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MODEL OF MULTI-CRITERIA SELECTION OF SCIENTISTS AND
HIGHER EDUCATION INSTITUTIONS FOR THE SCIENTIFIC
ORGANIZATION

The research formulated the task of selecting potential partners for cooperation within
the framework of scientific and educational projects. The formulation of the problem in
which each project consists of a finite number of work packages is considered.

To find the generalized aggregated evaluations of applicants, a system of fuzzy logical
inference is used, which is built to harmonize the opinions of experts regarding the creation
of project groups. This method consists of three stages. At the first stage, fuzzification is
carried out through the implementation of the scientist’s affiliation function to the direction
of scientific research. The second stage of fuzzy logic inference consists of experts forming
requirements for candidates for a place in the project group. The final stage involves
defuzzification using the center of gravity method.

Keywords: scientific research, partners, choice problem, fuzzy logical inference.

1. Introduction. The formation of scientific communities takes place in the con-
ditions of competition among scientists from all over the world. Scientific societies
consist of universities, research institutes and private companies, which form appli-
cations for joint grant research. It is possible to distinguish three forms of relations
between subjects of scientific communities and between their individual structural
subdivisions [1]: competition, neutral relations, and partnership.

Hayk. Bicuuk Y:kropom. yu-ty, 2022, rom 41, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



8 A. O. BILOSHCHYTSKYI, Y. V. ANDRASHKO, ..., S. N. TOXANOV

The task of finding a partner is relevant in the context of globalization and
the intensive development of mobility of scientific communities. In this regard, it is
possible to highlight the task of calculating the rating of competitors, evaluating the
activities of other companies and institutions that can potentially become partners.
The principle of constructing metrics can be used to determine assessments of the
subjects of scientific communities and individual scientists. It is important to take
into account the fluidity and dynamism of the performance of scientific communities
and individual scientists, as well as the specifics of partner activities and the specifics
of established competitors.

2. Research review. In the context of globalization due to the intensive
development of mobility of scientific communities, it is important to rationalize the
choice of partners by: KEstablishing the possible contributions of partners to the
project, evaluating the performance of potential partners according to well-defined
criteria, and solving the multi-criteria selection problem.

A partial solution to the first problem for the scientific community is provided in
[2]. The paper proposes a method of clustering scientists’ publications by scientific
fields. Within the framework of this method, two ways of finding the distance
between publications are proposed. The first method uses the length of the route in
the citation graph between publications. The second method takes into account the
calculation of the similarity between publication annotations based on the locally
sensitive hashing method.

The second task has also been partially solved for the evaluation of research ac-
tivity on the basis of the publication activity of scientists. The work [3] proposes a
method of finding integral estimates of the scientists’ research activity results. The
method can be used in carrying out a comprehensive assessment of scientists, higher
educational institutions and their structural units. The work [4] proposes a method
of a comprehensive evaluation of the results of the activities of higher education
institutions, based on the calculation of the generalized volume of the m-simplex,
the vertices of which are the evaluations of the activities of higher educational insti-
tutions in different categories. In addition to evaluating the results of scientific and
research activities, it is important to understand the dynamics of changes in this
evaluation in the future.

The work [5] analyzed the latest scientific research, which consists in evaluating
the scientific research activity of subjects and objects of scientific environments. The
work also defines the main features of partners (universities, research institutes, state
authorities, private companies, professional associations and foundations), which
determine the methods of communication and cooperation between them. The key
factors influencing the creation of joint forms of scientific cooperation are described
in works [6]. It is determined that the main factors are the level of reputation of the
agents and the specifics of cooperation mechanisms, which may have certain limi-
tations. Mathematical methods of choosing partners for cooperation are described
in works |5, 6]. In particular, it is proposed to use the analytical hierarchy method
and a modification of the genetic algorithm for this task. Theoretical aspects of the
formation of factors regarding the choice of partners for cooperation in innovative
projects are given in the work [7]. The process of selecting partners in joint inter-
national enterprises is described in [8, 1|. Some aspects of this process can be used
to select partners for scientific and educational projects.

Pozain 1: MaremaTnka i cTaTuCTAKA



MODEL OF MULTI-CRITERIA SELECTION OF SCIENTISTS AND HIGHER ... 9

3. Formalization of the selection problem. The research formulated the
task of selecting potential partners for cooperation within the framework of scientific
and educational projects. Each project in this setting consists of a finite number of
work packages, for each of which it is necessary to select executors. For each work
package of each project, a list of key criteria for partner selection must be formed.
To determine the optimal composition of executors of the work packages of each
project, the method of aggregation of expert assessments can be used. Based on
the results of the expert evaluation, the decision on whether to select performers for
the implementation of the relevant package is made by the project manager or the
person who makes the decision.

Let a finite set of scientific and educational projects or grants be given as [8]:

G ={G1,Gq,...Gp},

n — the number of projects for which it is necessary to select executors. Let a finite
set of potential executors for these projects be given.

V:{vl,vg,...,vt},

t —is the number of potential performers as subjects of the educational and scientific
environment. Executors can be scientists, project managers, research institutions,
institutions of higher education, etc.

Any project consists of a number of work packages

r; — the number of work packages of the project G;, i = 1,n , which are executed
in a certain sequence and linked by results. For the execution of each of these work
packages, it is necessary to select executors who have the experience and competence
to complete the package in a timely and efficient manner. That is, it is necessary to
find the following sets of potential performers:

W(g;) - {Ud € V‘(Udmg;) € QZ} 7Qi CVx GZ?] - 17Tiai :17_”7dzm
For each work package of each project, a list of key partner selection criteria
must be created. That is, the vectors of evaluation criteria will have the form:

£ (v) = ( T (), fI (), ..., }%_j(v)),vev,

N;; — the number of evaluation criteria of potential partners of work packages gj-
projects Gy, j = 1,75, 1 = 1, n.

Some criteria are maximized, so we denote the set of indices of such criteria by
J? ={1,2,...,hy}. Other criteria with indexes Jy' = {hy; + 1, hy; +2,..., Ni;} —
are minimized J9 = {1,2,..., Ny}, JZ U JY = J¥. Then

Z Mefr (v) = max, Z A =1,

keJy keJy
E O fy (v) — min, g o =1,
keJy keJy

Hayxk. Bicuuk Y:kropom. yu-ty, 2022, rom 41, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



10 A. O. BILOSHCHYTSKYI, Y. V. ANDRASHKO, ..., S. N. TOXANOV

for each package and project, the limit of the set of potential executors is built
v € VY,

VIi={veV|yl(v)>pl, u=Tz25j="1r,i=1n},

where z;; — is the number of threshold values for the constraint vector function
i (v).

The coefficients A\ and J, determine the importance of each of the criteria in the
calculation of the comprehensive assessment.

The decision on whether to select executors for the implementation of the relevant
package is made by the project management team or the person who makes the
decision. To determine the optimal composition of executors of the work packages
of each of the projects, the method of aggregation of expert assessments can be used.

Let the given set of experts

E:{El,EQ,...,ES},

s —1is the number of experts. Each of the experts compiles the preferences of potential
performers considering the vector of criteria. An incomplete preference profile is
allowed. Let fgb — is the average frequency of occurrence of each of the advantages
among potential performers v, and vy, ¢ # b, v. € V', v, € V. Then we get preference
matrices of the form:

i i ij
Ll SL2 "°0 Sl
%] %] 1]
i 2,1 22 7 2t
i , , )
Y = o R
il gl
t,1 t,2 t,t

j=1r,i=1n

It is possible to obtain an ordered list v,ijl - ’U,ij2 - v,ijt, by < ko <...<khy,
k, € {1,2,...,t}, U,qu € V¥, ¢ = 1,t of potential performers for each package g} of
project G; using methods of collective formation, based on the matrix of pairwise
comparisons.

Taking into account the specified list, the project manager selects specific per-
formers and forms a working group.

The general statement of the problem may change depending on which partners
are considered. Potential partners can be universities, research institutions, private
companies, state organizations, individual scientists. Depending on the objectives
of such partners in the project, it is possible to choose appropriate criteria for their
evaluation. In particular, for scientists, the evaluation criterion can be publication
activity on a topic that meets the tasks of the corresponding work package. In this
case, the set of all publications of a potential partner will be denoted by

Q(Ud):{qeeQ‘ (Ud7Q€)GT}JTCVXQ76217MJCZ:H7

where P —is the set of all publications of scientists that are available in the database,
M = card(P).

The set of publications in which the scientist’s publications are cited will be
denoted by

C(”d) = {QC €Q| (qe7pC.Z) ecaQE GQ(Ud)aE: 1,M,€#E},€:1,M7

Pozain 1: Maremarnka i cTaTuCTAKA
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where C' C ) x @) define citations of the publication.

Then the task of evaluating the productivity of scientific research activity of
scientists for their selection to the project is to find for each scientist vy, based on
the given information regarding the citation of his publications, some evaluation b,
which can be represented in the form of a functional

Q7:V =R,

which is determined depending on the needs of the project and the corresponding
project package. The estimate will then look like this:

ba = Q7 (Q (va) ,C (va)),d=T1,¢,j =1, r;,i =1,n.

Then the preferences between scientists v, are determined by the value of es-
timate ¢4. The greater the value of b,, the greater advantage the corresponding
scientist has for the selection of packages gj» of projects G; into working groups.

If the potential partner is a university or research institute and the scientific
component of the activities of the corresponding institution is important for the
purposes of the work package, this scheme can also be used. In this case, the
evaluation of scientific research activity is calculated for each scientist from a certain
structural subdivision, or the university as a whole b;. And the overall evaluation
of the university O will be determined as the average value of the estimates:

1 t
d=1

One of the international or national indexes can also be used to evaluate univer-

sities as potential partners:
— rating of the British consulting company Quacquarelli Symonds (QS);

— the academic ranking of universities in the world, compiled by the Institute of
Higher Education of Shanghai Jiao Tong University (Shanghai Ranking);
— Top-200 rating.

Other foundations, associations, and state institutions (for example, ministries,
departments, etc.) can also be executors of the project. In this case, the criteria for
selecting an executor may include experience in implementing similar projects, the
degree of innovation in decision-making, financial ability, assessment of reputation,
etc. The evaluation of such criteria can be conducted on the basis of an expert
survey, taking into account fuzzy staging.

According to the results of the formation of working groups of project packages,
a consortium or project cluster is legally established. It is necessary to take into
account, the possible participation of stakeholders in the process of project imple-
mentation. However, investigating the possibility of including them in the project
cluster is a separate task. Since the inclusion of new interested organizations or per-
sons at the stage when the project is already being implemented requires a careful
study of the functional responsibilities of the parties, considering the interests of all
participants of the project cluster or consortium.

4. Determination of requirements for the method of selecting part-
ners. To solve the problem of choosing partners for cooperation in the framework
of scientific and educational projects, it is necessary to develop such a multi-criteria
decision-making method that meets the following conditions:
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12 A. O. BILOSHCHYTSKYI, Y. V. ANDRASHKO, ..., S. N. TOXANOV

1. Evaluation criteria and alternatives should adequately reflect the complex pro-
cesses of selecting project executors, should take into account project features,
types of executors, etc.

2. Simplicity and clarity in the interpretation of the results of the evaluation of
alternatives, that is, the creation of appropriate scales and descriptions of the
evaluation results, which would facilitate the work of the person who makes the
decision.

3. The ability of the person who makes the decision to choose other alternatives
in case the proposed ones do not suit him. This is ensured by introducing clear
advantages between alternatives.

4. The possibility of adapting methods or the possibility of using other decision-
making methods, as well as exporting the results from one method to another,
which would allow to confirm or refute the evaluation results.

5. Development of a method for selecting partners. Let a certain project
be at the planning stage, that is, the stage of defining the project environment, and
the formulation of the project has already been completed. So, the internal and
external factors are determined, the goals and objectives of the project are formed.
Then the project can be seen as a set of individual processes, which consist of
solving individual tasks of the project. Each of the processes requires resources for
its implementation. One of the main resources are task executors.

Let us consider the task of selecting project executors based on a fuzzy expert
survey. For simplification, we will assume that each process from the beginning to
the end is conducted by one executor. Let us decompose the task of selecting project
executors on the subtask of selecting exactly one executor for each of the processes.
Let us form a set of persons who can be executors

A=A{ay,a9,...,a,},

where n — is the number of persons who can be executors of the process (hereafter
referred to as candidates). Each of the candidates can be evaluated based on the
list of criteria ¢y, co,...,cr, kK — the number of candidate evaluation criteria. The
purpose of the research is to build a method of evaluation and selection of a rational
executor among candidates a* € {ay, as, ..., a,} taking into account a set of criteria.
Moreover, the result of applying the method can be either one rational executor a*
or an ordered set of executors {a}, a3, ..., a’}.

The solution, as an ordered set, has a number of advantages. In particular, if
a rational candidate refused to participate in the project due to certain external
unforeseen factors, the next candidate may be involved in the project.

To evaluate candidates, use a multi-criteria group expert survey. To find the
generalized aggregated evaluations of the applicants, the system of fuzzy logical
inference (FLI) will be applied. The procedure of fuzzy logic inference consists in
defining the mapping of a vector of estimates of input data into a scalar initial value
using fuzzy rules.

Fuzzy logical inference consists of three stages.

The first stage is fuzzification. This stage is based on some linguistic variables
with corresponding linguistic scales. The main procedure of the stage is to determine
the degree of belonging of the input value to each of the linguistic variables.

Pozain 1: Maremarnka i cTaTuCTAKA
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Consider the mapping obtained as a result of solving the identification of research
directions of scientists as a discrete fuzzy mapping, with a membership function
determined by the ratio of the number of publications of the author in a given
scientific direction to the total number of publications. That is,

A(a;) = (mlpy) b =1,9,i=T1,n,
a belonging is determined by the formula

i = Q@) il
bRl

where @Q(a;) is the set of all publications of the scientist a;, and Y, — is the cluster
of publications corresponding to the direction of scientific research 7.

The second stage is a mechanism of logical inference. This stage is based on the
fuzzy rules that specify the mapping of input fuzzy sets into the output fuzzy set.
These rules are formed on the basis of appropriate expert evaluations. There are
different procedures for obtaining fuzzy inference, including procedures of Mamdani,
Sugeno, Larsen.

Fuzzy rules are formed in the format "If the candidate has the competence 7,
with the degree of belonging 1, then he meets the requirements of the project with
the degree of belonging o". For example, the following rule can be formulated: "If
the candidate knows project management methods, then he is an excellent candidate
for the position." In the given example of mastery of project management methods
- competence 7, "excellent" is a verbal qualitative assessment. A certain scale
should be used to translate qualitative assessments into quantitative values of the
membership function. An example of such a scale is given in Table 1. The fuzzy

Table 1.
Scale for verbal evaluation of the statement

Ne Verbal qualitative assessment The valge of th?
membership function

1 Perfectly 0,9

2 Fine 0,75

3 Satisfactorily 0,6

4 Unsatisfactorily 0,35

inference procedure consists in the aggregation of all rules. The process of fuzzy
logical inference in the FLI system consists in finding the degree of fulfillment of
each rule based on the degree of truth of its premise using the composition o =
min{u}. FLI according to Mamdani uses the minimum operator, in the system of
FLI according to Larsen based on the product operator.

The final stage — defuzzification consists in transforming a fuzzy value into a
clear one. The most common method of defuzzification is the method of finding the
center of gravity of a fuzzy set.

Defuzzification occurs using the formula for finding the center of mass

Tmaju(m)d:ﬂ

Tmax ’

| w@)dz

Zmin
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14 A. O. BILOSHCHYTSKYI, Y. V. ANDRASHKO, ..., S. N. TOXANOV

where z is a fuzzy value and p(z) — is its membership function. Since we are dealing
with a discrete quantity, the Stiltjes integral should be understood as a sum, i.e. the
defuzzification occurs according to the formula:

P
> A,
b=1
v
> 1
b=1

The choice of the executor of the scientific project consists in finding such a
scientist who corresponds to the maximum value of defuzzification. An ordered set
of executors is constructed from scientists by decreasing defuzzification value.

This approach makes it possible to simplify the selection of potential scientific
partners for the creation of a joint project and provides tools for the project manager,
which, on a scientific basis, establishes the advantages of partners for the project,
as well as for its components.

6. Conclusions and perspectives for further research. The task of
selecting potential partners for cooperation within the framework of scientific and
educational projects is formulated. Each project in this production consists of a
finite number of work packages, for each of which it is necessary to select executors.
In practice, project packages have different directions (information dissemination,
management, maintaining the stability of project results, scientific research), etc.
Forming the criteria for selecting partners for each of the packages is an important
task. To find generalized aggregated evaluations of the applicants it was proposed
to apply a system of fuzzy logical inference.

This paper was written in the framework of the state order to im-
plement the science program for budget program 217 “Development of
Science”, IRN No. AP08857218 with the topic: “Information technology
for assessment of scientific activity of universities, research institutes, and
their subdivisions”
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ON A CRITERION OF THE FINITENESS OF THE
REPRESENTATION TYPE FOR FAMILIES OF THE CATEGORIES
OF INJECTIVE REPRESENTATIONS

The representations of posets (partially ordered sets), introduced by L. A. Nazarova and
A. V. Roiter in 1972, play an important role in the modern representation theory and its
applications. M. M. Kleiner obtained a description of posets of finite representation type in
terms of critical posets (the minimal ones of infinite representation type) and Yu. A. Drozd
proved that a poset S (not containing an element designated as 0) is of finite representation
type if and only if its Tits quadratic form

2 2
gs(z) =: z5 + E z; + E 2iZj — %o E 2;
icS i<ji,jes €S

is weakly positive, i.e. positive on the set of non-negative vectors (in 1972 and 1974,
respectively). In this paper we consider a situation (which deals with infinite posets), when
the main role is played not by weakly positivity but by positivity of the Tits quadratic
form. The situation relates to the study of the categories of representations of a special
form, and in this case we use established by the first author a connection between the Tits
quadratic forms for partially ordered sets and commutative quivers.

Keywords: injective representation, critical poset, Tits quadratic form for posets, Tits
quadratic form for commutative quivers, finite representation type, positivity and weak
positivity.

1. Introduction. The representations of partially ordered sets (abbreviated as
posets), introduced by L. A. Nazarova and A. V. Roiter (in matrix form) in 1972 [1],
play an important role in the modern representation theory. In his first paper on this
topic M. M. Kleiner [2| proved that a posets S is of finite representation type (i.e.
has, up to equivalence, a finite number of indecomposable representations) if and
only if it does not contain subposets of the form K; = (1,1,1,1), Ky = (2,2,2), K5 =
(1,3,3),K4 = (1,2,5) and K5 = (N, 4). Specified posets are called the critical posets
relative to the finiteness of the type (i.e. they exhaust all the minimal posets with
an infinite number of indecomposable representations, up to equivalence). On the
other hand, in 1974 Yu. A. Drozd [3] proved that a poset has finite representation
type if and only if the Tits quadratic form

qs(z) =: 28 —|—sz+ Z 2i%j —ZOZzi

icS i<ji,jeS i€s
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is weakly positive (i.e., positive on the set of non-negative vectors). From these two
statements it follows that the critical posets are also critical relatively to the weak
positivity of the above quadratic form.

We single out the main further works of Kyiv mathematicians on this topic [4] —
[14], which is related to the above indicated papers (limited to the period of 30 years
and without claiming the completeness of this list).

In 2005 the authors [15] proved that a poset is critical relatively to the positivity
of the Tits quadratic form if and only if it is minimax isomorphic (in the sence of [16])
to a Kleiner’s poset; in [15] all such posets and also posets with their quadratic forms
to be positive were fully described.

In this paper, which is naturally considered as a continuation of the papers [17]
and [18], we study a situation (dealing with infinite posets), when the main role is
played not by weakly positivity but by positivity of the Tits quadratic form. The
situation relates to the study of the categories of representations of a special form,
and in this case we use established by the first author a connection between the Tits
quadratic forms for posets and commutative quivers.

2. Representations of posets. Throughout the paper, k denotes a field
and all k-vector spaces are finite-dimensional. The category of k-vector spaces is
denoted by mod k. Linear mappings and morphisms of categories multiply from left
to right. For formal reasons, we always assume that a poset does not contain an
element designated as 0 or +o0.

Recall the well-known definitions about representations of posets in terms of
vector spaces graded by posets (see [13]).

Let A be a finite poset. An A-graded vector space over k is by definition the
direct sum U = @, 4 U, of k-vector spaces U,. A linear map ¢ : U — U’ between
A-graded vector spaces U and U’ is called an A-map if @, = 0 for each b,c € A
not satisfying b < ¢, where ¢,, denotes the linear map of U, into U, induced by the
map .

A representation of a poset A over k is a triple W = (V,U,~) formed by a k-
vector space V, an A-graded space U and a linear map v : V — U; a morphism of
representations W — W' is a pair (u, ), formed by a linear map p: V' — V’ and
an A-map v : U — U’, such that yv = puvy'. The category of representations of A
will be denoted by Rep,A.

Injective and projective representations of posets are defined in a standard way.
In this paper, we are interested in injective representations.

For representations X and Y of a poset A, we write 0 = X = Y if all maps
Ver, T € A, are injective. A representation X of a poset A is said to be injective if
any diagram

0 = R —- R

1l
X

can be embedded in a commutative diagram

0 = R — R

b
X
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The full subcategory of Repy A consisting of all injective objects will be denoted
by InjrA. The poset A is said to be of inj-finite representation type over k if the
category Funct(InjpA, mod k) of functors from the category InjiA to the category
mod k, which is called (according to the general definition for categories) the category
of representations of Inji A, is of finite type, i.e. has, up to isomorphism, a finite
number of indecomposable objects.

3. Main result. Let S be an infinite poset and Z denotes the integer numbers.
Denote by Z3“0 the subset of the cartesian product Z°° = {z = (z;)]i € SUO0}
consisting of all vectors z = (z;) with finite number of nonzero coordinates. We call
the quadratic Tits form of S (by analogy with the case of a finite poset) the form
qs : Z3Y° — 7 defined by the equality

QS'(Z) = ZS‘FZZ?—F Z ZiZj —Z()ZZZ'.

i€s i<j,ijeS i€S

This form is called positive if it take positive values for all nonzero z € Z3°.
We formulate now the main result of this paper.

Theorem 1. Let S be an unlimited poset, i.e. it has no both the minimal and
mazimal elements, and k be a field. Then the following conditions are equivalent:

(I) every finite subposet of S is of inj-finite representation type over k;

(IT) the Tits quadratic form of S is positive.

4. Representations of commutative quivers and their connections with
injective representations of posets. Let () = (Qo, Q1) be a finite quiver with
the set. of vertices )y and the set of arrows Q.

A representation U of the quiver Q = (Qo, Q1) over a field k consists of vector
spaces U; € modk,i € @, and linear mappings v, : U, — Uy, where o : © — y
runs through @;. Morphism ¢ from U to U’ consists of linear mappings ¢, : U, —
— UL,z € Qo, such that for each arrow « : x — y the diagram

U, —— U,

o | [

Yo
U, —— U;

is commutative. The category representations over k of the quiver () is denoted by
Repr@. The quiver () is said to be of finite representation type over k if the category
Repy@Q is of finite type.

A quiver @ = (Qo, Q1) is called commutative if it has no multiple arrows and
oriented cycles, and any two path with the same starting and terminating vertices
are equal (it is assumed that there are no other relations on the paths).

The Tits quadratic form brg(2) of a commutative quiver Q = (Qo, @1), the study
of which was initiated by S. Brenner [19], differs from the Tits quadratic form gg(z)
of @ = (Qo, Q1) as an usual quiver [20] by the presence of an additional term, which

depends on the number of independent relations (in both cases z = (z1,...,2,),
where n = |Qp]). Consider this situation more precisely; we shall look at it based
on [19]-22].

Denote by k@) the k-algebra of paths, whose basis is all paths on the quiver @,
by J the ideal in it generated by all arrows of @), and by [ the ideal generated
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by all elements f — g € k@), where f and g are paths with the same starting and
terminating vertices. Then by definition the quadratic Tits form brg : Z9° — Z of
the commutative quiver ) is defined by the equality

bro(z) =: qo(z) + Z Tij%iZj = Zz — Z 2i%j, + Z Tij%i%;

1,jJES 1€Qo (i—j)EQ1 (i,7€8

with r;; = dimye;(1/1J + JI)e;, where e, denotes the primitive idempotent of k()
corresponding to the trivial path s — s.

Theorem 2. Let Q) be a (finite) commutative quiver and k be an arbitrary field.
Then the following condition are equivalent:

(a) Q is of finite representation type;

(b) the Tits quadratic form brg(z) is weakly positive.

Note that a similar theorem holds for an usual quiver and the Tits quadratic form
qo(z) (Gabriel’s theorem [20]) but in this case the weak positivity is equivalent to
the positivity. As indicated in [17], Theorem 2 follows from the resulfs of [23|. This
is also mentioned in [21], but the corresponding calculations are not glven in [23].

Let now S be a finite poset. We associate to S the quiver ? 0, S1) with

the set of vertices ?0 consisting of the elements of S and the set of arrows
?1 ={i—j|i<yj, 1 and j are adjacent}

(elements ¢ and j > i is called adjacent if there is not an element s with j > s > ).
We always shall consider the quiver ? go, ?1) as a commutative one.

Theorem 3 ([17]). Let S be a finite poset and k be a field. Denote by ST the
poset S U 400 with x < +oo for any v € S. Then the following conditions are
equivalent:

(1) the poset S is of inj-finite representation type;

(2) the commutative quiver ST is of finite representation type.

5. Proof of Theorem 1. Theorem 1 follows from the above theorems and
the following one:

Theorem 4 ([24]). Let S be an unlimited poset. Then the following conditions
are equivalent:

(A) the Tits quadratic form qs(z) is positive for any finite subposet P C S;

(B) the Tits quadratic form br(z) is positive for any finite subposet P C S;

(C) the Tits quadratic form brg(z) is weakly positive for any finite subposet
PcCS.

Namely, the implication (I) = (II) follows from the implications (1) = (2)
(Theorem 3), (a) = (b) (Theorem 2) and (B) = (A) (Theorem 4); the implication
(II) = (I) follows from the implications (A) = (C) (Theorem 4), (b) = (a)
(Theorem 2) and (2) = (1) (Theorem 3).

6. Conclusions. In this paper we study representations of posets and consider
a dealing with infinite posets situation, when the main role is played not by weakly
positivity (as in the cases of finite posets) but by positivity of the Tits quadratic
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form. The situation relates to the investigation of subcategories of injective objects
in the categories of representations of posets.

We prove that every finite subposet of an unlimited poset is of inj-finite rep-

resentation type over a field k (i.e. the category of injective representations has,
up to isomorphism, a finite number of indecomposable objects) if and only if the
Tits quadratic form of S is positive. In this proof, an impotent role is played by
commutative quivers and their Tits quadratic form.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

The obtained results can be used in the study of similar problems.
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Boumapenko B. M., Crpomoukina M. B. I[Ipo kpurepiii ckinuexnocti 300pa-

JKYBAJILHOTO THUITY JJIsi CiIMEHCTB KaTeropiit in’€KTUBHUX 300parKeHb.

3o6pakeHHs 4. B. MHOXKUH (4aCTKOBO BIIODsJIKOBAaHUX MHOXKuH), Beezeni JI. A. Ha-
zaporoio i A. B. Poiitepom y 1972 p., BimirpaioTs BaXXJIMBY pOJbh y CydacHiit Teopii 30-
Opazkenb Ta i1 3acrocyBanusx. M. M. Keiinep orpumas omuc 9. B. MHOXKUH CKiHYEHHOTO
300pazkyBaJIbHOrO THIY B TEPMIHAX KPUTHYHWUX Y. B . MHOXKHUH (MiHIMAJbHUX 9. B. MHO-
JKWH HECKIHYEHHOro 306paxKyBasbHoro ruiy), a FO. A. JIpo3x noBiB, 1o 4. B. MHOXKUHA, S
(sika HEe MICTUTH eJileMeHTa, HO3HAYeHOro siK ) Mae CKiHYeHHUl 300paKyBaabHUN THII TO]
i Timpkm TOxi, Kom 11 KBasparudna ¢opma TiTca

gs(z) =: zg —|—sz + Z 2% — Zozzi

i€s i<j,i,j€S ies

€ CJ1a0KO JI0ZaTHO, TOOTO JOAATHOI HAa MHOXKWHI HeBix'eMHUX BeKTOpiB (y 1972 Ta 1974
POKax BiANOBiAHO). Y miif crarTi MU PO3IJISAAEMO CUTYAINO (10 CTOCYEThCSA HECKIHIEHHUX
9. B. MHOXKWH), KOJIU [OJIOBHY POJIb Bigirpae He ciabka J0JATHICTb, a JOJATHICTb KBapa-
ruanol ¢popmu Tirca. Curyaliis cTocyeTbes TOCTIKEHHS KATEropiit 300pakeHb Creniaib-
HOI'O BUIJIS/LY, 1 B I[bOMY BHUIIAJIKy MU BUKOPUCTOBYEMO BCTAHOBJIEHUN ILEPIIUM ABTOPOM
3B’s130K MixK KBamparuaauMmu dopmamu TiTca st YACTKOBO BIOPSIKOBAHUX MHOXKUH i
KOMYTaQTUBHUX Caraii1aKis.

Kurro4osi cioBa: in’ekTuBHE 300parkeHHs, KDUTUYIHA 4. B. MHOXKWHA, KBAApaTuIHa, HOp-
ma Tirca mias 9. B. MHOXKWH, KBagparudaa ¢gopma Tirca mist KOMyTaTUBHUX caraiilakis,
CKiHYeHHHuiT 300paKKBaJIbHUN THII, JOJATHICTD i CIa0Ka M0JIaTHICTD.
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ITPO KATEI'OPIIO 30BPAKEHb KOMYTATHNBHOI
HEIIMKJITYHOI HAIIIBI'PYIIM TPETHOI'O ITOPSAAKY
BE3 OIMHNYHOT O I HYJILOBOI'O EJIEMEHTIB

Knacudikanioo vamisrpymnu Tpersoro nopsizaky (B tepminax tabiaunps Kesi, 3 Tounicrio
110 i3omopdizmy ra anruizomopdiszmy) suepuie orpumas T. Tamypa B 1953 p., a 3rozxom, aJe
B2Ke€ 3a J1010MOroto koM’ iorepaoli uporpamu, I E. @opcaitr (1955 p.). Minimasbui cucremu
TBIpHUX Ta Bi/IMOBITHI BU3HAYAJIBHI CITiBBIIHONEHHS /111 BCIX TAKWX HAMBIPYI MOOYI0BaHI
B mpargax B. M. Bougapenka i 4. B. Samixu. Born takox onwmcajm 300pazKyBaibHWI THIT
HAMIBTPYHI TPETHOTO MOPSAKY HAJI JOBIIBHUM IOJIEM i y BMMAJAKy HAIIBIPYI CKIHYEHHOTO
300parkKyBaILHOTO THUITY BKA3aJM KAHOHITHI (pOpME MATPUIHUX 300PaKEHb.

VY Husni nonepemHix mpaib aBTOPU BUBYAJIN KATEIOPHI BJIACTUBOCTI HAIIBIPYIl MAJIOrO
MOPSAKY 1, 30KpeMa, MOCHiIKYBAJIN MATPUUHI aarebpu Aycienmepa Ijisl HATIBIPYT Tpe-
THOTO TOPSJIKY. ¥ IIiif CTATTi TPOIOBKYIOTHCA TaKi JOCTIIKEHHS.

KurouoBi ciioBa: nosie, HamiBrpymna, aHTuizoMopdism, Bu3HaYaIbHI CHiBBIIHONIEHHS, Ma-
Tpu4Hi 300pazkeHHsi, 300paxKyBaJibHUI THII, KAHOHIYHA (dopMa, ajirebpa Aycienjepa.

1. Beryn. MiniMasibpHI cHCTeMU TBIpHMX Ta BIAMOBIAHI BU3HAYAIbHI CITIBBITHOIITE-

HHsI JIJ1s1 BCIX HAIIBIPYI TPETHOIO MOPSAIKY onmcano B |1]. Zkimo posrisigary suiie

KOMYTATHBHI HAIIIBIPYIH, Ta e # Taxi, 1Mo He € HI MUKJIIYHUMHA, Hi MUKJIIHIMEA

3 MPUETHAHUM OJJMHUYHUM YU HYJIBOBUM €JIEMEHTOM, TO iCHYE, 3 TOUYHICTIO JIO i30-

Mopdi3My), JHIlle YOTHPH HATBIPYNH (B KPYIJIKX Jy?KKAX BKA3aHO BCl €JIeMEHTH, B

KYTOBUX — MiHIMAJbHY CHCTEMY TBIDHUX, a MOTIM — BU3HAYAJBHI CIiBBIHOIICHHS ):
(a) (0,b,¢) = (b,c): b?> =0, ¢* =0, bc = cb = 0;

(b) (0,b,¢) = (b,c): b¥> = b, * = ¢, bc = cb = 0;

(¢) (0,b,¢) = (b,c): B* =0, ¢* = ¢, bc = cb = 0;

(

d) (,b,¢) = (b,c): b> = b?, ¢ = ¢ (¢ HACAIIKOM DENITH CHIBBLIHOMNIEHD ),
b?> =c? bc=chb=c.

3ayBaxKuMo, 110 TPUBIiAIbHI BU3HAYAILHI CIIIBBIIHONIEHHS /IS OTUHUYHOTO 1 HY-
a60B0ro TBipHUX 0 1 € (AKIIO0 BOHU €) HE BHIHCYIOTLCS.

Bei i mamirpynu py9si, npudomy, OKpiM HamiBrpymu (a), — CKiH4eHHOrO 300-
PazKyBaJIbHOI'O THUITY, TOOTO MAlOTh CKiHY€HHE YUCJIO0 KJIACIB €KBiBaJIEHTHOCTI HEPO3-
KJIaTHUX 300pazkensb [1].

Y BUIAJKY CKiHUYEHHOTO 300parKyBaJIbHOI'O THUIY OJHIEI0 i3 hOPM HOC/IiTKEHHS
KaTeropii 300pazkenb € onuc ajaredpu Ayciengepa sk ajaredpu eHaoMopdi3MiB mpsi-
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MOl CYMH TpeJICTaBHUKIB YCiX KJacCiB €KBIBAJEHTHOCTI HEPO3KJIAIHUX 300parKeHb.
Y npocromy Bumaiky (b) aarebpa Aycieniepa po3misiianacs SK MPHKIAL B PO-
6oti [2], a y Bumanky (c) suBuasmaca B [3]. VY miit poGori Mu BuBYaEMO aarebpy
Aycaengepa namisrpynu (d).

2. ®opmyaOBaHHS OCHOBHOTO pe3yJibTary. Hexait S — nmamisrpyna il =
= {T(x)|x € S} — 1i marpuune 306paxenus. Endomopdizmom sobpascenns T
Ha3uBaeThesd Marpuig X taka, mo 1(x)X = XT'(x) nas 6yap-sixkoro x € S. 3po-
3yMiJIO, 1o KoJu 3adikcoBaHa CUCTeMa TBIPHUX HAIIBIPYIIH, TO BKa3aHy PiBHICTH
JOCTATHLO PO3IVISIATH JIUIIE JJis TBIpHUX eJeMeHTiB. Bei MaTpumi 3 Takomo BIIACTH-
BICTIO YTBOPIOIOTH aATe0py, siKa HA3UBAETHCA AA2€0P010 eHIOMOPPIZMIE 300pastcera
T. Y Bumajky, KoJin HaMBrpyma S Ma€ CKiHIeHHU{T 300pazKyBaabHUN THIl, ajrebpa
eHIoMOp(i3MiB IPsSIMOT CyME Y. BCiX, 3 TOYHICTIO /10 €eKBIBAJIEHTHOCT1, HEPO3KJIATHUX
300pazkeHb (TOGTO, MO OJHOMY MPEJICTABHUKY 3 KOXKHOTO KJIACY €KBIBAJIEHTHOCTI)
HA3HUBAEThCs anzebporo Aycaendepa naniepynu S nad nosem K 1 mO3HAUAETHCA Ha-
mu gepe3 Ausg (S). OCKiTbKE MH PO3LISIa€MO MATPUIHI 300pAKeHHSI, TO aaredpy
Ausg (S) UpuposHO HABUBATH MAMPUUHON an2e0poto Aycaendepa. 3ayBarKuMo, 10
BOHA HE 3aJIeKUTH BiJI BUOOPY NPE/ICTABHUKIB Yy K/JIACaX €KBIBAJIEHTHOCTI B TOMY CEH-
ci, [0 BCi OTpUMAaHI TAKUM 9HHOM aJredbpu i3oMopdHi; OGLIBII TOrO, BOHH CIPAXKEH]
SK Tigaarebpu MOBHOI MATPUIHOI aJireOpu BIIIIOBLIHOTO HOPSJIKY.

Cdopmymnoemo tenep ocuoBruit pesyabrar. Hamisrpymy Burisiiy (d) mosnadunMo
gepe3 Sy.

Teopema 1. Mampuuna anzebpa Aycaendepa Ausg(Sy) nanieepynu Sq nad no-
aem K zapaxmepucmuru, 6i0minnoi 610 080T, CKAGOGEMBCA 3 YCIT MAMPULD
sU2AA0Y

T11 0 0 0 0
0 T2 0 0 0
X = 0 0 33 w3q x35 |,
0 0 0 33 0
0 0 0 T4 Tsys

de x;; — eaemenmu noaa K.

3. Hoseneuns Teopemu 1. Kanoniuni ¢popmMu MaTpuIHUX 300parKeHb KO-
MyTATHBHUX HAMIBIPYN TPETHOrO MOPSAIKY OTPUMAHO B poOoTi [1] 3 BUKOpHCTAHHSIM
MeTo/1iB KuTBCHKOT IIKOJIH 3 TeOpil MATPUYHHUX 33124 Ta 300pazkeHb (uB., Hamp., [4]-
[15]). Bokpema, muist manirpynu Sy Kanonidna dbopma Mae TaAKUi BULIIsL:

E 0000 E 0 000

0 E 0 0 0 0 —E 00 0
b—-B=|0 00 FE 0|, c=c=|0 0o 00 0], (%)

00000 0 0 000

0000 0 0 0 000

e B — neski opmangni kiaitnan (po3mipHicTh gkux mu He dikcyemo). Ockiabkn
Oynb-sike 300pazkeHHsI eKBiBaJeHTHe 300parkeHHIO BULJsIY (%) (IpH 1bOMY JIesiKi
OJIMHUIHI KIITHHI MOXKYTh O6yTH “HOpokHiMu", To6TO MaTH po3MipHBCTh (), TO 1 115t
IpAMOI CYyMH Y BCiX HPeJICTABHUKIB KJACIB €KBIBaJEHTHOCTI HEPO3KIAJTHUX 300pa-
JKeHb BUKOHYETHCS IS BJIACTHBICTH. SHAYUTD /11 OOUINCIeHHS aarebpu AycieHmepa
MOXKHA BBazKaTH, 10 300parkeHHs Y Mae BUIJIsL (). 3po3yMiso, 1o mpu IboMy

Pozain 1: Maremarnka i CTaTuCTAKA



[MIPO KATETOPIIO 30BPAYKEHb KOMYTATUBHOI HEIIMKJITYHOI HATIIBTPYIIN .. 25

(sx1I0 MipKyBaTH Jtuie 9ucTo (HGOPMATBHO) BCl OJMHUYHI KJAITHHH MAOTh PO3Mip-
HicTh 1 abo 0 (imaxrmre mesike 300paykeHHsT BXOJUTH B Y [Ba pa3u abo Giibiie). Ta
edeKTUBHICTh METOJY, 3aCTOCOBAHOTO JIJI OTPUMAHHS KAHOHIYHOI (pOPMU, TOJIATaE
i B TOMY, IO SKIIO B MaTPHIIL X BC1 OIMHAYHI KJIITHHU BBazKaTH OTHOBUMIPHUMH, TO
HEPECTABHO HEPO3KJ/IAJIHI UPAMI JIOJaHKK OY/yTh B3araJ/i HePO3KJAJHUMM 1 HOIap-
HO HeekBiBastlenTHIMHE. [le srerko mepesiputn (B JaHoMy BHNAAKY) i Ge3mocepeHbo.
Jiiicno, 3006pazkeHHs Y. JIOPIBHIOE TPSAMIiil cymi 300pazKeHb

1) Bi=(1), C;=(1);
2) By = (1), Cy=(-1);

01 0 0
3)332(0 O)’ 032(0 0);

4) By = (0), Cy=(0),
KOYXKHE 3 IKUX, OYEBU/IHO, HEPO3KJIaHE. 1 BCI BOHH IONAPHO HeeKBiBaJIEHTHI. 3BiAcu
MAa€eMO, TI10 300pazkeHHsIMI 1)—4) BUYepIyOThCs BCi (3 TOYHICTIO 10 €KBIBAJEHTHOC-
Ti) Hepo3KJIaAHI 300parkenHs HAMBrpymu Sy i, oTxKe, anaredbpy AyciaeHmepa MOKHA
O0YHCTIOBATH, BUXOSAYH i3 300parkeHHs Yo BULISALY (%) 3 OMHOBUMIDHUME OJ[HMHMY-
HUMY KJITHHAMH. TakKuM 9UHOM, 300pakKeHHs Yy Ma€ TaKUil BULJIS/L:

1000 0 1 0 000
01000 0 -1 00 0
b—By=]00010]|, c=>C=|0 0 00 0],
00000 00 000
00000 00 000

a 3HAYNTh MaTpHIHA aaredpa Aycienjaepa 3amaerbea piBHoctamu By X = X B,
CoX = X} sk piBrgHHAME BigHocHO Marpuni X = (x;;), 1 <i4,5 <5.

Ockinbku Mmarpung Cy agiaronanbHa, To piBHicTe CopX = X () ekBiBajaeHTHA
piBrOCTSM Z;; = 0 mag ¢ = 1,7 = 2,3,4,5,1 = 2,7 =1,3,4,5, ¢ = 3,4,5,7 = 1,2.
[leit dakT € gacTHHHEM BHIAJIKOM 3araibHux Teopem (ams., Hanp., [16, VIII, §2]|),
aJie JIETKO aumimBae Oesmocepeanbo i3 piBaocTi CoX = X Cy. [iiicho, 3amummemo
OCTAaHHIO PIBHICTH B PO3TOPHYTOMY BUTJIII:

1 0 0 00 11 T12 T13 Ti4 L5
0 —1 0 0 O To1 T2 T3 Toa Top
0 0 000 T3l X3z T3z T3q T3z | =
0 0 000 Tal Ta2 T4z Tag Typ
0 0 000 Ts1 Ts2 Ts3 Tsy Tss

T11 12 X13 T14 T15 1 0 0 00
T21 T2 X23 T4 T2s 0O -1000
= T31 X32 T33 T34 I35 0 0 0 00
Tg1 X492 T43 T44 T45 0 0 0 00
Ts1 Ts2 Ts3 Tsa Tss 0 0 000
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3Bigcu (micsast nepeMHOKEHHST MATPUIIb)

T11 T12 T13 T14 T15 ryp —x12 0 0 0

—T21 —X22 —X23 —Tyy —T2s Toy —wo2 0 0 0O
0 0 0 0 0 = 31 —T32 0 0 0 s

0 0 0 0 0 T41 —T42 0 0 0

0 0 0 0 0 Ts1 —T52 0 0 0

3BIIKH, B CBOIO UepTY,

T11 0 0 0 0

0 T2 0 0 0
X = 0 0 33 w34 35
0 0 43 Tas Tys
0 0 53 wss 55

Tomi piBuicTs By X = X By Ma€ HaCTYyIHUH BUTJISAT;

10000 zn 0 0 0 0
01000 0 292 0 0 O
00010 0 0 T3z T34 I35 =
0 00O0O0 0 0 T43 T44 45
0 00O0O0 0 0 T3 Ts4 Tss
rxn 0 0 0 O 10000
0 20 0 0 O 01000
= 0 0 T33 T34 I35 0001O0 s
0 0 T43 T44 Ty5 00 0O00O0
0 0 Ts3 Tr4 Tyh 00 0O0@O 0
TOOTO
zn 0 0 0 0 zn 0 0 0 0
0 922 0 0 0 0 T2 0 0 0
0 0 T43 Tg4 T45 = 0 0 0 33 0
o 0 0 0 0 0 0 0 z43 O
o o0 0 0 O 0 0 0 @53 O
3Bigcu MaeMo, IO
T11 0 0 0 0
0 T2 0 0 0
X = 0 0 w33 w34 w35
0 0 0 33 0
0 0 0 Ts54 Tsys

Teopema moBegeHA.

4. BucHOBKHU. Y po00Ti BUBYAETHCH KATEropiss MATPUYHUX 300parKeHb KOMY-
TATUBHOT HENMUKJIIYHOI HAMIBI'PYIH TPETHOTO MOPAAKY 0e3 OJUHUYHOIO 1 HYJIbOBOT'O
eqemenTiB. Onucana MaTpudHa ajredOpa AycieHjaepa HaJ JOBLIBHHM IIOJE€M Xapa-
KTepUCTUKH, BiaMinuol Big 2. OrpuMani pesyibratd (pasoM 3 BiAMOBITHUME Me-
TOJIAMU JIOCJIIIZKEHD) 3HAlIyTh 3aCTOCYBAHHS TPH BUBYEHHI KAaTeropiii 300paskeHb
IHIMAX HAIIBIPYIL.

Pozain 1: MaremaTnka i CTaTHCTAKA
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ACUMIITOTUYHA IMOBEIIHKA PO3B’43KIB JITHIMHUX
JANPEPEHIITAJIBHNX PIBHAHDb 3ATAJIBHOT'O BUTI'JILALY
SBYPEHUX 3A JOIIOMOTI'OKO BIHEPIBCBHBKOTI'O ITPOLIECY

Y poboTi 10BE/IEHO TPAHUYHY TEOPEMY PO ACUMIITOTHYHY IIOBEIIHKY PO3B’43KiB JIiHili-
HUX CTOXACTUYHUX AN(EPEHIATHHUX PiBHSAHHS. PiBHSHHS IIHOTO TUIY € y3arajJbHEHHSM
6araTbOX MOJeJel, IO MUPOKO BUKOPHUCTOBYIOTHCS Yy 33/a49ax (DiHAHCOBOI MATEMATHUKH.
JloBeenns: 6a3yeThCs Ha 3aCTOCYBAHHI TexHIKM po3pobienoi B poborax I1. I. Tixmana ta
A. B. Ckopoxoja Jjisi aBTOHOMHUX CTOXACTHYHUX MuQEPEeHIialbHIuX PIBHAHD. JHANIEHO
YMOBH, 33 fKHAX aCHMIITOTUYIHA IIOBEIHKA PO3B’s3KYy JiHITHOrO croxacTudHOro audepex-
iaJIbHOIO PIBHAHHSA BU3HAYAETHCHA HEBHUIIAAKOBOIO dynkuieio. Haseneno npukiamu cumy-
ndamiit 3a gomomoroio Merona Eitnepa-Mapysavmn.

KurouoBi cioBa: croxactudde Jgudepeniiaibie piBHAHHI, JiHIHHE cTOXACTUYHE Tude-
)

peHmiaibHe PiBHAHHS, ACHMITOTAYHI BJIACTABOCTI PO3B’A3KiB, MOJETIOBAHHS CTOXACTHIHUX

nudepenIiagbHUX piBHsIHB, MeTon Eitnepa-Mapysmu.

1. Beryn. Croxactuuni gudepeniiianbii piBHAHHS €(PEKTHBHO MOJETIOIOTH BU-
naKoBi mporecu. BoHu € OCHOBHUM IHCTPYMEHTOM JIjid JOC/Ii/IZKeHHS Y Oararbox
rajgy3sx HayKd TaKhX, dK: cTpaxoBa Ta (piHaHCOBAa MaTeMaTHKA, €KOHOMIKa, Teo-
pig ynpapiinasg tomo. Ha tenepimmiit gac nabymkeni aHaIITAYHI 1 aCHMITOTHYIHI
MEeTOIH JOCTLIKeHHST MaTeMaTHIHAX MOoJeIell CTaaIl HeBlI eMHOI0 YaCTHHOIO Teopil
MaTeMaTHYHOTO MOJIETIOBAHHS, 10 J03BOJISIE BUBYATH PO3B’I3KU JOCTATHHO CKJIa-
JHUX 30ypeHnx 3a/1ad, SKIO BiIoMi PO3B’S3KH IeTepPMiHOBAHHX 33Ja4. 30KpPeMa,
30ypeHi JMHAMIYHI CHCTEMH YacTO MAalOTh €KOHOMIYHY IHTEepIpeTrariio, Mo JIifcHO
POOUTH JOCTiIKEHHS IIKABUM I (paxiBIiB eKOHOMIYHOI rajys3i.

MareMaTUK® TPUALISIOTH OCOOIUBY YBAry TUTAHHIM OB SI3aHUM 3 aCUMIITOTH-
YHUMM BJIACTUBOCTIMU PO3B’43KIB CTOXACTUYHUX JUQEpPEHIiaJibHUX piBHAHb. Taki
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sajaui supuamn 1. 1. Dixman, A. B. Cxopoxox [1], P. 3. Xacbmincokuii [2], T. Mak-
kin [3], H. Ikena Ta C. Bartanabe [4] ta 6araro inmnx. 3a JedKHX yMOB PO3B’SI3KH
30YPEHUX CHCTEM MOXKYTHb 30epiraTh acCHMITOTHYHI BJACTHBOCTI TPAEKTOPIN Bigmmo-
BITHUX IPAHUYIHUX ABTOHOMHHX CHCTeM. AJie 3arajoM Iie He Tak: MOBeIiHKa 30ype-
HOl Ta He30ypeHoi TpaekTopiit MOKyTh cyTreBo Biapismstucs. Tax, M. I. Tixmam,
A. B. Ckopoxoz [1| BuBuaIn acUMITOTHYHY HOBEIIHKY PO3B’SI3KYy ABTOHOMHOIO DiB-
HsIHHS 30yPEHOro 3a JI0TOMOTr0I0 BiHEPIBCHKOT'O TIPOIIECY:

dX (1) = a(X (t))dt + o (X (t))dw(t), t > 0,

Je w(+) — craugapTHuil BiHepiBehbKUil mporec, a(-), o(+) — HemepepBHi go1aTHI bYyH-
krii. 1. I. Dixman, A. B. Cropoxo JIOCJTJIZKYBAJIM aCAMIITOTUKY PO3B 3Ky CTOXa-
CTHYHOIO Au(pepeHIlaIbHOr0 PIBHAHHS 33 JIOMOMOIOK 3BUYAKHOTO JudepeHIiab-
HOTO PIBHSAHHS 3 BiZOKPEeMIIOBAJILHUME 3MiHHUME. To0TO, Oy/I0 3HAIeHO YMOBH,
3a AKUX BUIAJIKOBUI IIyM MaiizKe He BILIMBAE HA MIBUJKICTDH 3POCTaHHS PO3B’A3KY
X(+) 30ypeHoi cucTemMn. YMOBH aCHMITOTHYIHOI €KBIBAJTEHTHOCTI PO3B’S3KY CTOXa-
CTHYHOIO g ePeHIialbHOI0 PIBHIHHS Ta 3BUYAHOI0 AnepeHIiaIbHOTO PIBHIHHS
npecrapiaeno B pobori I. Kesutepa, I'. Keperinra ta V. Pocaepa [5].

[Tiznime B poGorax [6], [7], [8] Gymo 3HaiigeHo TOUHMIT TOPSATOK 3pOCTAHHS JIJIsT
HEABTOHOMHOTO PiBHSAHHA 3 KoedinienTaMu 3cyBy Ta Audy3il creniajibHOr0 BULISLY

dX (1) = a()a(X (1))dt + B(t)o (X (1))dw(t), t > 0,

ae w(+) — craupapTHuil BiHepiBebKuil nponec, a(-), o(+) — HemepepBHi gogaTHI byH-
Kiit, a(-), B(-) — HenmepepsHi byHKIII.

Meror 1i€i poboTn € JAOCHIIKEeHHST aCHUMIITOTHYHO! TIOBEIIHKH TPAEKTOPI
PO3B’SI3KIiB JIHIHHAX CTOXaCTHYHHUX AudpepeHIiaJIbHUX PIBHAHb, S9Ki BUHHKAIOTH B
3aja49ax (piHAHCOBOI MaTEeMATHKH.

2. OcHoBHuii pe3yabrat. Posmisinemo Jiniiine croxactuune JudepeHiiajibae
PIBHSHHA

dX (1) = (a()X (1) +~(1))dt + B() X (t)dw(t), (1)

ae o), B(+), v(-) — menepepsni gonarui GyHKIIL.
BayBaKuMo, 110 Ko nokjaact y(t) = 0, To OTPUMAEMO TaK 3BaHe OJHODI/THEe
PIBHSHHSA

AXo(t) = a(t) Xo(t)dt + B(E)Xo(t)duw(t). (2)

Jliniitni croxacTu4ni gudepenIiajibii PIBHAHHS 3yCTPIYaOThCd y 0araTboxX Mpu-
KJIQJIHUX 3a/[adax, 30KpeMa, y Tadjumi 1 HaBegeHO pPIBHAHHA I Pi3HOMAHITHUX
MOJIeJiell BiZICOTKOBHX CTABOK, sIKi € YaCTMHHAMY BumagkaMu pisHsanus (1). [Tapa-
merpu o > 0, 0 > 0 ta [ — ne koucrautu, «(-), 5(-), 7(-) — HemepepsHi AomATHI
dyHKITT.

Pozain 1: Maremarnka i cTaTuCTAKA
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Tabruua 1.
Tunu Monesneil 3MiHH BLJICOTKOBUX CTABOK
Mogeai (OP 1
Vasicek dX( ) = a(f — X(t))dt + odw(t)
Brenam-Schmate dX(t) = a8 — X(t)) + oX(t)dw(t)
Ornstein—Uhlenbeck dX(t) = a(t)(X(t) — ~v(t))dt + dw(t)
Hull-White ( ) = (a(t)X(t) +v(t)) dt + p(t)dw(t)
Rendleman—Bartter dX(t) = a(t)X(t)dt + B(t)X(t)dw(t)

[Tapamerpu y KOKHOMY 3 piBHAHb MaloTh IeBHUI (inancoBuit 3mict. Tak, Ha-
npukaaj, y momaemi O. Baciveka (Vasicek) mapamerp [ — cepenniii (10BrocTpoko-
BHii) PIBEHD BiICOTKOBOI CTABKU, 0 — MapaMeTp BOJATHJIBLHOCTI, a (¢ — HapaMeTp, o
XapaKTepu3ye MBUJIKICTb MOBEPHEHHS JI0 CePeJIHLOr0 3HAYEHHS.

Jlnst 3naxomzKkeHHs: po3s’si3Ky piBHstHHs (1), caig covaTKy 3HAWTH JesKuil da-
CTHHHUI PO3B’30K BiNOBIIHOrO OJHOPiAHOTO piBHsHHS (2) (quB., HanpukIam, [1]).

Hexait Xo(-) € po3s’siskom ommopignoro pisusmus (2), ans sxoro Xo(0) = 1.
Tonai, B cuny menepepsrocti, Xo(t) > 0 Ha geskoMy TpoMixkKy. lnsg po3s’s3amms
(2) posrustremo monomizkuuii nponec Z(t) = In(Xy(t)) (roni Z(0) = 0), mo sikoro
3acrocyemo dpopmy.y Ito:

4Z(0) = 5 5O Xol0)dh = 5 O XD + B0 Xa(t)ot)
abo
dZ<t>=( (0 B2(t)) dt + B(0)du()
3BiaKu
:/( ——/32 )ds+/6 Ydw(s
Tomi

Xo(t) = exp /(()——52 )ds+/ﬁ Ydw(s) . (3)

Mepeiizemo no pisusans (1). Moro poss’ssok X (-) Gyaemo urykartn y BurIsi
X(1) = Xo(t)Y (1),
ae Y () — meskuil mpornec, 1o 3a0BOJIbHSIE DIBHIHHS
dY (t) = a(t)dt + b(t)dW (t), Y (0) = X(0),

B axoMy a(t) i b(t) — mesimomi dbynkmii, a Xo(-) 3amano y (3).
3acrocoBytoun dbopmyay Iro g0 X(+), orpumaemo
dX(t) =Y (t)dXo(t) + Xo(t)dY (t) + dXo(t)dY (t) =
= a(t) X (t)dt + B(t) X (t)dw(t)+
+ Xo(t) ((a(t) + B(t)b(t))dt + b(t)dW (1)) .
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[TigcraBasoun orpumasne y (1), 6ymxemo maru:

alt) = (Xo(t) ™" (1) Ta b(t) = 0.

OTxke,
Y () = X(0) + / (Xo(s)) ™ 7(s)ds.

BUKOpHUCTOBYI0UN OCTAHHE CIIBBIIHONIEHHS Ta (3), 0JePKIMO

t

X =exnd [ [a(s)—%ﬂ%s)] ds + / B(s)duw(s)

t 3 / (1)
xO+ [ = [ (atw - 3020 ) du— [ spduto {50

Sk Gaummo, X0 caM PO3B’SI30K Ma€ MpPeJICTaBIeHHsI B SBHOMY BHIVIAL, aje Ie
IPEJCTABIEHHSI JIOCTATHBO TPOMIBIKE JIJIsl BUSBJIEHHST HOTO ACHMITOTUIHUX BJIACTH-
BOCTeil.

Posrasinemo pisasiaas (1), Ta mpumycTumo, 1o

tlim X(t) =00, X(0)>0, wmaiizke HATIEBHO (M.H.).
—00

YMOBH, IPH FKUX PO3B’SI30K CTOXACTHIHOTO JAuMEPEHIialbHOTO PIBHAHHS HEO-
OMEKEHHO 3pOCTaE i3 30LIbIIeHHsIM Yacy MOxKHA 3HaiTH B [1] a6o [10].
[TomiTHMO TAKOK, IO 3a [UX YMOB, BDAXOBYIOYH BHIJIS PO3B’s3Ky (4),

Posriisinemo Takoxk 3Buvaiine jgudepeniiajibie PiBHAHHS

dp(t) = a(t)u(t)dt, (5)

ae a-) — dynkuis, gka cuoienagae 3 yukmieo i3 (1), p(-) — po3B’a30K piBHAHHSI
(5) Takwuii, mo
lim p(t) = oo. (6)

t—o00

t
[osnaunmo A(t) = [ a(s)ds, Toai
0

In p(t) = A(b), 7)
Ta B cuay ymoBH (6) omepKUMO
lim A(#) = oo, (8)

ChopMyTI0EMO OCHOBHY TEOpeMmy.

Pozain 1: MaremaTnka i cTaTuCTAKA
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Teopema 1. Hexad o(-), (), v(-) — nenepepsni dodammni (pynruii, maki, wo
icnye nenepepenuli pose’asor X (-) pisnwanna (1) 3 nowamxosoro ymosor X(0)>0,
npuUMoMY

lim X (¢) = co m.H.
t—ro00

ITpunycmumo, wo 8UKOHYEMbCA YM0o6a (8) Mma HACTNYNHT MPU YMOBU:
(i) icnye maxe wucao M > 1, wo daan € N

A(2n1)

ay =M

Y

(i2) a(-), B() 3adososvnaoms nacmynHum cnieioHoOUEeHHAM

tim s [ s =0 (9)
3 Az(lm / B2(s)ds < oo; (10)

(t31) dan af-), ()

>0 A(t)
Tooi In X(t
im — *) =1wmH (11)
t—oco In u(t)
Jlosedenns. osememo, 110
In X (t
B X (12)

timo In Iu(t)

Posrasinemo npomnec Z(t) = In X (t) Ta 3acrocyemo g0 HbOro dopmyiy Ito

1 1 1
——dX

< dX(t),dX(t) > .

OcCKiTbKE 3riIHO TpaBm/Ia MHOXKeHHsT audepentianis (aus. [4])
< dX(t),dX(t) >= (B(t)X(t))*dt,

TO

AZ(0) = <7 (@)X (2) + ()t -+ < AN (1))~
11 )
TOOTO

a7(1) = (a<t> (e A0 %BQ(t)) dt + Bt)duw(t),
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abo B iHTerpaJibHiil hopmi

Z(t)=Z(0)+ A(t) + /V(S)e_z(s)ds — %/BQ(s)ds + /ﬂ(s)dw(s)

TakuM 9HHOM, BPAXOBYIOYH OCTAHHIO PiBHiCTH Ta (7), OTpHMYyEMO

t

InX() Z(t) Z(0) e s)e—Z(s) S_L t 2(s)ds
Inpu(t)  A(t)  A(t) T A(t) /7< ) ! 2A(1) O/ﬁ st

0

! _ 200
(?f 0/ - (t) +1+[1( )+]2(t)+]3(t).
3 (8) BummBag, o
% — 0, mpu t — oo. (13)
Hoseaemo, 1m0
I(t) = M/;((z))ds — 0, mpu t — oo, M.H. (14)

PosrasineMo J10BiibHE W € {tlim X(t) =00 A X(0) > O} ta 3adikcyemMo jaeske
—00
e > 0. Tomi icuye t; = t1(e,w) > 0 Taxe, mo Ajs BCixX t > 1

2
X(t) > EKV’

ne K., 3amanoy (4t3). Toni ms 6yap-gxoro ¢ > tq, BpaxoByIo«In yMOBy (%), Oymemo
MaTuHu

D=3 Xss A / ;i)) ds <
" t
=7 XSS ds+ 2; ' Ait) V(s)ds <
(s) € 1 tlt 1 S
=7 Xs oK A(t)o/V EO/;( dH_

Binbm Toro, Bpaxosywoun (8) Ta Te, 1o %r>1£X(t, w) > 0, 6yme icHyBaTn to =

= to(e,w) > 0 Taxe, Mo I BCIX t > to

L[
AW ] X6
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3BIJIKH OCTATOYHO OTPUMYEMO, IO JJIs1 Oy ab-sikoro t > max{ty, to}
I (t) < E.

B cuny nosiabHOCTI BUGopy € > 0, orpumyemo (14).
3 ymoBu (9) BHILIHBAE, IO

1 2
L(t) = —m/ﬁ (s)ds — 0, npu t — oo. (15)
0
[Tepeitzemo 10 m0BeeHHS
1
I3(t) = M/B(s)dw(s) — 0, upu t — 00, M.H. (16)

Posrasinemo nociijiopuicts t, = 2", n > 0, i I0KaxKeM0 CIIOYATKY, 110
I3(t,) = I3(2") — 0, mpu n — 00, M.H. (17)

Badikcyemo £ > 0. Bukopucropytoun Hepipaicts lyba (mus. [1]),

IP’{supI3(2k) > 5} < IP’{sup I3(t) > 5} sup —— A /B Ydw(s)| >¢e p <

k>n t>on t>on

gZP sup A /ﬂ Ydw(s)| > e p <

2k 2k+1]

2n+l

s)ds — 0, npu n — o0,

sapasiku yMmoBi (10), 1 (17) poseneno. IToMiTHMO TAKOK, IO 3 OCTAHHBOTO CIiBBiIHO-

MICHHsT, BPAXOBYIOYH Te, 10 HOCAM0BHICTD sup [3(t), n € N, € MOHOTOHHO cHaHOIo,
t>2n
OTPpUMYEMO TAaKOXK

sup I3(t) — 0, mpumn — 0o M.H. (18)
t>2n

Hexait Tenep t > 2 nesike j1oBiabHe 4ncio, a n € N take, mo 2" < t < 2" Toxi

[Is()] < [I3(t) = L3(2")| + I5(2") < sup |[5(t) — I5(2")] + [3(2"),

te[Q'n;QnJrl]
i, BpaxoBytoun (17), st 1oBeeHHs criBBiqHONIEHHs (16) JOCTATHBO MOKA3ATH, IO

sup |I3(t) — I3(2")] — 0, mpun — oo M.H.
te[2n;2nH1]

Hayk. Bicuuk Y:kropom. yu-ty, 2022, rom 41, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



36 0. M. JECHUIILKUII, IO. I0. MJIABEIID, I. B. OPJIOBCKIII, O. A. TUMOIIIEHKO

Posraganemo

sup  |Is(t) — (2" = sup ﬁ / B(s)

te[2n;2ntl] te[2n;2ntl]
< L )/3 )d —i— /ﬁ )d <
= sup w( VY w(s)| <
t€[2n52n+1] A(t
A(t / |
< sup B(s)dw(s)| + sup —/5sdws:
te[Qn;znﬁ-l} A t€[2n§2”+1] A(t) e ( ) ( )
= I4,n + I5,n'

3 (17) Ta ymoBu () BUIIHBAE

_ Alt) = A" ony < (AR n
o= e s (S )b s

< (M —-1)I3(2") — 0, upun — 00 M.H.

Posrngnemo npyruit 1o1aHOK

I, < 5;122 At D /5(8)(&0(8) =
—sup A}) / B(s)du(s) + / B(s)du(s) — / B(s)du(s)| <

< sup Ait) /ﬂ(S)dw(S) +

= sup I3(t) + I3(2") — 0, mpun — oo M.H.,
t>2n
sapagakn (17) ta (18). Takum annom, (16) moBegenHo.

3 (13)—(16) Bumtusae (12).

Teopemy moBeaeHoO.

3. MogemioBaHHe PO3B’A3KIB JIHIHUX CTOXaCTUYHUX AudepeHIiaTb-
HUX PiBHAHb. J[OMOBHEHHSIM 10 AHATITHYHUX PE3YIbTATIB CAYTYBATUMYThH PE3Y b
TATU MOJIETIOBAHHS, OTPUMAHI 33, JOMOMOTOI0 IHCEJIBHIX MeTOIiB. Moie/lfoBaHHS Ta
Bi3yaJlizallis JI03BOJIAIOTH MOOAYUTH 3aKOHOMIPHOCTI, SKi BayKKO PO3IVIETITH B aHa-
JITAIHOMY 3aIucl piBHAHHA. TakuM 9YUHOM, MOKHA MOMITUTHU He OUYeBUIHY Ha Iep-
MMHAH TOT/IA)], ACHMITOTHYHY TOBEAIHKY YW TMaTTEepH B MOBEIHIN TpaekTopiit. /s
MOJIEJIIOBaHHS PIBHAHHS OY/1€MO BUKOPUCTOBYBATH IIPOTPAMHY peasiizalli€io MeToLy
Eitnepa-Mapysvn (aus, nanpukmaaf, [11], [12]). Jo Toro x B pobori T. Mircyi [13]
OyJ10 MOKA3AHO, O PI3HMILT MiK PO3B’I3KOM CTOXaCTHIHOrO JUQEpPeHIiaJbHOTr0 PiB-
HAHHS Ta oro anporcumariieio Eitnepa-Mapysamu mpamye 10 HYJAd M.H.

[Tokmagemo ! = nh ta Alw = w(th) — w(t!_|). Yucnose mabimkennsa X,

n—1
HOPOJIZKEHe B TOYIT] tZ = nh i JIiHIITHO IHTEPIOJIBLOBAHE MiK HUMH, Oy/1€eMO [TO3HAYATH

Pozain 1: Maremarnka i CTaTuCTAKA
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h h _ yh(thy _ . .
{Xx (t)}ogtgl’ Trobro X' = X"(t) — 3HaueHHa B n-iif Touni cirku po3durTs. Cxema
MO/ICTTIOBAHHST 32 J0MOMOroio Merona Eitrepa-Mapysimu € HACTYITHOIO:

X"(0) = mo;
Xrl: = Xv}zl—l + O‘(tﬁ—ﬁng + W(tﬁ—l)h + b(t2—1)X7}f—1AZwa
ae Ahw — rayccipenbka Bunaaxosa semmannn N(0; h) npu dikcosanomy h Ta X" =

= X"(th). Hanpuknan, y sunajxy siapisky [0; 1] subupaemo h = L n € N.

no
uist MozeTroBaHHS pO3LJIsIHEMO JiHIMHe cToXacTH4YHe TudepeHniajibHe PiBHIHHSI
(1) 3 macrynauMu KoediieHTaMu

alt) ~ at™, y(t) ~ A7, B(t) ~ Bt*, npun t — oo, (19)

aem, p, ke (0;400), & 7, B — aeski gomarni crai. 3HAHIEMO IPH AKUX 3HAUE-
HHSIX M, p, k ymoBu Teopemu 1 GyayTs Bukonysarucs. s (%)

A 2n+1 A 2t+1
lim AT im AZT) =2",

n—00 A(2n) _tﬁoo A(Qt)

a Tomy obmerkena. s (i)

: 1 2 I N /BQ(t) _ 62 . 2k—m __
Jm A(t) /B (s)ds = lim alt) Fim =0,
0

npu m > 2k. JIng 3araapHoro dieHa psiay 3 HepisaocTi (10) maemo

1 22k+1 1 2
/ 3?(s)ds ~ % . 22"(]“_7”_%), opu n — 00,

t -
1 t ¥ o
hm _/ ’y(s)ds e hm M — &7 HpI/I m p;
t—o0 A(t) / 0, 1pum > p.

a ToMy TIpu m > p Oyjie BUKOHyBaTucs (1)

[TincymoBytoun orpumane, skmo m > p, m > 2k i m, p, k € (0;4+00), 1O
J10 JiHifiHOTrO cToXacTudHOro AudepeniagibHOro piBHsiHHs (1) 3 KoedinienTamu, 110
33JI0BONBLHSAIOTH (19), MoxKmHa 3acTocyBatn Teopemy 1.

Bactocyemo cxemy Eiurepa-Mapyamu misg anpokcuMarii po3s’si3Ky HACTYITHOTO
CTOXaCTUYHOIO JIUu(PePEHIIaIbHOIO PIBHIHHSA

dX(t) = (t%X(t) + t%) dt + 5 X (t)dw(t).

Bo6paszumMo TpaekTopil Horo siBHOrO po3B’sa3Ky 3 no4arkoBoio ymosow X (0) =5
Ta cxeMolo Eityiepa-Mapysamu gaia n = 50 Ta BiATBOpUMO PO3B 430K JETEPMIHOBAHOI
3324l 3 M0IaTKOBOIO yMOBOIO (i(0) = b:

du(t) = Vtu(t)dt.
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Jlnst Takux piBHAHL BUKOHYIOTH yci ymoBu Teopemu 1. dx Bugno 3 Puc. 1 Tpa-
€KTOPIT IPIAMYIOThH JI0 HECKIHYEHHOCTI Ta MAIOTh CXO0XKY JUHAMIKY. BimHOommenns Jo-
rapudMiB po3B’sa3KiB mpeicTaBieHo Ha Puc. 2. MoaenoBaHHs BiIHOIIIEHHS JIOTAPH-
bMiB PO3B’A3KY PiBHSHHS 30YPEHOr0 BiHEPIBCHKHM IMPOIECOM Ta PO3B’SI3KY JeTep-
MIHOBAHOI 33/ia4l MOKa3ye, MO TPACKTOPIT € eKBIBaJEHTHUMH, a OTKE BIJIHOITEHHS

caMUX PO3B’43KiB € TAKOXK €KBIBAJECHTHHUM, 1110 TiITBEPIXKYE TBep/zKeHnd Teopemu
1.

Puc. 1. Tloexniaka po3s’sa3kiB Puc. 2. Jlorapudmiuna ekpiBajenTHICTD
CTOXACTUIHOTO AnepeHItiatbHOT0 PIBHIHHA PO3B’SI3KIB CTOXACTHIHOrO
Ta PO3B’A3KY 3BHYaiHOro AudepeHniaabHoro nudepeHIiaIbHOr0 PIBHAHHS Ta PO3B A3KY
piBHSHHS (TOYKOBA CHHS JiHisT), IpH t — 00. 3BWYANHOrO HUdEPEHIIATBHOT0 PiBHIHHSL.

4. BucHOBKHU Ta IEPCIEKTHUBU MOOAJBINNX AOCJaIIXKEeHb. JlociiaKeHHs
ACHMITOTHYHUX BJIACTHBOCTEH PO3B’I3KIB CTOXACTHYHUX JHpepeHIiaIbHIX PiBHAHD
IpeCTaBIAE OCODJUBUI iHTEpeC 3 MPAKTUIHOI TOUKN 30PY. ¥ CTATTI HABEJIECHO YMO-
BH, TIPU SIKUX BJIACTUBOCTI PO3B’A3KY JIHIHHOTO CTOXaCTUIHOrO JU(epeHIiajbHOTO
PIBHSHHS 3arajIbHOIO BHUTJISLY BU3HAYAIOTHCS BJIACTUBOCTSAME PO3B’ 43Ky 3BUYAITHO-
ro judepeHIiaJbHOTO PIBHAHHM, IO HAJEXKUTH JIO KJacy JAudepeHIiajbHuX PiB-
HdAHBb 3 BILIOKPEMJIIOBAJIbHUMH 3MIHHUMH. JlocTiizKyBaHe pIBHAHHS € y3araJbHeH-
HsIM OLIBIIOCTI MOIe/Iel POCTY BiICOTKOBOI CTABKHU, IO AKTUBHO BUKOPHCTOBYIOTHCS
y cBiTi pinancis. Bysio 3naiijeno aBi HeBUIIaAKOBI (DYHKILT, 1T JTIE€I0 TKUX PO3B’I30K
CTOXACTUYHOIO PIBHAHHY Ta PO3B’s30K BiIOBITHOI JIeTepMiHOBAHOI 3a/adi MalOTh
O/IHAKOBHI MOPA/IOK Ha HeCcKiHYeHHOCTI. lleit pe3yabrar mae 3MOry JOCUTH ITPOCTO
OTPUMYBATH T'PAHUYHI TEOPEMH /IS PISHOMAHITHUX CTOXACTHYHUX JHMEpeHIiaIb-
HUX PIBHSIHDB, 0 BUHUKAIOTH B 3aJa4aX (PiHAHCOBOI MaTeMATHKH.

Hapasi 6y10 6 1mikaBo po3HOBCIOANTH OCHOBHUII pe3yJibTar pobOTH Ha BUIAI0K

Pozain 1: MaremaTnka i CTaTuCTAKA
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1. Introduction. On a common probability space (2, F,P) consider a linear 2-nd
order autoregressive sequence of random variables (r.v.’s) (&, k > 1), which obeys
the system of stochastic recurrence equations

§&1=0, &=0, & =a&—1+b5—2+ 0k, k>1, (1)

where a and b are some real constants, (0) is a sequence of independent copies of
a r.v. 0. Note that linear regression models of different types have been studied
for a long time. A multitude of publications contain various problems for regres-
sion sequences of r.v.’s and their extensions. See, for instance [1, 2], and numerous
references therein.

For elements of the sequence (1) set

Sn = Zn:&m n Z 17
k=1

and for any ¢ > 0 consider the following series

inﬁp{ Lﬁ’;p' >}, (2)

n=1

where 0 < p < 2 and r > p. In this paper we are interested in conditions for the
convergence of this series. Hereinafter we will refer to the series (2) as to Baum-Katz
series, although some other no less prominent authors were involved in introducing
it.

Historically, for the sequence (X,, n > 1) of independent copies of a r.v. X,
and S, = >0 Xj, n > 1, the reduced version (the case r = 2p = 2) of the
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series (2) initially arose in the paper by Hsu and Robbins along with the notion of
complete convergence, see [3]. In their paper, authors proved that if EX? < co, then

> ]P’{ ’Sn/n —-EX| > 5} < 00, while the converse was provided by Erdés, see [4].

Note that in view of the Borel-Cantelli Lemma complete convergence implies almost
sure convergence, and so is tightly connected with the Strong Law of Large Numbers.

Further, Spitzer, see [5], showed that >, n_lP{)Sn/n — EX‘ > 5} < oo if and

only if E|X| < co. Note that series (2) covers the Spitzer’s case with r = p = 1.
Finally, for the sequence of independent copies of a r.v. X, Baum and Katz, see [6],
introduced the series (2) and proved that it is convergent if and only if E|X|" < oo,
with EX = 0, when r > 1. Since then these classical results have been generalized
in several directions, including Banach space setting (see, e.g., [7]). We refer to [§]
where more detailed history on the topic is provided. Among all extensions we
distinguish results concerning complete convergence and convergence of Baum-Katz
series for weighted sums of independent r.v.’s, also known as rowwise independent
random arrays, (see, e.g., [1,8-10,12,13] and references therein).

As to dependent patterns, in the paper [14] necessary and sufficient conditions
for the convergence of the series (2) were obtained for the case of first-order autore-
gressive sequence of r.v.’s, i.e. with b =10 in (1).

Specifically, in this paper we concentrate on sufficient conditions of the series (2)
for sums of elements of model (1), and under some simple assumptions imposed on
a and b we expect to obtain similar to independent case Baum-Katz result. In our
investigation we intend to reduce the case to the idea provided in [14], which in its
turn was partially borrowed from [10].

2. Preliminaries. Consider the nonrandom recurrence sequence (u,,n > 1):

u_1 =0, w=1, u, =au, 1+ bun—Qa n =1, (3)

Evaluating (1) one has
&1 = 01 = uobh,

Eo = aby + 0y = u10y + upbs,
£ = (a2 + 0)01 + aby + 035 = usby + ui6s + upbs,

cey

i.e. .
Sk = Zuk—leh k>1.
-1

Now, forn > 1 and 1 < k < n set

n—k
u(n — k) = Z U
m=0
Thus,
n n k n n— n
k=1 k=1 =1 k=1 m=0 k=1

3. Main result. Let us immediately proceed to the main result of this paper.

Pozain 1: Maremarnka i cTaTuCTAKA
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Theorem 1. Let in (1)

—1<b<1—]al, (4)
and 0 < p <2, r>p. IfE|0|" < oo, where E) = 0 whenever r > 1, then for any

e >0,
00 . Sn
E np_QIP’{| N | >5}<oo.
n/P

n=1

4. Proof. In [14] the analogue of Theorem 1 for linear 1-st order autoregressive
sequence of r.v.’s was proved in all details. We may adopt the proof of sufficiency
to our case if we show that the values u(n — k), n > 1, 1 < k < n, are bounded in a
similar way (compared with a(n,k)’s in [14]).

Introduce two real-valued matrices

=0} e=(io)

Note, that C' is a Frobenius matrix. Let A\; and )y be its eigenvalues, i.e. roots
of the characteristic equation A> — a\ — b = 0. Denote by v; and v, multiplicities of
A1 and Ay respectively. Set

p=max{|M.Aof} and  p = max {v: [Me] = p}.
Obviously, in our case either ;1 =1 or p = 2. Moreover, assumption (4) implies

that both roots A\; and A, lie within the unit circle, that is p < 1.
Observe that

~fa 0\  [u O or,  (a*+b 0\  [uy O
ca= (1 0)= (o) = (000 = ()

Further,
3
3.,  f(a’+2ab 0\ [ug O
CM_(a2+b 0/ \uy 0)°

and so on. Using the method of mathematical induction it is easy to show that for

any s > 1,
C*M = (UZL: 8) .
Let for a square matrix A = (a;;);,;_; with real entries || - || denote the matrix
norm of the following form: [|A|| = (ZiFl aij) 1/2. According to result by Koval’,

see [15] (see also Lemma 7.7.3 [1]), if C' is a Frobenius matrix, there exist some
constants co > ¢; > 0, such that for any s > 1,

Cl . ps . SM_]' S ||C‘9MH S CQ . ps . SIU'_]-’

where ¢; and ¢y, do not depend on s.
Now since

0 1 2 n—k _ u(n — k) 0
(C°+C +C*+...+C )M_(u(n—k:—l) 0),
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then according to Koval’s result,

[u(n = k)| <3/Culn = K2+ (uln — k= 1) = | "Z_kclMH < Z |etm <
=0 =0

n—k
S Co Z ,Ol ' 1“717 (5)
=0

where ¢, is some positive constant.
Now distinguish between two cases:
1) A; # Ay (if b #£ —a?/4). In this case u = 1 and according to (5),

”_kl l_pnfk+1
|u(n—k)|<02;p:cz T, 1<k<n, n>1.

2) A1 = Ay (if b= —a?/4). In this case u = 2 and according to (5),

n—k 00
|u(n_k>|SCQleZSCQlel:CQ p 1<k<n, n>1.
=1 =1

(1—p)*
Combining both cases,

Co Cop
1—p'(1-p)?

Now, briefly adopt the proof of the sufficiency of Theorem 1 in [14] to our case.
As in [14] we first restrict our proof to the case of symmetrically distributed r.v. 6.
Let us fix any € > 0 and apply an iteration of the Hoffmann-Jorgensen inequality
(see [10] or [14]) with s =t = n/Pe. Thus, for j > 1 there exist some constants C}
and D, such that

\u(n—k)|§L:const:max{ }, 1<k<n, n>1.

P{[S,| > n'/re 31} <
< g]}”{‘u(n - k:)Hk‘ > nl/ps} + D; (P{]Sn| > nl/p€}>2j. (6)

The first terms in (6) can be estimated as follows

i]?{’u(n— k:)@k‘ > nl/pe} = ZP{IGIJ > %} <

< ZP{]@H > nl/psL_l} = nIP’{|9| > Tll/p€2},
k=1

where €5 = e L', Further, we refer to the corresponding estimations in [14].
Now consider the second term in (6). According to Markov inequality for r > p,

one has
E|S,|"
<

B{IS.| > n'lre} < (nlpe)
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Next deal with E|S,|" distinguishing between the following cases.
1) Let 0 < r < 1. Applying the c,-inequality (see, for example, [16]) with ¢, = 1
to E|S,|", one obtains

E[S,|" <ZE) u(n — k ek] Z\un— )|'El6.]" < EJ6]"Ln.

2) Let r > 1. In this case to E|S,|” we consequently apply the Marcinkiewicz-
Zygmund inequality (see, for example, [16]) and the following well-known inequality:
for positive a;, 1 <i <mn, n € Nand r > 0 it is true that

n

(al + CL2 +..+a )r/2 Ov(r/2—1) Za:
i=1

Thus,

3

B, < bE( Y (u(n—k)6) )" < b0 IES Jutn — ko] -
k=1

k=1

= o™ IR  u(n — k)| < 0, CPTVE[G) L = bn YO PE[GL.

k=1

Here b, is some positive constant from the Marcinkiewicz-Zygmund inequality.
Combining the above two cases, we arrive at the following bounds

E|S,|" < C(r)E|§"ntV/2),

with C(r) = L" or b.L" depending on whether 0 <r <1 orr > 1.
Now to finish the proof one needs to literary follow the steps of it in [14].

Example 1. If 0 is a normally distributed r.v. with B0 = 0, the model (1)
represents the so-called Gaussian 2-Markov sequence of r.v.’s. with constant coef-
ficients. In this case the series (2) converges provided that 0 < p < 2, r > p and
—1<b<1—lal

5. Conclusions. In the paper for sequences of sums whose terms are elements
of 2-nd order linear autoregressive sequences, sufficient conditions for the conver-
gence of Baum-Katz series are considered. Under some anticipated assumptions
imposed on the coefficients of autoregressive sequence, obtained sufficient condi-
tions are expressed as moment assumption of the generating r.v. The latter, in its
turn, agrees with the classical Baum—Katz independent case.

We intently focused our attention on 2-nd order autoregressive sequences, evading
general m-th order case, since for m = 2 assumptions imposed on the coefficients
of the sequence are described in the most simple form. But, in prospect, by means
of the same technique set problem may be generalized to m-th order autoregressive
sequences for any m > 2. Moreover, we expect to prove also necessary conditions
for convergence of Baum—Katz series for such sequences.
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STABILITY OF LIMIT REGIMES IN GENERAL
REACTION-DIFFUSION TYPE SYSTEMS

In this paper, we consider the stability of limit regimes for a general class of nonlinear
distributed mathematical models named Reaction-Diffusion models. RD systems naturally
arise in many applications. For instance, in the biological mathematical modeling and in
the signal transmission theory the FitzHugh—Nagumo model, whose distributed variant is a
particular case of general RD system, is widely used. We investigate the problem of stability
of attracting sets for an infinite-dimensional RD system with respect to bounded external
signals (disturbances). The interaction functions as well as nonlinear perturbations do not
assume to be Lipschitz continuous. Therefore, we cannot expect the uniqueness of solution
for the corresponding initial-value problem and we have to use a multi-valued semigroup
approach. An undisturbed system is considered to have a global attractor, i.e., the mini-
mal compact uniformly attracting set. The main purpose is to estimate the deviation of
the trajectory of the disturbed system from the global attractor of the undisturbed one
as a function of the magnitude of external signals. Such an estimate can be obtained in
the framework of the theory of input-to-state stability (ISS). The paper proposes a new
approach to obtaining estimates of robust stability of the attractor in the case of a mul-
tivalued evolutionary operator. In particular, it is proved that the multivalued semigroup
generated by weak solutions of a nonlinear reaction-diffusion system has the property of
local ISS with respect to the attractor of the undisturbed system.

Keywords: reaction-diffusion system, system without uniqueness, input-to-state stability,
robust stability, global attractor.

1. Introduction. Conditions of practical stabilization of differential inclusions
and properties of optimal sets of practical stability of differential inclusions with a
spatial component were studied in [1], [2]. Important results of practical stability,
conditions of practical stability were obtained in works [3], [4].

In the present paper we investigate stability of limit regimes in general reaction-
diffusion type systems. In dissipative evolutionary systems it is a common view to
characterize such regimes in terms of the global attractor theory [5]-[8]. For ill-posed
problems when there are no results about uniqueness or regularity of solutions, and
for the control problems with singular perturbations the corresponding theory was
developed in [9]-[15]. If the considered autonomous system with global attractor
undergoes external signals (disturbances) then the natural problem is to estimate the
deviation of the trajectory of the disturbed system from the global attractor of the
undisturbed one as a function of the magnitude of external signals. Such an estimate
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can be obtained in the framework of the theory of input-to-state stability (ISS) [16]-
[19]. Recently this theory has been developed to infinite-dimensional systems with
non-trivial attractors in [13]-[21]. In particular, the local input-to-state stability
and asymptotic gain properties were obtained for well-posed semilinear parabolic and
hyperbolic equations. The ISS property for the attractor of a PDE-ODE type system
(which consisting of a parabolic system of the reaction-diffusion type and a system
of ordinary differential equations) undergoing additive bounded perturbations was
explored in paper [22].

In the present paper we generalize these results for more general classes of PDEs
like reaction-diffusion systems with non-smooth interaction functions which do not
guarantee the uniqueness of solutions of the corresponding initial value problem in
the natural infinite-dimensional phase spaces.

2. Setting of the problem. In bounded domain 2 C R" we consider the
following general reaction-diffusion system

{ut = alu — f(u) + h(z) + g(u)d(t), z € Q, t>0, (1)

ulpo =0,
where v = u(t,r) = (u'(t,x),...,u™N(t,z)) is an unknown vector-function, h =
= (h',..., W), f = (f',..., fV) are given vector-functions, g = ((g))Y,_, is a
given matrix-valued function, a is a real N X N matrix such that 3(a + a*) > ul,
w>0,d=(d",...,dV) is an external signal (disturbances).

Under rather general assumption (see the last section) we can claim that this
problem is globally resolvable in weak sense in the phase space H = (L*(Q))", i.e.,
for any disturbances d € L*(R; H) and for any ug € H there exists (maybe not
unique) solution of the problem (1) u € C([0,4+00); H) with u(0) = uy.

Let us consider undisturbed system (d = 0)

{ut = alAu— f(u)+ h(x), z€Q, t >0, 2)

u|aQ =0.

It is known [7], that the corresponding multi-valued semiflow (m-semiflow for
short)

S(t,ug) = {u(t)] u(-) is a weak
solution (2), u(0) = ug} (3)

has a global attractor © in H, i.e., there exists a compact set © C H such that
(i) ©=5(t,0), t >0,
(ii) for any bounded set B C H
dist(S(t,B),0) — 0 as t — oo,

where for A, B C H we denote

S(t,B) = | S(t,b),

beB

dist(A,©) = sup inf ||z — yllu,
€A YEO

Hayxk. Bicuuk Y:kropom. yu-ty, 2022, rom 41, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



50 0. V. KAPUSTYAN, T. V. YUSYPIV
IAlle = dist(A, ).

Property (ii) means that all trajectories of the system ultimately belong to a
given neighborhood of the global attractor is stable in Liapunov sense, i.e.,

Ve > 035>0t > 0 S(t,05(0)) C O.(O), (4)

where here and after
Os(A) ={z € H| dist(zx, A) < d}, for AC H.

Thus, the limit behavior of undisturbed system is completely determined by the
global attractor ©. The main question is how external disturbances d affect such
dynamics? Let the initial point ug := u(0) € H and disturbances d are given. Let
us denote by Sy(t,0,ug) the set of all solutions of (1) with u(0) = ug. It is not true
in general that those solutions will converge to © as t — co. But it turns out that
under additional assumptions it possible to show that we can estimate the deviation
of the trajectory of the disturbed system from the global attractor of the undisturbed
one as a function of the magnitude of external signals. For that purpose, we need
the following classes of comparison functions |21]:

K :={v:]0,4+00) — [0,400) | v is continuous, strictly increasing, v(0) = 0},

Koo := {7 € K|~ is unbounded},

L= {v:]0,400) — [0,400) | 7 is continuous,
strictly decreasing, (t) — 0, t — oo},

KL :={5:]0,+00) x [0,+00) — [0, +00) | 5 is continuous,
B(-,t) € X, Vt >0, B(s,-) € L, Vs> 0}.
First, under rather general assumptions, we will show that for the m-semiflow
S, generated by undisturbed system (2), with global attractor © 38 € KL Vu, €
H, Vt>0
15(t, uo)lle < B(lluolle, t)-

This property helps us to prove the main result about robust stability of our
disturbed system (1): Ir > 0, 35 € KL, Iy € K such that

luolle <7, ||djec <7 = VE>0

15a(, 0, u0)lle < B([[uolle, ) +Y(lld]lso), (5)
where ||d||s = esssup |d(t)].
>0

3. Stability of attractors for multi-valued semiflows in abstract spaces.
We consider an abstract evolutionary (autonomous) system, which is character-
ized by a normed phase space (X, || -||) and a family of maps (solutions) K C
C C([0,400); X) such that the following conditions hold:

(K1) Vax € X Jp € K such that ¢(0) = x;

(K2) ¢, () :=p(-+717) € K,¥7T>0,Vp € K.

Than the multi-valued map S : R, x X + 2%

S(t,x) ={e)| v € K, ¢(0) = x},

Pozain 1: MaremaTnka i CTaTuCTAKA



STABILITY OF LIMIT REGIMES IN GENERAL REACTION-DIFFUSION ... 51

is semiflow. Moreover,
o(t+s) € S(t,¢(s)), Vo € K, Vt,s > 0.

Assume, that S is strict, i.e., S(t+s,x) = S(t, 5(s,x)). The last equality allows
us to state existence of invariant global attractor.

Lemma 1. Assume that (K1), (K2) hold, S is strict, and

(G1) exists bounded By C X such that for all bounded B C X 3T =T(B) YVt > T
S(t, B) C By (dissipativity),

(G2) Vt, /oo, for all bounded B C X, V¢, € S(t,, B) the sequence {&,} is
precompact (asymptotic compactness),

(G3) Vt > 0, V&, — xo, Y, € S(t, 1), & — & we have: & € S(t,xg) (closed
graph).

Then m-semiflow S possesses global attractor ©.

Moreover, if

(G4) Vt, — to > 0, VYa, — xg, V& € S(tn,x,) up to sequence &, — & €
S(to, l’o)

then © is stable in the sense of (4).

Lemma 2. Assume that S : R, x X + 2% is a strict m-semiflow, which has a
stable global attractor ©. Also, assume that

for all bounded B C X the set U S(t, B) is bounded. (6)

t>0

Then 35 € KL Ve € X, VLt >0

15t z)lle < Bllle, ). (7)

Now assume that our evolutionary system undergoes disturbances d € U, where
the set U satisfies
(U) U c L>*(Ry), 0 € U, U is translation-invariant, i.e.,

dp() =d(-+h) €U, Vh >0, Vd(-) € U.

Denote by K] C C([r,+00); X) the family of maps satisfying the following
properties:

SH)Vee X, ¥Vr>0,VdeU Jpe K]: o(r) =z,

(52) 90’[3,+00) € Kj,Vpe Kj, Vs>,

(S3) @(- +h) € Ky, Yo € K7, Wh > 0.

Let us put

Sa(t, 7 x) = {p(t)] ¢ € K3, ¢(1) = x}.

Then {Sy}acv generates the family of m-semiprocesses, i.e., Vd € U, Vt > s >

>72>0, Vx e X, Vh > 0.
Sa(t,7,2) = x,

Salt,T,x) C Sy(t,s,Sq(s,T,x)),
Sd(t + h, T+ h, x) C Sd(.+h) (t, T, .CL')
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It is easy to verify that {S;}4cu satisfies cocycle property:
Sa(t + h,0,2) C Sg(t + h, h, Sa(h,0,2)) C Sqi.4n)(t,0,S54(h,0,2)),
and Vo € K7 ¢(t) € Su(t, s, o(s)).
In particular, Yy € K9, Vt,h >0
et +h) € Sa(t + h,h,o(h)) C Sae4n) (L, 0, 0(h)). (8)
(S4) Moreover, if Vs > 7, Vi € K], Yo € K with ¢(s) = ¢(s) the function

¥(p), pelT s,
o _ [P0 pelnd
e(p), p=s,
belongs to K7, then inclusion Sy(t, 7, z) C Sy(t, s, Sa(s, T,x)) takes place.
(S5) If Vh > 0, Vo € Kj ., we have that ¢(- —h) € K7™ then inclusion
Sa(t+h, T+ h,x) C Syqn)(t, 7, ) takes place.

Lemma 3. Under conditions (U), (S1)-(S5) for the semiprocess family {Sq}acu
we have that {Sq}acy is strict, i.e.

Sa(t,T,x) = Sy(t, s, Sq(s, T, 1)),
Sa(t +h, 7+ h,x) = Sacqn)(t, 7, 2),
Sa(t +h,0,2) = Sa4n)(t,0,54(h,0,2)).
In particular, in the undisturbed case (d =0)
So(t+ h,0,2) = So(t,0,S(h,0,x)),
s0 Sy 18 a strict m-semiflow.

The next theorem is the main abstract result of the paper.

Theorem 1. Assume that m-semiflow Sy is generated by family of maps K
satisfying (K1), (K2), Sy is strict, has compact values, and possesses stable global
attractor ©.

Additionally, exists locally bounded function ¢ : Ry — R, such that

Vr >0, Vt >0,

lzi|| <7, ||| <r = dist(So(t,0,21),S0(t,0,25)) < ec(r)tH:Bl —zoll.  (9)

Assume that {Sy}tacu is the family of m-semiprocesses satisfying (U), (S1)—(S5),
where d € U 1s disturbances of the initial system Sy.
Assume that do € K, exists continuous function D : Ri — R such that Vr >

0 tli_r(i@<oo, and ¥Vt > 0
—

ldllec <7, [Jz]| <7 =
dist(Sq(t,0,x),5(t,0,2)) < D(r,t)o(]|d||s)- (10)
Assume, that

Vr > 0 the set U U U Sa(t,0,z) is bounded. (11)

t20 [|dl|co <r ||z||<r

Then {Satacu s local 1SS w.r.t. O, i.e., inequality (5) holds.
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Proof. First let us prove that Vr >0 3¢, 1, a € K, exists Lipschitz continuous
function V' with Lipschitz constant equals 1, such that

Ulzlle) < V(z) <v(llzlle). Ylzlle <. (12)
Vo(z) := lim Ldist(V(So(t.0.2)). V() < ~a(zlle) Vllalle <. (19)
where here and after for A C X, V(A) = | V(a).
acA

For this purpose, we choose function § from (7), fix 7o > 0 and Ve > 0 let
T =T(ro,€) be such that
B(ro,t) <e vVt >T. (14)

We put
VE(z) = e (0tT sup(e“a: ([1So(t, 0, 2)lle)); llzlle <o,
>
where ¢y = ¢(rg) is taken from (9), ¢ > 0 will be fixed throughout the proof,
n-(r) := max{0,r — e}. Due to (14)

V() = e sup (e ([[So(t, 0, 2) o).
t€[0,T]

Using elementary properties of 7.:

0e(r) < vy ne(r1) = ne(r2)| < fry—ral,
we get the following properties of Ve:

Vi) < e sup n(1So(t0.2)0) < Bl 0). Vilallo < ro.

te[0,7)
and

VE(z) = VE(y)] < et
xsup [e“ne([|So(t,0,2)ll6) — e ne([|S0(t,0,9) o) <

t€[0,T]
< e T sup |[1So(£,0,2)]|l6) — 150(t,0,y)]le)| <
te[0,T]
S e—COT sup dist (So(t, O,ﬂf),SO(ta()?y)) S
te[0,T)

<e ez —yll =

=llz—yl, Vizlle <ro, Vlylle <ro.
Here, we utilized the inequality
dist (A, B) < dist (A, C) + dist (C, B),

with A = So(t, O,.ZC), B= @, C = So(t, O, y)
Due to compactness of © we have that V||z|e < 7o

lzlle = inf |z — & = [z = &ll, & € ©.
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Then due to (9)

dist (So(t,0, ), S0(t,0,&0)) < e[l — &l
Invariance of © implies the inclusion
So(t,0,&) C ©.
Therefore,
dist (So(t, 0,2), So(t, 0, %)) = [[So(t, 0, 2)]|e-

So, from the strict inequality ||z|le < 79 we derive that for sufficiently small
7T>0
|1So(7,0,2)|| < ro.

Then Vo € K : ¢(0) = z, we get from the strictness of S

VE(p(r)) = =@ sup(en.([1So(t, 0, (7)) lle) <

t>0

I (et (|60 + 7.0, )]) <
t>

< e “TV¥(x) for sufficiently small 7 > 0.

IN

Due to compactness of Sy(t,0,z) we deduce: for every small 7 > 0 Jp €
€ K, ¢(0) = x such that

dist (VE(So(7,0,2)), VE(x)) = VE(p(T)) = VE(x) < (77 — 1)V(x).

Therefore,

VE(z) := lim %dist(VE(SO(t,O,:c)),Vs(a:)) < —cVei(z), ||z|le < ro.

t—0+

Now, for every ||z|le < 19, we put
Vie) =Y 27"V (a).
k=1

Then from the previous arguments, we get

V(z) < B([lxlle,0), llzlle < 7o,
V(e) =Vl <llz—yll, lzlle <ro, llylle <o,

Vo € K, ¢(0) = x for sufficiently small 7 > 0
Vip(r)) < eV (x),

and therefore,
dist (V(So(7,0,2)),V(x)) < (e — 1)V (x).
So, _
Vo(2) < —eV(@), llzllo < ro.
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Moreover, inequality

sup (e 11 ([[So(t, 0 x)lle)) > n1(llzlle),
t>0
implies
EZ e @ T D, (zlle), |lzlle < ro.
Finally, denoting _
(r) =B(r,0) +r,
Blr) =2 e @MWy (1),
k=1
a(r) = cp(r),

we obtain (12),(13).
Then for V||z|le < 1, Vu € U : ||Jul]|oo <1, Vo € KV : ¢(0) = z, let us consider
for t > 0 the upper right-hand Dini derivative [23]

Vi) = Tm ~(V(glt + ) - V(e(t))).

=04+ T

D
According to property (8)

gp(t + T) € Su<t + T,O,.’L") - Su(-th)(TaOa So(t))

From (11), for some 9 > 0, ||@(t)|| < o ¥Vt > 0. We fix such rq in all previous
arguments. So, in view of (10), we can write

Vip(t+71)) = V(p(t)) < dist (V(S +0(7,0,0(1))), V(e(t))) <
< dist (V(Sury(1,0,90(2))), V(So(7,0, V(Sut0 (1,0, 0()))))) +
+d18t( (So(7, 0,V (Su(10)(7,0,(t))))), V(1)) <
< d(ro, 7)o ([|lullsc) + (e77 = DV ((2)).

It means that
DV (p(t)) < —cV(p(t)) +do([ullw), ¥t >0, (15)

where d = Tim 4ren)
=0+ 7

Due to the properties of upper limit, we get from (15):

C

5*04wa»aﬁf;—5+(—@ﬂlﬂkiéﬂ,

C

— d -~
D" (V(gp(t))eCt - Mw) <. (16)
Then inequality (16) implies that (see [23])

V(p(t))e® — wed <Vi(x)-— _—, vt > 0.

C C
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So,

V(elt) < Ve + Yo(lulle), ¥ >0,

Finally,
ele0lle) < Tllallole™ + Zolulc)
Ie(Ollo < 6™ @llallo)e ™ + Zo(lule)) <
< 0 Calleloe ) + 3 (Zoiw)) . (7
If we denote
5(r,s) = 507" (Z0(lelle)e ™)

1 2d
) =0 (2ot
then inequality (17) implies the required local ISS property.

Theorem is proved.
4. Application to reaction-diffusion systems. We consider the problem

{ut = aAu— f(u) + h(z) + gu)d(t), = € Q,t >0, (18)
u‘ag =0.

Suppose that all components of functions f, g belong to the class C(R), h €
S <L2(Q))N, 3C,Cy,C3 >0, v > 0,p; > 2, © =1, N such that Vv € RN

N . N
ST <O+ 3 i), (19)
=1 i=1

N

> ' > Z% — O, (20)

=1

lg(w)||* = Z 9" (v)[* < Cs. (21)

2,7=1

We will use the following standard functional spaces:
H = (L*(Q)Y and V = (HJ(Q))".
Let us denote
p=(p1,---,on), LP(Q)=LP(Q) x...x LPN(Q).

It is known [24] that under assumptions (19)—(21) for any disturbances d €
€ L°(Ry; H) (even for d € L} (Ry; H)) the problem (18) is globally resolvable in
weak sense in the phase space H, i.e., for every uy € H there exists (maybe not
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unique) a function u = u(t,z) € L} (0, +00; V) L, (0, +00; LP(Q2)) such that for
any T'> 0, v € VN LP(Q)

u(t,:c)v(:c)dx—l—/(aVu(t,a:)Vv(:c)—i—

+f(u(t,z))v(x) — g(z)v(x) — d(t, x)v(x))dm =0.

dt

in the sense of scalar distributions on (0,7"), and u(0, ) = ug(z). Due to inclusion
u € C([0,+00); H) the last equality makes sense. Moreover, every weak solutions
of (18) belongs to the class of absolutely continuous functions from [r, 7] to H for
every T > 7, and for positive constants v, cy,co for a.a. t > 7

d
%IIU(@II2 +ollu®)|* < 1+ eolld]l.
So,
1
lu@)|* < [lu(r)|?e™ 7 + —(a1 + olldllS), vt =7 (22)

Moreover, if ull — ug weakly in H, d, — d weakly in L*(0,T) VT > 0 then up
to subsequence
Vit > 0 u,(t) — u(t) in H, (23)

where u is a solution of (1) with initial data uo and disturbances d.

These statements allow us to claim that for d = 0 all weak solutions K of
undisturbed problem (2) generate strict m-semiflow S according to the formula (8),
and properties (22), (23) imply (G1) — (G4). So, due to Lemma 1, m-semiflow S
has stable global attractor © C H.

Moreover, from estimate (22) we get that property (6) takes place. So, Lemma
2 implies the robust stability estimate (6) for our problem (2).

Theorem 2. Suppose that (19) — (21) takes place and, additionally, components
of f belong to the class C1(R™), and the corresponding Jacobian matriz D f satisfies
the following inequality:

30, > 0 Yo € R* Df(v) > —Cy. (24)
Then the formula
Sa(t, 7, ur) = {u(®)| u(-) is a solution of (2) on [1,+0), u(t) = u,}, (25)

generates the family of semiprocesses {Sq}acy with U = L*(0, +00), which is locally
ISS w.r.t. ©, i.e., property (5) takes place.

Proof. Tt can be proved that the family of mappings {S;}secv defined by (25),
satisfies (S1) — (S5). So, Lemma 3 implies that {S;}sep is the strict family of
semiprocesses. Moreover, inequality (24) allows us to prove that Sy and Sy satisfy
properties (9), (10). Estimate (22) gives property (11). Thus, we can apply Theorem
1 and obtain required result.
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5. Conclusions. In this work, we considered the stability of the limit modes of
an infinite-dimensional system of the reaction-diffusion type in relation to external
disturbing signals. The main result is the estimation of the deviation of the tra-
jectories of the disturbed system from the uniform attractor set (global attractor)
of the undisturbed system in terms of the amplitude of the external signal. At the
same time, the obtained results can be applied to wide classes of reaction-diffusion
systems under rather general assumptions on coefficients, including systems with
non-smooth interaction functions, multi-dimensional Lotka-Volterra systems with
diffusion, FitzHugh—Nagumo systems and others for which the uniqueness of the
solution of the Cauchy problem is not guaranteed. Therefore, we can conclude that
this robust stability with respect to disturbances is the interior property of evolu-
tionary processes which are modeled by reaction-diffusion systems.
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Kanycrau O. B., FOcunis T. B. CrifikicTs rpaHnvHuX pe:KUMIB /TSI 3araib-

HOT'O BHIIQJIKy CHUCTEM THUIYy Peakmid-audy3isd.

VY mi#t cTarTi MU PO3TISATAEMO CTIWKICTh TDAHUYHUX DPEXKUMIB M1 3arajbHOTO KJAcy
HEJTIHIMHUX PO3MOJIIEHNX MAaTEMATUYHUX MOJIEJeH, AKi HAa3WBAIOTHCS MOJIEIIMH PEaKIlii-
mudysii. Cucremu peakiiii-audy3il TpuposHO BUHUKAIOTH y Oararbox 3acrocyBanusx. Ha-
MPUKJIA, IPH MATEeMATHIHOMY MOIETOBaHHI B Giosorii Ta y Teopil mepemadi curaasin
wupoko BukopucroByerbes mozesb PiruXvio-Harymo (FitzHugh—-Nagumo model), pos-
MOJiJIEHN BaplaHT SKOI € OKPEMHM BHIQJIKOM 3arajbHOI cucremu peakiiii-andysii. do-
CJTIKEHO TPOo0JIeMy CTIfKOCTI TPUTSTYIOYNX MHOKUWH JJI HECKIHI€HHOBUMIDHOI CHCTEMU
peakiii-gudysii BiqHOCHO 0OMeKeHuX 30BHIIIHIX curHaiis (30ypensb). OyHKIGT B3aEMOJIT,
a TakOXK HeJiHifHI 30ypeHHs He BBAXKAIOThCs HemepepBHuME 3a Jlimmmurem. OTxke, Mu He
MOKEMO OYiKYBATH €IWHOCTI PO3B’SI3KY /I BiIIMOBITHOI MOYATKOBOI 3a4ati, i MU TOBUHHI
BUKOPHUCTOBYBATH Oararo3nadnuil HamiBrpynosumii mninxin. Bsaxkaerscs, mo ne3bypena cu-
CcTeMa, MA€ III00AJBHI aATPAKTOD, TOOTO MiHIMAIPHY KOMIIAKTHY PiBHOMIPHO TPUTSATAIOTY
MHOKUHY. OCHOBHOIO METOI0 JOCJIPKEHHS € OIIIHKA BiIXUJIEHHST TPAEKTOPil 30ypeHoi cu-
CTeMH BiJl TI00ATBHOTO aTPAKTOpPa He30ypeHol AK (PYHKITI BETUIHHN 30BHIITHIX CUTHATIB.
Taky OliHKY MOXKHA OTPUMATH B paMKax Teopil crifikocri Bix Bxomy 1o crany (ISS). V crar-
Ti 3aIPONOHOBAHO HOBHUH MiAXiz 0 OTpUMAaHHS OIHOK pobacTHOI crifikocTi arpakrTopa y
BUMAIKY 06AraTO3HAYHOTO €BOJTIOIIHHOTO OMmepaTopa. 30KpeMa, J0BEIEHO, 10 DAraTO3HAYHA
HAMIBrPYTa, TOPOIXKEHA CTA0KMMU PO3B’sI3KaMU HEJIIHITHOI cCuCTeMU TUITY peakIii-audys3ii,
Mag€ BJIACTUBICTH JIOKANIBHOI [SS BigHOCHO aTpakTopa HE30YPEHOI CHCTEMMU.

KurrodoBi cioBa: cucrema peakuisg-audysis, cucrema 0e3 €1uHoCTi po3B’s3Ky, CTifiKicTb
Bij BXOIy /0 CTaHy, pobACTHA CTIHKICTh, rII00AJbHII aTPAKTOP.
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ON A NUMBER OF EMIGRANTS IN DECOMPOSABLE
AGE-DEPENDENT BRANCHING PROCESSES

Decomposable branching process can be viewed as stohastic model for the population
with N types of individuals, splitted into several groups Gi,Ga2,...,Gy,, n < N, where
each group occupies its own island. Individual of group G; may immidiately after birth
emigrate to island, occupied by group with higher index or stay on the same island. In
given paper we consider case with two groups G; and Go. Each individual has random life
duration and distribution of its progeny depends on its age.

We establish asymptotic behaviour of processes that count number of emigrated indi-
viduals, depending on criticality of branching subprocess, generated by group G;.

Keywords: branching process, stochastic additive functional, critical branching process,
Perron root, moments.

1. Introduction. We will provide short description of decomposable multitype age-
dependent branching process with variable transition probabilities. Review of multi-
type age-dependent processes with variable transition probabilities can be found
in |1], chapter 8, while decomposable branching processes were studied, for example,
in [2], [3] and [4]. Description of probability space could be given analogically to [5],
chapter 6.

Consider a population consisting of n types 11,75,...,T, Each T; — th type
particle has random life duration 7; with distribution function

P(r; <t)=G'(t),G'(0+) =0

We will assume that G*(t) are absolutely continuous.

Types of particles can be divided into two groups: C; which includes parti-
cles of types T1,T5,...,T, and Cy which includes particles (individuals) of types
Toi1, Thyo, ..., Ty, 1 < r < n. Particles from C5 at the end of their lives transorm
into any number of particles from their own group, while particles from C transform
into any number of particles of any type. Direct (5 types descendants of particles
from C group types we will call ’emigrants’. Establishing asymtotic behaviour of
processes, which describe number of emigrants is the goal of this paper.

Conditional probability (if transformation took place when the age attained by
the original particle was u) p’,(u) of transformation into a set consisting of a; T} —

th type particles, i = 1,n, where @ = («y,as,...,q®,) is n - dimensional vector
where the components are non-negative integers. Evolution of particle is defined by
joint distribution of random variable 7; and random vector v; = (v}, ... v!), which

characterise progeny of this particle.
P(r € B =a) = [ pl()dG(u)
B
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62 T. B. LYSETSKYI

Vector ju1;(t) = (i (t), ..., u*(t)) denotes number of particles of types Ty, T, .. .,
T, at the moment ¢, under the condition that at initial moment there existed one
T; — th type particle. And let’s also assume, that vectors p’(t) are right continuous.

Let’s denote by P'(x) and E’(x) denote conditional probability and conditional
expectaion respectively, under condition that at initial moment of time there existed
one particle of type T;.

Let’s also introduce generating functions

=> pi(b)s

and ‘
=3 Pty = )t i =T,

a aq Qn,

$=1(81,...,8,),8" =87 s
F(t,s) = (F'(t,s),...,F"(t,s)),h(t,s) = (h'(t,s),..., h"(t,s)).

Generating functions F'(t, s) satisfy with s < 1 (componentwise) and ¢ > 0 next
system of integral equations [1]

¢
Fi(t,s) = s;(1 — G'(t)) + / h(u, F(t —u,s))dG"(u),i = 1,n. (1)
0
2. Preliminaries. Define
i Oh'(u, s i = i
Mm:—%f%ﬂ@:/‘qwmw%
j 0

i Oh'(u, 5) i < i
jk(u) = W\s 1, Djp = /0 jk(u)dG (u).

We will call described above branching process (b.p.) £&. We assume that matrix

A A . ;
A= ||AZ i j=Th of moments has a form 01 Alj , where matrices A; = HA}”Z,J.:W
and Ay, = HA;H”:m are irreducable, Ay = “A§||i:ﬁ,j:m’ 0=(n-r)*r zero
matrix.
Since our goal is to describe number of emigrants, we will mainly focus on matrix
A
Let
! —2puyl
Apk,:/o ue "ay(u)dG* (u), B p]k /0 e ”“bjk(u)dGl(u),
o0 o0
zwz/imwwmw:/‘mAm@U
0 0
Y Blldbun M, = 3 MBib b, = Z / u)dG
Lkm=1 Lk=1
where p denotes such number, that perron root of matrix ||f0 e Pual (u)dG' (u Hij:ﬁ
equals to one, u, = (up,up, oyup) and v, = (Umvp, ..., vp) denote right and left

Pozain 1: Maremarnka i CTaTuCTAKA



ON A NUMBER OF EMIGRANTS IN DECOMPOSABLE AGE-DEPENDENT ... 63

eigenvectors of this matrix, (v, u,) = (v,,1) = > v¥ =1 (in critical case p = 0 and
k=1
we denote u, = u,v, = v).

To simplify further investigation we will introduce process &', which consists only
of particles from group C,. By v;(t) = (/7' (¢), ...,/ (t)) we will denote number of
particles of types from group Cs (emigrants), produced by C; type particles by t.
Processes 1;(t),7 = 1,7 can be seen as "product’ of C type particles or multdimensi-
onal additive functional from branching process &' (see [7]).

Consider vector fi;(t) = (u(t), ..., pi (), v/ (t),...,v2(t)),i = 1,n.

By Fi(t, s) we will denote generating functions of this vectors. It is easy to see
that Fi(t,s) = s; for j =7 + 1,n and formula (1) is valid for Fi(t,s),i = I, with
F(t,s) = (F'(t,s),...,F"(t,s)).

According to [1], we have next formulas for moments

OF'(t,s) OF(t, s)

A ( ) 6Sj - aSj ’

O?F(t,s) OPFi(t, s)
0s;0s,  0s;0s;

B;'k(t) =

Al(t) = §i(1 - Gt +Z/Akt—u (w)dG (u),

T

Bi(t)=>_ 0 Bjk u)dG (u Z / ALt — u) AP (t — u)b, (u)dG' (u),
=1 m,l=1

fori,j,k=1,r.
For Aj(t), By (t) and Bj(t), were i,j = 1,7,1 = r + 1,n we will have

<

Al(t) = / 0} (1)dG () + / ANt — u)ad, (u)dGP (u), (2)

k=1

Z/ Bt — w)al, (u)dG (u) +

> / AP~ ) At — )y ()G ), )

m,d=1

By(t) Z /0 By(t a, (u)dG" (u)+

Py / At — u) AN(E — )b, (u)dG (). (4)

m,q=1

Next theorem is crucial for establishing asymtotic behaviour of moments. Proof
of this theorem can be found in [6].
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61 T. B. LYSETSKYI
Theorem 1. Let M(dy) = Hmij(dy sz ir

which are finite non-negative measures on [0 +00) and let vector function g(x) =
g(x)

be r*r square matriz, components of

= (q1(x),...,g9-(x)) be such that for some v > 0 holds ilelﬂlg maz{l, a7} < X
and 42 7% ¢ = (cy,...,¢,). If Perron root of M[0,+00) equals to 1 and

[ umy;(du) < oo, then
0

1 * T 00 P
/og(rv—y)dH(y) — |

ity (1+ 7)a|

ij=1r’

where H(y) is renewal matriz, which corresponds to matriz M (dy), u and v are right

and left eigenvectors of M|0,+00), a = (v, fyM(dy)u)
0

~Applying Theorem1 to (2)-(4), one can show that, in critical case, if M7, M3,
By, are finite, then

u Mlt ulv? M7 M;t? u'(M)?t3

A;(t) Ma BZ ( ) 2(Ma) Bll( ) ~ B 3(Ma)3 : (5)

We will also need next lemma to prove Theorem 2.

Lemma 1. If for random variables X (t) and Y (t) following conditions are sat-
isfied:
t——+o00
a) X(t) —— X in distribution;
b) Jim (X (1) - Y (1))
—00

then Y (t) =225 X in distribution.

Proof. Indeed, from condition b) we get that Y (t) = X(¢) + 6(t), where 6(t)
tends to zero in square mean, therefore in distribution, so

tlg(r}oE (exp{ iBY (1) }) = tlgéloE (exp{ iB(X(t)+6(t) }) =E (exp{ iBX }).
3. Main results.  Analogy of theorem 2 (and corollary 1) |7] takes place,
which also can be proven using slight modification of results obtained in [2]:
Claim 1. If process £ is supercritical, Ai)k(u) and B ik are finite, i, j, k = 1,n,

e Ptui(t) e Ptul(t) e pi” +1(t) Rz 0)
R T R o R

as t — 00 in square mean to the same limit ji*, where
vl [T e (1 — GU(t))dt
p Z vkum [ te=rtai, (t)dG*(t)

k,m=1

than random wvariables (r.v.) converge

Kj_

kfo e [ ai(u)dG? (u)dt
Kl: 7j: 7T7l:T+17n
Z v’;u;" fooo te=rtal (t)dG*(t)

k,m=1

Pozain 1: MaremaTnka i cTaTuCTAKA
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Furthermore, Laplace transform ¢'(s) of limit r.v. il satisfies equation

l(s) = Oohl u, p(se ")) dG'(u
05 = [ B (e olse ) dG w)
with initial condition ¢(0) =1,¢(0) = —1, where ¢(s) = (¢*(s),...,d"(s)).

Corollary 1. If conditions of theorem 1 are satisfied, than distributions

n

(5w
pi kr-‘rl <75|Z“k ,Z:L_T
ZMk() k=1

converge to the degenerate distribution, localized at the point

i Z kfo e ptfoal dGl )d

l=r+1k=1

Pl J% e (1 — Gi()dr
=1

In order to prove next theorem we will compare processes v} (t) with processes
Ni(t) — total number of particles born by the moment of time ¢, if at the moment
t = 0 there existed one particle of type T;.

Let N;(t) denote number of particles of type T}, born by ¢, then N*(t) = 231 Nj(t).
=

It is known [8], that

E (6(13]9{ Z /BJNZ thQ } |Z,u] ) t—)-‘roo

j=1

1/2 r 1/2
EmanaN (23 > 5ﬂ) /M, | sh (23 > ﬁj) /M,
j=1

Then by letting 87 = v’ 3, and since > v/ =1, we get
j=1

E (emp{ iBN(t)/1* } |Zu§(t)> ——

= (258) 7 M, (sh ((288) M) ©)

Also from [9], pp. 464465, we can establish asymptotic behaviour of moments
E'(N;(t)) and E*(NZ2(t)):
uit uit3

Ma>EZ(Ni2(t)) ~ BW-

E'(Ni(t)) ~

Theorem 2. If the following conditions are satisfied:
i) integrals M7, MJ*, B}, are finite;
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i) [ )7 ap( dGm( Jdt = k" < 400;
iii) limy_yo0 t2 [ ak (w)dG™(u) < +00, im0 t? (1 — G'(t)) < +o0,
m, k,j :W,l =7+ 1,n, then

T. B. LYSETSKYI

B <exp{ i)/ YD ki) > o) e

e (9B MoB)Y? M, (sh ((2BM05>1/2 / M)) '

Proof. As has been mentioned in (5), moments AJ(t) ~ “%lt, Bj(t) ~
~ B 3(Ml 2t l - ]_ T.

Now we Wlll obtain asymptotic behavior of moments E* (N*(¢)vj(t)) .
Let

Fi(t,z, S) 0 <€zNi(t)Sﬁi(t)> 2 <0,i= ﬁ’

F(t,z,5) = (F'(t,z,5),...,F"(t,z2,5)).
Let also

OF(t, 2, s) O*Fi(t, 2, s)

Dl(t) = ’s 1,2= O?Dl( ) —‘5:1,z:0, l = r 4+ 1,n.
0z 020s;

Similarly to [5], we can derive formula

Fi(t,z,s) = ¢ <si (1-G'() + /Ot R (u, F(t —u, 2, 5)) dG’(u)) : (7)

Differentiating both sides of (7) first with respect to z at point 0, than with
respect to so at the point s = (1,...,1) we get
—_——

n

Df():/oal )dGi (u +Z/Akt—u (u)dG (u)+

+Z/Akt—uD’t—u)b;k )dG" (u —i—Z/ Dj(t — w)aj(u)dG" (u).

7,k=1

Using the results we obtained above, we see that
/ 0l ()dGi (u +Z/ ARt — w)al (u)dG (u) = o(t?),

Akt—uDZt—u)bZk )dG" (u Blk’
J J

So again, using Theorem1, we obtain that Df(t) ~ Bg(ﬁgz

Pozain 1: MaremaTnka i CTaTuCTAKA
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Conditions ii) and iii) allows us to claim ( [10]), that P (Z i (t) > O) ~ M
k=1

P (((Ma)tQNl(t) B (M;L\;ﬂ’;j(t)) I;ué(t) > 0> ~

BM,u' /3t — 2BMyu' /3t + BM,u' /3t 0
2M, /Bt B

and so

From here, (6) and from Lemmal we get the result.

Corollary 2. If conditions of theorem 1 are satisfied, than distributions
. yi(t) r .
P25 <2y ui(t)>0],
(5 <

converge to the degenerate distribution, localized at the point

—r¥in

L

i where, 1 = 1,r, [ =

Analogy of theorem 1, [7] also takes place.

~—

Claim 2. Process & is critical or subcritical if and only if random variables u{(t
converge with probability 1 as t — +oo to finitely valued r. wv. Vlj,j = 1,71
=r—+1,n.

Furthermore, vector characteristic function of limit r.v. vy = (v}, ..., v]) —

E (ewl’l) = (E (eiﬁ”ll) ... FB (eiﬁl’;)> ,

satisfies integral equation:

B = ([0 (wB ) a6 . [ (wB ) der).

where

E (eiﬁl’l) = (E <eiﬁ”ll) R ) (ew”lr) S Spaly .- ,sn> :

Proof. Proof is analogical to theorem 1 in [7]. It is only worth to note that if
process is supercritical, then there exist + = 1, r, such that

0< lim P (;,uk(t)>0> :tg+mooc2(t)=q <1,

t—+o00

t—+o00

and process N*(t) —— 400 (see chapter 6, [5]) with probability ¢*, so the strong
law of large numbers holds for %
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JImcenpkuit T. B. [Ipo KiTbKicTh eMIIrpaHTIB B PO3KJIAIHOMY TLIASCTOMY ITPOIIEC]

3 IEPETBOPEHHIMHU, 3aJIe?KHUMHI BiJ BIKY.

Posknaguuit rissicruit npomec MoKHA PO3ITISAATH sIK CTOXACTUYHY MOZENb IOMYJIsIil
3 N tunavu iHguBizmyMmis, po3alieHux Ha gekinbka miarpyn Gi,Ga,...,Gn, n < N, ne
KOYKHA TPYTa HaceNsie OKpemuil ocTpiB. [nauBiguym 3 rpynu G; MOXKe Opa3y MiCJs HAPO-
JIZKE€HHsI €MIrPDyBaTU HA OCTPIB, HACEIEHUI IPYMOI0 3 BUIIUM iHIEKCOM, ab0 3aJUIIUTHACH
HA CBOEMY OCTpOBi. B mamiit crarTi po3rigmaerbcs BUMaI0K 3 nBoma rpymamu G ta Ga.
Kozkna ocoba Mae BHMIAIKOBY TPHBAJICTH KUTTsI, & PO3MOALT 11 MOTOMCTBA 3aJ€XKUTH Bif
11 BiKy.

Mmn mochiaKyeMo acMMNTOTHYHY TIOBETIHKY TPOIECIB, SKI PaxXylOTh KiJbKICTh 9acCTH-
HOK, III0 eMirpyBaJin, B 3aJI€3KHOCTI BiJT KDUTUIHOCTI T1JISICTOTO TiAITPOIIECY, TOPOIZKEHOTO
rpymoo (.

Kurro4oBi cioBa: rijuiscruil nponec, CroXacTuyHui a i TuBHUN PyHKIIOHAJ, KPUTHIHUIA
TLIIACTU MPOTIEC, TTEPOHIB KOPiHb, MOMEHTH.
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JOCTATHI YMOBU ICHYBAHHA JO0IIYCTMIMOTI'O
KEPYBAHHS JJI JITHIMHUX CTOXACTUYHUX CUCTEM
BUIIAJIKOBOI CTPYKTYPU 3 MAPKOBCBHKIIMU
ITEPEMUNKAHHAMU I ITVACCOHOBVIMUA 3bYPEHHAMMN

Bceranoseno mocTaTHi yMOBY iCHYBAHHS JOMYCTUMOTO KEPYBAHHS JIJIST JTIHIHHUX CTOXA-
CTUIHUX CHCTEM BHUTIQIKOBOI CTPYKTYPH 3 MAPKOBCHKUMHU MEPEMUKAHHAMU 1 TyacCOHOBUMU
30y peHHIMH.

Kurro4oBi cjoBa: cructeMa BUMTAIKOBOI CTPYKTYPH, JOMYCTHME KEPYBAHHs, MapPKOBCHKI
MEPEMUKAHHS, TTyaCCOHOBI 30ypeHHs, (DYHKITIOHAJ SIKOCTI

1. Berym. VY poGori [1] BeTtaHoBIeHO, 10 JJisi BU3HAYEHHS] PO3B 3Ky JIHIHHO-
KBaJIPATUIHOI 3371a491 ONTUMAJIBHOIO KePpYBaHHS /I CTOXaCTUYHOl IMHAMITHOI CH-
CTeMU BHIQ/IKOBOI CTPYKTYPU 3 MAPKOBCHKUMH IMEPEMUKAHHSIMHU 1 IIyaCCOHOBUMU
30ypeHHAMHI, TOTPIOHO 3HAWTH 10/IATHO BU3HAYEHU PO3B’ 130K MATPUIHAX PiBHSIHB
Pikkari. Heobxiani i jlocTaTHi YMOBU PO3B A3HOCTI MUX PiBHAHBL CHOPMYJIIOBATU B
3araJbHOMY BHUIAJKY HABPsJ UM BUJIACTHCA MOXKJIMBAM. ToMy cTaBUTBhCA 3aja4a
PO MOOYIOBY TAKOTO KepyBaHHS, sdKe 6 3a0e31edyBajio CKiHIeHHICTh (PYHKITIOHAJA,
gkocTi (i crabimizalio cucTeMu, SKIMO M TOBOPUMO JOJATKOBO MPO 3a1ady CTadi-
pizani).

Y BUNQJIKY JIHIHHIX CTOXACTUIHUX CUCTEM BUIAIKOBOI CTPYKTYPH 0€3 HasBHOCTI
MapKOBCHKUX IIepeMUKAaHb BKa3aHa 3aj1ada po3s’a3ana 1. f. Kamowm [2].

Y mpari 3|, kopucryounck meronukoo 1. f. Kama [2] mocnimkenusi cucrem
BHUIAIKOBOI CTPYKTYpH 1 Meromukoio €. @. [lapbkosa [4] BpaxyBanHs 30BHINTHIX
MapKOBCbKUX II€epEMHKaHb, BCTAHOBJIEHO ,ZLOCTaTHi YMOBH iCHyBaHHH JAOIIyCTUMOTI'O
KepyBaHHS /I JIHIHAX CTOXaCTHIHUX JWHAMIYHUX CHCTEM BUTAKOBOI CTPYKTYPH
i3 30BHIIIHIMI MapKOBCHKHMH IE€PEMUKAHHSIMU.

Y mamniit po6oTi y3araJbHeHO pe3ysIbTaTh 3| Ha BHMAJOK JIHIHIX aBTOHOMHUX
CHCTEM BHIIAJIKOBOI CTPYKTYPH 3 MApPKOBCHKHMM MEPEMHKAHSIMH 1 IIyacCOHOBUMH
30y PEeHHSAMU.
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2. ITocranoBka 3aza4di. Ha iivmosipricaomy 6azuci (2, §, F, P) [5] posrasae-
MO aBTOHOMHY CHUCTEMY, sIKa 3a/IaHa CTOXACTHYHUM Ju(EPEHITIaTbHUM PIBHAHHAM

(CIP)
dr = [A(E(t)z + B(E())uldt + o (£(t))zdw(t) + C(E()zdN(t), t € RA\K, (1)

3 MapKOBCBKUMH IIepeMUKaHHAMA

Ax(t) = g(t—, E(te—), M, v(te—)), te € K = {t, I}, (2)

t=tg

g lim ¢, = 400 1 HIOYaTKOBUMHU YMOBaMHI
n—-+0o

z(0) =29 € R™, £(0)=ye€Y,n=hecH. (3)

Tyt £(t),t > 0, — MAPKOBCHKUI HPOIEC 13 3HAUEHHSIMU B METPUYHOMY IIPOCTOPI
Y, ymMoBHA WMOBIPHICTH IKOT'O JIONMYCKAE PO3KJIA]

P{E(t + At) € [8, 5+ APJIE(t) = o # B} = p(t, a, B)ABAL + o(At),
P{(T) = a,t <7 <t+ At(t) = a} =1 — p(t, o)At + o( At), (4)

ae P{-|-} — ymosna iimoBipHicrs, p(t, a, §) i p(t, @) € 3amannvu GYHKIIsIME 3 BJa-
CTHBOCTSIMH, omucaHuMu Huxk4de; {n, k > 0} — nanmor MapkoBa 3i 3HAUYEHHSIMU B
npocropi H i marpumero nepexinuux iimosiprocreit Py; 2 : [0, +00) X Q — R™; w(t)
€ OJHOBUMIDHUM CTaHAapTHUM BiHeposuM upouecom; N(t),t > 0, — upouec Ilyac-
cona 3 inrercusHictio \; A, B, o, C' — Bigomi marpuasi QyHKII, 331201 HA MHOKWHI
Y; nponecu w, N, & ta n Hesanexni [5], [6].

Iponec z(t),t > 0 € cadlag mponecom; kepysanus u(t) := u(t,z(t)) : [0,7] X
x R™ — R" € r-pumipHO©0O (DbYHKIIE0 3 KIacy JOMyCTHMHUX KepyBaub U [7].

[TpumycTuMo, o yMOBH CTpHOKa ($a30Boro BeKTopa r € R™ B MOMeHT ¢ = t*
3MIHU CTPYKTYPH CUCTEMH 38 PAXyHOK 1epexoy 3i crany (" —) = aBE(t*) = 0 # «
€ JIHIHUME 1 337210Thcd y opMmi

o(t7) = K(a, B)a(t"=) + Y £Qu(a, fx(t*—), (5)

e K(a, B) ma Qs(a, B) — 3amani m x m-marpuni, &, s = 1, J, — He3a/aeKHI BUNAKOBI
Besmunnn, s axkux BE = 0, D& < oo.

AKicTh mepexiiHOro mporecy 0yJaeMo OIHIOBATH KBAaAPATHUIHUM (DYHKIIOHATIOM
SJKOCTI

]u(y7 ha ZL’()) =

=3 [ B M@+ DOUEO) = v = h(0) =z}t (©

k=07,
e M(t) >0, D(t) > 0 — cuMeTpu4Hi MAaTPHUII BiIOBITHUX PO3MIPHOCTE]H.

Osznauenns 1. Kepysanns u das cucmemu (1)—~(3) 3 ymosoro cmpubra (5) na-
3UBAEMBCA DONYCTNUMUM, AKUL BOHO 3G0E3NEYYE EKCNOHEHUIAALHY CMIUKICML 6
CEPEIHLOMY KEAOPAMUNHOMY PO3E A3KY CUCTEMU © 301CHICMY PAJY 3 THME2PAAIE
(6) npu bydv-axux nowamrosus danuz (3).

Pozain 1: MaremaTnka i CTaTuCTAKA
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3. OcHoBHUIT pe3yabTaTr. OO6roBOPUMO A0CTATHI YMOBHU iCHYBAHHS JIOMYCTH-
MOT'O KepYyBaHHS JIHIWHOI cHUCTeMU, KOJU £ € OJHOPIIHUM CYTO PO3PUBHUM Map-
KOBCHKHM MPOIECOM, YMOBHA HMOBIDHICTBH Mepexoy sKOro JOIMyCKae po3kyian (4)
(mepexinna minbHicTh p(t, o, ) = p(a, B) He 3a1€KATH B Yacy).

Binomo [1], mo axmo koedinienru A(y), B(y), o(y), i C(y) piBusnus (1) ne-
nepepsui B obnacti Y = [(1, o], (1,¢ € R, 1o onrumasbua dyukiis Jlgmynosa
v)(a, hyx) = 2T Gy (t, @)z BU3HAUAETHCA 3 PIBHAHHA

Gr(t,a)A(a) + AT ()Gy(t, o) — B(a)D; ' (t) BT () Gi(t, a)+
+ol ()Gt @)o(a) + ACT (a)Gr(t, a)Cla)+

C2 !
+ [ |KT @ B)Gut B (@, 8) + 3 Q0 H)Gu(t HQu(a B) ~ Gult) | x
¢1 s=0
IPUYOMY ONTHMAIbHE KepyBaHHsd Mae Burisan uy(t, o, z) = —D; ' (t) BT (a)Gya.

IIpunycrumo, mo crpykrypa cucremu (1)—(3) sammmaernes wesminnowo &(t) =
=~ € [(1, (2, cTpubKu pa30BOro BEKTOPa BIICYTHI 1 MAPKOBCHKUX MEpeMHKAHD (2)
He BiOyBaeThes. PiBusnus (1) meperBoproerbes y audepeHiiaibie piBHIHHS

dr = [A(y)z + B(v)uldt + o(v)zdw(t) + C(v)xdN(t),y = const, (8)

SIKa OJIEPKYEThCS 3 (1) «3aMOPOKYBAHHSAM» CTPYKTYDHL.
Hexait aya cucremu (8), (3) icmye momycrume mimifime xepysauns. Toxi 3 (7)
O/IEPYKYEMO PIBHIHHS

GrA() + AT (7)Gr, — B(v) Dy, (t,7) B" (7) G+

+0" (7)Gro(v) + ACT(V)GLC () + My(t,y) =0, k>0, 9)
>

sKe Ma€ €IUHUI T0JaTHO BU3HAYeHUH po3B’s30K Gy > 0 mpu Oyab-sikux My (t, )
>0, Dk(t,v) > 0.

PiBustnns (9) Biapisuserncst Big piBHsnus (7) BiACYTHICTIO 1HTErpasbHOIO J10-
JMaHKA B CHJIY HE3MIHHOCTI CTPYKTYPH CHCTEMU.

Mae Miciie HACTYTIHE TBEP/IYKEHHS.

Teopema 1. Hexati das cucmemu (1)—~(3) 3 ymosoro cmpubka (5) suronyomves
HACTRYTHT NPUNYULEHHA:
1) npu 6ydv-axomy Pixcosanomy v € [(1, (o] dasn cucmemu (8), (3) icnye ainitine
donycmume Kepyeara;
9) mampuui A(y), B(y), o(v), C(y), 440 4BG) ~doly) ~dCC) 64 e0ceni sa nop-

dy 7 dy 7 dy 7 dy
MO10 Ha MHodtcuni Y € [(1, (o):

AN <R, IBOI<R, ..., |

| <R, (10)

de ||Al| = (SpAAT)z;
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3) mampuui K(o, B) ma Qs(a, B), axi eusnasaromsv ymosy cmpubka (5), szado-
BOALHAIOMY HEPIBHOCT

K(o,f)=E+ (8- )K, Qa,B)=+/B—aQ,, (11)

de K, Qs — sidomi mampuui, Akl He 3aredtcams 6id o i [3.
4) 0as wisvnocmi dmosiprocmi nepexody p(a, f) 6 (4) sukonyemoca nepisnicms

pla,B)|f—a| <L, « B, a#p. (12)

Todi mootcna exazamu maxy cmansy QQ > 0, wo npu 6UKOHAHHI HEPIGHOCI
JL < Q daa cucmemu (1)-(3) 3 ymosoro cmpubra (5) icuye donycmume xepysa-
wha u(y, h, ).

Hosederns. Posraanemo CIIP (8), omepzxane "3aMopoKyBaHHIM' CTPYKTYDH.
3 mepIrnoi yMOBH TeOpeMH BUILIUBAE, 10 PiBHAHHS (9) Mae eIuHUil J0JATHO BU3HA~
denuit po3s’s30k Gi(t,y) > 0, i, Biamosiaao, s koxHOTO bikcoBanoro 7y € [(1, (o]
iCHYIOTB onTUMabHe KepyBanus uy (7, h, ) = —D; ' (7) BT (7)Gr(t, v)x i onTumas-
Ha dyuxuia Jlamynosa v)(vy, h, z) = 2T Gy (t, v)r, gKi 3a6e31eUyI0TH €KCIOHEHITY
CTIfiKiCTh B cepeHboMy KBajgparnaHomy cucremu (8), (3) i miniMizytors dyHKIio-
wast (6), npraomy min Lo (v, b, ) = vi(v, h,2) [1], [7].

1106 BUBHAYMTH 3aJeKHICTH MO0y M0BaHOl DYHKIHT vk (7, h, ) Big v, npoaude-
permioemo (9) (moku mo opmansno) 3a 7. llosmawaoun 2920 — ff (¢ 5),

Au(t.) = A(y) — BO)D ()BT (3)Galt, ), onepmanvo

+o (V) Hy(t, 7)ok () + ACT (7) Hi(t,7)C(7) = —Ri(7)- (13)

Tyt m X m-matpuns R(7) 0o3Hadae CYKyIHICTh BCIX W/ieHiB, siki He MicTatb Hy(t, ),
SABHUM BUTJIA IKOI HEMa€ 3MICTY, OCKIIBKH BiH B JIOBeJIeHHI HE BUKOPUCTOBYETHCS.

[Mokazkemo, mo piBusnus (13) Mae eauuuit po3s’sizok H(t,7y) st poBiabHOT
marputi Ry (). dificno, cucrema

dr = Ay(t,y)xdt + o(y)zdw(t) + C(y)xdN (t) (14)

eKCIOHEeHIIaIbHO CTifiKa B cepeJlHbOMY KBaJIpPaTHYHOMY, OCKLIbKH BOHA OJeprKaHa
crabimizamiero cucremu (8) 3a JOMOMOTOI0 ONTUMATBLHOTO KepyBaHug uy (7, I, x). To-
My Ha PO3B’43KYy & 1€l CUCTEeMH IHTErpa

o0

[ B Bua/500) = 5. = hyo(0) = it = o0y )

0

301KHUI 1 € KBaIpaTHIHOIO (DOPMOIO, TTPUIOMY
0 T
(lvg) (Y, h, x9) = —zg Riwo,

ne (lv)(y, h, o) crabkmit indiniresumanbamnit oneparop B cumy cucremu (8) [1].
[Moznagatoun matpumio miel dhopmu gepe3 H(7y), MoxkHa NePEKOHATHCS, 110 BOHA

3a0BoJIbHsE piBHsaHHs (13). fkimo icuye inmmit poss’szox H(vy) # H(7), 1o ans

Pozain 1: MaremaTnka i CTaTHCTAKA



JOCTATHI YMOBU ICHYBAHHA JOIIYCTUMOI'O KEPYBAHHI. .. 73

kpagparmanol dbopyu v(vy, h,z) = 2T H(y)x, ne H(y) = H(y) — H(v), onepwu-
Mo, mo (lv)(y,h,r) = 0. 3sigen sunausae roroxkuicts E{v(y, h,x)/v,h, 20} =
= E{v)(v, h,x)/v, h,x0} = xf H(y)xo. B cmny posimsmocti 2o € R™, mpuxogmvo
710 BUCHOBKY, 110 H (y) = 0.

Orxe, piBusnus (13), gk 1 papusiunst (9) Mae €quHuil PO3B’A30K HPU KOKHOMY
v € [C1,Ca). YMoBu 1) i 2) TeopemMn BHKOHYIOTHCS Ha 3aMKHYTOMY iHTepBaJi, a Ma-

- _ dGu(ta) - L

rputi Gy (t,7), H(vy) = 4,77 HeNepepBHO 3aJIeKaTh Bijl 7Y, TOMY MOKHA 1iibpaTn

d
3MiHHY ¢ > 0 Tak, MO0 BUKOHYBAJIUCS OIIHKH

1Gk(t, ) < J0, [H(y)I| < J0. (15)

Tenep guist posmopozkenoi cucremu (1)—(3) 3 ymoBoto crpubka (5) BisbMeMO Kepy-
sanns ul(t,y, h,x) = —D; ' (t,y) BT (y)Gr(t,y)z, y € [C1, (2] i 3naiinemo ymonu, npn
SIKAX BOHO € JIOIYCTUMHUM JJid 1iel cuctemu. g nporo ckopucraemocs (yHKILEIO
Jlanynosa v} (y, h, z) = 2T Gy (L, y)z. 3a o3HaueHHAM CJIaOKOTO iHDIHITEZUMATLHOTO
omepatopa B cuity cucteM (1)-(3) 1 (8), (2), (3), omepxumo [1]:

(lv))(y, b, x |(1) (lv))(y, b, x |(8)
+B{vp(E(t), h,x(t)) — (o, h,2) JE(t=) = a, () = B # a, h,a(t—) = a(t) = 2} =
=27 (Gi(t,0)A(a) + AT (a)Gi(t, a) — B(a) Dy ' (£) BT () G (t, o)+
+ol ()Gt @)o(a) + ACT (a)Gr(t, a)Cla)+

l

K" (o, B)Gi(t, B)K (o, B) + Y QL (v, B)Gi(t, B)Qs(cr, B) — Gi(t, )

s=0

xprl, ) + My(t))z =0, k>0, (16)
Ouinumo kBagparuany dbopmy B (16). Maemo

My(t) + B(a) D' (#) BT (a)Gi(t, @) > c(t)E,

ae ¢(t) nopiBHoe MiHiMaabHOMY estementy marpuni My(t) npu o € [(1, (o, t > t,
E — opuamyHa m X m-MaTpHIld.
Onjnky iHTErpaJIbHOrO JOJAHKa MpoBeaeMo 3 ypaxysanuam (10), (11), (12), (15):

G2

/ [KTw,mGk(t,ﬁ)ma,m

81

l

+3 QN (@, B)Gr(t, B)Qs(a, B) — Gilt, a)] p(a, B)df <

s=0

¢2 !
< [ [KT(a,me,ﬂHZm @0, B) - ]m BB <

& =0

< JLYp(¢a — ¢G1)E, p = const.
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Taxum yuHOM, MaTUMEMO

(o) (y, hy ) = =2 [—c + TLOp(Go — ).

Beaxatoun, mo Q = c[20p(¢, — (1)), matumemo —c + LJIp(( — (1) < —
akmo JL < Q. Orxe, He36yperuit pyx cucremu (1)—(3) 3 ymopoto crpubka (5), (1
eKCIHOHEHIIATBHO CTIHKHUi B cepeTHbOMY KBaIPATHIHOMY, OCKLIbKE [8]

(o) (g, ) < =52

Teopema 1 moBemena.

SayBaxkeuusa 1. Hepisuicms JL < () 03nauae nosiavHy 6 cepednvbomy 3MiHYy
koegiyienmis cucmemu (1)—(3), ockinvku, nanpuriad, das mampuyi A(E(t)) eiproro
€ 0UIHKA

1
Jim B {AG( -+ A) — A = a) =
. 1 dA(Y)
= i, B e A0 ol =

G2
A
1522 [ 13- bt p)as < L < @
G

B ymoBax Teopemu 1 MicTHTBCA BEMOTA PO iCHYBaHHS KepYBaHHH, siKe CTabOLTi-
3ye cucremy (8), (2), (3) npu koxnomy dbikcoBanomy 3madenui (t) = v € [(1, ().
Aste mpupoaHO, 10 CHCTEMY MOXKHA ¢TaOLTi3yBaTH HABITH ¥ TOMY BHIAJKY, KOJH HA
Aeskift muoxuni dikcopanmx suadens £(t) = v € Z cucrema (8), (2), (3) ne mouce
Ooytu crabinizoBana. [{poro moxkua ovikyBaTu. ZKINO WMOBIPHICTH JOBroro Imepe-
OyBaHHSI CHCTEMH B TAKHX CTPYKTYPHUX CTaHAX SK 1 BeJUdnHa CTPUOKIB (ha3z0oBOTO
BEKTOpa X JOCUTH MaJja. J1d anani3y cucteM i3 HasgBHICTIO TepeMUKAIOINX ITPOIECiB
BUKOPUTOBYETHCS €ProJiMdHa Teopis mporecy mepeMukans &(t), ¢ > 0

3BHaileMo KUIbKICHI OMIHKH s mmapaMerpiB nporecy &, mpu SKUX B CHCTEMI
3MOzKe peasii3yBaTucs BKazaHa curyailid. [Ipu mpomy Jis CIpoIeHHs BUKJIaI0K Oy-
JIeMO BBazKaTu, 10 (pa30Bi TpaekTopii Ipu 3MiHI CTPYKTYPH CUCTEMU 3aJTUMIAIOTHCS
HerepepBHUME, TOOTO Oyaemo BBazkat, 1o B (5) K(a, f) = E, Q(«, 5) = 0. Hexaii
crabinizyode niniiine kepyBanus 1s cuctemu (8), (2), (3) icuye mrme st KOXKHOTO
7 i3 samxnyroi muoxunn Z C Y = [(1, (o). [Tosnaunmo uepes Z jonosHenns jio Z,
T06T0 Z = Y\ Z i BBeZieMO B PO3IVIsi/ BEJIUINHI

40, 2) = / o — Blpn(e, B)dB, a € Z,
Z

pr(0,7) = Jim P{E(t+ A1) € Z/6(t) = a € 7},
prufe,Z) = Jim P{E(t+AL) € Z/&(t) = a € 7}, (17)

Tyr q(o, Z) — cepenHs MBHAKICTH 3MiHH mporecy & Ha MHOXKHUHI 7, BeJHYHHA
P, (o, Z) At xapaxTepusye #imopipricTs mepexomy cuctemu (1)-(3) 3a wac At i3 cra-
6imizoBamoro cTARY @ € Z B MHOKHHY Z HecTabiLTi30BHEX CTaHiB, a py,(a, Z)At —
HMOBIPHICTH 3BOPOTHOTO TIEPEXOLY.

Pozain 1: MaremaTnka i cTaTuCTAKA
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Teopema 2. Hexat dan cucmemu (1)—(3) sukonyromoca ymosu:
1) npu 6ydv-axomy dixcosarnomy v € Z daa cucmemu (8), (2), (3) icnye donyemu-
ME AIHITHE KEePYBAHMA;
2) dasosi mpaexmopii © cucmemu (1)—(3) nenepepeni npu t > 0;
3) napamempu cucmemu (8), (2), (3) sadosoavraromo oyinku (10).
Todi mooicna exaszamu kKowemanwmu (1 > 0,01 > 0 1 09 > 0, wo npu sukonari
nepierocmed
g, Z2)<p, «€Z,

(. Z) <61, a€Z,
Pro(, Z) > 0y, € Z, (18)
ons cucmemu (1)—(3) icnye donycmume Kepysarma.

ZLlosedernsa. s nosinbuoro v € Z nodyayemo dbyukiio JIsmyHnoBa y Bursi
vp(y, b, ) = 2TGy(t,v)x Ta kepyBamna ud(t,v, h,z) = —D; ' (t,7) BT (7)Gr(t, )z,
ke ctabinsye cucremy (8), (2), (3) i mimimizye dyukmionasn (6). Marpuus Gy (t,y) >
> 0 3a70BosibHsIE piBHsIHHS (9).

Bizbmemo xkeske wucao k£ > 0 i mobyjyeMo /10/aHO BH3HAYEHY 3a 3MIHHOIO I

dyuKIrio

.flfTGk(t,y)ﬂf, ) € 27
Uk(ya h,l’) - { (/€+C2).CL'2, y € 77 (19)
ne mosnadeno ¢ = min ||Gi(t, y)||, ca = max ||Gr(t,y)|| mpu y € Z.
Kepysanus ug(y, h, x) masa cucremu (1)—(3) Bu3HAIMMO PiBHICTIO
0
. uk(t7y7hax)7 ?JEZ>
Uk(taya h,l’) - { 0, ye 7. (20)

VmoBa ug(t,y, h,r) = 0 mpu y € Z o3Hadae, MO B HecTabLII30BHEX CTAHAX Kepy-
BAHHSI CHCTEMOIO MPUIUHSETHCsI (HY/Ib MOKJIATAECTHCS JIJIsT CIPOIIEHHST JIOBEICHHS ).
Hanpukiaz, B 0iHOBUMIDHOMY BHIAJIKY HeCTaOLI30BHICTD (HEKEPOBHICTH) O3HAYAE,
mo B(y) = 0 npu y € Z i Toxi BuGIp Gyab-AKOrO iHITOrO KepyBaHHA He 3MiHIOE
MOBEJIIHKY CHCTEMHU.

[Tokazkemo, 10 KepyBaHHst U (t, y, h, ) € JOIMyCTUMUAM MPH BiAMOBITHOMY BUGODI
cTasiux fi, 01, 03 B ymMoBax (18).

Ouninumo Besmuuny (lvg)(y, h,x) B cuiy cucremu (1)—(3) nin aieo KepyBaHus
(20). Bpaxosymwoun (9), (10), a rako:xk ymoBy (15), sika BUKOHYETHCsI Tellep TiIbKH
npu 7y € Z, ogep:xkumo B Touni z(t) € R™, y = a € Z HacTynHy OIHKY

(log)(y, b, z) = 27 | — My(t, @) — B(a)D; (¢, ) BT ()G (t, )+

n / (Gult, B) — Gilt, a))pi (e, B)d5+

Z

—|—/((Ii + ) E — Gi(t,)pr(a, B)dp | z <

Z
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< xT[—c + JVq(a, Z) + (co — ¢1 + K)py, (o, Z)]z. (21)

Awnagioriuno, npu y = o € Z, 0epKIMO OIIHKY
(lvg)(y, b, ) = 27 | 2(k + c3) Ap(a)+
+ol(a)o(a) + A\CT (a)C(a)+

T / (G(t, ) — (5 + ) E)pula, B)dB| = <

< 2T [2J(k 4 c3) + J* — kpry (o, Z))a. (22)

3 (21) i (22) BumuBae, mo Bix'emua Busnadenicts ({vg)(y, h, r) Moxke Gyru 3a-
Gestedena JOCATL MMM 3HATeHHsSM BemanH ¢(a, Z) i py, (a, Z), a Takox J0CuTh
BEJIHKAM 3HAYCHHAM Py, (o, Z).

Bokpema, y (18) MoxkHa BKazaru Taki Masi 3uadeHus pu > 01 6; > 0, uob
JOp+ (2 — 1 + K)oy < §,a 00 = (2J(k+ o) + J? + §)s 1. Toui auis j0BiibHIX
z(t) € R™ o € Y BipHOWO € O1iHKA

(lvg)(y, h,z) < —gﬁ.

10 1 JIOBOJIUTH Teopemy 2.

SayBazkeuud 2. B dosedenni meopemu 2 ieypye siavHull napamemp K, AKUM
MOHCHE MAHINYAIOBAMU MK, Wob ONMUMIBYEAMU 6 JCAKOMY POSYMIHHTL NEPEerioN:
tamosiprocmi py, (o, Z) i pr,(a, Z).

SayBaxkeuuda 3. Teopema 2 dosedena 6 npunywenni npo wenepepsHicms da-
30601 mpaekmopii x. Ilpu deaxomy yckaradnenni suxasadox mooxcua dosecmu, w0
AHAN02IYHULE PEBYADMAM MAE MICUE | NPU HAAGHOCMI cmMPubkie (Pa3o6020 eexmopa,
AKL susHavaromoca ymosamu (5), Axuo miavky yi cmpubku documov mani [2].

Baysakenns 4. Caid sidmimumu, wo kepysanns (20), axe cmabinizye cucme-
my (1)—(3) byde ainitinum 3a 3minnoro © npu kootcnomy dixcosaromy &(t) € [C1, (.

4. BucuoBku. Y poboTi pO3r/IsHYTO CTadITIBAINI0 JIHIHHUX CTOXaCTUIHUX JTH-
depeHIiaJIbHIX CHCTEM BUIAIKOBOI CTPYKTYPH 3 MAPKOBCHKUMH ITEPEKTI0UCHHAMH.
s MHITHIX cHCTeM PO3IJIAHYTO AOCTATHI YMOBH cTaOLIi3allil Ha OCHOBI KBaJIpa-
THYIHOTO (PYHKILIY AKOCTI.

JIist pO3IJISIHY TUX CUCTEM, YMOBH €KCIIOEHEeI1aJIbHOCT] CTIHKOCTI Ta YMOBH K€POB-
HOCTI PO3MIAHYTO Ha OCHOBI miiibHOCTI p(av, B) mporecy nepekmaodens &(t). Takwii
iJIX10 AO3BOJISE JAEI0 CIPOCTUTH YMOBH, HaK/JIa/leHl Ha MLIBHICTH MPOIECY Tepe-
KJIFOUeHb, HAIPUKJIAJ YMOBY CTPOTOI €prOAUIHOCTI.
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ITIOBYAOBA ACUMIITOTUKN PO3B’A3KY CUCTEMU C31P
4-T'0 ITIOPAJIKY 3 JINPEPEHIIIAJIbHOK TOYKOIO 3BOPOTY
METOJ0M ICTOTHO OCOBJINBUX ®YHKIIIN

BcranoBieHO KOHCTPYKTUBHI YMOBHU iCHYBaHHS aCHMITOTHKU PO3B’SI3KY CHCTEMU CHH-
rysisipHO 30ypeHux audepeHIiaIbHuX PiBHAHb Y€TBEPTOrO MOPSAKY 3 AudepPeHIiaTbHO0
TOYKOIO 3BOPOTY Ta 3aIMPOIIOHOBAHO AJTOPUATM HOOYIOBH BiAmoBimHOro po3s’s3ky. Mero-
JIOM iCTOTHO OCOOJIMBHUX (DYHKIIIH MTOOYIOBAHO ACUMIITOTHKA, PO3B’SI3KY CHCTEMU CHHTYJISIP-
HO 30ypeHuX AudepeHIliaIbHUX PIBHIHb Y€TBEPTOTO TOPSIKY 3 Au(epPEHIIiaTHFHOK TOUYKOK0
3BopoTy. [loCimKeHo BUMAIOK, KOJW CIEKTP TPAHUIHOTO OMepaTopa MICTUTH KPaTHI efie-
MEHTH Ta eJeEMEHTH TOTOXKHO PiBHI HYJIEBi.

Kurro4oBi ciioBa: CUHTYIISIDHO 30ypeHi qudepeHIiiaibHi piBHIHHS, MAJAil TapaMeTp, Iu-
depenrmiagbaa TOUKA 3B0pOTY, byHKIig Eitpi.

1. Beryn. CrpiMkunit po3BHTOK HPHPOIO3HABCTBA BHMATAE MOCTIIHONO BIOCKOHA-
JIEHHSI TIXOIB JI0 MOJETIOBAaHHs peaabHuX (i3UIHUX IMPOIECiB Ta sBUI. barato
3a/1a49 aCTPOHOMIl, KBAHTOBOI MEXaHIKH OMHUCYIOTHCS CUCTeMaMH JudepeHIliaTbHuX
PIBHSHB CHEMIaJbHOTO KJIACY, SKi MOYKHA BITHECTH J0 TPYNH TaK 3BAHUX CHUHTYJISP-
HO 30ypenux judepenniajbHux piBHdaAHb. HafiBijjoMimmumu 3aja4aMu Takoro pojry
€ JTOCJIIZKeHHS €BOJIIONII KBAHTOBOI CHCTEMH B YacCi, MO OMUCYEThCSA OCHOBHUM PiB-
HIHHAM PYXy HEpPeJISaTUBICTCHKOI KBaHTOBOI Mexaniku — piBugauam Illpeainrepa,
3aj7la9 MeXaHIKH CYIJIBHOTO CepeJIOBHINA, 3a/1a4 T IPOJIMHAMITHOL CTIHKOCTI, 3a/1a9
3 KJACHIHUM OCIIJIATOPOM TOIIIO.

MaremMaTnani MOJET MUX MPOIECiB MICTIThH MaJIMil mapaMeTp OIS CcTapIIuX Io-
XiIHUX 1 caMe HasgBHICTb I[bOI'0 MaJIOI0 MHOYKHUKA MPHUBEJIO JIO CTBOPEHHSI BEJINKOI
reopii [1]. Miaxin, 3a skoro dbopMasbHO NOKJIACTH MaJHil TapamMeTp PiBHUM HYJIIO
€ HeIPUWHATHUM, OCKLIBKH TaKe CIIPOIIEeHHs MaTeMaTHIHOI MOJe/l MpHu3Bese 10
JIOCTIIZKEHHA MaTeMaTHIHOI KOHCTPYKIIiI, dKa abCOJTIOTHO He XapaKTepU3ye TOHKI
BJIACTHBOCTI TOYATKOBOI cucTeMH. BiTak BUHHKAE HEOOXiTHICTH PO3BUTKY METO/IiB
00y IOBH PO3B’43KIB TAKUX CUCTEM, SKi JIOCUTH ITIOBHO BPAXOBYIOThH OCOOJIUBOCTI T10-
BEJIIHKY peaJibHOI eBOJIIOIIIHOT CHCTEMU MaTeMaTHIHA! OMue 9KO1 MICTHTH MaJinmit
napametp. Ciij 3ayBazKUTH, 110 JIjId TAKAX CUCTEM YacTO XapaKTePHUMH € XBHJIbO-
Bl SIBHINA, JIe OJHOYACHO B IEBHIM TOYI BiIOYBA€TbC /i HAJITAIOYOI Ta BiIOUTOL
XBHJII — TaKi TOYKM HA3WBAIOTh TOYKAMH 3BOpPOTY. Biacue, moc/izKeHHHS TOBe-
JIIHKU PO3B’43KiB JudepeHiajbHuX PIBHAHb B OKOJIi TOYOK 3BOPOTY BHKJ/IMKAIOThH
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okpemuii inTepec. /loc/IiIzKeHHIO TAKOTO BU/LY 3a/1a4 TPUCBAICHUH IITUPOKUIl CIIEKTD
HAyKOBUX mpailp [1-7].

Binomo, 110 nounHaodu 3 gudepeHIiajbHuX PiBHAHD JIPYTOro HOPLAJIKY i3 3MiH-
HUME KoedillieHTaMt, 1X IHTerpyBaHHsS B KBaJpaTypax, Maiizke HeMmoxkauBe. Tomy
B OLJIBIIOCTI ICHYIOUMX aCUMITOTUYHUX MeTojax Oy/I10 3aCTOCOBAHO HACTYIIHY 1J1€10:
PO3B’430K CUHIYJISPHO 30YPEHOr0 PIBHAHHS, AKe JOC/IIZKYETHCSI BUPA3ZUTH Yepe3
PO3B’SI30K TPOCTIMUX JTU(EPEHIaJIbHUX PIBHAHB, Ki HA3UBAIOTHCA MOJICTHLHUMHI
nudepeHniaIbHUMU piBHAHHESIMA. [Ipn 1oc/tigKeHH] piBHAHD 3 IPOCTOI TOYKOO 3BO-
POTY OJHUM 3 HAMOLIBIN BIAJIUX MOJEILHUX PiBHAHD € PIBHSAHHA BHILY

U"(t) £ tU(t) = 0,

dKi HA3WBAIOTH piBHAHHAMU [iipi, a 1X po3s’sa3ku — dyukiigmu Eiipi.

Oyukrii Kiipi 3acTocoBy0OThCs B 6Hararhox po3jiijiax K KJIACHYHOI, TaK i KBaH-
toBoi ¢izuku. Lle moB’g3ano 3 TUM, 10 /I PIBHAHb 3 TOYKAMH 3BOPOTY aCHUMIITO-
THYHI PO3B’I3KH € eKCIIOHEHIIAJIbHIMHI 3 OTHOTO OOKY Ta KOJMBAJHPHUMH 3 1HIIOTO.
Oyukiii Eiipi € piBHOMipHEME HaOJIU:KEHHIME, 00JIaCTh il IKUX BKJIIOYAE TOUKY
3BOpoOTy Ta 11 oKoJii. ¥ KJjacuuHiit dpi3uili BOHN 3aiiMaioTh BayKJIMBE MiCIe B OIITHIIL,
eJIeKTPOMarHeTu3Mi, Tepeiadi BUMTPOMIHIOBaHHS, MEXaHIIl PiAWHN Ta HeTiHITHOMY
HNOTMUPEHH] XBUJIh. ¥ Tijpoaunamini pyukii Eifpi mmupoko 3acToCOBYIOTHCS MPH J0-
CJIJIZKEHHI CTifIKOCTi JTBOBUMIPHOI B’SI3KOI PIIMHHU JJIsd KOl Tedis PeryJIioeThes piB-
usuHsM Oppa—3omMepdenbaa (audepeHniaibie PiBHIHHSA Y4ETBEPTOTO TOPSIKY ).
[TobynoBa acuMITOTUYHUX HAOJUZKEHb, $Ki € PIBHOMIPHO JIHCHUMH DO3B’sd3KaMu
IIOTO PIBHSAHHS B OKOJII TOYOK 3BOPOTY, MPU3BOAUTH (IMicjst BUOODPY PO3B’SI3HUX DiB-
HSHb 3 MOAIGHUMHI acCHMIOTOTHYHUME BJaacTuBocTsamu) 10 dyukniii Eifpi. Takox ix
3aCTOCYBaHHS Ma€ MicIlle IIPH BUBYEHHI cTiiKocTi moToKy KyerTa HeB’sI3KO1 piguHu.
BayBazkKuMo, 10 3HAYHUI iHTepec BUKJIMKAIOTH 3aJa4i IPO TiAPOJAMHAMIYHY CTiii-
KICTh HapaJie/IbHUX Tediil y Teopil IPOJIOBAKHO-II0IEPEYHOr0 3TMHY 1IPYKHOT DajiKu
Ta THIUX CXOKUX NPUKJIAJIHUX 337a4. TaK, JiHiiiHa 3a/1a4a 11po CTIHKICTD mapaesib-
HOI Tevii TPUBOJANTH JO JOCJIZKeHHS PIBHIHHA

d4_¢ — 9202 d2_w
dxt dx?

2?1

+ a*p(x) —iaR | (w(x) — ¢) s

—af(z) | ———| =0, (1)

sike Ha3uBaoTh piBHAHHAM Oppa-3ommepdennaa |aus. [1]].

Osnauennsa 1. Touka x¢ 6 aKil MHuosHcHUK W(T) — ¢ 00EPMAEMBCA 6 HYAb HA-
BUBAEMBCA MOYKON 360pOMY 0AA pisnanma (1).

Teopist Ta TPaKTHKA BUMATAIOTH BABYEHHsI PO3B 3Ky piBHsIHHS (1) B OKOJI TOUKM
3BOPOTY, BKJIIOYAIOUH 1 cAMy TOUYKY 3BOpoTy. Buxonsun 3 dpizsuunnx MipKyBaHb MHO-
KHuK aR, ne R — uucyao Peiitnonn/ica, € J0CUTH BeJTUKAM. TOMY BBIBITH B PO3TJIST
MaJiuil mapameTp Ie PIBHAHHS MOXKHA 3BECTH JI0 CUHIY/ISPHO 30ypeHoro judepen-
MiaJIbHOTO PIBHAHHS 3 TOYKOIO 3BOPOTY Oiag JAPYrol moxigHoi, ToOOTO 0 piBHAHHS
BUIVISTY

2y (x,e) + a(z)y® (z,e) + b(x)y (z,) + c(z)y(z, ) = h(z). (2)

Posrigremo y3arajibHeHY MeTOIUKY TOOYIOBW PIBHOMIPHOI aCUMOTOTHUKHU IS
CUHTYJISIPHO 30ypEeHUX PIBHAHDb [IEBHOI'O KJIACy.
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2. TloctanoBka 3amadi. Po3risgHeMo cuCcTeMy CHHIYISPHO 30ypeHux aude-
pennianapanx pisagab (CC3/IP):

eY'(w,¢) — Az, €)Y (v,¢) = H(z), (3)
npu ¢ — 0, z € [1,0], Y(z,¢) = colomn(y:(z, ), y2(,€), y3(,€), ya(x, €)) — wmy-
kaHa BekTOp-byHKIist, H(x) = colomn(0,0,0, h(z)) — 3amana BekTop-QyHKIIis,

0

0

0
—c(x)
BijloMa MaTpuils, eaeMenT gkoi a(x) = xa(x), b(x), ¢(x) — neckinyenno audepeH-

mitoBHi dyHKMIT Ha Biapisky [0; [].
Cucremy piBHSHB (3), siKa BiIIOBiTae CKaaspHOMY DPiBHAHHIO (2), GyaeMo Joci-

Az, e) = Ap(z) + 4y =

JIZKyBaTH 3a YMOBH, IO
a(z) >0, b(z) <0, c(x) > 0. (4)

Y BekTOpHOMY DiBHAHHI (3) moKIagemMo € = 0, TOAI OJEPKUMO BUPOJZKEHY CH-
cTemy

—A(x,0)Y(z,0) = H(x), (5)

ne marpuns A(zx,0) npuiime BUrIsIT

0 0 0 0
0 0 0 0
Az, 0) = 0 0 0 1

—c(z) —b(x) —a(z) 0O
Bupomkene piBHAHHS Y CKAIAPHOMY BHTJISA] 3aIIUIIETHCT TaK
—za(x)w" (z) + b(x)w' (z) + c(z)w(x) = h(z). (6)

BayBaxkumo, mo ymosu (4) 3abe3nevars iCHYBaHHS JOCTATHBO TJIAIKOTO PO3-
B's3ky (5). Biarak xapakrepucrudmne piBHAHHS /71 330241 (3) 3amuInemMo y BULIAIL

- 0 0 0
Ao -agl=| o N0 Y e @) =0
—c(z) —blx) —a(z) —X

Toni KopeHIMH XapaKTepPUCTHIHOI'O PIBHAHHS €

/\172 == 0, /\374 == j:’i\/ l’d({[‘)

Osnauennsa 2. Touka xg, 6 axili muooscrnur ra(r) 6 dudeperuiarvromy pic-
narni (6) obepmaemsvea 6 Hyab HA3UBAEMBCA JUPePEHyiaIbHO0 MOYKO 360POMY
ons piennns (6).
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Takox caijg 3a3HadnTu, 10 B JaHii 3a/1a4i TOYKA 3BOPOTY 3HAXOAMTHCSA O1s
crapinol (apyroi) moxiguoi. ToMmy, BAKOPHCTOBYOUH 10 0cOOIUBICTh Oymemo Ti Bij-
PSI3HSATH Bif Ti€l, 10 BUBYAIUCH B poboTax [§]

—za(x)w' (z) + b(z)w(z) = h(x),

JIJ1sl PIBHSAHBb TPETHOTO MOPSAIKY.

Osnauenns 3. Touka xo, 6 Akt muoscruk ra(x) 6 dudepenyianvHomy PieHAH-
ni 2-20 nopadky (6) obepmaemves 6 HYAb HAZUBAEMBCA QUPEPEHYIANDHOI MOUKOI0
aeopomy II pody.

Cuij 3a3HAYATH, 0 KOJH MAEMO CIIPABY 3 BUPOKEHUMH JTU(EPEHIIATLHUMA
PIBHAHHAMA 1-TO MOPSKY, A9 9KUX MHOYKHUK TIepel ePIIo0 TOXiTHOI TepeTBO-
PIOETBCS B HYJIb, TO TOUYKH 3BOPOTY JIJIsl TAKMX PIBHAHb HA3UBAIOTh TOYKAMU 3BOPOTY
1-ro pomy. Hampukiiazn, 1e XapakTepHO JJIsl 33729 KOJHU 3aMiCTh PiBHsAHHs (2) BH-
BYAEMO PIBHAHHS TPETHOTO MOPSIKY.

3. Peryngpu3sanida cucteMu CHUHTYJAAPHO 30ypeHux piBHAHB. (cob/m-
Ba Touka £ = ( B 3aJaHiil cucTemi MOPOJKYE TMeBHI 0cOOJMBOCTI, sIKi OyaeMo Ha-
suBatu icrorao ocobaui dyukimii (I0D). 3 meroro Bugitenus Beix 0P BBegeMo
peryssapu3yiody 3Mminay t = € P - ¢(x), Je mOKa3HuK p i peryasipu3yioda QyHKIisa
() miAIaraloTh BU3HAYEHHIO. 3TiIHO 3 METOIOM PeTy/IsSpU3alii icTOTHO 0COOINBIX
dbyuxmiit [1], 3agaay Gymemo BUBYATH 3a yMOBH

G(x,t,€)|imer-r.piz) = Y(@, €).

L.g(xz,t,e)=e¢

ot te ox

1-p 7
v

— A(z,e)y(z,t,e) = h(x). (7)

4. IIpoctip 6e3pe3oHancHHX PO3B’a3KiB. OnuiieMo mpoctip GYHKINH, B
SIKOMY MOKHA OyJie oOyIyBaTH PiBHOMIpHHI aCUMITOTHYHHI PO3B’SI30K PO3MIAPE-
Hol 3aa4i (3). Posrustnemo migupocropu dyHKiit

Rl'r - O{l,(ZE)Uk(t) + 67&17'(‘%)0};@))7

Ry = g () U (t) + €7 Bar () Ui (1)),
Ry = [r(z)0(t) + £7gr (2 (1)),
Ry, = wr(x)v

ae (), Brr(x), fr(x), gr(x),w,x € C[0,1], k = 1,2. 3 nux niupocTopiB oJepKu-
MO HOBHil TTPOCTIP K IPAMY CYMY

4
R, = @ Ru.
k=1

Baznaunmo, mo (o;(z,e)Uk(t)) 1 (€76;(x,e)UL(t)) € po3B’a3KaMu OTHOPITHOTO
BekTOpHOrO piBHsHHA (7). Ilpu npomy, amamituani dyukmil a(x,e) i G(z,e) 3a-
JlexKaThb Bl MaJjoro napamerpa € > (0 1 HeckiHueHHO JudepeHIiioBHl 110 3MiHHIN
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x € [0;1]. @ynkuii Ug(t) — ne dbynkuii Eipi-loponinuna [1]. @ynrkuis (t), ii
noxigaa Ta GyHKis w(r, ) BUKOPUCTOBYIOTHCS JJIsA MOOYJI0BA ACHMMIITOTHKA Ya-
CTHHHOTO pO3B’s3KYy (3).

[O®D 1)(t) € PO3B’I3KOM HEOTHOPITHOTO PIBHSIHHSI

U"(t) +tU(t) = 1,

TOOTO
+o0

b(t) = / [Us(t) - Us(7) — Ua(t) - Ua(r)]dr.

5. Po3minpeHHsa CUCTEMU CUHTYJIIPHO 30ypeHux audepeHniajabHuX pPiB-
HSHB. 3a3HAa4nUMO, Mo B [1] onmucano MeTon peryaspusarii ictorHo ocobanBux GyH-
KITii 1719 OOY/I0BH aCUMITOTHYHOTO PO3B’43KYy piBHsAHHA JIiyBiag 3 pisHUMEU TO-
YKaM# 3BopoTy. Jlanuit miixinx MoxkHAa MOAUMIKYBATH /I TOOYI0OBH ACUMITOTHIHUX
PO3B’SI3KiB JJIsl PIBHSHB YeTBEPTOro MOpsAKy Tuly (2). Bimrak, taka momudikaris
METOJIY 1CTOTHO 0cOOTMBUX (DYHKIIIH I BUSHAYCHHS PEryIsapu3yiodoi pyHKIIl 10~
3BOJIsIE BU3HAUNTH MOKAa3HUK p 1 GyHKIi0 ¢(z). [t 1mporo moaieMo po3iupeHnm
OnepaToOpPOM ZE Ha eJieMeHTH npocTopy Ry, Ta Ry, i mijIcTAaBUMO PE3y/abTaT B OJIHO-
piaHe po3lIupeHe PIBHIHHS:

L. (o, 8)Up(t) + €7 Br(z,e)Up(t)) = e Pay(, )¢ (x) U}, (t)—

—e By (x, €)' (2) () Up(t) — Az, e) o (w, €)Ug(t) -
—VA(x, €)Br(, &)U (t) + eay (2)Up(t) + 781 (2)UL(t) = 0.

[Tpupiusemo koedinientn npu [0D Uk (t) B orpumaniii cucremi (k = 1,2):

UL(t) : ' Pag(z, €)' (z) — [Ag(z) + A1) Br(z,€) = — B, (, €), (8)

Up(t) : 7728 (2, e) () () — [Ao(x) + cAi]ap(z,€) = —ea)(x,e).  (9)

Bynemo Bumararu, mo6 orpumani asrebpaiuni cucremu (8) i (9) Gysnu peryssipao
30ypeHnMu BiHOCHO MaJjoro mapamMerpa € > 0. s 11b0ro, Ha HEBU3HAYEH] /10 IHOTO
P 1 7y HaKJIaJIeMO YMOBH:

1l—p=n, 1+~v—-2p=0.

3 nux piBHSHB OJHO3HAYHO BU3HAYHUMO:

Wl =

J— 2 —_—
b= 3) ’7 -

B pe3ynpTaTi OTpUMaEMO CUCTEMY:
U(t) = aw(z, )¢ (x) — Ao(2)Br(, ) = =By (2, €) + p* As By (,€),  (10)

Un(t) : Br(z,€)p(2)¢' () + Ao(z)ax(z, ) = pPaj (v, €) — ' Arag(z,e), (1)
ze f = £3.
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Bekropui piBugmng (10) i (11) 3anumemo y Bursaai Takol cucreMu airebpaidHux

DIBHSIHB:
(i (w,e)¢'(x) = 1 [Bra(,€) = B (w, )],
are(z, €)@ (x) = 1P [Brs(x, €) — Bro(, €)],
a3 (2, €)' () — Bra(w,€) = —p* Bia(w, €),
aps(z, €)@’ (x) + () B (z, €) + b(x) Pra(z, £)+
+a($)ﬁk3(£(}, 8) = _/1’351;4@:7 8)7 (12)
Bz, e)p()¢ (x) = pag, (. €) — ana(w,€)],
Bra(z, €)p(2)¢' () = 1P [ea (7, €) — ana(, €)],
Bra(x, £)p(@)¢' () + apa(r,€) = plajs(@, ),
Bra(z, €)p(x)¢' () — c(x)ani(x, €) — b(w)aga(w, €)=
—a(z)aus(z,e) = pdaj,(z,€).

\

Biarak, mu orpumasm peryiasgpHo 30ypeHy BiJIHOCHO MaJioro napamerpa € > (
cucremy anrebpaidHux piBHsiHb (12), 1110 BJACHE LIIOCTPYE IPOBEICHY HAMU PeryJisi-
pusario cucremu (3).

6. ITo6ynoBa dopmMaabHUX PO3B’A3KiB OgHOpPiAHOT cucremu. /[Ij1s moOy-

JIOBH PO3B’sI3KY OJHODIAHOT (3) 3 OJIHO3HAYHO BU3HAYCHUMHE MOKA3HUKAMHU D = % i

¥ = % 3HaiinemMo Bei Hewimomi cucremu (12) y BUDIsii TaKUX PsifiiB BeKTOP-bYHKIILI:

400 +00
O‘k(x7 5) = Z /vLTO‘kT@:)? 6k<x’ 5) = Z NTﬁkr(x)' (13)

Bukonaemo nigcranoBky mux psiis y (12), ol maist BusHadeHHs BeKTOD-QyHKIIII
Ay = COlOTﬂTL(Oéle(CL'), O./kgr(flf), k3 (l‘), Oék47»(fL‘)),

Brr(x) = colomn(Brr (), Brar (), Brar (), Brar (),

0/IEPKUMO TaKi PeKypeHTHI CUCTEeMU:

O(x) Zyy (z) = 0, r=0;2, O(x) Zyy (v) = FZpr—3) (), r>3, (14)
e
Zir() = colomn (g, (), oo (), cisr (), Qar (), Brar (@), Brar (), Brar (), Prar(x)),

a d(z) =

OJx) 0 0 0 0 0 0 0
0 ) 0 0 0 0 0 0
0 0 @ 0 0 0 0 1
_ 0 0 0 o' (z) c(x) b(x) za(z) 0
0 0 0 0 o) (z) 0 0 0
0 0 0 0 0 o(x)¢' () 0 0
0 0 0 1 0 0 o(z)¢ (2) 0
—c(z) —b(x) —za(z) O 0 0 0 o(x)¢'(x)
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FZk(r—S) =

(Brar—3)(x) — 51;1(7«73)(@)7 (Brar—3)(x) — ﬂk2 (r—3) (@),

(aro(r—3)(T) — iz (), (h3(r—3)(2) — Ao )(ﬂf)

ﬁk?) (ac), ﬁk4 (ac) )
( ) '

L), —y )(9‘5)

= colomn (

O‘k3

O6uncIuMO BU3HAYHUK 1€l CHCTEMHU:

det () = ¢"[p(x)@y(x)]” - [p(x) () — a(z)]* = 0.

o nporo vacy peryisipusytoua dynkiis ¢(x) e Busznadena. Tomy, BU3HAYUMO
il 9K pO3B’430K 3aja4i:

p(2)¢?(x) = alz) =2a,  ¢(0) =0, (15)

; / Vza(x)dx
0
Ockinbku det ®(z) = 0, To icuye merpusiaapuuit po3s’s30k cucremn $(x)Zy, =
=0, koau r = 0, 2 BUrIAILY

Zir(x) = colomn (0, 0 Brar(x), —0¢ (2) Brar(2), 0, O,ﬁk3r<l’),ﬁk4r<$>> , (16)

1
"¢ (x)
ne Bio(x), k =1;2, i = 1;4 — nosinbui, gocrarnbo raaaxi dbynkuii koau z € [0;1].
Ha macTymHOMY KpOI po3B’sizkeMO HeogHopiaHi cuctemu (14). Crnovarky pos-
DSHEMO I[i CHCTeMH, KoJid © = 3. 3 ypaxyBaHHAM OTPUMAHOrO PO3B’si3Ky (16),
OyaeMo MaTu

@' () ar13(x) = Brao(®) — Brio(®) = Brao(w) =0,

@' (w) gz () = Brao(®) — Brao(x) = Brao(z), a7

¢’ (x)oggs(x) — Bras(x) = —Brse(x),

@' (w)agaz(z) + c(z) Braz () + b(x) Bras(z) + a(x)Bras(x) = —Bryo(T),
p(2)¢' () Bri3(w) = ajp(x) — arao(z) = —anao(z) =0,
@(2)¢' () Bras () = g () — anzo() = —anso() = —[¢' ()] Brao (), (18)
()" () Braz(w) + craz(x) = ajz0() ()] Brao (),

(2)¢' () Bras(z)

ae gy = (—o(2)¢' (2) Brao)-

3 meproro i Apyroro piBHsaHb cucteM (17) ta (18) Busnaunvo dyuKIii agg = 0,
Bras = 01 anas(@) = [ (2)] 7 Brao(@) i Bras(@) = —[o0"(@)]*[0(2)] " Brao (). Toni

(x
cucremu (17) i (18) mepefiyTh B cucremu
@' (w) sz (z) — Braz(w) = —Biz0(),
—a(x)opss(x) + p(2)¢'(x) Bras(x) = (19)
= & (=p(@)¢'(2)Brao () + b(2)[¢' ()]~ Brso,
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i

o N1 (20)
¢ (@) apas () + a() Bras(x) = =B (@) + b(@)[p(2)¢"™ ()] Brao ().

O6YncIUMO paHrd MATPHUIb X CHCTEM

{%43(33) + ()¢ (2) Bras(7) = dap(2) = L (¢ (2)] 7 Brao(x)),

¢'(z) -1 61@30( )
( —a(z) o(z)¢'(z) (—cp(x)go’(a:)ﬁkgo(x))’—%5%0 > (21)

L el)e(@) ol
< #1(2) a(z) _511940(I)_Lx/)2/6k40($) ) (22)

e

Jocainmvo mpasi wactnun (21) i (22). 3a ymoswu, mo

—2a(x) Bya0(x) + [b(x) — (a(x))]Brso(x) = 0

aist cucremn (19) Ta

- b(x)
(@™ = Do)+ | 20 = 1] fnla) =0, (29
a(x)
st cucremu (21) icHye HecKiHUeHHA MHOXKHHA PO3B’SI3KiB.

/lng BUKOHAHHS BHINE BKA3aHAX YMOB BUKODHCTAEMO MOBINBHICTH byHKIif
Brso(z) = By - Brao(x), k = 152, s = 2;3, ne BY,(x) — nosinbui ctami, Brso(z)
— gactuHi JoctaTHbo miagki x € [0;(], po3s’a3ku ognopigaux cucrem (19) i (20).
[Ipu Takomy BU3HAUEHHI BEKTOP-DYHKINH Zyo(x) ICHYIOTH PO3B’SI3KH HEOTHOPITHIX
cucrem (19) i (20) Buny

Zk3<ZL’> =
= colomn ( 0; [¢'(2)] ™ Brao(®); ﬁk43(zsa) (f)m(x)’ <B$?fcf)>' — ()¢’ () Brss ) _ (24)

0; —=Brao () [ (2) " ()]; Brss(2); Bras ()

TaxuMm 9rHOM, NPOIOBKYIOUN JaJi PO3B’s3yBaTH iTepaliiini cucremu ajrebpa-
iunnx pisasgab (19) i (20), MoXkKHA OKA3aTH, MO ICHYIOTH JIHIIHO He3aTeKHI po3-
B'3KN OJHOPIHOT cuctemu (3) BUIVIALY

(z,t,€) Ze e (2)UL() + €3 B(z, ) UL()],  k=1;2, (25)

Je Qg 1 Br () — Bimowmi BeKTop—(byHKLul BUIJIALY
gy = colomn (o, (1), cgar (), Az (2), ar (7)),

ﬁkr (I) = COlomn(ﬂklr (Q?), Bk2r (.CE), 5k3r(x)7 ﬁk4r(x))
3By KeHHsI IIHOTO PO3B’A3KY IpH t = e o(z) nas k = 1;2 3anumemo tak

o
2

Dy(w,e 3p(a),e) = 3 & |y (1) Un(eF(@) + 23 Bl £)Up(e S pl@))] . (26)

r=0
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7. Ilobynosa ¢popMaIbHUX YACTUHHUX PO3B’A3KIB HEOIHOPiTHOI PO3-
mupeHol cucremu. Jlocaianmo gito posmmperoro oneparopa (7) Ha ejeMeHT
npoctopy f(z,e)(t) + e'g(x, )/ (t) + w(z,e). B pesyabrari oTpuMaeMo HACTY-
IIHI BeKTOPHI PiBHSIHHSI:

() () f(x,e) — [Ao(x) + p° Ai]g(x, €) = =g (), (27)
U(t) : p(x)@ (2)g(z,e) + [Ao(z) + P A1) f(z,e) = —p* f'(, €), (28)
1w (x,e) — [Ao(z) + P ArJw(x, €) + p° ¢ (x)g(x, €) = h(x). (29)

Pipusmus (27) i (28) crpyxrypno amanoriumi 3 (17) i (18). Ase cxopucrarn-
CSL IPAMUME PE3YJIBTATAME TONEPEHBOro maparpada Mu He MOKEMO, OCKLIbLKI He
OTpUMAEMO OazKaHUX pe3y/IbTaTiB i cucremu (29).

st 106y 108U TIaIKOTO PO3B’si3Ky cucremu (29) acuMITOTHKY pO3B’si3ky (27) i
(28) mobGyyeMo y BULJIsIIL PSAJIIB:

f($,€) = Zﬂrfr(x)> g(ZE,E) = Zﬂrgr(x)> w(x,e) = Z;LTUJT(ZE). (30)

st Busnauennst Bekrop-byukuiii f. = colomn(fi.(x), for(x), f3:(x), far(z)) i
gr(z) = colomn(g1,(x), gor (), g3-(), gar(x)) OTPEMAEMO peKypeHTHI cHCTEME DiB-
HAHDb

O(x)Zy* " (z) =0, r=0;1;2, O(x) 22" (x) = =225 (), r>1. (31)

Z:aCT.(t%) = COlomn(flr(l')a f2r<x)7 f37"(x)7 f47”(x)’ glr(m)’ ng(x)’ ggr($), g4r(x>)'

HocniKeHHHS TTPOBEJEMO CXeMaTUIHO, 3 YpaxXyBaHHAM pe3yIbTaTiB IMoIepe-
auboro naparpada. Ockiibku det ®(z) = 0, icHye HeTpuBilaJIbHUIT PO3B’I30K CUCTEM

(31)

1
Zkr<x> = colomn (07 07 ng,a(l'), —<p<p/(56')g47«(96), O, 07 gST(CC)a g4r(37)) ) (32)
ne goi(z),i = 1;4 — nocraruvo raajki Gyukiii, r € [0;1].

[ToBTOpIoloun MipKyBaHHS HaBeJEHI B IyHKTI 6, OTPUMAEMO JBI PEKYPEHTHI CH-
cTemMu

@' () fa3(w) — gas(®) = —g30(2),
—a(z) fs3(x) + ()¢ (2) gas(z) = (33)
= £ (—p(@)¢' (2)gso(x)) + b(x)[¢' ()] " gs0(),

i (34)
¢'(2) f13(2) + a(z)gras(x) = —gio(z) + b(@)[p(2) 0" (2)] " ga0 ().

3 orngy ma (19) i (20) 6yaemo BumaraTu BUKOHAHHS YMOB Teopemu Kponekepa-
Kanesni gy obuucsnenusi panris MaTpuib s cucteM (33) 1 (34). Tobro npomos-
KYIOUH A PO3B’d3yBaTu iTepariiini cucremu anrebpaiunux pisasub (33) 1 (34),
MOYKEMO TTOKa3aTH, 1O Ii CUCTEMU aCUMITOTHUYHO KOPEKTHI B TAKOMY CEHCI: 9KIIO

{f43(x) + (@) () g33(2) = fio(x) = L([¢'(2)] gao()),

Pozain 1: MaremaTnka i cTaTuCTAKA



I[IOBYAOBA ACUMIITOTIKN PO3B’A3KY CUCTEMU C31P 4-I'0O ITIOPAAKY 3 ... 87

BUMAraTH iCHyBaHHs PO3B’a3KiB cucreM (33) 1 (34) komm 7 = 0; ¢, TO KOKHa 3 1UX
cucrem mipn 1 = 0; ¢ — 1, BU3HAYAETHCSA 3 TOUHICTIO 110 KOHCTAHT ¢y () 1 g5, (), axi
YTBOPIOIOTH BekTop g (z) = colomn(0,0, ¢3.(x), ¢%.(z)).

[Ticsst MbOTO 3aJUIIAETHCS JTOCTITUTH ACAMIITOTUKY PO3B’sI3Ky cucremu (29), aKy
HOOYJLYEMO Y BUIVISiJIL Py

w(z,e) = ZgTwT(x), (35)

e

i e"w,(x) = colomn (i e'wy(x), i e"woy (), f: e'ws, (), i 8Tw4T(x)> .
r=0 r=0 r=0 r=0 r=0

[TizcraBumo (35) B piBHsHHS (29) OTPUMAEMO PDEKYDPEHTHI CHCTEMU PIBHSHb:

—AO(QT)WO@) = h<x)7 —A()(:E)wl(l‘) =0, r=1,
— A(@)wa(z) = —¢'(z)go(2),  r=2 (36)
—Awwo(x) — Ao(z)w,(z) = —¢'(2)gr—2(z) — wj_5(2).

Hocaigumo (36) xkomu r = 0. g nporo crnovarky o69ucanMo NpaBy YacTHHY:

wao(w) =0,
{c(l‘)ww(m) + b(z)wao (1) + a(z)wse(x) = h(x). (37)

AKIO wog(x) 1 wyp(z) BUOpaTH AK JAOBLIBHI MHOXKHHUKH, TO iCHYIOTH JOCTATHBO
r1aJIKi po3B’sa3ku cucremu (37):

Wo = (h(x) — b(x)wao(x) — a(x)wso(x)
c(x)

Komu r = 1 orpumaemo cucteMy

s wao(2); wao(); 0) :

wai(x) =0,

{c(a:)wn(:c) + b(x)wa (z) + a(z)wsy (z) = 0, (38)

PO3B’ 30K SIKOI 3aMUCYETHCA Y BHUTJISAII
~(—b(@)wa(z) — a(a:)wgl(a:).w ) oo (2):
W = ( c(x) ; 21( ), 21( ),0)~
Konu r = 2 orpumaemo

¢'(z)g10(z) =0,
¢'(2)g20(x) =0,
wa(z) + ¢'()gao(x) = 0, (39)
c(z)wir(x) + b(z)war (x) + a(z)wsi (z) = 0,
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PO3B’ 430K SIKOI 3aIUCYETHCH Y BUIJISAII

oy — (—b($)w22(:v) — a(z)wss ()
c(x)

Toxi mpu r > 3 3MOKEMO OJHO3ZHAYHO BU3HAYUTH (DYHKIUT wao(x) Ta wsg(z), a

e O3HadvaE, 1Mo KoKHA 3 PYHKIH wy BU3HAUEHA 3 TOYHICTIO JIO JOBIIBHUX CTAJIUX

MHOZKHUKIB Wiy 1 wly.

s waa () waa(); —gp’(m)ggo(a:)) :

3ByzKeHHS IILOI0 PO3B’A3KY IpH t = 3. (), To6TO psAx

i) = 30 | 32 |awie o) + ) G250 [+

# 30 [t pla)) + () I LS ), o)

¢ dopMaTbHUM PO3B’da3KOM cucTeMu (3).
TaxuM €I0co00OM J0BeIeHa TeopeMa,

Teopema 1. Hezxali cucmema cuneysapro 36ypenus oupepenyiasbnus pieHans
(8) sadosoavrsae ymosu:
1) a(z) >0, b(x)<0, c(z)>0;
2) H(x) € C*[0;1].
Todi na eidpisxy [0;1] memodom icmommo ocobausur Gyrryit moxcro nobydy-
BAMU AGCUMNMOMUKY PO36 A3KY cucmemu (3) 3 dudeperuyiarvroto mouro 360pomy
Y 6U2AADL GCUMNMOMUNHO020 PAIA

y(w,t,e) = ) Dilw,t,e) + f(x,€)p(t) + "g(w, )¢/ (t) + w(x, ),

WE

k=1

Koediuienmu AKx020 € docmamuvo 2aadkumu Pynryiamu na eidpisky [0;1].

8. Ausroput™M mobya0BU aCMMITOTUKMN PO3B’a3Ky cucteMu. [lobyjoBa
ACUMITOTHKYU PO3B 43Ky JIId CHHIYJIIPHO 30ypeHux AudepeHIiiajbHuX PiBHIHD de-
TBEPTOrO MOPAJAKY 3 JudepeHniaIbHIMA TOYKAMU 3BOPOTY Y BiJMOBIIHOCTI 3 JI0-
riKOI0 JIOBeJeHOl TeopeMu 1 MoKe OYTH 3alMcaHa Y BUIVIS YiTKOI'O aJICOPUTMY.
Leit aaropuT™ npejacTapisge coboi0 YiTKY MOETAIHY ITOCIiIOBHICTD PO3B’d3aHHs Ce-
pii 3ama4. /115 mporo, po3BUBAIOYHN Ta HMOMUPIOIOYH i€l METOY iCTOTHO 0COOIUBUX
byHKITH HA JOC/IIPKEHHS CUHTYIIPHO 30ypeHuX judepenniaibHiuX PIBHAHDb YeTBep-
TOI'O TOPSJIKY y BEKTOpPHiH (hopmi 3 jindepenniaaibHOI0 TOYKOIO 3BOPOTY, MOTPIOHO
HOCJIJOBHO BUKOHATH HU3KY KPOKIB.

I xpok. Poswupenns cureyaapro 36ypenoi sadaui. B cunrynspro 30ypeniit cu-
CTeMi 3 TOYKOIO 3BOPOTY MOPS/T i3 HE3aIeKHOI0 3MIHHOIO & BBOJUTHCA HOBA BEKTOP-
svinna t = 7P - (). Toxni 3amicts nykanoi Bekrop-dyHKIii Y (x,€) BUBYAETHCS
HOBA ,,pO3IITUPEHA BEKTOP-PYHKITisA” )7(3:'7 t,e). Tlpu 9oMy PO3IIUPEHHST TPOBOIUTHCS
TaKUM YHHOM, OO BHKOHYBAJIACh YMOBA 9K B METOJI Peryadpu3arii

Y(.Z', L, 5)|t:5*1’-<p(ac) = Y([E, 8)7

Pozain 1: Maremarnka i CTaTuCTAKA
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p i @(x) BusHAUAETHCS 75T KOXKHOTO KOHKPETHOTO BHITAJKY. BiglyBaeThest mepexis
BiJl 3a71a9i 3 oHi€ 3MIHHOIO, /IO 3aa4i 3 JIBOMAa 3MIHHUMU {1 Z.

I1 xpoxk. Ilpoctip 6e3pe3onancHHX pO3B’s3KiB. [l1g perynagpusaliil BBOIUTHCS
KOHKPEeTHUI MpocTip (pyHKIIH, 11eif TpoCcTip HA3UBAIOTH NPOCMOPOM 6E3PE3OHAHCHUL
P036°A3%16 1 J1J1 KOKHOI KOKPETHOT 3a/1a4i el IpOoCcTIp Ma€e CBOIO CleudiKy.

Z Dk’(x> t, 5)7 fk’(xv 5)#’@)7 579’6(‘777 5)¢/(t)7 wk(xa 6)

ITT xpok. Peeyaapusauisa cuneyaapro 36ypenoi s3adavwi. Po3mmpena 3am1ada Bu-
BYAETHCA y IIPOCTOPI 6€3pe30HAHCHUX PO3B’43KiB 1 3BOJUTHCA JO PIBHAHHHI, Y K€
MaJIuit napaMeTp € > 0 BXOJHUTDH PEryJIgpHO.

IV xpok. Qopmanrizm nobydosu po3s’asky sadani. OCKIILKA POMUPEHA 331294
€ peryJsipHo-30ypeHor BijHOCHO MaJsioro napamerpa B IIBP, To po3s’s3ok 3amadi
OyaeMo MIyKaTu Y BULJISAM DALY

?(x,t,,u) = Z MTY(x)a (41)

r=—2

Je (1 = /e — manuit mapamerp.

[Ioby10By acHMITOTHYHOIO Py PO3MOYUHAEMO 3 BiJI €MHUX CTEIEHIB MAJOrO
napamMeTpa 3 MeToIo ojiepzKaHHs piBHOMIpHOT acumMuToTuku po3B’s3ky CC3/IP. IIpa-
Ba YaCTHUHA CUCTEMH Oyje MaTH PO3PUB JIPYTOro poay B TOUI 3BOpoTy. Tomy B 3a-
raJIbHOMY BUIQJIKY BOHA HE HaJIeZKaTUMe MHOYKUHI 3HAY€Hb I'0JIOBHOI'O PO3IIUPEHOTO
oneparopa L.. Migcrasusmm pax (41) B cucremy (7), anst Busnatenns xKoedimienTin
IIBOTO Py, OTPUMAEMO JIedKy CUCTEMY PeKYPEeHTHHX DIBHAHb 3 TOUYKOBHUMH MOYa-
TKOBUMHU YU KPAHOBUMH YMOBAMU.

V kxpok. llobydosa dopmarvhur po3e’askie 00HopidHOT POSWUPEHOT CUCTNEMA.
Orpumani B monepeHbOMY MYyHKTI PEKYPEHTHI DIBHSHHS JIJIsl BU3HAYEHHsT KOedi-
mienTiB psaay (41) € piBHSHHIMH B YaCTHHHUX HOXiJAHHX 3 TOYKOBHMHE KpaiiOBUMU
ymoBamu. [Tokazkemo, 110 1ig0 cucTeMa PiBHSAHDb € aCUMITOTHYHO KOpeKTHOIO ¥ [IBP
Dy.. Ha nibomy etani po3pobJigeThest Teopist icHyBaHHs iTepaliiHOro piBHSHHS BHILY

ne ®(z)—wmarpung cucremu (7), Zg, (r)—BeKTOP-CTOBIEIb CKIAIEHUH 3 AHATITHIHIX
dbyukuiit 6, (z, ). I 6yayorhes nepiii wieHn aCUMITOTUIHOTO PO3B’SI3KY OJHOPIIHOT
JOCTYAZKYBAHOI 3a,1a4i.

VI eran. llobydosa dopmarvrur po3s’askie neodHopionoi poswuperoi cucme-
Mmu. B oMy po3aiii 6yayerbes po3B 30K HEOJIHOPIIHOT 3a/1a4i 38 JI0IMOMOTOIO pe-
KYPEHTHOIO PIBHSIHHSA

ae ®(z) — marpuns cucremu (7), Zg,(T) — BEKTOP-CTOBIEINb CKJIAACHUN 3 aHAJITH-
annx GyHKIii Oo(z, €).

9. BucHOBKY Ta NEPCHEKTUBH MOJAJIBINNX NOCAIIXKEHb. Takum cmoco-
60M B poOOTi OTPUMAHO KOHCTPYKTHBHI YMOBH ICHYBAHHSI aCUMITOTUKH PO3B’A3KiB
CUHTYJISPHO 30ypeHoro audepeHIiaIbHOr0 PIBHIHHS YeTBEPTOTO MOpsaaky. Bukopu-
CTOBYIOYHM METO/[ iCTOTHO 0COOJIMBUX (DYHKIIIH Ta MOJIMMIKYBABIIN HOTO JIjId CUCTEM
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YETBEPTOr0 MOPSAJAKY 3 JAudepeHIiajibHoi0 TOYKo 3Bopory Il pomy, mobympoBano
ACHMIITOTHKY PO3B’sI3KY Jist cucTeMu (3) y BUNIsiAl acuMnToTnaHoro psy (40).
[Tokazano, Mo mo6yI0Ba ACHMITOTHIHOTO PALY cHCTeMH (3) MEeTOJ0M iCTOTHO 0CO-
OMBHX (DYHKIH MoxKke OyTH 3aIicaHa y BUIJISIL aJIrOPUTMY. AHATOMIYHAR Miaxin B
Mafiby THbOMY ILJIAHYETHCS JIJIS JIOC/IJIZKEHD Ta TO0Y/I0BY aCUMIITOTUYHUX PO3B’43KIB
CHHTYJISIpDHO 30ypeHUX PIBHAHDb y BEKTOPHIH (hopMi THITUX KIaciB.

Sobchuk V. V., Zelenska I. O. Construction of the asymptotics of the solution
of the 4th-order SZDR system with a differential turning point by the method of
essentially singular functions.

Constructive conditions for the existence of the asymptotics of the solution of the sys-
tem of singularly perturbed differential equations of the fourth order with a differential
turning point are established and an algorithm for constructing the corresponding solution
is proposed. The asymptotics of the solution of the system of singularly perturbed differ-
ential equations of the fourth order with a differential turning point is constructed by the
method of significantly singular functions. We studied the case when the spectrum of the
limit operator contains multiple elements and elements that are identically equal to zero.

Keywords: singularly perturbed differential equations, small parameter, differential turn-
ing point, Airy function.
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AHAJIITUYHI PO3B’A3KIN CTATUYHOI 3AJAYI ITPO TUCK
IIOIIEPE/IHBO HAIIPY2KEHUX IIIBITPOCTOPIB TA
ITPY2KHOI'O INJITHIPA 3 IIOYATKOBIIMUA
HAIIPY2KEHHAMUN

CrarTsd TpuUCBsYeHA PO3B’sI3KYy KOHTAKTHOI 33a4i JIJIs TOMEPEIHBO HAMPYKEHOTO IIH-
JIHJIPUYHOTO TITAMIIA Ta JABOX MPYKHUX MIBIIPOCTOPIB 3 TOYATKOBUMHU HAIPYKEHHIMU B
AHAJIITUYHOMY BWIJIsA 0e3 BpaxyBaHHS CHJI TE€PTs. ByreMo BBazKaTw, IO MOBEPXHI MO3a
MeXKel KOHTAKTY 3aJUMIAI0ThCS BIIBHUMHU BiJl BILTUBY 30BHIIIHIX CHJI, & HA MeXKi KOHTa-
KTy [HepeMillleH s Ta HAIPYKeHHsI — HellepepBHi. 3a1ady PO3B’s3aH0 y BUIIAJKY HEPIBHUX
KOPEHIB BMU3HAYAIHLHOTO PiBHAHHS. [IOCTiMKEHHS MPEACTABIEHO Y 3arajJbHOMY BUJL s
TEeOpil BEJIMKKWX TMOYATKOBUX jedOopMaliiii i JBOX BapiaHTiB Teopil MajnX MOYATKOBUX JI€-
dopmariiit y Mexkax JliHeapu30BaHOI TEOPil TPyKHOCTI MpX TOBUIbHIM CTPYKTYPi IPYKHOTO
morentiany. [Ipumyckaerbcs, 1m0 MOYATKOBI CTAHU MPYKHOTO MUIIHAPUIHOTO IITAMIIA T
UpY2KHUX OCHOB (HiBHpOCTOpiB) OaHOpiAHi Ta piBHi. Jlocii/zKeHHs NPOBOAUTHCH B KOOD-
JIMHATAX [IOYATKOBOI'O /1e(POPMOBAHOIO CTAHY, $IKi 1OB’S3aHi 3 JIArDAHIKEBUMU KOOD/IMHA-
Tamu (IPUPOIHOTO cTany). Kpim TOro, BIJIMB MUIIHIPUYIHOTO ITAMIIA BAUKJIUKAE HEBEIUKI
30ypeHHs BiIIOBITHUX BEJUYUH OCHOBHOTO HAIMPYKEHO-1e(POPMOBAHOrO CcTaHy. Takox me-
peabadaEThCs, MO MPYKHAN MITIHAPUIHAN IITAMII Ta TPY2KHI MBIPOCTOPH BUTOTOBIEH] 3
pi3HUX 130TPOIMHUX, TPAHCBEPCATHHO-I30TPOMHUX a00 KOMIIO3UTHUX MarepiasiB. ¥ BHIIaI-
Ky OPTOTPOMIHUX TiJjI, OyIeMO BBaXKaTH, 110 IPYKHO-€KBIiBAJIEHTHI HAIPSAMKH CITiBIIAJAI0Th
i3 HampsiMKOM oceil koopawHaT y medopmoBanomy crani. HaBemeni 3araibHi po3B’s3ku
OCHOBHUX Ju(pepeHIliaJbHIX PiBHAHD JIIHEAPU30BAHOI TEOPIl MPYKHOCTI y BUMTAIKY OCECH-
MeTpudHOI Aedopmariii Aj1d CKiHdeHHOI NMIIHAPUIHOI 00acTi. Y pPe3ysbTaTi, pO3B’d3Ku
ITOCTABJIEHO] 3a/1a4i TPE/ICTAB/IEH] Y BULISA/AI HECKIHIEHHUX PsIiB, KOEDIMEHTH IKUX BH-
3HAYAIOTHCS 3 HECKIHIEHHOI CHCTeMHu ajreOpaidyHux piBHAHL. BigmiTumo, mo koedirienTn
CUCTeMHU 3aJIe3KaTh BiJl BEJIMYNH, IO BU3HAYAIOTHL CTPYKTYPY MPY’KHOTO TOTEHIaTy Ta
BHCOTY TPYKHOTO IIITAMIA. ¥ CTATTI TAKOXK BCTAHOBJIEHO 3B’SI30K MiXK OCIJAHHSM Ta, PiB-
HO/III0Y0I0 HaBaHTaxkeHHs. OTkKe, 3a JOMOMOIOI OTPUMAHUX DPO3B’SI3KiB MOXKHA BUBUUTH
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BILJIUB MOYATKOBUX (3AJIMIIKOBUX) HANPYKEHb Y JABOX IPYXKHUX MIBIPOCTOPAX Ta MPYXKHO-
My IUIHIPUIHOMY IITAMITL HA PO3IMO/ILT KOHTAKTHUX HAIPY2KEHb B 00J1aCTI KOHTAKTY.

KirouoBi ciioBa: 1109aTKOBI HALIDY2KEHHS, HANPYKEHO-1eOPMOBAHUI CTaH, JIiHEAPU30-
BaHA TEOPid MPYKHOCTI, MBIPOCTIP, MATIHAPUIHUN IIITAMII.

1. Beryn. Jlocaiazkenns nponeciB KOHTAKTHOI B3aEMO/Iil MPYZKHUX TLI 13 BpaxyBa-
HHSM TIOYaTKOBUX HANPYZKEHDb € YaCTUHOIO BEJIMKOI 33 00CATOM Ta aKTyaJIbHOT 00J1a-
CTI MEeXaHIKH CYILIBHUX CEePeJOBHUIIN, IO Oe3lepepBHO pO3BUBAEThCd. Besnka ysara
HPUILIAETHCA JOCTLIKEHHI0O KOHTAKTHOI B3ae€MOIil TBepaux 1edOopMOBaHUAX TLI, IO
OB’ s13aHa 13 MPOOJIEMOI0 BU3HAYEHHS TX HAIIPY2KeHO-1edopmoBanux crauiB. OCKijib-
KU KOHTAKTHI 33/1a4i (P)OPMYIOTH TEOPETUYHY OCHOBY /1 PO3PAXYHKIB HA KOHTAKTHY
MIIHICTD, YKOPCTKICTh Ta 3HOCOCTIHKICTH PyXOMUX 1 HEPYXOMUX 3’€IHaHb, a iX J0-
CJIiJI2KeHHsI 3BOJISATHCS JI0 OJHUX 13 HaiBa)kK4uMX PiBHIHb MaTeMaTHYIHOI (pi3MKHU, TO
iX PO3B’d3aHHA TOB d3aHe 13 BEJIUKAMH MaTeMATUIHUMHI TPYIHOIIAMH.

OpuuM 3 BaxKIuBHX (PAKTOPIB MpHU KOHTAKTHINA B3a€MOJIl € BILIUB MOYATKO-
BUX HANpPYKeHb, dKi NPAKTUYHO 3aBXKJW TMPUCYTHI B peaJbHAX KOHCTPYKIIAX 1
JIeTajigX MallliH, TOMY pO3poOKa eMEKTUBHUX METOJIB PO3PaxyHKy HaIpPyzKEeHO-
J1ebOPMOBAHOTO CTAHY 3 BPaXyBaHHAM IMOYATKOBHX JedopMalliil € aKTyaJabHOIO i
BaKJIMBOIO HAYKOBO-TEXHITHOIO MPOOIEMOTO.

Ha mammit yac 3 mpobsieM, o MaioTh BiTHONIEHHS 10 KOHTAKTHUX 3374 YKOPC-
TKUX Ta IPYKHUX MITAMINB, S9Ki B3AEMOJIIIOTH 13 IPYKHUMU TiJaMu 03 M0YaTKOBUX
HAIIPYKEeHb OTPUMaHI pe3y/IbTaTH 3 MIUPOKOTO KOJIa MUTaHb. | BOHU JOCTATHBO Bijl-
oOpazKeHi y YUCICHHUX MYOJiKaIigX MepioMYHUX BUJIAHD, OJHIEIO 13 AKUX € Ipallsd
[1]. Poboru 3 KOHTAKTHOT B3a€MOJIl TLI NPUCBSYEH] B3AEMO/IIl MOMEPETHBO HAIPY-
JKEeHUX T 13 YKOPCTKUMHU Ta TPYKHUMHU TITAMIIaMU 0e3 MOYATKOBUX HAIPYKEeHb
npejcrasieni y npansx [2-4|. TocaifzkenHs: KOHTAKTHOT B3a€MOJIT HOMEPEHBO Ha-
NpYZKeHNX MTAMIIIB 3 TPYKHUMHE TiIaMU 3 TOYaTKOBUMH HATPYKeHHSIMH BUCBIT/IeH]
y mpamngx |5, 6]. Icaye Takoxk psin iHmux nmyGuikaniif, mo moBHICTIO ab0 YacTKOBO
o’ s13aHi 13 TeMaTUKOIO JaHol crarti [7-12].

MeToro poboTH € npeicTaBIeHHS AHAJTITHIHOTO PO3B 3Ky CTATUIHOT KOHTAKTHOI
3ajla4l [IPO THCK JABOX MONEPETHbO HAIPYKEHUX HIBIPOCTOPIB HA NMUIAIHIPUYIHMIT
NPYKHAN MITAMIT 3 TTOYATKOBHMHE (3JIUITKOBAMH ) HAIDYZKeHHAME 0e3 BpaxyBaHHS
CUJI TepTs B MexKaxX JIHeapu30BaHOI T€OPil MPYKHOCTI. ¥ CTATTi PO3TJIAHYTO BUIA-
JIOK HEPIBHUX KODEHIB BH3HAYAJIBHOTO DiBHsIHHs |2, 3| B 3arajbHOMY BUIJISIL 71t
Teopil BeJIMKUX IOYATKOBHX JiebopMaliiii Ta 1BOX BapiaHTIB Teopil MaJIMX IIOYATKO-
BUX AecdopMariiit Ipu AOBLILHIM CTPYKTYPI MPYKHOTO MOTEHITIAJTY.

2. ITocranoBka 3anaui. Hexail ckinuenuuil npyKauil MUIHHAPHIHAN TIITAMIT
BHCOTOIO H 3 movyaTkoBuME HampyzKeHHsiMu (puc. 1), reomerpudHa Bich cumerpil
SIKOT'O CIIIBITAJIAE 3 BICCIO Y3 IUTIHAPAIHOT CHCTEMHI KOOPIUHAT (7, 6, Y3) CTHCKAETHCSI
(PO3TATYEThCS) ABOMA 1IEHTHIHUMHE TIONMEPEIHBO HAIPYZKEHUMH MBIPOCTOPAME 38
JOIOMOI0I0 BiCECHUMETPHYHOIO HABAHTAXKEHHS, IO 3BOAUTLCS JI0 PIBHOTINHOI cHIN
P. 3osHinne HaBaHTAYKEHHS IPUK,/IAEHE TAKIM IUHOM, M0 TOYKHU HE 3aBAHTAZKEHUX
NOBEPXOHb 000X TOTMEPeHbO HANPYZKEHUX TIBIIPOCTOPIB Ta BiJJaJeHuX BiJ 00JacTi
KOHTAKTY IIBIIPOCTOPIB 3 MPYKHUM IITaMIIOM, IEPEMIMAIOTHCSI BIIHOCHO KOODIH-
HaTHOI miomwHU y3 = (0 Ha BenwuuHy €. Bemmumam: R — pajiyc TWIIHIPAIHOTO
mramma, h = 0.5H.

ByneMo BBazkaTu, 10 MOBEPXHI 11033 MEXKEIO KOHTAKTY 3aJMINA0ThCd BLILHUME

Poszain 2: TndopmaTnka, KOMIT'IOTEpHI HAYKH Ta TPUKJIAIHA MATEMATHKA
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BiJ| BILIMBY 30BHINTHIX CHJI, a HA MexKl KOHTAKTYy TepPeMINeHHs Ta HANpyKeHHd —
nenepeppri. Ha puc. 1 Beqmaunn \; (i = 1,2,3) — KoedinieHTH BUIOBKEHHS, IO
BU3HAYAIOTH MEPEMillleHHs TI0YaTKOBOTO cTany, a Si!, S22 — KOMIOHEHTH CHMETpH-
YHOTO T€H30Pa MOYATKOBUX HAIPYZKEHb.

Byusemo posrusygarn upyskui i3orponni Tina (crucsausi abo nectucamsi) 3 J10-
BLIBLHOIO (DOPMOIO IPYZKHOTO IOTEHIHANY. A y BHIAAKY OPTOTPOINHHUX TiI, OyIeMO
BBayKaTH, 1O NMPYKHO-eKBIBaJIeHTHI HATPAMKY CITIBIAJAI0OTH 13 HAITPAMKOM Oceil KO-
opaunar y gedopmosanomy crani y; (i = 1,3).

Puc. 1. Tuck aBox mornepegHbO HATPYKEHUX MIBIPOCTOPIB Ha, MPYKHUI
MUIHAPAYHAN IMITaMII 3 TTOYaTKOBUME HAIIPYKEHHSAMM.

Binznauumo, 110 yci BeJIMYMHU, AKI BIAHOCATHCH JIO MPYKHOTO IHJIIHIPUYIHOIO
MITAMIIA TO3HAYAIOTHCS BEPXHIM iHIeKcOM «(3)», BepXHBOTO miBmpocTopy — «(1)»,
a HUKHBOTO MBIPOCTOPY — «(2)». TakoxK 3poOUMO MPUIYIIEHHS, 10 MOYATKOBI
HAIIPYKEeHO-AeOPMOBaHI CTAaHH V IITAMIN Ta HiBIPOCTOPAX OJHOPiAHI Ta piBHI. Y
KJACHYHOMY BHIAJKY (MPU BIZCYTHOCTI MOYATKOBUX HAIPYZKEHB) MOMIOHA KOHTA-
KTHa 3a7a4a OyJa posrusiyTa y [1].

3. OcHOBHI cHiBBigZHOIIIEHH Ta TPaHNYHI yMOBHU. (CKakiM0, IO MOIATKOBI
CTaHU MIBIPOCTOPIB Ta IITaMIa — OJHOPIIHI, f g HUX BUKOHYIOTHCS CITIBBITHO-
menns 2, 3):

Ym = Ty + UL U = 6mi(Am — DAy (i,m =1,3),

m

ze O,,; — cuMBOJI Kponekepa.
Tozi ocHOBHe piBHSHHS y TepeMineHHsixX [3| 11 ¢cTHCAMBAX TLT MaEe BUTJISI

L:nanz = 07 L;na = wéjaﬁaQ/ayiayﬁa (@7 m, &, 6 = ?)7 (1)
a JJId HEeCTUCJIUBUX T Mae BUKOHYETHCA YyMOBa HECTUCINBOCTI:
L/TnaUOé + q(,)cmap//aya = O’ L;na = K’;moaﬁaQ/ayiayﬁ7 (2)
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Q;]aUg/ayz =0, qZ/j = >\iq¢j> (Za J, m, a, B= m)

Bupasu 118 KOMIOHEHT TeH30pa HAIPYZKeHb JJld CTUCIUBHX 1 HOCTHCIMBUX TLT
npu y; = const (i = 1,2, 3) MATUMYTH BHIJIsI]I

wh % — JIJI9 CTUCJIMBUX Ti / Ai )\B
ijaf a AT 7 I wija/o’ WijaB;

i = ol Nr

Ko T aC, + ¢j;p — 19 HECTUCJMBUX Til, ;5 = Mo —— Kijags

Q
|

0 Qo0 :
1€ Wimap = Wimas(SV1, 9%, 5%), Kimas = Kimas(SY1, 59, S5 ) — CKIam0Bi TeH30pa
MOJIYJIiB TIPYZKHOCTI 9€TBEPTOTO MOPSIKY.

[Ipu omHOPITHUX MOYATKOBUX HAIPYKEHHIX MA€ MicIle yMOBa:

Sot =St #0; S8 =0y A=A # N )

Bpaxosyioun (3), po3s’s3ok pisusmb (1), (1) mpeacrasumo wepe3 dyHkIio Y,
SKa Y MIIHHIPIYHEX KoopauHatax (7, 0, ys) 33/ 0BOJIbHsE DIBHSIHHS

~ ~ ~ ! a ~ / a
X = X1+ Xe, (A1+§2 )X1=0, <A1+§2 >X2=0> (4)

e Ay = 0%/0r* +r~10/or.

fx OyJi0 3a3Ha4€HO BUINE, Y JaHi#fl cTarTi 00MeXKMMOCS BHIIAIKOM HEPIBHUX KO-
pemis (€5 # £'3) XapaKTepHCTHIHOTO (BH3HAYAILHONO) DIBHSHHS, IO BiANOBiTac
piBHgHEAM (4).

V cucremi KojoBuX mumingpuunux xoopauuar (v, 0, z), ge z = v; 'ys, v; =
= i, (1 =1,2), ny = €2, ny = €2 Takiit mocTAHOBII BiAMOBiMAIOTH rpaHmUHi
YMOBH:

1) Ha TOPIAX HPY’KHOI'O IITaMIa B 001acTi KOHTAKTY 2; = h/v;, ae v; = \/n;,
(i=1,2):
i 3 3
u/:(s)_ulz(s):& Q/:(zs): 337Q3r =0, (5)
Qgr =0, (0<r<R), (i=12),

2) Ha MeXKaxX TPYKHUX MIBIPOCTOPIB MO3a JUISHKOIO KOHTAKTY 2, = =+h/u;,
(1=1,2):

QY =0 QV=0 w"=0 (r>R), (i=1,2), (6)

3) Ha GOKOBIii MOBEPXHI NPYYKHOTO mITaMIa r = R:

QW =0, Q¥ =0 (z<h/v), (i=12), (7)

YMoOBa piBHOBAru, sika BCTAHOBJIIOE 3B’I30K MiXK OCiIaHHAM TOPIIB Ta PiBHOII-
HOIO HABAHTaKeHHsT P Mae BHUIJIS:
R
_ 1(3) 1@ _ 1)
P=-2r [rQPir Q%= 1%

0

zi=+H/v;» (Z = 172) (8)
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YmoBa (8) 3akpuBa€ MOCTAHOBKY MPOCTOPOBOI JIiIHEAPU30BAHO! 3a/adi PO KOHTa-
KTHY B3a€MOJIIIO IOTIEPEIHHO HAMPYKEHOTO CKIHYeHHOTO TMIHAPUIHOTO TITTaMIIa 13
JIBOMa MPYKHUMH TiBIIPOCTOPAMHA 3 TTOYATKOBUMH HAIPYZKeHHAMM.

Hanpyxkeno-aedopmosanuii ctan B obgacti koutakry (y3 = +h, z; = +h/v;),
(1 =1,2) y nonepejHb0 HALIPYKEHUX HIBIPOCTOPAX OyeMO BU3HAYATH 3IiHO JiHe-
apu30BaHUX DIBHAHb [3]:

o0

i h Cu(1 V(s —
/:(3?3 <p;iU.R) _ 44( +m1 1 S 83 /F JO 77p dn’

0

/(i h (i h my(sy —s3) [ F
Q5 (p;ivR) =0, U (p;i—> =l 3)/ ) sy mpydn,  (9)
0

v; R U1 n

1(4) . o . n
U (pviviR> = (53 1)0/ ; Ji(pp)dn.

’H‘e / /
Wiy — w3113,
whizs, Wiss + Wiz
Cu = , m; = 1
K'1313- —n;
A3G3
/ / / / /
w1331 n w1313 — W33l W1133 T W1313
7
I, = W,'1313 , w’1313/ w'i11ang + w1133
K'1331 4 R'1313 — K'1331 A3q3 .
/ / )
K'1313 K'1313 A3qz + Aqin;
= ZY —€R, (i=1,2), 5= solsl} = (1+mo)(1 -1
g_Ra 77—5 7(2_ a)? S = Solaly 30_( mQ)( +m1) )
_ 1 —1 _ -1 _ —1
51 = (ml - )m1 y S22 = (U1m2)(U2m1) , 83 = SoU1Vy

F(n) — mykana dbyukiis, J,(r) — dyukuil Beccenst aificHOro aprymeHty.
BaraabHUit PO3B 30K 1711 BU3HAUEHHS HANPYZKEHO-1e(POPMOBAHOIO CTAHY Y IH-

JUHIAPUYHOMY HPYKHOMY IITAMII 3 TOYATKOBUMHI HAIPYZKEHHSIMU y BUIIAIKY HEPiB-

HIX KOpeHiB (&5 # £'3) XapaKTepucTuaHOro piBHsHHs (4) IpHiiMeMO y BHIIS:

X =3Cor?(21 — 22) — 20o(2} + 23) + Z{[Aklo(ykvlr)Sl(%vlzl)—i—
k=1

+ Bklo(")/kvgr)sl ("kaQZQ)] + Jo(OékT)[SQ(Oékzl) + Sg(OékZQ)]},

(10)

ae I,(x) — dyuknig Beccenst yssBHOro aprymenry.
S1 = Cysin (yxv121) + Dy cos (yv121),  So = Ejsh (agzy) + Fj ch (ag21),

S3 = Nish (agz1) + My ch (agz1),

Ck, Dy, Ey, Fy, N, My, A, By — nesxi crami Koedimi€HTH, vy, 7Y, — BIACHI
snadents 3aga4di (5)—(8).
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Toni manpyzkeHo-medOPMOBAHUI CTaH y TMONEPETHLO HANPYKEHOMY IHIIHIPH-
YHOMY IMITAMI JIJIsT CTUCJIMBUX (HECTHCJIMBHUX) TLT Ta HEPIBHUX KOPEHIB DiBHSIHHS
(4), i3 BpaxyBamusM rpanudauX yMoB (5)—(8), mpeacTaBuMo y BHIJISIL

R mi 21 Mo 2o
3 X2 [
3 R w2h06 Al + (%) XO+

> somql Vo R i .
+ Zl /Ti_’f { 2 { 0 [11(;:;’“];) >Io(7kv1Rp) sin(yxv121) — malo(Yv2 Rp) SlH(’YkU2Z2)} +

2 (Go— &) leth (P51} gn (1) oy (1l
my U2R v R UlR HEZ1
QJ (ep) i | — — sh( ) +
R nm (61 . 60)?)1 sh (/J’kh) |: (CO - 02) + @:| R
UlR (%1 (51 — Eo) (%)

oy | oo (21 ()2 (0) 2 (58)] e
“h(?)' T Sh<ﬂkh>[(eo—52> +@] Sh(R)_
vaR ) |v1(61 — G) v
Hiz2 a2 sh (%)
_ ch< - )nlSOSh (M) Xk>7 (11)

’UQR

1
Q/Z(’)?’,) = 5044(]. + ml)ll < XO |:— + i:| +

h96 U1 (%)

W9 e 3 3011 (”)/kng) SNy
2 sof1 (kv l) _sna,
+ R ;Nk {% { L(ywviR) o(Vkv1 Rp) cos(yxv121) " o(Yv2Rp) cos(Vrvaza) | +

h h h
o @ (R () - (25
My Jo VE} U2 U1 v R h (Mk21> n
R37’L1 O\HKP) 'k - - [Lkh (60 — 62) S0 R
(Cl — co)m sh — — + —

UlR U1 (Cl — Co) Vo

HE21 th {52 ) gn (HE2) —en
Sh( R ) ’ {C (U2R v R nR [k 22
+ + _ _ ch( ) _
vy (ukh) [ (Co — ¢2) 50} R
sh - 4 =
voR ) |vi1(¢1 — G) w9
Sv9 sh (M)
UlR 120°%%)
sh ( ) Xk> )

nssh&h R
150 R

EWy — I (v R .
'Y = Cu(1+ ml)Rvj > {7280 [% I (yrv1 Rp) sin(ygv121) —
k=1

v .
— 0—2]1 (vkve Rp) sm(’ykazQ)} —
1
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e fon (28)a (B2) o (T
My VE; (%) (1 (] sh </~bk 1) n

_Ck g —
] TR () RGN
v R) [vi(6—¢G) o

pich ph prh
sovy |cth{ —= |)sh| — | —ch | —
+i h (,uk2’1> X UQR UlR U1R sh ([LkZQ) _
U1 R o sh pih (Go — &) L5 R
2 v R VU1 (51 — 50) U2
sh (%)
U1 h <,Uk:2’2)

pih R
h | =——
V1S (UQR)

3 ’ =1 .
U1 s {W 1111W° 11225
Y =

Xk

ae
Wy =

m1(33 - 82)’ )\1Q1(>\3CI3)71(/€/1133 + /<6/1313)/f/1_1122§

/ —1 -1,
o {)\30u 113314 12210 5 192
=

- B (2 =1 2).
(/1,1133mi - /1'3113)'“«"11122% 1; ’

HIAL’CS;R) k1 sin(yxh) cos Yy cos(y,h) sin I +
1 —ivi U1 U1

naGr(2; R) . h ([ h

D2k S 7Y A LA h i

+ =202 V2 sin(yxh) cos v2 cos(y,h) sin 1)2
C1 — G h h h h

/(aiJo(osz) [Cl “ E; (ak sh (QL) cos (—) +ch (ai) sin (—)) +

V1 U1 U1 U1 U1
42 CON,;‘ (ak sh (oth> cos (ﬁ) + ch (aih) sin (ﬁ))}> ,

Vg Vg Vg U2 V2

Vg |:Cth (Qkh) sh (akh) —ch (—Qkh)]
N,j _ V2 131 _ U1
— +

() a(2) o ()

(&1 — )i sh (Wl) { (% — ) +@} :

Fy= 1+

(%1 U1(C1 - Co) V2
. . 1—-2¢
Gi(i; R) = (¢o — &) Lo(ypvir) + L (yvir),
VEUT
_ _ ~ I (v R)
O — 3 3 A = _801—
6 = M1V~ + Maly 7, k L(e0n R)

Je Xr— TIyKaHl cTaJdl.
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4. Meton po3B’sa3Ky. BUKOpHUCTOBYIOYH PO3B 430K J/Is IUIIHJIPUIHOTO TIITAM-
a (11) ra 3amoBosbHsIOYN TpeTiii ymoBi (5), Apyriit ymMoBi (7), 3HAXOANMO BJIACHI
sunadennd 3aja4i Hltypma-JliyBitsa aas ny # no:

Tk
W= k= %, (Ji(axR) = 0). (12)

3 nepumux rpannaaux ymoB (5)—(6) Buzmaumvo meBigomy dyukiio F(n) s
(10) 3 moABiitHKX iHTErpaTbLHUX PIBHSIHD:

/ F;m Jo(np)dn =q(p), 0<p<1

(13)
/F(U)Jo(np)dn =0, p>1

0

(q<p> =e<<1—><o b +Z%Jo b ) Ex {n (E h(u_g) o (u_;)) "

— | N/ sh M ch | — )
+n2 ( ke (R’Uz) ke (RW))] Xk>>
Bianosiguo o [3] poss’s30k cucremu (13), 3HaligeMo y BATISIL:

1

2n / u .
F(n)=— |cos ———du sin u)d
() =— \/_73/ == ny sin(ny) f(yu)dy
OTtpumaemo
F(U) 2 =y my prh pih
— 1-— 0 —F|— | Eish| — h | ——
7 - (( Xo) @/)(77’ ) + kz:; RE |y R R + R +

+n—2 (N* sh (%Z) + M ch (%))] XW(%M)) : (14)

. sSin 7 cos fi — fig Sin fig oS sinn
0 — 1 n
s uzaadenss cragux koedinientis Cy, Dy, Ey, Fj, Ny, My, Ay, By Ta Gyskiii
F(n) 6y710 BBeIeHO HOBI 3MiHHI:

r F(n) eR(vy + v15) Rny -~
/ n 1) 2vivah(s — 500 T e " (13

0

3 apyroi ymosu (5) oTpEMaEMOo:

o0

O/F(W)Jo(np)dn: f <hi96 FJFE]XOJF

S — S3 (%1 (%)
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+ Z {7}3 cos(yeh)[ALny Io(vev1 Rp) + snolo(yrvaRp)]—
k=1
4
HpEW2 1 . pih ih
— J, — | Ef ch sh
R, o(pxp) L}l ( e (RU ) + (va>) +
s :ukh [Lkh
— [ N; ch Mi#sh | = F*
o (o () v (55)] 7 poe)
h A\t
(M,:‘ = —nysh (—ak ) . (nlso sh (—ak )) ) .
U1 (%)

I[Tpoinrerpyemo pisricts (14) no pJo(pnp)dp:

1 00

R eJi(pn) | 1 S

/pJo(unp /F ) Jo(np)dndp = - i) [ 1 5]
— 83 \ hOspn, |v1 V2

0 0

A3 RI (v R)  s7xv3 RI (v4v2R)
p1 + ~pny R? (13 + iy R?

4
J, Ej ch sh
+2R4n1 o) Lf ( ke (va) i (RU1>) i

5 fuch ph
— [ N} ch M sh | —/— Fr
+U2( ke (RW) T8 (RW)” k}Xk>’

Ta BpaXyBaBIIN IHTErpaJIn:

+ {713 cos(yh)Jo (k)

[e.e]

/w n, ) J1(n)dn = /pJo Lk /nJo np)dndp = (0, p),
0

0

/ B, 0) Ty (m)d = 1, / o, 1)
0

OTpumMaeMo HECKIHUEHHY CHCTEMY IS BIAITYKaHHS HEBIIOMUX Yo, Xk, IO BXO-
aa7h 710 (2), (9), (13) Ta (14):

pJo(tnp) Jo(np)dpdn = P (pin, pir.)-

O\H

Xk + Y GnXn = Br, (E=10,1,2,...) (16)
n=0
~ . R(vy + s) 2ws a 0
G — _ ) — 0
0 2hvivalg(s — s3)  wny )’ 00 ’
5 2ew ~ 2ew ~ 2ew
o= —(0, )i Bo=—-""5  Bi=——0(0,m);
nq TNy ™y

x (o () - (5)
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fuch ph .
= e ey e

> A3 (v R)  svdl (YavaR)
~ 4 nU141(YnV1 241(YnU2
n= W) RJo (i,
R 205k} Bo{in) Ry M%+7§H2R2]

()
)|y
)+

,u EWa o 1 "
+2R4 Jo () L} (E ch <Rv1>

S * /’th *

— | N*ch M s
+U2( ne (RUQ) i (RU2>

n (2)) +
e (Nish(ézi)+M:ch(éz’l))]})-

BinmitiMo, 1m0 KoediImi€HTH CHCTeMH 3aJieKaTh Bill BeJIMYHH, 110 BH3HAYAIOTH
CTPYKTYPY HPYZKHOI'O IIOTEHIaJly Ta BUCOTY IIPYKHOIO 1ramia .

Bukopucrapin ymMmoBy piBHOBaru (8), BCTAHOBUMO 3B’A30K MiXK OCimaHHAM Ta
PIBHOJIIOYOI0 HaBaHTaXKeHHS Py BUTJISI]

7T€R2044(1 + ml)ll(vg + S’Ul)

P
Va2Uq h96

Posp’szasin weckindenny cucremy (16), MOKHA BH3HAYMTH HEBioMi craimi i
(k=0,1,2,...), 10 A03BOIUTH OOYNCIUTH KOMIOHEHTH MePEMIIeHb Ta HATPYKeHb
SK Y TPY’KHHUX HIBIPOCTOpaX, TaK 1 y mpyzkHOMY Irramii 3a opmynamu (9) ta (11).

5. BucHoBok. OT:Ke, B paMKax JiiHEapU30BaHOI Teopil HPYKHOCTI y CTATTi
IpeCTaBICHO aHATITHYHI PO3B’I3KH KOHTAKTHOI 321241 PO THCK JBOX MOIEPEIHBO
HAIPYKeHUX MIBIPOCTOPIB HA MUAIHAPUYHU NPYKHUHA [ITAMIT 3 IOYATKOBUME (3a-
JIMTIIKOBUMHE ) HAIPy KeHHsMEH 0e3 BpaxyBaHHs cua TepTs. 11i po3s’si3ku mpejcras-
JIeH1 y BUDJISIIL PsIJIiB Yepe3 HeCKiHdeHHY cucreMy KOHCTaHT X (k= 0,1,2,...), aki
BH3HAYAIOTHCS 13 CHCTeMH JHIHUX agrebpaldHuX piBHsIHB (16) METOIOM peryKIlii.
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Babich S. Yu., Yaretska N. O., Lazar V. F., Shchekan N. P. Analytical
solutions of the static problem on the pressure of pre-tensioned half-spaces and an
elastic cylinder with initial stresses.

The article is devoted to the solution of the contact problem for a prestressed cylindrical
die and two elastic half-spaces with initial stresses in an analytical form without taking into
account frictional forces. We will assume that the surfaces outside the contact boundary
remain free from the influence of external forces, and at the contact boundary displacements
and stresses are continuous. The problem is solved in the case of unequal roots of the
defining equation. The study is presented in a general form for the theory of large initial
strains and two variants of the theory of small initial strains within the linearized theory of
elasticity with an arbitrary structure of the elastic potential. It is assumed that the initial
states of the elastic cylindrical die and the elastic bases (half-spaces) are homogeneous and
equal. The research is carried out in the coordinates of the initial deformed state, which
are related to the Lagrangian coordinates (of the natural state). In addition, the influence
of the cylindrical stamp causes small perturbations of the corresponding values of the basic
stress-strain state. It is also assumed that the elastic cylindrical die and the elastic half-
spaces are made of different isotropic, transversally isotropic or composite materials. In the
case of orthotropic bodies, we will assume that the elastically equivalent directions coincide
with the direction of the coordinate axes in the deformed state. General solutions of the
basic differential equations of the linearized theory of elasticity in the case of axisymmetric
deformation for a finite cylindrical region are given. As a result, the solutions of the
given problem are presented in the form of infinite series, the coefficients of which are
determined from an infinite system of algebraic equations. Note that the coefficients of the
system depend on the values that determine the structure of the elastic potential and the
height of the elastic stamp. The article also establishes the relationship between settlement
and the equivalent load. Therefore, with the help of the obtained solutions, it is possible
to study the influence of initial (residual) stresses in two elastic half-spaces and an elastic
cylindrical stamp on the distribution of contact stresses in the contact area.

Keywords: initial stresses, stress-strain state, linearized theory of elasticity, half-space,
cylindrical die.
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MOMEHTU EPMITA 30BPAXKEHB TA IXHI THBAPIAHTU

Hexait H — nigrpyna adinnol rpynu miomunun Aff(2,R), gxa po3rignaerbes pazom 3
CBOE€IO TIPUPO/IHOIO [II€I0 HA IHTErpoBHi (PYHKIII Bi ABOX 3MIHHUX BU3HAYEHI B JesKii 00/1a-
cri Q C R2. [lna dikcosanoi cim’i muorousenis { P, ,(z,y)}5%, _ posrasnemo dbynkiionas

Tm,n = ﬂ-m,”(f) = Pm’n(l', y)f(la y)dl’dy,
If

sSKuit HasuBaeThest P-momentom byHKIil f(z, y) mopsaky m+ n. His rpymu H mpogoBxy-
€Tbcs HA P-momenTu 3a HopMynon0

" (f) = Tmn(h71f) // P, y) f (b (, y))dady, h € H.
Q

IuBapianTu Hi€l ail Ha3uBaOThCA P-MoMenTHUMY iHBapianTamu. Akimo dysknio f(x,y)
OTOTOXKHUTH 3 HAIIIBTOHOBUM 300pakKeHHAM, a 33 rpyny H B3sTu rpymnu obepTanb, TPyIy
po3TsriB abo rpymy mapasenbHuX MepeHeceHb IIOMMHT, TO BiAIOBITHI MOMEHTH 300PazKeHb
Ta IXHI MOMEHTHI IHBapiaHTH MUPOKO BUKOPUCTOBYIOTHCS B TEOPil pO3Mi3HABAHHS 00Pa3iB.
3agaga 3aJ0BUIHBHOIO OMMCY MOMEHTHUX 1HBAPIAHTIB 330BIIbHO PO3B’sg3aHA JIAIE Y Hadi-
npocrimoMy BUNAAKY P, ,(x,y) = z™y". B mamiit crarti, ajgs mapu 0i-OpTOroHAJIBHEX
cimeit muaoroureniB Epwmita, 3amadqy 3HAXOMKEHHsT MOMEHTHIX iHBAapPIiaHTIB 3BEIEHO 10 3a-
Jadi po3B’A3aHHSA JeAKOro MuQEPEHIHaTbHOI0 PIBHAHHSA B YACTHHHUX IMMOXITHUX MEPIIOrO

SBHO MOMEHTHI iIHBApiaHTU HEBEJWKUX TMOPSIKIB.

Kurro4oBi cjioBa: posuisHaBanst 00pasiB, iHxKeHepis 03HaK, I'PYIU IEePeTBOPEeHb IO~
Hu, MHOTOYIeHn Epwmita, MOMeHTH 300parKeHb, MOMEHTHI iHBapiaHTH.

1. Beryn. BaxkyimBoio 00/1aCcTIO 3aCTOCYBaHHS TeOPil 300pazkKeHb I'pyll € anaJjiz 2D-
300pazkenb. [asa posmizHaBaHHd 1 Kiacudikalil 300paszkeHb, BHILIEHHS 00’ €KTIB Ha
HUX MeTOJAaMU MAIMUHHOTO HABYAHHS HEOOXITHUM € KOHCTPYIOBAHHSI TAKUX 03HAK
300pakeHb, gdKi 3a/JUMIAI0THCA IHBAPIAHTHUMY [IPU TUX IEOMETPUYHUX IEePETBOPEH-
HSIX ILUIONIUAHHA, sIKi HE CIIOTBOPIOIOTH ClieHy 300pazkennsd. /g 2D-300pazkenb TaKuMI
EePeTBOPEHHSAME € TIOBOPOT, TapaJiesibHe MepeHeceHHs, MacTabyBaHHs 300pazKeH-
Hsl Ta KOMIIO3HIIT IIUX MepeTBOpeHb. BinnosiiHi inBapiaHTHI O3HAKH BIepIile OY/IN
BBeJIeH] B cTarTi [1] 1 HABUBAIOTBCS MOMEHMHUMY iHEAPIaHMaMU. TKITO OTOTOXKHHU-
TH HalliBTOHOBE 300paKeHHsI 3 JIeIKOI0 O0MEerKeHOI0 (DPYHKINEIO BiJ JIBOX 3MIHHUX
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104 JI. TI. BEJIPATIOK, T. I. BEJIPATIOK

f:Q = R,Q C R% 1to P-MoMenToM 300parKeHHs, TOPAAKY P + ¢ HA3HBAETHCA
BEJINYNHA

o = / [ Prnte) (o) dody,

ae cim’a MEorouneHis { P (7, y) }5o,—¢ € 6a3ucoM HeCKiHIeHHOBHMIPHOIO BEKTOD-
HOT'O TIPOCTOPY HaJI 1MoJieM R MHOTOW/IeHIB BiJ JBOX 3MIHHUX.

3 moyarky 60-X poKiB MOMEHTHI iHBapiaHTH aKTUBHO BUKOPHCTOBYIOTHCS B aHa-
izl 300paxenn, qus. [2]- [5]. B sanexuocti ig subopy 6asucy { . (7,y)}%—0
PO3IIANAIOTHCS PisHi cucremn MoMmenTiB. [{s mafinpocrimoro sunaaky P, ,(z,y) =
= z™y" BIAMOBIIHI MOMEHTH HA3BUBAIOTHCS 2E0MEMPUUHUMY MOMEHMaMU. AdiH-
Ha rpyna mwiomuan Aff(2,R), To6T0 rpyma Beix 060pOTHIX MepeTBOPeHb MIOIHHHE,
Ta 11 MArpynw TPUPOJTHO IIOTH HAa TeOMETPHUIHI MOMEHTH 1 B pe3yJbTaTi BUHU-
KalOTh BIIMOBIIHI aA2€0pU MOMEHMHUT tHEapIaHmie. Ajredbpa MOMEHTHHX iHBa-
pianTiB 106pe BUBYEHA, 30KpeMa BiJOMHUI dBHUN ONUC i1 MOPOIKYIOYUX €JI€MEH-
tiB 6], [7]. TIpore mpakTHdHEe BUKOPUCTAHHS I€OMETPHYHIX MOMEHTIB BUKJINKAE
TPYIHOII 4Yepe3 IXHIO OOYUCIIOBAJILHY HeCcTabLIbHICTH IPH pobOTI B JIHCKPETHUX
00J1aCTAX, OCKIIbKH BeJIUIUHE T™y"" MIBUIKO POCTYTH IIPH 30iIbIIEHHI PO3MIPY 30-
Opaxkenb. [Ij1g yHUKHEeHHS 1€ TPOOJIEMH 3aMiCTh T€OMETPUYHAX MOMEHTIB PO3TJIs-
JIAI0Th TaK 3BaHl cenapabesvhi 0PMo2OHAAbHI MOMEHIMU, SIKI TIOPOZKYIOTHCS Oa3u-
COM T (2, y) = Fin(2)Fu(y) me {Fn(x)} — meska cim’st OpTOroHAIBLHEX MHOTOUIIE-
uiB. Taki opToroHabHi MOMEHTH 300parKeHb ByKe € 00YHC/IIOBAJILHO CTAOLIbHUMH 1
JIONYCKAIOTh €peKTUBHY Peasli3alliio, OCKIIbKH 33, I0BOJIbHSIIOTH PEKYPEHTHUMH CITiB-
BimuomennsaM, mus. [4], [5]. HemaBuo B [8] Brepmie 6yo 3anpomoHOBAHO Hecemapa-
Oe/IbHI OPTOTOHAJIHHI MOMEHTH, siIKi BHKOPHCTOBYBAJIX JBi CiM’I MHOTOUYIEHIB Ate-
Jisd, 9Ki 6i-OPTOrOHAJbHI HA OJMHUYHOMY Kpy3i. UNCI0BI €KCHEPUMEHTH TMOKA3aJ/Iu,
M0 PO3Ii3HAaBaIbHA 3ATHICTH MOMEHTIB AIIe s IMePeBUIy€e PO3Ii3HABAIBHY 37a-
THICTH 3BUYAHHUX OPTOTOHAJIBHUX MOMeHTIB. ToMy BeJMKHi iHTepec BUKJIHKAIOTH
il HecemapabeabHi 61-OpTOTOHAIBHI ¢iM’T MHOTOWIEHIB BiJ ABOX 3MIHHHUX.

Epwit, B |9] 3naiimoB aBi mapamerpudni ciM’i 6i-OpTOrOHAJBHEX MHOTOYJICHIB
Unn(2,y), Vinn(x,y), 91 BU3HAYAIOTHCA TAKIMH €KCIOHEHIIATLHIME IOPOAZKYIO-
quMu PYHKIIAMMT:

S)
%((2 az+2 by)u-+(2bx+2 cy)v—au?—2 buv—cv?) __ U u™ v"
e — m,n (.CU, y)

m! n!’
m,n=0

1 2 2 d u™m o
TU+yv— 5+ (av® —2 buv+tcu<) __
"ty aal V=) Vilry)—

m! n!’
m,n=0

ne a,b,c — pificui wnena, a A = ac — b2 Muorowtenn U, ,(x,y), 1 Viun(z,y) 6i-
OPTOTOHAJIbHI HA BCil ILJIOIIWHI:

00 00 9
/ / Um,n(x7 y)vm’,n’ (xv y)w(x, y)dl‘dy = \/_% m!n! 5m,m’5n,n’7

3 BaroBoio (yHKIEIO
_Lligx2 2
w(x’y) —e 5 (az+2bzy+cy )
Aste 17151 BCIX HEr€OMETPUIHUX MOMEHTIB BHHUKAE TPODIeMa 0OIUCIeHHST MOMEH-
THUX IHBapiaHTIiB, AKi Tenep norpibHo obuuc/oBaTn B HOBOMY Oasuci. 3mina 6asucy
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HAIITOBXYETHCA HA BEJUKI TEXHIYHI TPYIHOII i 3a/I0BLILHO PO3B’dI3aHA JIUIIE s
JesTKHX MOMEHTIB, IPUYOMY TiJTBKH JIJIS TPOCTHX MepeTBopenb miomman [11], [12],
sKi He BKJIIOYAIOTh MOBOpoTH. MoMeHTH € (pyHKIIIOHAIaMHU Ha 300PazKeHHAM 3 TAKOIO
gieto rpynu G C Aff(2,R):

9mpq(f) = Wp,q(g_lf) = // Pm,n(x,y)g_l(f(x,y))dxdy,g €G.
Q

MowmenTHi inBapianTu € iHBapianTaMu Jii gedKol rpynu JIi meperBopeHb IIoI1-
HU, TOMY BOHH Oy/IyTh i iHBapianTaMu BianoBianoi aarebpu JIi, gaka ji€ Ha MOMEHTH
JuepenniaIbHUIMEA OllepaTOpaMu. 3HAIOYN SBHUNU BUIVISJ IUX ONEPATOPIB MOXKHA
3HAATH MOMEHTI IHBaplaHTU PO3B’SI3aBIIN PIBHSHHS B YACTUHHUX MOXIIHUX, sIKe BU-
3Ha4a€ TaKuil oneparop.

B mamiit crarTi 9BHO BU3HAYEHA JIid IPYI PO3TILIB, MapaaebHOIO TepeHeCeHH
Ta TPYNN MOBOPOTIB 1o Ha U- Tta V-MoMeHTH, 3HaliIeH] y BUTJISIAI BiIIOBIIHI
oneparopu jaupepeHIliloBaHHS Ta OOYUCICHO IHBapiaHTH MAaJIHUX IOPSAIKIB.

2. udepenmniaapui oneparopu ajsa U-momeHTiB. Ha nouarky 3maiime-
MO BHpa3 JjIsI 3HAXOMIXKEHHS SBHOTO BUpa3y AU(epeHIHaJIbHOTO OmepaTopa SKHit
BijnoBifae Jiii ogHonapamMerpudHol rpymu JIi.

Teopema 1. Hexati odnonapamempuuna nidepyna adinmoi 2pynu nepemseopers
NOPOOHCYEMBECA EAEMERTNAMU (g, 0€ G — YUCAO0BUT NAPAMEMP, NPUMOMY Jo € 00UHU-
yHuM eaemermom epynu. Todi onepamop D 610n0610noi 0dnosumipnoi arzebpu JIi
max die Ha MOMEHM

D(my) = lim // (P (90 (2 9)) 7 (90)) f &, ) derdy,

a—0

de J(ga) — AKobian nepemseoperta gq.

losederns. Oueparop D € 10THIHUM BEKTOPOM JI0 KPUBOI g, B HyJi. Tomy

Do) = Ity 20 () = tim S [ [ Pt w,m)ody

a—0 da,

Bukonapmu 3aMiny 3MiHHUX B IIOJBIHHOMY iHTerpaJ/ii OTpuMaeMo HeobxXiany (op-
MYTy.
0
3ayBazKuMoO, 110, B CUJLy JIHIHHOCTI iHTerpasa, BUpa3 A il Ha MOMEHTH Ty, p,
MaTuMe Takuil camuil BUDIa gk i Bupas s aii wa P, ,(x,y).
Orxke, mast orpumanust Jii D(7, ,,) B TepMiHaX MOMEHTIB, HAM HOTPIOHO 3HANTH
FPAHHUIIO TOXiTHOL

L (Prnloa(e.9)) 7(90)).

a TOTIM BHUPA3UTH i B TepMiHAX MHOTOUWICHIB Py, (2, y).
Muorowrenn Epmita Uy, ,(z,y) BE3HAYAIOTHCA €KCIOHEHIAIBHOIO TTOPOIZKYIO-
4010 (DYHKIIIEIO
1 2 2
= ((2azx+2by)u+(2 bx+2 cy)v—au®—2 buv—cv
Gy = Gu(z,y,u,v) = eb(Gart2hutber2e) ).

Bignosigmi U-MoMeHTH MalOTh BULJIAL,
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106 JI. II. BEJOPATIOK, I. I. BEAPATIOK

= /_Z /_Z Upn(x,y) f(x,y)dzdy.

Crnodgarky 3Ha#IeMO PEKYPEHTHI CIIBBIAHOIIEHHS SIKUM 33, 10BOJIbHAIOTH IIi MHO-
TOYJIEHU.

Teopema 2. Muozourenu Uy, (2, y) 3ado60avHaomo pexypenmuum cniesioro-
WEHHAM

Uniin(@,y) = (az + by) Unn(@, y) — maUp-10(2,y) = nbUppn-1(,9),
Unmni1(,y) = (bx + cy) Unn(z,y) — mbUp—1n(x,y) — ncUppn1(z,y).
3 nowamkosoro ymosoto Uyo(x,y) = 1.

Zosedenns. Hudepenniroemo nopokyody GyHKIN0 Gy 10 % 1 OTPEMAEMO

3;; = (ax + by — au — bu)Gy = (ax + by)Gy — auG, — buGy.

3 oiHOrO 6OKY MaeMo

aGU i Um" (L’ y Z Um+1n Um Un-

m! n!
m,n=0 m,n=0

3 iHMmoro 60Ky OTpUMyeEMO

o0

u™m "
(ax + by)Gy — auGy — buGy = mznzo(ax + by) Uy (2, y)ﬁm_
00 uerl um UnJrl
_ Z aUpn(x,y)—— — Z bUppn( y) =
m,n=0 m,n=0
- Z ((az + by) Upnn(2,y) — maUpyn(2,y) — nb Up i (, y))%%
m,n=0 N

[IpupiBugBIIN KODIIIEHTH JIBOX PAJIIB OTPUMAEMO

Um-l—l,n(xa y) - (ax + by) Um,n(xa y) —ma Um—17n<x> y) —nb Um,n—l(xa y)7

o i MOTPiOHO OYJI0 JIOBECTH.
Jpyre pekypeHTHe CIIBBIIHOIIEHHA OTPUMYETHCH aHAJOTIYHUMHU MipKYBaHHAMUI
13 CHiBBLIHOIIIEHHSI

oGy
ov

= (bx + cy — bu — cv) Gy.
0

JIst 3HAXO0/IZKEHHS IBHOTO BUIJISLY ONEpaTopa, akuMm Jiie aarebpa JIi Bianosiqnol
rpynu neperBopeHsb (G, MU CKOPUCTAEMOCS] TUM, IO

[e.e]

lim Ly, = > DUnalw,9)—

a—0 da

u™ "

m! n!’
m,n=0
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Topai, po3kaaBIM B psji JIiBY 9aCTHHY MH OTPUMAEMO SBHI BUpa3u Jisd Ail D Ha
vuorowtenn U, ,(z,y). Iicas mporo norpibno miacrasutu ni Bupasu y dopmysy
g U-MoMeHTY 1 oTpuMaTH 1HAYKOBaHy Jito onepatopa D Ha U-MOMeHTH.

[IpoinocTpyemMo 110 TeXHIKY PO3IVIAHYBIIHU if0 HA U-MOMEHTH TPyl 00epTaHb,
napaJieJIbHUX IlepeHeceHb Ta IPYIH PO3TAIB IJIONIUHY.

2.1. I'pyna oGepraub. /liiicua rpyna obepranb mromman SO(2) tak jie Ha
3MiHHI

/

2’ =xcosf —ysind,
Yy = xsinf + ycos 6.

Bona € omHOmapamMeTpudHO0, apamerp 6 Hatexuthb inTepsany [0, 27]. Hacry-
IHA TeopeMa OIMCYE sIBHUI BUIVIsL ollepaTropa D,, SKUM BianosigHa aiaredbpa JIi 0o
mie na, U-moMeHTH.

Teopema 3. Onepamop D, die na U-momenmu makum 4uHOM:

1
D(umn) = < (b(m—n) (a+c)unn —m (a® +b°) up_1ne1 + 1 (b° + ) Uns101) —

—mn (@ — ¢) Upm—1n—1 — (N — 1) Upy g + bm (M — 1) Upy—2.5,.

Hosederna. CrodaTky 3HaXOAUMO Ai10 §05 Ha Muorowienu Epwmita U, ,(x,y).
Mu 3naemo, [7], mo oneparop D, nogaerbes y suruisiai D, = Dy — D_ ne D, D_
onepaTopy dKi BIAIOBIIAIOTH Mil I'PYI HUKHBOTPUKYTHHUX 1 BEPXHLOTPUKYTHUX Ma-
TPUIL APYroro HOPAIKY 3 BU3HaUYHUKOM piBHEM 1. Tomy cmouarky 3Haiimzemo Iiio
oueparopis Dy, D_.

. 10 .
IToxiemo esremeHTOM ( . 1) Ha MOPO/KYIOUY (DYHKIIIIO, OTPHMAEMO

m ,n

Gu(z, xt + y,u,v) = Z Um,n(x,y—l—xt)%m.

m,n=0

Hudepentitoemo B t = 0:

u™ "
(bU—f-CU) xGU(x,y,U,U mzn:OD-i- m,n {L‘ y))m' n|
SHax01UMO
e u™ "
(bu + cv) 2G(z,y,u,v) = Z (bu + cv) 2Up, o (x, y)m' ol
m,n=0
00 ) umtl ™ gntl
= 1 Umn YY) 77— 1 Umn

2 (m e D@ ) T +mzn:o ok el (000 gy =

m—1n\T, Y mun—1\T, Y m) n'

m,n=0
Otxe oneparop Dy tak jgie Ha Uy, (2, y) :

D+(Um7n<x>y)) mbem 1n( y)"i'nchmn 1(3j y)
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Amnasioriuno, audepentionan no t

m ,,n

= u™ v
Gu(z + yt,y,u,v) = Z Up.n(x + yt, y)%m,
m,n=0
3HAXOIMO
u™ "

(au + bv) yG(x,y,u,v) = ZOD mnxy))m' ok
3BLIKH

D—(Um,n<xa y)) = mayUp,—1.n(, y) + nbyUm,n—1($7 Y)-

Tomy

D _(Unn(7,y)) = Dy (Unn(2,y)) = D_(Unn(z,y)) =
=m (bx — ay) Up—1n +n(cx — by) Upn-1.

Bpaxysasum pexypentui cuissiguomrenns i saminusimu Uy, (2, y) HA WUy, , 2015
OTPUMAEMO

1
A
—mn (@ — ¢) Upm—1n—1 — (N — 1) Upy g +bm (M — 1) Upy—2.5,.

D(tump) = — (b(m —n) (a+ ¢) umn —m (a® 4+ %) tm_1,p41 + 1 (0> + ) Uppg1,0-1) —

g HeBeTMKUX M, N Ma€MO

D, (ug) =0,
D, (u1p) = % (b (a+c)urp— (a2 + b2) u071) ,
D(ug1) = % ((b* + ) urp — (a+c)bugy),
D, (ug) = 2b(a+c)ugp _A2 (a® + b%) uny + 2 bugy,
Dy () = (b + ) ug ; (a® + b*) ug 2 + (e — a) uop.

Jundepenriiagbhe piBHAHH /T8 3HAXO/M2KeHHA U-MOMEHTHUX 1HBAPIAHTIB TTOPS/I-
Ky He OijbIie 2 BiIHOCHO I'PYIH 00epTaHb MA€ BUTJIS]

oF oF oF OF oF

D, D, D, D, — 0,
+ (u0’1)8u0,1+ (U2,0)au270+ (u1’1)8u171+ (uo,2)

D,
(w10) Oug 2

8U170
ae F'— gynkuia BiJ sSMIHHEX g0, U1,0, Uo,1, U2,0, U1,1, Up,2-
[IpgavuMu o6UnCTIeHHAMH MOYKHA IOKA3aTH, IO HACTYIHI BHPA3U 3aJI0BOJILHSI-

I0Th 11e piBHsHHS 1 € U-MOMEHTHUMHU iHBapiaHTaMu BiJIHOCHO I'pyliu o0epraHb ILJI0-
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IMUHA:

ULob (CL + C) Uo,1 (b2 + 02) U1,02

[1 = UO712 -2

a? + b? a?+b
2 12
Iy = uO’nga_i_—;b ) - (a;: fz I:;l’l + U2,
L=y ? 4+ 4 (a®> +0*)uy ? A% (a* — 2ac+ 46> + ) ugo? N (a2 + b%)° ug 2>
’ 0% + 2 (b2 + c2)? (02 + ¢2)”
Lo (ab — ac +b* + be) (ab + ac — b + be) ug gug 2 4 u0b (a4 ¢)uys
(b2 + ¢2)? 0> + ¢
.y (a+c)b(a® +b*)uiups A Ab(a® 4+ 2b* + ) ugour 1 N
0+ 0+ P
o A (a® — a*c + 3b%a + b*c) ugaug Lo A (V?a — ca+3b%c+ ) uggugp
(b2 + c2)? (02 + ¢2)° '

AHa0TI9HO 3HAXOAATHCSI MOMEHTHI IHBAPIAHTH BHINKUX MOPSIKIB.
2.2. I'pyna piBHOMipHUX po3TdriB. ['pymna piBHOMIpHHX PO3TATIB (rOMOTE-
Tii) € OHOmAapaMeTPHYIHOIO IPYIIOI0, sIKA TAaK JIi€ HA KOOD/MHATH

' =tx,
Yy =ty.

Jlisgt OAMHUYHOIO eJeMeHTa OTPUMYEThCS IIPH 3HadeHH] mapamerpy t = 1. fAkobi-
aH TAKOrO IepeTBOPeHHs pisHuii 2.

Teopema 4. Anzebpa JIi 2pynu pisnomiprux podmazis die wa U-momenmu Uy, ,

onepamopom Dy marxum vurom:

Dy(tmpn) = (M 41+ 2)Up +m(m — D)aty—o, +n(n —1)cUpn—o + 2mnbu,_1 1.

Jlosedenns. [liemo eremenTOM <(t) 2) Ha MOPOJIZKYI0UY (DYHKITIIO:

o0

u™ "
Gy (tw, ty, u,v) = Z umﬁn(tx,ty)%m.
m,n=0
Hudepenrioemo B t = 1
- u™m "
((au + bv) z +y (bu + cv) + 2)Gy(x, Yy, u,v) = Z Ds(Uppn(z, y))ﬁm
m,n=0
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Maewmo y siBiit vacTuni
((au + bv) z+y (bu + cv) +2)G (2, y, u,v) = Z ((au+ bv) z +y (bu + cv) + 2) %
m,n=0

e m+1 ,n m ,n+1 m+1 ,n

U v
=) (amUmn—— + bxUppyjy— —— 4 byUpy y—— —+
T oml o nl “m! nl " oml

n!

u™ "

X Um,n<x7 y) 11
m: n:
m,n=0

= Z (mazU,,—1.p + nbxUy, 1+

m,n=0

um vn+1 um Un
+cyUm’nW + 2Un(x,y) )

n! ml/ nl

um UTL
+mbyUs,—1,n + ncyUp, n—1 + 2Um,n)_|_l -
m: n.

[e e}
um "

- mzn;O (m(az +by)Un-1,n + 102 + ) U1 + 2Umn) ——.

3 peKypeHTHHUX CIIBBIIHOIIEHb OTPUMYEMO
m(ax 4+ by) Up—1n = MUy +m(m — 1)aUp—on + mnbUy—1 no1,
n(bx + cy) Upn—1 = nUpp + nmb Uy o1 +n(n — 1)cUppp—a.
3BIAKHU 3HAXOIMMO
Dy(Unn) = m(ax + by)Up 1,0 +n(bx + cy)Up 1 =
=(m+n+2)Unpnn,+m(m—1)aUy—2,+nn—1)cUpno+2mnbU,_q,1.
O

Posp’azasmn Bijnosiane pudepenmiaibie piBHAHHSA 3HAX0AMMO MOMEHTHI iHBa-
piaHTH BiHOCHO T'PYIU PO3TATIB MOPSJIKY He Oiblie 2:

Up,1  CUpo+Ug2 Uio Uppb+ Uiy augo + Usg

) Y )
3/2 2 3/2 2 U 02

)
Uo,0 Uo,0 Uo,0 Uo,0

2.3. I'pyna nmapanenpHuX IepeHeceHb. ['pyla mapasneJlbHUX IepeHeceHb €
JBOTIAPAMETPUIHOI KOMYTATHBHOIO TPYIIOI0 3 TAKOIO €0 HA KOOPIWHATH:

¥ =x+ A,
Yy =y+B.
fkobian Takoro meperBopenus jpopisuioe opunauii. OUHUYHUN €/IEMEHT IPyIn
OTPUMYETHCS MPU HYJIbOBUX 3HaUeHHsX mapaverpis A i B.
Teopema 5. Aszebpa JIi dsonapamempuunoi epynu napasesvHuT neperecers die
"G MOMERIMU Uy, 5, 060MG ONEpamopamy, Dy, D, maxum wurom
D:B (um,n) = aMmlm—1,n + nbum,n—la

Dy (tpn) = bMtyy—1,n + NCUp 1.

) ¥ =x+ A, ]
Alosedenrs. Jliemo nepersopeHtsM 4 Ha HOPOJKYIOUY (DYHKILIIO
Yy =Y
> u™ "
GU($+A7yau7/U) = Z Um,n(x"i_Aay"i_B)%ﬁ

m,n=0
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Judepentioemo B A =0

= u™ ™
(au + bU)GU(xv Yy, u, U) - 20 Dg/‘(Umﬂl(x, y))mﬁ
Maemo
= u™ "
(au + bU)GU(.%? y,u, U) = Z (au + bv)Um,n(x> y)ﬁm =
m,n=0
= i (amU, (z,y) + nbvU (z y))ﬂﬂ
~0 mohni I Il
3Bijcu
Dy (Unn(z,y)) = amUp—10(x,y) + nbUpp-1(z, 7).
: . ¥ =z, . .
AHanoriuHo, Ai0YH HepeTBOPEHHIM . B OTPUMAEMO, IO BiIIIOBiI-
y=y .

Huii oneparop D, Jie TaKUM YHHOM:
Dy(Unn(z,y)) = bmUp—10(z,y) + ncUpn-1(z, y)
3Bicu 3pa3y OTPUMYEMO JIif0 X onepaTopiB Ha U-MOMEHTH.
Posp’sa3apin cucremy audepeHiiaibHUX PiBHsAHD B YaCTHHHUX TTOXITHIX

D,(F)
Dy<F) =

0,

ge ' — dbynkmig Big sminHUX Ug 0, U0, o1, U2,0, Ut 1, Up,2 3HAXOIUMO 4 MOMEHTHI
iHBapiaHTH BiIHOCHO I'PYIIH MapaJieTbHUX TepeHeceHb

2 2
UooUo2 — Uo1” UooUiy — UpiUrp UpoUszo — Uiyp
) )

Uoo Uo,o Uoo

) ) )

U0,07

3. dudepennianpui oneparopu ajasga V-MOMeHTIB.
Muorounenu Epwmira V,, (2, y) BE3HAYAIOTHCS €KCIOHEHIIATLHOIO IIOPOIXKYIO-
4010 (DYHKIIIEIO
Tutyv— i (av?—2 buv+cu?)

Gv = Gy(z,y,u,v) =e )

Bignosigui V-MoMeHTH MalOTh BUIJIST

vmm:/ / Vi, y) f(z,y)dzdy.

CrnouaTky 3Hai{1eMO PEKYPEHTHI CIiBBiTHOIIEHHS, IKUM 3a0BOJIbHSIOTH MHOTO-
wiennt Vi, (2, y).
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Teopema 6. Muozounrenu Vy, ,(x,y) 3adososvnatomo pexypenmuum cniegiono-
WEHHAM

c b
Vins1n(7,y) = 2V n(2,y) — m— Vio1n(2, ) + 1 Vipn-1(z,9),

A A
b a
Vm,n+1(557 y) = yvm,n(xa y) + mz mel,n(% Z/) - nZ Vm,nfl(% Z/)

3 nowamx06o10 ymoeoio Voo(x,y) = 1.

Jlosedenns. Hudepenmniroemo mopomkyoay GyakIin Gy 10 U i OTpEMAEMO

0Gy bv  cu c b
W = (ZE + Z — Z)GV = ZL‘GV — ZUGV + ZUG\/.

3 0HOTO OOKY MaeMO

0GV Z an JZ y Z Vm-l—ln umU_:L

m,n=0 m,n=0

3 iHmmoro 60Ky

Gy — Sucy + 2o iV( ZV “mH”n
T — —u —v = eVonlx, y)—— — . —
VTATTVTATY T y =, )l
+ Z V (z um ot i (xVin(z )—mEU (z,y)+
= 0 m,n 3/ I Tl' 7mn:0 m,n 'Y A m—1,n Y
b u™ "
+nZ Vm,n—1($7y))%m

[IpupiBusiBiu KoediIEHTH Ps/IIB IIPU OJHAKOBUX CTEIEHSX OTPUMAEMO, 110

b
n— Vinn-1(z,y).

c
Vm—&-l,n(%y) = xvmm(% y) —m-— Um—l,n(xv y) + A

A

Jpyre peKypeHTHe CHiBBITHOIEHHS OTPUMY€ETHCS aHAJOTIIHO i3 CIiBBITHOIIEHH S

oGy _ b_u_@ G
5w \WTA " a)o

0J
3.1. I'pyna obepraub. /lito oneparopa D, 3HAXOJMMO, aHAJOTIYHO AK 1 y
BUIIIKY U/-MOMEHTIB.

Teopema 7. Anzebpa JIi 505 die Ha MOMENMU Uy, , 0nEPAGMOPOM D, 30 hopmy-
2010

nn—1bmun2o (Mm—1)bmu,_an, B
A A
(@ — ¢) nMmum_1 n—1

A

Dr(vm,n) = NMUm+1n-1 — MUnp—-1n4+1 —

Pozain 2: TndopmaTnka, KOMIT'IOTEpH]I HAYKH Ta TPUKJIAIHA MATEMATHKA
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. . 10 .
Jloeedenns. ¢k i Buie, iU eJeMeHTOM ( ; 1) Ha [MOPOJKYI0Uy (DYHKIIIIO,

OTPUMAEMO
um™ "
Gy (x,zt +y,u,v) Z Vinn(z y—l—mt)—‘—'
m,n=0
Hudepentioemo B t = 0O:
veGy(x,y,u,v) = Z D ( mnxy))m‘n'
m,n=0
SHAXOIIMO
o0 mogn o u™ Un+1
xUGV(xvyvuvv) = Z xvvm,n(x y __| = Z {L‘an(l’ y) ( +1)
m,n=0 n=0
> u™ "
— Z nme,n_l(x,y)mm.
m,n=0
Ot:xe

Dy (Vinu(,y)) = naVip n1(z, y).

Awnasoriuno, nudepennioroun Gyukuio Gy (x + yt,y, u,v) B t = 0 3HAXOAUMO

uwyGV (z,y,u,v) = Z DV_( mn:vy))

m,n=0

3BLIKH

DV_(Vipn(z,y)) = myVi—1.(z,y).

Tomy, oneparop rpymnu noBopory [, Ma€ Taky Hiio

DV(Vm,n(wa y)) = DV+<umm(x>y)) - DVL(Vm,n(a:a y)) =
=nxVpn_1(z,y) — myVi_1,.(x,y).
BpaxysaBmu pekypeHTHI CITiBBITHONIIEHHS, OTPUMAEMO
mcvm—l,n—l(‘ra y) _ (n - 1) bvm,n—2(xa y)
A A ’

(m - 1) bvm—Q,n<x> ?J) + navm—l,n—1<x7 y)
A A '

xvm,nfl(ma y) = Vm+1,n71(x> y) +

ymel,n(l’, y) = mel,nJrl (33', y) -

Otxe, oneparop D, Tax mie #a V. (2,y):

n(n—1)bV,n_a(z,y)
A +
N (m—=1)bmVis,(z,y)  (a—c)nmVi_1,-1(2,y)
A A '

D'r(vm,n(x7 y)) - nvm+1,n—1 - mvm—l,n+1 (ZL’, y) -

3Bigcy 3pa3y oTpuMyeMo o Ha V-MOMeHTH.

O
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JLnis HEeBEJIMKUX M, . MAEMO

Dr(vm) = V1,0, DT(UI,O) = —o,1,

2 acv1l — 2 U171b2 -2 onob

DT(UO,Q) e A :

D,(v11) = (vo,2 — v20) b2 + (<—U0,2A-|— Vag) € — Vpo) @+ UO,OC’
201 1b% + 2vg9b — 2

D, (va) = Y1107 + UXO acvi1

3.2. I'pyna piBHOMipHUX po3T4riB. K iy Bumajaky muorodenis U-MoMeHTIB
3HAXOAMMO J1ifo orreparopa [y Ha V-mMomeHTH.

Teopema 8. Auneebpa JIi epynu pieHomipHur posmasazie die Ha MOMEHMNU Uy,
onepamopom Dy 3a gopmynaoto

an (n—1)vpp_o cm(m—1)v, 2, mnbvy,_1.n—1
Ds m,n) — 2 m,n 7 — -2 : .
(Umn) = (MA+n42) Uy, + A + A A

. t 0 o
Jloeedenns. iemo ereMeHTOM (O t) Ha TTOPOKYI0YY (DYHKINIO i OTPUMYEMO

Gy (te, ty, u, v) Z Vi (tx ty - n'

m,n=0

Hudepenttitoemo B £ = 1

(uz + vy + 2)Gy (z,y,u,v) m;OD mun( ))%%

Maemo

]
u™ "

(uz + vy +2)Gy (@, y,u,0) = Y (u + vy +2)Vun(w,y)—— =

m:
o m-+1 v

m,n=0 ’ m,n=0 m,n=0

m,n=0

n e um n+1

00
u™ "

=S aVanae) s £2)

m,n=0
BpaxoByioun pekypeHTHI CIIiBBiHOIIEHHS

(m - ]-) ch_g,n(x, y) nbvm—l,n—l(xa y)

tVi—1n(2,y) = Vinn(z,y) + A o x ,
mbV,_1n.-1(, n—1)aV, ,_o(z,
yvm,n—l(xay) = me(x,y) - I’A 1( y> + ( ) A’ 2< y)’
3HAXOANMO

—1 an— ;
Ds(Vin(2,y)) = (m+n+2) Vio(z,y) + n(n )CLA (T y)Jr

+m (m - 1) CVm—Q,n(I7 y) . 2 mnbvm—l,n—l(xv y)
A A '

3Biacu 3pasy orpuMyeMo ifo Ha V-MOMeHTH.
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OJ
MowmenTHi V-iHBapianTu Bi/IHOCHO IPyIN PIBHOMIPHUX PO3TATIB MOPSJIKY HE Oib-

e 2 MalTh TaKU# BUATTIA

V0,1 ’UgygA + Vo, 00 V1,0 U171A — 1)07(][) ”ULQA + V1,00 — 2 U071b U270A + Vo,0C
) Y ) Y )
110,03/2 A U0,02 Uo,o?’/2 A U0,02 A 110705/2 A "00,02

3.3. 'pyna mapajenbHUX mepeHeceHb. ¢k iy Bunajky muorowieniB U-
MOMEHTIB 3HAXOIMMO J[Iit0 oneparopa Dy Ha V-MoMeHTH.

Teopema 9. Aszebpa JIi dsonapamempuunoi epynu napasesvHus neperecent die
HA MOMEHTUY Uy, de0Ma onepamopamu Dy, Dy, maxum wurnom

Dx (Um,n) = MUm—-1n,

Dy (Vm,n) = Nl 1.

) ¥y=x+A i

Jlosedenns. [Tiemo nepersopennsam § " Ha HOPOKYI0UY (PYHKILIO:

vy =Y,

= u™ "
GV($ + A7ya U,U) = Z um,n(x + Aa Yy + B)Wﬁ
m,n=0
Judepentioemo B A = 0:
> u™ "
UGV(xa Yy, u, U) = Z Dx(vmm,(xa y))%m
m,n=0
Maemo
e m ,n
u™ v
’LLG(!L', Yy, u, U) = Z uvm,n(ma y)%g =
m,n=0
(o ¢]
u™ "
== Z mvm—l,n(ma y)_'_|
m! n!
m,n=0
3Bijgcu
Dw(vmyn(xv y)) = me_l,n(LE, y)>
i
Dw(vm,n> = MUnp—-1n-

¥ =ux
AHanoriuHO, Ji0YH MepeTBOPEHHIM , 7—|— B OTPHUMAEMO, IO BIAIOBiI-

y=y )

Huii oneparop D, Jie TaKUM YHHOM:
Dy(Upn(2,y)) = nUpn_1.

3Bicu 3pa3y OTPUMYEMO JIii0 ITUX OmepaTopiB Ha V-MOMEHTH.

O
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Posp’azaBmiu cucremy jgudepeHniaibHuX PIBHAHb B YaCTHHHUX TTOX1THUX

qe F' — dynknig Big 3MIHHEX g, V1,0, V0,1, V2,0, V1,1, Vo,2 3HAXOAUMO 4 MOMEHTHI iH-
BapiaHTH BiIHOCHO I'PYIIH MapaJelbHIX ITepeHeceHb MOPSIKy He Oiabiire 2 :

2 2

Vo,0V0,2 — Vo,1~ Vp,0V1,1 — V0,1V1,0 Vo,0V2,0 — V1,0

UO,O? ) ) .
V0,0 V0,0 Vo0

4. BucHOBKM Ta MepCleKTUBU MOMAJBINNX JOCTiIX»KeHb. B maniii crarTi,
JIIsT Tapu Oi-OpTOroHAJILHUX ciMell MHOrowieHiB EpMita, 3a/1ady 3HAXOIKEHHS MO-
MEHTHHUX iHBapiaHTIB 3BeIEHO /0 3aJa4i PO3B’d3aHHS JIeIKOro AudepeHIiaIbHOro
PIBHAHHS B YAaCTUHHUX HMOXITHUX HEPIIOrO MOPSJIKY, K€ BUHUKAE IPU MePexol BiJ

TH HEBEJIHUKHUX HOPSIKIB. 3alpOIOHOBAHUN IMIAXi/I 103BOJIIE€ OOUYHMCIUTH MOMEHTHI
iHBapilaHTH BHINUX MOPSIKIB.
Lnei, siki peasiizoBaHo B cTarTTi, B HOJAAJBIINX JIOC/AJZKEHHAX MOXKHA IONIUPU-
TH JJ1d OOYUC/EHHSI CHIJIBHUX MOMEHTHHUX iHBapiaHTIB KIJILKOX I'DYII IIePeTBOPEHb
IJIOTIIMHY, & TAKOXK JIId 3HAXO/YKeHHS MOMEHTHUX iHBapiantis 31 300pazKeHb.
Pezynbrarn ob4umciieHb MOXKYTh OyTH KOPUCHHMHU (DaXiBIgM 3 PO3Ii3HABAHHS
obpa3iB, OCKLIbKI MOMEHTI iIHBapiaHTHU € IJIODAJLHUMH O3HAKAMHU 300parKeHb.
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Bedratyuk L. P., Bedratyuk A. I. Image Hermite moments and their invariants.

10.

11.

12.

Let H be a subgroup of the plane affine group o Aff(2,R), which is considered with its
natural action on the integrated functions of two variables defined in some domain Q C R2.
For a fixed family of polynomials { Py, (%, ¥)}:,—o consider the functional

Tmn = Tmn(f) = P2, y) f(2, y)dzdy,
f

which is called the P-moment of the function f(x,y) of order m + n. The action of the
group H defined on the P-moments according to the formula

Wt (f) = T (h~ ) / / P () f (Y (2, y))dady, h € H.
Q

The invariants of this action are called the P-moment invariants. If the function f(x,y)
is identified with a halftone image, and for the group H we take the group of rotations, the
scaling group or the plane translation group, then the corresponding moments and their
moment invariants are widely used in the pattern recognition. The problem of a complete
description of moment invariants is solved only in the simplest case P, ,(z,y) = z™y".
In this article, for a pair of bi-orthogonal families of Hermite polynomials, the problem
of finding theirs moment invariants is reduced to the problem of solving some first order
partial differential equation, which occurs during the transition from the action of the Lie
group to the action of its Lie algebra. For each of the mentioned groups, an explicit form of
the action of its Lie algebra on the Hermite moments are found and the moment invariants
of small orders are found in an explicit way.

Keywords: pattern recognition, feature engineering, plane transformation groups, Her-
mite polynomials, image moments, image moment invariants.
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BUKOPUCTAHHSA I'NNIMBIMHHOTI'O HABYAHHA ¥V SAJAYAX
KJIACU®IKAIIIL 3BYKIB HABKOJIMIIIHHOI'O CEPE/IOBUIIIA

VY nawiii ctarTi po3ruisiHyTO Pi3Hi ACHEKTH, OB’ A3aHi 3 PO3II3HABAHHAM 3BYKiB HABKOJIU-
LIHBOI'O CEPEIOBHUINA, IO € IPUKJIIAIHOIO 33/1a4€ei0 B bararbox cdepax /isdIbHOCTI JIIOIUHHA.
Ha Binminy Bim My3wku Ta MOBH, 3BYK HABKOJIUIITHLOTO CEPEIOBUINA HACUUEHUH TTYMOM i
HE Ma€ PUTMY Ta MeJOJil My3uku abo ceMaHTHUHOI nociifoBHocTi MoBHu. lle yckiasmioe
MOTIIYK CILTHbHUX PUC CEPE/I 3BYKOBUX CUTHAJIB HABKOJIUIITHROTO CEPEIOBUINA. Y JTAHOMY J10-
CJTiI2KEeHH] PO3B’3aHHS 331a491 PO3ITI3HABAHHSA 3BYKiB 0a3yI0ThCsI Ha BUKOPUCTAHHI METOIIB
kyacudikamii 300paxkenb. s MbOro BUKOHYETHCS IEPETBOPEHHST KOXKHOTO ayIi0-3aIuCy
BUOIpKH y CremiaabHi 300parkeHHst — crekTporpamy Mejta, 1m0 € ioro KOMIakTHUM iH(pOP-
MaTHUBHUM Bi3yajbHuUM mpesacTapienasM. 106 migBuiuTy TOYHICTH PO3Mi3HABAHHS 3BY-
KiB, TOC/II/IKYIOTHCS Pi3Hi MeToau 30iIbIIeHHS HABIAJIHLHOTO HAOOPy JaHuX. B OCHOBI mux
METO/IiB JIe’KUTHh CTBOPEHHS HOBUX €K3eMILIAPIB ayIiO3aluciB MIIaXxoM aedopMariii icHyio-
YUX. 3a JOIOMOI'OI0 TAKOIO IIJAXOMy MM MOXKEMO 30LIbIINTHA B Pa3H KiJIbKiCTh €JeMeHTIB
HaboOpy JaHuX, TAKUM YUHOM BuUpimuTu npobdsemy itoro obmexkenocri. s knacudikariii
3BYKiB HaBKOJIUIITHBOTO cepenoBuina 3 Habopy aymiomanux UrbanSound8K 6ysio Bukopu-
CTaHoO IJIMOWHHY 3rOPTKOBY Heliponny Mepexy. 11106 ouinuru gxicTh (TOYHICTH Ta BTpaTH)
peCcTaBIeHol Moaeni Oymo 3acTocoBano 10-KpaTHy mepexpecHy mepeBipKy.

KurrogoBsi ciioBa: kiaacudikalilis, 3ByKr HABKOJUITHBOTO CEPETOBUIIA, 30LIITIEHHS TaHUX,
CIIEKTPOTPaMa, 3TOPTKOBA HEHPOHHA, MeperKa.

1. Beryn. Cyugachi meronu po3mizHaBanHsa 00pa3iB OXOMIIOTH METOIN Kacudi-
Kalii Ta iaeHTudikalii mpeJMeTiB, SBHII, IIPOIECIiB, CUTHAJIB, CATYaIli#l Ta IOII0HIX
00’€KTiB, dKi XapaKTepu3yloThcsd HabopaMu JesdKUX BJIAcTUBOCTeH i o3Hak. OIHHM
3 Ba;KJIMBUX HAIIPSAMKIB V Iiif 00/1acTi € po3mizHaBaHHS 3BYKiB HABKOJIUIIHBOTO Ce-
PEJIOBUINA, HE3AJIEKHO Bl X MPUPOIN.

Onak gepes CKJIAHICTD 3BYKiB HABKOJIHUITHKLOTO CEPEIOBUINA, 1X B3A€MHOTO Ha-
KJIa/TAaHHS Ta HU3KU IHITX MPUYWHA, JTOCTIIYKeHHS MO0 PO3Mi3HABAHHS TAKUX 3BY-
KiB 3HAYHO BiJICTAJIA BiJl BABUCHHS MOBJICHHS Ta My3uKH. Po3mizHaBanusg 3ByKy Oe3-
nocepeHbO BILTMBAE HA BUSBJEHHs DI3HUX ABUIN Ta TMPOIECIB HABKOJO HAC 1 MOXKe
MU POKO BUKOPUCTOBYBATUCS B DAraThOX Iajy3saX, TAKUX K KePYBaHHS ITPUCTPOAMU
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Ge3 ygacri JIOIUHE (aBTONIIOTYBAHHS TPAHCIOPTHHX 3aCc00iB, yIPaBIiHHI PO3YM-
HUMY OYJIMHKAME TOIIO), PO3MI3HABAHHS CHIHAJIB TPUBOTH, ineHTHbIKaMis 30018 Y
poboTi MexaHi3MiB Ta iH. A ToMmy moOymoBa HAIIRHHX Momeseil, ki 37aTHi i1eHTH-
¢ikoByBaTH B IIyMi IeBHI 3BYKOBI CUTHAJIHU, MIPEJICTABJSIE BEIUKHI TOCITHUILKII
iHTEpEC.

2. TTocranoBka 3aBaanHga. OcHOBHa iznes PoOOTH MOJIATAE B TOMY, 1100 MOOY-
JIyBaTU MOJIe/Ih NJTHOMHHOTO HAaBYAHHS, dKa MOKe KJIacu(ikyBaTH JiesKi BU3HAYCHI
3BYKHU HaBKOJIHUIITHBOTO CEPEeIOBUIIA.

Jlnst TocATHEeHHST 3a3Ha9€HOl MeTH HeOOXiTHO BUBUMTH BJACTUBOCTI 3BYKY, OCO-
OJIMBOCTI HOTO MOMAHHA yV BUTVILAIL CIEKTPOTPAMH — CIEMiaIbHOI0 BUIY 300parKeH-
Hsl, BAKOHATH HAaBYaHHS 3rOPTKOBOI HEHPOHHOI Mepe:Ki Ha BUOIPI YPUBKIB 3BYKIB
HaBKOJIMIITHHOT'O CePeIOBUINA Ta OMIHUTH AKIiCTh MpoBejieHol Kaacudikarii. [11ob Ha-
BUAHHA MepexKi BiI0yBajIocd Ha JOCTATHii 32 00CATOM Ta pelpe3eHTaTUBHIA TPEeHy-
BaJIbHiil BUOIPII, JOCTIINTH MeToan 301/IbIIeHHsS HaOOPy BUKOPUCTOBYBAHUX JTaHUX.

3. Oragan jgireparypu. [loHaTTs 3ByKY, itoro oco0IuBOCTI K (DI3UUHOTO SIBH-
&, XapaKTEePUCTUKHU Ta MOXKJIUBICTH onudpoByBaHus 1nogaano B pobori Panzuines-
ckoro A. TO. [1]. MammurOMYy HaBYaHHIO Ta DI3HUM MiAXOJaM 10 PO3IMi3HABAHHS
06pazis mpucssgdeni suganng Kyrkosenpkoro B. f. [2] ra Pamxkesnua FO. M. [3].
o Take rimbuHHe HAaBYaHHS, IMIMOMHHI HEHPOHHI MepexKi 9K 3acobu Kaacudikarii
00’€KTiB Ta OCOOJMBOCTI 3aCTOCYBAaHHSI 3TOPTKOBUX HEHPOHHUX MeperK s PO3IIi-
3HaBaHHs 300pazkeHb JeTajbHO BuKaaeHo B npaisx Cy66orina C. O. [4] ra Hoso-
tapcbkoro M. A. [5].

MozxauBicTs nepexoay kJacudikarii ayaio 10 kaacudikallii 3ByKiB, 0COOJIMBOCTI
MOYATKOBOI Mi/ITOTOBKA ayIi0AaHUX, TOIMIIbHICTh BUKOPUCTAHHS MeJI-CIIeKTPOrPaMH,
a TaKOXK CTPYKTYPY 3ropTKOBOI HEHPOHHOI MepexKi V BUIAJIKY KJacudikallii 3ByKiB
onucano B |6]. IToOy 0Bl 3roprKOBOT HEFPOHHOI MepexkKi, siKa 31aTHa PO3MI3HABATH
myM Ha Oy/iBebHOMY MailJlaHduKy mpHCBsdena pobora [7|. Tyr BukopucToByBa-
JIUCS ayJIi03aIMCH POOOTH PI3HUX eKCKaBaTopiB. MerTa Takoro JOC/IiIZKeHHS — Iie
BHSBJICHHA HEOE3MeKH Ha poOOYOMY MICI Ta MOHITOPUHI JiSJIBHOCTI YYaCHUKIB Oy-
JIBHUIITBA. XapaKTePUCTUKY KOJEKIIAM ay i03alHuCiB, TPUIATHUM )T BUKOPHUCTa-
HHS Y MAITMHHOMY HaBYaHHI, 1aHo y [8].

3 mokymenTari€io mo nakery Keras mou nporpamysanns Python, skuit micturn
iHCTpyMeHTapiit j1as o6podKu 300pazkeHb Ta TEKCTY, MOXKHA O3HAHOMUTHCHA HA O]i-
niiteoMy caiiti [9], a ocobamBocTi foro 3acTOCyBaHHS MO0 MEPETBOPEHHS ay/1i0/1a~
HUX Y CIIEKTPOTPaMy Ta BUKOHAHHS 1HINOI IiAr0TOBYOI POOOTH 3 BXITHUME JTAHUMHI
nozani B [10].

4. Marepianu ta meroau. Harre choromentne HABKOJIAIITHE CEPEIOBUIIE TTeDe-
NOBHEHE PI3HOMAHITTAM 3BYKiB. Bce, KpiM 10/10Cy Ta My3UKH, Y IbOMY PI3HOMAHITTI,
MOXKH& BIJTHECTH JI0 OCOOJIMBOIO BUJLY ay/1i0, cepel SKOro € 1 3BYKHU IPUPOTHBOTO CBi-
TY, HAIIPUKJIAJ, I3MKYaHHS KOMapa, TaK 1 3BYKH POOOTH TEXHIYHUX MPHUCTPOIB Ta
MeXaHi3MiB, Ha KITAJIT TYIIHHS XOJOTUIHHAKA.

OcCKUIbKH 3aBIAHHSM IIHOTO JIOCIIKEHHs € Kiacudikallist 3ByKiB, TO HEOOX1THO
pozibparucs 3 muM (PIBUIHAM FBUIIEM Ta 3’9CyBaTH CIIOCOOH HOro OMHUCY Ta OIU-
dpyBaHHg 3 METOIO 3aCTOCYBAHHS TJIMOWHHOTO HABYAHHS.

Mwu 3H2a€MO, MO 3BYK — Ile KOJUBAJBHUN PYyX YaCTUHOK CEPEJIOBHUITA, IO TOIITH-
PIOETHCS Y BUTVISIL XBUJIb Y PI3HAX CepeOBUINAX Ta CIIPUUMAETHCI CJIYXOM. HacTo
3BYKOBHII CHTHAJI TOBTOPIOETHCS Yepe3 PiBHI MPOMIZKKHU 4acy, TOMY XBUWJIS, 1O HOTO
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ONHCYE, Ma€ TOBTOPIOBAJIBbHY (peryasipHy, nepiomumany) dbopmy. Bucora xBuii Bra-
3y€ Ha IHTEHCUBHICTH 3BYKY Ta HA3UBAETHCS aMILTITY/I0I0, Yac, HeoOXiTHUH 1 TOTO,
o6 CUTHAJ 3aBepIINB OJHY MOBHY XBUJIO, € epiofom (puc. 1). ObepHeHnow 0 me-
pioy BEJIMYHUHOIO € YacTOTa — Ie KiIbKICTh MepioJIiB 3a OTUHUI0 Jacy.

Period

| T > |
A
V\.ﬁm plitude /\ /-\
b
—— t

Time

Puc. 1. IIpocTuit moBTOPIOBaHU CUTHAJT 3 HOTO aMILTITYIOIO Ta YACOM.

BinpmmicTs 3BYKiB, Ki MU 3yCTPidaeMO, MOXKYTh He BIJITOBIIATH TAKUM ITPOCTHM
i peryasipauM mepioguaHuM MozeaaM. CUTHAIN PI3HUX FacTOT JIOJATHCI Pa3oM,
YTBOPIOIOYH CUTHAIU 3 OLJABII CKJIAJHAMH MOBTOPIOBAHUMHE 1TabJI0HAMEI. YCi 3BYKH,
JKl MU 9y€MO, BKJIIOYAIOUH HAIl BJIACHUN JIOJACHKHII T0JI0C, CKIATA0ThCS 3 TaKUX
curHaJiB. [Ipukiagom Takoro CKJIaJIHOrO CUTHATY € 3BYK MY3UYHOI'O 1HCTPYMEHTY,
0 300pazkeHo Ha PHCYHKY 2.

Puc. 2. ®opma xBuJjii CKJIaJHOI'O IIOBTOPIOBAHOI'O CUI'HAJY 3BYKY MY3UYHOI'O
IHCTpYMeHTY.

[To6 onudpyBaT 3ByKOBY XBUJIIO, TOTPIOHO MEPETBOPUTU CUTHA y CEPIIO YH-
ceJ1, MIJITXOM BUMIPIOBAHHS aMILTITY/IU 3BYKY 4depe3 (pikcoBani npomikku vacy. [leit
IpOTIEeC MPeJICTaBIeHO Ha PUCYHKY 3.

Puc. 3. BumipoBanus aMIUIITYIX 3BYKY depe3 PeryJsapHi NPOMIXKKH dacy.

Pesynbrarn KoyKHOTO TaKOrO BHMIPIOBAHHS HA3UBAETHCSA BUOIPKOIO, a YaCTOTA
JIcKpern3anii — 1e KiJbKicTh BUOIpOK 3a cekyn/y. Hampukiia, 3arajibHa 9acTora
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auckperun3anii cranoBuTh 6sm3bKo 44 100 Bubipok B cexkyny. Ile o3mauae, mo 10-
cekyHaHUN My3wannit kain matume 441 000 3ra9eHb.

st Bi3yaJIbHOr'O 300pazKeHHA CIIEKTPY YacTOT CUTHAJY B Yaci BAKOPHCTOBYIO-
Thest cnekTporpama [11]. 91k mpaBmiio, cekTporpamMa — Ie JBOBUMIpHA Jiarpama,
Jie TI0 TOPU30HTAJIBHIM OCl IPeJCTaBJAeHO 4ac, 110 BePTUKAJIbHINA 0Cl — dacToTa KO-
JINBaHb, & aMILTITYyJa Ha MeBHI 9acTOTI B KOHKPETHHUIT MOMEHT 4acy MpecTaBIeHa
IHTEHCHBHICTIO, TOOTO KOJIHOPOM BimmoBigHol Toukn. CrekTporpamMa BHKOPHUCTOBYE
pi3HI KOJBOPH JI/Id MMO3HAYCHHSA BEJIUYMHU aMILIITYIH ab0 CHUJIM KOXKHOI 4aCcTOTH:
YUM SCKpaBillle KOJip, TUM BHIIE eHepTis CUTHAJTY.

CnekTporpamMu (GpopMyIOTbC i3 3BYKOBUX CHTHAJIIB 33 JIOIOMOTOI0 TEePeTBOPEHD
®yp’e [12]. Tleperopennst Pyp’e pos3k/Iamae CUrHAJ HA OO CKJIAMOBI 4acToTd i
BU3HAYAE AMILIITY/y KOKHOI 9acTOTH, MPUCYTHHOI B CUTHAJMI. TaKUM YHHOM, CITe-
KTporpamMa po30uBa€ TPHUBAJJIICTD 3ByKOBOI'O CHI'HAJIY Ha MEHII YacOBI CEIMEHTH, a
HOTIM 3aCTOCOBYE IepeTBopeHHst Pyp’e 10 KOKHOIO cerMeHTa, o0 BH3HAYUTH Ya-
CTOTH 1 Ha 3aBepieHHs 00’e¢nnye neperBopenus Dyp’e a1 BCiX IMUX CEIMEHTIB B
eaqunuit rpadix.

Koxken BepTuka/ibHuii «3pi3» CIEKTPOrpaMH, MO CyTi, € CIHEKTPOM CUTHAJIY B
meif MOMEHT dYacy 1 MoKa3ye, dK MOTYZXKHICTbh CUTHAIY PO3MOJALIIETHCI IO KOYKHIii
JacTOT1, 3HalIeHIH y CUTHAJI B el MOMEHT.

Puc. 4. 3puuaiina cuekrporpama.

gk mu 6aummo, cnekTporpama He jgae Ham Gararo indopwmarnii (puc. 4). Ile Bin-
OyBaeTbCd Yepe3 Te, IO JIOAU CIHPUUMAIOTh 3BYK V BY3bKOMY /lialla30HI YacTOT i
aMILTiTyA. [las 30LIbIIeHHs HAIJISIHOCTI cleKTporpamMu Oy/a po3pobJieHa MIKaJIa,
Mena, y BifMOBIMHOCTI /M0 SKOI KiJbKiCHA OIIHKA 3BYKY 0a3y€ThCs HA CTATHCTU-
4Hiil 00poOIi JaHUX PO CyO €KTUBHE CHPUIHATTS BUCOTU 3BYKOBUX TOHIB BEJIMKOI
KiJbKocTi cayxadis [13]. Tobro, B i1 ocHOBI € ncnxo-dizudHe CpURHATTS 3BYKY JHO-
JIMHOIO, 1 BOHA € jJjorapuMidHOIO 3a/1€KHICTIO OT JaCTOTH.

Ha ocuoBi mkamn Mena 6yayerbes cnektporpama Mesa (puc. 5), ska € aHa-
JIOTOM 3BHUYANHOI CIIEKTOrpaMu, MpOTe BUKOPUCTOBYE Ha BEPTUKAJILHINA OCi 3aMicTh
JacTOT CHemiaJbHI BEJIUYUHHA MEJIH, Mepexi 10 dKUX 3HCHIOETHCS 33 JIOMTOMOTOI0
3aCTOCYBaHHSI JI0 crieKTporpamu Mes-diabrpis [14].

OdeBuHO, 1O MeJ-CIIeKTporpaMa € OLIbIn iH(GOpMaTHBHOIO HiXK 3BHYaiiHa CIIe-
KTporpama. TakKuM YMHOM MOKHA 3POOUTH BHCHOBOK, IO clieKTporpama Mesa €
KOMIIAKTHUM 1H(MOPMATHBHUM HPEICTABICHHSIM ayIi0OCUTHAIY, CXOKUM Ha BiIOUTOK
HAJIbI JIIOIUHH.
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Puc. 5. 3Buuaitna cnekrporpamMa Ta mobOyIoBaHa Ha 11 OCHOBI cekTporpama Meia.

[nbunne naByaHus, 9K rajy3b MalIMHHOTO HaBYaHHS, lepeidadac MOJIe/IoBa-
HH$Y BHCOKOPiBHEBHUX a0CTpaKIiil i3 jieKiJTbkoMa 0OpOOHUMHI TTapaMu, Jie 3/1iifiCHI00-
ThCs Pi3HI IepeTBOPeHHs. [CHYIOTh pi3Hi apXiTeKTypu TJIMOMHHOTO HABYAHHS, CePe/I
JKHIX Barome Miclie 3afiMaioTh 3rOPTKOBI HefipOHHI MepexKi.

3ropTKoBi HEHPOHHI Mepeki — Iie KJIac IMIMOMHHUX IMTYYHUX HEHPOHHUX Mepexk
HPAMOIO IOIIMPEHHS, K MOXKYTb Po3lizHaBaru i kKjacupikyBaru 300parkeHHs,
a TOMY IIMPOKO BHKOPHCTOBYIOThCS [Jisi aHadi3y BisyasbHux maxux [15]. Tepmin
«3TrOPTKa» B TMO3HAYAE MaTEeMATHYHY (DYHKINIO 3rOPTKH, AKa € OCOOJUBUM BUJIOM
JIiHIMHOT omepalii, B dAKi#l aBiI (pYHKIII MepeMHOKYIOTbCs, 100 OTPUMATH TPETIO
dyHKIIIO, sIKa BUpaxKae, gk (opMma oxmiel PYHKIN 3MiHIOEThC iHmoo. [IpocTime
KazKyuHu, JIBa 300pazKeHHs, s1Ki MOXKHA 1IPEJCTABUTU Y BULVISII MATPUIlb, IEPEMHO-
JKYIOThCH, 100 OTPUMATH BUXIiJI, KUl BUKOPUCTOBYETHCH JIJI BUJIy4YEHHs O3HAK i3
300pazKeHHsI.

AxicTb mobymoBU Oy/Ib-AKOI MOJIE/I MAIIMHHOrO HABYAHHA 3aJI€2KUTh BiJl perpe-
3eHTATHBHOCTI HaBYaIbHOI BHOIpKH. OCHOBHUMH IIpoOIeMaMu i IeperKoJaMu I
JTOCJTLIZKEHHST MICHKUX 3BYKIB € Bi/ICYTHICTD ¥ BIAIKPHTOMY JTOCTYII KOJIEKIIii 3 J0CTa-
THBHOIO KIJIBKICTIO MAPKOBAHUX ay/li0aHuX JJIs TPeHyBaHHs HeifiponHoi Mepexi. s
YPI3HOMAHITHEHHS HASBHIUX €K3eMILIAPIB 3BYKIB Ta HATIOBHEHHS TaKNUX KOJEKITIH BU-
KOPHUCTOBYIOTHCA Pi3HI METOIUKH IITYYHOTO CTBOPEHHS JaHWX HA OCHOBI ICHYIOUHX
[16]. 1Ii MeTomuKH MOYKHA 3aCTOCYBATH sIK J0 HEOOPOBIEHOTO ayIio3alucy mepe
CTBOPEHHSAM CIIEKTPOTPaMH, TaK 1 JI0 HOTO CITEKTPOTrpaMH.

B nanomy gocitijizKeHHI BUKOPUCTOBYIOTHCSI TaKl /Bl METOIUKH:

e nonaBanHs GHOHOBOrO rayccoBoro (6isoro) mymy [17] no cekrporpamu,
® 3MIIMeHHS Yacy: 3CyBa€ CIeKTporpaMy y dacli BIpPaBo, MPHU IbOMY Ta YaCTUHA

CIEKTPOrpaMH, dKa IIONa A€ 1mo3a GiKCcoBaHUI po3Mip 4acoBol paMKH, BiIciKa-

€ThCA.

[Ipu renepyBanHi HOBOrO 3pa3Ka 3BYKY MOXKJINBI 3aCTOCYBAaHHS PI3HUX KOMOi-
HaIlil ONMMCAHWX METOIB J0 OMHOI 1 Ti€l K BXiaHOI crieKTporpaMu. Pe3ysbrar 3a-
CTOCYBaHHS PI3HHX KOMOIHAIf METOJIB JIJid CTBOPEHHS HOBHUX €K3EMILIApIB, IO
3aCTOCOBaHi JI0 CIEKTPOrpaMU 3BYKY IaBKaHHs COOAKH, MOKA3aHUN HA PHCYHKY 6.

5. OcHoBHui#t pesyabtar. llpoBemene mociimKenHsT 6a3yBaoch Ha BHOIp-
i ypuskis 3BykiB UrbanSound8K [18]. Ile nabip manux micturs 8732 aymiodaii-
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Puc. 6. Pe3yibraTn 3acTocyBaHHS 10 CIIEKTPOIPAMH 3BYKY IaBKaHHs cOOAKU
MEeTO/IIB CTBOPEHHS HOBHUX €K3eMILISAPIB.

7iB, siKi BimHOCSATHCsT M0 omuoro 3 10 pisumx kaacis (air_conditioner, car horn,
children playing, dog bark, drilling, engine idling, gun_shot, jackhammer, siren,
street  music).

36i1bIIeHHs JaHuX OyJI0 BUKOHAHO B PEXKUMI OHJIAMH TIISXOM 3aCTOCYBaHHS
METOJIB JIOJIABAHHS [ayCCOBOIO IIyMy Ta 3MIIMEHHS YaCy [0 BXIJHUX CHEKTPOrpPaM
nepeJ TpeHyBaHHAM Moje 1. OOnaIBa METOIM 3aCTOCOBYIOThH BUIIAKOBO 3reHEPOBaH]
3HaUeHHsI napaMerpiB nedopmariii 306pazkeHb (CreKTorpam).

[Ipencrapinenunit Habip gaHuX O6YJI0 30LIBIIEHO Ta HEPETBOPEHO Y BiAIOBIIHI Clie-
kTporpamu Mena. [Ipuknamu ciekTporpaMm Mesa 3ByKy KOHIAIIOHEPY, CUTHAJIY aB-
TOMOOLTTS Ta 3BYKM I'PU JiTeil i3 3a3HaYeHOTO HAOOPY MOJTAHO HA PUCYHKY 7.

Puc. 7. [Ipuknamn cunekrporpam Meura.

st o6pobKHu 1uX 300pazKeHb OyJI0 BUKOPUCTAHO MOJIE/Ib 3rOPTKOBOI HeHPOHHOT
Mepexi, sika mictuth: Conv2D (3roprroBuii map), MaxPooling2D (Makcumanbhe
o6’ennanns), Activation (dymxiis akrusanii) ta Dense Layer (minbumii map) [19)].

3roprkoBuii map 6e3mocepeHbO Ma€ CIPaBy 3 BXiIHUMHU JaHUMH. BXia KOXKHO-
ro mrapy Conv2D i MaxPooling2D e 3D tensopu (Bucora, mupunua, RGB-kanar
KOJIbOPY ). 3aCTOCYBaHHs 3rOPTKOBOIO IIAPY MPU3BOJUTH JI0 3MEHIIEeHHs] PO3MIpiB
300pazKeHHSI.

CTpyKTypa BHUKOPHCTAHOI 3rOPTKOBOI HEHPOHHOI MepexKi, 0COOJIUBOCTI mapaMe-
TPIB BUBO/ly Pe3y/IbTaTiB poOOTH KOXKHOI'O MIapy MepexKi Ta X KUIbKICTh 300pazKeHi
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Model: "seguential”

Layer (type) Output Shape Param &
com2d (Comd)  (lone, 12, 124, 24) 64
max_pooling2d (MaxPooling2D) (Mone, 41, 41, 24) )
activation (Activation) (Mone, 41, 41, 24) |
conv2d_1 (Conv2D) (None, 38, 38, 36) 13860
max_pooling2d_1 (MaxPooling2 (Mone, 19, 19, 36) )
activation_1 (Activation) (Mone, 19, 19, 38) |
convad_2 (Conv2D) (Mone, 17, 17, 48) 15608
activation_2 (Activation) (Mone, 17, 17, 48) 2
global_average_pooling2d (Gl (Mone, 48) |
dense (Dense) (Mone, 68) 2948
dropout (Dropout) (Mone, &8) 2
dense_1 (Dense) (Mone, 18) 618

[ttt 1 sttt t T Bt dttetetettttetetdtttotatz:tptetatc-tetatdtetatatatatatat

Total params: 33,834
Trainable params: 33,634
Non-trainable params: @

Puc. 8. Apxitekrypa 3ropTkoBOi HEHPOHHOT MepeKi.

Ha PUCYHKY 8.

106 omiHUTH TOYHICTH MOJIEJi, BUKOPHCTAIA 10-KpaTHy IepeXpecHy IepeBipKy.
JIs OMIiHKM BUKOPUCTAIN TaKi MOKA3HUKU K TOYHICTH Ta BTpara. asa ¢pyukii
BTpPAT BUOMPAETHCH KaTeropiajbHa BTpaTa MEPEXPECHOl eHTpOIil, a TOYHICTb — IIe
BiJICOTOK MPABUJIbHO KJIACU(DIKOBAHUX €K3eMILIApiB. i KOKHOTO Kjacy BTparta
BU3HAYAETHCA K MiHIMaJbHe 3HAUYeHHsd BTPAT cepell BCIX eloxX y IpoIeci mepesBip-
K. AHAJIOTI9HO, TOYHICTD /I KOYKHOT'O KJIACY PO3PAXOBYETHC MIIAXOM OTPUMAHHS
HAMKPAIIOro 3HAYEeHHS TOYHOCTI Kaacudikalii y KOKHY eroxy.

Posriisinemo npukjiajg poboru mojesti — Kjaacu@ikaliio 3BYKiB 3 IepIIol IPyIu
Habopy JaHuX (3BYKiB KoHauIioHepa). [TopiBHSIEMO TOUHICTE Ta BTpaTH HA TECTOBUX
Ta Ha TpeHyBaJbHUX JaHuX. Ha pucyHky 9 300pakeHO 3a/IeKHICTh TOYHOCTI Ta
BTPATHU BiJ KiJbKOCTI €m0oX TpeHyBaHHsS Moje/i. CHHA KpuBa — Ie Pe3yJIbTaTH s
TPEHYBaJIbHOI BUOIDKH, & YePBOHA I TECTYBAJIBHOI.

TounicTb, po3paxoBana porpamMoio, cranosuth 81%, a BeMYnHa BTPAT CTAHO-
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train e ~ — frain
valigatson vl ton

WA 18 {

Puc. 9. Oninka sikocTi poboTH 3ropTKOBOI HEHPOHHOT MepexKi Moo Kaacudikarrii
3BYKiB KOH/IUITIOHEDY.

BuTh 0,74, 1110 3acBLIUYIOTH I'padiku HA PUCYHKY 9.

6. BucHOBKEM Ta HNEPCHEKTUBU MOJAJIBIIUX MTOCHIIXKEeHb. [lix wac 10-
CJiIZKeHHsT OyJI0 BCTAHOBJIEHO, IO 3TOPTKOBI HEHPOHHI Mepe:Ki, po3pobJieHi crerri-
aJILHO JIJIsi po3Hi3HaBaHHsS 300parkeHb, MOYKHA YCIIIIHO HABYUTH KJacHpiKyBaTu
3BYKHW HaBKOJHITHLOTO CEPEIOBUINA BUKOPUCTOBYIOUHN CIIEKTpasbHe Tpe/ICTaBIeHHS
BiAOBIAHKX ay/tio3anucis. Po3pobsieno mosesb riimOUHHOIO HABYAHHS, KA MOXKE
KjacnPiKyBaTl 3BYKH HaBKOJMIITHBOI'O CEPeOBHINA KiJbKOX PI3HHUX KJaciB. Exc-
nepumenTrn 3 Habopom ganux UrbanSound8K, mo micTuTh 3ByKW /1ecATH KJIACIB,
OKa3YIOTh, IO CepPeJiHd TOYHICTD i cepejiHs BTpara NpH KJacudikaiil 00’ €KTiB Ko-
JKHOTO 3 KJIACIB, JOCATalOTh 3Ha49eHb (5% 1 92,4% BianmosiaHo.

Pospobiiena mojeib Mae sk nepeBaru, tak i nejosiiku. Ilepesaromo € Husbka
CKJIQJIHICTh CTPYKTYPHU HEHPOHHOI MepexKi B MOPIBHSAHHI 3 1HITUMHU MeTOJaMH KJlia-
cudikariii 3BykiB. HemomikoM 3aaummaerhes BiITHOCHO HEBEINKa TOYHICTH. Tomy, y
[O/IAJILIIIOMY MOXKHA ITPOJIOBXKUTH BUBYATH Pi3HI HiAX0au Jij1d Kaacudikallii 3ByKiB
3 MeTOI0 TOKpAIeHHA TOTHOCTI.

Jlana poboTa BHOKpPEMUIIA TMEPCHEKTHBU IMOJAJBIINX JTOCTIIKEeHb. 30KpeMa, T0-
Tpeby€e JMOJATKOBOI yBaru mouyk epeKTUuBHUX METO/IB 30iIbIIeHHs JaHuX, TKi J0-
IIJIHHO 3aCTOCOBYBATH JIJIA PI3HUX BUJIIB 3BYKiB, 3 METOIO IX BHKOPUCTAHHS J/is TI00Y-
JioBu Mojeseil Kiacudikarnii. Kpim Toro, icaye morpeba JOCTiIMTH BILIUB HA AKICTh
KJaacudikalil 3ByKiB 3aCTOCYBaHHA HEHPOHHUX MePek Pi3HOI TOMOJIOrI, B3ABIIKN JI0
yBaru ocoOJIMBOCTI IX peasizaliii Ta BIPOBAIZKEHHS.
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Dobuliak L. P., Ferbei D. O., Kostenko S. B. Using deep learning for envi-
ronmental sound’s classification.

Environmental sound recognition is an applied problem in many spheres of human
activity. Unlike music and speech, ambient sound is saturated with noise and lacks the
rhythm and melody of music or the semantic consistency of speech. This makes it difficult
to find common features among environmental sound signals. In order to improve the
accuracy of sound recognition, this paper proposes different methods for increasing the
training data set. The basis of these methods is the creation of new instances of audio
recordings by deformation of existing ones. Using this approach, we can increase the
number of data set elements several times and solve the problem of its limitation. In order
to convert the data sample into an image, the Mel spectrogram is used, which is a compact
informative representation of the audio signal, which is convenient to use in further work.
A deep convolutional neural network was used to classify environmental sound from the
UrbanSound8K audio dataset. A 10-fold cross-validation was applied to assess the quality
(accuracy and loss) of the presented model.

Keywords: classification, environmental sounds, data augmentation, spectrogram, con-
volutional neural network.
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KOMIIJIEKCHA T'IBPV/ITHA MATEMATNUYHA MO/JIEJIb
JOHIJIbHOCTI ®ITHAHCYBAHHA ITPOEKTIB

T'ibpunna MaremaTnyHa KOMILJIEKCHA MOJIEJIb CIIPOMOXKHA, 3/IEKBATHO BU3HAYUTHU PiBeHb
JOILIBHOCTI (piHAHCYBAaHHS IPOEKTY, BPAXOBYIOUi IIbOBI HOTPEOH iHBECTOPIB Ta BUCHOB-
KW eKCIepTiB, MOA0 MOXKJIUBOCTI JOCATHEHHS Iijeil JJIs TABUINEHHS CTIHKOCTI perioHis,
MIJITXOM PEeAJTi3alliero JaHOTO TPoeKkTy. KoMIIekcHa MOIe b € CKJIAIHOK0 CUCTEMOIO (hyH-
KIIIOHYBAHHSA, KA BPAXOBYE Pi3Hi (PAKTOPHU BILIUBY, TaKi sIK: BAXKIUBOCTI i€l TPOEKTY IO~
JI0 TiABUINEHHS CTifiKOCTi perioHiB; pu3MK-Opi€HTOBaHI (PAKTOPH BILIUBY, IO MOTEHIIIHHO
NPU3BEAYTh HA YCIIMIHICTD peasidamii IpoeKTy; (paKTOpH JIIOACHKOTO BILIUBY Ta KOMAH-
IV peaJri3aTopiB mpoekTy. TakoK BpaxoBYyeE IIijIi iHBECTOPA IOI0 MOTPEOW Ta JOMLIHHOCTI
dinancyBanns mpoekTiB. Momenb 6a3yeTbCs HA OCHOBI Cy9acCHOI TEOpil iHTEIeKTyaJIbHOTO
aHAJII3y 3HaHb, TEOpii HEUITKUX MHOXKWH, HEHPO-HEUITKAX MepeK Ta CHCTEMHOMY TMiTXO-
ai. Ha Buxozi mozeni MaeMo BHXiAHY KiLTbKICHY OIIHKY Ta JIHTBICTHYIHE 3HAYEHHS PIBHS
NPUAHATTS PillleHb JOMIAbHOCTI (DiHAHCYBAHHS IPOEKTY 3 OIIHKOIO JOCTOBIPHOCTI.

Kpim 1mp0r0, Briepimne 3ampornoHOBAHO MOJIENh arperyBaHHsS BUXITHUX TaHUX IS BU-
BEJIEHHST PiBHSI TMPUIHATTS PillieHb MOMIIBHOCTI (DiHAHCYBAHHS MPOEKTY, IO O0YMOBJIIOE:
BUXI/IHY OIIHKY, JIHIBICTHYHE 3HAYEHHS PiBHS MPUIHSATTS PIllleHb OIMIIBHOCTI (hiHAHCY-
BAHHS MTPOEKTY Ta HOro OIHKY A0CTOBipHOCTI. MOge b Jerko aJanTy€eTbes A/ PISHUX 10
BEJIMYMHI IPAHTOBUX IIPOEKTIB Ta KOHKYPCIiB.

CdopmyiiboBana rirnore3a y HayKOBOMY JIOCJIJIZKEHI HiATBEPIZKYETHCs JIOCTOBIPHICTIO
oTpuMaHuX pe3ynbraris. [IpoBenene mocimkenns Oyme KOPUCHUM iHCTPYMEHTOM JIJIs TTPOE-
KTHUX QHAJITUKIB B paMKax 3amnobiranas needekTuBHOrO (hbiHAHCYBAHHS MPOEKTIB Ta Tij-
TPUMAHHS CTIAKOCTI PO3BUTKY PErioHiB.

KurrogoBi cioBa: ribpuaHa Momesnb, Heifpo-Meperka, HEUITKI MHOKUHU, JOIMIBHICTE (i-
HAHCYBAaHHS TPOEKTIB, CTIMKICTb PETiOHIB, MPUIAHATTS PIillleHb.

1. Beryn. IlpejacrtaBiene aocizKeHHs CHpsSMOBaHe Ha MATPUMKY TPUHHATTS
pillleHb 100 JIOMLIBHOCTI (hbiHAHCYBAHHHA IPOEKTIB CTPYKTYpHUMU (DOHJIAME I/
CTIKOTO Po3BUTKY perioniB. [logiTuka crpykTypHUX (DOH/IIB 1epepdadac 3MEHIITeH-
Hsl PO3PUBY B PO3BUTKY MizK PI3HEMH perionamMu Ta Kpainamu €spormneiicbkoro Coios3y
(€C), a TakOkK JOCATHEHHsI eKOHOMITHOI Ta COIAJIbHOI 3TyPTOBAHOCTI. 3a paxXyHOK
cTpYKTYpHUX PouaiB €C € MOKIUBICTD JJIs CeIa, MICTa, PETIOHY UM JIep:KaBU OTPH-
MaTH KOIITU Ha MOJEPHI3aIiI0, PO3BUTOK Ta BCIX IMPOIECIB, 10 3 UM OB 43aHO.
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[Topsim 3 Tum, dpiHaHCYBaHHS TaKUX MPOEKTIB I TX peaJizaliii — Ie pu3uKoBa Ii-
sTbHICTD. 1t MiHiMizaIii pu3ukiB HEOOXIIHO MaTH a/IeKBATHI CUCTEMHU T ATPUMKHI
NpHIHATTSA pPIlIeHb OIIHIOBAHHA MPOEKTHUX 3asgBOK Ta BCHOTO MPOIECY, MO 3 UM
OB’ sI3aHUA.

Pobora aBropis 111010 JI0C/Ii/zKeHH 11pobJIeMU, BAKOPUCTOBYIOUM HAraTocTOpOH-
Hill MiIZKAMCIUTIIHAPHUN TiXi/1, TOAATAE B CPOOI CTBOPUTH KOMILJIEKCHY TiOPUIHY
MaTeMaTHIHy MOJie/ib Ha OCHOBI HEUITKOI MaTeMaTWUKW Ta Hefipo-MepexK Iad -
TPHMKH MPOIECIB NPHAHATTS PillleHb OMIHOYHUMH KOMICisIMK Ha PIBHI JIepXKaBH Ta
MICIIEBOTO CAMOBPSIYBaHH, a TAKOXK PIIIeHb /I peasii3allii TOJITHKHA CTAJI0TO pO3-
BHUTKY, TMOKPAIEHHsT YIPABIIHHS MICTAMU Ta pPerioHaMHi B KOHTEKCTI MaiOyTHBOI
peasizarii €BpomeiicbKol 3eJIeHOT Yroau Ta, KOHIEIIii €BponeiicbKol MPOMHICIOBOCTI
5.0 y nepxkaBax-ujeHax. Bupintenusg npobjieMu TaKOXK CIPHSE IiATPUMIL 3YCHIb,
CIPAMOBAHUX Ha Te, MO0 YKpaiHa cTaja IMOBHOIPABHUM YJIEHOM CBpOIEiChKOTO
Colo3y B JOCATHEHH] JOBIOCTPOKOBUX CTpaTerivHux el i 30608’ s3anb €C [1].

3aBIaHHAM JTOCIIIKEeHHS € KLIbKICHA Ta 9KICHA OI[IHKA 3MICTY 3alpOIOHOBAHOTO
pillleHHs 100 JAOILIBLHOCTI (PIHAHCYBAHHS TPOEKTIB y KOHTEKCTI CTIHKOCTI perionin
y paMKaxX aKTyaJbHHUX CYCHIJIHLHUX BUKJIUKIB.

KnaogoBuM pe3yabTaToM CTaTTI € KOMILTEKCHHUIN MiIXid OIIHIOBAHHSA MPOEKTIB
IIOJ0 HiABHIIEHHS CTIMKOCTI PerioHiB, JAjs IPAKTHYHOIO BHKOPUCTAHHS OIIHOYHHU-
MM KOMICIIMH Ta 0cO0aMHu, Ki NPHAMAIOTh pIllIeHHs Ha JepXKaBHUX Ta MICIIEBUX
PIBHAX, & TAKOXK y npuBarTHOoMy ceKTopi. HabyTi 3HanHs Ta 1mMiX011 MOXKHA Hepe/ia-
TH HA OIIHKY MPOEKTIB 3a Mexkamu €Bporneiicbkoro Cowo3y, a KOMILJIEKCHA TibpuHa
MEeTOJI0JIOTisT BUPiNTeHHsT MpobJjieMn J03BOJWTH MOBTOPUTH TPOIEAYPY 1HITAM Hay-
KOBIISIM Ta eKCIIepTaM /OliHI0BAYaM IIPOEKTIB, CIPAMOBAHUX HA MOCHJIEHHS CTIKOCTI
perioHiB.

3 BUIllE HABEJIEHOTO MOXKEMO CHOPMYyBATH HAYKOBY TillOTE3Y JIAHOTO JTOCJIiIZKe-
HHY HACTYITHUM YMHOM. ZIKIIO MPOEKT IiABHUINEHHS CTIfiKOCTI perioHiB, yCHilniHoO pe-
aJIi30BaHMii, TOJII MOXKHA CTBED/IZKYBATH IIPO BUCOKY OINIHKY JIONLJIHLHOCTI (hiHAHCY-
BaHHs IIPOEKTY, OTPUMAHY Ha OCHOBI IOOYIOBaHOI KOMILIEKCHOI TiOpHIHOI MaTeMa-
THUYIHOI MOJIEJI, IO BPAXOBYE IIJIBOBI MOTPEOU iHBECTOPIB Ta BUCHOBKH €KCIEPTIB,
IIOJI0 MOYKJAUBOCTI JOCATHEHHS IILei.

Y Bianosigbs Ha Bei 1i hakTH OYJI0 BUPINMIEHO 3pOOUTH aKTyabHE HOC/IiIZKeHHS
po3pobJieHHsT KOMILJIEKCHOT MiOpHTHOT MaTeMaTUIHOT MOJIeIi IO IbHOCTI (hiHAHCY Ba-
HHSI IIPOEKTIB II10/I0 IiIBUIIEeHHS CTiKOCTi perioHiB. 1'ibpuaHa KOMILIEKCHA MOJE/b
BH3HAYAE PiBEHb JONLILHOCTI (piHAHCYBaHHS IIPOEKTY, BPAXOBYIOUi IIJIBOBI OTpeOH
iHBeCTOPIB Ta BUCHOBKHU €KCIIEPTiB, IMOJ0 MOXKJIHUBOCTI JTOCATHEHHS ITijieifl oad mid-
BUIIEHHS CTIIKOCT] perioHiBs, MLIAXOM peasi3alli€io Hanoro npoekty. ['idpupHa KoM-
MJIEKCHA MOJIE/Th 30CePEeIZKYEThC Ha HeyIlepeZKEHOMY OIIHIOBaHHI TPETEHIeHTIB HA
IPaHId Ta HiaBUILYe 6e31eKy 1X (piHaHCyBaHHS.

KomMintekcna Mojiesib € CKJIaJIHO0I0 cucTeMOIO (DYHKITIOHYBAaHHS, 9Ka BPaXOBYe Pi-
3H1 (paKTOPH BILIUBY, TaKi SIK: BasKJIUBOCTI i7el MPOEKTY MIOM0 MiJABUIIEHHS CTiiiKo-
CTI PerioHiB; puU3uUK-opieHTOBaHI (DAKTOPHU BILIUBY, 110 MOTEHIIHHO HPU3BEJIYTH HA
yCHIINHICTh peaJiizanii npoekTy; (pakToOpH JIIOJACHKOIO BILIUBY Ta KOMAaHH peaJli-
3aTOpPIB MPOEKTY, 1X JOCBiJ Ta 3HaHHA y mpobJeMaTuill cTifikocTi perioniB. Takoxk
BPaxXOBY€ ILI iHBecTOpa OO MOTPeOU Ta JIONMLIHLHOCTI (DiHAHCYBAHHS HMPOEKTIB,
a TaKOXK €KCIePTHOTO BHUCHOBKY MO0 MOXKJIUBOCTI JTOCATHEHHA METH TiIBUIITEHHS
CTIAKOCTI perioHiB, MUIAXOM peaJli3alli€lo JaHOT'O NPOEKTY, 3a MJITPUMKH iHBECTO-
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piB. Kpim 1nporo, jigd aJeKBaTHOT HiATPUMKN TPUHHATTS PIIIEHb Ta OMPAIIOBAHHSI
BIJIOMOCTEIl OTPUMAHUX BiJI €KCIEPTiB, MOJIEJIb 0A3YETHCA HA OCHOBI Cy4YacHOI Teopil
IHTeJIeKTYaJIbHOTO aHAJII3Y 3HAHb, TeOPil HeUITKAX MHOXKUH, HEHPO-HETITKAX MeperK
Ta CUCTEMHOMY ITLAXO/I.

2. Ornan giteparypu. Peasizaiis crparerivuux miaHiB miTpuMyBATUMETHCS
PI3HUMH TPAHTOBUMH CXeMaMU, 33 9Ki JOCTITHATBKI Ta TPOEKTHI TPYTIN 3MaraTuMy-
ThCST HA PETiOHATBHOMY Ta MicieBoMy piBHsX. Bararo mep:kap-uenis Oprauizaiis
eKOHOMIYHOI'0 CIIBPOOITHUITBA 1 po3BUTKY Ta €C npuiins/iu iHTerpoBaHi IHBECTH-
MifHL cTpaTerii Ta iHTErpoBaHl IHBECTHUIIIIHI MaKeTH, SK IHCTPYMEHT peaJIi3allii, a
TaKOYK 3aIPOBAWIN MeXaHI3MHU 7T KOODJIMHAIII MiK CEeKTOPATbHUX JIepzKaBHUX
inBectuniii. [Tonas aABi TpeTwHU 3 HUX PO3POOMJIM IHTEIPOBAHY HAIIOHAJIbHY iHBE-
crunitiny crparerito, Hanpukaaa: Crpareris po3surky Chaoauaawmau 10 2030 poky;
Hamnionaspuuii inBectuniinmii wian CioBarpbkol PecriyOaiku. OjiHak MiKraJysesa
KOOPAMHAIISA 1HBECTUIIMHOIO IJIAHYBAHHSA € cepilo3HOI0 MpobseMoio Ha cyOHaIio-
HaJbHOMY piBHI. BifcyTHicTh MiKTaJIy3eBOI KOOPJWHAIII € OJHIEI0 3 MECTH OCHOB-
HUX PO0JIeM, BU3HAYEHUX OPraHaMu BJjaju jep:kap-djieHiB €C, npudomy maiixke
80% BBazkaroTh e OCHOBHOW mpobJemoro [2]|. Ha ocHoBi anamisy, mpejcraBieHOro
y Bocbmomy 3BiTi €C 1npo 3rypToBaHICTh, BHKJIaJICHO OCHOBHI 3MiHH B TE€PUTOPI-
AJIBHAX HEPIBHOCTAX 3a OCTAHHE JIECATHIITTS Ta Te, K IOJITHKA BILIMHYJIA HA I
HepisaOCTi [3].

Emuipuyni pe3y/ibrar JI0CAIZKEeHb MOXKYTh CHPUSATH IATPUMII €KOJIOTTYHOT Ta
eKOHOMIYHOI moiTuku B Kpainax €C mig JocarHeHHs X CTaJ0r0 PO3BUTKY Ta Iii-
Jieit €BpoTeiichKol 3e/IeH0T yroIm, a TaKOXK CTIKOCTI MaInX i cepeaHix mianpueMcTB
[4-6]. ¥V pobori |7] posriggaerbest ekonoMivunmii i dbinamcoBuil anasi3 AOMLILHOCTI
BOJIHEBOI eHepreTUKUNpoeKTiB v Kurai, mob 3HalTH Jj1d HUX BIAMOBLAHI PillIeHHS
exkostoriaHoro dbinancyBanus. Y J0C/TizKeHH] |8] ONIHIOETHCS IPUYUHHO-HACIIKOBU I
3B’g30K Mixk «3esennmMny dinancamu (GF) i cramum possurkom (SD) y rnobanbro-
My MacIiiTabl 3a JOMOMOIOI0 TeCTy MPUYMHHO-HACJIIIKOBUX 3B’ d3KiB ['peitnzkepa.
Kowmmiekcre jpocimkents [9] mporonye MeTono0rito 6araroakTopHOrO MOJIETIO-
BaHHS 1IHBECTHUIIITHUX TMOTOKIB V PEriOHAJBHY «3eJeHY» eHepreTHKY 3 ypaxXyBaHHAM
MPIOPHUTETIB HAIMIOHATLHUX, PEeTrioHaJbHUX Ta MICIEBUX OpraHiB BJIAJIM, B paMKax
KOHIIENIIT ¢Tajoro po3BuTKy. Y pobori [10] mocsimzkeno Bubip HallKpamux IpoeKTiB
y cepi BiTHOBIIOBAHOI €HEPTeTUKU 3 BUKOPUCTAHHAM TiOPUJIHOI CUCTEMU TTPUAHS-
TTs pillleHb 3 eKOJOTIYHUX, eKOHOMIYHIX, TeXHITHUX 1 COMIaJbHUX acCleKTiB Ha Cy-
OHaIioHAJILHOMY piBHI. THUM He MeHIe, BCi Taki JOC/TiIKeHHs OIMUCYIOThH TPOIIELY PH
aHaJIi3y Ta (PaKTOpH, HA SKi MOTPIOHO 3BepTATH yBary, He IMAKPIIIIOYN e Cyda-
CHUM MaTeMaTUYHUM IHCTPYMEHTOM.

I'iGpuai Moesl TOEMHYIOTH KIJBKICHI Ta AKicHI MeTou. BOHE BHKOPHCTOBYIO-
ThCAd B CUTYAIdX 3 BHCOKOIO HEBH3HAYEHICTIO ab0O 3a& BIJICYTHOCTI MOBHHX KiJIbKi-
CHUX JAHUX TPO OIiHIOBaHe siBuIle/nomito. Hampukian, y pobori [11] Bukopucra-
HO TIOPUIHUH MAXiA 70 MATEMATHIHOTO MOJETIOBAHHS YIIPABIiHHS iHMEKIifHIMI
Bijixomamu. Hanpukiiaj naftnomupeninm iHCTPYMEHTH, 1110 BUKOPUCTOBYIOTHCS JIj1s
riGpH/IHOTO MOJIETIOBAHHSI PU3UKIB: MeTo/ aHauaidy iepapxiii [12], mediTka Jorika
[13] Ta knacrepuuii ananiz [14]. Bizomo 6arato aaropuTmis He4iTKOrO BUBeEIEHHS,
nanpukaag, Mamgani, Cyreno, Llykamoro, Jlapcen ta inmr. Bei Bonu nependada-
I0Th OpPMyBaHHSI 0a3M MPaBUJ CUCTEM HEUITKOTO BUBeJeHHs. OIHAK, He s BCiX
HPUKJIQJIHAX 33/1a49 OIIHIOBAHHS PU3UKY ICHYE TaKa MOXKJIMBICTb. AHAJI3 HAYKOBUX
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JIZKepeJi, CBITYUTD PO HEOOXIIHICTh cucTeMaTn3allii 3aco0iB i pO3pOOKH aJIrOpUTMiB
HePO-HEeUITKUX MOJjesel A9 3a/1a49 OIMIHIOBAHHS KOMNETEeHTHOCTI PI3HUX crelriaJi-
cTiB. ToMy HEOOXiTHO PO3POOJIATH MAaTEMATHIHUN Ta THYYKAH iHCTpYMeHTapiil As
OIIHIOBAHHS PU3HUKIB YITKOI IIpeaMeTHOI 00J1acTi.

Kowmiuiekcna Mojiesib — 1e KOMILJIEKCHA cucreMa (DYHKIIOHYBaHHS, sIKa BPAXOBY€
Pi3HI YMHHUKHW BIJINBY, TaKl 9K BaXKJIUBICTH 171el POEKTY /s MOKPAIeHHs CTIHKO-
CTi PerioHiB; pU3MK-OPIEHTOBaHI (aKTOPU BILIMBY, AKI MOTEHIIIHO TPU3BOIAATH JI0
yCIIXy NpoeKTy; paKTOPiB BILIUBY JIIOJUHH Ta KOMAaHJM BUKOHABIIB IIPOEKTY, iX
JIOCBLIY Ta 3HAaHb Yy cdepi cTaJIoro po3BUTKY perioHiB. Kpim Toro, /s agekBaTHOL
OIITPUMKH TPUAHATTS pillleHb Ta 00poOKH 1HQOpPMAIIl, OTPUMAHOI BiI eKCIepTiB,
MOJIesIb 6a3yeThCsl Ha CydacHiil Teopil iHTeseKTyaJbHOro aHanily 3uasb [1], Teopil
HEYITKUX MHOZXKWH, HEHPO-HETITKUX MeperK i CHCTeMHOMY T /IXOT].

Hapenene Bure, apryMeHTye Ta MiATBEPIKYE aKTYAJTbHICTD JOCTIi/IZKEHH: PO3-
POOKH KOMILIEKCHOI TiOPUIHOI MaTeMaTHIHOI MOJENl JOIIIbHOCTI (biHaHCYBaHHS
IIPOEKTiB.

3. Marepianu ta Meroau. CpOrojHi CHOCTEPIrA€MO BEIUKY KiJIbKICThH iHHO-
BaIIffHUX Ta CTapTal MMPOEKTIiB, IO JO3BOJIAIThH MIBUAKO PO3B S3yBaTH Pi3HI MPO-
OJieMH B KOHTEKCTi CTaJI0oro po3BuTKy. Hampukia, BIpoBazKeHHs TaKHX MPOEKTIB
J103BOJIsi€ ©PEKTUBHO Ta IIBHIKO 3MEHINMTH HETaTUBHUN BILIHB cdepu JIIOJICHKOL
MiSITLHOCTI HA HABKOJHUIITHE CepeIoBHINe, ab0 MiABUIIUTH 310poB s rpoMaasa. Hiko-
My HE € cekper, o crapran (IHHOBaniiini) HpoekTn abo IPAHTOBI HPOEKTH JAIOTH
IMBUKI Ta Kpallli pillleHHsd, HiXK JIepKaBHI ITPOEKTH, IO 3aB’d3aHi Ha CKJIAIHUX OI0-
POKPATUIHUX JAX Ta Nporeaypax. Kpim mporo, B yMoBax HaA3BUYAiHOT CUTYaITil
BHHHUKAIOTH OaraTo mpob/ieM, BUPIIIEHHS SKUX BaXKJIUBO-HEOOXiTHE 32 KPUTHIHO KO-
porkuii mepioy gacy. J[okazoM nboro € pobora MyHIUNATITETY /Periony / 1ep:KaBu B
ymoBax mangemii COVID-19.

[Tocrae neobxiguicTsh piHAHCYBAHHS TAKUX MPOEKTIB JUIA iX peaJiizallii Ta BIPO-
Ba/IKeHHs Ha puHOK. DiHAaHCyBaHHS IHHOBAIIWHUX MPOEKTIB — 1€ PU3UKOBA /li-
sSUIbHICTD. g MiHIMIZaIil pu3uKiB HeOOXiTHO MaTH aJIeKBaTHI CUCTEMHU IiATPUMKHI
NpHIHATTS PIllleHb OIHIOBAHHSI CAMHUX ITPOEKTIB, KOMAHIH, 0 PeaTi3yioTh TPOEKT
Ta PU3WKIB.

3anponoHyeMO KOMILIEKCHY Ti0pHUIHY MaTeMaTHIHY MOJIE]b JOMLIbHOCTI (hiHaH-
CYBaHHS MPOEKTIB MO0 MiIBUINEHH CTiiKOCTI periony. Mojeb Oy/ie BpaxoByBaTu
[LIHOBI IOTPeOH 1HBECTOPIB Ta BHCHOBKHU €KCIIEPTIB, IIOA0 MOXKJIUBOCTI JOCATHEH-
He TiJTell TakKnWX, K MiJBUIIEHHS CTIHKOCTI perioHy mpu peasizarii mpoekTty. To-
My MOJEJIb HA3UBAETHCSA TIOPUIHOIO, OCKIIBKH 3 OJHOTO OOKY BHUKOPUCTOBYE IaHi
PO IPOEKT 13 MPOEKTHOI 3adBKU, 110 € CTPYKTYPOBaHi, CJ1ad0 CTPYKTYypPOBaHI 4u
HE CTPYKTYPOBaHi, a 3 IHIIOro OOKY MOEIHYE NMPAKTUIHUI TOCBIJ Ta 3HAHHS €KC-
nepriB. OTpuManuii piBeHb, 110 € KOMILJIEKCHUM IOKAa3HUKOM, Ii/IBUIIYE CTYII€Hb Ta
rapanTye Oe3neky dinaHCyBaHHS TaKHX MPOEKTIB.

OckinbKu HaIla 3a7a4a € 3 00JIacTi eKCIIePTHOTO OIIHIOBAHHS, TO/l BBEIEMO Ha-
CTYIHI Cy0 €KTU yIUPABJIIHHS: €KCIEPTH — OCOOU, 1110 aHAJIIZYIOTH Ta OLIHIOITH IIPOe-
KTHY 3a4BKY; iHBeCTOpH — 1€ CyD'€KTH, 10 TOTOBI NpodiHaHCYBaTH OIIHIOBaHI TIPO-
eKTH; TTPOEKTHI aHAJITUKNA — 1€ 0c0Da, dKa HAJAIITOBYE BECh TPOIEC OIIHIOBAHHS,
BPAXOBYIOUHU IOTPEOH IHBECTOPIB.

Hexait cucteMHy TeOpeTHKO-MHOXKWUHHY MOJIeTh 3aJa4ql OIIHIOBAHHS IMPOEKTIB
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JII8 3aITPOTIOHOBAHOI 33/1a41, TPE/ICTABUMO HACTYITHUM YHHOM:
{P7 MP;MR7MTvGPvGR7GT7L7MA‘Y(f)}' (1)

Tyt maemo: P = (p1; p2; - ..; Pn) — MHOXKHIHA MPOEKTIB, 1O MOJAIOTHCS HA PO3-
DJIsLL JIeTKUM eKkciepram Jijis (pinancyBanus inBectopamu; Mp — HediTKa MOjie/ib
OTIHIOBAHHA MPOEKTY, B KOHTEKCTI MiIBATIEHHS CTIHKOCTI perioHy peaJisaliii mpoe-
KTY; Mp — HediTKa MOJIe/Ih ONIHIOBaHHS PU3UKIB peaJizalii npoekty; My — HediTka
MOJIe/Ib OIHIOBaHHS KOMIIETEHIIIH KOMaH/Iu peasizaTopiB mpoekTy; Gp — IiJb Ba-
JKJIMBOCTI periony, jie Oyae peasizoBaHuit npoekT; Gr — Iiab NPUAHATHIX PH3HUKIB;
G — 1ib KOMIETeHTHOCTI cyD’eKkTiB peasiizamii nmpoekTy; L — eKCuepTHi BUCHOBKA
IOJI0 MOYKJIMBOCTI JIOCATHEHHSA MeTH MiJBUIIEHHS CTIHKOCTI periony, IMJIgaXoM pea-
JIBAINEI0 JAHOrO MPOEKTY 3a IATPUMKHU iHBECTOPIB Ta BpaxyBaHHS iX Iiieii; My
— MOJIeJTb arperyBaHHS BUXIJIHUX JTAHUX /)T BUBEJeHHS PIBHA NPUNHATTA pIillleHb
JIONLIBHOCTI (piHAHCYBAHHSA HPOEKTY.

B pesynbrari orpumyemo Buxigay orminky f = py (f (pe)) Ta piBennb Y, mo Mi-
CTUTDH 3MICT JOMIALHOCTI (piHAHCYBAHHS MIPOEKTY, BPAXOBYIOYi HLILOBI MOTpeOU iH-
BecTOpiB (G Ta BUCHOBKH eKciiepTin L.

Eranu npoekTyBaHHA KOMILIEKCHOI T1OpHIHOI MaTeMaTHIHOT MOJIe Tl IIpe/ICTaBH-
MO Y pO3pi3i HaBeJeHNX HEYITKUX MaTeMaTHIHUX MoJesel, /g OTPUMaHHs OI[IHOK
MPOEKTIB 1O Pi3HUX IHMOPMAIINHAX MOJEIAX, Ta MOJE1 arperyBaHHs BUX1THUX OITi-
HOK JIJI BUBHAYEHHS PiBHY (piHAHCYBaHHS TPOEKTIB.

Mp — newimka modeab OUIHIOBAHHA NPOEKMY, 8 KOHMEKCMI NideuweHHs cmit-
KOCIMG PE2IOHY PEani3auii npoexmy.

TyT IponoHyeMO BUKOPHCTATH OJHY i3 PO3POOJEHUX BrKE aBTOPAMHU MOJIEI, IO
Ha BHXOJI OTPUMAEMO HOpMOBaHe 3HadeHHs M, € [0; 1], OKpeMo 1 MHOXKHUHE PO~
exTiB P = (p1; po; ... Dn), & CAMe: HEYITKA MOJIE/Ib JIJIst KIJTBKICHOT OIIHKH €KOJIOTi-
YHUX CTApTAIl IIPOEKTIB y MOBITpsiHOMY TpaHcnopri [15], Mogenb orinku crapramis
B ymMoBax iHdopmariiitnol HesusHadeHocri [16].

B ocrOBY 3anporoHOBaHUX HEUITKHX MOJeeil OMIHIOBAHHS JIOCTIXKYBAHUX MPO-
eKTiB moTpibHO OymyBaTu indopMaliifii Moae i BXiIHUX JaHUX, IO CIIPSIMOBAHI s
OIIHIOBAHHS IIPOEKTIB IIJBUIIEHHS CTIHKOCTI perioHis. B gkocti Takux indopmairiii-
HUX MOJIeJiell Ta MHOXKHH KPHTepPiiB MozkeMo BuKopuctaru 3 [1].

Mp — Hewimka MOJEAL OUTHIOBAHHA PUSUKIE PEANI3AULT NPOEKMY.

ABTOpPOM pO3pOOIEHO PsIJ] HEUITKUX MOeseil OIHIOBAaHHS PU3UKIB peai3alril
MpPOEKTY, SK /I IHBECTUIIHHNAX TaK, 1 /I iIHHOBAIIMHUX MPOEKTIB, YW CIIPSIMOBa-
HUX Ha peasi3aliio rpaHToBHX MpoekTiB [17-18]. Ha Buxomi HaBemeHWX miaxosis
orpumMaeMo HopmoBae 3uadenHs m, € [0;1]. [Ilogo muTanHs ONiHIOBAHHS PU3HK-
opienTOBaHUX (PAKTOPIB BILIMBY HA peasIi3alliio NPOeKTY JyKe CKaajiHe. B 3a1ekHo-
CTI BiJl IPOEKTY, PErioHy Ta eTaliB peasii3allil HIpoeKTy NOTpibHO HAOYI0BYBATH Pi3HI
[MOKA3HUKU PU3UKIB. € 6araTo pisHUX KJIacHMIKAIIKHIX MIXO0IIB 010 OIIHIOBAHHS
PUBUKIB, 9K g KJIACHYHHUX, TaK 1 IHHOBAIIAHUX Ta cTapTall IPOEKTIB. ABTOpaMu
HEe OJIHOPA30BO Il nuTaHHs migHiMastocs [19]. Biabmr o6rpyHTOBaHO HUTAHHS BHCBI-
TieHo y npari. Kpurepii, 3a J0MOMOTOI0 SKUX €KCIEPT MOZKE OIIHUTH PU3HUKH, IO
MOXKYTb OyTH IPH peasiizarnil MpoeKTiB /i MiIBUIEHH CTiKOCTI perioHiB HaBe eHi
y pobori [1].

My — newimxa modesv ouiH06aHHA KOMNEMEHULT KOMAHOU PEANIZAMOPIE NPOE-
KMy.

Poszain 2: TndopmaTnka, KOMIT'IOTEpHI HAYKH Ta TPUKJIAIHA MATEMATAKA



KOMIIJIEKCHA TITBPUIHA MATEMATHNYHA MOZJEJIb JOLULIBHOCTI ... 133

YV gaKocTi HeUiTKOI MOJ1e/1i OIIHIOBaHHS KOMIIETEHIIi i KOMaH/ i peaJi3aTopiB mpoe-
KTY TPOMOHYEMO CKOPUCTATHUCSA PO3POOJIEHOI0 aBTOPOM iHMOPMAIIITHOK MOIE/Ib OIli-
HIOBAHHSI Ta BUBEJICHHsI DEHTHHIY KOMaH| pO3POOHUKIB cTapTan npoekTis [15]. Tana
MOJIeNIb HDAa3yeThCsd Ha HEeHpO-HeUiTKii MepexKi, KON iCHYIOTh eKCIIePTHI HediTKi Ja-
HI 110 KOMaH/[ax po3podbuukiB. Mojiesb He norpedye dararo od4uncjieHb, PO3KPUBAE
cy®’€KTHBHICTh eKCIEPTHUX JYMOK Ta BUBOJNTDH PEHTHHT KOMaHJ PO3POOHHKIB.

Ha Buxozi orpumaemo HopMoBaHe 3HadenHs my € [0; 1].

Takum YuHOM, HA OCHOBI TPOTOHOBAHUX Mi/IXOIB OTPUMYIOTHCS HOPMOBAHI OITiH-
KH TIPOEKTIB M, (T.), M, (), my (xe), € = 1,n, BLANOBIIHO 10 MOfeseil ONiHIOBAHHST
Mp, Mg, M. He 3MeHTITy 1091 3araTbHOCTI, MOYKHA CKOPUCTATHCS i IHIITIMHA BiTOMHU-
MU MOJIEISME, METOJAMHU Ta TiAXOJAMU, IO J03BOJIAIOTH OMIHUTH AKICTH ITPOEKTY,
PU3UKY peaJtizallii #oro Ta KOMaHIu PO3POOHUKIB, TPUUOMY JJIsd TOJAABINNX 004YN-
CJIeHb IPOIIOHOBAHOI KOMILIEKCHOK TIOpHIHOI0 MaTeMaTHYHOK MOJE/LI0 BUXiTHI
OIIIHKHU TOBUHHI OYTU HOPMOBAHUMH.

OcobUBICTIO KOMILIEKCHOT TIOPHIHOI MaTeMaTUIHOI MOJIEN € Te, IO iHBEeCTOp
Mag CBOI JesiKi il 1110/10 ToTpedu Ta MOXKJINBOCTI hiHaHCyBaHHS TPoeKTiB. Taki il
KOPEeTIIThCs BiAmoBiaAHO 10 Moaeneir Mp, Mg, Mr. Ha ocHoBi mocBiay aBTOpiB y
HpeaIMeTHil 00/1acTi, HIPOIOHYIOTHCA HACTYIIHI IiIi:

Gp — IJIb BaKJIUBOCTL periony, je Oyie peaJii3oBaHUil MPOEKT.

TyT nmponoHyeMO BUKOPHUCTATH JeIKY KaTeTOpW3allilo PerioHiB, HAIIPUKJIA: pe-
rionu MiKHapOIHOTO 3HadYeHHs (1 KaTeropisi); perioHn 3arajJbHOJEPKABHOIO 3HAYE-
HHsI (2 KaTeropisi); perioHN HaJ| PerioHaJbHOrO 3HadYeHHs (3 KaTeropis); perionn 3
MepeBayKHIM 3HAYEHHSIM TLIBKM Ha perioHajbHOMY piBHI (4 Kareropis).

GRr — IUIb NPUAHATHUX PU3MKIB IIPEJCTaB/IsA€ cODOIO0 PiBEHb PH3HKY, IO MOXKE
cobi iHBECTOp JO3BOJUTH IHBECTYIOUH Y IPOEKT.

Gr — uijib KoMIereHTHOCT] cy®’eKTiB peastizaril mpoeKTy.

ITo KO:KHOMY HPOEKTY OTpPHMAEMO KoopauHartu 3a nitavmu Gp, Ggr, Gr, 1o
peacTaBuMO y BHLISAL (my, (p1), My (p1), me (p1)), (myp (p2) s (2) 0y (2)), - - -
(myp () ;M (Pn) s 0t (D))

Haygi BBegeMO B pO3MJIA] TPHBUMIpHHMI  BeKTOp IiJiell  iHBecTOPIB
T = (Ay, As, A3), gxuii BpaxoBye TTOGAYKAHHS IHBECTOPIB IO/I0 3HAYEHHS aTbTePHA~
THBHHUX IPOEKTiB 3rigno miaeit Gp, Gg, Gr. 3Moaen0eM0 BEKTOP IiIeil iHBeCTOpiB
HACTYITHUM 9uHOM [1].

Hexait, anamizyerbesa o6’k i3 3 Bxomamu Ta ofauM Buxogom U = (A, Ay, Asz),
Jge U — BeKTOp BUXITHOI OMIHKH (U1, Uz, U3), & HONO KOMIOHEHTH MOXKYTh MaTH i3
sHavenb 3 inrepsany [0; 1], a Ay = (a11, @12, .- ., a11), Az = (ao1, a9, ..., a9), A3 =
= (ag1, asq, ..., a3) — BXigi JiHrBicTHYIHI 3MiHHI.

BuanHg BeKTODPY I1iseii iHBecropiB T = (1, to, t3) OTpUMYEThHCsT 3 6a3W HETITKUX
3HaHb, IO CKJIAJAETHCI 3 CHUCTEM JIOIIYHHX BHCJIOBIIOBaHb — “Zkmo — Toxai, Ixa-
Kire”, gKi OB SI3YI0Th 3HAYeHHS BXiTHUX 3MIHHMX A, Ao, A3 3 OTHUM i3 MOXKJIMBHX
3Hadenns U:

Axmo Ay = ayy ra Ay = agy ta Az = ag Toni U = (uq, ug, ug) Inakme . ..

Takum anHOM, IHBECTOPH 334AI0TH JIHIBICTHYHE TTODAYKAHHS BEKTOPY IliIei, sKe
MePEBOIMMO Y BEKTOD BUXIAHOI KIIBbKICHOT Ta HOPMOBAHOI OIHKH (U1, Ug, Us), AKY
MO3HAYMMO BIAMOBIIHO (ug, ug, ug) = (i1, s, t3).

HediTky 6a3y 3HaHb JJid ITOMLILHOCTI (piHAHCYBAHHS MPOEKTIB IIPOIMOHYEMO Ha-
crynHuM dauHoM [1]:
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AKIITO maemo mii:

G'p — JIb BaKJIWBOCTI periony, ae Oyae peai3oBaHMil MPOEKT:

ai; € 4 Kareropiga periony tomi u; = 0,4;

a1z € 3 Kareropisa periony tomai u; = 0,6;

a13 € 2 Kareropig periony Tomi u; = 0,8;

a4 € 1 xkaTeropiga periony Tomi u; = 1.

TA Gr — niab TPURHATHUX PU3UKIB:

(21 BUCOKUH pU3UK TOMI ug = 0,2;

G99 CepeHill pu3uK ToAl Uy = 0,4;

(93 HU3BKUH PU3UK TOIL us = 0,6;

Q94 Ny7Ke HU3bKUH pu3uK 1ol uy = 0,8;

Qo5 MIHIMAJIBHUN PU3UK TOJI Uy = 1.

TA G — 1ijb KoMIIeTeHnTHOCTI cy0’€KTiB peastizaliii mpoeKTy:

(31 He TIKABJIATH KOMIeTeHTHOCT1 Toai uz = 0,2;

(32 MOXKYTb HaBITh OYTH HU3bKiI KOMIETEHTHOCTI Toi uz = 0,5;

a33 TIKABJISTH cepejiHi KoMmiereHTHoCcTI Toji ug = 0,7;

az4 orpeda y HafKpaImx KOMIeTeHIiaX Toal uz = 1;

TO/II sroriune BHCJIOBIIOBAHHA MOXKEMO CHOPMYIIOBATH HACTYITHIM YXHOM:

Ao iHBecTOpPY MOTPIOHO BarKJIUBICTHL periony, je Oyie peasizoBaHHil MPOEKT
Ay, npuitHATHEH pu3uK Ay Ta KOMIETEHTHOCTI cy0’€KTiB peasisaiil mpoekTy As,
roui U = (uy, ug, us).

[IpoekTHHiT aHATITHK MOZKe 3MIHUTH KIJbKICHI piBHI, a00 npaBuia y miagax. Tomy,
06a3a 3HAHb € BIIKpHUTA, & KUILKICTD IiJei pu nmoTpebi MozKHA, 301/IBITUTH.

ITo BCiX MPOEKTAX 3HAXOJAUMO BENTUIUH Ze = (Zpe, Zre, 21c), € = 1,m, MO Xapa-
KTePHU3YIOTh BiIHOCHI OIIHKKH OJU3BKOCTI ONMIHIOBAHUX ITPOEKTIB JI0 BEKTOPY Iijeit
iHBeCTOPIB 3a KOKHOIO OKpeMoio Hiuio Gp, Gg, Gr, 3HIMaO4YM MUTAHHS PI3HUX
mKaJ oniuoBaHus [1]:

=1 s — 1 (pe)| , )
max {ul — minm, (Pe)S maxmy, (Pe) - ul}

Zre — 1-— |UZ — M (pe)| ) (3)
max {uz — minm, (pe); max m, (pe) - UQ}

=1 s — e pe) , ()

max {U3 — min my (p.); max my (pe) — Ug}

AKIo 71 ONiHIOBAHHS IIOJIAHO OJUH IPOEKT, TOJI iHBECTOPY He Mae IOTpedH
BUCJIOBJIIOBATH MO0 BJAACHUX IIiTel 1 JaHuit eTan mpomycKkaeMo. 1 3HaxozKeHHS
BEKTOPY BEJIHUYUH Z, 110 TPOEKTAX MOBHHHO OyTH MiHIMYM JIBa TMPOEKTH.

Jani i arperyBaHHSI BEJIUYUH Z, MPOIOHYEMO BHKOPUCTOBYBATH MOJIEIIOBA~
HH$ HEBU3HAYEHOCTEH BUJY «CepeJTHE 3HAYEHHSI» B TPHhOX BUMIPDHOMY MPOCTOPI, 3a
JIOIIOMOTOI0 KOHYCOOIi6HOT by HKIIT HaTe2KHOCTI y TpocTopi omiHoK [0; 1]. Ilpudgomy,
SHAYEHHsI MEHTPY OCHOBH KOHyca Oyie ommamuHumii BekTop (z3;x9;23) = (1;1;1), a
eKCIIePUMEHTAIbHO OTPUMAHO MACHITAOYBAaHHS 338 KOOPAWHATAMHU BEKTOPY Z, OyIe
(3;3;3). Toui, rpuBuMipHa KOHycOUOAi0Ha QyHKIIA HajJeKHOCTI Oy/e 3a1aBaTucs
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dbopmyomwo [1]:
B 1 —4,, axkmod, < 1,
Ye = 0, B IHIIOMY BHOAJKY,
e
1 -
’196 - § . \/(Zpe - 1)2 + (Zre - 1>2 + (Zte o 1>27 €= 1’”' (5)

TakuM YHHOM, OTPHUMAEMO BHXIJIHI OIIHKH . 3 iHTepBasy [0; 1] mo n mpoexkTax.
BexkTop mineit inBecTopisB 3abe3nedye moOyI0BY PaHKYBAJILHOTO PSAIY aJIbTePHATUB,
3a/IAHUX BEKTOPAMHU OIIHOK, Ta HiJBUIILYE De31eKy BUOOPY aJibTepHATUBHUX BapiaH-
TiB 3TiHO MiILOBUX 1MoTped. Buxinna oninka 0a3yeThCs Ha OIHIN BaXK/JIUBICTH i€l
IPOEKTY, MOTEHI{HI PpU3UKH peasiizallil MHpoeKTy, KOMIETEHIl KOMaH po3pOOHH-
KiB, Ta BPaXOBY€ IILJIi iHBECTOPIB IMOJI0 BaKJIHBOCTI periony, je Oyie peasizoBaHuit
HPOEKT, TPUHHATHICTD PU3UKIB, KOMIIETEHTHOCTI cy0 €KTIB peasizailiil IpoeKTy.

Jani, nexait eKcrepTH, 110 OIIHIOTH HPOEKTH BUCJIOBJIIOIOTH BUCHOBKH 111010 MO-
KIWBOCTI JOCATHEHHS METH IMJBUIIEHHSA CTIHKOCTI PETioHiB, IMIJISXOM peaJii3allicro
JIAHOTO MPOEKTY 3a MiITPUMKH IHBECTOPIB Ta BpaxyBaHH« X miieit. /g Takoro Bu-
CHOBKY BBeJleMo JiHrBicTuany 3minny L = {Lq; Lo; .. .; Ly}, ae: L1 — BUCOKA MOXKJIH-
BICTh peaJIi3allil MpoeKTy BPaXOBYIOUN LI IHBECTOPIB; Ly — MOKJIMBICTD peaJTi3alril
HPOEKTY BPAXOBYIOYH IiJIi IHBECTOPIB BUIIE CepeHboro; L3 — cepejiHs MOKJIMBICTH
peaJiizallii IpOeKTy BPaXOBYIOUH IiJIi iHBeCTOpiB; L4 — HU3bKa MOKJ/IUBICTH peaJiza-
1ii TPOeKTY BPaXOBYIOUM IiJ1i iHBeCTOPIB; L5 — JAysKe HU3bKa MOXKJIUBICTH peaJrizaliil
MPOEKTY BPaxOBYIOUH IIiJIi IHBECTOPIB.

Hani 3anpornonyeMo M 4 — Moenb arperyBaHHA BUXITHUAX JaHUX JIJIS BUBEIeHHS
PiBHS TPUAHATTS PillIeHb AOIIIBHOCTI (DiHAHCYBAHHS MPOEKTY.

Jlng inTepuperarii 3aJ€KHOCTI BUXIJHI OIIHKH (. Ta €KCIEPTHOr0 BUCHOBKY L
IIOJI0 MOYKJIMBOCTI JTOCATHEHHS METH MiJBUIIEHHSA CTIKOCTI perioHiB, MLISXOM pe-
aTi3all€ro TaHOTO MPOEKTY 3a MIATPUMKH Iijeil iIHBeCTOPIB, MPOIOHYEMO HACTYITHY
dyHKIi0 HagekHOCTI [1]:

0, Ye < 05
floe) =1 (@), 0<p.<1; e=T1n. (6)
1, Ve > 1.

e k — mopir MOXKJIMBOCTI JOCATHEHHS METH IPOEKTY 3a HMiATPUMKH Iijieil iHBe-
CTOPiB. 3HAYEHHS JAHOTO IIOPOTY 3MIHIOETHCA B 3aJIE2KHOCTI €KCIEPTHOIO BUCHOBKY
L. JTaunii mopir MoKHa OTPUMATH TLISIXOM HABYAHHS HA TECTOBUX JAHUX MPOEKTIB,
MAaO9H iCTOPII0 MPOEKTIB Ta JOCIIIZKYI0UN TTIOMIJIKH EePIIToro Ta Jpyroro poy [19)].
[ToMmTKY TIEPIIOTO POJ/IYy BUHUKAIOTH Yy BUIAKAX, KOJIU HPOEKT MA€E XOPOIIT MOKA3HU-
KU, OTpUMY€ (DiHAHCYBaHHS, & IPOEKT He peasizoByeThbcd. [lomuika apyroro pojy
BHHHUKAE TOJi, KOJH IPOEKT He OTpuMye (biHaHCyBaHHd, ajie BiH PeaJi30BYEThCs iH-

IIMMU KOIIITaMH. HaHpI/IKJIa,H, CKCIIEpUMEHTAJILHO IIOCTaBUMO: k = % KOJIN Ma€MO

eKcrepTHuil BUCHOBOK Li; k = g KOJII MA€MO €KCIIePpTHUN BHCHOBOK Lo; k = g -
eKCIepTHUI BUCHOBOK Lg; k = 8 — ekcrnepTHuil BUCHOBOK Lg4; k = % — eKCIepTHU
BHCHOBOK Lj.

TakuM YMHOM, MH OTPHMAJIH arperopati HopMosasi ominku f (@), € = 1,n 3 in-
repsaiy [0; 1], momo Moseeil oniHIOBAHHS TIPOEKTIB, 16l IHBeCTOPIB Ta BUCHOBKIB

eKCIIEPTIB, 1O OIIHIOIOTH HTPOEKTH.
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Piui Y porminbaocti binancyBaHHg MPOEKTY BPaxOBYIOYi IMiAbOBI HOTpedH iHBe-
CTOPIB Ta BUCHOBKH €KCIEPTIB, MPEJICTABUMO HACTYITHUM YHHOM:

Y1 — JAy2Ke HU3bKUI piBeHb JOIIIbHOCTI (piHAHCYBAHHS IIPOEKTY;

Yo — HU3BKHI piBeHb JOMIBHOCTI (piHAHCYBAHHS TPOEKTY;

Y3 — cepejiHiil piBeHb JONLIBLHOCTI (DiHAHCYBAHHS HPOEKTY;

Y4 — BUCOKHUIl piBeHb JOMIILHOCTI (DiHAHCYBAHHS MPOEKTY;

Ys — JyKe BUCOKHII PIBEHDb JIOMIIBHOCTI (DiHAHCYBAHHS TTPOEKTY.

PiBHI npuitHaTTa pinterb Y TpaBUJIBHO PO3TVSIATH 33 JOMOMOTIOI0 TPHKYTHUX
dyukimiit nansexxkuocti. Lle 0OYMOBIIOETHCS THM, IO BOHHM OyJAyTh MATH HEPETHHHU
BUXITHUX 3HAYeHb, & Il JTO3BOTUTH PO3IMTUPUTU MOXKJIUBOCTI MPUHHATTS PIllleHb:

s () = i A AL ®

(o) = s’ § 4TS )

(e = w5 051U, (10

Hys (f(soe))z{ % “%fffegfg*%; (11)
, SR

B sasexknocti Bij Toro, B sikuii inTepBas nonajae 3uadenus f (p.), BAOHpaEMo
Ty un ity QyHKIiio HazesKHOCTi [i, BiHOCHO cTymend 0. CTymiHb 0 HAIEXKHUTD 3
inrepBasy [0; 1] Ta HATAITOBYETHCS TPOEKTHUM AHATITHKOM, TIPHYOMY TIPH MOTPe-
01 iforo MoxkHa 3MiHIOBaTH. Take HAJAIITYBAHHS Ma€ MEePEBArd B TOMY, IO MOJIE/b
JIETKO aJIaNTYEThCA /IS PI3HUX 10 BEJIUYWHI TPAHTOBUX ITPOEKTIiB Ta KOHKYPCiB, Bif
crygeHTcbKux 10 Oararomiibitonaux H2020. Ockisbku mobymoBani MyHKINT HaJe-
xkuocti (7)-(11) MarTh nepeTuHu, TO JIIs OIIHIOBAHUX IIPOEKTIB Pe, € = 1,1 OTpu-
MaeMo abo OJIMH, a0 JiBa PiBHI NPUAHATTS pirieHpb Y i BIMOBIIHO TaKy X KiJbKICTh
JJ1T HUX JIOCTOBIPHOCTEI.

B pesyabrari obunc/ieHHsI, OTPUMAEMO JIIHIBICTUYHE 3HAYCHHA PiBHA MPUAHAT-
TS PillIeHb JOMITBHOCTI (piHAHCYBaHHS MPOEKTY Y Ta #HOro OIIHKY JOCTOBIPHOCTI.
Tob10, /0CTOBIPHICTH TOTO, 11O OIIHKA HPOEKTY HAJEXKHUTh JIO0 OJHOI0, abo IHIIOrO
piBHg. [HBEeCTOPM HA OCHOBI BUXITHUX JAHUX MPUIMAIOTH PIMIEHHS OO0 JOILIHHO-
cTi piHaHCYBaHHA IPOEKTIB LIS HiBUIEHHS CTIIKOCT1 Ta 3/I0pOB’d PErioHiB i MicT,
BPAaXOBYIOUi ILJIbOBI OTpebH iHBecTopiB G Ta BUCHOBKH eKciepTiB L. Ao orpuma-
€MO CUTYAIIIIo, O IHBECTOPIB He 3aJ0BOJIBHSE YKOIHE 3 PIllIeHb, TOJII MTOBEPTAEMOCS
JI0 TTOBTOPHOT'O OI[IHIOBAHHY 13 3aJIy4eHHIM JOJATKOBUX JIAHUX.

4. BucHOBKHN Ta MEepCHEKTUBU MOAAJBIINX JOCJTiA>XKeHb. [IpoBeneno mo-
CJJIZKEeHH aKTyaJIbHOI 3a/1a9i PO3pob/IeHHS KOMILIEKCHOI IiOpHIHOI MaTeMaTHIHOL
MOJIeJT JIONIBHOCTI (hbiHAHCYBAHHA MPOEKTIB MO0 IiABHINEHHS CTIHKOCT1 PerioHis.
['i6puaaa KOMILIEKCHA MOIEIb CIIPOMOXKHA a/IeKBATHO BH3HAYUTH PIiBEHb IOILIb-
HOCTI (DIHAHCYBAHHS HPOEKTY, BPAXOBYIOUI IIJIbOBI 1OTPeOU IHBECTOPIB Ta BUCHOBKHU
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eKCITEPTIR, TMOJI0 MOYKJIUBOCTI TOCATHEHHS TIijieit JJ1s M ABUIEeHHS CTIHKOCTI PEerioHiB,
MJIIXOM peaJii3allielo JaHoro mpoekty. [Iag onpaiioBanng ekcrepTHol iHdopmariii
Ta HETITKUX BXITHUX JIAHUX, BHKOPUCTOBYETHC IHTE/JEKTyaJbHUN aHasl3 3HAHBb Ha
OCHOB1 (DYHKIII HaJIeKHOCTI OIIIHOK 3a KPHUTepisiMHu, OjHiel Ta 6araTboX 3MiHHHUX,
3 ypaxyBaHHAM Oy/Ib-KOI'O THUILY BXIHUX jlaHuX. [HTe/ieKTya/ibHuil aHaJli3 3HAHb
JIO3BOJISIE PO3KPUBATU CYO €KTHBI3M €KCIIEPTIB Ta OTPUMATH KiJIBKICHY OIIHKY He-
dopmasizoBanoi nmpukJaaHol 3amadi. [iHHicTh MOJEI € Te, IO JI03BOJIAE OTPUMY-
BATH KOMILTEKCHY KiJBKICHY OIUHKY IPOEKTY [0 BXIJIHUM OMUCOBHM (TEKCTOBUM)
JTAHWM, SIKi OTPUMYIOThCH 13 MMPOEKTHOI 3adBKH. /714 ekcriepTa mporeaypa OIiHIoBa-
HHS 3aJTATTAETHCS KJIACUIHOIO Ta BIIOMOIO, BiH JOCTIIZKY€E MPOCKTHY 3adBKY, TICS
MBOTO MO PAJY MUTaHB BUCJIOBJIIOE CBOI CYJYKEHHS MO0 BaXKJAUBOCTI i/1el Ta SIKOCT1
npoekTy. [licag 1mporo, Jani onparnboBYIOTHCS BiIIOBIIHUME HEYITKUMU Ta TiOpu-
JIHUMHU MOJIEJISIMH, IO PO3KPUBAIOTH Y0 €KTHBI3M €KCHEePTiB, a HAJAIITYBaHHd Ia-
pamMeTpiB Mojeseil Ta MIILOBUX MOTPed IHBECTOPIB YHEMOXKIUBIIIOIOTEH Cy0’ €K TUBHUT
BILTMB YYAaCHUKIB MPOIECY OIIHIOBAHHS Ha OCTATOYHWI pe3ynabrar. Ha BUXOAI MO-
el MaeMo BUXIIHY KIJIBKICHY OIIHKY Ta JIHTBICTHYHE 3HAYEeHHS PIBHS HPUITHATTS
pilleHb JAOMIBLHOCTI (DiHAHCYBAHHS MPOEKTY 3 OIMIHKOIO JOCTOBIpHOCTI. Parionaib-
HICTH OTPUMAHOI ONIHKHM PIBHS JIOINLIBHOCTI (DiHAHCYBAaHHS MPOEKTIB JIOBOJIUTH IIe-
peBaru po3pob/IeHOl MOJE.

ITpu npomy, BHepIe 3aIpONOHOBAHO MOJETb arperyBaHHd BUXITHUX JTaHUX s
BUBEJIEHHS PIBHS HPUIHATTS PillleHb JIOMLIBHOCTI (piHAHCYBaHHS ITPOEKTY, 110 00-
YMOBJIIO€: BUXIJHY OI[HKY, JIHTBICTUYHE 3HAYEHHS PIBHSA NPHUITHATTS PIMTeHb 10-
MiJIbHOCTT (DiHAHCYBAHHS MPOEKTY Ta HWOro OMiHKY jJocToBipHOCTi. Mojgenn jerko
AIANTYETHC /18 PI3HUX MO BEJUYMHI 'PAHTOBUX MPOEKTIB Ta KOHKYPCIB.

CdopmynboBana rinmoTe3a HaAYKOBOTO JOCTIIKEHHS HiITBEPIKYETHCA JTOCTOBIP-
HICTIO OTPUMAHUX DPE3YJbTATIB, 10 Yy CBOIO 4epry 3a0e3ledyioThcs OOIPYHTOBA-
HUM BUKOPUCTAHHAM anapary HEeYiITKUX MHOXKHUH, IHTEJEKTYAIbHOIO aHAII3Y 3HAHD,
Helpo-MepesK Ta CUCTEMHOTO ITiAXOY.

[TopasbIme gociizKeHHs TpobIeMaTHKU BOAYAEMO Y alrpodaliii JOCTiIzKeHHs Ha
peabHAX JAaHUX IPOEKTIB Ta KOHCTPYIOBAHHI MPOrPpaMHOTO 3abe3MedeHHsT JOIiIb-
HOCTi (piHAHCYBaHHS TPOEKTIB MIOA0 HiABHIMEHHS CTIHKOCTI perioHis.
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Polishchuk V. V., Petranova M. Yu., Povkhanych V. I. Complex hybrid
mathematical model of feasibility of financing project.

Research has been carried out on the urgent task of developing a complex hybrid math-
ematical model of the feasibility of financing projects to increase the stability of regions.

The hybrid mathematical complex model is able to adequately determine the level
of feasibility of project financing, taking into account the target needs of investors and
the conclusions of experts, regarding the possibility of achieving goals for increasing the
stability of regions, through the implementation of this project. The complex model is
a complex system of functioning that takes into account various influencing factors, such
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as: the importance of the project idea to increase the stability of regions; risk-oriented
influencing factors that will potentially lead to the success of project implementation;
human influence factors and project implementation teams. It also takes into account
the investor’s goals regarding the need and feasibility of project financing. The model is
based on the modern theory of intellectual analysis of knowledge, the theory of fuzzy sets,
neuro-fuzzy networks and the system approach. At the output of the model, we have the
initial quantitative assessment and the linguistic value of the decision-making level of the
feasibility of financing the project with an assessment of reliability.

In addition, for the first time, a model of the aggregation of initial data was proposed to
derive the level of decision-making on the feasibility of project financing, which determines:
the initial assessment, the linguistic value of the level of decision-making on the feasibility
of project financing, and its credibility assessment. The model is easily adapted for grant
projects and competitions of different sizes.

The formulated hypothesis in scientific research is confirmed by the reliability of the
results obtained. The conducted research will be a useful tool for project analysts in the
framework of preventing ineffective financing of projects and maintaining the sustainability
of regional development.

Keywords: hybrid model, neural network, fuzzy sets, feasibility of financing projects,
sustainability of regions, decision-making.
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AHAJII3 AEAKNX METOIIB PO3B’A3AHHA 3ATAYI
PO3IIISBHABAHH{ JE®PEKTIB HA 3OBPAKEHHAX

Bamada posnizHaBaHHs Ae(EKTIB KOPUCTYETHCS MMTUPOKOIO TOMYIAPHICTIO, 0COOTHBO i1
3aCTOCYBaHHS HA 1HAYCTPIaJIbHUX 3aBOJAX, e 00’€KTU BUIOTOBJISIOTHCH TECATKAMU THCS-
yaMmu Ha JeHb Ta MOKYTb Micruru gedexkru. O6’ekru 3 gedexkramu oTpiOHO BiyiauTu Bi
3araJibHOI Macu 00’€KTiB, Mjist TOrO 00 (DIHAIBHUI CIOXKWBAY OTPUMAB SIK HANSKIiCHITIW
ToBap. Ajte mepin Hixk BiggiuTu gedexTHi 06’€KTH, TX TOTPIOHO 3HANTH, OTYKE PO3MI3HATH.

VY maniit poboTi MpoaHATI30BAHO HAWMOMYISPHIIT METOIN /I PO3B’sA3aHHSA 330291 PO3-
mi3HaBaHHA 1eeKTiB, KOJIU BXiIHi JaHi € 300pazkeHHst. Po3risHyTo 3acTOCyBaHHS SIK iCHY-
0YMX aBTOMATU30BAHMX PillleHb, TaK i 3aCTOCYBaHHSA METOJIiB HA OCHOBI 3rOPTKOBUX HeEii-
poMepex, a caMe HeHpPOHHI MepexKi CerMeHTallil Ta JeTEKIIil, TKi KOPUCTYIOTHCS MMUPOKOI0
MOMyAApHICTIO Hapa3i. [IpoBeneHo oriisi Janux METOMIB Ta 3pO0JIEHO TIOPIBHAIBHUI aHaJIi3
PI3HKX KJIACiB METOIB Ha OCHOBI TaKuX (paKTOPIB SK: BUMOTH JI0 BXiJHUX JAHUX Ta BUMOTH
JI0 OOYUCIIIOBAIIBHUX MOTY2KHOCTEA.

Kuro4doBi cjoBa: 331a9a po3mizHaBaHis 1eeKTiB, KOHBOJIIOIIHHI HefipoMeperKi, MomesIi
CEerMeHTAllil Ta JIeTeKIIil.

1. Beryn. KepyBanng Be/IuKuM 0i3HECOM HEMOZXKJIWBO YABUTHU 0€3 aBTOMAaTH3aIlil.
Haijigacrinte apromaru3aiiito HeoOXiIHO BIIPOBA?KyBaTH B ITPOIECH, K1 TOBTOPIOIO-
ThCs 3 BECOKOIO 9acTOTOIO Ta € CTAJUMHA 3 TOYKHU 30PY CXUIBHOCTEN 10 KPUTUTHUX
3mid. /[lo Takux mporeciB MOXKHA BiIHECTH — IIPOIEC BUTOTOBJIEHHS 00 €KTiB Ha iH-
JycTpiaJibHOMY BHPOOHUITBI. 3a3Budail JaHuil mponec CKIAJA€ThCst 3 DaraTbox IIiji-
MPOIECIB 1 OJIMH 3 HUX — 1€ 1HCIeKIlist 00 €KTa Ha HadABHICTDH Jie(DeKTiB Ta Mo 1asbIie
COPTYBaHHS y Pa3i BUABJIEHHS OJIHOIO YU JIEKLIHKOX J1eDeKTiB.

[Iponec incmexiii 0o6’eKkTa Ha HasgBHICTD JedeKTiB MoxKe OyTu 3po0/eHuii py-
IHUM /MaHyaJIbHIM af0 aBTOMATH30BaHUM criocobamu. QUeBHIHO, MO PYIHUIT CIO-
cib € obOMekeHUil, OCKIIBKH BUMAra€ BEJHMKY KLIbKICTh 3aIiHUX JI0Jei Ta ixX 10-
MEHHY eKCIepTusy /s BusiBjieHHs jedexTiB. B ocHOBI aBromMarn3oBaHux crocobiB
JIeXKaTh IHTeIeKTyaJ hbHI METOAN aHaJi3y 300paykeHb, OTPUMAHUX 3 Kamep. Bpaxo-
BYIOUH CY4YaCHHUI PO3BUTOK KaMep 3pOOUTH 3HIMOK, Ha SKOMY OyJie JiTKO BHJIHO Jie-
deKTH € NLIKOM peabHOIO 3a/1a9ei0. 3 YacoM KOXKHe BeJIMKE IiIPUEMCTBO HabyBae
CTaHy KOJIM KLIBKICTh 00’€KTiB, 1[0 BOHU BUTOTOBJIAIOTH € HEIIOCUIbHE I PYIHOTO
crocoly iHcmexIri. 3 iHmol CTOPOHU BIPOBAJZKEHHSI aBTOMATHIHOTO CIIOCOOY HE €
TPUBIAJIBHUM Ta BHMara€ BiJOBiAi Ha Oararo 3amuTaHb:

— dky Texuosorito (Merou) BUOpATH JJisl pO3Mi3HABAHHS JedeKTiB?
— Hackinbku siKicHO TexHoJsI0risg Oyae Biaaiiaru aedexTHi 00’ ekTu?
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— 4k i inTerpyBatn y BUpOOHUIITBO?!
— 4k 11 miarpuMyBaTu HaIaTi?

[eft mepesik MOXKHaA ITPOJIOBXKYBATH Jaji, OJHAK TaK YW 1HAKIIEe BIIIOBIII 3a-
JIezKaTh BiJl KJIOYOBOTO ITUTAHHS, a caMe: “dKi MeTOJH YU T'PYILY MeTOIiB oOpaTu
JIJISE aHAJI3Y 300parkeHb Ha HpeJIMeT BUABJIEHHS OJHOIO YU JIEKLJIbKOX Jie(DeKTiB Ha
00’exTi?”. Haiibinbmuor momy/IspHICTIO Hapa3i KOPUCTYIOTHCS METOAN aHAIZy 30-
OpakeHb Ha OCHOBI TITYYHOIO IHTEJEKTY B OCHOBI SKUX JieYKaTh HEHPOHHI Mepexi,
IO MOXKYTh HABYATUCS IIEBHOI JIOTIKHM Ha TPEHYBAJLHOMY ITPOMApKOBAHOMY HabOPI
JIAaHUX. 3a JIOMOMOTOI0 HHUX MOXKHA IOOYIyBaTH TEXHOJIOTiI0 BUABJIEHHS JedeKTis,
JdKa B HEPCIEKTHUB1 JI03BOJINTH aBTOMATU3YBATH MPOIEC 1HCIEKI].

ITpo akTyaJsibHicTb gaHol mpobJsieMun HafiKpalile CBiIYUTh Te, CKiIJIbKHA KOIITIB Oi-
3mec roToBuit BkaagaTu B i1 gocimxenns. Otxe, 3rigno [1] puHok aBTOMarn3oBa-
HUX CHUCTeM BUABJIeHHS JieeKTiB Ha OCHOBI METOJIB HEHPOHHUX MeEpezK 3pPOCTe 10
5 mupa go. B 2025 pomi. Ilomynspri cdepu 3acTocyBaHHs HACTYIIHL: BUSIBJICHHS
nedeKTiB HA IHTerpaJbHHX CXeMaX, MaTePUHCHKUX ILIATaX, 3apagHuxX eJeKTpoba-
Tapedx, BUSBJICHHS TPINUH HA METAJEBUX ILIACTHHAX, MOOLILHUX €KpaHaX, [MOpi3u
Ha XYTPAHUX BUpoOAX, MOJAPANUHN Ha JIEPEeB THUX Marepiasiax, jedexktu B 6amOy-
KOBHUX /04eperstHuX TpyOKax i T.1. ... [0JIOBHI HeJOJIIKH B MaHyaJbHUX CHCTEMaX
BuUsBIeHHsT JedbekTiB HaBeeHO B aociaiizkenni McKinsey & Company [2]. OcHoBHi
3 HUX IIe: TOMUJIKA MPH PYUHiil mepeBipii 00’ €KTa JIOIXHOK KOJIUBAETHCS B MEKaX
20-30% (3a3Buuail cupudrHeHa TaKuMH (HDAKTOPAMH SK BTOMA Ta HEYBAaXKHICTH) Ta
oOMekeHHsT B MAaKCHUMAJIbHO MOXKJIMBIH KLJIBKOCTI 00’€KTIB, 10 MOXKYTh OyTH TIepe-
Bipeni 3a omuuumo dacy. B Toii ke wac 6inbme 60% pecnonmeHTiB cKazasam, 10
MiCJIS 3aCTOCYBaHHS aBTOMATU30BAHUX CHCTEM BOHHU 3MOTIVIM MOKPAIIUTH TOYHICTH
po3mizHaBaHHs JedeKTiB Ta MpodaeMu 3 MacIITadyBaHHIM. 3TiHO IIHOTO K TOCJTi-
mxenHg Olabnre 50% IHBECTOPIB ONTUMICTUYHO CTABIATLCA 10 BKJAJAHHS KOIITIB
B JIOC/IIJIZKEHHS MOYK/IMBOCTI 3aCTOCYBaTH Taki cucremu y cebe Ha BupodOHuTsi. Ta-
KOXK Tiabku 15% pecnongenTiB BBaykaloTh 3a Kpamie Kynutn off-the-shelf Texmomorii,
0 JIEMOHCTPY€E HEOOXiHICTh MPaIIOBATH HaJ PO3POOKOIO TAKUX CHUCTEM 3 HYJS HA
BIIMiHY Bi/I BAKOPUCTaHHs BzKe icHyIounX pimenb Takux sk Omron, Cogniac, ZEISS.

BaxkymmmBo BiimMiTUTH, 10 aHAJI3 METO/IB y JlaHiil pobOTi IPOBOANTHCS 3 HPUILY-
MEHHSIM, 110 JAaHi MeTo/ 1 Oy/1yTh 3aCTOCOBaHI JI0 TAKOTO THIY JedeKTIB AK: Bi3yab-
Hi JlepeKTH Ha MOBepXHi Mmjomuuu 00’ekta. TooTo, nedekTn MOXKYTH OyTH BUSIBJICHI
JIIOJICBKUM OKOM, 0e3 OTpeOu B JOTUKY JO CAMOro 00’€KTa.

Y nmaniit poboTi mpoaHai30BaHO HANIOMYISPHINIT MEeTOAU /I 3a1adi PO3Ii3Ha-
BaHHS 1edEKTIB Ha OCHOBI 300parkeHb. AHAJI3 30cepeIzKeHo Ha MeTOIaX Ha, OCHOBI
rinbOKOro HaBdaHHs HeifiponHux Mepezk. Ha n1yMKy aBTOpiB, 3a 10IOMOT0OI0 OCTaHHIX
MOZKHA OOy /1y BAaTH TEXHOJIOTII0 BUSABJICHHS JIe(DEKTIB, TKa B NEPCIEKTUBI JI03BOJTUTH
aBTOMATHU3YBATH MPOIEC 1HCIEKIIl Ta TOKPAIUTH KJI0Y0BI, HaBeIeH] BUIIE, HETO0Ti-
KH, IO ICHYIOTh B MaHYaJbHUX CHCTEMAaX.

2. Kiracu MoxKJnBuUX MeTOAIB BugaBJaeHHs AedekTiB. Meroan 11 po3s’s-
3aHHg 33Jad4i po3iizHaBaHHsd JieeKTiB 0a3yI0ThCd Ha 1HTEJEKTyaJbHOMY aHaJsi3i
BXigHUX 300pazkeHb. Bkl 3arajbHa Ha3Ba — 16 METOAM KOMII FOTEPHOTO 30Dy
(computer vision). /lana aucnuiiina npoiinia J0Bruil MUTsIX, HOYHHAIOYHN Bij Tpa-
JMIIHHAX METO/IB KOMII IOTEPHOI0 30pY J0 METOJIB ChOTOJEHHs, IO BUKOPHUCTO-
BYIOTH IPOIeC TJIKOOKOr0 HaBYAHHS 3TOPTKOBUX HEHPOHHUX MepexK. lcHye GaraTo
pI3HUX MeTOJIB Ta iX KJIaciB, aJjie jJaHa crarrd cPoKycoBaHA Ha aHaji3l MeTO/IiB
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rInOOKOro HaBYaHHSA, TAaKUX SAK: HeifipoMeperki cerMeHTarlil ta aeTekiii 06’ekTiB. A
TaKOK 1X TIOPIBHAHHS 3 TPAAUIIHHIMA aJTOPUTMaMA B KOHTEKCTI BUMOT 10 BXITHUX
JIAHUX, 100 3aCTOCYBATH AJITOPUTM Ta 00YUCIIOBAIBHUX HOTYKHOCTEH, HEOOXITHIX
JIJIST TIPOBEJICHHS IPOIeCy HABYAHHS Ta aHAJIIZY 300paKeHb.

ITporec nHapuanus HefipoMepexki, apXiTeKTypa KOl CKJIa/1a€ThCs 3 DaraTbox Iia-
piB, Jie KOXKHHIil ITap MICTUTH pPsJi OmNepariii 3 3ropTkoBuMu (MiabTpamu, 3a J10-
noMororo aiaroput™my back-propagation HabyB TepMmiHy eaubunme HasuanHs (deep
learning). 3acrocyBaHHs TIMOOKOTO HABYAHHS JIJisl aHAJTI3Y 300pakKeHb — Iie OJIHA
3 HAUIIOMYJISIPHININX Ta HAUIEPCIEKTUBHIIIUX cdep 3acTOCyBaHHS HEHPOHHHX Me-
pe:x. etanbHuUil aHaII3 CTAHOBIEGHHS Ta PO3BUTKY IIi€l cdepr, a TaKOK OIS BCIX
ICHYIOUUX MEeTOJIB pa30oM 3 O3HaUYeHHSIMH HaiOLIbIT (DyH1aMeHTAIbHUX TTOHSITH BHU-
KJaa7eHo B [3,4,5,6]. g 3amadi po3nizHaBanHs JgedekTiB HARGLIBIT MAXOAATINME
MEeTOJIAMU €: cerMeHTalliiini Ta JgeTekIiiini Heifipomepexi (segmentation and detecti-
on neural networks). OmHa 3 OCHOBHHX IPUYHH IOJSATAE B TOMY, IO JIJIs 3aJadi
BU3HAUYEHHs nedeKTiB HeoOXiTHO He IPOCTO CKa3aTH, 110 “300parkeHHsa 00’ekTy A
MicTUTh JiepeKT’, a HOTPIOHO TAKOXK BKa3aTw Jie caMe Ha 300parkeHHi € jiepeKTHa
30HA.

3. Bxinui Ta Buxigui mani. Heiipomepexi (Mogeni) cermenTamnii ta jere-
KIIii MaoTh H6araro crnuibHoro. JIas Toro mo6 HaBYMTH iX MOTPIOHO TpeHyBaIbHU
Habip manux. OguH 00’€KT TPEHYBAJILHOTO HAOOPY AAHUX CKJIAJAETHCA 3 BXiTHO-
ro 300pasKeHHsI Ta ITPOMAPKOBAHOTO jedekTHOro periony. JList 3aja4i cermenTariii
JnedekTHU perion Mozke OYTH TPeJCTABICHU Y BUIJISIL MaTPUIl PO3MIPHICTD IKOL
CIIBMAAAE 3 BXiIHUM 300paskeHHaM. KoxKHMiT ejieMeHT MaTpuIli Moyke HabyBaTH 3Ha-
denb 13 gianazony [0, k|, 1e k € Z — kiabpKicTh MOKIUBUX KiaaciB maedekTin. Ko
eJeMeHT MaTpuIili Mae 3Hadenns ) — perion He gedeKTHHUIt, a IKIO 3HAYCHHS JTOPiB-
uioe B Mexkax [0, k|, o perion mae gedexr Bianosignoro kiacy. Tobro, mojeni ce-
IMeHTaIlll BUMAraloTh HagBHICTbh TPOMAapPKOBAHUX JIAHUX HA PiBHI KOXKHOTO TIKCEJId,
IO € OJHOYACHO 1 TepeBaroo i HejoaikoMm. [lepeBara B Tomy, 110 jgedeKkTu mpoMap-
KOBaHI Ha HAWOLIBII JIeTaJIbHOMY PiBHI — IIKCEJIIO, 0 JIa€ HARITOBHIIILY iH(OPMAIIiio
npo JgedeKTHY 30HYy 300pakents. OUeBUIHUN HEIOMIK — 1@ KUIBKICTh 3aTpadeHoro
Jacy, KUl HeoOXiTHO T MApKYBaHHs KOXKHOTO 300pakKeHHs. 3 TOYKU 30py HeoO-
XiHUX BXIJHUX JaHWX, HeipoMeperki JeTeKIlil BiApI3HAIOTbCA THUM, 10 JOCTATHHO
IpoMapKyBaTh perion y purisai npsmokyTauka (bounding box), mo 3 omHoi cTopo-
HU € IIBHJIIIMM IIPOIIECOM, aJje 3 iHIIOI BTpadaeThbcd IeBHA iHMOpMallis, OCKLIbKHI
B IIPAMOKYTHHUKY MOXKYTb MICTUTHUCS K HdedeKkTHi Tak 1 He AedpeKTHi mikcesi. s
3aa4i JeTeKIl NPUKIAT BXiTHUX JAHUX BIAPI3HAETLCI Bil cerMeHTAIlll THUM, IO
HaM He NOTPIOHO BKA3yBATH BCIO MATPUINIO, a HOTPIOHO HAIATH TIJIHKU iHMOPMAIILIIO,
Je po3ramoBanuii 00’ekT (medekTHa 30Ha) y dopMaTi [Tmin, Ymin, Tmazs Ymaz> P,
Jie nepiri 4 eJleMeHTH — Iie KOOP/IMHATHU MPAMOKYTHUKA, AKUH BU3HA4YA€E JeeKTHUH
perioH, ¢l — iHJeKc BiAIOBLAHOTO JedeKTHOTO Kaacy. KinbKicTh 30H J0BiIbHA, TOOTO
300pazKeHHs 9K MOKe B3araJji He MiCTHTH JedeKTHOI 30HU, TaK 1 MICTUTH JeKLIbKA.

[Tpukiia BXiHUX JaHUX JIJIsi HEHpOMEpeXK CerMeHTallil Ta JeTekIiii 300pazkeHo
Ha puc. 1. Bei mikcesi, gki Bcepeauni »KoBToro periony € jedexranmu. Ha ocHoBi
JIAHOTO TTPOMAPKOBAHOTO 300pasKeHHs JIETKO CTBOPUTH HEOOXiIHY BXiIHY TpoMap-
KOBaHY MATPHIIO, IIPO AKY ONKUCAHO BUIlle. TaKoXK BapTO BIAMITHTH, IO TEOPETUIHO
cerMeHTaIiiinmit miaxia Oyge mparoBaTH HABITH SKIO JaHi OyayTh ITPOMApPKOBAHI
y dopmari st mojeseit gerekiii. Ajie gKicTh POOOTH MOJEI Yy TAKOMY BHIIQJIKY
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6. Onna pederTha 30H3, AKA NPOMAPKOBART OIHUM npaMoryTHIKOM (bounding box)

Puc. 1. [lpukian mapkyBanus JedeKTHIX 30H JJIsa cermMeHTaril (a) Ta gerexiii (6).

MOXK€ BHKJIUKATH 3aIMTAHHS Ta MOTpeOye MeTaabHOr0 aHaTi3y. 3a3BuUUail, TpeHy-
BaJIbHUIT HAOIP JIAHWX MOBHHHUM CKJIAJIATHUCS 3 JIEKIIHKOX COTEHb eK3eMILIsIPiB, e
OJIMH €K3eMILISAp — 1€ BXijHe 300paKeHHsT Pa30M 3 MATPUIICIO JIeDeKTHUX PErioHiB.

Buxinni nani, To6To pe3ysabraTti poOOTH cermMeHTaIiiinol mMojeai — 1e #MoBip-
HICTH IMiKcesd HAOYyTH 3HAYEHHS OJHOIO YW 1HIIOrO KJacy. MareMaTHdHO, FKIIO B
Hac € k KJaaciB, To pe3yabTaToM Oyie k MaTpullb, Jie KOyKHA MATPHUIlI BiIMOBLIaE 3a
oJIMH KJjac. BiamoBijiHO 3HaYeHHSI KOXKHOTO MIKCEJIsi MOYKHA IPEJICTABUTH y BUIJIsI-
Ji MacuBy AMOBIpHOCTEd [po, P1, P2, .., Dk), SKi CyMapHO MOBUHHI gopiBHIOBaTH 1.
TobTo, K10 /I KOYKHOTO TiKCeJIsT MU Bi3bMeMO MaKCUMaJibHe 3HAYEeHHST HMOBIpHO-
cTe#l KJIaciB 1 3alMMIIEMO BIIMOBIIHAI 1HIEKC KJIACy Y MaTPUITIO, TO OTPUMAEMO TaKy
caMy MaTpPHINO, dK 1 BXigHa MaTpulld gedekTiB. TiIbKu Ternep KOXKHUM TiKce b — I1e
KJ1ac Jieek Ty, BU3HAYEHU aJropuTMivaHO, a HE 38 J0IOMOIOI0 PYYHOT PO3MITKH JITO-
JUHOI0. TaKy BUXIJIHY MATPHINIO KJIACIB IPUAHATO HA3UBATHU “MackKoio”. JLnsa momnesteit
JeTEKIIT pe3yIbTaT 300pazkeni y BUNISI MACUBY [Tmin, Ymin, Tmazs Ymaz, Cl, D], 1€
nepiii 4 eJileMeHTH — Tie KoopuHaT npaMokyTHEKa (bounding box), saxuii BusHadae
nedekTHHN perioH, ¢l — iHAEKC BIANOBIIHOIO KJacy 3 HMOBIPHICTIO p.

Ob6uaBa miIxXoau B pe3yabTaTi BUIAIOTH He ITPOCTO KJac 00’€KTa, a i fioro iiMoBip-
HICTh, 110 JO3BOJIsIE 3HafTH onTuMaabauii nopir (threshold) iimosiprocti. 3a momo-
MOT'0I0 HBOTO, MOYKHA MaHIMy/II0BATH pe3yjabTaTaMH Ta MPUCTOCYBaTH iX Kpalie 10
CBO€1 IoMeHHO1 3aja4i. Hampukias, akio mina MOMUJIKH JIyzKe BHCOKA, TO MH MO-
JKeMO BCTAaHOBHUTH mopir #iMoBiprocti B 90% 1 kasarm, mo jedeKTHa 30Ha € CIpaBi
JnedeKTHOI TITBKK TOI KoJIn #MOBipHicTH > threshold Benudannn.

4. Orngn HalimonyngpHIMINX HelipoMepek cerMeHTallil Ta gerekiii. Ba-
JKJIMBO BIJIMITUTH, 1110 HE3BaKalOUW Ha CXOXKICTh HEOOXiTHUX BXIJHHUX JaHUX, cami
HefipoMepeski cerMeHTaIlil Ta JeTeKIlil € PI3SHUME 3 TOYKH 30py apXiTeKTypu (Kiib-
KiCTh IMAapiB Ta 3ropTKOBUX (BibTPiB, aKTUBYOUL DYHKIIII . .. ) Ta TPOIecy HABYAH-
Hs1. B ocHOBI Mozesteit meTexiii 06’ekTa BiIOyBaeThCs mporec 00pobKu 300parkeHHsI
Ha piBHI Koop/uHaT 00’€KTa, ToO6TO, HA piBHI bounding box. B Toit yac gk B cermen-
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TaIIHUX MOJeel TaHuil TTpoIec € Ha OIJIbII AeTasIi30BaHOMY PIBHI — MIKCEJIIO.

JoBruit yac HAHTOMYASPHINIUME HEHPOHHUMHU Mepe:KaMu JeTeKIlii OyjIm MeTo-
mu cimeiicra R-CNN (Region Based Convolutional Neural Network): R-CNN, Fast
R-CNN, Faster R-CNN. TI'ojtoBHa ijes mojsraia B TOMY, IO TeHePYBAJIUCS TeBHI pe-
rionu (IPSAMOKYTHHKH) 300pazKeHHsl, TAK-3BaHl, “KaHAu aTH 34 JOHOMOIOI0 METO/LY
kaacrepusarii selective search. Tlorim i kapaumaru 3a gomomororn TumoBoi CNN
HOPIBHIOBAJINCS 3 MPOMAaPKOBAHUMU BXITHUMH JAHUMU HA CX0XKicTh. Haiibiabir cxo-
Ki 00’eKTH 1 Oysim pe3yabraroM poboTu HeiipoMmepe:xki. ToOTo, mpolec cKjajgaBcs
3 JIBOX KJIIOYOBHX KPOKIB: IeHepallid KaHIMJATIB Ta IX aHaJI3 3 MeTOon BHOpaTu
HAMOLIBIT €¢X0XKi 0 00’€KTiB, 9Ki MU IIYKAEMO Ha 300pazkeHHi. EBosonis mux mMe-
TOJIIB TTOJIATAJIA CIIOYATKY B ONMTUMI3allil KIJILKOCTI KAHUAATIB JAJ15 TPUITTBUIITIEHH ST
obpaxynkis (B nepiriii Bepcii R-CNN 6ysio 2000 kanauaaris), a nanai B 3amini me-
toay selective search ma okpemy CNN st Giyibin sKicHOI TeHepaliil KaHIH/1aTiB,
mo it 6yso gocarayro B Bepcil Faster R-CNN. OueBujHo € JBa IOJIOBHI HEJIOJIIKA
JAHUX METOJIB: TOBLIbHA MBUIKICT JeTeKIii (OCKLIbKY MOTPIGHO MPOAHATI3yBATH
KOKHUI 3reHepOBaHUil perion) Ta BjiacHe cam (akT, Mo, SKIIO Ha HePITOMY KPOIli
He OyJ/ie 3reHepOBaHO TOYHOT'O KAaHJIUaTa, MOMAAJIBINHI MPOIeC MOPIBHIHHSA BTpa-
qae cerc. MogudikoBanowo Bepcieto gannx merois € Meros, Y OLO (You Only Look
Once) — 110 J0CJIBHO 03HAYAE “TH JUBHUIICS TLIBKH OJUH pa3’ 3 BIIACHIKOK J0 MO-
ImepeHiX MeTOMIB, IKi MaJId IBi OKpeMi HepoMepesKi 11 reHepallil KaHIUIaTiB Ta
ix nmojaJibinuit anaji3. Jlanuit Mmeroj; poburh Bce B 0OJIHOMY KPOIIi 1 reHepye 00’ €KTu i
aHaJsizye ix, mo 6e3mnepeyuno Jga€ oMy nepesary B mBuAkocTi. Tak caMo K i mormepe-
JIHI MEeTOJW, JaHWi MeTOoJ1, eBOJIIOIIOHYE 3 JacOM, Ha MOMEHT HAITMCAHHS CTATTI B¥Ke
icaye Bepcig yolov7, To6To cboMa MoauMIKaIisg aJropuTMy. 3BUYARHO, HAHOLIBIIT
noBHY iH(OpMAIi0 PO JaHi HeiipoMepe:ki MOXKHA OTPUMATH B 3araJbHOBLIOMUX
OpUIiHAIBHUX CTATTX. TaKokK B |7| HaBeJAEHO OAATKOBUI aHAJI3 JAHIX METO/IB Ta
BizyaJsizaris iX apxXiTeKTyp, IO Ja€ Kpallle pO3yMiHH, 9K BOHU IPAIIOIOTh.

Ha sigminy Big mormepeaHix MeTO/IiB, METOAN CEerMeHTAIlil BayKKO PO3ILIUTH Ha,
oKpeMi 3aranpHi Kiaacu. [Ilo MoxKHaA cTBep/zKyBaTH, Ie Te, IO ICHYE IBa THIA Ce-
rMeHTaIlil: instance Ta semantic. Pi3HAIA MiXK HUMHW HACTYITHA: SKIO MU 3HAUTILIN
nekinbKa gedekTiB knacy A i He po3pisHAEMO iX MizK co60I0 (TOOTO, HAM JOCTATHBO
3HATH X KJIac), TO Iie € semantic segmentation. A gkirmo #HaM HOTPiOHO 1Iie PO3pi3HS-
T X MixK coboro, Tumy gedekt kiaacy A (1), nedexr knacy A (2), ... — instance
segmentation. Ha mpaxkruii, oano3nadno semantic € OLIBII BXKUBAHOIO, TOMY IO
3a3Buvailt HaM He MOTPiGHO PO3PIBHATH MizxK c06010 JedeKTH OJHOro KJacy, HaM J0-
CTATHBO CKA3aTH, IO BOHU HAJEXKATH 0 ILOTO Kaacy. A 4m pi3Hi BOHE MiXkK c000I0
qM Hi — 16 He 000B’s3K0BO. Tak um iHakIne Bci merogu cermenTtarii B deep learni-
ng 1oB’sg3aHi 3 3rOPTKOBUMEI HeHpOHHUMHI Mepekamu. OaHuM i3 HARTOmy TSI PHITTIX
MetomiB € U-Net. /lana Momenb BHepiie 3acTOCOBYyBaJIacs s 3a/1a4l 3HAXOIKeHHS
PAKOBUX IIyX/IMH Ha OCHOBI 306paskeHb JiereHiB Ta Mo3Ky. 1i U-momi6Ha apxiTekrypa
CIIOYATKY 3MEHIIY€E PO3MIPHICThH BXigHOTO 300paxkents (down-sampling) 3a momo-
MOTOI0 KOHBOJIIOIIHUX (3ropTKOBHX) DLIBTPIB Ta 3HAXOAUTH PerioHn 300pazkeHHst
(feature map), mo wmicTsaTh HafiBakauBinty indopmarnio. lami BiabysBaerbes mpo-
nejypa up-sampling, To6To MOBepHEHHS JI0 OPUTTHAJILHUX PO3MIpPIB 300parkKeHHs.
OcobsiuBicTh apxXiTEeKTYPH B TOMY, IO € B3a€MOJis MixK KOXKHHUM IapoM down Ta
up CeMILTIHTY, IO J03BOJISE MOBEPHYTHU 300parkKeHHs 10 OPUTIHAJIHLHOTO BUIJIALY 6e3
BrpaTu Oy/ib-gKO01 indopmaliii, e i 1mitoc j10 Toro 36epertu indopmaliito, 3uaijeny
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npu mponeaypi down-sampling, Tob6to y HamoMmy BUOAIKY JAedeKTHy 30Hy. lcHye
psj inmux Metois, Takux gk: DeepLab, FPN, LinkNet Ta inmri. detanbuuit orsy
JAHUX MEeTOJIiB HaBejeHo B [8].

input
ima%e > ol || OUtPUL
tile i segmentation
i map
L
¢
> > >

J’ H"["W =»conv 3x3, ReLU

copy and crop

1
D"j’: L -l § max pool 2x2
¥ 4 4 up-conv 2x2
et —t = conv 1x1

Puc. 2. U-nonibua apxitekrypa cermenTtaniiitnoi mojeni U-Net.

OpHEM i3 TONYJAAPHUX HANPIMKIB PO3BUTKY MOZEIedl cerMeHTallil Ta, JeTeKIIl €
KOMOiIHOBaHI MOJIei, 9Ki J03BOJIAIOThH MpeAcTaBUTH (DiHAIBHUNE pe3ybTaT OJHOYA-
CHO §IK 3a JIOOMOTOI0 CerMeHTaIiiiHOT MaCKu Tak i 3a monomoroio periony (bounding
box) o6’ekTa. A naji B 3a7€KHOCTI B/l piBHS JeTasi3arii MOKHA BUKOPUCTOBYBATH
OJIMH 4| IHIIUH BuJI IpeAcTaBieHts pe3yibrariB. Haiiigomini komOiHoBaHI apxiTe-
krypu me: Mask R-CNN rta yolov7. Takox inmuii TpeH 1 pO3BUTKY AaHUX METO/IIB
noJisirae B 3acTocyBanHi iel Tpancdopmepis (transformers) [9], mo vabysm mupokoi
HOIIYJIAPHOCTI B MeTO/1aX 00POOKHU IMPUPOJTHBOI MOBH Ta aKTHBHO Hapa3i 3acTOCOBY-
I0ThC IS 3a71a9 0O0pOOKHU 300pazKeHb.

Bci meTonn, o HaBeeHl B JaHOMY O3l € BiiHOCHO HOBUMU. HalicTapimmii 3
Hux — 1e Meros gerekiii R-CNN (2014 p.), a Haitrosimmuii — yolov7 (2022 p.). Oue-
BHJIHO, 1110 JaHa cdepa eBOJIOIIOHYE JIy7Ke TBUIKO, 3’ ABJIAI0THCSI HOBI MogudiKarii
icHyrounx anropurmis. Ha nyMKy aBTOpiB, IV100aJIbHUN TPEH I PO3BUTKY JAHUX IIiJI-
XOJiB MOJIATa€ B ONTUMIZAINT MBUIKOCTI pOOOTH JIIsT €peKTUBHOTO TX 3aCTOCYBaHHSA
HA MOOLIBHUX IPUCTPOSX Ta PI3HUX KOHTPOJIEpaX, IO MOXKYTh OYTH BOyI0oBaHi Oe3-
[OCEepPeIHLO B KaMepy 9H 1HIIM MexaHi3Mu. TakoxK BapTO BiJI3HAYMTH, 1110 HE MOXKHA
CKa3aTHu IO OJIHa HEeHPOHHA Mepeka € CYTTEBO Kpallla 49U Tipiira 3a inimry. B ocHOB-
HOMY Bce OLbIIe 3a/Je2KUTh BijI SKOCTI Ta KLIHKOCTI HEOOXIIHHX ITPOMapKOBAHUX
BXIJIHMX JIaHUX, HizK BHOIp caMol apXiTeKTypHu.

5. IlopiBHabHUM aHAJI3 PI3HUX METO/IiB 3 TOYKHU 30PY IIPAKTUUYHOTO
3aCTOCYBaHHdA. [0JIOBHOIO METOIO JIAHOI'O PO3JILILY € HOPIBHSAJILHUN aHa i3 MeTo-
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aiB runbuHHOTO HapdauHsi (deep learning), Tpa uniifiHUX METOMIB KOMII IOTEPHOIO
30py Ta ICHYIOUMX aBTOMATHU30BAHUX PIllleHb JIJI PO3B A3aHHS 33/1a4l PO3Mi3HABA-
HHs jedekTiB. 3 TOYKH 30py MPAKTUIHOIO 3aCTOCYBAHHA T'OJOBHUMHU KPHUTEPIAMUI
HOPIBHAHHS € BUMOTH JO BXUITHUX JaHUX, HEOOXiIHI 0OYHMCIIOBAIbHI MOTYKHOCTI Ta
OPIEHTOBHU piBEHb TOYHOCTI PO3II3HABAHHSI.

[Tig TpaguiiinumMu MeToJaMI KOMI IOTEPHOTO 30py Oy 1eMO MaTH Ha yBa3i HACTY-
mHi MeToTu: MeToan noporysanus (thresholding), meronu BusiBienHst Koutypis (edge
detection), meTou pospocrants obJacreii, MeTou 3acHOBaH] Ha JubepeHIiaTbHIX
PIBHSIHHAX 3 YaCTHHHUME TOXigauMu Ta iumm [10]. Tani Meroau BiApI3HAIOTHCS Bij
HEHPOHHUX MepexK, PO SKi OMUCAHO B MOMEPEIHHOMY PO3ii, TUM, TIO:

1. 3 Toukum 30py BXigHUX JAHUX I 1X pOOOTH HE MOTPIOHO HASBHICTH TPOMAPKO-
BaHUX 300parKeHb.

2. 3 TOYKHU 30py apXiTEeKTYpH Moje/ieil, B IX pobOTi He BUKOPHCTOBYETHCS IIPOIIEC
HaBuaHHs Ha nomuiakax (back-propagation).

3. 3 TOYKM 30py OOYMCIIOBAJBHUX MOTYXKHOCTEH, A5 X poboTH He MOTPIOHO Bi-
JE0KapTy YW BEJIMKI MOTY>KHOCTI.

[1ig aBTOMATH30BAHUMU PillIeHHAMH OYJI€eMO MaTH Ha yBa3i pillleHHs, 1110 iHTerpo-
BaHi B KaMepy, He BUMAraioTh J0JIATKOBOI'O KOMII' I0Tepa JIisl ITPOBeIeHHsT 00UNC/IeHb
Ta JI03BOJIAIOTH 3pOOMTH 1I€BHI HAJIAIITYBAHHS 1111 JJoMeHHy 3aja4y. [Ipukiaim ra-
KX CHCTeM JJIs PO3B’sg3aHHs 3a7adi posmizHaBaHHs gedekTiB HacTymHi: Omron,
Cogniac, ZEISS, EPIC Ta immri.

B Tabsumi Tabs. 1 HaBeaeHO MOPIBHSAIBHUN aHAJII3 PI3HUX METOJIIB PO3B’I3aHHSI
3a/1a4i po3MizHaBaHHd JedeKTiB 3 TOUKH 30pY HeoOXiTHUX BXiIHUX JaHuX, B Tabm. 2.
3 TOYKHU 30PY HEOOXIIHUX 00UMC/IIOBAJIBHUX [TOTY2KHOCTEH Ta, apxitekTypu, B Tadua. 3
3 TOYKHU 30pPY 3aTPAvYEHOr0 Yacy Ta KOIITIB Ha TMOOYIOBY TEXHOJOTIl BUABJICHHS Jie-
dexTiB.

Tabruua 1.
[lopiBHANbLHUNE aHAJI3 BXITHUX JTaHHX
IIpomapkoBaHi BXimHi
HazBa meTona P P . A K-cTh 300pakennb
JaaHi
Meroau riaubuHHOrO
s Tak 100+
HaBYAHHS
Tpaauniiini meroau Hi JeKl/IbKa
ABromarn3zosani ) .
} Hi JeKLTbKa
pinteHHs

Ha ocuoBi ganoro anaiizy MoxKHa 3pOOUTH HMOPIBHAHHA aJCOPUTMIB 3 Pi3HOI CTO-
poun. MeTor He € cKa3zaTu, IO Kpallle, a 1o TipIie — TOMY IO Ie JyzKe CKJIaIHO
BU3HAYUTH 1 B OCHOBHiil Mipi 3a/Ie2KUTh BiJl THILY 00’€KTa 3 JedeKTaMu Ta CKJITHOCTI
camux Jedekris. Merogn riimOUHHOTO HABYAHHST BiIPI3HSIOTHCS BiJl TpaAMIIHHIX B
TOMY, IO JJIsl HUX MOTPIOHO TPOMapKOBaHI BXi/IHI JaHi Ta 00YNCIIOBAIbHI TTOTY KHO-
cTi. 3BUYAiiHO, IX TOYHICTh MOKe OYTH CYTTEBO BHIIOIO,0CO0UBO Y BUIAIKAX, KON
nedeKTH € PISHOMAHITHI Ta CKJIAJIHI s BUABIeHHS. AJte ICHYIOTh 3a/1ad9i, KOJIH Je-
deKTH € 0UeBUIHI, HPOCTi, OTHAKOBI i JIs1 HUX JOCTATHHO 3aCTOCYBATH TPAIMAIIIHI
MeToau. AJbTepHATHBHUM BapiaHTOM [0 TPAAMIIHHUX METOJIB, € aBTOMATH30BaHI
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Tabauus 2.
[TopiBHsIbHUIT aHAII3 0OYUCTIOBAIBHUX IIOTYKHOCTEH Ta apXiTeKTypHu
Bineokapra ajga
HazBa meTozma A pTa A Agroput™M HaBYaHHA
o04YuncIeHb
Meroau raubUMHHOTO .
Tak Backpropagation
HaBYAHHS
Tpaaumnifini meToan Hi BiICyTHI
ABromarun3zoBaHi . .
. Hi/Taxk py4YHA KOPEKIIist
pinteHHs

Tabaruuys 3.
[TopiBHsIbHUIT aHAI3 Yacy Ta KOIITIB JIs BIPOBA/IZKEHHS
HazBa merona IsuakicTes po3pobKu KinskicTe KoIITIB
Meroan ranbOMHHOTO . v
[ToBibHO Cepeniit piBeHb
HaBYAHHA
Tpamguniitai meToxu IIBuaxo Husbkuii piBeHb
ApromarnzoBani .
. He Bumarae po3pobkm Bucoxkwnii piBenn
pinenns

pimenns. [le i € o dakTy Ti )k aaropurMu, ajie BXKe 3 IMILJIEMEHTAIIEI0 Ta TOTOB-
HicTIo OyTH iHTerpoBaHUM B BHPOOHUNTBO. Taki cucreMu € JyzKe pi3HUMH, TEAKi
3 HUX HaBiTh 3aCTOCOBYIOTH MPOIEC MEPEHABYAHHS CHCTEMH (Il OKPAIIEHHS TO-
YHOCTI PO3MI3HABAHHSI) 3a JOMOMOTOK PYYHOI KOpekil. BianosigHo He moTpiGHO
BUTPAYaTH 4ac Ha 1HO0YI0BY TEXHOJOrIT 3 HyJid, ajie CKOpIlIe 33 BCe e KOIITYBaTH-
Me 3Ha4YHO JIopozk4ye. | HaiirosioBHile, e JyzKe pU3UKOBAHO, TOMY IO HE3PO3yMiJIO
sIK SIKICHO JaHa cucTema Oy/ie TpaloBaTi Ha HOBUX, HeOaYeHnX J0 IhOro, 00 €KTax.

Jlnst po3B’sg3aHHs 3ajadi Po3Ii3HaBaHHd JTe@eKTiB MepIIuM KPOKOM € 3PO3y-
MITH CKJIAJIHICTh BH3HAUeHHs JedeKTy. 3a3BuUaii, g MOYATKYy IIPOBOIUTHCS PY-
qHHUIl O1UIsL, KM Jla€ BLAOBLAb HA nutands: “Uu MOXKJIMBO BU3HAYUTH J1eDEKT
JOACHEKUM OokoM?!”. SIKIMO Tak, TO maji moTpiOHO HTPABUIBLHO PO3MICTHTH KaMepy
Ta 1movyaTn 30upartu 300parkeHHns 3 jedeKTHUMU 00 €KTamMu. JacTo po3novnHaTh
PO3B’ 30K 3a/1a4i BAKOPUCTOBYIOUH TPAJIUIIIIHI METOIU KOMII ToTepHOro 30py. Lle xo-
3BOJIsIE BCTAHOBUTH MiHIMaJIbHUI mopir pesyibrary (baseline) 3 sskum Hagami OyayTh
MOPIBHIOBATUCS METOIM TJIMOMHHOTO HaBdaHHs. Koau nedekTHa 00/1acTh € CKIaIHa
Ta PI3HOMAHITHA OJIHO3HAYHO METO/M IJIMOMHHOTO HABYAHHS IPUHECYTh HAWKpaIuii
pesyabrar. B Tabauii nHaBeneHo HeoOXiaHy KiabKicThb 300paxkenb B 100+ mis Tpe-
HyBaHH¢ IEepIIol iTepallii aJropuT™My BHKOPHUCTOBYIOUN TexHIKY transfer learning —
KOJIH MU OepeMo BzKe Halepe] HATPEeHOBaHy HeHpoHHY Meperxky Ta MoAudiKyemo i1
JIJI HAITOTO HAaOOpYy JAaHWX, TOOTO M0 Hamol 3amadi. /letanbHuit orisam K mo0y-
JIYBATU 3 HYyJId TEXHOJIOTI0 BU3HAYEHHS Je(peKTiB Ha OCHOBI METOJIB IJIMOMHHOI'O
HaBYaHHs HaBejeHo B [11].

6. BucuoBok. Y poboTi IpOBEJICHO OIJISA] METOJIiB IVIMOMHHOIO HAaBYAHHHI, &
caMe HefpOHHHX MepezK cerMeHTallll Ta JeTekIil. Po3risgHyTo mpukKiaa BXiIHUX J1a-
HUX Ta CIOCOOH IX MapkKyBaHHs. [IpoBemeHo pi3HOCTOPOHHI# MOPIBHANBHUN aHATI3
HACTYIHUX KJIACIB METO/IiB: METO U TJIMOMHHOI'O HaBYaHHSI CEIMEHTAIlIl Ta JeTeKIIil,
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TPAJUINIHI MeTOM KOMIT IOTEPHOTO 30py Ta aBToMaru3oBani pinenns. Hasemeno
aHaJIi3 pUHKY 3a/1a9l BUSBICHHS j1e(DEKTIB 3a JOMOMOI0I0 iHTEJIEKTYaJIhHUX METO/IIB
aHaJIi3y 300parKeHHd.
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Robotyshyn M. V., Malyar M. M. Analysis of some methods for solving the
problem of detecting defect in images.

The problem of defect detection is widely popular, especially its application in industrial
plants, where objects are produced in tens of thousands per day and can create defects.
Objects with defects must be separated from the total mass of objects in order for the final
consumer to receive the largest product. But before separating defective objects, they need
to be found, therefore recognized.

This paper analyzes the most popular methods for solving the problem of defect de-
tection when the input data is an image. The use of both existing automated solutions
and the use of methods based on convolutional neural networks, namely neural networks of
segmentation and detection, which are currently widely popular, are considered. A review
of these methods was conducted and a comparative analysis of different classes of meth-
ods was made based on such factors as: requirements for input data and requirements for
computing power.
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METO/A MOHITOPVHI'Y CTAHY ®YHKIIIOHYBAHHA
CUCTEMMU VIIPABJIIHHA ITIOTOKAMU JAHUX B MOBIJIBHUX
PAJIOMEPEXKAX 3 BUKOPUCTAHHAM HEMPOHHIX MEPEK

B crarri po3pobieno mMeros MOHITOPHMHTY CcTany (DYHKIIOHYBAHHSI CHCTEMHU yIIPABJIi-
HHSI TTIOTOKAMW JTaHUX B MOOLIBHUX PAIIOMEpPerkaxX 3 BUKOPUCTAHHSAM HEHPOHHUX Meperk
€rrocoO0OM YIOCKOHAJIEHHS ICHYIOY0T0 MeTOy. 3abe3nedentst epeKTUBHOTO YIIPABJIiHHSA MO-
OLTbHEX paJioMeperk B yMOBAX YaCTOl 3MiHH OOCTAHOBKH MOXK/IMBE JIHINE 33 HASIBHOCTI
BY3JIOBOI CHCTEMHW YIPABIIHHSA, 3MATHOI MPOBOAUTH MOHITOPHHT CTaHy (DYHKITIOHYBAHHS
nijcucreMu yupasiiinisg norokamu gaauX. CyTb HOBOINO METOY: HOJISITA€ B yAOCKOHAJIEHH]
iCHYI090TO METO/Ty TIJISIXOM MOHITOPHUHTY CTaHy (QYHKIIIOHYBAHHS MOOLTHHUX paJioMeper
3 BUKOPUCTAHHAM HEHPOHHWX MepeK, PO3MOMLIBIOl imenTudikamii mapaMeTpiB mopyieHb
crany (byHKIIOHYBAHHS 3 MPOBEIEHHSIM BHOODY IMOJAO 3aCTOCYBAHHS 3aXOiB i3 3aXWUCTY
CHCTEMU TPHU CTATHCTUIHOMY OIHMCI MODITBHHX PaJioMEPEeX Ta BPAXyBAHHAM MHOXKWHU
BILINBIB Ha Hel Ha OCHOBI HelipomHmx Mepexk. Ha Biamimy Bim icHyrogoro meromy, akmit
OIIHIOE PiBeHb (DYHKIIOHYBAHHS HA OCHOBI TOBHOI BUOIPKYM TAPAMETPIB MOPYIIEHD, SKi
HE BPAXOBYIOTh XapPAaKTEPUCTUUHI 0COOMMBOCTI (DyHKIIOHYBAHHS MOOIIHHUX PaTiOMEPEx,
IIJITXOM TOC/IITOBHOTO aHAJI3y MPOIECy BILIUBY MOPYIIEHb HA iH(GOpMAIiiHy CUCTEMY Ta
6e3 MOXKJIMBOCTI TOIYKY HOBHX THIIB MOPYIIEHb Ta MiA0OPY YIPABIIHCHKUX PIllIEHb Ha-
[paBJIEHUX HA MiATPUMaHHS PiBHs (QyHKIIOHYBAHHS CUCTEMU. 3AIPONOHOBAHWNE METOJ, 3a-
Oe3medye OIMiHKY PiBHSA (DYHKIIOHYBAHHS MOOLIBHHX PAIiOMEPEK HA OCHOBI MHOXKWHY I1a-
pameTpiB, sKi BifloOparKalTh came (hDyHKIIIOHYBAHHS €JIEeMEHTIB MOOITbHUX PATiOMEDPEXK 3
GbYHKIEIO MapaieIbHO-PO3MOIIIBIO0l imeHTrdiKaIil HOBUX THUIIIB TMOPYIIIEHb 3 BUKOPHUCTA~
HHSM HEHPOHHWX Mepex. JlaHuit MeTox J03BOJUTH: 3MEHIIUTH 9aC MPUUHATTS PIllleHHS
III0JI0 MOHITOPUHTY CTaHy (DYHKI[IOHYBAHHS CHCTEMHU YIPABIIIHHS TOTOKAMH JAHUX B MO-
OiTbHEX pajioMeperkax, 301IbIIMTA TOYHICTh MPUAHATT PIITeHHS 00 MOHITOPHUHTY CTa-
Hy (DYHKIIOHYBAHHS CHCTEMU YIPABJIIHHS MOTOKAME JAHWX B MODUIBHUX PaIioMeperkax,
npu 30eperkKeHH] MOBHOTH HABYAJIBHOI BUOIPDKY 3aITPOITOHOBAHOIO METOIY HE HUXKYOTO, HixXK
y iCHYIOYOTO METO/Y, 38 PaXyHOK BUKOPUCTAHHS HEPOHHUX MEPEK, aJTOPUTMY PO3MO/ILITh-
901 imenTudikarii Ta imenTndikaiii HOBUX THIIB MOPYIIEHbD.

KurrogoBi cioBa: MoOiIbHA paioMeperka, MOHITOPWHT, CTaH (DYHKITIOHYBAHHS, CHCTEMA
VIPaBJiHHA TOTOKAMU JAHUX, YIIPABIIHCbKE DillleHHs, HeipOHHA, MeperKa.

1. Beryn. IlocranoBka mpobGsaemu. IunaMika po3BUTKY Ta TOMIHPEHHS MO-
Ginbaux pagiomepexxk (MP), Bumarae 3abesnedenssi MOCTIHHONO KOHTPOJIIO IIPOIe-
cy (pyHKIIIOHYBaHHS Ta KOPEKTHOrO IX BUKOpHCcTaHHsS. OCHOBHUMU OCOOJINBOCTSIMUI
o0y ioBu Ta 3actocyBannd MP e: nunamidna 3Mmina TONOJIOLIl; JeleHTpaJi30BaHe
VIPAaBJIHHSA; CHUIBHANK JOCTYI eJIEeMEHTIB Mepezk JI0 cepeJdOoBHINa nepeaadi indop-
MaIlil; MacITabOBaHICTh MepexKi; HeoOXiIHICTh 300py, 00POOKH, 30epiraHHsT BeJTHKOl
KIJILKOCTI 1Hg opMaItii 1mo/10 crany Mepexi B oMy abo eJIeMeHTIB MepezK 30KpeMa.
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Bazunadeni ocobsmBocTi MP 06yMOB/TIOIOTH MHOXKIUHY BPA3JIHBOCTEIH, sIKi MOKYTH Oy-
TH BUKOPUCTAHI 3 METOIO IOPYIIeHH piBHd crany (gpyukmionyBanns MP abo 3aiiicre-
HHS 1HIUX i HallpaBJeHUX Ha MOPYIIeHH BJIaCTHBOCTell KOMYHIKAIIITHUIX CHCTEM,
pecypcis Ta npouecy dbyukiionysanag MP [1,2].

3 Meroro 3abe31edenHtst HaJuexxkHoro dyukiionyBanas MP Ta 3abe3nedenss siko-
cti obcayroByBannsg ingopmariiinunx pecypcie MP, nependadena cucrema ynpasiii-
mnst nmorokamu jganux (CYILI) y ckiani emementis MP, Byznis MP aGo cucremu
yupasiginag MP. Iloxiona CYIIJ y cBoeMy cKJiajii MiCTHTBH BiIIOBIIHI IijcucTe-
Mu: ieHTudikanii, HaBYaHHdg, IPOrHO3YBAHHS, IMATPUMKH TPUKHSTTA PillleHb, MO-
HITOPUHTY cTaHy (DYHKIIOHYBaHHd, OIIHIOBaHHs cTaHy (yHKIioHyBaHHs MP Tomo.
Peasizanis 3abe3nedennd mnporecy MOHITOpUHTY ctany ¢gpyukiionyBanag MP Ta ko-
pextHicTh ¢dyukmionyBanas CYIIJ] rpyHTyeTbCS HA OCHOBI 3aCTOCYBAHHS METO/IiB
OIIHKH cTaHy (DYHKIIOHYBAHHs €JEeMEHTIB CHCTeMu Bij nopyiiens [2,3,4]. Jani me-
TOJIU 3aCTOCOBYIOTHCS 3 METOIO OIIHKH cTany (byuknionyBanus MP ta BcranoBinenns
PIBHS JTOCTATHOCTI peasi30BaHUX CIOCODIB, METOIB Ta 3aco0iB 3a0e3meueHHs HajIe-
JKHOrO piBHg dyHuKiionyBanus 8 MP [5,6].

Amnajisz octaHHiX mociigaxkeHb i myoOJsikaiiii. PoboTa momibHUX MeTOIiB BH-
BUasiacsd Ta OyJsa onucana B poborax [2,7,8|. B miomy BHBUYEHHS, YIOCKOHATEHHSI TA
po3po0Ka MOAIOHUX MeTOJiB CHPUATHME TMOKPAIIEHHIO XapaKTePUCTHIHUX OCOOIH-
BoCTel Ta (PYHKIIOHAJIHHUAX MOXKIUBOCTEH e1eMeHTiB, 3ac00iB, KOMIIOHEHTIB, MepeK
3B'S3KY Ta MOKPAIIEHHIO XapaKTEePUCTHK Ta (PYyHKIIOHAJIBHUX OCOOJIMBOCTEN 3ac0-
6iB mo 3actocoByioThcs B MP Ta kommiekcax 38’43ky. /o Takux 3acobiB 3B’ 43Ky,
sIKi 3aCTOCOBYIOThCA 1pu oprauizamii MP namexxkarh 3acobu: opranizariii ympas/iin-
usg MP; monitopunry crany ¢pyukmionyBanus CYIL B MP; opranizamii B3aemoii
enementiB CVIL/, Bysmis MP, Tomro.

Jlo moxibnux 3acobis 38’a3ky Binnocsarhes: Harris RF-7800V-HH, Aselsan PRC-
9661/VRC-9661, Elbit MCTR-7200 ta in. (tabaumi 1).

BpaxoBytoun xapakTepucTudHi 0coOIMBOCTI JaHUX 3ac00iB Ta 0cobJIMBOCTI DyH-
KiionyBanusas MP, MOKJIHBO JiliTH BHCHOBKY, IO 3aCTOCYBAHHSA IUX 3aC00iB MOKe
JIO3BOJIUTH MiJABUIIUTH cTaH ¢yHKIonyBanusg MP, edekTuBHiCTh, olepaTUBHICTD
Ta auHaMidHiCTEH nporecy ynpasainaga CVILI, erementamu MP, tormo. Onxnak Ju-
IMAETHCH MUTAHHS CBOEYACHOCTI TPUHHATTS yHPABJIHCHKOTO PIllleHHs 1010 (PYH-
kiionysanusgs MP 3 mozeprizalie€o nporecy TpuiHATTsS YIIPABIIHCHKOTO PIllleHHS,
sdKe OCHOBaHe Ha eKCIePTHHUX, AHAJTITHUYHUX BHCHOBKAX, alapAaTHUM ILIIXOM Ta 3
JIOPYYEHHAM IIXOMIB sKi € OLIBII aJICKBATHUMHU B CYyYaCHHX YMOBaX PO3BUTKY KO-
MYHIKAII#HIX TexHosoriit. [I1g orpuManng mporo edexkTy € morpeda B po3poOIl
METO/ly MOHITOPUHTY CTaHy (DYHKIIOHYBAHHS CUCTEMHU YIIPABJIIHHSA MOTOKAMH JIa-
HUX B MOOLIHHUX paJiioMepezkax 3 BUKOPUCTAHHAM HEHPOHHUX MEPEeXK.

OcHOBHIMU HeTOTIKAMU iICHYIOYHUX METO/IiB MOHITOPHHTY CTaHy (PDYHKIIOHYBaHHS
CHCTEM VIIPABJIiHHA €: He BpaxyBaHHs ocobymBocTeil dyukiionysanas MP, rpomisi-
Ka Ta MATEeMATHIHO OOTSKINBA CTPYKTYPa MOOYIOBU, OOMEKEHICTh 3aCTOCYBAHHS B
yMOBax HenepeadadyBaHol MepeKeBOl aKTUBHOCT1, BeJIMKUI Yac Ta HU3bKa TOYHICTD
MOHITOPHHTY, 3aCTOCYBaHHsI eKcrepTHOT abo aHamiTHaHO! oninky [4,9].

B maciaizok 4oro BUHWKaE HEOOXIIHICTH BHUCYBAaHHS MHOXKHWHU BHMOT 0 METO-
JIIB MOHITOPHUHTY cTaHy (DYHKIIOHYBAHHS CHCTEMHU YVIIPABJIIHHS IIOTOKAMHU JAHUX 3
MeToI0 1X 3acTocyBaHHdA B MP, a came: 3acTocyBaHHS B cepeIOBUI KM XapaKTe-
pusyerbcs came MP, 30ijibllieHHs PIBHS TOYHOCTI PiBHS MOHITODUHIY, 30L/IbIIIEHHS
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Tabruua 1.
[TopiBHAIbHA XapaKTePUCTUKA 3aCO0IB PAJIio3B I3KY
Harris Elbit
XapakTepuCTUKH RT-7R00V_TIT Aselsan PRC-9661 MCTR.7200
MANET TakK TaK TaK
MESH TaK TaK TaK
IP-Mepexxi TaK TaK TaK
‘ FM(F3E),
SDR: AM/EN- 1\ o 16APSK, | AM (A3E),
Bua, momynsii FSK/ASK_MELP 8PSK, DQPSK, BFSK,
Voice, ASKData,
FSK /TCM TDMA; DSSS DPSK,
GMSK
NBWE:
Hianazon 30-512
qactor MI'n 30-108 30-512 WBWE:
225-512
[IudpyBanus AES-256 AES-256 AES256
GPS TaK TaK TaK
USB TaK Hi TaK
RS-232 Tak Tak Tak
Wi-Fi Hi Hi Hi
Bluetooth Hi Hi Hi
Ethernet TakK TakK TaK
AUDIO HI TaK Hi
Bineo H264 Hi Tak TaK

PIBHS TTBUAKOCTI TPUWHATTS YIIPABJIIHCHKOTO PITIEHH, 3MeHIIeHH PiBHSI 9acy MO-
HITOPWHTY, HEBeJHKA MaTeMAaTHIHA Ta PECYPCHA OOTSKIUBICTD, (DYHKIIOHYBAHHS
3a YMOB HeCTifiKOl KiJTbKOCTI 00YHCIIOBAIBHUX PECYpPCiB, iHTEJEeKTyai3allis mpole-
Cy UpUiHATTS PIlleHb.

Y 3B’43Ky 3 THM IO CHCTeMa MOHITOpHUHTY cTany dyukmionysanns MP wmae
BCTAHOBJIIOBATH 3MiHN cTaHy dyHKIionyBanus MP, To cama cucrema moBUHHA Bij-
CJIIKOBYBaTH BeCh IOTIK JAaHUX, MO0 MUPKYJIIoe MizK eemertamu CYIL/I, mepexi Ta
B MP B ninomy. g mporo CVII/L moBunna 3aificHioBaTd (DyHKIIOHYBAaHHS Ha BCIX
piBaax momenai OSI, 3abe3nedyoun npu nMbOMY: KOHTPOJIb iH(MOPMAIIHHOTO MOTOKY,
KOHTDOJIb 3'€/{HaHb, KOHTPOJIb CTPYKTYPH Ta BMICTY TOBiIOMJICHD 3 HakeTaMmu |2,4].

Icnyioui cucremMu MOHITOPUHTY cTaHy (DYHKIIOHYBaHHS MepedadaoTh MpuiHs-
TTS pillleHb MO0 BCTAHOBJIEHHd MOPYIIeHHd (DYHKIIOHYBAaHHSA Ha OCHOBI 0OpOOKH
MHOXKUHHU PIi3HOPIIHUX HapaMerpiB danux. llopyrienns GbyHKIIOHYBAHHS B CBOIO
Yepry peati3yeThcs pisHOHANpaBJIeHUMH JigMu. [Hdopmalid, mia 9ac TpoXoazKeHHs
CVII/, araaizyerncs 3a BiAMOBIIHUME TapaMeTpPaMu HA MPEIMET BCTAHOBIEHHSI 110~
pymienb pyHKIioHyBanHA. ¥ pe3yabrari goro Ha Buxoai CYIIJL B MP 3’apiagerncsa
O3HaKa PillleHHd 00 HAABHOCTI a0 BiJICYTHOCTI MOpYIIeHHs ab0 HAABHOCTI 3MiHI
crany piBas dyukuionysanus MP [1,3].

B gxocTi HaBYaIbHOI MHOKHUHY ICHYIOYI CUCTEMU MOHITOPUHTY BUKOPHUCTOBYIOTH
KOHKPETHI PI3HOBUJIM MOPYIIEHDb, sKi MICTATHC y BiAMOBiiHil 6a3i, cepej AKUX Mi-
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cruthest aBa tunu o3uak [1,10]. To6To Ha ocHOBI BXimHEX mapameTpis Tpadika Bi-
OyBaeThCs TepeBipKa Ha HAABHICTH MOPYIIEHb (DYHKITIOHYBAHHS Ta MapKyBaHHS 1X
dK L JIOpyIIeHHs abo ,He mopyienns . Bupinyioun 3aady Kiaacudikalil mopyeHnb
CHCTEeMa MOHITOPHHIY CTaBUTh YV BLANOBIIHICTH HMapaMeTpH MeperkKeBOro Tpadika,
AKUI 1O/IIsII0ThCs Ha Bianosiaui kareropii. [licis 4oro, Bijk/iaacudikoBaHi napa-
MeTPHU BXIJIHUX JaHUX CIIBBLAHOCITHCA A0 MHOXKHWHH YIPaBJAIOYUX PIIIEHb OO0
BapiaHTIB pearyBaHHs Ha KOKEH OKpEeMUil THI TOpyIleHHs. B Hac/Ii 0K 490ro BCTa-
HOBJIIOETHCS PiBeHb (byuknionyBannsa MP.

Buxoasan i3 BUKJIa/I€HOTO BUIIE MPOTIOHYETHCS MPOBECTU PO3IPOOKY METOIY MO-
HITOPUHTY cTaHy (PYHKIIOHYBAHHS CUCTEMH YIPABIIHHS TOTOKAMH JAHUX B MOOLTb-
HUX pajiioMepezKax 3 BUKOPUCTAHHAM HEHPOHHUX MEPerK MIJIIXOM YJIOCKOHAJIEHHS
ICHYI0YOTO aHAJITUYHOI'O METO/Y MOHITOPUHIY CTaHy (DYHKIIOHYBaHHS 3 ypaxyBa-
HHAM BUITE3a3HAYEHNX BUMOT, 3 METOIO 3acrocyBanHd Metony B CYIIJI mobinpHOL
paIioMepexi.

O6’ekTOM pPO3TJIgAy CTATTi € mpolec 3abe3nedeHHs] HATEXKHOTO PiBHS (PYH-
KIIOHYBaHHY €JIEMEHTIB YyIIPaBJ/IiHHA MOTOKAMU JlaHuX, rnepepadi indopmariii 8 MP
3 33/IaHOI0 FAKICTIO Ta B 1ijaoMy dyukiionysanus MP.

IIpeamerom mocCITiA2KEHHS € METOJ, MOHITOPHHI'Y CTaHY (PYHKIIOHYBAHHA CH-
CTeMHU YIPABJIHHA MOTOKAMH JTAHUX B MOOLTBHUX PaJlioMeperKaX 3 BUKOPUCTAHHAM
HEUPOHHUX MEPEXK.

ITocTanoBka 3a/a4i HayKOBOTO AOCJiM>KEHH. PO3Isi1aeThest cuTyarist pis-
HONMOBIPHOI'O 3HAXO/I2KEHHSI CHCTEMH Y CTaHi IPOTiKaHHS TOPYIIIeHb CTaHY PYHKITIO-
nyBanug MP. B oaun i Toit ke dac BiIOyBaOThCS K MOPYIIeHHS (DYHKITIOHYBAHHS
MP rak i momyk BapiaHTiB IpOTH/Iii Ha MOXK/IUBI nopyIineHus. TakoxK OyayeTbes Oa-
3a 3 BaplaHTaMW MPOTU/IN Ha MHOKUHY MOXKJIUBUX MOPYIeHb. Tak 9K KOXKeH THUIl
HOPYILIEHb XapaKTepu3ye MHOXKHUHY Iijieil upu ix uposejenni y MP, ail akux na-
npasjieni Ha ejementu MP a6o ma MP B ntomy. Ilig 9ac BcTanoB/ieHHs TOPYITEHb
Oy/le 3aCTOCOBYBATHCH MEXaHiI3M JIOTTYHOTO BUBOJLY JIJISI ONKCY 0a3u BXiJHUX Mapa-
MeTPiB 3 BUKOPHUCTAHHSIM HelpoHHOI MepexKki. Ha mincrasi crmiBcTaBlaeHHS BXiTHIX
napaMeTpiB, y cucteMi npapui Oyae hdopMyBaTUCh PillleHHs, MO0 IX Kaacubikairii.
Buxinnum 3HaveHHIM €: 3HAYEHHS BCTAHOBJICHOTO CTaHy (PYHKITIOHYBAHHS Ta MPO-
anaJrizoBanoro crany MP y suruiszi, abo = 1 — ,HekoHTpoboBaHuil BILINB, a00 = 0,
,KOHTPOJILOBaHWH BILIMB. TaKoXK Ha BUXO/I OTPUMYIOTHCI MMapaMeTPH BCTAHOBJIE-
HOI IIOBEIIHKH Ta HPOIIO3HINA JAJId MACKCTEMH peaisalil pillleHb BIAHOCHO BapiaHTiB
pearyBaHHS Ha BCTaHOBJIEHe MOPYIIEHHS CTaHy (pYHKIIOHYBaHHS.

[Tpotec KOHTPOIIO POOOTH MeperKi 3a3BUUail TOMLASIOTEL Ha ABa €TAIlH — MOHITO-
puHr i anaiz. MouiTopunr, sBJisie cobO0 nporeaypy 300py MePBUHHUAX JTAHUX PO
pobOTy MepexKi: CTATUCTUKH (DYHKIIOHYBAHHS €JI€MEHTIB MeperKi, KLIbKICTh IMUp-
KY/TI0I0UUX B Mepexki JaHUX 1 MaKeTiB, CTaH HMOPTiB KOHIEHTPATOPIB, KOMYTATOPIB
i MapIIpyTH3aTOPiB, TOIIO. 3aBJaHHs MOHITOPHHIY MOYKE€ BHPIIIYBATUCS HPOTPAM-
HUMU i allapaTHUMU BUMIDHUKAMU, TeCTepaMU, MePeKeBUMU aHaJi3aTopamu, BOY-
JIOBAaHUMU 3aCO0aMU MOHITOPUHI'Y KOMYHIKAIIIHUX NPUCTPOIB, & TAaKOXK areHTaMu
cucteM ynpas/inag. MOHITOPUHT TPOJyKTHBHOCTI HA OCHOBI CTATUCTHUYHUX JIAHUX
JIO3BOJISIE OIIHIOBATU 4YaC Ta TOYHICTH NPUIHATTS pillleHb, BeJUYUHY Tpadika, a
TaKOXK IJIAHYBATH MOOYIOBY MepexKi.

Anamis gBise cobor0 OLIBIN CKIATHUHN 1 IHTEJeKTYAJIbHUN MPOIEC OCMUCICHHS
3i0paHol Ha eTalll MOHITOpUHI'Y iH(MOpMAaIlIil, 3icTaB/eHHd 11 3 JJAHUME, OTPUMAHUMU
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pamiiie, i BUPOOJIEHHS MPUIYIIEHDb PO MOYKJIUBI IPUYUHU CIIOBLILHEHOT a00 HeHa-
JiitHOT poboTn Mepexki. 3aBIaHHs aHAII3Y BUMAra€ OUThIT AKTUBHOT yUIaCTi JIIOIUHI
i BUKOPUCTAHHS TaKHX CKJIAJHHUX 3aC00iB, IK €KCIIEPTHI CUCTEMH, IO aKyMYJII0I0Th
HPaKTHIHUN JOCBiI OaraThox MepexkeBux baxiBuiB. B cBoio dyepry manwuit etan Ie-
pe/jibayae KOMOIHYBaHHS METO/IIB 1HTe/IeKTyaJ i3allil Ta eKCIIePTHUX BUCHOBKIB.

Y 3B’43Ky 3 THM IO MPONEC BUPOOJIECHHS MPUIYIIEHb PO MOXKJIUBI TPUYUHE
CHOBLIbLHEHOT 200 HEeHAIHHOT pobOTH MepexKi, Ha OCHOBI BUKOPUCTAHHS IITYYHOTO
IHTEJIEKTY Ta eKCIepPTiB, BUXOIATH 3a MexKi PO3II/ly JaHOl poOOTH TOMY JOILIbHUM
Oyie poBeieHHsT MOHITOpUHTY ctany dyukmionysautus CYIII B MP (36opy nanux
PO POOOTY MEPeKi, CTATUCTUKH (DYHKIIOHYBAHHS €JIEMEHTIB MepesKi) 3 BUKOPUCTa-
HHAM HEIIPOHHUX MepexK.

ObmMmexkenHs Ta gonymieHH: /[ ienTudikarii noBeiHKH pO3TITHYTa MITY-
YHAa MHOXKHMHA IOpYIIeHi, Mo € 3arpo3aMu ctany dyukmionysanas MP. [lomrykosa
BHOIpKa IMOPYIIEHb 3aIPOIIOHOBAHOTO METOIY OOMerKeHa KLIbKICTIO HABYAJIbHOI BH-
OipkH icuHyiodoro meronay. llepembatena MOXKIUBICTL MIPOBEIEHHS HABYAHHS HOBHM
TUIIAM IOBEJIHKU B XOJi MOJIEJTIOBAHHS CUCTEMH, 33 IPUKJIAJIOM HaBYAHHS HEHPOH-
Hux Mepexk. Koxkna noBa moBejiinKa (ikcyeThecd K HOBe mnopyrnienusd. [Iporec no-
pyIIeHHs € KBa3icTallloHapHUM Ha iHTepBaJi dacy. [Ipu mobymoBi Mojesri J0MiIbHO
BpaxyBaTHd XapakKTepucTUKy icHyroumx MP. Bpaxkatumemo, mo y cKJIa/i KOXKHOI
MP dyukuionye cucrema yupapiinas (CY), 10 CKIRTAETbCA 3 MHOKUHU TIiCH-
cTeM, sKi BUKOHYIOTH (DYHKIIIT ylpaB/iHHS pecypcamMu BiJIOBIIHO JIO PIBHIB MOJeJIl
OSI. Bkazana CV 3maTHa OIpOBOIUTH BCTAHOBIEHHS HETOYHOCTI Ta HEIMOBHOTH JIa-
HUX BXigHOrO Tpadika.

Heob6xiano: po3pobutru meron MoHiTopunry crany dyukmionysanus CVII/I B
MP muigxoM yaocKOHaJeHHS ICHYIOYOrO METOY 3 ypaXyBaHHAM MHOKHWHHU BHCYHY-
TUX BUIIE BUMOL JI0 PO3POOJILEMOTO METO/LY.

CyThb po3p0o6KH MeTO/Ly NOJISITaE B YIOCKOHAIEHH] icHy090r0 MeTomy [12| murs-
XOM MOHITOPHHTY cTany ¢gpyHKIiionyBanusg MP 3 Bukopuctanugam HeHPOHHUX MEDEeK,
PO3MOALIBIOL iMeHTH(]IKAIT TapaMeTpiB MOpYyIIeHb cTaHy (PYHKIIOHYBaHHS 3 IIPO-
BEJICHHSIM BHOOPY IMOJO 3aCTOCYBAHHS 3aXO/IIB 13 3aXUCTY CHCTEMH IPU CTATHUCTH-
yaoMy onuci MP Ta BpaxyBaHHSM MHOXKWUHH BILTUBIB Ha Hel HA OCHOBI HEHPOHHUX
MEpexK.

2. Bukiaaa ocHoBHOro marepiaay. Hosuti memod ouinrosanns cmany
dynxuyionysanna CYIL/I 6 MP 3 sukopucmarram HEUPOHHUT Mmepedic.

MoniTopuHT HOpYIIeHb cTany (pyHkmionyBanund MP Moxke BiOyBaTHCH TUIBKH Y
pasi mpoBeJieHHd imeHTH(dIKAIIl TapaMeTpiB MOPYIIeHb, 9Ki Peai3yIoThCsd MHOMKH-
HOIO PI3HOHAITPABJIEHUX Ta, PI3HUX 33 CBOIM 3MICTOM TOPYIIEHbD.

Tomy mpoBesemo imenTudikario BXimHuX JaHux (mapamerpiB mannx) Tpadika.

L. ITin inenTudikaiiero Oya1eMo pO3YMITH 3HAXOIXKEHHA MOJIEJ B ONITUMATLHOMY
crani. ITobymoBa Mozeni BinOyBasiacs 3a pe3yabTaTaMU CIOCTEPE:KEHDb 3a BXiTHUMHI
Ta BAXLTHUME 3MIHHEMH 00’€KTa CIIOCTEPEeXKeHHs, a caMe HaDOPOM ImapaMeTpiB Tpa-
dika [8]. 3 ypaxyBaHHAM 3aBIaHb BH/ISIOTH HACTYIHI Tunm inenrudikarnii: crpy-
KTYpHA ieHTH(]IKAIL, KA JI03BOJIIE BUZHAYUTH (POPMY MOJIE 3 JIEAKOTO 3a/1aH0-
ro Kjacy pyHKI; mapameTpudHa ijenTudikaliis, ska BU3HAUYA€ MapaMeTpu Moe i
[2,4,13].

OnHax BEUXOISYH i3 IMOCTABIEHOI'O 3aBIAaHHS, MO0 imeHTHdIKAIII BXiIIHUX J1a-
HUX Ha OCHOBI IIapaMeTpiB LOPylieHb, Oy/e 3aCTOCOBAHA CaMe apaMeTpUYHa 1/IeH-
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tudikarig. [Ipu napamerpuuniii izenTudikarii 1ani npo 06’eKT 06pOOAIIOTHCS /14
OTPUMAHHS PO HHOTO anocTepiopHoi indopmaiii. [Ipu MbOMY OIIHIOIOTHCS TapaMe-
Tpu obpanoi moaei. s imenTudikanii 06’eKTa JI0BLILHOTIO MOPSIKY BHKOPUCTOBY-
€ThCST METOJ, HafIMEHIIUX KBaJIPATiB, IO MOTpebye MiHIMIzaIlil cepeIHbOro KBaIpaTa
HEY3T0/IZKEHOCTL paBol 1 JIiBOT YaCTUH PIBHSHHS:

2

T n m
S :/ > ai-y@(t) = > by -2V(t)| dt — min, (1)
0 i=0 j=0

ae: y®, 2U) — noximmi i-ro i j-ro mopsaKy Bij GyHKIH BEXi{HOTO i BXiAHOTO CHTHA-
JIB.

[Ipu mobymoBi Momesi MoHiTOpUHTY cTany (pyukmionysanud MP 3a ekcriepumen-
TaJbHO OTPUMAHHUMU JAHUMU MOIMUPEHOIO € CUTYaIlisd, g IKOI MPaKTHIHO BCA 1H-
dopwmaiiisi, 1110 BUKOPUCTOBYETHCS OOPOOHUKOM JIJ1si PO3B’A3aHHS 1TOCTABJIEHOIO 3aB-
JIaHHs, 0OMEXKYEThCA BUOIPKOIO BUXITHUX JaHUX. [OMY /g pillleHHs 3aBJIaHHS Ia-
pameTpudHOi ijieHTH(]IKAIT BUKOPUCTOBYIOTH METO/IM Ta MiJIXOU, OPIEHTOBAHI BH-
KJIFOYHO Ha 1HGOpPMAID IpO HEBIANOBLAHICTH MiXK BHXOJaMH 00’€KTa Ta MOIEJIL.
s pimeHds 3aa4i mapaMeTpudHol ieHTudikamii 3acTocyeMO MOKA3HUKH:

Q:ZQZ:Z(%—JC(X@',A))Q- (2)

i=1

Omninka aucrepcii TOMIIKH PO3PAXOBYETHCS 32 (hOPMYJIO0:

1 < S
~2 2
o = —- g = s 3
o= Z P = (3)
=1
ne | — kigbKicTb mapaMerpis perpeciitnoi mogesi, S — cyma KBagpariB HeBiqIOBI-

HOCTI I1i€l MOJIeJIi.

II. Hacrynnum kKpokoMm Oyjie HPOBEJEHHS MOHITOPUHIY CTaHy (DYHKIIOHYBaH-
g MP wa ocHoBi ienTHdIiKOBAaHUX JAHUX Ta MOIIYKY BiAIMOBLAHOCTI MUX JAHUX
MHOKWHI BapiaHTIB BIJIUBY Ha TMOPYIIEHHA. Y MOJEASIX AKi XapaKTepU3yIOThCA JIH-
HAMIYHOIO CTPYKTYPOIO IIOOYI0BH, M0 AKUX 1 HaJae:kuTh MP cran dyHKIionyBaHHS
sIBJII€ cODOIO YaCOBHH 3Pi3 BJACTHBOCTI (PYHKIIOHYBaHHA iHMOPMAIIT i ONHUCYEThCA
3HAUYEHHSIM BIiJIMIOBTHOTO MOKA3HWKA B MEBHUII MOMEHT 4acy.

ITporec moniTopuHTy crany (OYyHKIIOHYBaHHS X i MPOIEC 3aCTOCYBaHHs 3aco0iB
3abesnevents ynkinionysanus (33) u peanizyrorbes 3a Kpokam. Ha KoKHOMY 7~
OMY KPOIIl OTPUMYETBCS JesdKa CYKYIHICTD JIAHAX PO CTaH (PYHKIIOHYBAHHS CUCTE-
MU X, IKa 3aJ€:KUTh BiJI peaTi30BaHHX BapiaHTIB BIIUBY HA HMOPYIIEHHS (DPYHKIO-
HYBaHHS A\, IO XapakKTepu3yioTh ctan MP i BIimBamoTh Ha BHOIDp BUKOPHCTOBY BAHUX
3aXMCHUX MexaHi3MiB. BUKOpucTOBYyI0OUM OTpUMaHi 1 ByKe BiIOMi BiJIOMOCTI I1PO CTaH

dyuxiionyBanug MP z,, x,_1, ..., IpUiMaEThCA PIIEHHS U, PO 3aCTOCYBAHHS 3a-
cobiB 3abe3nedyenns (pyHKIIOHYBaHHA, K€ MOKe 3ajeKaTh 1 BiJ paHimre IpuiiHs-
TUX PIIeHb Uy 1, Uy_o. AKIMO N = 1,2,..., N TO TOBHA CYKYITHICTH JAHUX PO CTaH

CHUCTEeMH I, PillleHb PO 3aCTOCYyBaHHA 33 u Ta peasi30BaHi BapiaHTIB BILIUBY Ha
nopyieHus: (DyHKIIOHYBaHHA A MOKHA OIKUCATU BEKTOPAMM:
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$:XN:{I1,...,$N}, u:UN:{ul,...,uN}, )\:AN:{)\la---y/\N}- (4)

Beananna CEpeHbOI'O PU3HUKY BUHUKHEHH A IIOPYHIEHL BU3HAYAE€THCA BUPA30M:

R(p) = R(Pn) = M {g(Un, An, Xn)}, (5)
ae Oy = (o1, 92, ..., PN) — CYKYIMHICTh YACTOTH MOSIBY HMOBIPHOCTEH, KOXKHA 3 TKAX
3a/1a€ MPABUJIO HPUAHATTS 33 HA N-OMY KPOIIi, a iX J00yTOK — BUPIMIAJbHE IIPABUIO

B IILJIOMY.
Hexait ontumaabHOMY TPaBUIy TPUAHSTTS PillleHHs npu peasizoBanux 33 Bij-
noBigae CyKynHicTh Py, . Toal minimMaibHuil cepe/iniit pu3NK BUHUKHEHHS IOPYIIeHb:

R(®n,) = fginM{g(UN,AMXN)} =
N

= min minM{g(UN,AN,XN)|XN,UN} . (6)
(P1,-0N-1) | N

Hacrora nosiBu iMOBIPHOCTI BUHUKHEHHS TTOPYIEHDb Py y1(Xyy1| Xy, Uy ), BU3HA-
qaeThest depe3 9actory Pn(Tn|An, Xon—1, Un—1) 1 Dn(An|An, An—1, Up—1) 32 3BHdaiHE-
MW TTPAaBUJIAMHU Teopil HMOBIPHOCTEI.

Ha III kpori 6yzae nposejieHo mo0ymoBu HeidporHOT Mepezki (HM).

HM 1e mepexka e KoxkeH HefpoH 3’€IHAHUI 3 IHIIUMH KOMIIOHEHTAMHU BX1THO-
ro Bekropy. HM 3iarna dyHKiionyBaru B yMOBax HepPeIiKo/l, TaK 9K YUCJI0 KJIACIB
HOPYIIeHb (PiKCOBAHO, BAru MOAMMIKYIOTHC MOBLILHO, T4 HACTPOIOBAHHS Bal' 3aKiH-
qyeThes micjasa HadaHHg. HM TakoxK 103BOJIsi€ BUSIBASITH KJIACTEPH B HaBYAJIBHUX
JAaHUX Ta BIAHOCUTH JaHHI 10 THX abo0 1HIIKX KJacTepiB. ZIKImo Imicias HaBYaHHS
MepezKa 3YCTpidaeThesd 3 HaDOPOM JIaHUX, HECXOXKHUM 3 BIIOMHMHU 3pa3KaMH, TO BO-
Ha He MOxKe KjacudikyBaTH TakKuii HabIp 1 TUM CaMHM 3aBIAKH BiIMOBITHOCTI Bar
BUABJIAE HOI0 HOBU3HY.

CrpykrypHaa cxema HM 3 mownitopunry crany ¢yakmionysanaa CYII 8 MP
3a3Ha4YeHO Ha pHC. 1.

Ilepmuii map HeHPOHHUX eleMeHTIB, MPU3HAYEHNH /T PO3MO/LIY BXITHHUX CH-
ruajiB X, Ha HedpOHW MMapy MepexKi, B AKOCT1 SKUX BHCTYHAIOTH KIIbKICTH MMapa-
METPIB MepezKeBOro 3’€HaHHs AKi xapakTepHi dyukiionyBanuio 6;0kam CYIII,
m = 5.

Hpyruit map MepezKi CKJIaIacThesd 3 . = 5 HeHpOHIB, Ta Bi/IIrpae KJIIOYOBY POJib B
KJaacudikalil JaHuX 1 3/1CHIOE KJIacTepi3alliio BXiIHOIO IPOCTOPY 00Pa3iB 3a BHIIE-
3a3HAYEHUM ITIXO0I0M, B PE3YJIbTAaTI Y0r0 YTBOPIOIOTLCA KJIACTepH Pi3HUX 00pasis,
KOXKHOMY 3 SKUX BiOBijIa€ cBifi Heliponuuii enement. KiibKicTh HEHPOHIB 1mapy
JopiBHIOE — N . [Ipudaomy:

nK:f+l7 (7)

Jie f — KUIbKICTh HeHPOHIB Iapy, dKi BiIAIOBIIAI0TH KATEropisgM MOPYIIeHb; | — Kijib-
KicTh HeHpoHiB Iapy, siKi BLANOBIIAIOTH BUIAM HOPMAJILHOIO 3’€THAHHSI.

Y 3B’a3Ky 3 TuM, mo B mapi HM BuxkopucToBy€TbCs MOMLT HEHPOHIB, sKi Xapa-
KTepu3yTh ad0 HOpMaJbHe 3’€THaHHsd, a0 HOPYIIEHHs, TO KOPEKTHA KJaacu@iKallis
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Puc. 1. CrpykrypHa cxema HM 3 moniTopunry crany dyukmionysanas 1TV

BiIOYBa€ThCA, AKIIO MPH I0/adl Ha BXiJI MEpexKi ImapamMeTpiB MOpPYIIEHb IepeMOZK-
neM Oyae oauH 3 f HelpoHiB mapy, ado, SKIIO IPpU TOoJadi Ha BXiJ MepeKi mapame-
TPiB HOPMAJIHLHOTO 3’€IHAHH MepeMozKIiteM Oyie [ HeiipoH mapy. B inmux Bumakax
Bi/IOYBAETHCA HEKOPEKTHA Kj1acupiKariis.

Hapuanng HM Oyne ckiagaruceh 3 JBOX eTaliB:
— Ha MMOYaTKOBOMY OOMPAEThCS BeJIMKe 3HAYEHHS MIBUIKOCTI HAaBYAHHS Ta pPajii-

yC HaBYAHHS, IO J03BOJISIE PO3TAITyBaTH BEKTOPW HEWPOHIB Y BIAMOBIIHOCTI 3
PO3IOILILHAM IPUHOMOM y BUOOPIIL.
— Ha 3aKJIIOTHOMY MPOBOJUTHCS OLIBIT TOUHe HAJAINTYBAHHA Bar, KOJIU 3HAYEHHS

1apamMerpiB HIBUIKOCTI HaBYaHHs HAaOAraro MeHIIe 0YaTKOBUX.
HapuanHs mpomoBXKyBaTUMEThCA 0 TUX MNP, IMOKH MOXUOKa Mepe:xki npu P BXi-

JHIX BEKTOPaxX He CTaHe HAfMEHIIOI BeJHYHHOIO (Ww; — BEKTOD BariB ,HefipoHa-
ePeMOKIL”).

P
1
B= 2>l —wll 0
=1

ITicna HagaHHS PIBHUX MOMKJIHBOCTeH /71 TepeMOrn HeHpoHiB, Ta MIIPaXyHKY
HOXUOKHU HEHpOHHUI eJeMeHT MepeMozKellb 3 HOMepoM k BH3HAYATHMETbCSI:

dp = mind,. 9)
J
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3 MeTor TepeBipKH KOPEKTHOCTI MPOBEJAeHHS Kjaacudikarmil mpu BU3HAYEHHI
,HEHPOHIB-TIEPEMOXKITIB, BiI0YBA€THhCs BU3HAYECHHS Bar HEWPOHIB y 00/1acTi KJaacu-
dikarii 3a JOIOMOroI0 MepeBipKH HACTYIHUX YMOB:

— SJKINO, y pa3i mojadi Ha BXiJ MepexKi HOPMAJbHOTO 3’€IHAHHS IePeMOXKIIEM
€ ojuH 3 [ HeiipoHiB abo LpU 1Oa4l HA BXiJ MepexKi aHOMAJbHOI'O 3’€/HAHHS I1e-
pemoxkiieM € oauH 3 f HeliponiB mepexki. To mpoBoauThCS MOAUMIKaAIia BAroOBUX
KOeIIEHTIB ,HelipOHA-TIePEeMOXKIIA Y BiMOBIIHOCTI 3 BUPA30OM:

Wik (t + 1) = Wi (t) + 7(@m — wir(1)), (10)

Jie Y — TmapaMeTp HOPMW HaBYaHHSA, t — HOMED iTepallii HaBIaHHS.

— 4KIIO, y pa3i mojadi Ha BXiJl MepexKi HOPMaJIbHOTO 3’€HAHHS IIePeMOZKIIeM
He € onWH 3 | HeifpoHIB abo mpPH MOAAYl Ha BXiJ Meperki aHOMAJIbHOTO 3’€IHAHHS
mepeMOoXKIeM He € OJMH 3 f HelipoHiB MepexKi. To mpoBoauThest Moandikalis BArOBUX
KoeiIieHTIB ,HefipoHa-TIepeMOoKIlst’ Y BiAMOBIAHOCTI 3 BUPA30M:

Wik (t+ 1) = Wik (t) — Y(T — Wik (1)). (11)

Tperiit map — gaBysie cobolo mporneypy 300py CTyHeHIB HAJIEKHOCTI BXiTHUX Ta-
paMeTpiB BiIMOBIAHIM HETIITKHM MPABUIaM Ta BU3HAYECHHS TEPEMOYKHOTO 3HAYEHHST
piBHs BimnosimHOCTI {BUCOKA, HU3bKa}. KinbKicTh Heiiponis mapy R, Biamosigae
KITBKOCTI BXIHUX 3HAUeHD (6JI0KiB). 3aKiHdeHHs HeUITKUX MPABUI 3 BU3HAUCHHSIM
MEePEMOXKHUX TEPMIB ITapaMeTpiB HAIPABIAIOTHCI HA HEHPOH deTBepTOro 1mapy. [le-
PEMOZKHU JIHI'BICTUYHUI TEPM ITapaMeTpPy BU3HAYAETHCH, K OITUMAJIbHE 3HAYEHH S
NePEeMOKHUX TTapaMeTpiB ab0 MaKCUMaJbHUX MePEMOKHUX 3HAYEHD:

R,, = opt {max pia,,;Tm} . (12)

Herpepruil map CKA3JAETHCA 3 JIHIHHOIO HEHPDOHHOTO eJleMeHTa » , — CyMaTo-
pa sKiit pO3TaINmoBaHMWil y KOKHOMY aHaJizaTopi 6oka. CymMaropu mpu oTpuMaHHI
Y, = 1 a6o Y,, = 0 BCTaHOBJIOIOTH ,aHOMaJbHe  ab0 ,HOpMaJIbHE 3HAYEHHS CTAHYy
bYHKIIOHYBaHHS KOKHOTO OKpeMoro anaizaropa [14,15]. ¥V pesyibrari mpoxojzxke-
uug HM, na fioro Buxoji Oyjie 3’sBJsITHCS BiJIIIOBI/{HE 3HAYEHHS 1100 BU3HAYECHHS
piBHS (DyHKIIOHYBaHHS HA KOXKHOMY okpemomy Osori CYIIJ Ta ftoro kracudikarii.

3. BucuoBku. Dbyno po3pobiieno MeToji MOHITOPUHTY cTaHy (PYHKITIOHYBaH-
Hsl ITJACUCTEMH YIPABJIIHHSA IOTOKAMH JIAHUX B MOOLIBHUX pajioMeperkax CIiocoboM
VJIOCKOHAJIEHHs iCHYI090T0 MeToay. CyTh HOBOI'O METO/LY: IOJISITA€ B YIOCKOHAJIEHH]
icaytogoro meromny [12] musxom MoniTopunry crany dyHkimionysanus MP 3 Buko-
PUCTAHHAM HEHPOHHUX MEPerK, PO3MOALIBIOL ieHTIdIKAIIl mapaMeTpiB HOPYIIeHb
cTany (DYHKIIOHYBaHHS 3 MPOBEJICHHAM BUOOPY MO0 3aCTOCYBaHHS 3aXOJIIB i3 3a-
XUCTY CUCTEMH IpHU cTaTucTudaOMy omuci MP Ta BpaxyBaHHAM MHOKWHU BILJTHBIB
Ha Hel Ha OCHOB1 HEfPOHHHUX MepeiK.

Ha BigMminy BiJg iCHYIOYOro MeTOIy, AKHil OIIHIOE piBeHb (PYHKIIIOHYBAHHSA HA
OCHOBI ITOBHOI BUOIPKH MapaMeTpiB MOPYIIEHb, MLJIAXOM MTOCIIOBHOIO aHAJII3Y IPO-
1ecy BILTUBY HOPYIIeHb Ha iHdopMaliiiny cucremy, 6€3 MOXKIUBOCTI MONIYKY HOBUX
THIIB MOPYIIeHb Ta MiI00PY YIPABJIIHCHKUX PillleHb HAIIPABICHUX Ha IiITPUMAHHA
piBHSA DYHKIOHYBAHHS CUCTEMH, IO IPU3BOJUTD 10 3MEHIIEHHs PiBHA TOYHOCTI Ta,
301IbIIEHHS Yacy TPUUHSATT PillleHb, sIKi He BPAXOBYIOTh XapaKTePUCTUIHI 0CO0IH-
BocTi pyuknionyBanust MP. 3anpononoBanuit meros 3abe3nedye ominky piBas QyH-
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kiionyBanug MP Ha OCHOBI MHOXKMHM TapaMeTpiB, #dKi BimoOpazKaiorTh caMme (QpyH-
KiionyBanHsi eqemenTiB MP 3 (yHKII€0 napasiebHO-po3MoaiaAbd0l i1eHTudiKaIil
HOBUX THIIiB OPYIIeHb 3 Bukopuctanaam HM. /lannit MeTom 103BOJIATH: 3MEHIITUTH
Jac NpUAHATTS pillleHHs 100 MOHITOPHUHTY cTany bpyukmionyBanng CYILI B MP,
301JIBIINTY TOYHICTH MPUHHSTTS PIIIEHHS 100 MOHITOPUHIY CTaHy (PYHKIIOHYBa-
aas CVIIJ] 8 MP, npu 36epezenni moBHOTH HaBYaAbHOT BUOIPKHU 3aIIPOITOHOBAHOTO
METO/Iy He HUKYOTO, HiK y ICHYIOYOr0 METO/Y, 38 PaXyHOK BUKOPUCTAHHS HEHPOH-
HUX MEpexK, aJrOpPUTMY PO3HOALIRIOl ieHTH(dIKAIl Ta ijeHTHiKalil HOBUX THUIIIB
MOPYIIEHbD.
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Salnyk S. V. Method of monitoring the state of functioning of the data flow man-
agement system in mobile radio networks using neural networks.

The article develops a method for monitoring the functioning of the data flow control
system in mobile radio networks using neural networks in a way to improve the existing
method. To ensure effective management of mobile radio networks in conditions of frequent
changes in the environment is possible only with a node control system capable of mon-
itoring the functioning of the data flow management subsystem. The essence of the new
method: is to improve the existing method by monitoring the functioning of mobile radio
networks using neural networks, distributive identification of parameters of malfunctions
with the choice of measures to protect the system in the statistical description of mobile
radio networks and . Unlike the existing method, which assesses the level of functioning
on the basis of a full sample of parameters of violations that do not take into account the
characteristics of mobile radio networks, by consistent analysis of the impact of violations
on the information system and without the possibility of finding new types of violations.
system operation. The proposed method provides an assessment of the level of functioning
of mobile radio networks on the basis of many parameters that reflect the functioning of
elements of mobile radio networks with the function of parallel-distributive identification
of new types of violations using neural networks. This method will: reduce the time of
decision-making on monitoring the state of data flow management system in mobile radio
networks, increase the accuracy of decision-making on monitoring the state of data flow
management system in mobile radio networks, while maintaining the completeness of the
proposed sample method is not lower than the existing method, through the use of neural
networks, the algorithm of distributive identification and identification of new types of
violations.

Keywords: mobile radio network, monitoring, state of functioning, data flow management
system, management decision, neural network.
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HEYITKI MHOKHU APYI'OI'O POY

CyuacHi indopmariitai cuCTeMu MIMPOKO BIPOBAIKYIOThCs B cdepy ymnpaBiiHHS B
COIIaTbHO-6KOHOMIYHUX CHCTEMAaX, IK MPABUJIO, BUKOPUCTOBYIOTh €KCIIEPTHI 3HAHHS, HAa-
KOIHUYEeHI B Pi3HUX cdepax J0ACHKOl JiSIbHOCTL, 0 TPU3BOIUTH /10 PI3HOIO POIY HEBU-
guadenocredt. [Ipu mranyBaHHI HOBUX IPOEKTIB aHAJITHKH CTHKAIOTHCS 3 IIPOOIEMOIO He-
BU3HAYEHOCTI, KA, [JIsT KOXKHOI chepr TMPOSIBJIAETHCS TO-PI3HOMY. Y 3arajJbHOMY BUMAIKY,
HEBU3HAYEHICTh — HECTAYA BIIEBHEHOCTI, CTAH HAsIBHOCTI OOMEKEHNX 3HAHD, /1€ HEMOXKJIMBO
TOYHO ONMUCATH MafOyTHIiN pe3ysbrar ab0 HASBHICTD BEIUKOIO YHCJIA MOXKJIUBUX PE3YIib-
tariB. [TobymoBa momesneit NpuitHATTS pillleHb s 3a7ad i3 morano (popMasIi30BaHOIO iH-
dopmariero MOKJINBA 33 JOIMIOMOI0I0 BUKOPUCTAHHS TEOPpil HEUITKUX MHOKHH Ta TOOYI0BH
HEUYITKUX JIOTIYHUX CUCTEM. 3aCO0OOM [IJIsi BUPIMIEHHS BHUINE OMUCAHUX TPOOJIEM MOKYTh
BUCTYIUTH HEYITKI MHOXKWHM JAPYTOTrO MOPSAAKY, AKi i OyAyTh OLIbII /1eTaJbHO OMHUCAHI B
mi# cTarTi, OCKIIbKYA BBEIEHHS HEYITKOCTI y (DYHKIIO HAJEKHOCTI TO3BOJISIE HAOIU3UTH
HEYITKY MOJIEJb 10 JIOACHKOIO0 MUCIEHHS Ta CIPUAHATTS.

Kurro4oBi ciioBa: cucrema yIpaB/IiHHS, HEUITKA JIOTiKA, HEYITKA MHOXKWHA, (DYHKIlS HA-
JIEYKHOCTI, CJIiJT HEBU3HAYEHOCTI.

1. Beryn. B ymoBax intencuBnoi indgopmaru3saliii cycuijibcrba, indopmMaliiini Te-
XHOJIOTIT TITUPOKO BOPOBAKYIOTHCA B chepy yIpaBiaiHHS B COMiAIbHO-eKOHOMIYHUX
CUCTEMaX.

bynp-akomy piBHIO yHOpaBJIiHHA HpUTaMaHHI 337a9l TNPpUHHATTA pilleHb. Xo4a
Il 3aBJaHHsS MOXKHA ITOILINTHU 3a BaKJIHWBICTIO, CKJIAJIHICTIO, IPIOPUTETHICTIO, aje
BCI BOHM € BUPIIIAJbHUMU JIjI5 YCHIITHOO (PYHKIIIOHYBAHHS COIIa/IbHO-eKOHOMIYHUX
00’€KTiB.

CyuaacHi indopmariitai cucremu, sk MPaBUJIO, BAKOPUCTOBYIOTH 3HAHHS, HAKO-
HAYeHi JoCTiIHUKAME B pi3HUX cdepax JIIACHKOL JisabHocTi. Bukopucranus 3HaHb
eKCIEPTIB Y cucTeMaxX MPUUHATTS pillleHb, K MPaBUJIO, NPU3BOIUTH 10 TOSIBHU Pi-
3HUX TUMIB HeBU3HAUeHOCTEl [1|. Omep:KyBaHi 3HAHHS JyKe TaCTO MAIOTh BUTJIS
BHCJIOBJIIOBAHD JIIOJUHH, KA € (haxiBIeM y HeBHil raay3si i gKa B CBOIX MipKyBaHHIX
pobuTthb cpody KiAbKICHO OXapaKTepU3yBATU SAKICHI TTOHATTS Ta BiHOIICHHS.

HeuiTKa Jiorika na€ MOXKJIMBICTH IIHPOKOI0 BUKOPHCTAHHS €KCIIePTHUX 3HAHDL B
CHUCTEeMaX YIIPABJIIHHA, IO J03BOJIAE (POPMAIIZYBATH SIKICHI, CEMAHTHYIHO PO3ILIUB-
YJacTi MOHATTS Ta 3B’sI3KU. HeBH3HAUEHICTH, siKa MPUCYTHS B 3aJa9aX YIPaBIiHHS
JAIBHICTIO Oy/b-sIKOTO miapueMcTBa (dbipmu, 6aHKY ), XapaKTePU3YEThCsT PO3MHUTI-
CTIO JIYMOK 1 OIIIHOK €KCIIE€PTiB, HEMOBHOTOIO 1 HEYITKICTIO iH(OopMaIlii mpo OCHOBHI
mapamMeTprd Ta YMOBH aHAJi30BaHOI 3aja4i. g HeBH3HAUEHICTh CTBOPIOETHCA SK 3
JIOIIOMOTOIO J1i# iHIINX Y0 €KTiB eKOHOMIKH, SIKi HepPec/IiIyI0OTh BJIACHI iHTepecH, Tak
i 38 paxyHOK HENMOBHOTH HAasBHOI y HiANPHEMCTBa iHMoOpMaIliil Mpo eKOHOMIYHY 00-
CTAHOBKY, IO CKJaJjacd. TakuM YUHOM, BOHA IIPU3BOUTDH JIO 3HAYHOIO TiJIBUIIEHHS

Hayk. Bicuuk Y:kropom. yu-ty, 2022, rom 41, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



164 M. M. ITAPKA/II

CKJIQJIHOCT1 3aB/IaHb YIPaBJIIHHS JISIIBHICTIO MIPUEMCTBA Ta TOPOJIKYETHCS Oe3-
jgiaaio gpakTopis. [Toeananns nmux hakToOpiB Ha TPAKTUIL CTBOPIOE NMUPOKUIA CIIEKTD
pi3HUX BU/IIiB HeBuU3HAaUeHOCTL. Tomy i BUHMKae MoTpeba BUKOPUCTAHHS METOJIIB, SKi
JIO3BOJISIIOTH BUKOPUCTOBYBATH PO3MUTI 3HAUEHHS MOKA3HUKIB.

2. Buksaan ocHoBHOro marepiamy. I[lobOygosa momesnieit npuitnarts pimeHnb
JIIsI 33184, K1 € caabo hopMasii3oBaHIMH Ta OLEPYIOTh eKCIIePTHOI 1H(OPMAITIEI0,
MOZKJINBA, 3aBJISIKA BUKOPUCTAHHIO TEOPIT HEYITKUX MHOXKHWH Ta TOOYIOBU HEUITKUX
joriguux cucteM 2, 3.

HediTki cucremMu MaioTh HU3KY IHepeBar B MOpiBHAHHI 3 inmuMu. OIHi€I0 3 HIX
€ MOYKJIUBICTH ONEPYBATH HEYITKUMH BXIJIHUMHU JAHUME (3HAYCHHSIMHE, sIKi 3MIHIO0O-
ThCsI 3 9acoM, abo 3HAYEHHSIMH, sIKi He MOKYTh OyTH 3a1aHi 0JHO3HAYHO). Takox,
3ABJISETHCS MOKJIMBICTH HEYITKOT (popMastizaliii KputepiiB OIMiHIOBAHHS Ta MOPIBHS-
HHsI (OIEPYIOYH TAKUMH KPHTEPIsIMHU, IK «OLIBIICTEY, «MOKIUBOY, «IEPEBAXKHO»,
...). OnepyBaHHsT He TUIBKY JAHUMHE, aJie 1 CTyIeHeM iX joctoBipHocTi. HediTki cu-
CTeMH JAI0Th MOYKJIMBICTH MIBHIKOTO MOJIETIOBAHHS CKIQJTHUX TUHAMIYHUX CHCTEM
Ta 1X TOPIBHAHHS 13 33JJaHUM CTyII€HeM TOYHOCTI.

Jlna popmasizaliii 3Halb, 9Ki OTPUMYIOTH BiJi €KCIepTa 9u IPYIH €KCIEePTIiB, 34
JIOIIOMOTOI0 HEYITKMX MHOXKHH, HEOOXIi/IHI IpOoIeypu MoOYI0BU BiIMOBLIHUX (DYH-
KIi#t HasexkHOCTi. [li mporeaypn € HalBaKIUBIITAM eTaloM V 3ajladaX MPUHHATTSI
pillleHb, TOMY IO AKIiCTh PillleHb 3aJIe2KUTh BiJ TOr0, HACKLIBKE aJeKBATHO IMOOYI0-
BaHa (DYHKIlS HaJIe2KHOCT] BijjoOparkae 3HaHHd ekciepra abo ekcuepris. Bukopu-
CTaHHY anapary Teopil HeYITKUX MHOXKUH JIid aBTOMATU4YHOI (hopMmasiizallii 3HaHb
CTaBUTH TMepeJT JIOCTIIHUKOM 3aB/IaHHs BUOOPY THITY HEYITKOT MHOYKWUHU JIJIA TTO0Y-
JoBH (DYHKITH HAJEKHOCTI Ta HEUITKOI MOJIE, dKa BiIMOBIIaTHMe OOPAHOMY THILY
HETITKOT MHOYKUHH.

[Muranus 106y 08U (PyHKIIIH HAJEKHOCTI € OJHUM 13 OCHOBHUX y HEYiTKI JIOTi-
i, 9KOMY IIPUCBATH/IN CBOI Ipari bararo BYEHUX, TOYMHAIOYHN 3 3aCHOBHUKA I[HOTO
Hampsimy Hayku JI. Baze. ¥V Teopil HEWITKUX MHOXKWH (DYHKITiST HAJIEXKHOCTI Bijirpae
3HAYHY POJib, OCKLIBKH BOHA € OCHOBHOIO XapaKTEePUCTUKOIO HEYITKOro ob’ekTa, 1
BCi il 3 HEUITKUMH 00’€KTaMH BUKOHYIOTBCS depe3 omnepalii 3 iX (pyHKIIAMHA HaJIe-
»KHOCTI. BuzHauenna (pyHKIIT HATEXKHOCTI — Ie TepIia i AyKe BayK/INBa CTaIid, 0
JIO3BOJISIE TIOTIM OIEPYBATH 3 HEYITKUMH MHOKUHAMU. 7K TpaBuio, (pyHKIsS Hase-
JKHOCTI Oy1yeThest b0 Ha OCHOBI cTaTUCTUYHOI iH(opMmarii, abo 3a y4acTio eKcrepra
(rpymu excnieptis). ¥ mepuiomy Bunaaky dbyHKIIisi HAJTEXKHOCTI MOBUHHA MATH JaCTO-
THY IHTepIpeTaliio, y IpyroMy BUNAIKY CTYIIHb HAJEKHOCTI IPUOJIM3HO JOPIBHIOE
IHTEHCUBHOCTI MPOSBY AESIKOI BJACTHBOCTI.

3ajIeKHO Biji CTYMEHsI HEYITKOCTI HEYITKUX MHOYKHUH, SKUIl BPAXOBYETHCS MPU
no0y/I0BI HEYITKOT MOJIe/l, PO3PIi3HAIOTH HediTKI Mojenai tuny 1, 3arajibHi Mojesi
tuny 2 Ta intepBasbui Tumy 2 [3].

HediTki momeni tumy 1, ki 6a3y10Thesd HA HEYITKUX MHOKHUHAX HEPIIOTO MOPS -
Ky, BUKOPHUCTOBYIOTH (bYHKINI HAJIEKHOCTI 3 YITKMMU 3HAUECHHSIMH CTYIICHIB HaJIe-
JKHOCTI 1 JaroTh Ha BUXOA] Jiniie diTke (TOYKOBE) 3HAYCHHS.

Jlast BupitmenHs KOHKpPeTHUX TpakTuaaux npobiem Jlordi 3ane 3ampomnonyBan
3pYYHY IHTEpHIpeTaIiio HediTKOT MHOKWUHA THTY 1:

A= {(2,pa@) )]o € X, 0< pae) < 1}

jge X — yHiBepcaJibHa MHOXKUHA, & fia(x) — dyHKIIA HAJEKHOCTI eJIeMEeHTa T MHO-
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kuHl A, 9Ka € MAMHOXKUHOK YHIBEPCAJIHHOI MHOKWHM.

Ha ocHoBi HEYITKMX MHOXKWH IEPINOro MOPsJKY po3pod/eHo pi3Hi Mojeni Ta
AJITOPUTMU NPUIHATTS PillleHb B YMOBaX HEBHU3HAYEHOCTI, 30KpeMa MO/IeJIb OIIHKHI
edekTUBHOCTI iHBeCcTHIIHUX TPOEKTIB [4]. AHATI3 TakUX MeToaiB 1 Mojesieil moKa-
3y€, 0 JOCUTh 4acTO BOHU He 3a0e31e4yloTh OTPUMAHHS HOBHICTIO JOCTOBIPHHUX
pillleHb 3 OISy Ha HEJOCTATHHO OOIPYHTOBAHUI BUOIP MapamMeTpiB MOIE/TIOBAHHS,
a TOIYK e(pEeKTUBHUX PIllleHb CYNPOBOIKYEThCHI 3HAYHUMU TUMYACOBUME BUTPA-
TaMHU depe3 HeoOXiAHICTh BUKOHAHH 0araTopa3oBUX peaJiizalliil BUKOPHUCTOBYBAHUX
METO/IiB, MOJIeJIeil 1 aJITOPUTMIB 3 METOI0 BHOOPY ONTHMAJIBHUX HapaMeTpiB

HeuiTki 3arajgbHi Ta iHTepBaJbHI MOAeJI THHY-2 6a3yIOTHhCAd HA HEUITKHX MHO-
JKUHAX JIPYTOro MOPSIKY.

[MousiTTs HeUITKUX MHOXKHH Apyroro mopsiaky (fuzzy sets type-2) Gyiao gano
OCHOBOIIOJIOXKHUKOM HediTKol joriku JI. Baxe B 1975 p. [lix HewiTkuMu MHOXKHHAMEI
JIPYTOTO TOPSJIKY PO3YMIIUCH «HEUYITKi» MHOXKWUHH, Y AKAX CTYIiHb HAJEXKHOCTI —
e HeIiTKa MHOYKHUHA TEePIIOTO MOPIIKY.

Y pob6ori [5] Mengenb i JIzkoxan 3aliponoHyBa/Ii 3pydHe JJisl MPAKTHIHOIO 34~
CTOCYBaHHS BU3HAYCHHS HEYITKOI MHOKUHH JIPYTOTO HOPSAJIKY:

A= {((z,u), pa(z,u)|Vz € X,Yu € J, C[0,1]}

e X — yHiBepcaJbHA MHOKHUHA, a 1A (T, u) — MHOXKIHA (DYHKIINH HAJEKHOCTI, TI10
XapaKTePU3YIOTh CTYIIHb HAJIEIKHOCTI €JIeMEeHTIB 2 (TpeTiil BUMIp, 10 XapaKTepu3ye
BTOPHHHY (DYHKIIIO IPHHAIEKHOCTI) MHOKUH] A.

Axio A HeepepBHa, e MOKHA NPEJACTABUTH TaK:

A= ] st

zeX |ueJ,C0,1]

ae [[ nosnavae ob’eamanns i u.
gIkmo A AmcKpeTHa, TO NI MPeACTABICHHS BUKOPHCTOBYEThCS (DOPMYIIa:

N

A= pa@)fep =3 foi(wir) fuar | [

rzeX i=1 k=

Je > > mno3Hadae ob’€THAHHS T 1 U.

Po3pizusiors 3araibhi Ta iIHTEePBAJIbHI HEIITKI MHOKUHU JPYTOTO MOpsaaky. Oco-
OJIMBOCTI KOYKHOT'O BHJLY OY/IyTh PO3IVISHYTI HUZKYE.

Hanpukinni gsajgnsroro crositrs B [6] Oyro maHo onue HEYITKOT MHOKUHE JPY-
roro MOpsJKYy 3 BUKODUCTAHHAM HHUZXKHBOI Ta BEPXHbOI (DYHKINH HaJEKHOCTI
(memebership function, MF). Koxkua 3 tux byHKII Moke 6yTH TpejcTaBIeHa y
BHUTJISAIl HEUITKOI MHOXKUHHU TEPIIOro MOPsAKy. [HTepBaI MixK IMUMH ABOMa, (DYHKITI-
svu € caig nepusnadenocti (footprint of uncertainly, FOU) [5], axwuii i € rosoBroIO
XapaKTePUCTHKOI HediTKOT MHOKIHK Apyroro nopsiaky (HM-2). Cuig nepusnade-
HOCTI — Il¢ pO3MHUBAHHA (DYHKIIII HAJIEXKHOCTI MEPIIOro MOPJIKY, AKHil IOBHICTIO
OMUCYETHCS IBOMA i1 00OMeKYIOUNMHI DYHKIISAMI: HIXKHBOIO (DYHKITIEI0 HAJIEKHOCTI
(H®H — LMF) Ta Bepxuboio dbynkmieio xnaaexknocri (BOH — UMF), kokna 3 aKuX
€ HeYITKOI0 MHOKHHOW neprioro nopsiiky (HM-1) (puc. 1).
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Puc. 1. @ynKIig HaTEKHOCTI THITY-2.

Brejenng nediTkocTi y (DyHKINIIO HAJEKHOCTI JO3BOJIAE HADJIUZUTU HEUYITKY MO-
JIeJTb JI0 JIIOJCHKOTO MUCJIEHHS Ta CHPUAHATTA. JI10/1 MO-pi3HOMY CHPpHITMAIOTH pe-
AJILHICTD; T€ caMe CJIOBO MOXKe MaTH pi3He 3HAYEHHS JIId Pi3HHX Jiojei. OcobIuBO
e CTOCYEThCS BUCJIOBIIOBAHD JJId OIiHIOBaHHS. ToMy HeOOXiTHO BUKIIOUUTH OTHO-
3HAYHY BIJIIIOBIHICTH 3HAYEHHS CTYIeHs (PYHKIIT HAJEXKHOCTI 38 PaxXyHOK 3HATTS
oOMezKeHb IPH 33/IaHHI CTYIEeHIO HEBU3HAYEHOCTI KOYKHOTO 3HaYeHHd inTepBaJy. [Ipu
3aJlaHHI €KCIIePTOM CTYIEHIB HAJIEYKHOCTI TAaKUM YUHOM 3MEHTITYETHCI PU3UK HAKO-
HUYEHHS IOMHUJIOK 4Yepe3 HEeBKJIIOYEeHHsS CYMHIBHHUX TOYOK, AKi po3TamioBaHi Oiis
rpaHuilh YyHKIII.

OpnuM i3 OCHOBHUX 3aBJaHb € BU3HAYCHHS BEJUYUHU CJIi/ly HEBU3HAYEHOCTI,
OCKIJIBKM Tle BILIMBAE€ Ha TOYHICTH MOJEJI Ta dYac BUKOHAHHS PO3PAXyHKIB
KOMIT FOTEPHOI0 cucTeMoi0. OYeBUIHO, M0 PO3MIP CJIiTy HEBU3HAYEHOCTI 3aJI€7KUThH
BiJI THIIy 3aCTOCOBAHMX (DYHKIIN HAJEKHOCTI.

DYHKITS HAJTEKHOCTI 3aTraJabHOI HEYITKOI MHOXKUHHA JIPYTOTO MOPSIKY Hpe/ICTaB-
JleHa B 3-BUMIipHi# MO/ Ha PUCYHKY 2, e TpeTiM BEUMipoM (DPYHKIII HAJEKHOCTI
B KOXKHIl TouIi 2-MipHOT obsacTi € Tak 3Banuii ciin Hesusnadenocri (FOU).

FOLI
Puc. 2. Cni HeBU3HAYEHOCTI HETITKOI MHOYKUHU TUITY 2.

Cutij;, HeBU3HAYEHOCTI — 1€ PO3MHUBAHHS (DYHKINT HAJIEXKHOCTI HEPIIOTrO MOPSIIKY,
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SIKUii MOBHICTIO OIUCYEThCSA JBOMA 11 0OMeKyrodnMu byHKIsaME (puc. 1): HUZKHBOIO
dyuxkmiero vamexuocti (LMF) i Bepxuboto dyukiieo vanexuocti (UMF), koxua 3
SIKAX € HeYITKOI MHOYKHHOIO IIE€PITOTO HOPAJIKY.

Teopernuno Bubip Tuny (byHKII HAaJIeKHOCTI HeoOMekeHuit. MoxK/InBe BUKOPH-
crannst Oyab-sKkoi dpyukii. OgHak HAROLIBIT YaCTO BUKOPUCTOBYBAHUMU (DyHKITisi-
MU HaJEKHOCTI /I8 HEIITKAX MHOXKWH THITY 2 € TayCCOBi, TPUKYTHI, TpaleIieBu,IH1
Ta JI3BIHOIOIIOHI.

TaxoK po3pi3HAIOTH HEBU3HAYEHOCTI PI3HUX THINB Ipu mobyaoBi (DyHKIH Ha-
JIEKHOCTI B HEUITKHX CHCTEMaX, a caMe iHTpaHeBU3HAYEHICTL Ta iHTepHEBU3HAUE-
HICTh. [HTpaHeBU3HAYEHICTh BUHUKAE BHACIITOK HEIOCTATHLOI KILIHLKOCTI 3HAHBL a00
HEYITKOI OIIHKYN eKclepTa. [HTepHeBU3HAYECHICTh BUHUKAE BHAC/II/IOK PI3HUX OIIHOK
JIEKLTBKOX eKcrepTiB. [HTpaHeBU3HAYEHICTh MOYKHA ONUCATU 33 JIONOMOTOI0 Hedi-
TKOI MHOXKHHU JPYTOro HOPSJIKY, & iIHTepPHEBU3HAYEHICTh — 00’ €THAHHAM JEKITbKOX
HM-2. [7].

HediTki MHOXKUHI IPyTOro MOPSIAKY XapaKTepU3yIOThCs PO3ZMUTICTIO MexK (PYyH-
kil Hastexknocri (PH) i criocoboM po3mofiny cTyneHiB HaIeKHOCTI 3HAYEHHSM ap-
ryMeHTiB. Po3MUTTS MezK € nepriuM KPOKOM y Mepexo/ii BiJl HeUITKUX MHOKHUH THILY
1 1o meuiTkux MHokuH Ty 2. Ha apyromy etani norpibno BuOparu THII (DyHKITIT
HAJIEZKHOCTI, K MH POOMMO I HEHITKUX MHOXKWH THIY 1.

Pospizusiors apa piznosuan @PH-2. fAximo misa 6yab-gKoro 3HaUeHHsT apryMeHTy
13 yHIBEepCYyMy Ha BCbOMY IHTEpBaJIl, BiJl HUZKHBOTO CTYIE€HS HAJIEZKHOCTI JI0 BEpX-
uporo, 3uadennst @H-2 nesminne, Toxi neii sux @PH-2 — yuidikopanuii (oxHOpiTHMIIT).
Heditka muoxkuna 3 Takum piznosugoMm OH-2 nazuBaeThes iHTepBaILHOIO HETITKOIO
MHOXKHHOW0 jipyroro mopsiaky (IHMT-2).

[HTepBa bHI HEUITKI MOeTI THIIY 2 BUKOPUCTOBYIOTH (DYHKIII HAJIEKHOCTI, IO
OYYIOThCS Ha OCHOBI HEYITKMX MHOXKHMH 3 IHT€PBAJbHUMU 3HAYEHHSIMH CTYIIEHIB
Hasekuocti (puc. 3), me:

T — TIepBUHHA 3MIHHA;

J — nepBuHHa DYHKIIA HAJTEZKHOCTI;

1 — BTOPUHHA 3MiHHA;

p (") — Bropunna QYHKIA HATEXKHOCTI.

Puc. 3. TarepBa/ibHa HediTKA MHOXKUHA JPYTOrO MOPSIKY.

i momesni, HA BiIMIHY BiJl HEUITKHX MoJiesielf TUITY 1, Jal0Th Ha BUXO/I1 TOYKOBI Ta
iHTepBaJIbHI 3HAUYeHHd. BOoHE 10CTATHRO edeKTHUBHO 00POOJISIOTH Pi3HI BUIM HEBU-
3HAYEHOCTEH Ta MOTPeOyIOTh ICTOTHO MEHIIe 0OYNCTIOBAJILHUAX 3aTPAT, Hi2K 3araJjibHi
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HewiTki Mofesi Tuny 2. Hanpukiaz, y npamsx [6-8| HaBegeHi npuksianm BUKOPHCTa-
HH¢ 1HTepBAIbHUX (DYHKINH HAJIEXKHOCTI /I PO3B sI3aHH MPUKJIAIHUAX 3a/a4.
Aximo g Oyab-gKOTO 3HAYeHHs apryMeHTY 3 YHIBepCYMY Ha BKa3aHOMY iH-
TepBaJgi 3HadeHHa OH-2 3MmiHIOETHCA, TO HediTKa MHOXKKHA 3 TakuM THioM OH-2
Ha3MBAETHCH HEYITKOIO MHOXKMHOIO JIPYT'OI'0 HOPSJIKY 3al'aJIbHOIO BUIJISILY.
DyHKIIIIO HAJIEZKHOCTI APYTOTO TIOPSAIKY B 3araJbHOMY (HEOTHOPIAHOMY ) BHIJIsI I

MOZKHA 3aJIaTH 34 JOMOMOTOIO:
— xapakTepucTuku tumy 1 (mepBuHHA 3MiHHA Ta (DYHKIS HATEKHOCTI);

— XapaKTepUCTUKH TUly 2 (BTOpUHHA 3MiHHA Ta (DYHKIIisI HAJTEXKHOCTI).
XapakTepUCTUKU TUIY 2 33JaI0Th TapaMeTPH BEPTUKAJILHOTO Iepepizy pyHKIIIT

HAJIEZKHOCT] Ipyroro nopsiyiky (puc. 4).

Puc. 4. Barajbua HediTKa MHOKHUHA JAPYTOTO TOPSIKY.

Ha pucynky 4 moka3zaHno 0CHOBHI XapaKTepHCTUKH (HYHKINIT HAJEIKHOCTI IPYTOro
IOPSIJIKY B 3arajbHOMY (HEOJMHODIIHOMY ) BUIJISII:

T — TIepBUHHA 3MIHHA;
J — nepBuHHA DYHKIS HAJIEKHOCTI;
1 — BTOPUHHA 3MiHHA;
wi(x') — BropunHa OYHKIA HATEKHOCTI.

Heognopijgnuit tun yHKIil HAJIEXKHOCTL JAPYyroro HOPsjIiKy BUKOPUCTOBYETHCS
He JIy7Ke 9acTO 4Yepe3 J0pori 0OYNC/IeHH, X04a BiH MA€ BEJIMKY KLIbKICTH CTYIEHIB
cBobo . ToMy ekcriepTHi cucTeMu 37e01/1bITOT0 0A3yI0THCA Ha IHTEPBAJIBLHOMY THII
HETITKUX MHOYKWH JIPYTOT0 MOpAIKy. BoHN 103BOMAI0TH BUKOPUCTOBYBATH BCi 3aCO-
oM iHTepBAJIHLHUX OOYHCICHD 1 MAIOTh IMUPOKH CIEKTP IMPAKTUIHOI'O 3aCTOCYBAHHSI.

3. BucHOBKM. AKTyaJbHUMHI B CYJACHAX YMOBAX CTAIOTH CUCTEMHU YIIPABJIIHHSA,
sIKi 37aTHI e(DEKTUBHO MOJEIIOBATH Ta BijoOparkaTu IIporecu Ta 00’€KTH, 110 Mal0Th
BEJIMKUI BIJIMB HA JIOCATHEHHA ILJIeH yIpaBJIiHHS.

Ha ocHOBI MeTOmiB HEYITKOI JIOTIKM MOYKHA ITPOEKTYBATH aBTOMATHU30BaHI CH-
CTeMH KepyBaHHd, dKi 31aTHI eeKTHBHO (DYHKIIOHYBATH 38 HAABHOCTI iHdopMaIril
npo 00’€KT KepyBaHHS, KA Ma€ dKICHHH XapakTep. ToMy mpu po3poOIl CKIaTHIX
Jisi popmagtizaliii cucreM yrpaBJiHHs JOIIJILHO 3aCTOCOBYBATH MO/IEJI Ta METO/IH,
3aCHOBaHI Ha TPUHITUTIAX HEYITKOI JIOTIKH.

IIpu MmaTemaTuIHOMY MOJETIOBAHHI HEBH3HAUYEHOCTI BeJMKE TeOPeTUYHE 1 Ipa-
KTUYIHE 3HAUEeHHS Ma€ Teopisd HeIITKUX MHOXKHUH. [[i/1 HediTKuMu cucTeMaMu B OCHOB-
HOMY PO3YMIIOTh HEYITKi CHCTEMHU YIPABIIHHS. 3aJeKHICTh MiXK BXITHUMHU Ta BU-
XiJHUMH 3MIHHEMH CUCTEMaMW MOYKe MaTh HeJiHIHU{ Xapakrep, 3a3/aJjerijgb He
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Bigomuii. HewiTki cucremMun H03BOJSIOTH JaTH MPaBUJIBLHY allPOKCUMAIIO T TITHPO-
KOT'0 KJIAaCy TAKUX 3aJI€KHOCTEH. 3po3yMisio, M0 YHIBepCATbHIME ATIPOKCUMATOPAMHE
€ 1 HeYiTKi CUCTeMH THIIY 2, OCKLIBKH Iie OLIBIN IMMUPOKUN KJIac CHCTeM, HiK Hedi-
TKi cucteMu TUy 1. PO3BUTOK Teopil HEUITKUX cHCTEM TUIY 2 1 3aCTOCYBAHHS ITEl
Teopii € IepCIeKTUBHUM HAYKOBUM HAIPIMOM.
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Sharkadi M. M. Fuzzy Sets of the Second Kind.

Modern information systems are widely introduced into the sphere of management in
socio-economic systems, as a rule, use expert knowledge accumulated in various spheres of
human activity, which leads to various kinds of uncertainties. When planning new projects,
analysts are faced with the problem of uncertainty, which manifests itself differently for
each area. In general, uncertainty is a lack of confidence, a state of limited knowledge,
where it is impossible to accurately describe the future result or the presence of a large
number of possible results. Building decision-making models for problems with poorly
formalized information is possible through the use of fuzzy set theory and the construction
of fuzzy logical systems. The means to solve the problems described above can be fuzzy
sets of the second order, which will be described in more detail in this article, since the
introduction of fuzziness into the membership function allows us to bring a fuzzy model
closer to human thinking and perception.

Keywords: management system, fuzzy logic, fuzzy set, membership function, footprint
of uncertainty.
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ITPABWJIA JJIdd ABTOPIB

ITpu migrorosmi pykonucy HeoOXiAHO TOTPUMYBATHUCS TAKUX TTPABIII:

1)

10)

CrarTa MOBMHHA MICTHTH KOPOTKWIT BCTYI, aHadi3 OCTAHHIX JOCTIIKEHb i mybJri-
Kalliff Ha dKi CTUPaeThCs aBTOD; BUIALIEHHT HEBUPINIEHWX paHille YaCTUH 3arajb-
HOT mpobIeMn, IKUM MPUCBAIYETHCA CTATTH, MOCTAHOBKY 3a/a4i Ta (hopMyaroBaHH
OJIep2KaHNX aBTOPOM HOBUX PE3YJILTATIB 1 TOBHE iX JOBEAEeHHS, BUCHOBKH 3 JaHOTO
JOC/IiI2KeHHS 1 TePCIeKTUBU TOMAAbINNX PO3BIAOK v 1IboMy Hampami. He momyckae-
ThCst POOUTH BEJTMKI OIVISA/IN B2Ke OIyOJiKOBaHUX cTaTeil 1 pe3ysibTaTiB, mepeka3yBaTu
Bigomi daxTy, HaBoauTn GOPMYJIIOBAHHS OMYyOJIIKOBAHUX TEOPEM, JIEM, TTOCUIAHHS
Ha HeomnybJikoBaHi poboTu.

Tematvka KypHATY OXOILIIOE€ BHUCBITIEHHS OPUTIHAJILHUX PE3YILTATIB 3 TEOPETH-
YHUX 1 TTPUKIAIHUX TPOOIEM MATEMATUIHOIO MOJETIOBAHHS, 00YUCTIOBAIBEHOI Ma-
TEeMATUKW Ta 1HQOPMAIIHHIX TEXHOJIOTI.

Tekcr BiANOBia€ BUMOraM J0 CTHIICTUKN Ta b6ibmiorpadil, Bukiagerum v Kepisuu-
nTBi s apropis posmiay "Ilpo sxypran". Ilpu odopmaersi daiiry momxanust Oyan
BUKOHAaHI iHCTPYKINI Mmoo 'apanTiii caimoro peren3yBaHHd.

OdopmieHHst cTaTi TOBUHHO BiJIMIOBI/IATH BUMOraM peakiiiiHoro odopMmiaeHHs Ha-
yKOBUX (PAXOBUX BUJIAHHS 3TiTHO 3 AEPKABHUMU CTAHIAPTAMU Y KPAIHA Ta MiXKHA-
POJIHUM CTaHIApPTaM.

Enexrponna xomig pykorucy y Bursiii LATEX-daitny abo WORD-gaitny nogae-
TBCI 70 peJakiil OUIAXOM 3all0OBHEHHsI ¢opMn momadi nyOsikamil Ha caiTi
http://visnyk-math.uzhnu.edu.ua/submission/wizard.
st momadi crarti BukopucTosyiiTe mabaon WORD ato LATEX. Akryasbiy Bepcito
mabJIOHIB Ta TeXHIYHI BUMOIM JI0 CTaTTI MOXKHA 3HAWTU Ha caiiti, po3ain "[Togamnms"
http://visnyk-math.uzhnu.edu.ua/about/submissions.

Moga, ax010 0OPMIAETHCH CTATTS, TOBUHHA OyTH YKPATHCHKOI ab0 aHT/IHCHKOIO.
Pepnaxkiiitina kosieria Mozke 341 ICHIOBATH HAYKOBE 1 JiTepaTypPHE PEAaryBaHHs CTATTI,
TOTOJIZKYIOYH Bi/ipearoBaHmii BapianT 13 aBTOPOM, SIKWI HAIa€ JO3B1 HA IPYK [LIA-
XOM IHIMUCAHHA aBTOPCHKOT yrou. llijmmcana aBropcbka yroma MOXe HaICUIaTUCS
JI0 PeAaKIlT KypHATY TOMTOK ab0 cynposiganm daiinom (dborokormis).

Dopmynn, TKi HYMEPYIOTHCH, 000B I3KOBO BUKJIIOUATH B OKpemuii psanok. Hymepy-
BaTHU TUTHKHU Ti (pOPMYJIH, HA SKi € TTOCHIAHHS.

Awmorania (Abstract) mosunana GyTH CKIag€HA BIAMOBIIHO 0 BUMOT MiXKHADOJHUX
HAYKOMETpUUIHUX 6a3 i OyTu: iH(OPMATUBHOW (HE MICTHTH 3arajbHUX CJiB); OpHU-
rHAILHOI; 3MICTOBHOKO (Bimobparkarn OCHOBHHUIT 3MicT cTarTi i pesyabrarm goci-
JIZKEHB ); CTPYKTYPOBAHOIO (CJIIYBATH JIOTIIl OMUCY PE3yJIbTATIB B CTATTI).

Ilocunanns Ha jzKepesa BUKOPUCTaHUX MaTepiasiB, paKTUYHUX Ta CTATUCTUYHUX
JaHUX € 000B’sI3K0BUMHU (II0JIAI0THCSl B TEKCTI Y XPOHOJIOMYHOMY HOPSAKY (HE 3a
abeTko10) mudpoIo y KBAIPATHUX JIy’KKAX 1 PO3MINIYIOTHCA B TTOPAJIKY ITUTYBAHHS
UM 3raJyBaHHd. ¥ TEKCTi CTATTI MOCHIAHHA TTO3HAYAIOTLCA Yy KBAJIPATHUX JYKKAX,
HanpuKIa, [2]; HomMep CTOPIHKN BUALIAETHCS JBOKPANKOIO, Hanpukiaas, [6: 37]. Ca-
MOIUTYBaHHS He TOBUHHO nepesuinysata 30 %. KoxHa craTTs MOBUHHA MICTUTH
CITMCOK BUKOPUCTAHOI JiiTeparypu oOPMICHUN 3TiAHO 3 HAIMIOHAJLHUMU CTAHIAD-
ramu (JICTY 8302:2015) Ta cnucok BUKOPHUCTAHOL JiTepaTypH, 0hopMIeHHH 3TiTHO
3 mixkHapogauMu crangapravu (APA).

3pazku 6ibsiorpadiyHoro omucy KHUTH, CTATTi, JEIMIOHOBAHOIO PYKOIHCY, TE3UCIB
Jonosizeit koudepentriii:



Crnimcok BUKOPHUCTAHOL JiTEpaTypu

1.
2.

3.

6.

Xoan M. Teopus rpymm. Mocksa: 1I3-Bo urocTp. muT., 1962. 468 c.

Isanuyk I. I. HasBa. ¥Vkpaincoxuti mamemamuunut ocypras. 2001. Bum. 53, Ne 2.
C. 274-278.

IMerpasuyk II. II., Iamuyk 1. I. Ha3ma. Haykosull sichukx Yowczopodcvkozo yuieep-
mumemy. Cepia «Mamemamura i ingopmamuras. 2021. Bun. 38 Ne 1. C. 143-148.
DOI: https://doi.org/10.24144/2616-7700.2021.38(1).143-148.

Kapnenko C. M. Hazsa, K10 HEMa aBTOPCHKOrO TMEPEKIALY AHTIHCHKOI. Juceavhi
Mmemodu i 3acmocysarna: mamepiaay donos. xond. Kuis, 1997. C. 21-22.

Sayre R. K., Devercelli A. E., Neuman M. J., Wodon Q. Investment in early
childhood development: Review of the world bank’s recent experience. 2015.
DOT: https://doi.org/10.1596 /978-1-4648-0403-8.

Distribution of sage-grouse in North America / M. A. Schroeder al. The Condor. 2004.
Vol. 106, Issue 2. P. 363-376. DOL: https://doi.org/10.1650,/7425.

References

Kholl, M. (1962). Group theory. Moskow: Izdatelsvo inostrannay literatura [in Russian].
Ivanchuk, I. I. (2001). Title. Ukrainian Mathematical Journal, 53(2), 274-278 [in Rus-
sian].

Petravchuk, P. P., & Ivanchuk, I. I. (2021). Title. Scientific Bulletin of
Uzhhorod University. Series of mathematics and informatics, 38(1), 143-148.
https://doi.org/10.24144/2616-7700.2021.38(1).143-148 [in Ukrainian].

Karpenko, S.M. (1997). Nazva, yakshcho nema avtorskoho perecladu anhlijskoyu [The
title if there is no author translation in English|. Chyselni metody i zastosuvannia
— Numerous methods and applications: Proceedings from ’97. (pp. 21-22). Kyiv [in
Ukrainian].

Sayre, R. K., Devercelli, A. E., Neuman, M. J., & Wodon, Q. (2015). Invest-
ment in early childhood development: Review of the world bank’s recent experience.
https://doi.org/10.1596/978-1-4648-0403-8.

Schroeder, M. A., Aldridge, C. L., Apa, A. D., Bohne, J. R., Braun, C. E., Bunnell, S.
D., ... & Stiver, S. J. (2004). Distribution of sage-grouse in North America. The Condor,
106(2), 363-376. https://doi.org/10.1650 /7425.

11) Pyxkomwuc ciij crapaHHO BUYUTATH.

12) Marepianu, siki He BiIIOBIZAIOTH 3a3HAYEHUM BUMOTAM, PEJIAKINEIO0 HE PO3IJIsIIAI0-
ThCH.



INSTRUCTIONS FOR AUTHORS

The following rules must be followed when drafting the manuscript:

)

10)

The article should contain a brief introduction, an analysis of recent research and
publications that the author relies on; highlighting the previously unsolved parts
of the general problem, which is devoted to the article, problem statement and
formulation of new results obtained by the author and their complete presentation,
conclusions from this study and prospects for further exploration in this direction. It
is not allowed to make big reviews of already published articles and results, to retell
known facts, to state the formulations of published theorems, lemmas, references to
unpublished works.

The topics of the journal cover the coverage of original results on theoretical and
applied problems of mathematical modeling, computational mathematics and infor-
mation technology.

The text complies with the stylistics and bibliography requirements set out in the
About the Journal Authors Guide. When submitting the submission file, the in-
structions for the Blind Review Guarantee were followed.

The articles must comply with the editorial design of scientific professional publica-
tions according to state standards of Ukraine and international standards.

An electronic copy of the manuscript in the form of a LATEX file or a WORD
file is submitted to the editorial board by filling in the online submission form
http://visnyk-math.uzhnu.edu.ua//author/submit/1.

Use the WORD or LATEX template to submit the article. An up-to-date version of
the templates and specifications for the article can be found on the site, the section
"Submissions" http://visnyk-math.uzhnu.edu.ua//about/submissions.

The language used for the article should be Ukrainian or English.

The editorial board may edit the article in a scientific and literary manner by agreeing
an edited version with the author, who authorizes the print by signing the copyright
agreement. The signed copyright agreement can be sent to the journal by mail or
an accompanying file (photocopy).

Formulas that are numbered must be excluded in a separate line. Only the formulas
referenced are numbered.

Abstract should be prepared in accordance with the requirements of international
scientometric bases and be: informative (do not contain common words); the original;
meaningful (reflect the main content of the article and research findings); structured
(follow the logic of describing the results in the article). Annotation volume of at
least 1800 characters.

Links to sources of materials, facts, and statistics used are mandatory is required
(chronologically (not in alphabetical) in square brackets and cited or referenced in
the text of the article, such as [2]; the page number is a colon, for example, [6:37] Self-
citation should not exceed 30% Each article should contain a list of used literature
designed in accordance with national standards (DSTU 8302:2015) and references,
designed according to international standards (APA).

Bibliographic samples description:

References

1. Kholl, M. (1962). Group theory. Moskow: Izdatelsvo inostrannay literatura [in Russian].
2. Ivanchuk, I. I. (2001). Title. Ukrainian Mathematical Journal, 53(2), 274-278 [in Rus-
sian].



3.

Petravchuk, P. P., & Ivanchuk, I. I. (2021). Title. Scientific Bulletin of
Uzhhorod University. Series of mathematics and informatics, 38(1), 143-148.
https://doi.org/10.24144/2616-7700.2021.38(1).143-148 [in Ukrainian|.

Karpenko, S.M. (1997). Nazva, yakshcho nema avtorskoho perecladu anhlijskoyu [The
title if there is no author translation in English|. Chyselni metody i zastosuvannia
— Numerous methods and applications: Proceedings from ’97. (pp. 21-22). Kyiv [in
Ukrainian].

Sayre, R. K., Devercelli, A. E., Neuman, M. J., & Wodon, Q. (2015). Invest-
ment in early childhood development: Review of the world bank’s recent experience.
https://doi.org/10.1596,/978-1-4648-0403-8.

Schroeder, M. A., Aldridge, C. L., Apa, A. D., Bohne, J. R., Braun, C. E., Bunnell, S.
D., ... & Stiver, S. J. (2004). Distribution of sage-grouse in North America. The Condor,
106(2), 363-376. https:/ /doi.org/10.1650,/7425.

Crniucok BUKOPHUCTAHOL JiTEepaTypu

1.
2.

3.

Xomn M. Teopusa rpymmn. Mocksa: U3-Bo unocTp. nwmt., 1962. 468 c.

Isamuyk I. I. HasBa. Vkpaincokut mamemamuunut ocypras. 2001. Bum. 53, Ne 2.
C. 274-278.

Merpasuyk II. II., IBamuyk 1. I. Haszsa. Hayxosuti eichukx Yorceopodcvrkozo ymieep-
mumemy. Cepia «Mamemamuxa i ingopmamuras. 2021. Bun. 38 Ne 1. C. 143-148.
DOI: https://doi.org/10.24144/2616-7700.2021.38(1).143-148.

Kapnenko C. M. Hazsa, K10 HEMa aBTOPCHKOTO TMEPEKIALY AHTIHCHKOI. Juceabhi
Mmemodu i 3acmocysarna: mamepiaay donos. xond. Kuis, 1997. C. 21-22.

Sayre R. K., Devercelli A. E., Neuman M. J., Wodon Q. Investment in early
childhood development: Review of the world bank’s recent experience. 2015.
DOT: https://doi.org/10.1596 /978-1-4648-0403-8.

Distribution of sage-grouse in North America / M. A. Schroeder al. The Condor. 2004.
Vol. 106, Issue 2. P. 363-376. DOL: https://doi.org/10.1650,/7425.

11) The manuscript should be carefully read.

12) Materials that do not meet these requirements are not reviewed.



36ipHUK HAYKOBUX TIPAIlh

HAYKOBUN BICHUK
Y2KIoPOJACBKOI'O YHIBEPCUTETY

cepis

MATEMATUKA I IHPOPMATUKA

Tom 41 W2

2022

PEJAKIIINHA KOJIELIS:

M. M. Mansp (ronosuuii penakrop), I'. I. Couska-Tunumak (3acT. rofoBH. pegakTopa),
1O. B. Aunpamko (Bignosimansuuii cekperap), I. M. [lopoxuasens (TexHiaHwmii
cekperap), B. A. Bosai, B. M. Bongapernko, M. FO. Bopromr, ®. E. Teue,

JI. ©. D'ynguunexuii, FO. I1. Saituenko, H. E. Kouapyxk, 1. I. Koposis, B. B. Mapunersb,
K. B. Mapunerns, M. I1. Mokasuyx, I1. II. Myneca, B. B. Homximyk, O. K. Peiiriii,
A. M. Ponto, H. B. Cemenosa, O. O. Cunsscbka, B. €. Cuutiok, O. A. Tunumaxk,
M. M. [Tapkazi, C. B. Yynos, H. M. ITlo6axk.

Anpeca pegakiiitaol koserii: 88000, M. Ykropos, Bysi. YHiBepcuTeTChKa, 14,
nmexanar @MIUT: penakiiis 36ipHuKa HayKoBuX mnpaib «Haykosuii BicHEK Y 2KrOpoJChEKOTO
YHIBEDPCUTETY ».

Cepia «Maremaruka i indopmaruras.

Ten. +380 (312) 642725
E-mail: visnyk-mathQuzhnu.edu.ua



