Akt m m
+ 2y swp / /|t—s]2-(\>\]+]u\)2dF(>\) dF(u)
m>
k=0 = | N A
1
i Ak+1 [ Ak+1 m m
M-—1 o + + >\2+U2) 2
< 2 sup b \t—s|-(t+s)-T dE,(N) | dFe(u)| +
k=0 "= | e e
M1 i Akt1 [ Akl m w
sy s (i [ [ s (A RO | R
k=0 "= L Ak Ak
M-1 M-1
< 20t — s bRt s) AL F 2t — s AN, =
k=0 k=0

M-1
= 2|t —s|? Z b@‘iﬂ ((t + 5>2)‘2+1 + 4) :
k=0

M-1
dkmio Bpaxysatu, o A\ < Ai > b2 = F(A), o orpumaemo, 1110
k=0

T(nar(t) = mar(s)) < [t — s|AV/SF(A)(T2A% + 1).

Orxe,

o(h) < hA\/S8F(A)(T?A2 +1). (6)

Teopema 1. Hexaii 6 modeni Xy (t) posbummsa A maxe, wo npu & > 8I(eg)
BUKOHYEMBCA CNIBBIOHOULEHHA:

2 exp {_QLS(% (5— \/85_f(50))2} < B, (7)

de g = sup T(nup(t)) = oo,
0<t<T

() < %/ In (TA\/8F(A2)€(1 TP + 1) de < oo0. (8)

Todi icnye 2ayccie sunadrosut npouec X (t), do axozo modeav Xy (t) nabausrcamus-
memuvea 3 naditinicmio 1 — 3, 0 < 8 < 1 ma mounicmio 6 > 0 6 npocmopi C([0,T7).

Posnin 1: Maremarnka 1 craructuka
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Hoeederna. lana reopema BummnBae 3 (4) Ta TBepmxkens 3 [1]. Hiitcmo, 3 mo-
nepeHiX OmiHOK st o(h) Maemo, 1o

h

o) = AVREM)( 1 T2A%)

TO1

2e

f(a))s%/ 1n<TA\/8F(A)(1+T2A2)+1>d€’

sIKe MOKHA 3pOOMTH SK 3aBMOIHO MaJuM Ipu meBHomy migbopi A i M. Tobro Gyme
icHyBaTH Take po30ouTTst A, /15l IKOTO BUKOHYBATUMETHCS 31 IHO O3HAYEHHS | yMOBa

2exp{—2igg<6— \/&ST»} < 8.

Posrignemo peanizaniio JaHOl TeopeMH Ha HMPHUKJIAIAX PI3HUX CIEKTPAIbLHUX
dbyuxiii. s nporo crneprry oninumo inrerpas (8) B reopemi 1.

l:(é?o) < %0/ In (TA\/SF(A)(l +T°A%) + 1) de <

2¢e

1 [TABFA) + T2A7) o
< EO/\/ N de = \/ TAeg\/SF(A)(1 1 T2AZ) =

= 2ATy/ % V14 T2A2.

[TixcraBumo qauuil pesyjabrar B HepiBHICTH (7), OTPUMAEMO

2
M? (5 — 4VOAT -/ % V14 T2A2> > 4F(A)A*T? In %

[ligcTapasioun pi3Hi crieKTpabHi PYHKINI, TOYHOCTI 1 HAIIHHOCTi, MOKEMO O1ep-
KaTu 3aexkHicTb ynciaa M Big gosxunu cruektpy A. Pesysbraru nojani y 3seaeniit
TaOsmiri 1.

Ot1zke, HANPUKJIAJ, SIKIO M5 cieKTpaabHol dyrkiii F'(A) =1 — e~ mpomizkok
[0, 100] pos6uru wa M = 561 gactuH, Toji MOJe b (1) HADJUKATHME BUIAIKOBHUIL
nporec X (t) 3 Toanictio 0,001 ta mamiitaictio 0,99.

Komm’torepro 3Moienoemo porec (1) s JaHOro 4acTKOBOIO BUIAJKY, BHKO-
puctoByoun cepeponuiie Python. /Iisa nporo nmorpioHo 3moieioBaTn KOMIOHEHTH
mozeii (1), To6TO rayccoBi BUIIAIKOBI BETHYUHN g1, Mo, 118 AKUX Enp = Enge = 0,
En}, = En?y = F(Agy1) — F()\,) = b} Ta BUNaaKoBi Beuuuuu (g, MO MPHAMAIOTH
3HAYEHHsI Ha BiApI3Kax [Ag, Apr1] 3 DyHKIIEO po3nomity

Fr(\) = P{G. < \} = Ff}f:_gl)_—}?é’/\(];\)k)
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Tabruua 1.
BasexknicTh uncaa M Big TOIHOCTI 1 HATIHHOCTI MOJEITI.

FA)=1—e™ | F(A)=In%
) I6] A M M
30 56 51
0.01 | 0.1 | 50 66 59
100 83 75
30 &2 73
0.01 | 0.01 | 50 97 87
100 122 109
30 377 332
0.001 | 0.01 | 50 446 395
100 561 497

oK
14+eh

20 85850 0aam] =
1 20 N i
15 =
.
-
10 W
05
00 N T

2=
54707820 T00453545, 5 1747283320314438 0 -06987251028835285 , 1 3126322506003155,
05 -1.6015096787735044, '0.4242109682915204, -0.8007013713064977, -0.01914539063246231,
. 1.4687953823078364, -0.7836264100033770, -1.1462700865835085, 0.20863368563801027,

1.5608364969730807, -0.7231397251710144, -6.27836769459360416, 1.5/81482035516736,
1:370101100204124, " -0.431302462270701, "1, 365882220914408, 8110451616805,

1, -6.3155522620718876,
-10 o 712486089]256344 1 30a03777030014. 0. szsaoszusssmos ;1;472480907163097,

;0 200851523087058, 0.7

4 200 o760

-15 L Ta5eT 172470015406, 6. 20700955355001056 , o 035523500176737, 0. 1371015706736775,
: 171760127000002034, 1. 1333000120569210, ©.6300975201950723, 1. 8513307496315452,
§137015/3930051604. 1. 2400953107987244 , 12117606125758008, 5. 004025610704055,

$lanadsiunsarasasts, i adlalinonsersssh, 10 0ssscaerransker, o 1aeradassnanios?,
5445521007804004 ' 13942837713589%5, 0.5308540274750623, 1.52310812031001
20 07i20553001520025 0. 5723501551540071, -1 0049306135108274. 0,07 220427030630572,
: 0251015015406 116; 0 44279693016923626, 1/ 1050323500017642, 0. 7010301274200757.

6.30587680065328503, -0.01910202436327739, 0.47835785032514404, -6.8757955047978078,
T T T T T T 0:5797300300075612,"0.06402342093077307 1 4961638047466697, a os31aes1 721320107,

00 0.2 04 06 08 10 16:3600147760326273, 0

In [22]:

Puc. 1. Mojenp BuIIaiKOBOTrO 1mpoIecy,

npi F(A) = 1 — A, Puc. 2. CkpiHIIOT pe3yabTary.

s MoJieTIOBaHHS BHUIIAIKOBUX BEJIUYUH () BUKOPUCTAHO MeToj CMipHOBa, a Jijisd
MOJEeTIOBAaHHSA HOPMAJbHO PO3MOJILIEHUX BUMAIKOBAX BEJIUYUH, BUKOPUCTAHO TOTO-
Bl dyHKIii 6i6aioTekn numpy.random; 4acoBy 3MiHHY ¢ B3sTO 3 TpoMixkKy [0, 1].
Opepxumo rpadidne npeacraBieHHs mporecy Ha puc. 1.

3. BucHoBKH Ta HepCIeKTUBU TOAAJTBINNX AOCIIIAKEeHb. Y jnaHiil poboTi
o0y I0BAaHO MOJIE/Th TAYCCOBOTO CTAI[IOHAPHOTO BUIAKOBOTO MPOIECY 3 0OMEeKeHUM
CIIPEKTPOM y PiBHOMIpHI# MeTpWIl 3 3a/JJaHUMW TOYHICTIO 1 HamiiHicTIO. 19 ABOX
JACTKOBHUX BUIAJKIB CHEKTPAJIbHUX (DYHKIIIH, JeIKHX 3HAUEeHb TOYHOCTI 1 Ha TiftHOCT1
0JIepzKaHO TAOJIUIIO 3HaYeHb dncja M B 3a/1e2KHOCTI Bl BEJIMYMHU CHEKTPAJIHLHOIO
npomizkky. [Ipoanasizysasiiu i1, BUAHO, 110 i3 TOKPAIEHHSAM TOYHOCTI 1 HaIiiTHOCTI,
3poctae Kinbkictb pogankis y momei (1). Jas rounocri 0,001, mamiiinocri 0,99 i
crekTpasibaol GyHKil F'(A) = 1—e~A, omepzxano rpadivne mpecTaBICHHS IPOIECY
(muB. puc. 1).
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Tegza A. M. Simulation of a Gaussian stationary random process with a limited
spectrum with a given accuracy and reliability in a uniform metric.

The work is devoted to the further development of the theory of modeling of Gaussian
stationary random processes by the method proposed and developed by Yu.V. Kozachenko.
A Gaussian stationary centered random process with a limited spectrum with a given
covariance function is considered. Using the entropy characteristics and the estimation of
the sub-Gaussian standard, a partition of the spectral interval is obtained for the model,
at which the model will approximate the process with the given accuracy and reliability.
For the partial case, the process was modeled in the Python environment.

Keywords: Gaussian stationary random process, model of random process, entropy char-
acteristics, accuracy, model reliability.
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KPUTUYHUI BUIIAJOK B TEOPII MATPUYHIX
JANPEPEHIITAJIBHX PIBHAHD

IIpm MaTeMaTUIHOMY ONMUCAHHI PI3HOMAHITHWX SBUII i MPOIIECIB, MO0 BUHUKAIOTH B Ma-
TeMaTu4IHi# (DI3UI, eJeKTPOTEXHIIl, €KOHOMII, JOBOAUTHCSI MATH CIOPABY 3 MATPUIHUMMU
nudepeHIiaTbHIMI PIBHAHHAME. TOMY TaKi PIBHIHHS € aKTYaJbHUMA KaK /I MATEMAaTH-
KiB, Tak i /i1 (PaxiBIlB B iHIIKUX raay3aXx MPUPOIO3HABCTBA. B maHii cTaTTi pO3IISIA€ThC
KBasiminiiine marpuune audepeHiiajgbae PiBHAHHA 3 KoedilieHTaMu, 300pazKyBaHUMU y
BUTJIsIII aDCOTFOTHO Ta PiBHOMIpPHO 30i:kHUX psiaiB @yp’e 3 MOBIIBHO 3MIHHUMY B TIEBHOMY
cenci koedimienramu ta actoroio (kiac F'). Pisuuri miaroHajJbHUX €JIE€MEHTIB MATPHIb
JIHIKHOI YACTUHE € CYyTO YSIBHUMH, TOOTO MU MAEMO CIIPABY 3 KPUTUIHUM BHIAIKOM. Ase
MiXK IIUMU JiarOHAJIBHUMHY €JIEMEHTAMU IIPUITYCKAIOThCS ITEBHI CIIiBBiIHOIIIEHHS, 110 BKa3y-
OTh HA& BIJCYTHICTb PE30OHAHCY MiXK BJIACHUMU YACTOTAMU CUCTEMHM 1 4ACTOTOIO 30BHILIHBOT
30y1KyI04UO0l cuin. PO3TIsimaeThest 3aa4a BCTAHOBJIEHHST O3HAK ICHYBAHHS y TaKOTO PiB-
HIHHS PO3B’sA3KiB kjacy F. 3a H0mMOMOror HM3KK TEPETBOPEHb PIBHSHHS 3BOIUTHCS 0
PIBHSHHS HEKPUTUIHOTO BUOAJIKY, 1 PO3B’A30K KJIacy F' 1IbOTO DIBHSHHS ITYKAETHCS METO-
JIOM TIOCJTIITOBHUX HAOJIWKEHb 34 OMOMOTOI0 IIPWHIUIIA CTUCKYI0UnX Bimobpazxkensb. [Torim
Ha Mi/ICTaBi BJIACTUBOCTEH PO3B’A3KiB IEPETBOPEHOrO PIBHIHHS POOIITHCA BUCHOBKH OO
BJIACTUBOCTEH MOYATKOBOTO PiBHSIHHS.

KurouoBi cjaoBa: wmarpuuni gudepeHnianbHi piBHAHHS, pagy Pyp’e, noBiabHO 3MiHHI
apaMerpH.

1. Beryn. Opaum 3 akTyaabHEX PO3/LIiB TeOpil 3Bndaitaux audepeHiasbHuX Pis-
HSHD € TeOPid MaTPUYHUX JIU(pepeHIiaJIbHuX piBHAHB. Taki PIBHAHHS BUHUKAIOTH
IpH JOCTIKeHH] PI3HOMaHITHUX IPOIECIB B MaTeMaTu4Hi# di3uIll, eJ1eKTpoTexHi-
i Ta IHIMKUX rajysei, Ta IM NPHCBAYEHO OAraro IMpalb, B SKUX JOCJTIIXKYBaIACh
PO3B’SI3HICTH MATPUIHUX PIBHAHBb Y Pi3HHX (DYHKIIOHAJIHHUX TPOCTOPaxX, Kpaiiosi
3a/a4i Jisl MATPUYHEX JudepeHIiajJbHuX PiBHIHD Ta iHmi npobuemu [1-5]. B ganiit
CTATTi MPOIOBKYIOTHCA OCIAZKEeHHsI, po3noYari B mpaigx [6,7].

2. OcHOBHI mo3navenHs ta o3HadeHHd. Hexaii G(gg) = {t,c : t e R, e €
[O, 50], €0 €R+}.

Osunauennsa 1. Ckaorcemo, wo dynruia p(t,e) narescums do kaacy S(m;eo)
(m € NU{0}), axwo sukonano nacmynmi ymosu

1) p:G(gg) = C,

2) p(t,e) € C™(G(g)) 3at;
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3) dp(t,e)/dtF = *pi(t,e) (0 < k < m), npuromy

def -
1Pl stme) = Y sup [px(t, )| < +oo.
k=0 G(eo0)

Osunauennsa 2. Ckaoscemo, wo Pynxuisa f(t,e,0(t,¢)) narescums do xaacy
F(m;ep;0) (m € NU{0}), arxwo ua dynruyia s06pascysana y euzasdi:

f(t,e,0(t,e) Z ful(t, ) exp (ind(t,e)),

npuMomMYy
1) fn(t,g) € S(m,go) (n c Z)}
def
2) ||f||F(m;€0,9) - Z ||fn||s(my£0) < "‘OO’

n=—oo

3) 0(t,e) = fcpTedT p €RT, p e S(m,e), 1{1f)g0(t,8):g00>0.
€0

Host dyukuii f(t,e,0(t, €)) nosnavarumemo:

Lulf(t,e,0)] = fu(t,e) /f (t,e,0) exp(—inb)do.

Muoxkuna dynkuiii knacy F(m;eg;0) yrBopioe qiniiinuii npocrip, skuii mepe-
TBOPIOETHCS HA HOBHMIT HODMOBAHUIT IPOCTIP BBEJCHHAM HOPME || - || p(miey;0)- Mae
micre Jranmiozkok Briaodens: F(0;e0;0) D F(l;e0;0) D ... D F(m;ep;0).

Hexait 3aano a8i dyukuil kiacy F(m;eg;0):

o oo

u(t,e,0) = > un(te)exp(inf(t,e)), v(t,e,0) = > vn(t,c)exp (ind(t,c)).

n=—oo n=—oo

Hobyrok nux dyukuiii Busnaaumo dopmy.iorwo [8]:

(wo)(t,e,0) = Y _ (Z un_s(t,e)vs(t,e)) exp(inf(t, ). (1)

n=—oo S=—0Q0

OueBnano, mo wv € F(m;eg;0).

Cdopmymoemo jeski BractuocTi HOPME ||« || pimie,:0)- Hexait u,v € F(m;e;0),
k = const. Tomi:

D) Wewll pmcony = K] - [l ponscon);

2) HU"‘U”F(m;ao;@) < HUHF(m;Eo;G) + HUHF(m;eo;9)5

3) HUHF(m;emO) = Z?:O

1 9Fu .
eF otk ’
F(0se0;6)

4) HUUHF(m;soﬁ) < 2m”UHF(m;EO;9) ) ”UHF(m;soﬁ)'

Jiitcuo, npu m = 0 3rigso 3 dopmynoo (1) maemo: |[uv||ro.ee0) < ||l F0:0:0)°
Wl #(0s0:0)- Jauti, ma mincrasi sracrusocreit 1) — 3):

S ngC”

F(0:050) k=0 = j=0

m

[ Fneo) Z

k=

o=y

otk—J

1 O%( 0% (uv)
cb otk

F(0;e0;0)

8153

F(05e0;0) ‘
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m : m ;
Z 1{07u Z 107w
= ( & ) | < &
gl gl
=0 F(0se0;6) j=0

ot i
Ha migcrasi BaactuBocti 4) MOKHA CTBEPKYBaTH, 1110 mpocTip F'(m;eq; 0) yTBO-
pioe GanaxoBy aiareopy [9)].

) = 2m||u”F(m;60;9) ) ||U||F(m;€o;9)'
F(0;e0;0)

Osnauenns 3. Ckasrcemo, wo mampuus A(t,€) = (a;k(t,€)); p=1

TN HAAEIICUTID
do waacy Sa(m;ep), (m € NU{0}), avwo aj, € S(m;eo) (j, k=1, N).

Busraunmo HOpMY:

A lssman = 25, 3 a8, )l

Osnauenns 4. Ckavicemo, wo mampuya B(t,e,0) = (bj(t €,0)),—15 Ho-
aesrcums do kaacy Fy(m;ep;0) (m € N U {0}), avwo bj(t,e,0) € F(m;ep;0)
(j,k=1,N).

Buznaunmo nopmy

IB(t, &, 0) || ryimico:0) = max Z!ijk (t,8,0) | pomicor0):

1<j<N

OuesBuano, mo akio By € Fy(m;eg;0), By € Fy(m;eo;0), 10 By + By, BiBy €
€ FQ(ma €0; 0)7 1 BUKOHAHO: HBl + BQHFg(m;z—:o;G) < ||Bl||F2(m;z-:o;9) + ||B2||F2(m;50;9)7

HBlB2HFz(m;so;9) < 2mHBlHFz(m;€o;9) ’ HB2HF2(m;€o;9)'
Has marpuni A = (aji); 7% Oyaemo mozHagaTm:

(A)Jk = ajk, j,/{? = 1,N

3. IlocramoBka 3ama4i. Posrisinaerbesa marpuane qudepeHIiaabie PIBHIHHS:

dX

- = A(t,e)X — XB(t,e) + P(t,e,0) + pd(t, e, 0, X), (2)

jie X —HeBijoMa KBaJparHa MaTpulld Hopgajaky N, 10 HAJIEKUTh JIesdKiil 3aMKHeHIi
obmexseniit obmacti DCCNVN, ne CVN—mpocrip xommmexcroznaunmx (N x N)—ma-
tputth. A(t,e), B(t,e) € So(m;eg), P(t,e,0) € Fy(m;ep;0). llono marpuri-dyHKIii
O(t,e,0, X) UPUILYCKAETHCsI, IO BOHA HAJEXKUTH 110 Kaacy Fy(m;eg; @) BignocHo
t,e,0 i menepepsna 3a X B D. pu € (0,1) — miiicuuit napamerp.

ITosnauumo )\} (t,e), A?(t, ) (j = 1,N) — Biacui 3HaueHus BiANOBIAHO MaTPHUIDL
A(t,e), B(t,e). I npunyckaTnMeMo BUKOHAHHS HACTYITHHX YMOB:

19, inf ‘)\1- t,é) — A (t,e) —inp(t, e)| > by > 0,

é?f })\2 — M(t,e) —ingp(t,e)| > by >0 Vn€Z, jk=1,N, j#k.

20, Aj(t,e) = Xi(t, e) = iwj(t, €), wir(t,e) € R,
C}(nf) lwjk(t,e) —np(t,e)] > by >0VneZ, j,k=1,N.
€0
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BuBuaeThCs MUTAHHS PO HASIBHICTH YACTHHHUX DO3B’si3KiB KiaciB F(mq;eq;0)

my < m;e; < g pisnsinng (2). Yuvora 2° nokasye, 1o y JaHOMY BUIAJIKY MH MaEMO

CIIPABY 3 KPUTHYHMHUM BHIIQIKOM, Ha BiAMiHy Bix poGoru (6], me mpumyckamocs

Gi?f) [Re (Aj(t,e) = Na(te))| = bo >0 (j,k=1,N).

4. JTomtoMi>KHi pe3yJbTaTH.

Jlema 1. Hexat 3adano cxanapre ainitine dudepenyiasvre pienanns 1-20 no-

padKy

(fi—f = At,e)x + u(t,e,0(t,¢)), (3)

de A\(t,e) € S(m;ep), égg) [Re A(t,e)| =~ >0, u(t,e,0) € F(m;eg;0). Todi piers-
HHA (3) mae edunud wacmunnull poss’asok x(t,e,0) € F(m;ep;0). Iled pose’asox
daeMbCa HopMYnoto:
t t
w(t,2,0(t, ) = /u(T,g,e(T, £)) exp //\(s,s)ds dr, (@)

T T

7ol - ReA(t,e) < —v <0,
N +00, ReA(t,e) >~ >0,

i, Kpim moeo, icnye Ky € (0,+00) make, wo
H%(t, & Q)HF(m;Eo;G) < KUHu(t? &, Q)HF(m;Eo;G)' (5)

JloBeennst semMu HaBeJeHO B poOoTi [6].

Jlema 2. Hexal pisnanna (2) mare, wo icnyromov mampuyi Ly (t,€), La(t,€) €
€ Sy(m;eg) mari, wo

a) |det Li(t, )| > ap >0, (k=1,2),

6) Ly'(t,e)A(t,e)Li(t,e) = Di(t,e) = (djy.(t,€));h1

Lo(t,e)B(t,e) Ly (t,€) = Dal(t,e) = (d3(t,€)) p—tw:

de D1 (t,€), Do(t,e) — nuotcri mpuxymmi mampuyi N-20 nopadky, wo Haiexncams do
maacy Sa(m;eo); di;(te) = Aj(t,€), diy(t,e) = N(t,€).

Todi nidcmarosxoro

X = Ll(t, €)YL2(t,€) (6)
pienanna (2) seodumvca do euzandy:
dY
i Di(t,e)Y —Y Do(t,e) —eHy(t,e)Y — Y Ho(t, )+
LRt 2,60) + pby(t2,0,Y), (7)
o 1 dLy(t, <) 1 dLy(t,¢)
_ Tt or-1 1\, € — 2(l, € -1
Hi(t,e) = . L (t,g)—dt . Hs(t,e) T Ly (t,e),

Fi(t,e,0) = Ly (t,e)F(t,e,0) Ly (1, ¢),
®i(t,6,0,Y) = L (t,e)®(t,e,0, Ly(t,e)Y Lo(t, €))Ly (¢, €).
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Jloeederns. 111006 mepekoHATHCS B CIIPABEIIMBOCTI JIEMH, JIOCTATHBO B PIBHSHHI
(2) 3pobutn mijcTanoBKy (6) Ta BUKOPHCTATH YMOBH JIEMH.

Jlema 3. Hexati 3a0ano ainidine mampuune preHAsHHA

% = (Dl(t,i‘f) + zq:Bu(t,s,@)Nl) X-X (DQ(TZE) + zq:Bzz(t& 9)ul> , (8)

=1 =1

Di(t,e), Do(t,e) — miorc cami, wo G 6 aemi 2, By(t,e,0), Byl(t,e,0) (1
aescamo do kaacy Fo(m;eg;0), p € (0,1) — maaud diticnut napamemp.
Todi daa docmamubo MAAUT 3HAMEHD (L ICHYE NEPEMEOPEHH.A

X = (E‘f‘i@ll(t,&,@),ul) Y (E—Fi@y(t,e,ﬁ),ul) s (9)
=1 =1

de Qu(t,e,0), Qu(t,e,0) (I =1, q) nasesrcams do xaacy Fy(m;eg; 0), wo npusodumo
pienanna (8) do suzaady

1,q) na-

dy ! -
o (Dms, )+ S Unlt. ot 2 3 Valt.e.0) + Wi (1.2, 0, m) .
=1 =1

q
<D2 (t,€) ZUQ, (te)u +e) _ Valt,e,0)u' + uqHWg(t,E,Q,u)) . (10)
=1

de Uy(t,e),Uy(t,e) (I = 1,q) — diazonarvii mampuyi, wo nasescamv 0o KAacy
So(mseg), Vi, Va, Wi, Wo (I = 1,q) — xeadpammi mampuui, wo naiescams 0o
kaacy F(m — 1;¢¢;0).

Hosedernas. Iincrapumo supas (9) B piBasHHS (8) i BuMaraTuMmemo, 1mob mepe-
TBOpeHe piBHsHHsT Mao BUrIsi (10). Tomi oepKuMo HACTYITHI MATPHYHI PiBHSIHHST
J7I8 BU3HAUCHHA MaTpUIb Qg ... Q1 Qo1 ... Qo

d
gtll - Dl(t7€>Q11 - QllDl(tv 5) + Bll(t757 9) - Ull(t’ 6) o E‘/ll(t’ & 9)’ (11)
dQ s—1
dtls - Dl(tv 5)@15 - leDl(ta 5) + Bls<t7 g, 9) + Z Bly(ta g, Q)Ql,s—y_

v=1

s—1 s—1
- Z QluUl,sfu — € Z Qlu‘/l,sfu - Uls(tv 8) - 5‘/13(tu €, 9)7 s = ﬂu (12)
v=1 v=1

d
32;1 = Dg(t, 5)@21 — QQIDQ(t, E) — Bgl(t, g, 8) + U21(t7 5) + 5‘/21(tv g, 0)7 (13)
d(as
S; = Dy(t,e)Q2s — QasDa(t, &) — Bas(t,€,0) — ZBQV (t, €. 0)Q25—v+
s—1 s—1
+ Z QQVUZ,S—V + € Z QQV%,S—V + UQS(ta 6) + 8‘/25(1:) g, 0)7 s = ﬂ (14)
v=1 v=1
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Marpuri Wi (t, e, 0, 1), Wa(t, e, 0, 1) BusHauaThCs 3 CHiBBiTHOIIEH:

q q—1
(E + Z Qu#l) Wy = Z [ Z (Bi1oQ1o — Q1oU1s)
=1

s=0 Lo+d=s+q¢+1

q—1
—E& [ Z Qla‘/lts o, (15)
s=0 Lo+d=s+q+1
q q—1
(E + Z Q2lﬂl> Wy =— [ Z (B2oQ20 — QaUss)
=1 s=0 Lo+d=s+q¢+1
q—1
+e [ > QuVa|n (16)
s=0 Lo+d=s+q+1

Howmanesio Quw = (¢), v @ = (¢2) v
Bis(t,e,0) = (bjl.,i(t,eﬁ))m:ﬁ , Bas(t,e,0) = (b?,i(t,e,@))xk:m ,
Uis(t,e) = (u}i(t,e))jyk:m , Uss(t,e) = (ujz.,i(t,e))j,k:ITV ,

Vis(t,e,0) = (U}g(t>579))j,k:m , Vas(t,e,0) = (v?,i(t,e,@))jjk:ﬁ , s=1,2,

i sammmmemo cucremu (11) — (14) B komunonenTiit (opwmi:
N
Z dl t 6 qwlc - Z dlllk(tu 6)‘]]11} + bjlli(t g, ‘9) - U;i(t, 8) - 81)]1'11 (t7 g, ‘9)7 (17)
v=k
j? k: = 17 N7

N
Z dl,(t.2)ghs — Y diy(t.e)gfs + ba(t.e, 0)+
v=k

v=1 jk

s—1 s—1 s—1
+ (Z Bll/(t7 &, 6)@1,51/) - (Z QluUl,sfl/(ta 6) —€ (Z QlV%,S*ll(t? €, 9)) -
jk v=1 gk v=1

—u}i(ts) —evji(te,0), s=2,q, j,k=T1,N, (18)
i _ Zdz (t, )¢’k — Zdyk (t,e)q2h — b2h(t,2,0) + uli(t,e) + evit(t. e, 0), (19)

j?k::17N7

N
Z d3,(t,e)q — Z d2,(t, s)qu,f — b?,i(t,e, 0)—
v=k

s—1 s—1
+ (Z Q21/U2,371/(t7 6)) +€ (Z QQV‘/Z,sfz/(ta g, 9)) -
k v=1 gk v=1

ik

- <SZ B21/(t7 g, 0)@2,51/)

v=1

J
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+uii(t,e) +evip(t,e,0), s=2.q, j,k=1,N. (20)

Posrsnemo piBastaus (17). Samumemo foro jgerasbinie:

d 11
letN = (d%l(tae) - dzlvzv(tyg)) Q1N + b n(t,e,0) — Uﬂv(taf) 5U1N(t e,0), (21)

= Zd (111/ +b <t7€79) U11<t €) — <€Ull(t g, 0), (22)
dqll
d2tN = (d%Q(t,S) - d}VN(taE)) Q2N+d2N(t 5)Q1N+b (tv570)_U%J1V(t75)_5véllv(t7€’0)’
Y (g1 (1, 0) — iy (1,2)) bt + by (1 )t
ar \da2lh 11\0s 421 21\l €)411

—Zd €)zy + by (t,€,0) — ug; (t,6) — evg (1, €, 6),

Zle/ t € q +b u}\}N(t78> - E"U]l\/lN(uE:ue)u

dqll -
d];fl - (dJIVN(tvg) —dj,(t,¢) QNl Z div, (t €)1 = Zdil(tjg)q]l\}y—i_
v=2

+b}\/}1(t7879) - uNl(tag) - €UN1(t,€,9).

Posrasinemo pisasianst (21). Hexait

bjl]i(t’g’e) - Z bjkn(t7€) eXp(inH(t,g)), .]7k - ]-7N

n=—oo

IToknaaemo
QJk t & 0 Z q]kn t € eXp<Zn9(ta€))v jak :L_N
Tomi
an(tef) = - i bisvalt:) exp(ind(t,))
= di,(t,e) —din(t,e) —inp(t, ) ’

ui}v(t, g) =0,

1 & d binn(t,€)
11 _ - el INn\" .
ettt = 2 S G (g ) )

n=—oo
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Amrajioriuao

ban( ) .
(t,e,0) E o(t
qlN g, d dNN(t, 5) _ anO(t, 8) exp(ln ( 78))a

u%}v(t, g) =0,

bina(t, .
vin(t, e, 0) = —= Z pr (d2 P o auD , )exp(m@(t,e)).

dirn(t,e) —inp(t,e)

Bracrigox ymosu 1° maemo:
qL(t,e,0), ¢il(t,e,0) € F(m;ep; 0),v1(t,€,0), vii(t,e,0) € F(m — 1;g0;0).
AHAIOTTIHO OTPUMYEMO: @iy 1, .-, 13, @i n_1,- - 1y € F(m;e0;6),

11 11,21 o
VI,N-1>--» V12, VI N—1> - - U12€F( —1;€0;0).
Jani posrisinemo piBasiaHs (22). OyHKIIS

Cll - Zd Q].V bﬂ(t7579)7

OYeBUIHO, HAJIEKUTH 70 Kiacy F(m;eq; ). Iloknamemo:

uni(t,€) = Loley (¢, &, 0)],

[e.e]

e = Y PAEEOL wg ),
"(nr0) ’
ci(t,e, 6 ,
vi(t,e,0) = —= nz_oo p <Wi))]> exp(inf(t,¢)).
(n£0)

Amanoriano
uii(t,e) = To[cii(t,€,0)],
> Fn[021(t,5,€)] )
g (t,e,0) = nz_oo —inl;(ug) exp(inf(t,¢)),
(n+0)
_ cii(t g, 0)] ,
vll(t g, 9 —_— Z dt (W exp(zn@(t,s)),
"0y
e

C%% - Z d Qh/ - b%%(t €, 9)

Ouesunno, mo ¢ii(t,¢,0), ¢?1(t,¢,0) nanexxars mo xracy F(m;eo;0), uii(t,e),

u?l(t,e) mamexars 1o kmacy S(m;e), vii(t,e,0), vi(t,e,0) manexars 10 KIacy
F(m —1;e9;0).
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Amnajioriuno nokazyemo, mo dynkuii ull(t,€), udd(t,e), ..., ukln(t, €), udly(t,€)
HAJIeKATh [0 KJIacy

S(m;eo),q},ﬁ(t,e,&),qﬁ(t,s,@)GF(m;eo;Q) it e,0),v ]k(t e, 0) € Fim—1;e0;0)(j #k).

Taknm aunoM, marpuni Uy (¢, €), ..., Uig(t, €), Uai(t,€), ..., Usy(t, €) — miaronas-
Hi 3 eJIeMEHTAMH, 10 HaJeXkKaTh 110 Kiaacy S(m;e). Marpuni Wi, Wy Bu3HaUAI0THCS
JUIST TOCTATHBO MajuX f 3 piBHstHb (15), (16).

Jlemy j10BeseHO.

[Tpunycrumo, 1o HeBigoma MaTpuiig Yy piBHsIHHI (7) HATEXKUTD JesKii 3aMKHe-
Hift i obmezkeniit obiacri D* € CV*V,

JIema 4. Hexatl mampuuys-gynruyia ®1(t,e,0,Y) y pienanni (7) mae ¢ D* ne-
nepepeni noxioni 3a Y 6 cenci @pewe [9] do nopadky 2q + 1 ekarouno, i akuo
Y € Fy(m;ep;0), mo ui noxidui maxooc 3 waacy Fo(m;eg;0). Todi icuye maxe
to € (0,1), wo das eciz py € (0, po) icHye nepemeopenta

Y =U,(t,e,0,u) + Vst e,0,u) ZW5(t,e,0, 1), (23)

de Z € D* C CVN W (t,e,0,u),Vs(t,e,0, 1), Us(t,e,0, 1) € Fo(m;ep;6), wo
360dums pienanna (7) do eueandy:

dz I
e <D1 t,e) +ZU” (t,e) ) A <D2(t,€) —|—ZU21(t,6),ul> +

=1 =1

+eK(t,e,0, 1)+ p*C(t,e,0, ) +eVi(t,e,0, ) Z — eZVy(t,e,0, )+
+/Lq+1 (R1<t757 Ha M)Z - ZR2<t757 (9, ,u)) + /LCDZ(ta g, 97 Za u), (24)
(96 K € FQ(TTL — 1;80;6), Ull,Ugl € Sg(m;g()), Rl,RQ,C € FQ(TTL;EO;G), ‘/1,‘/2 €

€ F(m—1;¢e0;0), mampuua-dynxuis o naresrcumo do xaacy Fo(m;eo; 0) sidnocro
t,e,0, nenepepeno dudepenuitiosra 6 cenci Ppewe 3a Z & micmums dodanku He
HUACHE OPY2020 NOPAIKY 6L0HOCHO Z .

oeedenns. Tlopsin 3 piBustHESAM (7) PO3IISTHEMO MOTIOMIYKHE DiBHSIHHSI:

d=
(p(t 5) do Dl(tv 8)5 _EDZ(tag) +F1(t757 9) +M®1(t7€7975)7 (25)

Je t, €, PO3IISAJAIOTHCS IK CTaJIl.

Ockinbku marputi-gyuakmii Fi, ®; € 2r-nepioguaanmu GpyHKIisMu 3MiHHOT 0, TO
JJTST 3HAXO/ZKEHHST 27-TIePIoAnIHOr0 10 6 pO3B’sI3Ky piBHsIHHS (25) MOKHA 3aCTOCY-
BaTH MeTosl Majioro nmapamerpa Ilyankape [10], 3rigHo sikoMy y BUNAJKY aHATITH-
qrHocTi BigHocHo = meminifinocti P4 (t, e, 0, =) meit po3B’si30K NIYKAETHCS Yy BUIVIS
Py 3a CTeNeHSIMHU MaJoTo MapaMeTpy f. ¥ BUMAJIKY BUKOHAHHS YMOBHU JIEMHU Ha-
Oavzkennit 2r-nepioguaHuii 10 6§ po3B’ga30K piBHsHHS (25) MOKHA IIIyKATH Y BUTJISII
YaCTKOBOI CyMH IIBOT'O PSY:

E(t,e,0,1) = Y Eilt, e, 0)u". (26)

Posnin 1: Maremarnka 1 craructuka
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[Tpu npomy marpurg-byukiis Zo(t, £,0) BUSHAIUTHCS 3 DIBHIHHS:
(,O(t,é)w = D1<t,8)50 —E(]Dg(t,g) +F1(t,€,6). (27)

3rijiHo 3 TePMIHOJIOTI€I0 TEOPil KOJIUBAHb HA3BEMO 1€ PIBHSHHS 720P00HCYI0UUM.
Hexait

EO = (ggk(t))j,kzma Fl (t7 &, 0) = (fjlk<t7 &, 9)>j,k=m :

Toni, po3nucytoun piBHsiHHs (27) y KOMIOHEHTHIH dhopMmi, TPHAIEMO 10 CKAJSPHOT
JIHIKHOI cucTeMu JudepeHIiaJIbHuX PIBHAHD BUTJISIIY:

Zdl (t,e) Zd (t,e)& + fir(t.e.0), j,k=1,N. (28)

A6o
de?
o(t,¢€) dleN = (dil(ta €) — d?VN(tv 5)) 5(1)N + fllN(ta e,0),

d 0
Qp(tﬂf)% = (dil(tv‘s) d%l(t £) 511 Zd t,e fls +f11(t g,0),

des
90(t7 6) dZQN = (d;Q(ta 5) - d?VN(ta 6)) 5(2)]\/ + d%l (tv 5)5?71 + fQIN(tv £, 0)7

d 0
@(tag)% = (@2(7575) —d%l(t,g)) &1+ dy (t,€)€7) — Zd (t,€)&5, + [ (t,€,0),

de N-1
90(1575)% = (d}VN<t7€) — dyn(t, 5) En + Zst (t,e)én + fan(te,0),

s=1

N-1

d 0
@(t,&)% = (d}VN(tug) d%l(t 6 §N1+Z st t 5 Zd t € €Ns+fN1(t €, 0)
s=1

Posrisnemo nepiie 3 piBustib 1iei cucremu. Poskiagemo dbynkmio fiy(t,e,0) B
abCOJIIOTHO Ta piBHOMIPHO 30iHuuii psjg Pyp’e

fin(te,0) Z f1Nn (t,€) exp(ind)
i mykaTuMemo dyHKIin £V v BAMIA aHATOTTIHOTO psLy
Ein(t,e,0) Z §1Nn (t, ) exp(inb).

n=—oo

Toni Bimaocuo &y, (¢, €) micranemo piBHAHHS

(dh(ta €) — d?\/N(t>5) - ingo(t,e)) g?N,n = _.fllN,n(t7€)a n € Z.
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Bracsigok ymosu 2° dyukiis 9y (¢,¢,0) € dyukuiewo knacy F(m;ep;0). Ana-
poriuro i pemra dynkuiit £ (t,€,0) (j,k = 1, N) sracuizox Tiei x ymosn 20 €
dbyukmigamu kiaacy F(m;eg; ), a e o3nadae, mo Marpuis-pyHKiisa Zo(t, ¢, 0) nae-
KATh 110 Kaacy Fh(m;eg; 0).

BanuiieMo remnep 4acrkoBy cymy psiiy Teitsiopa marpuni-byukuii O (t, e, 0, =):

2q—1

_ (I)( (t, g, 0, EO) — —
PPt = o (2 — Eo)k. (29)
k=0 )

Toni koedirnientu =y (t,£,0) (k = 1,2¢ — 1) cymu (26) BU3HAYATHCS IK 27-TIEPiOTHIHI
3a 0 PO3B’S3KW JIAHIIOZKKA PiBHSIHb:

o(t, 5>d;90 — Dy(t,€)Z0 — ZgDy(t,€) + Fi(t, e, 0), (30)
d=, - = -
(,O(t, 8)@ = D1 (t, 8):1 — :1D2<t, €) + (I)l(t, g, 6, :0), (31)
dEQ d®1(t7579750) —
t = Dq(t — =9 Do (t =
SO( 5) de 1( 8) 2 2( ’€)+ de 1,
d_g — — dq)1<t,6,9750) _ 1 d2q)1(t,€,9,50) —2
t = D(t,e)25 — =3 Dy(t = — =
@( 8) d@ 1( 78) 3 3 2( 7€>+ de 2+2 d92 1
dES — —_ d®1(t7579750) —
t == _D t g — ‘:‘S-D t, S
+Ps(t75797507'” aES—Q)v 3:472(1—17
jge P, — maTpwdHi MOJIIHOME BiJTHOCHO Zg, - + - , =¢_9 3 KoedillieHTamMu, 10 HaIexKaTh

1o kaacy Fy(m;eg; ).

PiBustang (30) — nopo/Kytode piBHsAHHS, 1 HASBHICTb Y HBOTO DO3B’SI3KY KJla-
cy Fy(m;ep;0) Beranosieno suime. 3a BiaactuBocTsMu GyHKIHl $ BlibHUit wien
®(t,e,0,Z0) piusuusg (31) Takox € byukiico kuacy Fy(m;eg;0). I, orxke, dyukiisa
E1(t, e, 0) € dyuxmieo kaacy Fy(m;eg; #). Ananoriquo i Bei GyHRIil =, - -+, =g TEK
¢ dyuxiigmu Kiaacy Fy(m;eg;0). Orxe, dynkuis (26) € dyHKIi€0 TOro ) Kaacy.

3aificaumo y piBusanui (7) miacTanoBKy

Y =Z(t,e,0,p) + 2, (32)

Jie Z; — HoBa HeBijoma pyHKIg. BignocHo Hel jgicTaneMo piBHSIHHS:

dz
dtl <D1t8 ZBlltEQ ) (Dgté' ZBQltt’fe >

+eK (6,0, 1) + p*1C(t,e,0, 1) + cHs(t,e,0, 1) 2y — e Z Hy(t, €, 0, 1)+
+utt (Ry(t,e,0, 1) 2y — Z1Ra(t, 2,0, 1)) + u®s(t,e,0, Z1, ).

Tenep wa migcrasi JemMn 3 3BOANMO Ie PIBHAHHS 10 BUTAALY (24).
Jlemy nmoBeneHo.
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5. OcHOBHI pe3yabTaTu.

Teopema 1. Hexaii pienanna (24) maxe, wo icuye qo € N (1 < qo < q) make,
wo

Glgf |Re ((U1QO(t> 5))jj - (UQQO(t’E))k’k)’ > bO >0 (]7 k= 17 )7

i daa 6ydv-axoeo | = 1,q9 — 1 (axwo qo > 1) suronano:
Re ((Uu(t,€));; — (Ut €))m) =0 (j, k = 1,N).

Todi icnyromo pg € (0,1), e1(p) € (0,e0) maxi, wo das 6ydv-axux u € (0, us),
€ (0,e1(p)) pisnanna (24) mae wacmunnud po3e’as3ok, wo nasescums 0o KAGCY
Fy(m — 1ie1(p); 0).

Jlosedenns. Bynemo BUXoanTH 3 TBeprKeHHs jemu 4. 3AificHUMO B piBHSHHI
(24) migcraHOBKY

2q __
Tz, (33)
1

Jie Z — HOBa HeBijoMa MaTpung-pyHKIig. Hicranemo:

dz
dt <D1t€ ZUlltg > <D2t€ ZUQltE )

2q+qo
quq

€ + pu*

7 —

Clt,e,0, ) +eVilt,e,0,0)Z —eZVa(t,e,0, )+

K(t,e,0,p) +

2q _ ~
S Bolte,0,Z,). (34)

q“(m@aamé—im@aam)+

Posrignemo BimnosinHe JiHifiHe HeoTHOPIIHE PIBHAHHS:

% = <D1(t,€) + Zq:Uu(t,e)Ml> Zo — Zo <D2<t7g) + zq:Ugl(t,g)gl) i

=1 =1

2q+qo
i

euqo
2q O(t7€797:u)' (35)

€ + p

K(t7 67 07 M) —|—
Ha mincrasi semu 2 3 poborn [7| MoxKHA 3pOOHTH BHCHOBOK, IO piBHAHHS (35)
Ma€ €UHA{ 9JaCTHHHA{ PO3B’S30K, 10 HAJEKUTD 10 Ki1acy Fo(m—1;ep; 0), npuaomy

icuye T € (0, +00) Take, 10

HZO(t7 €, 97 ,u) HFQ(m*I;Eo;@) <

Tl 6 MQQ+qO
< Do (5+N2q HK(t e, 0 u)”& (m—1i050) T +—,u2q Hc(tﬁgaQaﬂ)HFz(m—lﬁo;@)) <
T
< b_() (HK<t76767”)”5(’”—1;60;9) + ”C(tagv97“)’|F2(m—1;€0§9)) : (36)

Posp’s30k knacy Fo(m—1;e1(p); 0) pisusans (34) mykaTuMeMo METOIOM TOCTi-
JOBHHUX Hab/IMKeHb, 00MPAI0YH B SKOCTI OYATKOBOIO Habsmzkenus Zo(t, e, 0, i), a
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OJAJIBII HAOINKEHHST BU3HAYMBIIN K PO3B’s13KH Kaacy Fh(m — 1;e0;0) ninifianx
HEOTHOPITHUX MATPUIHUX PIBHIHB:

iz, q B B q
= (Dl (ta 6) + Z Ull(ta 5)Ml> ZV—H - Zu—l-l <D2(t7 5) + Z UQl(t’ 6):ul> +

dt
=1 =1

M?Q-‘:—Qo

q0
2 K(t20,0) +

+ 2
€+ pd

e Cl(t,e, 0, 1) +eVi(t,e, 0, u)Z, — EZ,VQ(t,a, 0, 1)+
£+ p*
ILLCIOfl

®y(t,2,0,Z,, ). (37)

+patt <R1(t,57 0,1)7Z, — Z,Ry(t, ¢, 9,#)) +

Hexaii B o
0={ZeRm-1:20:0): 1Z - Zollrsm-1200) < 0 }

Iloznaunmo:

M(p) = sup ”(I)Q(tv g, 97 Z, N)”Fz(m*l;fo;@)?
ZeQ

V = max (||‘/i(t7 g, 6)7 M)”Fz(m—l;aoﬁ)? Hv2(t7 &€, 97 :U’)HF2(m—1;€0§9)) )
R = max (”Rl(t’ €, 07 M)HFz(m—l;Eoﬁ)v HR2(t7 &, 07 :LL)“FQ(m—l;éo;@)) .

3 Toro, 1o &52 nudepeniiiopaa B cenci Ppemre 3a Z, a obaacrs () 3aMKHeHA i
obMmexkena, BUILINBaE, mo icuaye L(p) € (0,400) rake, mo mjist Oyab-akux Z, Z € )
BUKOHAHO:

< L(P)HZ - 7|’F2(ﬂ%1;s<);f9)' (38)

HEISQ(LQQ:ZMM)_$2<t7€7977au)‘}7( Lieo:0)
2(m—15€0;

ITokazkeMo, 1O TpW MEeBHUX CHIBBLIHOMIEHHAX MIXK ITapaMeTpaMu € 1 [1 BCl Ha-
OJMzKeHHS, 10 BU3HAYAIOTHCs bopmysiamu (37), 3ajuImaroThest Beepeuni obJacri
Q. OueBugno, mo Z, € (). llpunycrumo 3a ingykiiew, mo 7, € {1, i po3rigaeMo:

d <ZV+;t_ Zo) _ (Dl(t,éf) N iUu(t’ 8),“[) (Z/H — Z]) _

q
- <ZV+1 - ZO) <D2(t7 5) + Z UQl(t7 g)lj,l> + €V1(t, g, 97 M)ZV - 5Zu‘/2(t7 £, e) H')"'

=1
€+ p*

”QO_l

Dy(t,2,0,Z,, ). (39)

_|_qu+1 <R1 (t7 g, 0) M)Zu - ZVR2 (t7 g, 97 /1“)) +
OckinbKn ZV € ), To

HZV||F2(m—1;€o;9) <p+ HZOHFz(m—l;eo;G)‘

Ha mincrasi mepisuocti (36) 1 BHACIIZOK yMOB T€OpeMH Ma€MO:

HZ/V'"1 o ZOHFg(m—l;sO;G) <

T ~
< - 1 [Qm—s-l (€V + qu-i-lR) (,0 + HZO”F2(m*1;Eo;9)> +
op°
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Orke, TpU BUKOHAHHI yMOBH

Ty m41 g+1 >
bOﬂqO [2 <€V +u R) <p + HZOHF2(mf1;€0;9)> +

£+ p*
Iu%*l

M(p)| <po<p (41)

HOTPIOHY HaJIEZKHICTD 3a0e31e4YeHo.
Joenemo Terep 36iKHICTH Mporecy, 1O BH3HaYaeThest dbopmymamu (37), 10
po3B’sa3Ky kaacy Fy(m — 1;61(p); 6) piBuaung (34). Posriagnemo:

M — <D1(t,€) + zq: Un(t, 5);/) (Zﬂ — Z) _

dt
=1

— (Z+1 - Z) (DQ(t, £) + Xq: Ux(t, ) Mz) n

=1

+eVi(t, e, 0, 1) <Z/ - 2/1/71) —€ (Z/ - Z/fl) Va(t,e, 0, pn)+

4t (Rl(t,eﬁ,u) (Z, — Z,_1> — <ZV — Z,_1> Rﬂt,e,@,g)) +

quo—l (E)Q(t g, 07 ZV? :u) - &)Q(ty g, 0, Zl/—la M)) .

3Bijcu i ma migcrasi mepisuocteit (36) i (38) maTmmemo:

~ ~ T, ~ ~
Zyir — Z, < 2m(cV + pttR HZ 7, (
H 1 Fao(m—1;60;0) bo/LqO |: ( H ) ! Fy(m—1;e0;0)
€+ p* s> 5
L HZ,, —Z,_ .
T Mqo—l (p) ! Fg(m—l;so;ﬁ):|
OTke, Ip¥ BUKOHAHHI HEPIBHOCTI
T1 €+ ,u2q
m q+1
ot [2 (eV4+pu"™R)+ = L(p)} <1 (42)

norpibny 36ixkuicrs 3abesmedeno. Hepisnocri (41), (42) BUKOHYIOTBCS A1t JOCTa-
THBO MaJuX i, €/p%, ¢/p?0~1. Ockinbkn 0 < p < 1, To e/p® < &/p**~1 Tomy no-
CTaTHHO BUMOTH MaJIM3HK £ i BigHomenns & /p2© L, Takum uunom &1 (p) = Top?®o~1,
ae T 70CTaTHBO MAaJe.

3 ypaxyBauusM (33) OTPEMYEMO TBEDJIZKEHHS TEOPEMHU.

Besmnocepenubo 3 jiemu 4 Ta TeopeMu 1 BUILINBAE HACTYIHA TEOPEMA.

Teopema 2. Hexat pisnanus (2) make, wo
1) sukorano ymosu 10, 20,
2) GUKOHANO YMOBU AeMU 2;
3) daa pishanna (7), wo ompumyemvcea 3 pienanns (2) waarom nidemanosku (6),
BUKONAHO YMOBU AEMU 4;
4) Ons pisnanna (24), wo ompumyemvces 3 pienanna (7) waarom nidcmanosru
(23), suronano ymosu meopemu 1.

Todi icwyromo maxi g € (0,1), e4(n) € (0,e0), wo das 6ydv-axuz p € (0, py)
i oydv-axux € € (0,e4(p)) pisnanna (2) mae wacmunnul poze’azox Kiacy

Fy(m — 1;24(11); 0).
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Shchogolev S. A., Karapetrov V. V. Block separation of the system of the
linear matrix differential equations.

In the mathematical description of various phenomena and processes arising in mathe-
matical physics, electrical engineering, economics, have to deal with matrix differential
equations. Therefore, such equations are relevant as for mathematicians and specialists in
other fields natural sciences. This article considers quasilinear matrix differential equations
with coefficients depicted in the form of absolutely and uniformly convergent Fourier series
with slow variable in a sense coeflicients and frequency (class F). The differences of the
diagonal elements of the matrices of the linear part are pure imaginary, that is, we are
dealing with a critical case. But between these diagonal elements assume certain relations
that indicate the absence of resonance between the natural frequencies of the system and
frequency of external excitation force. The problem is considered establishing signs of
existence in such an equation of class solutions F'. By means of a number of transformations
the equation is reduced to the equation noncritical case, and the solution of the class F
of this equation is sought by the method of successive approximations using the principle
compression reflections. Then based on the properties of the solutions of the transformed
equation, conclusions are drawn about the properties initial equation.

Keywords: matrix differential equations, Fourier series, slowly varying parameters.

References

1. Boichuk, A. A, & Krivosheya, S. A. (2001). A Critical Periodic Boundary Value Problem for
a Matrix Riccati Equation. Differential equations, 37(4), 464-471.

2. Chuiko, S. M. (2017). Elementy teorii lineynyih matrichnyh uravneniy [Elements of the theory
of linear matrix equations]. Slavyansk [in Russian].

3. Chuiko, S. M. (2015). O reshenii obobshchyonnogo matrichnogo uravneniya Silvestra [On the
solutions of the generalized matrix equations of Sylvestr|. Chebysheuvsky sbornik, 16(1), 52-66.
https://doi.org/10.22405/2226-8383-2015-16-1-52-66 [in Russian].

Posnin 1: Maremarnka 1 craructuka



KPUTUYHUI BUITAJOK B TEOPII MATPUYHIX OIN®EPEHIIIAJIBHIX PIBHAHD 115

4.

10.

Chuiko, S. M., Nesmelova (Starkova), O. V., & Sysoev, D. V. (2015). Nelinejnaya matri-
chnaya kraevaya zadacha v sluchae parametricheskogo rezonansa. [Nonlinear boudary value
problem in the case of parametric resonance]. Computer Research and Modeling, 7(4),
821-833. https://doi.org/10.20537/2076-7633-2015-7-4-821-833 [in Russian].

. Verde-Star, L. (2007). On linear matrix differential equations. Advances in Applied Mathemati-

cs, 39, 329-344.

Shchogolev, S. A., & Karapetrov, V. V. (2020). Ob odnom klasse reshenij kvazili-
nejnyh matrichnyh differencial’'nyh uravnenij [On one class of solutions of the quasilinear
matrix differential equations|. Researches in Mathematics and Mechanics, 25, 2(36), 95-102.
https://doi.org/10.18524/2519-206X.2020.2(36).233806. [in Russian].

Shchogolev, S. A., & Karapetrov, V. V. (2021). Block separation of the system of the linear
matrix differential equations. Scientific Bulletin of Uzhhorod University. Series of Mathema-
tics and Informatics, 38(1), 94-104. https://doi.org/10.24144 /2616-7700.2021.38(1).94-104 [in
Ukrainian].

Bari, N. K. (1961). Triginometrichskye ryady [Trigonometric series]. Moskva: Fizmatgiz [in
Russian].

Kolmogorov, A. N, & Fomin, S. V. (1972). Functsionalnyi analiz [Functional analysis]. Moskva:
Nauka [in Russian].

Malkin, I. G. (1956). Nekotorye zadachi teorii nelinejnyh kolebanij [Some problems of the
theory of nonlinear oscillations|. Moskva: Gostekhizdat [in Russian].

Opep:xano 23.09.2021

Hayk. Bicuuk Yxkropog. yu-ty. 2021. Tom 39, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



116 C. 10. BABUY, IO. II. IVIVXOB, B. ®. JIABAP

YIIK 539.3
DOI https://doi.org/10.24144/2616-7700.2021.39(2) .116-124

C. IO. Ba6uu!, IO. II. I'nyxos?, B. ®. Jlazap?

! TncturyT Mexaniku im. C.II. Tumomenka HAH Ykpainm,
MPOBiHUI HAYKOBHUH CIiBPOOITHHK,

npodecop, JOKTOP TEXHIIHUX HAYK

babich_syQ@ukr.net

ORCID: https://orcid.org/0000-0003-2642-9115

2 Tmcturyt mexanikm im. C.IT. Tumomenka HAH Vxpainn,
cTapiinii HayKOBUil CIiBPOOITHUK,

KaHauaaT Gi3uKO-MATEMATHIHUX HAYK
gluchov.uriy@gmail.com

ORCID: https://orcid.org/0000-0002-6328-5993

3 MykauiBcbKuil jepKaBHuil yHiBEpCHTET,

JoreHT Kadeapu MAIITHOOY/IyBaHHS, IPUPOIHAYNX AUCIUILIIH Ta iHpopManiinnx TeXHOIOrii,
KaHIUIAT TEXHITHUX HAYK

vilazar@gmail.com

ORCID: https://orcid.org/0000-0002-2457-571X

JAVHAMIYHI ITPOIIECU B TIJIAX (MATEPIAJIAX) 3
IIOYATKOBUUMUN HAIIPY2KEHHSAMU. YACTNHA 3.
JAMHAMIYHI ITPOLIECH V¥ IIPY2KHOMY JBOXIITAPOBOMY
IMIBITPOCTOPI 3 IOYATKOBUMUI HAIIPY>KEHHSIMU ITIPU JIII
PYXOMUX HABAHTAZ?KEHD

VY crarri gocaijizkeni AuHAMIYHI IPOLECH y IPY2KHOMY /IBOIIAPOBOMY MIBIPOCTOPI 3
MOYATKOBUMY HAMPYKEHHSMU MPHU il pyXOMOro HaBaHTaykeHHs. Jlani 3amadi po3s’s3ani
METOJIOM iHTerpaJjbHUX MEPEeTBOPEHB i 3a JOMOMOIr0I0 KOMIIJIEKCHUX MOTEHIIIAJIB, BBEIEHUX
B poborax akagemika HAH Ykpaiuu ['y3s O.M. i ogroro i3 aBropis mi€l crarti. [Iposenero
OIIHKY MOKJIMBUX 3HAYEHb KOPEHIB XapakKTePUCTUIHOro piBHsHHA. OTprMano HEOOXimHi
i mocrarHi yMOBH iCHyBaHHS KPATHHX KOPEHIB XapaKTepUCTHIHOTO piBHaHHA. Ha Binbmy
TTIOBEPXHIO TIPYZKHOTO TITapy, IO JIEXKUTH HA MPYXKHOMY THBIPOCTOPI, i€ HABAHTAXKEHHS, 1110
PYXa€ThCs 3 MOCTIHOW mBUAKICTIO. BBarkaeThes, mo kapTuHa medopmariiil iHBapianTHA
y daci B cHCTeMi KOOPJWHAT, IO PYXAE€ThCS Pa30oM 3 HaBaHTaxKeHHAM. [ maTepiamiB 3
OPYKHUMU TIOTEHIIAJIAME TAPMOHIYHOrO THily (CTUCIMBI Tijla) Ta 3 NPYXKHUMU [OTEHIia~
sgamu tuiy Baprenesa-XazanoBuda (HeCTUCIUBI Tijla) IPOBEAEHO YMCIEHHI JIOCIIIZKEHHS.
Anaunisz orpumanux pesyiabraris CBIAYUTL UPO CYyTTEBU BIJIMB LIOYATKOBUX (3aJIMIIKOBUX)
nedopMariiii i MBUAKOCTI pyXy MOBEPXHEBOTO HABAHTAYXKEHHSI HA 3HAYEHHST KOPEHIB Xapa-
KTEPUCTUIHOTO piBHAHHSA. KpiM 1IbOT0, JOBEIEHO, IO JJIA 3aJaHUX TapaMeTpiB 3aBXK AU MO-
JKHA 3HaNTH 00/1aCTh 3HaYeHb A1 (KoedilieHTiB) OMOBKEHH S, JJisd SIKUX ICHYIOTh KPUTHYH]
IIBUKOCTI PyXy HaBAaHTAaXKEHHs. 30KPeMa, IPH KOPCTKOMY 3’€HAHHI Mapy 3 MiBIPOCTO-
POM MOKJIMBO iCHYBaHHS JBOX KDUTUYHUX IIBUIKOCTEN PyXy HABAHTAXKEHHHA, Y KPAHHBOMY
BUMAIKY, OTHA 13 AKUX Oi/IbINa 33 IMBUIKICTH MOBEPXHEBUX XBUJIL Pejes. OTpumani pe-
3yJbTaTH MOXKYTh OyTH BUKOPUCTAHI JJIsi TOCJIiI>KEHHS HATTPY KeHO-1e(DOPMOBAHOTO CTaHY
€JIEMEHTIB 0araToIrapoBOro 3a3aajeriasb nedOpMOBAHOIO MIBIPOCTOPY MPH /il PyXOMOTO
ITOBEPXHEBOI'O HABAHTA2KEHHS.

Kurro4oBi ciioBa: KOHTaKTHI HANPYKEHHS, KOMILIEKCHI MOTeHIiaan, ¢a30Bi MIBUIKOCTI,
2KOPCTKI IITaMIIN, PyXOMi HAaBAHTAaXKeHHs, XBUJI Pees, HanpykeHo-1edhOpMOBaHUil CTaH.

1. Beryn. Opgieo 3 3a1a4, Ka Ma€ 3HaYHE HAYKOBE 1 MPAKTUIHE 3HAYEHHS € 3a-
Jlava PO PO3MOBCIOIYKeHHS XBUJIb Y TLIaX i JTI€I0 NPUKJIAJIEHUX /10 X TPDAHUIIL PY-
XOMHX HaBaHTaKeHb (y3arajabHeHa 3ajada Jlemba PO MOYATKOBI HABAHTAZKEHHS ).
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Takuit Tun HaBaHTaykKeHHsI MA€ MiCIle, HANPWKJIAJ, IIPU IIPOKATII MeTaJsiB, BUPO-
OHUIITBI TaIepy, MIACTMAC, BEJIMKOTA0APUTHUX J3€PKAJ TOMO. 33/1a49i TAKOTO THUITY
BUHUKAIOTh TAKOXK ITPU PO3PAXYHKY aepOJPOMHUX 1 JJOPOKHIX MOKPUTTIB, IPH PO3-
PaXYHKY ILIACTHUH 1 0DOJIOHOK, siKi IepebyBaloTh ¥ PYXOMOMY CepeIoBHUINI abo I
JIIEI0 PYXOMUX IITaMIIB 1 B 6ararbox IHIIUX BUIAJ/IKAX.

Heobxigno 3a3HaunTu, M0 9K 3 MaTeMaTHYHO! TakK i 3 (DI3MIHOT TOYKH 30Dy Py-
XOM€e HABAHTAKEHHS € TOHATTAM JIOCUTH 3arajbHOr0 Xapakrepy. ToMy OCHOBHI 3a-
KOHOMIPHOCTI JIii pyXOMOT'0 HaBaHTaKeHHS MOXKYTh BUBUATHCS He3aJ1e2KHO BiJ TOTO,
B pe3yJbTaTi AKOT0o (PI3MIHOro Mpolecy I Npod/ieMH BUHHKAIOTH. ¥ JaHii cTaTTi
PO3TIHYTa AUHAMITHA 3a7a4a /71 IPYKHOTO MOMepeTHLO HAIPYKEHOTO TIapy, 1o
JIEZKUTH Ha MIBIPOCTOPI, 1 Ha 9Ky Ji€ TOBepXHEBE PyXOMe HaBAHTAKEHHS.

Jocti ke TPOBEJIEHI B paMKax JIiHeapU30BAHOI TeOpil MPYKHOCTI Jisd TijT
3 movyaTKoBUMH HampyzkenHsmu [1|. B pamkax miei Teopil pisui aomipai Momei
faraToIapoBoro cepeioBuIa BUBYaIucs B poborax [2-12|. Heobxinno 3a3naunTu,
IO OCTaHHA POOOTA 3 MaHOI TeMaTuku omybsikoBana Ha modatky 2021p. y crtarTi
asTopis [13].

2. AkTyaabHicTh. AKTyaabHICTH TAKUX JOC/I?KEHh O9€BUIHA, OCKLIHKHU MDA~
KTUYIHO Y BCIX eJeMeHTaX KOHCTPYKIIH i jeTassiX MAalliH IPUCYTHI MOIaTKOBI (3a-
JIMITKOBI) HaNpyskeHHsl. [Ipupoia BUHUKHEHHsT TIOYATKOBUX HATPYKEHb JOCHTH Pi-
3HOMAaHITHA. IIpo I1X HmoXO[KeHHs 1 BILIMB Ha OCHOBHI XapaKTEePUCTUKU KOHTAKTHOL
B3a€MO/IIT JIJId CTATUYHUX 1 IMHAMIYHUX 33/1a4, B TOMY YUCJI1 TPHU Jii1 PyXOMHX TIITaM-
1iB, HABaHTazKeHb JeTabHillle BUBYeHO B poborax [14-15].

3. ITocTramoBka 3amaui. «Po3risHeMo 3a1a9y B paMKax MOCTAHOBKHU, BHKJIA 16~
HOl B poborax [1-3]. IIpy:kuuil map JekuTh Ha Ipy:KHOMY miBOpocTopi. Ha BinbHy
MOBEPXHIO TMapy /i€ HaBaHTAaKEeHHS, IO PYXA€ThCd 3 MOYATKOBOIO TIBUJIKICTIO V.
Bsazkaemo, 1110 kapruna jedopmalii iHBapiaHTHa BIJIHOCHO Yacy B CHCTE€Mi KOOP/Iu-
HAT, [0 PYXAETHhCA Pa30M 3 HABAHTAYKCHHSIM.

4. Metoza po3B’a3Ky. Crnodarky pO3TJIsTHEMO TIEPITy OCHOBHY JUHAMIYHY 3313~
Ty /IS TMBILIONIMHMY, SIKa aHAJONIHA 3a1a9aM craruku (3anada Ouamana). [Hmmmm
CJIOBaAMM, PO3TJISTACThCA 3aJa49a, KOJIU TPAHUIHI YMOBH BIIITOBIIAIOTE 30CepezKeHiit
CWJTL IHTEHCUBHOCTI P, K& MPUKIaJeHa O TPAHUII MBILIOMIMHA M KYTOM (v JI0 OC1
Oy, 1 9Ka PyXaeThecsa piBHOMIPHO B310BXK oci Oy i3 mBuakicTo v. [licaa psmay me-
peTBOpens, anasoriuno [4] aas manpyxkenns Qo B3M0BK oci 07y (Ha BepTHKAIBHIf
0ci) 0JIepzKAHO BHPA3 Y TAKOMY BUIJISI:

-1

5 _ P (1) ®)
Q2 M=y —vt=0 _7r_y2 {[m [Mlm <ﬂ1’721 — H2721 ﬂ} X
2. 2 M\] ,
xRe | pa7ar — piver )| sinan + (pn + p2) cos o (1)

VY BUIIAQJKY BiACYTHOCTI OYATKOBUX HAIDYZKEeHb BeJMYNHA, siKa Bianosigae (1) s
KJIACUIHOI JITHIHOT Teopil MPYKHOCTI 130TPOMHOTO Tijia, Ma€ BUTJIS

- P
= — -2cosay. 2
Q| ) _ ) g = 2eosan )

st morenniany Tpesoapa (HECTHCIMBE TiO) HA OCHOBI YHCEJBHUX DPO3PAXYHKIB
BHSIB/JICHO BILIUB IIOYATKOBUX HAIIPY2KEeHb HA 3aKOHOMIPHOCTI PO3IOILITY HAIPYKEHO-
J1ebOpMOBAHOIO CTAHy B IHIBILJIOIIMHI 3 MOYATKOBUMHU HAILPYZKEHHAME JIJIs TEPIIOL
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nuHaMivHOl 3a7ad4i. [Ipn npoMy moyaTkoBuil HAIpykeHO-AeOPMOBaHU CTaH Ta-
KOK BU3HaYeHWH J71s1 mI0cKol medopmartii (A AA3 = 1, A3 = 1). Ozxeprkani pesysib-
TaTH CBLIYATH IIPO Te, IO IMOYATKOBI HAIPYKEHHS, SKi 3a/IaI0ThCs KoedillieHToOM
HOJIOBXKEHHST A1, CYTTEBO BILIMBAIOTH Ha PO3IOJILIT HAIPYZKEHb y PO3TJIAHYTIH mep-
it guHaMivHIl TpaHrdHil 331841 JJT HIBILIOIIUMH 3 IOYATKOBUMU HAIIPYKEHHSIMH.

B poboti mociizkeni quHaMivHI TPONECH Y TPYKHOMY JIBOXIIIAPOBOMY IiBIIPO-
CTOPi 3 TMOYATKOBUMHU HAIPYKEHHIMU IIPHU Jil PyXOMOT'O HaBaHTAayKEHHS METOIOM
iHTerpaJbHUX IepeTBOPEHb i Ti 2K caMi 3aJa4i po3B’sa3aHi 3a JOIOMOIOK KOMILIe-
KCHUX ITOTeHIiaJiB. [HIMUME cIoBaMu, OJHIEIO i3 TAKUX 3aJa4 € 33,144, [IPO IOIIHAPe-
HHS XBWJIb YV TTOMEpeTHBO HAPYKEHUX TiMax I Ji€I0 MPUKIAIeHUX /10 1X TPAHUIb
PYXOMHX HaBaHTayKeHb (yCKJIajHeHHs 3a71adi Jlemba mpo TOYKOBE HABAHTAYKEHHS ).
Take HaBaHTaKEHHA Mae, HAIPHUKJAJ, MICIe NMPU ITPOKATI MeTasliB, BUPOOHHUIITBI
narepy, IacTMac, BeJIMKOradapuTHUX JI3epKaJsl TOIO. 3aa4dl TAKOro THILY BUHUKA-
I0Th TaKOXK MPH PO3PAXYHKY aepOAPOMHUX 1 JOPOXKHIX MOKPHUTH, TPU PO3PAXYHKY
IJTACTUH 1 000JIOHOK, SKi 3HAXOAATHCS ¥ PYXOMOMY CepeIOBHINI abo I Ji€i0 pyXo-
MHX IITaMIIB 1 B Dararhox iHmumx Bunajkax. HeobxiiHo 3ayBazkKuTH, 110 sSIK 3 MaTe-
MaTHYHOI, TaK i 3 (PI3UYHOT TOYKYU 30py, PYXOMe HABAHTAXKEHHS € MOHATTAM JIOCUTH
MUPOKUM. ToMy OCHOBHI 3aKOHOMIPHOCTI /il PyXOMOT'0O HaBaHTAayKeHHS BUBYEHI He-
3aJIe2KHO BiJI TOrO B Pe3yJIbTaTl AKOTO (PI3UYHOIO HPOIECy I MpodJeMHU BHHUKJIM.
PosrngamyTo 3amady, KOJU MApoOBaTH MIBIPOCTIP CKJIAJAETHCS 13 MPYKHOTO APy
TOBIMHU 2N, 9KuUil JIeZKUTh HA NPYZKHOMY CTUCJIUBOMY ab0 HECTHUCJIMBOMY HOIepe-
JIHBO HANPYKEHOMY 130TPOMHOMY MHiBIPOCTOPi; MPUYOMY HABAHTAYKEHHS PYXAETHCHI
B3/I0B’K BLIBHOI TOBEPXHI Mapy 3 MOCTIHHOIO TIBUIAKICTIO ¥ HA TPOTA31 BEJIHKOTO
MPOMIZKKY dacy (MaeMo miockuii gecdopMoBanuii cran). BBaykaeThCst TAKOK, IO JIH-
HaMITHY TOBEJIIHKY Iapy MOYKHA OMUCATH 33 JOMOMOT0I0 CHCTEMH Teopii IMJIacTHH,
sIKi BpaXOBYIOTh 3CYB 1 iHepiiito obeprants. Jloc/izKeHo JiBa BUIAIKM KOHTAKTY MizK
MIAPOM 1 MBIPOCTOPOM HPH Yo = —h (KOPCTKUH i HEZKOPCTKHUH KOHTAKTH ).

3 BUKOPHUCTAHHSIM METO/ly iHTerpaJbHuX mneperBoperb Pyp’e orpumani ¢yHa-
MEHTAJIbHI PO3B’S3KH 3aJa4 JJjIsd CTUCIUBUX 1 HECTHCJIUBUX TLI y IIPOCTOPI 300pa-
JKeHb TPW PI3HUX YMOBAX KOHTAKTY 1 MIBHIKOCTSX PyXy HaBaHTaKeHb. ['paHnmvri
YMOBH 1 PIBHAHHS PYXY JBOXIIIAPOBOTO MIBIPOCTOPY /I CTHCTUBHUX 1 HECTUCTUBUX
MaTepiaiiB 300pazkeHi y 3araabHOMY BULJIS/I (BIAPI3HAOTHCSA TiIbKH KoeDIirieHTH).
Posp’sa30k 3aa4i 3naiiienuil 3a 10MOMOrom0 iHTerpaabHoro mepersopenns Pyp’e 3a
3MIHHOIO ¥

f7 (k) = / £ () e *0dy,. (3)

3acrocysasiiu neperBopentst Pyp’e 710 BiAMOBIIHUX PIBHIHD, OEPKIMO

d2 2 2 d2 2 2
(d_yg_km) (d_g/g_k%):(); j=12. (4)

Y crarTi 3HalIEHO PO3B’A30K 3a/1a4i JIjid HEPIBHUX 1 PIBHUX KOPEHIB XapaKTepu-
CTUYIHOTO PIBHAHHA 1 PI3HUX YMOB CHpzKeHHS IIapy 1 MBIPOCTOPY 3 MOIATKOBUME
HAIPYKEHHSIMU, IPUIOMY 3a/1a9a PO3B’d3aHa Y 3araJbHOMY BUTJIAL I OYIb-AKOT
MIBUJKOCTI PYXY HABAHTAYKeHHsI (JO3BYKOBOI, TPAHC3BYKOBOI 1 HAI3BYKOBOI).

Y BULQJIKY HEZKOPCTKOI'O KOHTAKTY II€PETBOPEHI PIBHAHHS 1PEJCTAB/ICHI TAKUM
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YHUHOM d2 P
oy + ik X <o,
a2 &\ dx"
k204 [ K28, — By—n k2al) — ol 2 — 2ikkh ok
3( & ﬁzdyi) ( 0%~ o A3 ) dyy " o=
, d?
2ikK (—k'Qﬁl — ﬁgd—yQ) XF - (]{262 + 2/1) (pF =0. (5)
2

AHaJIONYHO 3aIUCYIOTHCS Yy MPOCTOPI 300parkeHb PIBHAHHSA PYXYy 1 I'PAHUYHI yMO-
BH, IIpe/icTaBieHi depe3 norenmiaan @ i ¢. lleperBopeni XBUIbOBI PiBHSHHS PYXY
3amucafi y TaKOMY BUTJISTL

d2 22 F d2 2, 2 F

Po3p’sa30K meperBopeHoro piBHsiHHS (4) 3 BpaxyBaHHSM 3aTyXaHHs HA HECKiHUYEH-

HOCTI 3HAWIEHO Y BUTJISII
XF — Aekikmyz + Bekakn2y27 (7)

ge A1 B — mocriitai inTerpysannda. Tyt k; = 0 = |—Z|, SAKITO 77]2- > 01k

SIKTIIO 77]2 < 0. ¥V Bunmajxy xosm 7); npuiimae KOMILIEKCHE 3HAYEHHST, TO y 300parkenHi
(7) TpeGa moxmactn k; = 1; 1, = oRen; — (1) I'mn;, j = 1,2. Posp’s30k s
norenniagis ®F i ¢ 3 ppaxypannsam (6), 3HaXOMUTHCA Y BULISAI

of — Aoelﬂkmyz; ¢F _ Boeka"EyQ’ (8)

ne Ap i By — mocriitai inTerpyBanasa. B pe3ynabrari 3HajigeHi KpUTHUHI IIBHIKO-
CT1 PyXy HaBaHTaXKeHHS y BUIAJIKY CTHCJIUBOTO IMIBIPOCTOPY 3 MPYKHUM MOTEHITI-
aJI0M rapMOHIYHOrO THIy (HepiBHI KOpeHi). AHAJIOIIYHO JOC/IIZKEeHO BILIUB I10Ya-
TKOBHUX HAIPYZKEHb, MEXAHIYHUX XaPaKTEPUCTHK IJIACTUHHU i IMBIPOCTOPY, YMOB iX
CUPSIYKEHHS HA 3HAYEHHS KPUTUIHUX TIBHUJIKOCTEH PYXy HABAHTAYKEHHS y BUIIAJI-
Ky HECTHCJIUBOTO MIBIPOCTOPY 3 MPYKHUM ITOTeHIiaaoM bapTeHeBa-Xa3aHOBHYA.
Ha ocHOBI oiepKaHUX INCETBHUX PE3YAbTATIB /19 JOKPUTUIHUX MBUIKOCTEH PyXy
HOBEPXHEBOI'O HABAHTAXKEHHs 3PO0JiIeHI HACTYIIHI BUCHOBKU. [Ipu KOpPCTKOMY KOH-
TaKTl HaNpy KeHHd, TMBUAKOCTI MepeMillleHb y MBIPOCTOPI 1 3TTHAJIBHUN MOMEHT
y TJIACTHHI MEHIIW#, Hi’K TPU HEKOPCTKOMY. 3HAUEHHsI MapaMeTpPiB HAIPYIKEHO-
J1e(bOPMOBAHOIO CTAHY y KOHKPETHIH TOYIN IapyBaToOro Tijla 3aJe:KHUTb 9K BiJl IO-
JaTKOBUX HANpYy:KeHb, TaK 1 Bij 11 koopauaat. [Ipu mpomy B gocaizKyBaHOMY Jlia-
Na30HI 3HAYEHb A} TeMN 3POCTAHHS aMILTITYIN PO3TISHEHUX BEIUYUH TIPU CTUCKY
OLIBbIMit, HIZK TPU PO3TATY. 3aTyXaHHS HOPU BifgajeHH] Bil TOYKU TPUKIATAHHS
HABAHTAZKEHHS JIJI CTUCKY TPOXOJUTH MOBLIBHIINE, HiK TTPU PO3TATy. BIjns mova-
TKOBHX HAIIPY2KeHb 3HAYHO 30LIBIIYETHCS 13 3POCTAaHHAM IIBHIKOCTI PyXy HaBaHTa-
»keuus. OcobJUBO OCTAHHE Mae MiCIle NPH IOIepeIHboMY cTucKy. [Ipu KopcTkoMmy
KOHTAKTi BILIUB IBUIKOCTI 1 TOYATKOBUX HANPYXKEeHb 3HATHO MEHIIHWH, HiK TPH He-
JKOPCTKOMY KOHTaKTi. fKIIO BpaxyBaHHs iHepIiii o0epTaHisd B paMKax PO3IJISIHEHUX
IMBUIKOCTEH PyXy MOBEPXHEBOTO HABAHTAYKEHHS 1 3HAYEHD \; Y BHIIQJIKY KOPCTKOT'O
KOHTAKTY BHOCHTH He3HAUHY MOXHOKY (Menire 2,6%), TO y BHIAJIKY HEKOPCTKOTO
KOHTAKTY BUIMIHHICTBH y pesysbrarax Oymae mocuth cyTreBoo (10 30%). OcobauBo
HeOOX1THO BPaXOBYBATH iHEPIIiIO 0bepTaHHsa NPH A; < 1 1 BETUKUX IIBUIKOCTIX PYXY
HABAHTAZKEHHSI.
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I3 ananizy ozepkaHux pe3y/JabTaTiB BUILJIUBAE, IO JIJIA JIBOXIIAPOBOIO IMiBIPO-
CTOPY i3 HECTUCJUBOTO MaTepiaay MOKHA 3pOOUTH Ti K cami BUCHOBKH, IO 1 JJs
JIBOXITIAPOBOT'O CTUCJUBOIO IMIBIPOCTOPY. BILIMB MOYaTKOBUX HAIpYyzKeHb Ha 3HaUe-
HHS KPUTHYHUX TIBUIKOCTENH PYyXYy HaBAHTAYKEHHsS OLTBIN CYTTEBHI /IS MOPIBHIHO
M’9KHMX IJIACTUH 1 JIjId HEZKOPCTKOro KoHTtakTy. [Ipn HexKopcTKOMYy KOHTaKTl pe3o-
HAHC BUHUKAE TPU MEHIIINA TIBUJIKOCTI PyXy HaBaHTAaYKEHHS, HIXK IIPU KOPCTKOMY
KOHTAKTI. YuM MdKIa IIacTUHA Y TMOPIBHIHHI 3 MBIPOCTOPOM, TUM MEHIII y Hel
KPHTHUYHI IIBUIKOCTI PyXy HaBaHTayKeHHA y TMOPIBHAHHI 3 MIBUIKICTIO XBUIb Pees
Vg.

B poboTi Bu3HaUEHO peakiliio Ha pyXoMe HaBaHTaXKeHHsI JBOXIIAPOBOTO IPYKHO-
ro HiBIPOCTOPY 3 MOYATKOBUMH HANPYKEHHAMU 3 BUKOPHCTAHHAM KOMILICKCHUX
noTeHmniaaiB. [3 3acTocyBaHHsAM KOMILIEKCHUX TOTEHINAIIB B 3arajabHiil gpopmi s
CTHCJIMBUX 1 HECTUCJIMBUX IPYKHUAX TiM y pobOOTi JlaHa MOCTAHOBKA 3a/1a4i IIPO PyX
JIBOXITIIAPOBOTO MIPYZKHOTO MIBIPOCTOPY 3 MOYATKOBUMHU HAIPY2KEHHAMH 11 JTI€0 Py-
XOMOT'0 TIOBEPXHEBOTO HaBaHTakKeHHd. /[ MI0CKUX AMHAMIYHUX 33/1a49 Y TPYKHAX
T 3 MOYATKOBUMHU HAIPY2KEHHAMU, KOJIM JAaHl JUHAMIYHI 3a/1a41 MOXKYTb OYTH 3Be-
JIeH1 710 CTAIlOHAPHUX 33124 y PYXOMiil cucTeMi KOOP/IWHAT, KA PYyXa€ThCd MPIAMO-
JIHIHO 3 HOCTIfiHOIO IIBUJIKICTIO, PO3B’A30K MOXKHA HOOY/IyBaTH 4epe3 KOMILICKCHI
norenniaaun. B pobori Bukopucrano meron M.I. Mycxenimsiii, axuit noB’a3anuii 3
inTerpasamMu tuny Korri ajid MBIUIOMAHA. Y THOMY BUNAJAKY JJId CTUCIUBUAX TiT
3a/1a4a 3BEJICHA JI0 PIBHIHHS

oI

021020707 0 9)

VY (9) KOMILTEKCHI 3MIHHI MAIOTh BUIJISI]I
Zp =Y+ Y2 Z =Y+ Y. (10)

Jist piBHUX KOPeHiB ((; = fig = [1) XAPAKTEPUCTHIHOTO PIBHSAHHS 3arajibHuUil PO3B 30K
piBusgHHS (9) MOXKHA 300pA3UTH Y TAKOMY BHIJISII

XD = Re |F (1) + 2 FY (21)] . (11)
fKimo BBecTn HOBI aHaiTHYHI PYyHKIT
1 2 .
Fj( ) (z1) = H1P; (21); Fj( ) (21) = Pj (z1); Jj=12, (12)

TO HiCAA JeAKUX IIePETBOPEHD OJEPKUMO 300parkKeHHs HANPYKEHb 1 HepeMilleHb
depes BBejeni anasmituani Gynkiii ¢; (2)

Quj = Re {21} 16 (21) + 216} (20)] + 956l (1) }

1 _ 2
w = Re {3 [ (20) + 216 (20)] + 23 2 (21) | (13)
st mepiBHUX KOpeHIB (11 # o) 3arainbauil po3s’sa30K (9) 3HAXOMUTHCA Y BULJISA
X = 2Re[Fy (1) + Fs ()], (14)

ne F; (z;) — noslapui anamitnani HyHKIIT KOMIUIEKCHEX 3MIHHEX 2; . llicyis BBejeHHs
HOBUX aHAJITUYHUX (PyHKIIIH

F (z5) = @5 (%) (15)

J

OJIEP:KUMO 300paskeHHsT HAIPY:KeHDb i IMepeMillieHb depe3 BBeJeHi aHAJITHYHI (dYH-
Kiil @; (z;) y Takomy BUIsiii
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Qij = 2Re [%(;)‘D; (1) + 7@, (Zz)] ;

up = 2Re [%(gl)q)l (z1) + %5;2)@2 (22)} i, k=1, 2. (16)

B (16) BBemeni HacTyITHI O3HAYEHHST KOEMDIIIEHTIB, sIKi BXOAATH y BUPA3HW sl Ha-

NpYy2KeHb 1 mepeMilieHb
k 1 2 k ! 2
Yy = (az(j) + uiaﬁf) Ly = oy el
W =—py o =B+ idBy k=12 i#] (17)

Jie mapaMeTpH [3; i ag?)

miaJm.

Bixnocno noseninkn norentiaais @; (2,), ¢ (z;) Ha HECKIHUEHHOCTI MPUAMAJIICH
Taki K cami oOMexKeHHs, 9K 1 B JiHifiHil Teopil npyzkHocTi. KpuTudni mBuIKOCTI
pPyXYy HaBaHTarkKeHHsI BU3HAYAJIUCH 13 YMOBH ICHYBaHHS JIMCHUX JIOJATHUX KPATHUX
KOPEHIB XapaKTepUCTUIHOTO PIBHAHHS BIAMOBIAHUX AudepeHIiaJlbHIX PiBHAHL. Ta-
KUM YMHOM, B pOOOTi 3aCTOCOBYIOUM METO/I, KOMILJIEKCHUX ITOTEHIa/liB, OTPUMAaHI pe-
3yJIbTATH AHAJOTITHI TUM, SKi Oy/IM OJIepzKaHl METOJOM IHTEI'PAJBLHUAX TEPETBOPEHD
®yp’e. Kpim BUCHOBKIB, cOPMYIbOBAHEX BHIE (HA OCHOBI YHCEJBHHX PO3PAXYH-
KiB) JIIS ILIOCKUX 3aJ1a9 PYXYy JABOXIIAPOBOTO MPYZKHOIO MIBIPOCTOPY 3 MOYATKO-
BUMH HAIPYKEHHSIMH 13 CTUCJIUBOIO 1 HECTHCJIUBOTO MaTepiaJy MpPH il PyXOMOTO
HaBaHTazKEeHHS MOXKHA 1e 3pobutu 1 taki. [Ipu 3ajannx napamerpax 3aBkKJIu MO-
JKHa 3HafiTu 00JacTh 3HAYEHb A1, JJIsd AKUX ICHYIOTH KPUTHYHI TIBHJIKOCTI PyXy
HaBaHTazKeHusd. [jig mBuakocTeil pyxy HaBaHTayKeHHs OLIBIIAX MIBUIKOCTI TOIITH-
peHHs XBIUJIb 3CYBY V IIBIPOCTOPI IPUCYTHICTD MOYATKOBUX HANPY2KEHb Ma€ OLIBII
CYTTEBHUI BIJIUB Ha PO3IOILT HANPYZKeHb 1 MBUAKOCTEH TMepeMileHb y MiBIPOCTOPi
1 3TMHAJIBHOI'O MOMEHTY y ILJIACTUHI. XapaKTep 1bOI'0 BILIMBY PI3HUN B 3a/1€2KHOCTI
BiJI pO3TaIIyBaHHS PO3IJISyBaHOT TOYKH IAPYBATOTO TLIA BIIHOCHO TOYKH IIPUKIa-
JICHHST HABaHTaYKCHHS.

Kpim mporo B j1aHi#l cTaTTl JOCTIIZKEHO BILIUB MOYATKOBAX HANPYZKEeHb 1 TTBHU/I-
KOCT1 pyXy ITOBePXHEBOI'O HaBAHTa’KeHHSI HA 3HAUYEeHHS KOPEHIB XapaKTePUCTHIHOTO
PIBHSHHS, IO BiIMOBIIAIOTH PIBHIHHAM PYXy €JIEMEHTIB MapyBaTOTO MiBIPOCTOPY.
[IpoBeena o1iHKa MOYKJIMBUX 3HAYE€HDb KOPEHIB XapaKTePUCTUYHUX PiBHAHL. BKa3za-
Hi HEOOXiJIH] 1 JOCTaTHI YMOBH iCHYBaHHS KpaTHUX KOpeHiB. /g marepiaiis 3 rapmo-
HIYHUM [OTeHIiaaoM (cTucausl Tiia) i3 morenniaaom Tumny Baprenesa-Xa3anoBuua
(HecTHCIMBI TisTa) BUKOHAHI YHCEJbHI JOCITIIZKEeHHSI.

5. BucHoBku. Ha ocmoBi anamiza ojep:KaHUX YUCJIOBUX Pe3yJIbTAaTIB BCTAHOB-
JIEHI HACTYIHI MexaHidHl epeKTH;

1) 3HavyeHHsT KPUTHYHUX MIBUAKOCTEH PyXy HABAHTAKEHH 1 X KiTBKICTh CyTTEBO
3aJ1€KUTh Bl NOYATKOBUX HAIPYKEHb Y IMMBIIPOCTOPI, MeXaHITHUX XapaKTepH-
CTHK IJIACTUHHU 1 TiBIIPOCTOPY 1 YMOB iX KOHTAaKTy. [Ipu »KopcTkomy 3’eqHaHHi
IJTACTUHM 3 MBIPOCTOPOM MOKJIMBE ICHYBAaHHS JIBOX KPUTHYHHUX ITBUIKOCTel
PyXy HaBaHTaKeHHd, Y KpalHbOMY BHIIQJIKY, O/IHA 13 AKUX O1/IbIa 33 MIBUIKICTD
xBuIb Peses.

2) BB MOYATKOBUX HANPYZKEeHb HA 3HAYEHHS KPUTHYHUX IIBHIKOCTEH PyXy Ha-
BaHTaXKeHHs OLIBII CyTTEBe /IJI MATKUX IJIACTHH 1 JIJIsT HEYKOPCTKOTO KOHTAKTY.
Yum M’garde maacTUHA y MOPIBHIHHIL 3 MBIPOCTOPOM, TUM MEHINA V Hel KPUTH-
YHA MBUKICTD Y MOPIBHAHHI 3 MBUJKICTIO XBUIL Pejes. 3HadeHHs HaliMeHITOl

BU3HAYAIOTHCS 13 BUPA3iB, gKi BXOAATH B KOMILIEKCHI IIOTeH-
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10.

11.

12.

13.

14.

KPUTUYHOT HMIBUJIKOCTI TIPU KOPCTKOMY KOHTAKTI 3aBXK/IM OLIBINA HiXK NpH He-
JKOPCTKOMY.

g 3a7aHuX mapaMeTpiB 3aBXKIW MOXKHA 3HAWTH 00JacTh 3HAYEHb Ap, JJsd
AKWX ICHYIOTH KPUTHYHI MBUIKOCTI PYyXy HaBaHTayKEHH.

Buius no4arkoBux HallpyzKeHb 3HAYHO 30LJIbIILYETHCS 13 POCTOM HIBUKOCTI Py-
Xy HaBaHTaxkeHHsi. OcoDIMBO e Ma€ MiCle mpu monepesHboMy cTucky. [Ipu
JKOPCTKOMY KOHTAKTI BILJIMB IBUIKOCTI 1 MOYATKOBUX HAIPYKEHb MEHII CYTTE-
BU, HI2K TPU HEXKOPCTKOMY KOHTAKTI.

Jnst mBuaKocTeit pyxXy HaBaHTaXKeHHA, SKi OLIBII 3a MBUIKICTH PO3IOBCIO-
JIZKeHHSI 3CYBHUX XBUJIb Y MIBIPOCTOPI, MPUCYTHICTh MOYATKOBUX HANPYZKEHb
Ma€ CYyTTEBUI BIJIMB HA PO3MOII HAIIPYZKEHD 1 MBUIKOCTEH ITepeMillienb y MiB-
HPOCTOPi 1 3TUHAJIBLHOIO MOMEHTA y ILJIACTUHI. XapaKTep IbOTr0 BILIUBY Pi3HU
B 3aJIE2KHOCT1 BiJ TMOJOKE€HHS PO3IVIAAyBAaHOI TOYKHM ITapyBaTOTO TLIa BiTHO-
CHO TOYKW MPUKJIAJaHHST HaBaHTaxkKeHHdA. OTpPUMaH] JTOCTII2KeHHS HAIPYXKeHO-
J1ebOpMOBAHOTO CTaHY €JIeMEeHTIB OaraTomapoBOTo 3a31a1eriIb 1ehbopMOBaHOTO
HiBIPOCTOPY HPHU JIii PyXOMOI'O MOBEPXHEBOI'O HABAHTAZKEHHSI.
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Babych S. Yu., Glukhov Yu. P., Lazar V. F. Dynamic processes in bodies
(materials) with initial stresses. Part 3. Dynamic processes in an elastic two-layer
half-space with initial stresses under the action of moving loads.

Dynamic processes in an elastic two-layer half-space with initial tensions under the in-
fluence of a moving load are investigated. These tasks are solved by the method of integral
transformations and with the help of comprehensive potentials introduced in the works
of academician of the National Academy of Sciences of Ukraine Geors O. and one of the
authors of this article. The evaluation of the possible values of the roots of the character-
istic equation is carried out. The necessary and sufficient conditions for the existence of
multiple roots of the characteristic equation are obtained. It is believed that the picture
of the deformation of the invariant time in the coordinate system moving along with the
load. In other words, an elastic multilayer is considered, consisting of flat parallel elastic
layers, lies on a half-space. The free surface of the strip has a load moving at a constant
speed. Studies conducted within the linearized theory of elasticity for bodies with ini-
tial stresses. For materials with elastic potentials of harmonic type (compression bodies)
and with elastic potentials of the type Barteneva-Khazanovich (uncompressed bodies), nu-
merous studies were performed. Analysis of the results of the essential impact of initial
(residual) deformations and speed of surface loading on the value of the roots of the char-
acteristic equation. In addition, it is proved that it is always possible to find the area of
values (coefficients) of elongation for which there are critical speed of loading. In particu-
lar, with a rigid connection of a plane with a half-space, it is possible to exist two critical
load rates, in the extreme case, one of which is larger than the speed of the surface waves
of the relay. The obtained results can be used to investigate the stress-deformed state of
elements of a multilayer pre-deformed half-space under the action of a moving surface load.

Keywords: contact tensions, complex potentials, phase speeds, hard stamps, moving
loads, relay waves, stress-deformed state.
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The paper considers machine learning algorithms. The focus is on semi-controlled
learning, which seems to be the balance between teaching accuracy with a teacher and the
cost of teaching methods without a teacher. Examples of careful processing of labelled data
sets for which supervised learning can be very effective are considered. The semi-supervised
and supervised approaches are compared, and the effectiveness of each is analyzed. The
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1. Introduction. The work is performed by studying semi-supervised learning,
which is learning with a teacher. Supervised learning is a learning paradigm related
to studying how computers and natural systems, such as humans, remember in the
presence of both labelled and unlabeled data. Traditionally, learning is studied either
in an uncontrolled paradigm (e.g., clustering, external shape detection), where all
data is unlabeled, or in a controlled paradigm (e.g., classification, regression), where
all information is labelled [1].

The purpose of semi-controlled learning is to understand how a combination of
labelled and unlabeled data can change learning behaviour and develop algorithms
that use such a combination |2, 6.

Supervised learning is of great interest in machine learning and data exchange,
as it can use readily available unlabeled data to improve tasks when labelled data is
scarce or expensive. Supervised learning also shows potential as a quantitative tool
for understanding human categories of knowledge where much of the contribution is
not apparent [3, 8.

The object of study of this work is semi-supervised learning is an extension of
supervised and supervised learning. SSL algorithms, as a rule, provide a way to
learn about the structure of data from unlabeled examples Reducing the need for
labels. Most problems in the real world have a lot of data, and labelling them is a
cumbersome or even impossible task. Supervised learning is one of the approaches to
overcoming these types of problems. For training, he uses only a small set, marked
by substantial unlabeled data. In semi-controlled training, it is essential what data
are labelled and, depending on the position of the data, its effectiveness changes [4,
10].

The semi-supervised learning paradigm attracts much attention in many different
areas, from bioinformatics to web mining. It is easier to get unlabeled than labelled
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data because it requires less effort, experience and time [5, 12]. In this context,
traditional supervised learning is limited to using labelled data to build a model.

However, SSL is a learning paradigm for designing models with both labelled
and unlabeled data.In essence, SSL methods use unspecified samples to change or
rethink a hypothesis derived only from labelled samples.

2. Review of methods. Before defining the approaches and benefits of SSL
and supervised learning algorithms, you should first learn what supervised learning
is in everyday use:

— Classification of web pages;
— Detection of fraud;

— Face recognition;

— Language recognition;

— Genetic sequencing.

There is no doubt about the potential and growth of machine learning, and semi-
controlled education often seems to be a balance between the accuracy of teaching
with a teacher and the cost of teaching methods without a teacher [9, 13, 16].

Due to the careful processing of labelled data sets, supervised learning can be
very effective.

Imagine the following situation (See Figure 1):

marked copies

decision limit

Figure 1. Finding a solution.

In Figure 1, you have only two data points that fall into two different categories,
and the drawn line is the limit of any controlled model [16, 17|.

Now, let’s say we add some undefined data to this data, as shown in the image
below:

a more precise solution limit in the
presence of labeled instances

- unlabeled specimens

Figure 2. Adding unlabeled instances.
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In Figure 2 you can see the difference between the two images listed above, the
same can be said that after adding data without labeling, the decision limit of our
model has become more accurate.

Thus, among the advantages of using unlabeled data are:

— Labeled data is expensive and difficult to obtain, while unlabeled data is plen-
tiful and cheap.

— This improves the stability of the model through a more precise decision bound-
ary.

Typically, the purpose of categorizing images is to classify whether the image
belongs to the category or not. In this work, not only images are used for modelling,
but keywords related to labelled and unlabeled images and unlabeled images are used
to improve the classifier through semi-control training.

Semi-supervised SVM is an SVM with variable &:i. This model is based
on the assumption that y; can be either —1 or 1.

Variables &7 are variables, one for each sample, introduced to reduce the strength
imposed by the initial condition (min ||w]|), which is based on a hard stock that
incorrectly classifies all samples that are on the wrong side. They are determined
by the loss of the hinge as follows [12]:

max (0.1 — y;(w"z; + b)) (1)

With these variables, we allow some points to cross the boundary without classi-
fying them if they remain at a distance controlled by the corresponding weak variable
(which is also minimized during the training phase to avoid uncontrolled growth).
The following diagram shows a schematic representation of this process:

The last elements of each high-density region are reference vectors. Between
them is a low-density region (it can also be zero density), where lies our separate
hyperplane [13].

Theoretically, each function, which is always bounded by two hyperplanes con-
taining reference vectors, is a good classifier, but we need to minimize the empirical
risk (and, yes, the expected risk). Therefore, we are looking for the maximum mar-
gin between areas of high density. This model can separate two dense regions with
irregular boundaries. By adopting the kernel function, it can also work in nonlinear
scenarios. The main issue at the moment is the question of the best strategy for
the integration of labelled and unlabeled samples when we need to solve a similar
problem in a semi-supervised scenario [6, 9.

The first element to consider is the relationship. If we have a low percentage of
marked scores, the problem is mainly controlled, and the generalization skills learned
through the training kit should be sufficient to correctly classify all unmarked scores.
On the other hand, if the number of unlabeled samples is much larger, we return
to the almost pure clustering scenario (as discussed in the section on generative
Gaussian mixtures). This means that to use the power of semi-control methods in
low-density separation problems, we must consider situations where the labelled /
unlabeled ratio is approximately 1.0 [1, §].
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S3VM classification limit

SVM classification limit

Figure 3. Hyperlines SVM and S3VM.

Figure 3 shows two hyperlines - one SVM method, the other - S3VM. Blue dots
- unlabeled data, red - class 1, green - class 2.

We can see that SVM has a large gap from the hyperline, but there is a reasonably
high density. Although in S3VM, this interval is smaller, it is more accurate, and we
see that the boundaries of the reference vectors are located just on the last elements.
Then the gap is empty, i.e. the hyperline correctly classifies the classes [5, 10].

0.9
e— %*
7’* _0
085} Vam
g kitiy
2 I P
2 osk / = 0= SVM-Linear |
’ /.‘. | —¥— S3VM-Linear
i O~ )
0.75 g -
10° 10! 10 103

Number of marked data

Figure 4. Comparison of the accuracy of linear SVM and S3VM.

Figure 4 shows that the linear S3VM works much better than SVM at a relatively
small amount of labeled data (10',10%). As the amount of labeled data increases,
the accuracy of these two methods converges to one value [13].

Transductive Support Vector Machines. Another approach to the same
problem is offered by Transductive Support Vector Machines, which are especially
suitable when the unlabeled sample is not very noisy. The overall structure of
the data set is robust. Everyday use of TSVM is a classification on a data set
that contains data points obtained from the same data generation process (e.g.,
medical photographs collected using the same tool) but only partially labelled for,
for example, economic reasons. Because all images can be trusted, the TSVM can
use a dataset structure to achieve accuracy more significantly than the controlled
classifier.

The idea is to keep the original goal with two sets of variables - the first for
labelled samples and the second for unlabeled:

N N+M
min || Jw|[+CLY m+ Cuv Y § (2)
i=1 i=N+1
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Formula (2) describes minimization of the objective function of the TSVM method.
Because this is a transductive approach, we need to treat unlabeled samples as
variable-labelled (depending on the learning process), imposing a constraint similar
to controlled items. From a certain point of view, this is equivalent to introducing
a preliminary idea of the final classification, firmly based on the cluster and the
assumption of smoothness.

In other words, the TSVM can trust the structure of the data set more than
the S3VM, and the data scientist has more flexibility in choosing behaviour. Dif-
ferent combinations of CL and CU give results from the complete trust given to
the labelled points to the opposite condition. As explained in the introduction, the
purpose of transductive learning is only to classify unlabeled samples using both
labelled and data set structures. However, contrary to inductive methods, the limi-
tations imposed by labelled samples can be relaxed in favour of a more geometrically
consistent solution.

Comparison of modified SVM methods. An alternative to S3VM is TSVM,
which tries to minimize the target with a condition based on variable labels. Thus,
the problem is divided into two parts: controlled, which is precisely the same as
the standard SVM, and partially controlled, which has a similar structure but does
not have fixed y labels. This problem is also not convex, and various optimization
strategies need to be evaluated to find the best trade-off between accuracy and
computational complexity. TSVM’s transductive approach relies heavily on the
data set structure; this is only a reasonably reasonable choice when both labelled
and labelled samples are known to be taken from the same data generation process.

Also, the TSVM can trust the data structure more than the S3VM. However,
S3VM is particularly suitable when the design of the unlabeled sample is partially
(or even wholly) unknown, and the primary responsibility for labelling should lie
with the labelled examples.

Formulation of the problem. It is necessary to solve the classification prob-
lem, namely, to find the best strategies for semi-managed classification, which could
compete with the approaches of controlled learning. The idea is to minimize costs
with unlabeled data, thus proving the need for semi-controlled systems.

You need to select a dataset for this task. Make Classification is often used to
compare methods and solve various classification problems because we can manually
set many parameters, thus creating our dataset.

This dataset is generated to solve n-class classification problems.

First, clusters of points are created, usually distributed (std = 1, std is a tensor
with a standard deviation of the normal distribution of each source element) with
vertices of n_informative-sized hypercube with sides of length 2 * class _sep and each
class is assigned an equal number of clusters. This introduces an interdependence
between these features and adds data of different types of noise.

The main idea is to generate centroids by some randomness for different clusters
by their number. How accurately each centroid of the cluster can be controlled is set
by the value of the classes’ parameter. Because data will be generated in a Gaussian
distribution with a deviation of 1, this argument contains how each cluster overlaps
with other clusters and adding correlations for informative features by multiplying
the matrix of functions by a randomly generated covariance matrix.

For each data point, the function changes its target to some random class (actu-
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ally, it can be adjusted to an actual type) with a speed of flip_y, a number between
0 and 1. This makes some noise in the data set.

There are two things to control noise (or how different classes of data overlap)
class _sep: determines how clusters are divided. A large value will cause the data
sets to intersect less.

flip_y: determines how many data points are marked randomly (noise).

We will generate the following dataset with the following parameters:

Number of signs = 2,

Number of points = 1000,

Number of classes = 3.

As a result, we will receive such dataset:

Figure 5. Dataset visualization.

Create the worst data set by setting flip y = 0.3:

a9

. e I L™
0s° o B °
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Figure 6. Dataset visualization.

In comparisons I use the following dataset:
Number of signs = 2,

Number of points = 200,

Number of classes = 2,

Randomness score = 1000.
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Figure 7. Visualization of the dataset for further work.

Figure 7 shows two classes. Blue dots - class 1, red - class 2. In the future we
will divide these dots into the third class - unlabeled data.
The next step is to implement the best strategies for conducting a semi-supervisory
classification that could compete with the supervised approach.
To implement the calculations, you must additionally download the following
libraries:
— Sklearn;
— Scikit-learn;
— Matplotlib;
— Numpy;
- SVC.
Add a two-dimensional dataset, with labeled and unlabeled data (50% each).
There will be 200 marked, 150 unmarked.
Number of marked (Marked) - 200,
Number of unmarked labels (notMarked) - 150.
Classified dataset:
0001110111110100000010111101110001111
0101101000011001101011010110011111110

000010011000110]

In this array we contain the notation of two classes - class 1 (notation 0), and
class 2 (notation 1).

Add unlabeled data and change the structure of the dataset:

[1-1-1111-111111-11-1-1-1-1-1-11-111

t1t-1111-1-1-11111-11-111-11-1-1-1-1

110000000000000000000000

000000000000000000000000

000000000000000000000000

0000000

Now the marked data is marked as -1 (class 1) and 1 (class 2), the unmarked
data is 0.

We also have the meaning of signs:

([-1.05545237e+00 -9.32716065¢-01]

[-1.09043812e+00 -1.50493373e+00]

| 1.22265567e+00 -1.67332726e+00]
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[-8.89284086e-01 -6.713955478e-01]
[-3.42811427e-01 2.156535159e+00]

[ 4.19337679e-01 -1.156065519¢-+00)
[-1.74121223e+00 7.535533374e-01]

| 1.02333526e+00 -3.215662196e-01]
[ 2.55739074e+00 -2.381244523e-+00]
[-1.68630379e+00 2.599753855e+00]
[-9.12360330e-01-1.860154292e-+00]
[-1.07341058e+00 -1.866005323e+00]
[-7.41616980e-01 2.6384354742¢-01]

[ 1.40819086e-01 8.4433174723e-01|
[-2.186617475e+00 1.65834393e-+00]
[ 7.62332115e-01 -1.9242596277e-+00]
[-9.30308962¢-01 -4.6841778176e-01]
[-8.69596340e-01 -1.9678237778¢-01]
[ 1.259574172e+00 1.037730881e-01]
[-4.745967011e-01 6.549572729¢-01|

[-1.19220109e+00 -2.076067172e+00]]
We visualize this data.
Initial data:

® Classl

L .
L] s % . ey’ ® 0 ] ® Class2
X % oo « o
- L]
L ‘ ® ®

Figure 8. Visualization of the initial dataset.

Let’s mark 150 points as not marked we will receive the following schedule:

4

3

o:..‘
~
o-;.‘ﬁ

@® Class1
L s % .n.' °e r ® Unlabled
L) e ° ™ @® Class2

Figure 9. Visualization of the dataset after adding unlabeled data.

Figure 9 shows class 1 - blue dots, class 2 - red dots, and unmarked dots, which
are shown in gray.
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Initialize our constant C with a value of 0.1.

We also need to specify the initial variables w (normal vector), b (offset along
the y axis) and weak variables n;, &;, 2.

For the values of w and b the sample will be [-0.1, 0.1], for the rest - [0.0, 0.1].

w - [-0.01975875 0.02131162| size= 2,

ni - [0.04901986 0.02258875 0.01560311 0.04587382 0.0352636 0.00871087

0.08424851 0.0857313 0.0733342 0.09528408 0.05455903 0.06449431

0.05901452 0.04758597 0.01772247 0.07832201 0.07269677 0.09613403

0.02368684 0.06946833] - size = (Marked — notMarked) = 50,

&i - (0.09799687 0.08343227 0.00994421 0.09511786 0.03769766 0.04774885

0.03169544 0.03145913 0.07661224 0.04653426 0.0142706 0.09941006

0.00069853 0.03098653 0.00093538 0.08666854 0.09679364 0.03014508

0.07180447 0.00543835 0.05054611 0.09301137 0.0755189 0.03497578

0.0983856 0.09866195 0.08204016 0.09872704 0.06635472 0.07370298]
— size = notMarked = 150,

zi - [0.07221 0.09092026 0.03663539 0.07945663 0.0902111 0.05445606
0.01707353 0.01452738 0.08280087 0.08758461 0.09761866 0.07808664
0.04225707 0.07620617 0.06079858 0.02328625 0.05549894 0.07257086

0.08668178 0.08250609 0.03545815 0.01125552 0.06446315 0.01788753
0.03401358 0.05677734 0.09136062 0.08023616 0.08339306 0.0975363 |
- size = notMarked = 150,

b - [0.0529] — size = 1.

Next we need to minimize the following expression:

N N+M
i [\ | [ +C (Zw > min(@-,zj))]. 3)
i=1 i=N+1

Formula 3 describes minimization of the objective function of the S3VM method.
The first term of the formula shown in Figure 3.3 imposes the standard SVM condi-
tion on the maximum separation distance, and the second block is divided into two

parts:
— We need to add N weak variables to ensure a soft gap for the labelled samples.

— At the same time, we need to consider unmarked points classified as +1 or -1.
Thus, we have two corresponding sets of variables &2 and z:. However, we want
to find the minor variable for each possible pair to ensure that the unlabeled

sample is placed in a subspace where maximum accuracy is achieved.
Therefore, we need to impose the following restrictions:

yi(wai+b)21—77i ., >0Vie(1,N)
— (w2 —b) > 1— 2z;, 25 >0V je(N+1,N+M)

Formula 4 describes conditions for the objective function.

The first constraint in Figure 3.4 is limited to the marked points, it is the same
as in the controlled SVM. The next two instead consider the possibility that an
unspecified label can be classified as +1 or -1.

We minimize the function with the above restrictions:
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Table 1. Minimize the target function SSVM.

Step| > ni >~ min(&i, zj) Vector W Target  func-
i=0 i=0 tion

0 2.410 5.182 [-0.022 0.042] 7.594

100 | 2.410 5.182 [-0.022 0.042] 7.594

200 | 2.410 5.182 [-0.022 0.042] 7.594

300 | 2.410 5.182 [-0.022 0.042] 7.594

400 | -47.590 -144.818 [-0.000 -0.000] | -192.408

500 | -47.590 -144.818 [-0.000 -0.000] | -192.408

600 | -47.590 -144.818 [-0.000 -0.000] | -192.408

700 | -47.590 -144.818 [-0.000 -0.000] | -192.408

800 | -297.601 -894.851 [ 0.000 -0.000] | -1192.452

900 | -297.601 -894.851 [ 0.000 -0.000] | -1192.452

1000 | -297.601 -894.851 [ 0.000 -0.000] | -1192.452

1100 | -1547.657 -4645.019 [-0.000 -0.000] | -6192.676

1200 | -1547.657 -4645.019 [-0.000 -0.000] | -6192.676

1300 | -1547.657 -4645.019 [-0.000 -0.000] | -6192.676

1400 | -1547.657 -4645.019 [-0.000 -0.000] | -6192.676

1500 | -7797.937 -23395.859 [ 0.000 0.000] | -31193.797

1600 | -7797.937 -23395.859 [ 0.000 0.000] |-31193.797

1700 | -7797.937 -23395.859 [ 0.000 0.000] | -31193.797

1800 | -39049.337 -117150.060 [ 0.000 0.000] | -156199.397

1900 | -39049.337 -117150.060 [ 0.000 0.000| |-156199.397

2000 | -39049.337 -117150.060 [ 0.000 0.000] |-156199.397

2100 | -39049.337 -117150.060 [ 0.000 0.000] | -156199.397

2200 | -195306.338 -585921.062 [ 0.002 0.000] | -781227.400

2300 | -195306.338 -585921.062 [ 0.002 0.000] | -781227.400

2400 | -195306.338 -585921.062 [ 0.002 0.000] | -781227.400

2500 | -976591.342 -2929776.073 [ 0.009 0.001] | -3906367.415

2600 | -976591.342 -2929776.073 [ 0.009 0.001] | -3906367.415

2700 | -976591.342 -2929776.073 [ 0.009 0.001] | -3906367.415

2800 | -976591.342 -2929776.073 [ 0.009 0.001] | -3906367.415

2900 | -4883016.361 -14649051.131 [ 0.047 0.007] | -19532067.491

3000 | -4883016.361 -14649051.131 [ 0.047 0.007] | -19532067.491

3100 | -4883016.361 -14649051.131 [ 0.047 0.007] | -19532067.491

3200 | -24415141.456 -73245426.416 [ 0.236 0.033] | -97660567.844

3900 | -195321158.304 -585964226.958 |-3.108 0.268] | -781285380.396

4000 | -195321164.767 -585964246.348 [4.892 0.268] -781285399.114

4100 | -195321164.767 -585964246.348 [ 4.892 0.268] | -781285399.114

4200| -195321164.767 | -585964246.348 | [ 4.892 0.268] | -781285399.114
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Table 1 contains 4200 iterations of minimization. Column ) ;' j7i contains the
value of the loss on the labeled data, Column ) ;' jmin (&i,zj) contains the value
of losses on unlabeled data. The vector W contains the value of the normal vector.
This is our maximum distance.

Therefore, our target function has been minimized successfully and contains the
following values:

Vector of normal w — | 4.892 0.268],

b (offset along the y axis) — 0.0529.

Then we calculate the equation to obtain the classes of our points:

Y =Xxw' +0 (5)

Formula 5 — equation of the line.

Having obtained the value of Y, we impose the following condition, which final-
izes our calculations and determines to which class our data belong:

If x <0, then class —1,

If x > 0, then class 1.

And we get the following result:

[1.1. 1. 1. 1. -1. 1. -1. 1. 1. 1. -1. -1. -1. 1. -1. 1. -1.

-1.-1.-1. -1, -1. -1, 1. -1. -1. 1. 1. 1. 1. 1. 1. 1. 1. -1.

1.-1.-1.-1. 1. 1. 1. 1. -1. 1. 1. 1. -1. -1. 1. -1. 1. 1.

-1.1.-1.1.1.-1. 1. -1. -1. 1. -1. 1. 1. 1. -1. 1. -1. 1.

1.-1.1.-1.1.1.-1.-1. 1. 1. 1. -1. 1. -1. -1. 1. -1. -1.

1.1.1.1.-1.-1. 1. -1. 1. 1. 1. -1. 1. 1. -1. -1. -1. 1.

-1.1.1.1.-1. 1. 1. -1. -1. -1. -1. 1. -1. 1. -1. -1. 1. 1.

-1.-1.-1. 1 -1 1. -1 1. 1. 1. 1. 1. -1, 1. 1. 1. 1. -1,

-1.-10 10 -1 1.0 1]

This array contains data after classification. Two classes - class 1 (designation
1) and class 2 (designation -1).

Visualize the result: Graph showing labeled and unlabeled data (See Figure 10):
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Figure 10. Visualization of the dataset after adding unlabeled data.

Figure 10 shows class 1 in blue, class 2 in yellow, and unlabeled data in gray.
Schedule after classification (See Figure 11):
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@® Class1
@® Class2

Figure 11. Dataset visualization after classification.

As you can see from Figure 11, the classification was quite successful.
Almost all data are separated, so the hyperline is successful, but contains points

that have the wrong class. This applies to areas of low density.

TSVM approach calculations. Visualization of input data and addition of

unlabeled data is already described in the previous section, so let’s start with the
initialization of the initial values of the variables w (normal vector), b (offset along
the y-axis), y“(variable for the second constraint condition, this condition must
occur as the first, but for unlabeled points) and weak variables ni, £3.

yu

For values of w and b the sample will be |-0.1, 0.1], for ni, &£ — [0.0 0.1], and for
~[-1.0, 0.1.

w — [-0.01975875 0.02131162] size— 2,

ni — [0.04901986 0.02258875 0.01560311 0.04587382 0.0352636 0.00871087
(0.08424851 0.0857313 0.0733342 0.09528408 0.05455903 0.06449431

0.07807958 0.05834814 0.07014477 0.0219474 0.06762864 0.02508063
0.05901452 0.04758597 0.01772247 0.07832201 0.07269677 0.09613403
0.08828265 0.09579222 0.00191197 0.0985599 0.08494134 0.00936994

0.02368684 0.06946833] - size = (Marked — notMarked) = 50,

&1 - [0.09799687 0.08343227 0.00994421 0.09511786 0.03769766 0.04774885
0.04659362 0.09062985 0.03513581 0.05616333 0.02952544 0.0812517
0.0750658 0.02050575 0.089315 0.06914368 0.01608069 0.00452057
0.069853 0.03098653 0.00093538 0.086660854 0.09679364 0.03014508

0.0983856 0.09866195 0.08204016 0.09872704 0.06635472 0.07370298]

— size = notMarked = 150,

Yy -

[ 0.04063871 0.24102629 0.64432042 -0.71708787 -0.07513165 -0.98990635
-0.2922075 0.00560538 -0.14231635 0.18206645 0.55786814 0.89377577
0.54712419 0.70159914 0.77993996 -0.46725851 -0.84731204 0.37656981
-0.03340037 -0.21165283 0.71084185 -0.40639437 0.44571452 0.01685231

0.7710943 0.29409488 -0.08909666 -0.31046288 -0.97264293 0.0147352 | - size—

notMarked = 150,

b — [0.04816553] — size = 1.
Next you need to define the constants CL and CU, thanks to which we can
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determine which data should be relied on more, if CL is a large value and SU is
a small one, it means that we trust more labeled data, if on the contrary, we look
more at the structure of unlabeled data.

So, let’s set CL. = 2.0 and SU = 0.1, which will mean that we will rely more on
the labeled data.

Basically, the idea is to preserve the objective function with two sets of lysis
variables (The lysis variable is a variable that is added to the constraint to convert
it from inequality to equality) - the first for labeled samples and the second for
unlabeled samples:

N N4+M
min ||w||+CLZ77i + Cu Z &l - (6)
=1 i=N+1

As in the previous algorithm, we assume that we have N labeled samples and M
unlabeled, and therefore the conditions are as follows:

Ui (wai—i-b) >1—n; , >0V ie(1,N)
g (W b)) >1-¢; , £,20 ¥ je(N+1,N+M) (7)

The first limitation is the classic SVM, and it only works on labeled samples.

The second uses a variable y}' with corresponding weak variables §;, to impose
a similar condition on the labeled samples, while the third is needed to limit the
labels to -1 and 1.

We minimize the function with the above restrictions:

Table 2. Minimize the target TSVM function.

Step| (3N ni )*CL (XN ¢i )*CU | Vector W | Target func-
tion

0 2.501 8.116 [-0.097 -0.092] | 5.822

100 | 2.501 8.116 [-0.097 -0.092] | 5.822

200 | 2.501 8.116 [-0.097 -0.092] | 5.822

300 | 2.501 8.116 [-0.097 -0.092] | 5.822

400 | -97.499 -6.884 [-0.000 0.000] | -195.687

500 | -97.499 -6.884 [-0.000 0.000] | -195.687

600 | -97.499 -6.884 [-0.000 0.000] | -195.687

700 | -97.499 -6.884 [-0.000 0.000] | -195.687

800 | -597.677 -81.911 [ 0.000 0.000] | -1203.545

900 | -597.677 -81.911 [ 0.000 0.000] | -1203.545

1000 | -597.677 -81.911 [ 0.000 0.000] | -1203.545

1100 | -3098.566 ~457.050 [ 0.000 0.000] | -6242.837

1200 | -3098.566 ~457.050 [ 0.000 0.000] | -6242.837

1300 | -3098.566 ~457.050 [0.000 0.000] | -6242.837

1400 | -3098.566 ~457.050 [0.000 0.000] | -6242.837
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Step| (N ni )*CL (XN ¢i )*CU | Vector W | Target func-
tion
1500 | -15603.040 -2332.772 [0.000 0.000] | -31439.356
1600 | -15603.040 -2332.772 [ 0.000 0.000] | -31439.356
1700 | -15603.040 -2332.772 [ 0.000 0.000] | -31439.356
1800 | -78125.688 “11711.473 [-0.000 0.000] | -157422.523
1900 | -78125.688 “11711.473 [-0.000 0.000] | -157422.523
2000 | -78125.688 11711473 [-0.000 0.000] | -157422.523
2100 | -78125.688 “11711.473 [-0.000 0.000] | -157422.523
2200 | -390772.967 -58611.180 [-0.001 -0.008] | -787407.052
2300 | -390772.967 ~58611.180 [-0.001 -0.008] | -787407.052
2400 | -390772.967 -58611.180 [-0.001 -0.008] | -787407.052
2500 | -1953100.666 -292967.544 [-0.005 -0.002] | -3935498.087
2600 | -1953100.666 -292967.544 [-0.005 -0.002] | -3935498.087
2700 | -1953100.666 -292967.544 [-0.005 -0.002] | -3935498.087
2800 | -1953100.666 -292967.544 [-0.005 -0.002] | -3935498.087
2900 | -9764739.162 -1464749.366 | [-0.024 -0.011] | -19675953.261
3000 | -9764739.162 -1464749.366 | [-0.024 -0.011] | -19675953.261
3100 | -9764739.162 -1464749.366 | [-0.024 -0.011] | -19675953.261
3200 | -49277493.151 -7391962.039 | [-0.120 -0.054] | -99294182.496
3300 | -49277493.151 -7391962.039 | [-0.120 -0.054] | -99294182.496
4900 | -10834827210.337 | -1625327305.35 | |-26.31 -11.82| | -21832186735

Table 2 contains 4900 iterations of minimization. Column (va ni)*C'L contains
the value of the loss on the tagged data, taking into account the constant C'L, by
which we determine how much we will rely on the tagged data. Column (va E)xCU
contains the value of losses on unlabeled data, which also takes into account the
constant CU, contains the value of losses on unlabeled data, which also takes into
account the constant CU, by which we determine how much we will rely more on
the structure of the dataset than on the labeled data. The vector W contains the
value of the normal vector. This is our maximum distance.

Therefore, our target function has been minimized successfully and contains the
following values:

Vector of normal w — [-26.317 -11.823],

b (offset along the y axis) — 0.04816553,

Then we calculate the equation to obtain the classes of our points:

Y = Xxw’ +0 (8)

Having obtained the value of Y, we impose the following condition, which final-
izes our calculations and determines to which class our data belong:

If x <0, then class —1,

If x > 0, then class 1.

And we get the following result:

[-1.-1.-1.1.-1. 1. -1. 1. -1. -1. -1. 1. 1. 1. -1. 1. -1. 1.

1.1.-1. 1. 1. 1. -1. 1. 1. -1. -1. 1. -1. -1. -1. -1. -1. 1.

Pozain 2: IndopmaTrka, KOMIT IOTEPHI HAYKH Ta MPUKJIAIHA MATEMATHKA,



SEMI-SUPERVISED LEARNING PARADIGM ANALYSIS FOR CLASSIFICATION ... 139

-1.1.1. 1. -1. -1, -1. -1. 1. -1. -1. -1. 1. 1. -1. 1. -1. -1.

1.-1.1.-1. 1. -1.-1. 1. 1. -1. 1. -1. -1. -1. 1. -1. -1. -1.

-1.1.1.1.-1.-1. 1. -1. -1. 1. -1. 1. -1. 1. 1. -1. 1. 1.

-1.-1.-1.-1. 1. 1. -1. 1. -1. -1. -1. 1. 1. -1. 1. 1. 1. -1.

1.-1.-1.-1. 1. -1. -1. 1. 1. 1. 1. -1. 1. -1. 1. 1. -1. -1.

1.1.1.-1. 1. -1. 1. -1. -1. -1. -1. -1. 1. -1. -1. -1. -1. 1.

1.-1.-1. 1. -1. -1]

This array contains data after classification. Two classes - class 1 (designation
1) and class 2 (designation -1).

Graph showing labeled and unlabeled data (Figure 12):
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Figure 12. Visualization of the dataset after adding unlabeled data.

Class 1 is shown in blue, class 2 - in yellow, unlabeled data are marked in gray.
Schedule after classification:
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Figure 13. Dataset visualization after classification.

Analyzing Figure 13, we see that TSVM also showed a pretty good result, divid-
ing the data into two classes. Further from the boundary of the section, all points
are classified perfectly, but it is on the hyperline in areas of low density that you
can see points with erroneous classification. Given the cost, we can assume that this
method has coped with the task.

SVM approach calculations. For comparison, use the semi-supervised SVM
approach and compare its results (which are quite expensive to obtain) with the
results of the semi-supervised approach.
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We use the dataset that we used in the two previous methods.

Number of marked labels - 200,

Number of unlabeled labels - 150.

Let us set the constant C = 1.

We use a trained SVM model with a linear function, and get the following results:

[1-111-1111-1-11-111-111111-111-1

-1-1t-1111-1-111-1-11-1111-1-1111-1

-11-11-1-111-1-11-11-1-111-1-1111-1-1

l-1r11111-1111111-1-111-11-1111

t1-11-1-1111-111-111-1-1-1-111-1111

i11-1-1-1-1111-1-11-11-1-11-1-11-1-111

1-1-111-1]

This array contains data after classification. Two classes - class 1 (designation
1) and class 2 (designation -1).

Graph showing labeled and unlabeled data (Figure 14):
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Figure 14. Visualization of the dataset after adding unlabeled data.

Class 1 is shown in blue, class 2 - in yellow, unlabeled data are marked in gray.
Schedule after classification:
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Figure 15. Dataset visualization after classification.

As we can see in Figure 15, the classification was better than in the two previous
methods. Almost all points are classified correctly. The hyperline was successful
because the data was correctly separated both at the dividing line and in the high
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and low density zones. The protégé is also important for how costly these results
are. Semi-supervised approaches can also compete with controlled, because they
show close to the controlled approach.

3. Conclusions and prospects for further research. Modern semi-super-
vised approaches require serious assumptions and work poorly if assumptions are
violated (e.g., clustering assumptions). In some cases, they may perform worse
than a controlled classifier trained only on labelled instances. In addition, the vast
majority need memory. However, my goal was to investigate whether semi-controlled
approaches can compete with controlled ones or outperform them.

Having gathered all the necessary material, I learned about S3VM and TSVM.

Applying these approaches to my dataset, I determined that the TSVM algorithm
more accurately classified the data at the reference limit, but the result of S3VM
was not too bad.

The next step was to compare these algorithms with a method supervised ap-
proach, such as SVM. This algorithm showed the best results, but S3VM and TSVM
have very close results to SVM. And as mentioned above, you need to choose between
accuracy and cost.

You can also consider the case where the TSVM method will work better than
supervised SVM. This is the case when we have a minimal amount of labelled data
and a large number of unlabeled; consider this case:

Suppose we have 100 records, 90 of which are not macros.

Figures 16-18 show two graphs each. The first is the data for classification;
blue is class 0, orange is class 1, green is unlabeled. The second is the data after
classification. The red dots are divided into unlabeled squares of class 0 and labelled
circles of class 0. The blue dots are divided into unlabeled triangles (inverted down)
of class 1 and labelled triangles (upwards) of class 1.

SVM will work as follows:

. 0 - .
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Figure 16. Comparison of data before and after classification (data before category
on the left, after - on the right)

In Figure 16, we see a good result, but this line is not entirely stable, so consider
how the TSVM will work.

We get a similar result by putting the following parameters in TSVM: CL = 1.0
and SU = 10.0 (the set parameters mean that we rely more on the structure of the
dataset than on the labelled data).
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Figure 17. Comparison of data before classification and after (left data before
classification, right - after).

However, by inverting the parameters, we get the following result: CL.— 10.0 and
CU= 0.1 (the parameters set mean that we rely more on the tagged data than on
the dataset structure).
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Figure 18. Comparison of data before and after classification (before classification
on the left, after - on the right).

In this case, in Figure 18, labelled data can use more flexible boundaries, while
unlabeled data is only allowed to be rigid.

We see that the hyperline runs entirely differently and better classifies our data
at the dividing line and in the high and low-density zones. Also, this result is less
expensive because most of the unlabeled data is used.

As a result, we can assume that semi-supervised approaches solve the classifica-
tion problem no worse and sometimes better than supervised approaches.
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Boiiko H. Anaiis mapaaurmu Semi-supervised learning mys Kiaacudikarii MyJIbTH-

MOJIQJIbHUX JIAHUX.

Y poboTi po3rIAmAIOTHCH AJTOPUTMEA MAITMHHOIO HABYAHHS. Y Bara 30CepeKeHa Ha
HAIIBKOHTPOJIHHOMY HABUYAHHI, SIKe 3/IA€THCA OATAHCOM MiK TOYHICTIO HABYAHHS 3 yIUTE-
JIEM Ta BUTPATAMM METO/IB HaBYaHHHA 0e3 yuuresnsd. Po3riisaiarorbes IPUKIaIM PeTebHO-
IO OMPAIIOBAHHS MiYeHWX HAOOPIB JAHUX, IJId SKUX HABYAHHS TIiJ HATJISIOM MOXKE OyTH
nyxe edexkruBaum. [lopiBHIOIOTHCs miaxoau semi-supervised Ta supervised Ta mpoanaJizo-
BaHa edeKTUBHICTH KOXKHOTO. B poboti posrnsaatorses miaxogau S3VM ta TSVM. Meroro
poboTu Oy10 AOCTIANTH YU MOXKYTDH HAIIBKOHTPOJBOBAHI IMiIX0IN KOHKYPYBATH 3 KOHTPO-
JibOBaHuMU a00 HaBiTh ix nepesepiiuTu. ONUCYETHCH 3aCTOCYBAHHS JAHUX MIJIXOJIB 10
3aMPONIOHOBAHOTO TATACETY JIsT BU3HAYEHHS OiIbIT TOYHOI KIacudikalii JaHUX, & came Ha
OTOPHI# Mexi.

KirouoBi cjioBa: HaBYaHHS 1111 HATJISIOM, METOJI OIIOPHUX BEKTOPIB, TPAH/IYKTUBHUAN Me-
TOJ, OTIOPHUX BEKTOPIB, METO/ OMMOPHUX BEKTOPIB IJIsT YACTKOBOTO HABYAHHS, MPUKJIATHUH
nporpamumit iHTepdeiic.
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AITAPATHA PEAJIISAIIIA MOJVYJIIB XEIIIYBAHHA HA BA3I
AJITOPUTMIB CRC-32 1 ADLER-32

VY crarTi npeacTaBIeH] Pe3yabTaTH AOCTIKeHHs Xem-pyHKIii. /{1 1oCaruenss onTu-
MaJIbHOI MIBHAIKO/III Ta HAJITHOCTI 3axucTy indopmariii odOpaHa amaparHa peaJsi3allis ajaro-
purMmiB xemyBanus. CamMe BOHA MapaHTye MUTICHICTH PO3POOKH Ta BUKJIIOYAE MOKIUBICTD
repexorieHHs iHdopmarii.

Po3spobneno anaparauii MOIyJIh XelyBaHHsa Ha oCHOBI amroputmis CRC-32 i Adler-32,
SAKWM BIIPI3HAETHCA Bifl iCHYIOUMX PO3POOOK BiICYTHICTIO MiKpPOMPOrpaM Ta 3amporpaMo-
Bauux OJi0KiB. P0OOTOI0 MOy KepyioTh CreriajbHi OJIOKM KepyBaHHS, 10 0a3yI0ThCsS
Ha apromarax Mypa. CrnpoekToBaHuii MOIY/Ib NPEACTABIE CODOI MiMTICHY PO3POOKY, KA
BKJIIOYA€ CYKYIHICTDH OJIOKIB, IO BiAIOBIIAIOTH 38 KOHKPETHI eTanu ob4unciedb. Ilepedbate-
HA MOXKJIMBICTH BJOCKOHAJIEHHS T J0/ABAHHA HOBUX AJI'OPUTMIB XeIllyBaHHS.

3amponoHOBaHI AJTOPUTMHU XEITYBAHHS 3a0€3MeUyI0Th IMBUIKOIII0 OOYNUCIEHHS KOH-
TPOJILHOI CYMH, IO B COTHI Pa3iB MEpeBUIIye MOXKJIUBOCTI MPOrPAMHUX MOJATKIB. IMo-
BipHICTBH 37TOMy amapaTHOrO OJOKY BBAasKAETHLCS MIHIMATBHOIO, aKe Mepeadadac MmpoIec
ITOBHOT'O PO300PY MPHUCTPOIO HA CKJIAIOBI Ta MPOPAXYHOK BCIX MOXKJIMBUX 3HAYEHD, IO IO~
CTYLAIOTh BiJ CKJIA/I0BUX MOIYJIS.

Beranosieno, 1o amapaTtHa peajizailis aaroputmy Adler-32 BUKOHYE 00UNCIEHHS KOH-
TPOJIBHOI CyMU It BXiTHOTO MOBiJOMIIEHHST OJHAKOBOI MOBXKuHNU puban3uo B 1,481 pasis
IIBU/IIE, HiXK amaparauii moxyas CRC-32.

IIpakTrana IMHHICTE OTPUMAHUX y POOOTI Pe3yabTATIB MOJATAE B TOMY, IO 3aIIPOIO-
HOBaHUH cociO peastizariii aJirOpuTMiB JTO3BOJISE OMIHATH MOXK/IUBOCTI Ta IEPEBArd amapa-
THUX PO3POOOK, 32a0€3MEUNTH MiJTICHICTH Ta 3aXUIIEHICTh MPUCTPOIO XETITYBAHHS, TOCTILINTH
PIBHUITO MiK TPOTPAMHUMU T ANAPATHUMU PO3POOKAMY, B TOMY YHC/Ii i1 y BiHOIIIEHH] Ya-
COBHUX 3aTpaT HA MPOEKTYBAHHS, Ta 3a0€3MEYNTH MAKCAMAJIbHY IMBUIKOIII0 B O0OYUC/ICHH]
XeI-CyM.

Kiro4oBi cjioBa: KOHTPOJIbHA CyMa, XeITyBaHHS, Xell-CyMa, Xell, OJIOK KePyBaHHs, ajro-
pUTM, MOIYJIh, anaparuuit moayas, CRC, Adler.

1. Beryn. Ilporec momnryky Janux y BeJqukux obcsarax indgopmarii noB’a3anuii 3
YACOBHMU BHTpATaMU, siKi 0OyMOBJIeHI HEOOXIIHICTIO MOCTIHHO MeperasajaTi Ta Io-
PIBHIOBATH 3 KJIIOUEM HOIIYKY 3HAYHE YHCJIO eeMeHTiB. CKOPOUYeHHs MOIIYKY Bia0y-
BAETHCA 3aBIAKH BUKOPUCTAHHIO PI3HUX aJTOPHTMIB i CIIOCOOIB, 9Ki YIIOPSAKOBYIOTH
indopmario BiIOBIIHO /10 TUX, 4H iHIIKX BUMOr. [lomupenum MeronoMm 3abdesie-
YeHHs MIBUIKOI'O JIOCTYILY J10 iH(OpMallii, 1o 30epiraeThbcd B 30BHIINIHIN TaM ATi, €
XeTryBaHHS.

Xem-(pyHKIHT BUKOPUCTOBYIOTH JIjII KOHTPOJIIO HiTicHOCTi (haitaiB onepariitnol
CUCTEeMH, KOHMDIIEHIINHIX JOKYMEHTIB 1 IporpaM; i MOOYI0BH aCOIMIaTUBHUX Ma-
CHUBIB 1 yHIKQJIbHUX 1JIeHTU(MIKATOPIB; NONIYKY JyO/IKaTIB y cepisgx HADOPIB JIaHUX 1
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KOHTPOJBHOI'O IIICYMOBYBaHHS 3 METOIO BUSBJICHHS BUMATKOBUX YU HABMUCHUX T10-
MIJIOK Tipu 30epiranni abo mepeadi indopmarii; y cdepi 3axucty indopmarii B iH-
dopManiiHux, TeJeKOMYHIKAIIfiHUX Ta iHOpMaIiiHO-TeIeKOMYHIKAIIHHIX CHCTEe-
max [1].

Jluist jlocsirHeHHsT ONTUMAJIbHOT TIBMKOIT 1 Ha AiiiHOCT] 3axucTy indopmariii pa-
MIOHAJILHO BUKOPUCTOBYBATH allapaTHi po3po0OKu i MH(ppyBaHHS Ta XeNTyBaHHS,
110 TAPAHTYIOTH IIICHICTh PO3POOKH, 3a6e31Mey0Th MAKCUMAJIbHO MOYKJIUBY TTBH/I-
KicTb 0OPOOKHM JIAHKMX 1 BUKJIIOYAIOTh MOZKJ/IUBICTH HEPEXOILIeHHs 1HPOPMAILl.

Binpmicrs kpunrorpadidyHuX MOIVIIB 3aXUCTY JaHUX peasi3oBaHi Y BHIJIAIL
CHemaabHUX (DI3SUYHUX TPUCTPOIB, IO T €IHYIOTH 10 JiHil 3B’I3Ky. AnapaTHa pe-
aJiizallis J03BOJISE 3POOUTH HPOIEC XEITyBaHHA HEIOMITHUM JIJId KOPUCTYBava, ITiJi-
BUITUTH CTIHKICTH CHCTEMHT IO 30BHINTHBOTO BIIUBY 1 CTBOPUTH BHYTPINTHIO JIOTIIHY
CTPYKTYPY, BHECEHHS MIHIMAJBHAX KOPEKTHUB B AKY IPU3BOJIUTH 0 TOBHOT'O BHXOTY
3 JIaJly CHCTEMHU Ta HEMOXKJIMBOCTI OTPUMATH JOCTYI J0 KOHMDIIEHIIHHIX TaHuX [2].

OCHOBONOIOKHUKAMH ~ Teopil  XeIm-(pyHKIIi  BBaXKAOTHCI  JOCJLTHUKA
Kaprep JIxk. JI., Berman M. H., Biepopayep 0. ¥V mepmux Bepcisx Biamosimni
AJITOPUTMU 33/(igHI B 9KOCT1 iHCTpYMeHTapiio jiuisd (popMyBaHHs YHIKAILHUX 00pa3iB
IIOCJIiIOBHOCTEH CHMBOJIIB A0BLIBHOI JOBXKHUHHU 3 IIOIAJBIIO MeTO iX imeHTrdika-
1ii i mepeBipku Ha mpeaMer JoctoBipHOCTi [3]. o BiIOMEUX aaropuTMiB XernyBaHHS
BinHocaTwest: Adler-32, BTIH, Fletcher, CRC-32, TOCT P 34.11-94, cimeiicta MD,
IPEMD SHA, TTH.

Crangapr MD5 (cimeiictBo MD; 128-6iTHuii aaropuTy XerryBaHHsI) Oy OIiKoBa-
unit Ponasipaom Pusecrom 3 Maccadycerchkoro TexHoJIoriaHoro incturyry. B pam-
kax npoekty MD5CRK [4] kuraiiceki kpunrorpacdu Csiorons Bau (Xiaoyun Wang),
Henryo ®@en (Dengguo Feng), Cioenas Jlaii (Xuejia Lai) i Xou6o FO (Hongbo Yu)
JIOBEJIH, 10 1IPU 3HAXO/ZKeHHI KOHTposibHuX cyM MDJ§ 3ycrpivaiorbest kouisii (Ha
iX BU3HAYEHHsI BUTDAYa€Thes Bif 15 cexkyna g0 nBox rogaus). IIBuakicrs xenryBa-
unss MD5 wa IBM PS/2 (16 MHz 80386) cknamae 1849 Kbir/c, Toni ax SHA —
710 K6ir/c.

Y nocaizkennsx apropis RFC 3385 [5] mposeieno anati3 eheKTHBHOCTI BUsIBIIe-
HH$ST TOMUJIOK KOHTPOJIbHUX cyM Adler-32, IEEE-802, Fletcher, CRC-32. Pesyabraru
npejcranieni B Tabi. 1, jge: d - minmimasbHa BijgcTanb Ha Osomi qoBxuuu Block, Block
- 1oBKuHa 650Ky B 6iTax, i/byte - KiabKicTh mporpaMHuX iHCTPYKiil Ha Gaiit, Pudb
- HIMOBIPHICTH HEBHABJIECHUX IPYINOBUX IMOMHJIOK, Puds - IMOBIPHICTH HEBHSIB/ICHUX
OJIMHUIHUX TTOMUJIOK.

Tabruua 1.
Pesynbraru gociaimxkenus RFC 3385.

Anropur™ | d Block | i/byte | Pudb Puds

Adler-32 3 219 3 107-36 | 10"-35
Fletcher-32 | 3 219 2 107-37 | 10"-36
IEEE-802 | 3 216 2.75 107-41 | 10"-40
CRC32C |3 2/31-1 | 2.75 10"-41 | 10"-40

VImoBipHOCTI HEBUSIBJIEHUX IIOMUJIOK, IPUBEIEH] B TaOJIHI, 0OUYUC/IeH] IPH PiB-
HOMIPHOMY PO3MOJLTL JaHUX Ta JO3BOJAIOTH BiICTIIKYBATA CYTTEBY PI3HUITIO Y Bij-
HomeHHi ajaroputmi xermyBanus Adler-32 i CRC-52.
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Metoio poboru € noctimKkenasa cranaaptis Adler-32 i CRC-32, BusHadeHHs BU -
KO/IiT armapaTHUX MOJYJIB XellyBaHHS MPH CUMYJIAIT poOOTH MTPOEKTOBAHNX CXEM Yy
nakeri NI Multisim, a Tako:K NHOPIBHSAHHS MBHIAKOAIT (DOpMyBaHHS XeII-CyM IIPH
IporpaMHiil i anapaTHiil peasizamii IAX aJTOPUTMIB.

2. TloctanoBka 3amaui. OO0’€KTOM JOC/IIKEHHS € alapaTHUN MOJILYJ/Ib XeIwy-
BaHHS Ha 0a3i aaropurmiB 3arajnbaoro npuznadenus CRC-32 1 Adler-32.

ITpeamerom mociiizKeHHsT € MeTOM TMOOYI0BN amapaTHUX MOJIYJ/IIB XelTyBaHHSI,
o 3a06e31evyIoTh HiIBUIEHHsS e(DeKTUBHOCTI 3aXHCTy iH(OpMaIril.

[IpoekToBaHi MOIY.I XelyBaHHs Ha 6a3i aJrOPUTMIB 3araJIbHOIO IIPU3HAYCHHS
MMOBUHHI BIIOBLIATH BUMOTAM:

1) MoynbHa apxiTekTypa,;

2) migicHicTh po3po6Ku (BiACYTHS MOKJINBICTH PO3/IIANTH IPUCTPIl HA OKpeMi He-
3aJ1eXKHI CKIAM0BI /IS MOAAJIBINTOTO JIOCIIPKeHHsI, 3MIHI TapaMeTpis i migbopy
BXIJTHUX 3HAYEHD);

3) onTHMAaTbHA IIBUIKOIIS;

(a) xemryBaHHs Ta 30epiraHHs KOHTPOJBHOI CyMU BiIOYBa€ThCsl B caMiil MiKpPO-
cxXeMi, a He B OIIePATHUBHIN maM aTi KOMII'I0Tepa;

(6) Hezasexkuuii 670K KepyBaHHsI Ha 6a3i CKIHUEHHOTO ABTOMATA JIJIs1 KOKHOTO
3 aJITOPUTMIB;

(B) onTHUMabHe CIOKUBAHHS PECYPCIB;

(r) 3aBaHTa)KeHHsT KJIIOUYiB 1 (bOpPMyBaHHsS MPOMIKHUX 3HAYEHb DE3YJIBTATY
BiIOyBaeThcs 0€3 BUKOPUCTAHHS OIEPATUBHOI 1AM gTi 1 CUCTEMHOI NIUHU
KOMII'0Tepa (BUKJ/II0YAE MOXK/IUBICTh [ePEXOILIEHHS 3HAYEHD ).

3. Onuc monynie CRC-32 i Adler-32. Anaparnuii MOy/b XeIryBaHHS
peamizoBano B makeri NI Multisim, nporpamua peamizamig aaroputmis CRC-32 i
Adler-32 BukonaHa y Burigai (GpyHKIINR HAa MOBI mporpamyBanasa C'# B cepegoBHIII
po3podku Microsoft Visual Studio.

Asnropurm CRC-32[6]:

1) Ha pericrp 36epiranns jaHux IIOCTYLAE BXiJHE CJIOBO, siKe IEPETBOPIOETHCS B
MOCJTJIOBHICTH OJIMHATIH Ta HYJIIB.

2) Buiok xernryBaHHsI aHAJI3y€e KOXKeH OiT, 10 MOCTyIae B BiAMOBIqHUI pericTp, Ta
BUKOHY€E OOUUCIEHHS 3 3aJJaHUM MOJTIHOMOM.

3) JliumabHUK KOHTPOJIIOE (DYHKIOHYBaHHsI GJIOKY XeIlyBaHHs Ta B pasi HEoOXi-
JTHOCTI TIOJA€ CUTHAJ JIO3BOIY HA 3aIUC PETICTPY Xery.

4) Tlicas nomaHHs CUTHALY OOYHCIeHHST GJIOKOM XelryBaHHsI IPUITHHSIIOTHCS Ta De-
ricTp Xelry JeMOHCTPYE Pe3y/IbTaTH — KOHTPOJBLHY CYMY.

Asropurm Adler-32[7):

1) Ha pericrp 36epiranHs JaHUX TIOCTYIAE BXiJIHE CJIOBO, sIKE MEPETBOPIOETHCS B
MOCJIiIOBHICTD OJUHAIIL T HYJIB.

2) BJIoK XellyBaHHsI 3UATY€E MOCUMBOJIBHO BXIJHE CJIOBO Ta PO3ILISIE KOXKEH CUMBOJT
(mocaigosnicrs 1 ta 0) na wactumn A rta B. Kokna acruna HaJcuraerbes Ha
BIAMOBIAHMI OJIOK JITA TPOBE/IeHHST 00paxyHKIB.

3) JliumabHUK KOHTPOJIIOE (DYHKIOHYBaHHsT OJIOKY XeIlyBaHHS Ta B pasi HEOOXi-
JTHOCTI TIOJIa€ CUTHAJI JI03BOIY Ha MePeBIPKY PO3MIPY Xelry.

4) Buok xerryBanHsi (DOPMY€E Xelll 3 OTpUMaHUX JacTul A Ta B ta mepesipsie, un
He MEePeBUIICHUMN JIMIT.
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5) Biok KepyBaHHS mepenae CHTHAJ JO3BOJY HA JEMOHCTPAII0 OTPUMAHOI KOH-
TPOJILHOI CYMU.
CupoekroBanuii 6,10k xenryBanus Ha 6a3i moaystis CRC-32 ¢ Adler-32 Bkiouae
HACTYIHI KOMIIOHEHTH:
— OJIOK KepyBaHHs (2 10IT.);
— GJIOK XermyBaHHs (2 1IT.);
— Oustok inauKanii (crenianpui quciiel Jis BigoOpaskeHHsI CUMBOJIB B 16-TKOBIi
CHCTeMi YHCJIeHHsT Ta BimobpakeHHs aHrificbkoro aadasity i nudp);
— MepeTBOPIOBAY CUTHATIB (CHeriaabHIi TPUCTPIil, 110 JTO3BOJISIE B3AEMO/IISITH JIUC-
IJIesiM PI3HUX THIIB 3 BUXLIHUMH CHTHAJAMHU PEricTpiB);
— 6J10K (pOopMyBaHHSA XeIy;
— 0J10K igenTudikarii BXiJHOTO CJIOBA.
Cxemarnvna peaJsiizaiis 00Ky npusejgena #a puc. 1. CrnpoekroBanuii npucTpiit
MPEeJICTABIIAE COOOI0 TJIICHY PO3POOKY, sIKa BKJIFOYAE CYKYIHICTH OJIOKIB, IO BiImo-
BiJIAIOTH 3a KOHKPETHI eTanu 004YUC/Ie€Hb.

Al 5o xeuyfiovess (RC-2
“ Att 1w
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“ - I e
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A5 brox veugdioes Adler-37 W
S ey
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Puc. 1. Crpykrypa cxema OJIOKY XeIryBaHHSI

IMounnawvu 3 nepiiux, 6;00ku KepysanHus (gami B Tekeri BK, A2 ta A7) nosunHi
B3a€EMOIIATH 3 OJIOKAMU XeIIyBaHHS Ta Y 3aJaHuil Yac MoJaBaTH Kepyiodi CUTHAJIH,
CIIPOMOZKHI KOHTPOJIIOBaTH BCIO pobory anaparnHoro moiyis. Koxen BK Bkiodae
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nepestik Jiif Ta CUrHAJIB, 10 B3a€MO/IIOTH MiK CODOI0 JJIsi BUKOHAHHSI BKa3aHOTO
anropurmy (CRC-32 abo Adler-32).

Bioku xenryBannst (A3 Ta A8) 4iTKO PO3HOAIIAIOTBCA HA OKpeMi MOJYJI, He
OB’ si3aHi MizK 06010 (mepen6avaeThesi MOKIUBICTh PO3IIUPEHHST CXEMHU Ta, J0/IaBa~
HHsI HOBHX OJIOKIB XertyBauHsi ). B 3amexknocti Bij roro, na sikuit 3 BK Oye noganuit
CHUTHAJ 3aIyCcKy, Oy/ie aKTHBOBAHUI BiAMOBIAHUIT MOTY/Ib XelTyBaHHS (CKJIQIAEThCS
3 TLJIOro Habopy KOMITOHEHTIB).

Bioku inaukanii (A6 Ta A9) st meMOHCTpAIil pe3ysibraTiB 3’e1HaHi 3 GI0Ka-
MI (pOPMyBaHHs XeIly Ta BXiIHUMH PericTpamu, Io 3alHUCYIOTh IOYaTKOBE CJIOBO,
BBEJICHO KOPHUCTYBadeM. B 3a7e:KHOCTI BiJI TOTO, /e pO3TAIIOBAHUN JUCILICH 1 /1715
YOT'0 BiH BUKOPHUCTOBYETHCs, Oy/IyTh BCTAHOBJIEHI Pi3HI BapiaHTH: CTAHIAPTHI JIHC-
el Multisim (DCD _HEX DIG) nas nemonctpaiii 16-TKOBiii ciucTeMn ancienHst
ta 15-cermenti ALPHA NUMERIC COM, mo npu3HatdeHi /i1 JeMOHCTPAITil aH-
riificbkoro asndasity i mudp Bix 0 10 9. OcTaHHI MiAKIIOYAIOTHCS 0 CIEeNiaJIbHUX
ePeTBOPIOBAYIB CUTHAIB, sIKi B CBOIO Uepry — J0 BHXOMIB 32-OITHUX pericTpis.

BaksiuBuMm kKoMnoneHToM € 0si0K imentudikanii qanux (Al), korpuil mo3Bossie
BBECTH BiANOBiAHI Aani (B TOMY YHCJI HOYATKOBE CJI0BO Ta KJIIOY, IO BiANOBIiIa€ 32
obpanHs aaropurmy ), 6J0k dpopmyBants xerry (A4), 1o 36epirae KiHIeBuii pe3yib-
TAT XeIllyBaHHs Ta Mepelae Horo Ha GJOKW iHIWKAIil, Ta 6JI0K JiunibHUKiB (AD),
KOTpHil BIAMOBiAAE 33 KOHTPOJIb OOYHUCAEHD Ta IIPU HEOOXITHOCTI IepeIae CUTHAJIN
OJIOKY KepyBaHHS, SIKIIO HEOOXIIHO 3aBEPIINTH PO3PAXyHOK.

AmapaTHuiit MOIY/Ib, IO BKIOYAE JIeKLIbKaA AJTOPUTMIB XellyBaHHSI, MOKHA BH-
KOPHCTOBYBaTH B TKOCTi OKPEMOIT MIKPOCXEMH, IO i/ €IHYETHCH JI0 KaHAIy 3B’ SI3KY,
abo dK OKpeMH#l NMPHUCTPIiil JIjId MUTTEBOrO BiToOparkeHHsS KOHTPOJBHOI CYMH st
BBEJEHOTO BXiJHOTO MOBioMIeHHA. OCHOBHI 3aBJIaHHS IPOEKTOBAHOTO MOJIYJIS: 00-
YUCJIEHHSI KOHTPOJILHOI CYMHM JIJIsI 32/1aHOI'O 1OBIJIOMJICHHSI, HaJaHHsi BUOOPY JIBOX
BapiaHTiB 00YHUCIEHDb, MBUAKNNH 00PaXyHOK Ta BiJACYTHICTH 3001B.

ITposeiero mociTKeH ST MBUIKOLI 00paxyHKiB [IJIsT KOYKHOTO 3 aJrOPUTMIB, J10-
JIATKOBO BU3HAYEHO CIIBBITHONIEHHS IMBUIKOII allapaTHUX 1 TPOrPAMHUX MOIYJTiB
Ta BIJICTEKUHO 3MIiHHM IMBUJIKOCTI HPH 3MiHH TaKTOBOI YacTOTH mporecopa. Cepig
TECTYBaHHS JII KOKHOTO aJTOPUTMY BKIIOYWIa 1Mo 30 TOCTIMIB I8 BXITHUX CJIiB
po3mipom 40, 48, 56 i 64 6iT 3reHepOBAHEX BHIIAIKOBAM YHHOM (3arasom 480 cumy-
JATIH poOOTH anapaTHUX i TPOrpaMHUX MOAYJIiB). TecTyBaHHSI MPOTPAMHUX MOy~
JIIB IPOBOJIAJIOCH Ha 6a3i mporecopa 3-ro nokoJinug Intel 13 3 TAKTOBOIO 9acTOTOIO
2,4 GHz.

3a BHCHOBKAMH JOCTIIXKEHb CEepelHS IMIBHAKICTH POOOTH alapaTHOrO MOIY/Id
xem-dyukiii CRC-32 i3 3aman0i0 TakToBOI0 YactoToio 24 MHz B 1,913 pasu me-
PEBHINIIA MOXKJIUBOCTI TTporpaMuoi peasizarii. 11y gac TecryBanug i3 TAKTOBOIO
qacToToio 240 MHz BusgBJIEHO, IO MIBUIKICTH OOYHUC/IEHD allapaTHOrO MOILYJ/Is Iepe-
BHIILYE MOKJIMBOCTI IIporpaMuoil ¢pyHKIl B 189,5 pa3sis.

Cumysiiss poborn anapaTHux 0J10KiB Adler-32 mpoBoanIach i3 3a1aHOK0 TAKTO-
BOIO yacTorolo B 2,4 MHz i 24 MHz. IlIBujkicTh 004YKC/IeHDb allapaTHOIO MO/ Y
cepeanboMy B 14,35 1 143,63 pa3iB BiAMOBIIHO MEPEBUTIIIIIA MOXKJIHBOCTI TPOTPAMHOT
dyHKITIT.

Illo crocyerbes amapaTHol peasisarmii anropurmis Adler-32 i CR(C-32, anapa-
THHH Monynb Adler-32 BUKOHYe 0OYHCIEHHST KOHTPOJIBHOI CyMH I BXIIHOTO MOBI-
JIOMJIEHHSI aHAJIOTTYHOT JIoB2KUHU 11pud/in3Ho B 1,481 pasiB miBu/iiie, HixK alapaTHuii
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moxayab CRC-32.

Pesyabraru pociiizKeHHs TOKa3y0Th, 10 3alPOITOHOBaH] aJITOPUTMU XelTyBaH-
Hsl 320€31e4yIOTh IMBUIKO/II0 O0YUCIeHHS KOHTPOJIBHOI CYMH, KA B COTHI pa3iB Ie-
PEBHINYE MOXKJIMBOCTI HPOTPAMHHUX JIOJATKIB. MOK/IUBICTH 3JI0MY amapaTHoro 0.J10-
Ky BBasKa€TbCd MiHIMAJIbHOIO, aJ[2Ke 11epejidadae nHpoIec OBHOTO po300py HPUCTPOIO
Ha CKJIAJIOBI Ta PO3PaxXyHOK BCIX MOXKJIMBUX 3HAUYEHb, 110 HAJIXOISATH Bij CKJIAI0BUX
MOJLYJIA.

4. BucnoBku. AmapaTHa peaJisallig aJrOPUTMIB 3araJbHOTO IPU3HAYEHHS Ta-
PAHTYE HITICHICTD PO3POOKH: TiC/Isd 3MiHEHHS [TapaMeTpiB NPUCTPOIO OJIOK MOBHICTIO
BUXOJIUTD 3 JIATY, aJizKe OYIb-sIKi KOPEKTUBHU BILIMBAIOTH HA PE3YJIHTATH OOUNC/IEHb
Ta He J03BOJISIIOTH Mijibparn BXijgHe CJ0BO. BijcyTHICTH migIporpamMm KOMIIEHCYE-
Thest GJIOKaMu yrpasiinHs Ha 6a3i ckindeHHux asromaris (aBromatis Mypa), mo
TaKOZK MiABUILYIOTH MIBUAKO/IIO 1 HAIMHICTD alapaTHOTO MOMIYJII0 B HMOPIBHAHHI 3
MpOrPpaMHUMH aHAJIOTaMH.

[lig gwac po3pobKu amapaTHOro OJOKY mepeadadeHa MOMK/IUBICTH BIOCKOHAIEH-
Hsl 3arajibHOI CXeMH, IILJIsIXOM JI0/laBaHHsl HOBUX aJITOPUTMIB XeIyBaHHS, JJI TKUX
3ape3epBoBaHi 6iToBI KOMOiHAII, 1110 HAJAXOAATH Ha OJOK BBOAY jaHuX. [le mo3Bo-
JII€ TOTIOBHUTH 3arajbHy CXeMY JI0JATKOBUMHU aJTOPUTMAaMU XeIllyBaHHd, IO Oy/1yTh
MpaIoBaTH He3a1e7KHO Bl HAABHUX MO/IYJIiB.

[IpakTuuHa IiHHICTH OTPUMAHUX B POOOTI PEe3yIbTaTiB MOJSITaE B TOMY, IO 3a-
HPOIOHOBAHUI €1OCIO peasiizalii aJirOPUTMIB JI03BOJISIE OMIHUTUH MOXKJIUBOCTI Ta I1e-
peBaru anaparHux pO3pOOOK, 3a0e3MeduTH IIIICHICTh Ta 3aXUIIEHICTH MPUCTPOIO
XelryBaHHs, JIOCTIIUTH PI3HUIIO MiXK MPOTPAMHUMHU Ta alapaTHUMHU PO3POOKaMU,
B TOMY YHCJi H y BiJHOIIEHHI YacOBUX 3aTpaT HA HPOEKTYBAHH:A, Ta 3a0€3HeYUTH
MaKCHUMAJIbHY IIBUJIKOMIIO B OOYUCICHHL XeII-CyM.
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Hedeon A. O., Hapak O. M. Hardware implementation of hashing modules based
on algorithms CRC-32 and Adler-32.

The article presents the results of the study of hash functions. To achieve optimal
speed and reliability of information protection, the hardware implementation of hashing
algorithms is chosen. It guarantees the integrity of the development and excludes the
possibility of interception of information.

A hardware hashing module based on CRC-32 and Adler-32 algorithms has been de-
veloped, which differs from existing developments by the absence of micro program and
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programmed blocks. The operation of the module is controlled by special control units
based on Moore machine. The designed module is a holistic development, which includes
a set, of blocks responsible for specific stages of calculations. The possibility of improving
and adding new hashing algorithms is provided.

The proposed hashing algorithms provide the speed of calculating the checksum, which
exceeds a hundred times the capabilities of software applications. The probability of hack-
ing the hardware unit is considered minimal, because it involves the process of complete
disassembly of the device into components and the calculation of all possible values coming
from the components of the module.

It has been found that the hardware implementation of the Adler-32 algorithm performs
a checksum calculation for an incoming message of the same length approximately 1,481
times faster than the CRC-32 hardware module.

The practical value of the obtained results in the work is that the proposed method
of algorithms implementation allows to assess the capabilities and benefits of hardware
development, ensure the integrity and security of the hashing device, investigate the dif-
ference between software and hardware development, including the time spent on design,
and provide maximum speed in calculating of hash sums.

Keywords: checksum, hashing, hash sum, hash, control unit, algorithm, module, hard-
ware module, CRC, Adler.
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BA3BNCHA EKBIBAJIEHTHICTD V¥ KJIACI YHIBEPCAJIbHUX
BYJIEBUX AJITEBP

Y pobori BBOAMTHCA HOHATTS DA3UCHOI €KBiBaJIEHTHOCTI, OymyeTbes (hakTop-perriTka
kJ1acy anredp Mo, BCTAHOBIIOETHCS PO3TAIYBAHHS BEpHIHH y (DAKTOP-PEIIiTii mo 6a3u-
cHiit exkBiBajeTHocTi Knacy Ms. Byayiorses curaarypai rpadu CyMiKHAX KJIACIB agaredpu
M. Jochimyernes 265 enemenTHa 6asucHa perriTka daxTop knacy M /o. JloBomuThes
Teopema Ipo HOTYXKHICTh Kiacy Ma/o.

KurrogoBi cioBa: 0a3ucHa €KBIBAJEHTHICTH, OA3UCHA PEITiTKa, CHTHATYpHUIT rpad cywmi-
KHUX KJIACIiB

1. Beryn. V jganiit poboTi TpPOIOBAKYIOTHCS JOCIIIPKEHHS KJIACy YHIBEPCAJTHLHUX
OysieBux anrebp, CUTHATYpa SIKUX CKJIAJAEThCA 3 ONeparliil, apHiCTb dKHX He Ie-
pesumiye asa [1, 2|. Bimomo, mo B Kiaci takux OyiaeBux byHKIINH MOXKHA MOOY-
JyBaTH JIeB’sTh jBoxonepariinux 6asucis a; = {0,=}, as = {0,=}, a3 = {—, A},
aqy = {_‘7 \/}, as = {_‘7 :>}7 ag = {_‘73}7 ar = {637:}7 ag = {37 :>}7 a9 = {37<:>} i
micTh Tphoxoneparniifaux 6asncis ajg = {0, A\, <}, a;; = {0, V, <}, a2 = {1, A, &},
a3 ={1,V,®}, a1s = {\,®, <}, a5 = {V, D, <} ta aBa ogHoomepaIiiinnx 6a3ucis
aig = {1}, air = {|}. I3 cimmaguaru Gasucip MoxkHa yTeopuTH 2'7 pizHEX KOMGi-
Haiiit 6asucis. s 6iibinocTi kombinaniit 6a3uciB He iICHYIOTH yHiBepcaJibHi OyJieBi
ajiredpu 3 orepalliil SKUX MOYKHA MOOY/yBaTH TLILKU Ti 0Aa3MCH, 10 BXOJATDH y BH-
Opamy koMmbiHarmito. 3 iHmoro 60Ky, iCHYIOThH YHIBepCcaabHI Oy/1eBi aaredpu 3 pisHUME
CUTHATYPAMHU, 3 ONepalliil SKUX MOYKHA TMOOYIYBATH OJTHAKOBY MHOXKHHY Oa3HUCIB.
2. BasucHa exBiBasentHicts. Koxmiit anrebpi U; = (A, ;) € M mocraBumo
y BianosigmicTs 17-mipunii 6ynesnit Bexktop H; = {a!, ab, ..., o}, }, ne oz§ = 1, gGKII10
3 omepauiit {); moxkua yrBopurn j-6azuc i o = 0y inmomy sunajky. Bekrop H;
HA3UBAETHC XapaKTEePUCTHIHUM Oa3ucHuM BeKTopoMm anredopu U;. [Toznaunmo vepes
B(U;) muoxkuny ycix 6asucis anrebpu U; = (A, €2;) 3 onepariiii, mo BXoIiaTh B ;.

Osnauenns 1. Aqzebpu Uy i Uy € M nazusaomosesa 6a3ucHo exkeiéaieHmHuM

g . (oa . . . .
Uy=Us, arxwo B(Uy) = B(Us). 3posymino, wo Uy=Uy modi i mirvku modi, xoau
H, = H,, de o—sidnowents eKei8aieHmHOCMA.
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ITobynyemo dakrop-penriTky kiaacy My 3a 6a3MCHOIO €KBiBaJIGHTHICTIO O, BU-
KOPHCTOBYIOUH Xapakrepuctudni 6asncui Bektopu. fkimo anrebpu U; = (A, Q)
i Uy = (A, Q) matoTh xapakrepucTudni 6asuchi sekropu H; = {af,ad, ... al.}
i Hy = {a?,03,...,a%.}, to Uy < Uy Toni i tinekn Toni, ko H; < H,, To6TO
al < o Vi = 1,2,...,17. Aurebpu, saxki BXoadTh y HyJbOBUi ejement (hbakTop-
penriTKu MalTh Xapakrepuctuaunii 6asucuuii Bekrop (0,0,...,0) 3 onepariit sikux
HE MOYKHA YTBOPUTH YKOJHOTO Dazucy. MakcuMaabHUM €/IeMeHTOM (haKTOP-PEeITiTKI
¢ amrebpa U* taka, mo M* = (1,1,...,1), 3 omepariii cCUrHATYpH SKHX MOXKHA
yTBOpuUTH 17 6a3mciB.

[Tobynyemo 6asucuy daxktop-permitky R(Ms/o). Bepumnamu R(My/o) € cymi-
JKHI Kjacu MHOXKuHU My /0, a omepariii penriTku BU3HAYAIOTHCA 3a JIOMOMOIOK) Xar-
PAKTEPUCTUIHUX DA3ZUCHUX BEKTOPIB.

YV GasucHiit pemmitii R(Ms/0) € ciMHAANATD gpyciB, HA k-My sIpyCl 3HAXOIATHCSI
BCi aJIreOPH 3 CUTHATYPHU Ollepalliil AKMX MOXKHA CKJIACTH k Oa3HCiB. Y CUIHATYPHUX
rpadax pedbpa Hecan iHdOPMAIIiO PO OIePalliio, STKa 3MIHIOBAIA CATHATYPHU aJareop,
mo x 3’'eauyBasm. Y OazucHux rpadax pedpa BKas3ylOTb Ha 0a3uc, AKUil 3MIHIOE
aBa cymizkHai Kiaacu Ms/o. OckiJbKy Taka 3MiHA MOKe MPU3BECTH J0 BHHHKHEHHS
JIOJATKOBUX 0a3uciB, TO pedpa B OasucHHX rpadax MOKYTh 3’€IHYyBaTH CyMizKHI
KJIACH, K1 3HAXO/IATHCSA He Ha CYCIIHIX dpycax.

Amanoriuno, ax B poborax [1, 2|, posi6’emo M, ma knacu: M) — Knac aare6p
y curHarypy sakux Bxoiarh onepanii Q = {0, 1, =, A, V, &, =, &, &h MJ -
KJIac aJrebp y CUTHATYPY SIKAX OKPIM BKa3aHUX ONepalliii BXOJIUTh Olepallist CTPijaKka
[Tipca; M3 — kjac anrebp y cUrHATYpY sKMX, OKPiM BKa3aHHUX ONepaliil BXOJIUTh
onepanig mrpux Illedepa; My — kinac anrebp y cUrHaATYpy AKHX, OKPiM BKa3aHHX
omepaliiil BXoadaTh onepaiiii crpiaka Ilipca ta mrpux Illedepa.

Posrisnemo cymixkui kjaacu My 3a 6a3ucHolo eksiBajienThicTio 0. Haitbiibie ai-
re6p ksacy M, MawoTh xapakrepuctuunuii 6azucuuit sexrop (0,0, ..., 0). e Biciv-
JecaT BiciM (byHKIIOHATHHO HeMOBHUX aarebp [1]. € asa cymizKHi Kaacu 10 CKIATLY
AKHX BXOJATH 1O fecarsb anrebp: Ki, = {130, 138, 146, 162, 178, 386, 394, 402,
418, 434}, K%, = {260, 261, 276, 292, 308, 388, 389, 406, 420, 436}. Knacu Kj, i
K3, maoTh i3oMopdui curaatypHi rpadu.

434

Puc. 1. Curnarypuuii rpad cymixunx kiacis Kj, i K.
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Tpu cymizkHi KJ1acu MICTITH Y CBOEMY CKJIaJl 10 8 ajredp:
K} = {80, 81, 88,208,209, 336, 344, 464}, K2 = {96,97,104, 224,225, 352, 360, 480},
K3 = {112,113, 120, 240, 241, 368, 376, 490} Ta MaioTs i3omMopdHi curaaryphi rpacu
(puc. 2).

209 344 464

. . . 1 502 103
Puc. 2. Curnarypuuit rpad cymiknux xiacis Kg, K§ 1 K.

Yorupu Kjacu MaloTh y CBOEMY CKJIaJIl 110 7 aJjredp:
K! = {3,11, 19, 35, 51, 259, 267}, K2 = {12, 13, 28, 44, 60, 140, 141},
K32 = {131,139,147,163,179, 387,395}, K7 = {268, 269, 284, 300, 316, 396, 397}, saxi

MOZKEMO 300pa3uTu y BUIAAL cHrHATYpHUX Tpadis (puc. 3).

51 267

>

1 259

" . : 1 702 3 g4
Puc. 3. Curnarypuuit rpad cymiznux kiacis K7, Kz, K7, K-.

JBammgaTs ABa CYMiKHI KJIach Kﬁl, ty = 1,2,...,22 10 KJ1acy SIKUX BXOJNTh
HOTUPHU aJredpu, TPUIAILATH KJIACiB K;Q, to = 1,2,...,30 micrsarh 1o jBi ajredpu i
cTo cimpecar mricth kiaacis Kt = 1,2,...,176 — no oxuiit anre6pi. Curnarypai

PeNIiTKY nMuX KJjaciB 300pakeni Ha puc. 4.
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o . : 11 to t3
Puc. 4. Curnarypuuit rpad cymizxuux xiaacis Kj', K5, K.

[Tobymyemo Gasucuy perritky dbaxkrop-kaacy Ma/o . Beprmun peritkn 6y1yTh
KOJIyBaTHCd OIHADHUMHU KojaMu 6a3uciB ab0 CHUTHATYPHUM KOJIOM KAHOHIYHHX aJi-
rebp, sIKi BXOJAATH JI0 BiAOBiIHOTO KJaacy. Pebpa 6yayTh KoayBaTHcsa abo HOMepaMu
ba3uciB abo Komamu onepariil, siki 3’€HyI0Th KaHOHIYHI ajredpu. Y KOKHOMY Cy-
MI2KHOMY KJIaCl € O/lHa KaHOHIYHA ajreOpa, a perrra aaredp — BijibHi. Tomy daxTop
PeIniTKy MOYKHA MO0y IyBaTH, BAKOPUCTOBYIOUN MHOKUHY KAHOHITHUX AJIredp.

Ha puc. 5 nodbynoana ¢gpakTop-peliTKa, Ha dKHil 300pazkeHi ajaredpu, 1Mo MaloTh
OJIHAKOBY DA3MCHICTD, a caMe:

1) 0-6a3zucHi anre6pu (88 anre6p) yrBOPIOIOTH HYJIHOBY BePITHHY (DaKTOD-PeITiTKH.

2) AureGpu mepmioro sipycy — me oaHO0a3uCHI anrebpu, siKi po3mojiieHi mo je-
B'AaTh ejeMeHTiB (PAKTOP-KJacy: /0 CKJIaJy JIBOX BXOJUTH IO JECITh ajaredp,
JIBOX TIO BicCiM, JIBOX 1O CiM, TpboX 1o 4yotupu. i Kjaacum MoxKeMO 3aJaTh 1Mpu
o0y 10Bi (haKTOP-PENTiTKA BiAMOBIIHUMI KAHOHIYHIUMH aJredpamMu 1boro KJ1acy
3 HOMepamu 3, 6, 12,66, 68, 80, 96, 130, 260.

3) AsreOGpu TPETHOTO SIPYCY — 1€ COPOK TPHOXOAZNCHUX KAHOHIYHHUX aareop.

Puc. 5. Basucuha pemirka dakrop-kjiacy My /o.
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OckibKH MizZK KaHOHIYHHUMHA ajreOpamu i OA3MCHEMH BEKTODAMH iCHYE B3a€M-
HOOJITHO3HAYHA BIJITIOBIHICTH, TO OAa3WCHA perriTKa i30MopdHa CUTHATYPHIH penmiTii
KaHOHIYHUX aiarebp, sika omucana B [1|. lns mobGynoBu GasucHOl perniTKu Kjacy
anre6p M.}, CKOpHCTAEMOCH TBepKeHHAM 6 [1], Ke cTBepIzKye, MO KITbKICTh ee-
mentis B pemitni R(Mj /o) 1o apycax 3aja€ HacTylHa TabJIuis:

Tabaruus 1
Hpyc 0|1 (2 (3[4 |5 |6 |7 |8 |9 [10]11|12| 13| 14|15
Kimpkicts |1 [ 1513939493935/ 16/13|9 |2 |5 |2 |- |- |1
CYMIZKHHX
KJIACiB

3 miei Tabmumi BummBae, mo |M, /o] pisEa 265 amreGp. Baswchi penritknm
R(M2/o), R(M3 /o), R(Mj/c) izomopdui pewitui My /o [3]. dkmo o6’exuaru ni
pemiTkn B oxHy Gasuchy pemritky R(M,/o), To Bianmosinmi aarebpm U} penriTox
Mi/o,i=1,2, 3,4, yrBOpIOIOTH HiJPENITKHA TAKOTO TUILY:

Ui

Ui

Puc. 6. Basucunii rpad isomopduux aaredp kiaacis M /o.

3BijicH BHILTHBAE TEOpEMA.
Teopema 1. Homyorcricmo xkaacy M, /o piena 1060 anrzebp.

Hiticuo |M,/o| = |My /o] + |M3/o| + |M3/o| + | My /o| = 4 - 265 = 1060.

3. BucnoBknu. 3 17 6a3ucis MoxkHa cKaacTd 2'7 pisHux KoMmOGiHamiil i TinbKH
1060 Takmm KoMmOiHAIIAM MOXKHA 3HAUTH ajreOpy ska Mae TiIIbKU Ti O6a3UCH IO
BKa3aHi y BUOpaHiit KoMOiHAIIIT.
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Mych I. A., Nykolenko V. V., Vartsaba O. V. Basic equivalence in class
universal boolean algebras.

In this paper, the concept of basic equivalence has been introduced and the factor-
grating R(M3 /o) of the class of algebras M, is obtained. The ordering of the vertexes of
factor-grating of basic equivalence of the class Ms is installed. The signature graph of the
adjacent classes of algebra M, is given. 265-elements bases grating factor class MJ /o is
investigated. Theorem about the power of class M,/o has been proven.

Keywords: Basic Equivalence, basic grating, the signature graph of the adjacent classes.
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KOHIEIITYAJIbHA MOJEJIb OIITHFOBAHH4 PIBH{
KEPOBAHOCTI ITPOLHECAMN ¥V CKJIA/ITHNX CUCTEMAX
BPAXOBYIOYH PU3NK-OPIEHTOBAHI ®PAKTOPU

IIpoBemeno mocaimKeHHsT aKTYaabHOI 3aa491 PO3POOIEHHsT KOHIENTYaIbHOI MO/IE i OIfi-
HIOBAHHS PiBHSA KEPOBAHOCTI MPOIECAMH Y CKJIATHUX CHCTEMAaX BPAXOBYIOUH PU3NK-OPiE€HTO-
BaHi (axTOpH.

Y nocaiaykeHH] BIEpITe 3aPOTIOHOBAHO €Taly YIIPABIiHHS PU3WKAMH y MPOIEC] OIiHIO-
BAHHS PiBHA KEPOBAHOCTI cKIaaumx cucreM. @opmMasizoBaHo BXiaHI JaHi, IO BUKOPHUCTO-
BYIOTHCS JIJIs OLIHIOBAHHS PU3UKIB 33 JIOMOMOTOI0 HEYITKUX MOJIeIeH /i PI3HUX CKJIAIHUX
CUCTEM, a CaMe: IOKA3HUKK PU3UKY, 0 OIIHIOETHCS AEAKUM €KCIEPTOM 33 JOIOMOIOI0 JIiH-
TBiCTMYHOI 3MIHHOI; KiJTbKICHOI OIIHKY <«/IOCTOBIPHOCTEI» €KCIEPTIB MO0 MipKYBaHb MPO
TTOKA3HUK PU3WKY; KITbKICHOI OIiIHKH KPUTEPIIO PU3UKY HA OCHOBI IHTEJIEKTYaJHbHOTO aHaJTIi-
3y JAHUX BEJIUYHH, 10 MOPOXKYIOTh PU3UK, i3 3aCTOCYBAHHAM TEOPil HEYITKUX MHOXKUH Ta,
GYHKITH HATEXKHOCTI; JTIHTBICTUYHOI 3MiHHOI HACTIAKIB peasti3ariii 3arpo3 Ha, CHCTEMY; CTe-
[IiHb MOKJIMBOCTI peaJiizaliil 3arpo3u B CUCTEMI; TSXKKICTb HACJIIIKIB IHIUIEHTY 110 aKTUBY
CHUCTEMH, IO OIIHIOETHCA JIeTKUM eKCTIEPTOM 3a JOMOMOTO0 JTIHTBICTUYHOI 3MiHHOI.

Buepiie 3amponoHOBAHO KOHIIENTYAJIbHY MOIE/b, 0 PO3B’sA3y€ KJIAC 334 OIIHIOBAH-
Hsl KEPOBAHOCTI MTPOIECAMU Y CKJIQIHUX CHCTEMaX BPAXOBYIOUN PU3WK-OPI€HTOBaHI (haKTO-
pP¥ BILIMBY Ta aJITOPUTM BHOOPY MOIENi PU3MK-OPi€HTOBAHOrO OIiHOBaHHA. B pe3ynbrari
OTPUMYEMO BHXIJIHY OIIHKY, 110 HECe 3MICT KEPOBAHOCTI IPOIECIB y CUCTEMi BPAaXOBYIOYH
PUBUK-OPi€HTOBAHI (DAKTOPY BILUIMBY. 7IK IHCTPYMEHT MPUKJIAIHOTO 3aCTOCYBAHHS TPOIO-
HYIOTbCS y3arajibHEHI aJTOPUTMH, 33 JOMOMOTOI0 SIKUX MOXKHA a/IEKBATHO BUPIMIUTH iHHO-
BallifiHny mpobiemy.
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JLOCTOBIpHICTh OTPUMAHUX PE3YIHTATIB 3a0€3MeUy€ETHCA KOPEKTHIUM BUKOPUCTAHHSAM Te-
Opil HEYITKUX MHOXKWH I OMPAIIOBAHHS €KCIIEPTHUX 3HaHb, CHCTEMHOTO TiIXOMTY, IO
MiATBEPIKYEThCA Pe3yTbTaTaMu JOCizKeHb. IIpoBemene mocimkennsa 6y1e KOPUCHUM iH-
CTPYMEHTOM JIjIs MATPUMKU HPUAHATTSA PillleHb, 0JI0 MiIBUIIEHHST KEPOBAHOCTI IIPOIeca-
MH y PI3HEX CKJIAQJHUX CACTEMaX IJISXOM BPaxyBaHHs PH3HKIB Ta 3arpo3 il pyHKIioHyBa-
HHS.

Kurro4oBi cjroBa: KepoBaHOCTI mpouecaMu, (pakTopu PU3HUKY, HEYITKA MHOXKUHA, PiBEHb
PU3UKY, IPUHHATTS PillleHb, IHTEJEeKTYaJIbHUN aHAJI3.

1. Beryn. Pisenb 6e3meku JisIbHOCTL JIIOJACTBA KOXKHOTO JIHS MOKPAIILYETHCA 34
PaxXyHOK YJIOCKOHAJIEHHSI TEXHOJIOT, aHa/i3y JaHUX, CUCTEM yIPaBJiHHH, Ta 1HIIL.
CramgapTn HABYAHHS MEPCOHAJY Ta YIPAB/IIHHS OE3MEKO0 TeXK CTAJH MOMITHO BU-
1. AJte THM He MeHIIe, CTUKAEMOCH 3 MHOYKHHOK) PU3UKIB, sIKi TIOTEHIIIHHO MOXKYTh
MOCTABUTH il 3arpo3y VCIIX ONepamiifHol JISIbHOCTI, AKIO HUMH aJIeKBATHO HE
kepyBaTu. OIHIEIO 3 KJIIOYOBUX CKJIAQJIOBHX BUMIPIOBAHHS PU3UKY (DYHKIIOHYBAHHS
CKJAJHUX CHCTEM € TeHepYBAHHS CIIeHapiiB PO3BUTKY OCHOBHUX (PAKTOPIB PUBHUKY.

Koxkmna ckiajna cucrema GpyHKITIOHYBaHHA Ma€ pi3uuil 6a30Buil piBeHb, CTOCOB-
HO YHIKaJIbHOCTI ¢BOiX jganux. [le meBHa KiAbKIiCTh Ta AKICTH JaHUX, dKi MOXKHA
00pobiaTu. Beuki j1laHi B CKJIaJIHUX CHCTEMaX MOXKYTb CTBOPIOBATHUCHA 3 BEJIUKOTO
HaOOPY JaTYMKIB, 6a3 JaHUX, IH(POPMAIINHUX CHCTEM, COIIAJIbHUX MEPEeK i T. I.

Tomy AigMbHICTH CKIAIHOI CUCTEMU BUMAara€ MpUHHATTS MEeBHUX pillleHb, a I
B CBOIO 4epry IoB’s3aHe 3 OIiHIOBaHHIM MaiibyTHboro. Take OIiHIOBaHHS peaJii3ye-
ThCs TIJISIXOM MaKCHMAaJIbHOTO BpaxXyBaHHs HEBU3HAUYEHOCTEH Ta pU3uKiB. KdekTun-
He YIpaB/JIiHHS PU3UKAMU 3a0€31eYUTh MiJIBUMEHHA TKOCTI pilenb. Pusuku € Heob-
XITHOIO CKJIAJOBOIO JIIOJICHKOI Ais/IBHOCTL, KOJH ICHYE HEBIEBHEHICTh V pe3yabTaTax
TOTO 4YHM IHIIOTO MPOTecy pimeHHs. [Ipn mpuiiHATTI ympaB/JIiHCHKUX PillleHb, OCO-
OJIMBO aKTYaJbHOIO € IPOD/IeMa PO3KPUTTS HEBU3HAYEHOCTI JIAHUX, HA OCHOBI AKUX
NpUITMaIOThCS PITIeHH, Ta aeKBATHOTO OIIHIOBAHHS JId MiHIMI3allil pU3UKIB.

Meroro jgocrizKeHHs € akTyabHa 33,1298 PO3POOKN KOHIENITYaJIhHOI MOIEJI OITi-
HIOBaHHA PIBHA KEPOBAHOCTI MPOTECAMH Y CKJIQTHUX CHCTeMaX BPAaXOBYIOUN PU3HWK-
opienToBaHi (baxkTOpU. Moesb OIHIOBAHHS HPEICTABICHO CYKYITHICTIO HEUITKUX Me-
TOJIB, 1110 0a3yl0ThCd Ha BpaxyBaHHI pU3MK-OPIEHTOBAHUX (DAKTOPIB BILIUBY 13 3a-
CTOCYBaHHSAM: JOCBI/Iy €KCIEePTiB MO0 1X OIIHIOBAaHHS, JIHTBICTHYHOTO PiBHA KpH-
TepilB OIIHIOBAHHS PU3UKIB, HACJIIJKIB peasizallii pi3Hux 3arpo3 Ha cucremy. Mo-
JIeJTh OTIHIOBaHHS JIO3BOJIUTH OIIHUTH KEPOBAHICTH ITPOIEcCaMu s CKJIaIHOI CUCTe-
MHJ BPaXOBYIOUH Pi3HI PU3UKHU, IO BIIUBAIOTH Ha (DYHKIIOHYBAHHS CUCTEMH.

Jlanuit miaxia MoyKHA 3aCTOCYBATH JJIsi PO3B’I3aHHS HU3KU IMPUKIATHAX 33129
y PI3HEX CKJIQJIHUX CHCTeMaX, HAUPUKIAJI: JJId COMIO-eKOHOMIYHUX CHCTEM IIe MO-
JeoBanHs (iHaHCOBUX PHU3WKIB [1-2]; st coriasbHO TEXHIYHUX 1€ ONiHIOBAHHSI
PUBHUKIB Ta IHIUJIEHTIB Oe3IeKUn MepekeBUX Ta iH(OpMaIiiiHuX CHCTEM aepOIopTy
[3]; 1 ryMaHICTHYHUX CHCTeM Iie ONIHIOBAHHS PU3HKY BUKOHAHHS 1HIMBLIYaIbHIX
CTPUOKIB MAPAITYTUCTIB JIJIs T IBUINEHHST X Oe3mexkn [4]; 1ist TeXHIYHUX CHCTeM e
OIiHIOBAHHY PU3UKIB MOJIHOTIB O€3IMJI0THUKIB JI/1s1 JOC/IIZKeHHSI JJOBKLJLISI Y TIPChKiit
micreBocti [5], Ta Gararo immux.

2. Oraapn giteparypu. Y cruciaoMmy OxcdOpAchKOMY CIOBHUKY aHITIICHKOL
MOBH PU3UK BHU3HAYAETHCHA AK «HeOe3lmeKa, HMOBIPHICTh HOTaHUX HACJILIKIB, BTpaTa
abo CXWIbHICTH 70 BUMAAKOBOCTI». Makneitn, @peii Ta Em6pexrc [6| pusuk BusHa-
4al0Th, sIK OY/JIb-4KYy 10/il0 abo Jiii0, 10 MOXKe HeraTHMBHO BILIMHYTH Ha 3JaTHICTh
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opramizarii jgocdraTu cBOIX Iijieii Ta BukonyBarTu ii crparerii. He3pakaouu Ha e,
IO BCi I BU3HAYEHHS OXOILIIOIOTH JIedKl KJIIOYOBI eJeMeHTH PU3NKY, HEMOKJITBO
OXOIIUTHU BCi MOr0 acIeKTH OJHUM BHU3HAYEHHAM 3 OAHOTO pedeHHs. OIHAK OUYEBH-
JIHO, IO PHU3UK CUJIBHO IIOB’SI3aHMI 3 HEBU3HAUEHICTIO MIOA0 MaidyTHIX mosiit. B
3araJbHOMY BUIAJKY, i HIOHATTAM PU3UKY MOYKHA PO3IJILAIATH CUTYAIII0 Hebe3ie-
KU MOXKJTUBOCTI HACTAHHSA HECHPHUATIUBOI 110111 ab0 3arpo3 MOXKJIUBUX BTPAT, MO0
SJKAX HEBIJIOMO YU BiIOY/yThCS BOHH y MaiilbyTHHOMY.

3rifguo 3 |7, 8] BUALIAITH TPU OCHOBHI T1i/IX0O/IM OIiHIOBAHHS PU3UKIB TIPU PO3B’si-
3aHHI MPAKTHIHUX 3a7a4.

1. TaTyinig, 10ocBia Ta 3HAHHS €KCIEPTiB, MO POOILITh CYIKEHHs IOI0 TPUPOIT
ocobimBOCTel TIpoIeciB (DYHKIIOHYBAHHS CKJIa/IHOI cucTeMu. J[jisi HOBUX iHHOBAITiii-
HUX O0’€KTIB JIOCJIIKEHHS — Ile €INHUN JOCTYITHUI crocid JJid aHai3y MmpoIecis,
dKi He iCHyBaJIn ab0o MaJjid iHITY CTPYKTYPY B MHHYJIOMY, i CTATHCTUYHA iCTOPisd 3a
SKAMH BiJICYyTHSI ab0 HEe Ma€ CEHCY.

2. CrnocrepexkeHnHnsa 3a (PaKTHIHUMH CHUTYAIIsSIMH Ta 30MTKaAMH BiJl PU3UKIB HA
TPUBAJIOMY TOIIEPETHBOMY epiojl Yacy. ¥y 0ararboX NPaKTUYHUX 33/a4aX TaKi JaHi
BijicyTHi. KpiM TOro, y KpUTHYHUX TEXHIYHUX, COMIAJTbHUX, €KOHOMIYHUX 1 €KOJIO-
rYHUX CUCTeMaX, B dKUX 3HAYHUI BIIUB Ma€ JyzKe MIHJHBE CepeOBUIIE MPOIECY,
Takl JIaHI MiCTATH OMHC JTUHAMIKH HPOIlecy IPpH MUHYJIUX CTaHAX CepeIOBHINA, a I1e
JacTO He BLANOBLIAE CyYaCHOCTI.

3. Bukopucranisg JaHuX CIOCTEPEXKEeHb 3a IPYIIaMi OKPEMUX PU3UKIB 3 MOI0HN-
MU XapaKTePUCTHKAMHU, 10 MOXKYThH OYTH 3pOOJIEH] TPOTATOM HEBEJIUKOTO Tepiojry
yacy. Takuit miaxia € HalOIIbIT NPUJIATHUM i TEPCIEKTHBHUM Y CKJIAJHUX 3a/a9aX
KepyBaHHs PU3WKAMH B YMOBAaX BCiX TumiB HepusHadeHocreii [9]. Okpemi pusuk-
opieHTOBaHI (PAKTOPHU BILIUBY YTBOPIOIOTH KJIACH PUBHUKIB, SKi 3araJoM CKJIAJIAI0Th
1eBHY KJacudikalliio pU3uKiB JJisd 3a/4a49 3a/aH0I0 THILY.

o choronni He cpopMOBAHO 3arajibHUX HNPUHIUIIB Ta O3HAK Kjaacuikarii pu-
3UKiB, MPAKTHYHO He iCHYE pO3pO0OOK 3 y3arajabHeHHs Ta (popMadiizalii Kiaacudikarrii
PUBHUKIB, 1110 MOXKYTb OYTH 3aCTOCOBAHI Y MIZKIUCHHUILIIHAPHUX JTOCTIIZKEHHIX.

Y pobori [10] BrypoBcbkuii posriasgae 3agady opmanizoBanoi Kiacudikarii
PUBHUKIB, 9K iHGOpMAIIiHO B3a€MO3B’ a3aHi 3aa4i Kaacudikalil cuTyariit pu3ukis i
3a/1a4il PO3IMi3HABAHHS CUTYAIlill pU3UKIB, HA OCHOBI MHOKMHU (PAKTOPIB X BUHUKHE-
uugd. [Ipu npoMy 3a3HavaeThes, MO NPUHITUIOBUN BILIUB HA dKIiCTh Kjacupikariii,
K& BUPAYKAETHCA Y TOYHOCTI 1 JIOCTOBIpHOCTI KaacupiKalil pu3uKiB, CIPUIHHSIE BH-
Oip MHOXKUHE (DAKTOPIB PU3UKIB Ta MHOKUHU O3HAK KOYKHOI'O (haKTOPY PUBHUKY.

VY pobori [11| TTansiruna BUILASE ABA OCHOBHI MAXOIH MPEIMETHOI Ta YIIPABIIiH-
cbKoi Kaacudikarii. [Ipeamerna kinacudikartisa 3/1iCHIOETHCS 38 CMUCJIOM 1 3MiCTOM
KOYKHOTO BUJY 1 THIY PU3UKY, BOHA JA€ MOXKJIUBICTb TPOBOJUTHU 1AEHTUDIKAIIIO
PU3HKIB Ta XapaKTepu3yBaTH MOXKJ/IMBI HACTIIKH Bl pu3uKiB (omepariiiui, iHHOBa-
1iitHI, HEMOBePHEHHsT 1HBECTHIIIH, 1 T. JI.). YIpaBiaiHchbKa Kiaacudikalis mepeadadae
BUILIEHHS KJIACIB PH3UKIB 3a JKepejaMH Ta eTalaMyi BHHUKHEHHs PHU3UKIB Ta 3a
criocobaMu KepyBaHHsI PU3UKAME (TEXHOJIOTIYHUIT, €KOJOr YHUIT, TOMHUJIKH ePCOHa~
ay, i1 ).

ITixi rpynyBaHHs PU3UKIB 38 pecypcaMi, siKi epedyBaIOTh 111 pU3UKOM BTPAT,
JIO3BOJISIE TIPYU MPOrHO3YBAHHI UM BUHUKHEHHI IEBHOI CHTyaIlll pU3UKYy KJacudiky-
BATH PU3UK Ta ONEPATHUBHO MOMEPEJIHHO BU3HAYUTH TPYILY aJeKBATHHUX 3aXOJIB 1
MOJIeJiell KepyBaHHsl KOHKPETHHM KJIaCOM pH3HKIB [12].

Pozain 2: IndopmaTrnka, KOMIT IOTEPHI HAYKH Ta MPUKJIAIHA MATEMATHKA,
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X. ®enikc Kioman [13] mix ynpasiainHsaM pusukamu Bu3Hadae Hacrymae. Jlis
HaraThoX aHAJITHKIB, MOJITHKIB Ta HAYKOBIIB CaMe YIPABJIIHHS €KOJOTTYHUMH Ta
SJIEPHUMHU PU3UKAMH — Il Ti TeXHOJIOTil, 10 reHepyIoTh MaKPOPU3UKH, IO 3arpo-
JKYIOTh HAIIOMY iCHYBaHHIO. st 6aHKIpiB Ta PpiHAHCOBUX CJIYKOOBIIB — 1€ PO3yMHE
BUKOPUCTAHHS TAKUX METO/IB, 9K X€J[ZKYBaHHS BaJIOT Ta CBOII HPOIEHTHUX CTABOK.
JIig cTpaxoBUX areHTiB — 1@ KOOP/IMHAlliS CTPAaXOBUX PU3UKIB Ta 3MEHIIEHHS CTPa-
XoBUX BUTpAT. [l1g aaMiHicTpaTopiB JKapHi — e MOXKe O3HAYaTH «3a0e3MmedeHHs
gKocTi». st daxiBuiB 3 6e3mekn — Ie 3MeHIIeHHs KLJIbKOCTI HeNaCHUX BHIAIKIB
Ta TPaBM.

Takum unnom, Knomana BBaKae, IO YIPaBIIHHS PU3UKAMU — 1€ CIEKTP Me-
TOJIB, MO BUKOPUCTOBYETHCHA Jid €(DEKTUBHINIOTO YHPABJIIHHS CBOIM YKUTTIM Ta
opraHi3alisiMu B yMOBaX «0e3IpereaeHTHOI HeBU3HaYeHOCTi». ADO — I1e UCIUILTIHA,
JIIs 3abe31edeHHs CTifikocTi 10 Mafioy THIX MOJIii, 110 MOXKYTb CIIPUYUHUTH HECIIPH-
ATJIMBl HACJIIKH.

Amnamisyoun mKepesa, OTPEMAEMO, IO HACTYIHI JOCTIIHAKHA OMUCAJIHN IIPOIEC
yupasiinas pusukamu. Hamnpukman, ®epoai [14] npencraBub ciM KpOKiB: BUSIBUTH
dakTOpH PUBUKY; OMIHUTU HMOBIPHICTD Ta HAC/IIIKU PHU3UKY; PO3POOJILATH CTpaTe-
il 3MeHIIIeHHs BUSIBJIEHUX PHU3UKIB; KOHTPOIIOBATH (PAKTOPU PU3UKY; 3aCTOCOBY-
BaTH IUIaH il HA BUMAJ0K HelepeIDAYeHUX CHUTYAIliil; YIPAaBIATH KPU3010; BUUTH
3 kpusu. Bem [15] ommcas mporec i3 BoMa OCHOBHHMH eTAllaMU: OIIHKA DU3UKY
BKJIIOYAE 1IeHTUIKaIi0, aHaJii3, BU3HAYEHHS HPIOPUTETIB Ta KOHTPOJIb PU3HUKIB,
10 BKJIIOYAE IJIAHYBAHHS YIIPABIIHHS PU3UKAMU, BUPINICHHS PU3UKIB Ta IJIaHYBaH-
Hsl, BiJICTeXKeHHs Ta KOpUTyBasbHi Ail. [logibno nmukay nosinmmenns sgkocti leminra
(mwtanyBaru, poburu, nepesipstu, migaru), Kiiem ta Jlozgin [16] 3anpononysaiu wo-
tupu dazuuit mpornec (imenTudikarisi, aHaTi3, KOHTPOJIbL Ta 3BITYBaHH:). 3a JAHUMH
MizxuapojHoi opranizanii 31 crangaprusanii 31000, yiupasiinHs pu3nKaMu CTBOPIOE
Ta, 3axXuIae miHHicTh [17]. YV airepatypi moBiAOMISETHCS PO AEKIIbKA MOMYJISPHIX
METO/IIB aHaJ i3y ynpaB/iHHS PU3UKaMU, BKJo4Yaoun mojeaoBanius Monrte-Kapsio
[18], mpomnec anastitianoi iepapxii [19] ta Teopito medirkux muoxkuu [20).

Ha Busasienns ¢pakTopiB pu3HKy BILIUBAE IaJIy3b JiAJIbHOCTI 00’'€KTY JOCTiIKe-
HHg. Hanmpukian, Kmo4oBi (hakTopyu pU3UKY MPOEKTIB JIePKABHO-TTPUBATHOTO TTap-
THEPCTBa NOJALIAIOTHCA Ha Bl Kareropii. Ilepimuii BKIouae dpakTopu pusuky, sKi
MalOTh TOTYKHI, He3aJIeKHI BIUIMBU TaKi, K 3aTPUMKA 3 3aTBEP/IKEHHSAM YPsLy,
JlepzKaBHUM KpeJUT Ta HeJIOCKOHAJICTh IIPABOBOI Ta PeryasaTopHol cucteM. /lo apy-
roi Kareropii HaJiexkaTh (DAKTOPH PH3HKY, sIKi MAIOTh BEJIUKY MiHJIUBICTH 1 Ha SKi
JIETKO BILIMHYTH, TaKi K PU3UKH 3aBEPIIEHHS POOOTH, HEIOCTATHI JTOXiT HA PUHKY
Ta 3MiHu wiaTu [21].

Awmesy ta Han [22] 3raganm npo inmi dakropn pusnky, Taki 9K pUHKOBI / 10-
XiJiHi pu3HKH, (PIHAHCOBI PU3HKH, PU3UKU BIIHOCHH Ta COIAIbHI PHU3UKHU. STLAHO 3
Jlecapaom [23], ynpaBaiHHS pU3HKAME BUMAra€ CHCTEMATHYHOTO YIPABJIIHHS PU3H-
KaMU, 110 TeHePYIOThCS B MeyKaX KOYKHOI JJAHKH JIAHITIOTa Ta, IO OLIBIN BayKIUBO, B
inTepdeiicax MizK JlaHKaMu, 11100 0OMEXKUTH 3PUBH Ta, X MOIIMPEHHS 110 BCiii cucTemi.

[Te Bce OBOIUTD, 110 ePeKTUBHE YIIPABIIHHA PU3UKOM BUMATra€ IiIXi/I CHCTEM-
HOT'O MUCJIEHHS — PO3YMIiHHS TOTO, sIK CUCTEMU BILIMBAIOTH OJHA HA OJHY B ILJIOMY.

Ha nymry Heemana [24], mporec ympapiiiHHS PU3HKAMH CTAB HEBIJ €MHOK Ya-
CTHHOIO TIPONEIYP YIPABIiHHA OOOPDOHHUMU TTPOEKTAMHU, /I IKUX YIPABJIIHHSI He-
BU3HAYEHICTIO € OJIHIEIO 3 I'OJIOBHUX IIPOOJIEM HOTOYHOI'O IIJIAHYBAHHS Ta YIIPABJIHHSI
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npoekTamu. binbiie Toro, y BiAmoBiap Ha Hebe3nedHi mo/Iil, TaKi 9K aBiakaTacTpodu
49U 3JIbOTU, BUMOTH 0e31eKu B 0OOPOHHIH MTPOMUCIOBOCTI CyBOPI Ta BUMOTJIMBI.

Knacudikamnis pusukiB Opu po3B’sg3aHHI 3a/1a4 OIIHIOBAHHS KEpPOBAHOCTI IpO-
mecaMi y CKJIQTHUX CHUCTeMaX Ma€ BayKJIWBe, a JacTO, BUpIlIaJbHe 3HAYeHHST Ha
dopmaJiizalio i H0CTaHOBKY 3aJ/adi, 1110 PO3B’43y€TbCsd, 1, BIJIIOBIJIHO, HA AKICTh
pesysabrary. Bubip nHeedekTnBHOT a00 HEIOCTATHHRO KOPEKTHOI Kjaacuddikarii pu3u-
KiB JIJId TEBHOI 3a/1a4i MOYKe TPU3BECTH 110 3BYKEHHS 1 HEMOBHOTHU OINCY PU3WKIB
B 3aJa4i, i, IK HACJIiI0K, MOYKe CHPHIUHHUTH OJepKAHHsS HEKOPEKTHHUX pPO3B’SI3KiB
3aj1a4i, a60 HABITH YHEMOKJIMBUTH OJ€P:KAHHS aJIEKBATHUX PO3B’sI3KiB [25].

Hampukra, inmm miaxoan OmiHIOBaHHS PiBHS KePOBAHOCTI MPOIECAMHU Y 3arajlb-
HUX JTHHAMIYHUX CHCTeMaX PO3TASHyTO y poborax [26-27|. [launi Momesni onucyoThest
3a JIOIOMOTOIO0 JIMHAMIYHUX 30YpPEHUX CHCTEM Ha OCHOBI BiHEPIBCHKOTO TPOIECY 3
PO3B’I3aHHAM 33424 OIMIHKH SKOCTI MyJIbTUILTIKATHBHOI Ta aJIATUBHOI allpOKCUMAIIil
PO3B’A3KY CTOXaCTUYHUX JTudpepeHIiaIbHuX piBHAHDL. Lle 103BoJIsI€ 10OCTiIzKYBaTH
ACUMITOTHYHY MOBEAIHKY OLTBIN 3araJbHUX JUHAMIUHEUX cucTeM. TakoxK, BeifBier
aHaJIi3 MOYKHA 3aCTOCOBYBATH JjIsI OIIHIOBAHHSI KEPOBAHOCTI mporecaMmu. AKTyaib-
HICTh TAKOTO 3aCTOCYBaHHS HaBeJieHa y poboTi 28], mo npucesdeHa 3HAXOIKEHHIO
YMOB piBHOMipHOI 30i2KHOCTI BeiiBJIeT PO3KJIA/IIB KJIacy BUIIAIKOBUX IPOIIECIB i3 Ipo-
cropis Fy ().

Hapenene Buie, apryMeHTye Ta MiATBEPIKYE aKTYATbHICTD JOCTIIZKEHH: PO3-
POOKHM KOHIENTYAJbHOT MOJIE/Il BIUIMBY PU3UK-OPIEHTOBAHUX (PAKTOPIB HA PIBEHD Ke-
POBAHOCTI MPOIECIB (DYHKIIOHYBAHHS CHCTEMH. AKTYaabHICTD JAHOTO JOCIIIZKEHHS
JIOBOJIUTHCS HEOOXITHICTIO PO3YMIHHS KEPOBAHICTIO MPOIECAMU y PI3HUX CKJIAIHIX
CHUCTeMaX JOCJIJI?KeHHSI, BPAXOBYIOUH PU3HUKH 11 (DYHKIIOHYBAHHS, /I JOCATHEHHS
et cucremMoro Ta (popMasii3alieo TaKUX MPOIeciB.

3. Marepiaau Ta metoau. Hexaii BijoMo gestkuit 00’€KT 10C/iIzKeHHsI, 10 0y-
JIEMO PO3TJISIIATH, 9K CKJIaIHy ¢abo CTPYKTypoBaHy cuctemy S. Bimoma MHOXKHHA
CUCTEMHUX ITijieil Ta MHOKHUHA (PaKTOPIB, IO BIIUBAIOTH Ha KEPOBAHICTD MTPOIECAMHI
cKJaHOT cucTeMu. TakozK BiOMi MOKA3HUKH PU3UK-OPIEHTOBAHUX (haKTOPIB BILIUBY
Ha CHCTEMY B MexKaxX JTOCATHEHHd Iijeil cuctemoro. Ha ocHOBI BiIOMUX MOKa3HUKIB
OYIYIOThCS HEUITKI MOJIEi OIHIOBAHHS cucTeMU. B MexKax 1mboro, moTpiOHO OIiHUTH
KepPOBaHICThH IIpoIecaMu y 00 €KTi JOC/TIzKEeHHS JIJIsI AKICHOT'O MTPUAHATTS PillleHb B
3a/IE2KHOCTI BiJI pU3UK-OPIEHTOBAHUX (PAKTOPIB BIIUBY HA CHCTEMY.

Takum 9wHOM, TPOMOHYIOThCA €Tall YIPaBJIiHHA PU3UKAMHU Y MPOIeci OIIHIOBA-
HHS PIBHS KePOBAHOCTI CKJIATHUX CHCTEM.

1. PopmyBanHs nepesiky (pakTOpiB pU3UKY:

® BUILIEHHS ITiIei Ta 3a/1a49 100 BUIBICHHS PH3UK-OPIEHTOBAHUX (DAaKTOPIB BILIU-
BY;

® BUABJICHHA CAMHUX PU3UK-OpPi€HTOBAHUX (DAKTOPIB BILIUBY;

® aHaJIi3 PU3UK-OPI€HTOBAHUX (PAKTOPIB BILIUBY.

[lepmuit eTamn mossrae B yCBiIOMJICHH] CIIeU(pITHOCTI 3arpo3u 1 MicIis 11 MOXKTH-
BOI'O ITPOSIBY.

ITi inenTudikariieio Ta aHaJi30M pU3UKIB PO3YMIEThCS BUBYEHHS fl0ro crerudi-
KU Ta 0COOJIMBOCTEM, AKi 0OYMOBJIEH] iX MPHUPOIOIO TA IHITUMH PUCAME, XapaKTepPHHU-
MUK came Iiel Haroau. BakK/IMBO BUBUYMTU MaibyTHI BTpaTH, a TaKOXK 3MiIHY PU3UKIB
y Yaci, CTYMiHb 3aTPO3H IO/I0 KOHKPETHOTO MePIoy.

2. [TobytoBa Mosieeit Jijist OIIHIOBAHHS PU3HUKIB I0/I0 KEPOBAHOCTI LIPOIECAMHU B
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CKJIQJHUX CHCTEMax.

loioBHA MeTa IIHOTO eTany MOJsTae B IOCIIXKeHH] Ta, PO3po0JIeHi Mojieieit, MeTo-
JIiB, 3aC00iB Ta iIHCTPYMEHTIB, sKi OyI1yTh OIHIOBATH (PAKTOPH PU3UKIB Y JISIbHOCTI
CKJIAQJIHOI CHCTEMM, 8 TaKOXK V JOCJTIIZKeHH] 1X HeraTUBHOTO BILIUBY Ha KEPOBAHICTHh
PoIecaMu CKJAQIHOI CUCTEMMU.

3. Anasiz, Bubip Ta NpUAHATTS PilTeHHs 31 3MEHIEeHHs 3arPO3 PU3NK-OPIEHTOBA~

HUX (PAKTOPIB BILINBY:
e BHOIp cTparerii Ta TAKTUKHA YIPABJIIHHS PU3HKOM;
e Bubip mporpamu il (crieHapiil) 31 3HUKEHHS] PU3NUKIB;
® NPUIHATTS PillleHb Ta OpraHi3allisd BUKOHAHHS PO3POOJIEHOT TPOTPaMHU.

Ha npomy erami ocoba, mo npuiivae pimenns (OTTP) dopmye i migbupae in-
JIMBIYAJIBHAN MAXiA 0 pU3UKY (PYHKIIOHYBaHHA CKJaaHol cuctemu. [lorpeba -
€l mporeypu BUOOPY TOB’si3aHa 3 PI3HOIO PE3YJILTATUBHICTIO CIIOCOOIB YIIPaBIiHHA
PU3UKOM 1 Pi3HEUM PO3MIpOM pecypciB, siki norpibui st ix peastizanii. Bubupatoun
pU3UK i MeTo floro yupaB/iHHA, 3aBXKAN MOTPIOHO BPAxXOBYBaTH pecypcHi obMe-
JKEHHs 1 HaMaraTucs ONTHMI3yBaTH iX BTpaTu. /Ijs ONMIHKU BCIiX pecypciB MOxKHA
y3araJbHATU B OJIHY IIKAJIy — (PIHAHCOBY.

OTKe, B 3aJ1€2KHOCTI BiJI pO3TJIALYBAHOI CKJIAIHOI CHCTEMH HeOOXiIHO: aJIeKBATHO
nigiopaTn (pakToOpu pU3UKIB, MO0 PECYPCY CUCTEMH, IO MOXKe 3a3HATH BTPAT IIPHU
BUHUKHEHHI PU3UKY; BUBHAYUTHU MIKAJIU OIIHIOBAHHS PU3UKIB; MOOYLYyBATH METOIN
OIIHIOBAHHS; 3/IHCHUTU aHa i3, BUOIp Ta TPUAHATTS PIllIEHHS OO MPOAKTUBHOTO
VIpaBIiHHSA 3HUKEHHS PU3UKY /14 IMiABUIIEHHSI KEePOBAHOCTI MPOIECaMu Y JIOCTi-
JIZKYBaHI# cucTeMi.

Ha ocnoBi mocaimzKeHHS cucTeMH HEOOXITHO BH3HAYUTH HAOOPHU BXITHUX TAHUX
K = (K, Ky, ..., Kp,), 3ri150 skux Oye OIiHIOBATHCH PIBEHb KEPOBAHOCTI MPOIECa-
M y ckyaaHiil cucremi S. [oKa3HUKYM MOXKYTDH MPEJACTABISITH COOOIO IITYy CHCTEMY
KpUTepiiB pusnky, pakTopiB Ta Mojeseil, Ha OCHOBI SKUX BUBOJIUTHLCS OJHA arpe-
roBaHa oIiHKa. Hampukial Ha piBeHb KepPOBAaHOCTI JITaKa BILIMBAIOTH ITOKA3HHWKH,
IO 3aJIeKaTh BiJl PU3UK-OPIETOBAHUX CUTYyalliil abo Ha piBeHb Oe3medHoro hpiHaHCy-
BaHHs 1HHOBAILIHUX HPOEKTIB BIJIMBAIOTH (PaKTOPU YIPaB/IIHHA Ta lepejidayeHHs
PU3UKAMU.

Jlnst oniHIOBaHHS PiBHYA KEPOBAHOCTI MPOIECIB (PYHKIIOHYBAHHSA CUCTEMH 3Ti-
JIHO PU3UK-OPI€HTOBAHUX (PAKTOPIB BILIUBY Ha CHUCTEMY, IIPOIOHYEThCS KJac 3a/1a4
7 — HeYiTKe OIHIOBAHHS CHCTEMHU BPAXOBYIOUHN PU3UK-OPIEHTOBaHI (DAKTOPH BILIHUBY.
Posp’gazanngam 3a1a4i Z OTPUMYETHCH PO3YMIHHS KEPOBAHOCTI HPOLECAMHU B CKJIa-
JIHUX CHCTEMaX BPAXOBYIOYM Ta PO3KPUBAIOYM Pi3HI PU3UKH.

CucremMHa TEOPETUKO-MHOKHHHA MOJEIb 3a1a49i OIMIHIOBAHHSA KEPOBAHOCTI IPO-
necamMu y CKJIAJHUX CHCTEMaX, BPAXOBYIOUHM PHU3UK-OPIEHTOBaHI (PpaKTOPH BILIHBY
MO2Ke OYTH IIpeJcTaB/lIeHa HACTYIIHUM YUHOM:

Z = {5, Kr, Mg|Y)}, (1)

ne S — ckaamHa caabo cTpykrypoBana cucrema; Kgr — indopmamniiiai mogesni Kpu-
TepiiB (rpyn KpUTEpiiB) ONiHIOBAHHS PH3UK-OPIEHTOBAHNX (DaKTOPIB BILIMBY HA CH-
cTeMy, 91 MOJIeJIl OIIHIOBAHHS 3arpo3 Ha CHUCTEMY, IO MOTEeHIIIHHO IPU3BEAYTDH 10
nocaabJieHHsT KEPOBAHOCTI IpollecaMu B Hiit; Mp — BHI MOIEI OIIHIOBAHHS IIPOIle-
CiB KEPOBAHOCTI y CKJIAQJHUX CHCTEeMaX BPAXOBYIOUH 3aTrPO3U CUCTEMU, MOKA3HUKHU
PI3HUX PU3HUKIB Ta JOCBI/Ly €KCIIepPTiB.
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B pesysibraTi oTpuMyeMO BUXIAHY OIIHKY Y, IO HECE 3MICT KEPOBAHOCTI IIPOIECIB
y CHUCTeMi BPaXOBYIOUM PU3UK-OpieHTOBaHI (pakTopu BILIUBY. /[any ominky Oympemo
HA3UBATH arperoBaHOI0 PU3HK-OPIEHTOBAHOIO OIIHKOIO PiBHS KePOBAHOCTI Ipolleca-
MW B CHCTEMI.

Ha Puc. 1. nupononyerbest ajaropurMm BUOOPY MOJE/1 PU3UK-OPIEHTOBAHOIO OIli-
HIOBaHHS PIBHA KEPOBAHOCTI MpoTecaMu B CKJAAHINA cHUcTeMi, Ha OCHOBI HasIBHUX
BXIJHUX JaHWX, BpPaXyBaHHS 3arP0O3 CUCTEMH, MMOKA3HUKIB PI3HUX PU3NKIB Ta JTOCBI-
Jy excreptiB. Ha Buxo/1i KoyKHOT Moj1e1i Oy/ie arperopaia pu3uK-opi€HTOBaHA OIIHKA
PiBHS KEPOBAHOCTI IIPOLECAMHU Y CUCTEMI, IO BUXOJIUTD i3 OIMIHKH PH3UKY (DPYHKILIO-
HYBaHHS CUCTEMU.

OckinbKu Jane J0C/TIZKEeHHS CIPAMOBAHEe HA, Pi3HI CK/IaHI CHCTEMH, TOMY Ha
OCHOBI TPOBEJIEHOI0 TEOPETHYHOTO JIOC/IIZKEHHA MOYKeMO (opMasizyBaTH BXiTHi
JIaH1, IO BUKOPUCTOBYIOThCA JIId OIMIHIOBAHHSA PU3UKIB 3a JOIOMOTOI0 HETITKUX MO-
TeJieit.

1. Pusuk-opienToBani ¢pakTopH BILTHBY — 1€ MMOKA3HUKH PU3UKY, IO OIIHIOETHCS
JIESIKMM €KCIIEPTOM 3a JIOTOMOIOI0 JIHHIBICTHYHOT 3MiHHOI. /ljist 1boro, Ha OCHOBI
JIOCBi/Ty, BMiHb Ta 3HAHDb IIPO BILUINB PU3WKIB HA cucTeMy S TDyIa eKCIepTiB (T eKc-
nept) pobJIsiTh BUCHOBKE Ta CTABJSTH JIHIBICTHYHY ONIHKY KOKHOMY MOKA3HUKY
K, 3 nesakoi repm-muoxuun T = {Ty; Ty;...; T;}. TepM-MHOKUHY JIHTBICTUIHAX
3MIHHHUX TPEJICTaBUMO, K PiBeHb WMOBIPHOCTI HACTaHHS PU3UKOBOI MOl OMHCAHy
HOKa3HUKOM K JiJIsT JIOCSTHEHHS HMLILOBUX 1OTPed cucremu. Tako»XK 10 KOXKHOI OIfiH-
KH eKCIepT CTaBUTh a0 dncao «xoctoBipHoctiy (1) ¢BOiX MipKyBaHb 3 iHTEPBAJLY
[0; 1], aBo HOpMOBaHY KiIBKiCHY OIIHKY pHU3HKY. st oTpuMaHHsT KiJbKICHOT OIliH-
KH PU3UKY, OKPEMO /T KOKHOTO KPUTEPIIO, MPOMOHYETHCS IHTeTeKTyaJ bHUI aHaTI3
JAHWX BETUYHH, IO TOPO/ZKYIOTH PU3NK, OCHOBAHUN Ha TeOpii HEIITKNX MHOXKUH Ta
dbyuxniit masexuocti [6]. Pynknis HasekHOCTI OyLyeThCS Ta JTOCHIKYETHCS B 3a~
JIEZKHOCTI BiJl TUITY JIAHUX, iX CTPYKTYPH, TEPIOAUIHOCTI OTPUMAHHS, CY0 €EKTUBIZMY
OTPUMAHHS Ta THIMUX XapakTepucTtuk. [le J03BOINTH MOPIBHIOBATH OTPUMAHI OITiH-
KU, MIJIAXOM TepeBeJ/leHHsS Yy HOPMOBAaHY ITKaJy, PO3KPUTH HEJITKICTh Ta HeBU3HA-
YeHICTh OTPUMAHUX JAHUX, IO HiIBUIINTH SKICTh HPUAHATTS pillleHb, 3pOOJIEHUX 3
BUKOPUCTAHHAM 1HTEJIEKTYAJbHOTO aHATII3y TaKUX JTAHUX.

2. Pusuk-opienToBani (pakTOpHU BILIUBY — IIe MHOKHHA 3arpo3 K JedKux aKkTUBIB
CUCTEMH, IO TTPU MOXKJIWBOCTI BUHUKHEHHS TaKOTO sSIBHIA ab0 TMMOjii, HACJIIKOM
SIKOTO MOXKYTD OyTH HeDarkKaHi BIUIMBU HA CUCTEMY, 10 IIPU3BEILYTH JI0 MOCIA0IeHHA
KepOBAHOCTI MpollecaMu B Hi#l. BXijHi maHl y JaHOMY MOHATTI BU3HAYMMO HACTYIIHI:

e T — Hacmiakmu peasizamii 3arpo3 K. /lanm#t moka3HMK BU3HAYAETLCI 3a I0-
HOMOTOIO JIHI'BICTUYHOI 3MIHHOT 3 JIedKOI TepM MHOXKWHU, HAIpukaamr 1 =
{M;A; H;C}, ne M — minimasbui Hacaigkm 3arposu, A — cepefHi HaC/iIKu
3arposu, H — MakcuMaJbHI HACIiIKK 3arpo3u, ¢ — KPUTHYHI HACTIJIKA 3arpo-
30,

® [, — CTeMHb MOXKJIMBOCTI peasizarii 3arpo3u B cucteMi. CTemiHb BUMIPIOETHCS
KUJIbKicHO 3 iHTepBasy |0; 1], HanmpukIa] HOKIAAAI0YH PI3HUI 3MICT: HEMOZKJIH-
BO peaJiizyBaTH 3arpo3y; MiHiMaJibHa MOXKJIWBICTH peaJisallil 3arpo3u; cepe Hsd
MOXKJHBICTD peaJiizallii 3arpo3u; BUCOKa MOXKJIUBICTD peaJsiizallii 3arpo3u; KpH-
THYHA MOKJIHUBICTD peaJizalii 3arpo3u;

L — TSKKICTh HACTIAKIB IHIUJAECHTY O aKTUBY. [HIMIEHTOM HA3WBAETHCS peai-
30BaHa 3arposa.
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Buxin

Puc. 1. Anroputm Bubopy Mojiesieit ONiHIOBaHHS PU3UKY (DYHKIIOHYBAHHST CHCTEM

JHaHuit TOKa3HHK OIMIHIOETHCS eKCIIEPTHO 33 JOIMOMOIOK JiHTBICTHYHOL 3MIHHOIL 3
JIeIKOT TepM MHOXKHUHM L, /1e 3MiHHI MOXKYTBH OyTH, HAITPUKIAI: KUTTEBO-BaKIHBUIHA
HACTIJIOK (SIKITO TPU3BeJe 10 HEMOMKJIMBOCTI JTOCSTHEHHS TJI00aIbHUX Iiteil cucre-
MOI0), BUDIIIAABHAN HACTITOK (SIKINO MPH3BEE 10 HEMOKIMBOCTI JOCSTHEHHS JIO-
KAJbHUX I[iIel CHCTeMH, Ta B JedKiil Mipi BILIMBAa€ HA AKICTh JOCATHEHHS I100AJIb-
HUX TIiJ1eil), KOpUCHUi abo He 3aCTOCOBYEThCs (IHIN BUMAIKHT).

KonnenrtyanbHa MOIe b OTPUMAHHS arperoBaHol pU3UK-OPi€HTOBAHOI OIIIHKH PiB-
Hsl KEPOBAHOCTI IMPOIECAMU Y CKJIQ/IHUX CUCTEMaX MOKe Oy TH IpejicTaB/eHa 3a JI010-
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MOT'OI0 MOOYIOBAHUX HEUYITKUX MOJIeJiell Ta Ha iX OCHOBI y3araJbHEHHX AJTOPUTMIB,
a came: JIBOpPiBHEBA HEUITKA MATEeMaTUYHa, MOJIE/Ib BCTAHOBJIEHHS PU3UKY (DYHKILIO-
HYBaHHS CUCTEMHU Ta piBeHb KEPOBAHOCTI ITPOIEecaMy B Hiif; HeUiTKa MOJIe b OIMIHIO-
BaHHs PU3KUKY (DYHKIIOHYBAHHS CUCTEM 13 3aCTOCYBAHHS iHTEJIEKTYaILHOTO aHAII3Y
JIAHUX; €KCIIEPTHA MOJIeJIb OIMIHIOBAHHS PU3MKIB (DYHKIIOHYBaHHS CUCTEMU 3 Bpaxy-
BaHHAM HAC/II/IKIB peasi3alii pi3HuX 3arpo3 Ha CHCTEMY Ta OIIHIOBaHHSA (DIHAHCOBUX
30UTKIB.

JIBopiBHEBa MaTeMaTHIHA MOJIE/b, 33 JOIOMOTOI IKOI MOYXKHA BPaXyBaTH IIPO-
IIECU KePOBAHOCTI Y CKJIAJIHAX CUCTEMAX Ta OIHUTH PiBeHb PU3HUKY (DYHKITIOHYBAHHS
cucTeM, B TOBHIH Mipi onucana B poborax [1-2|. /Tana Mojieib BUKOPUCTOBYE MIpKY-
BAHHSAX €KCIIepTa MO0 OIMIHOK 33 PI3HUMU KPUTEPIIMHA OIIHIOBAHHS, JJOCTOBIPHOCTI
fforo MipKyBaHb Ta Ha OCHOBI I[HOTO Bi/IOYBAEThCS arperyBaHHs JyYMOK 3a I'DyIaMu
KPHTEPIIB ¥ OCTAaTOYHY OIIHKY. Moaenb po3KpuBae HEYITKICTD BXITHUX OIIHOK, ITiJI-
BHIILYE 00 €KTHUBHICTH €KCIIEPTHHUX CYy/IzKeHb. ba3za 3HaHb MOJei He 3aJe:KUTh Bil
KITBKOCTI KPUTEPIIB O TPYIIax, TOMY IX MOXKHA 301IbIIYBATH IIPH MOTPedi, a TaKOXK
3MIHIOBATH PiBHI IPUHHATTS PIllIeHb.

Hacrynna mewiTka MOJEIb OIMIHIOBAHHS PU3UKY (DYHKI[IOHYBAHHS CUCTEM i3 3a-
CTOCYBaHHS IHTEJEKTYAJIbHOIO aHaII3y JIAHUX, PO3pObJIeHa, JOBeIeHa Ta alrpodoBa-
Ha JIJIS 331241 OMIHIOBAHHS PU3UKIB O€3IeKH MEePeKeBHX CHUCTeM, OMIHIOBAHHS PU3U-
KiB (piHAHCYBAHHS MPOEKTIB, OMIHIOBAHHS PU3UKY CHUCTEMU MYHIMHIAIITETY Ta iHIIT
4].

Excnepraa mozesib OIMIHIOBAHHSA PU3UKIB (DYHKITIOHYBAHHS CUCTEMH 3 BpaxyBa-
HHSM HACJIJIKIB peaJiizallil pi3HuX 3arpo3 Ha CUCTEMY Ta OIIHIOBaHHS (DiHAHCOBUX
30UTKIB anpoboBaHa /I IIPUKJIAIHOL 3a1a9i OIIHIOBAHHS Oe3IeKH MeperKeBUX iH-
dopMaliiHUX CHCTEM aepoIOpTy /s OE3IMEeYHOro Ta CTIHKOIO MOBITPSIHOTO TPAHC-
nopry |3]. Mozesb cripoMozkHa OIiHUTH PU3MKH DYHKIIOHYBAHHS CKJIATHOI CHCTE-
MW, BUKOPUCTOBYE 1HTEIEKTya/JIbHII aHAJI3 3HAHb €KCIEePTiB, PO3KPUBAE HETITKICTh
BXIJIHUX OIIHOK, Ii/IBUIIY€E CTYIHb OOIPYHTOBAHOCTI MIPUAHATTS TIOIAABIITHNX YIIPAB-
JIHCHKUX PINleHb HA OCHOBI OTPUMAHUX Pe3YJIbTaTiB.

4. ObroBopennd. /g 3acTocyBaHHS TEeXHOJOTI] BH3HAYEHHA PiBHS KepoBa-
HOCTI TpolecaMu y CHCTeMi, M0 pO3B’sa3aHHs KJAACy TPUKIATHAX 3a7a9 HETITKOTO
OIIHIOBAHHS CUCTEMHU BPAXOBYIOUH PU3UK-OPIEHTOBAaHI (PaKTOPU BILIUBY, HEOOXiTHO
aJICKBATHO BU3HAYUTH MHOXKWHY PHU3UKIB OIHIOBAHHS, BUOPATH Ta HAJIAIITYBaTH
3aIPOIIOHOBAHI HEYITKI MoJjiesi, HaJamTyBaTu ¢a3udikaniio Bxiauux ganux. L Bei
3a/1a4i MOKJIa IeHl Ha CHCTEMHMX aHAJITUKIB, 10 PO3POOISIOTH iHMOPMAIIiHY CUCTe-
MY V MeKaX MPUKJIAAHOI 3a7a4i. TakKuM YUHOM, M1 IKICHOTO TMOPIBHAHHS JAHUX
Ta PO3MEXKYBAHHS TEPMiB, HEOOXiTHO OKPEMO ITPOBOUTH JjIsd KOXKHOTO IOKA3HUKA,
OCKLIbKH Pi3HI MOKA3HUKH HECYTh Y €00l cBiii uncjioBuit 3mict. /g gxicnoro orpu-
MAaHHS BXiHUX KITHKICHUX OITIHOK Ta IHTEJEKTYAJbHOTO aHATi3y JaHuX (3HAHB) 3
BHKOPUCTAHHAM TEOPil HEUITKUX MHOXKHUH, (PYHKIH HAJEKHOCTI Ta CHCTEMHOTO ITiJI-
XOJIy MOKHA BHKOPHCTATH MOJeNl onucani B [1-4].

B pamkax jioc/iijzKeHHS IIPOIOHYETHCs KJIAC 3a/a49 HEYITKOr'O OIIHIOBAHHS CH-
CTEMH BPAXOBYIOUH PU3UK-OPI€HTOBaHI (paKTOpU BILIMBY, PO3B’ A3aHHAM AKUX OTPHU-
MYETHCS PO3YMIHHS KEPOBAHOCTI MPOIECAMHU B CKJIAQJIHUX CHCTEMAaX BPAXOBYIOUH Ta,
PO3KpHUBAIOUM Pi3HI pu3uKu. KoHIENTyabHA MOJE/b, MO CKJIAJIAETHC 13 CYKYITHI-
CTIO METOJIIB Ta 6a3yeThCcsl Ha BpaxyBaHHI PU3HK-OPIEHTOBAHUX (haKTOPIB BILIHBY
Ma€ psiji Iepesar, a caMe: IMiIBUILYE 00’ €KTUBHICTH €KCIEPTHUX OLIHOK BUKOPHUCTO-
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BYIOUM BXigHI riOpuaHi jJaHi: JIHIBICTHYHI 3MiHHI Ta KiJIBKICHI OIIHKHW; BUBO/IUTH
arperoBaHy pU3MK-OPIEHTOBAHY OIIHKY (PYHKIIIOHYBAHHS CUCTEMH 3 OTJISAILY Ha Mip-
kyBanns OIIP; BuBoauTh piBeHb KepOBAHOCTI IPOIECAMH Y CKJIAJHUX CHCTEMaX.

K IHCTPpYMEHT MPUKJIAIHOTO 3aCTOCYBAHHS MPOMOHYETHCS y3araJbHeH] aJaropu-
T™H, BUOIp SKUX 3a/I€KUTh BiJl HAsIBHUX BXIJHUX JIAHUX, BPpaxyBaHHS 3arpo3 CHU-
CTEeMH, TTOKA3HUKIB PI3HUX PU3UKIB Ta JOCBIJy €KCIEpTiB. ¥Y3arajbHEHI aJrOPUTMHU
— IIe THCTPYMEHT, 33 JIOMOMOTOI0 JKOT'0 MOYKHA aJIeKBATHO BUPIMIUTH THHOBAIITHY
npobJieMy.

o HemoJIKIB JaHOTO MiIXOMY MOYKHA BIJIHECTH BUKOPHUCTAHHS PI3HAX Mojeseit
3TOPTOK JJIs1 OTPUMAHHS arperoBaHol OIHKH, O MOYKe TPUBOJIUTH 0 HEOTHO3HA-
YHOCT] KIHIIEBUX Pe3y/IbTaTiB.

5. BuUCHOBKUY Ta MEepPCHEeKTUBU MOJAAIBIINX JOCAIIMKEHB. Y MPOBEIEHOMY
JTOCJTIIZKEH] 3aIIPOITOHOBAHO KOHIENTYAJbHY MOJIe/Tb OIIHIOBAaHHS PIBHA KEPOBAHOCTI
HpOoIeCAMH V CKJIQJIHUX CHCTEeMaX BPaXOBYIOUM pU3UK-OpieHTOBaHi (akTopu. [Ipm
IMOMY BIEpIIIe OTPUMAHO TaKi pe3yTbTaTH:

® 3aIPOMOHOBAHO €TAIM VIIPABIIHHS PU3UKAMHU Y TIPOTIEC] OMIHIOBAHHS PiBHS K€PO-
BAHOCT1 CKJQJHAX CACTEM HA OCHOBI MPOBEJAEHOT'O TEOPETHIHOTO JIOC/IIIZKEHHS;

e dopMasizoBaHO BXiJIHI JaHi, 1[0 BUKOPUCTOBYIOTHCS JIJId OINIHIOBAHHS PU3HKIB
3a JOTIOMOTOI0 HEIITKAX MOJesell 1Id pi3sHUX CKJIAIHUX CHCTEeM, a caMme: MOKa-
3HUKHU PU3UKY, IO OMIHIOETHCS JAeTKIM eKCIIEPTOM 3a JOTTOMOTOIO JTIHTBICTHIHOL
3MIHHOT; KIJIBKICHOT OIIHKH <«IOCTOBIPHOCTEM» eKCIepTiB 100 MIPKYBaHb PO
MOKAa3HUK PU3WKY; KiJBKICHOI OIIHKW KPUTEPII0 PU3NKY HA OCHOBI IHTEJEKTY-
AJTLHOTO aHAJII3Y JAHUX BEJUYUH, IO TTOPOJKYIOTH PU3UK, i3 3aCTOCYBAHHIM
Teopil HEeUITKUX MHOXKHH Ta (PYHKINN HaJIeKHOCTI; JIHIBICTUYHOI 3MiHHOI Ha-
CTIJIKIB peaJii3allil 3arpo3 Ha CHCTeMY; CTeIlliHb MOXKJIUBOCTI peasizarii 3arpo3u
B CUCTEMI; TSXKKICTh HACHLJIKIB IHIUJIEHTY 110 aKTUBY CUCTEMH, IO OIIHIOETHCH
JEIKUM eKCIIePTOM 3a JIOMTOMOTOIO JITHTBICTHIHOT 3MIHHOI;

® 3aIPOIIOHOBAHO KOHIENTYAJIbHY MOJIE/Ib, IO PO3B’A3y€ KJIaC 3a1a49 OIMIHIOBAHHSA
KEPOBAHOCTI ITPOIecaMu V CKJITHUX CUCTeMaX BPaXOBYIOUH PU3WK-OPI€HTOBAHI
dakTopu BIUIMBY Ta aJrOPUTM BUOOPY MOJIEJII PU3UK-OPIEHTOBAHOIO OLIHIOBA-
HH.

PamionaibaicTh OTpUMaHUX arperoBaHUX PU3MK-OPIEHTOBAHUX OIMIHOK (DYHKITIO-
HYBaHHS CUCTEMU JIIsi BU3HAYEHHS PiBHS KEPOBAHOCTI MPOIECAME Y CUCTEMi, JOBO-
JUTH 3HAYHUMH anpoOalisMu Mojesiei Ui pisHUX TPUKIaTHUX 3aJ1ad. JocToBip-
HICTH OTPUMAHHUX Pe3yJIbTaTiB 3a0e31evuyeThcss KOPEKTHHM BHKOPHCTAHHAM Teopil
HETITKIX MHOYKWH JIJIS ONPAIlIOBAHHS eKCIePTHUX 3HaHb, CUCTEMHOTO MiIXOY, IO
MiITBEPZKYETHCI PE3yIbTaTAMA JIOC/TiI7KEHbD.

[Monasbie jgocainzkennsd npobjeMaTukn BOAYaEMO: y KOHCTPYIOBAHHI y3arajib-
HEHHMX IIOKPOKOBHX aJI'OPUTMIB Ha OCHOBI po3pobseHux mozmeseit. IIposenene poci-
JI2KeHHsT OyJle KOPUCHUM IHCTPYMEHTOM JIJISI IMiJITPUMKHU IIPUAHATTS PillleHb, 00
MiIBUTIIEHHST KEPOBAHOCTI MPOIECAMH Y PI3HUX CKJIAJHUX CHCTEMAaX TIIIXOM Bpaxy-
BaHHs PU3UKIB Ta 3arpo3 11 PyHKIIOHYBAHHS.

6. ITomaka. Pobora BukoHyBaJiach y MezKaxX CTHIEHIIAJIbHOI ITPOrpaMU CITiB-
pobitaunTrBa Mizk MiHicTepcTBOM OCBiTH 1 HAyKH YKpainu Ta MiHicTepcTBOM OCBITH
CnoBanpkoi Pecriybutiku B rasy3i ocBiTy Ha 6a3i KomunbKoTo TEXHIYHOTO YHIBEPCH-
Tery, ABlamiiHOro (haKyIbTeTY.

st pobora Oysia miarpumana CiioBalbKUM areHTCTBOM JIOC/II2KEHD 1 PO3POOOK
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Polishchuk V. V., Kelemen M., Mlavets Yu. Yu, Tymoshenko O. A.,
Kelemen M. Jr. Conceptual model for assessing the level of process control in
complex systems considering risk-oriented factors.

The research of the actual task of developing a conceptual model for assessing the level
of process control in complex systems, considering risk-oriented factors.

The study for the first-time proposed stages of risk management in the process of assess-
ing the level of controllability of complex systems. The input data used for risk assessment
using fuzzy models for various complex systems are formalized, namely: risk indicators
assessed by some expert using a linguistic variable; quantitative assessment of the "relia-
bility" of experts in relation to considerations of the risk indicator; quantitative assessment
of the risk criterion on the basis of intellectual analysis of the data generating the risk, us-
ing the theory of fuzzy sets and membership functions; linguistic variable consequences of
the implementation of threats to the system; the degree of possibility of realization of the
threat in the system; the severity of the consequences of the incident on the asset of the
system, which is estimated by some expert using a linguistic variable.

For the first time, a conceptual model was proposed that solves a class of problems
of process control assessment in complex systems considering risk-oriented factors and
an algorithm for selecting a risk-oriented assessment model. As a result, we obtain an
initial assessment that carries the content of process control in the system, considering
risk-oriented factors of influence. As a tool for application, generalized algorithms are
proposed, with the help of which it is possible to adequately solve the innovation problem.

The reliability of the obtained results is ensured by the correct use of fuzzy set theory
for the development of expert knowledge, a systematic approach, which is confirmed by
research results. The study will be a useful tool to support decision-making to improve
process control in various complex systems by considering the risks and threats to its
operation.

Keywords: process control, risk factors, fuzzy set, level of risk, decision-making, intellec-
tual analysis.
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ITPABWJIA JJIdd ABTOPIB

ITpu migrorosmi pykonucy HeoOXiAHO TOTPUMYBATHUCS TAKUX TTPABIII:

1)

10)

CrarTa MOBMHHA MICTHTH KOPOTKWIT BCTYI, aHadi3 OCTAHHIX JOCTIIKEHb i mybJri-
Kalliff Ha dKi CTUPaeThCs aBTOD; BUIALIEHHT HEBUPINIEHWX paHille YaCTUH 3arajb-
HOT mpobIeMn, IKUM MPUCBAIYETHCA CTATTH, MOCTAHOBKY 3a/a4i Ta (hopMyaroBaHH
OJIep2KaHNX aBTOPOM HOBUX PE3YJILTATIB 1 TOBHE iX JOBEAEeHHS, BUCHOBKH 3 JaHOTO
JOC/IiI2KeHHS 1 TePCIeKTUBU TOMAAbINNX PO3BIAOK v 1IboMy Hampami. He momyckae-
ThCst POOUTH BEJTMKI OIVISA/IN B2Ke OIyOJiKOBaHUX cTaTeil 1 pe3ysibTaTiB, mepeka3yBaTu
Bigomi daxTy, HaBoauTn GOPMYJIIOBAHHS OMYyOJIIKOBAHUX TEOPEM, JIEM, TTOCUIAHHS
Ha HeomnybJikoBaHi poboTu.

Tematvka KypHATY OXOILIIOE€ BHUCBITIEHHS OPUTIHAJILHUX PE3YILTATIB 3 TEOPETH-
YHUX 1 TTPUKIAIHUX TPOOIEM MATEMATUIHOIO MOJETIOBAHHS, 00YUCTIOBAIBEHOI Ma-
TEeMATUKW Ta 1HQOPMAIIHHIX TEXHOJIOTI.

Tekcr BiANOBia€ BUMOraM J0 CTHIICTUKN Ta b6ibmiorpadil, Bukiagerum v Kepisuu-
nTBi s apropis posmiay "Ilpo sxypran". Ilpu odopmaersi daiiry momxanust Oyan
BUKOHAaHI iHCTPYKINI Mmoo 'apanTiii caimoro peren3yBaHHd.

OdopmieHHst cTaTi TOBUHHO BiJIMIOBI/IATH BUMOraM peakiiiiHoro odopMmiaeHHs Ha-
yKOBUX (PAXOBUX BUJIAHHS 3TiTHO 3 AEPKABHUMU CTAHIAPTAMU Y KPAIHA Ta MiXKHA-
POJIHUM CTaHIApPTaM.

Enexrponna xomig pykorucy y Bursiii LATEX-daitny abo WORD-gaitny nogae-
TBCI 70 peJakiil OUIAXOM 3all0OBHEHHsI ¢opMn momadi nyOsikamil Ha caiTi
http://visnyk-math.uzhnu.edu.ua/submission/wizard.
st momadi crarti BukopucTosyiiTe mabaon WORD ato LATEX. Akryasbiy Bepcito
mabJIOHIB Ta TeXHIYHI BUMOIM JI0 CTaTTI MOXKHA 3HAWTU Ha caiiti, po3ain "[Togamnms"
http://visnyk-math.uzhnu.edu.ua/about/submissions.

Moga, ax010 0OPMIAETHCH CTATTS, TOBUHHA OyTH YKPATHCHKOI ab0 aHT/IHCHKOIO.
Pepnaxkiiitina kosieria Mozke 341 ICHIOBATH HAYKOBE 1 JiTepaTypPHE PEAaryBaHHs CTATTI,
TOTOJIZKYIOYH Bi/ipearoBaHmii BapianT 13 aBTOPOM, SIKWI HAIa€ JO3B1 HA IPYK [LIA-
XOM IHIMUCAHHA aBTOPCHKOT yrou. llijmmcana aBropcbka yroma MOXe HaICUIaTUCS
JI0 PeAaKIlT KypHATY TOMTOK ab0 cynposiganm daiinom (dborokormis).

Dopmynn, TKi HYMEPYIOTHCH, 000B I3KOBO BUKJIIOUATH B OKpemuii psanok. Hymepy-
BaTHU TUTHKHU Ti (pOPMYJIH, HA SKi € TTOCHIAHHS.

Awmorania (Abstract) mosunana GyTH CKIag€HA BIAMOBIIHO 0 BUMOT MiXKHADOJHUX
HAYKOMETpUUIHUX 6a3 i OyTu: iH(OPMATUBHOW (HE MICTHTH 3arajbHUX CJiB); OpHU-
rHAILHOI; 3MICTOBHOKO (Bimobparkarn OCHOBHHUIT 3MicT cTarTi i pesyabrarm goci-
JIZKEHB ); CTPYKTYPOBAHOIO (CJIIYBATH JIOTIIl OMUCY PE3yJIbTATIB B CTATTI).

Ilocunanns Ha jzKepesa BUKOPUCTaHUX MaTepiasiB, paKTUYHUX Ta CTATUCTUYHUX
JaHUX € 000B’sI3K0BUMHU (II0JIAI0THCSl B TEKCTI Y XPOHOJIOMYHOMY HOPSAKY (HE 3a
abeTko10) mudpoIo y KBAIPATHUX JIy’KKAX 1 PO3MINIYIOTHCA B TTOPAJIKY ITUTYBAHHS
UM 3raJyBaHHd. ¥ TEKCTi CTATTI MOCHIAHHA TTO3HAYAIOTLCA Yy KBAJIPATHUX JYKKAX,
HanpuKIa, [2]; HomMep CTOPIHKN BUALIAETHCS JBOKPANKOIO, Hanpukiaas, [6: 37]. Ca-
MOIUTYBaHHS He TOBUHHO nepesuinysata 30 %. KoxHa craTTs MOBUHHA MICTUTH
CITMCOK BUKOPUCTAHOI JiiTeparypu oOPMICHUN 3TiAHO 3 HAIMIOHAJLHUMU CTAHIAD-
ramu (JICTY 8302:2015) Ta cnucok BUKOPHUCTAHOL JiTepaTypH, 0hopMIeHHH 3TiTHO
3 mixkHapogauMu crangapravu (APA).

3pazku 6ibsiorpadiyHoro omucy KHUTH, CTATTi, JEIMIOHOBAHOIO PYKOIHCY, TE3UCIB
Jonosizeit koudepentriii:
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INSTRUCTIONS FOR AUTHORS

The following rules must be followed when drafting the manuscript:

)

10)

The article should contain a brief introduction, an analysis of recent research and
publications that the author relies on; highlighting the previously unsolved parts
of the general problem, which is devoted to the article, problem statement and
formulation of new results obtained by the author and their complete presentation,
conclusions from this study and prospects for further exploration in this direction. It
is not allowed to make big reviews of already published articles and results, to retell
known facts, to state the formulations of published theorems, lemmas, references to
unpublished works.

The topics of the journal cover the coverage of original results on theoretical and
applied problems of mathematical modeling, computational mathematics and infor-
mation technology.

The text complies with the stylistics and bibliography requirements set out in the
About the Journal Authors Guide. When submitting the submission file, the in-
structions for the Blind Review Guarantee were followed.

The articles must comply with the editorial design of scientific professional publica-
tions according to state standards of Ukraine and international standards.

An electronic copy of the manuscript in the form of a LATEX file or a WORD
file is submitted to the editorial board by filling in the online submission form
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Use the WORD or LATEX template to submit the article. An up-to-date version of
the templates and specifications for the article can be found on the site, the section
"Submissions" http://visnyk-math.uzhnu.edu.ua//about/submissions.

The language used for the article should be Ukrainian or English.

The editorial board may edit the article in a scientific and literary manner by agreeing
an edited version with the author, who authorizes the print by signing the copyright
agreement. The signed copyright agreement can be sent to the journal by mail or
an accompanying file (photocopy).

Formulas that are numbered must be excluded in a separate line. Only the formulas
referenced are numbered.

Abstract should be prepared in accordance with the requirements of international
scientometric bases and be: informative (do not contain common words); the original;
meaningful (reflect the main content of the article and research findings); structured
(follow the logic of describing the results in the article). Annotation volume of at
least 1800 characters.

Links to sources of materials, facts, and statistics used are mandatory is required
(chronologically (not in alphabetical) in square brackets and cited or referenced in
the text of the article, such as [2]; the page number is a colon, for example, [6:37] Self-
citation should not exceed 30% Each article should contain a list of used literature
designed in accordance with national standards (DSTU 8302:2015) and references,
designed according to international standards (APA).
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