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HABJIN2KEHA ITIOBYAJOBA OIITUMAJIBHOI'O KEPYBAHHZA
CTOXACTNYHUMUN JNMHAMIYHUMN CUCTEMAMU
ITO-CKOPOXOJA 3 MAJIMM ITAPAMETPOM 1
MAPKOBCBKVMU 3BYPEHHAMU

OsieprkaHa MeToIuKa MOOYI0BU CHHTE3Y ONTUMAJbHOTO KepYBaHHSI JjIsl CTOXaCTUIHUX
JMHAMIYHAX CUCTEM 31 BCIEIO IIEPeiCTOPIEI0 3 MAJIMM [TapaMeTpPOM 3 MapPKOBCbKUME 30y peH-
asimu. JloBesieHo, 10 nyKaHe KepyBaHHS MOYKHA 3HAUTH K ONTUMAJbHE KePYBaHHS JIEIKOT
JIOIIOMI2KHOI 33/1a491 ONTUMAJIBHOTO KePYBAHHSI Bi/IIIOBITHOT CTOXaCTUYIHOI A epeHIiaJIbHO-
dyHKIIOHATBHOI cucTeMu. [100y10BaHO aaITOPUTM TOC/TiJOBHOTO HAOMKEHHS iTepartiit 10
OITUMAJIBHOTO KEPYBAHHSI.

Kurouosi ciioBa: croxactuuani aunamivni cucremu [to-Cropoxona, MapkoBcebKi 30y peHHs,
ONITUMAJIbHE KEPYBaHHSI.

1. Beryn. Posriagremo 3ajady onrtumasibHOro Kepysauus {z' (t,w),J (u), U}
3 KEPOBHUM BHUIIQJIKOBUM HPOIEcoM z* (t,w), y3rOJZKEHUM 3 IIOTOKOM 0-ajredp
{F, t > 0},J (u) — dynkionan sxocri, U — MHOXKHHA JONYCTUMUX KePYyBaHb

[1].
Osnauenns 1. F; — sumipni pynruii u(t) € R, dasa axur susnavwena mpae-

kmopia pyxy = (t,w) i ckinwennud gynryionasr J (u), nazusaromuvca onycmumMumu
KEPYSAHHAMU.

IToznaunmo

vy=1infJ (u) , uweU.

ajiaua onTUMAaIbHOIO KEPYBAHHS AKPa3 1 MOJIATAE B 3HAXO/2KEHHI TAKOT'O JIOITY-
crumoro kepysannga u’ € U, jia sKoro

T () = vy, &

[Ipu upomy, u’(f) HasuBaeTbcd — ONTHMAILHUM — KEpYBaHHAM  337adi
u
{2 (t.) . J (u) , U},
SIKmo onruMasbHEe KepyBaHHS He iCHye abo ICHye, ajie OJep:KaTh HOro CKJIaIHo,
BUHUKAE IIMTaHHS PO MOOYI0BY ONTUMAJLHOTO KepyBaHHS 13 3a/IaHOI0 TOYHICTIO.
Hexaii, nanpukiaz, 3ajada KepyBanHsa MICTUTD MaJiuii mapaverp € > 0 i 3a1aH0
TOYHICTH KepyBaHHs T(€) > 0.

Hayk. Bicuuk Yxkropon. yu-ry, 2024, Tom 45, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



10 C. B. AHTOHIOK, O. JI. KNPUYEHKO

Osnauenns 2. Jlonycmume xepyeanns ul, wo 3a00604vHAE
0<J <u0) —vy < 7(e),

nassemo T (€) — onmumanvrum xepysarnnam 3adawi {x* (t,w), J (u),U}.

Y monorpadil [1] posrisiHyTo npobsiemy CHHTE3y ONTUMAJIBLHOIO KEPYBAHHSI CTO-
XACTUIHUMH JTUHAMIYHUME CHCTEeMaMU 31 CKIHYeHHOIO INCJIdiero 1 audy3iitHumm
30ypennsivu. B [2] poss’a3yerbes mopibHa 3a/ada JJIs CTOXaCTUIHAX JTHHAMITHIX
cuctem Ito-Ckopoxojia 3 myacCOHOBUMU 30yPEHHSIME 1 HECKIHIEHHOO Mic/Isiieo. B
JlaHiil poboTi po3B’sA3ye€ThCst TPodIeMa CHHTE3Y ONTUMAJIbHOIO KEPYyBaHHs JIJIsi CTO-
XaCTUIHUX JIMHAMIYHUX CUCTEM BHUIIAIKOBOI CTPYKTYPH i3 30BHINIHIMU 30y pPEHHIMU,
IIyaCCOHOBUMM II€PEMUKAHHAMHU 1 BCIEIO 1IePeiCTOPIEIO.

Hexait R™ — n-sumipuwuii gificuunii eBkJiiiosuii mpocripi 1 < p < oo. X € npocro-
poM icropil, To6To npocrip R™ X DP, ne Db — npocrip CKopoxoia JTOKaIbHO 0OMezKe-
HUX HEIEePEePBHUX CIpPaBa, 10 MalOTh JIBOCTOPOHHI rpanuti, dynkiiii ¢ : RT — R
TaKWX, 10

/ ()P p(s)ds < oo.

Hopwma B ipocTopi X BBOAUTHCA HACTYIHUM THHOM

1/p

Il = (1P + [ 1o otids | = (1o + lell) "

el < oo, 1<p<oo.

Oynkuig p : RT — RT masuBaerna ¢ynryicro 31 324a02Cy104010 64a4CMUBICTNIO,
AKIIO BOHA 33/I0BOJIbHSAE TAKUM YMOBAM:

1. p — cymosna B RT;
2. g Vz > 0 cripaBeijinBi HEPIBHOCTI

K(z) = ess sup'o<s—+z)

< ? < o0
seRt+ p(S)

K(z) =ess supﬂ < 00;
SERT p(S + Z)

3. p — obmexkena B RY;

4. p > 0 — crporo npogartas Ha s € (0, 00);

5. sp(s) — 0 kosm s — 0.

Hexait (Q,F,F ={5, CF, t > 0},P) — itmosipuicumit 6asuc [1]; {{(¢), t > 0}

— MapKOBCHbKHii mporiec i3 3HadeHHssMu B MeTpudasoMy mnpoctopi Y = {yi, ..., yn}
3 nepexignoro imosipuictio P(s,y, A), A C By; {ng, k> 0} — nanmor Mapko-
Ba B MeTpuaHOMy Tipoctopi H 3 mepexignoro itmosipaicTio Ha k-my kpori P (h, G);
{w(t), t > 0} — R"-3maunmit BinepiB mporec, y3ro/zKeHHN 3 IIOTOKOM O-ajrebp
{F;, t >0}, a {p(df,dt) = v(df,dt) — tI1(df)} mezamexkHa Bix HHOTO IEHTPOBAHA

Poszain 1: Maremaruka i crarucTika
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nyacconosa Mipa Ha (O X Ry, Z x B ), nia saxoi E {7%(df x dt)} = 11(df)dt, ne TT —
Jestka o-CKiHdeHHa Mipa Ha Z.

Posrnsgremo 3ajady KepyBaHHS JJIs CTOXQCTHYHOI JIMHAMIYHOI CHCTEMU BUITA]I-
KOBOI CTPYKTYPH i3 30BHIITHIMI 30yPEHHSIMU Ta YCIEI0 MepeIicTOPIeo

dx (t) = fl (71)a <t7 z??f (t) ) U, 8) dt + f2 (72) b (t7 Ithv £ (t> ) U, g) dw <t> +

+fs (73) / ¢ (t, a0, () u,€) 7 (df, dt), ¥t >0, (2)
€]
3 MapKOBCbKI/IMI/I HepeMI/IKaHHHMI/I

T o(te) — 2(ty—) = g (te—, 2, (k) i) )
treS={t, 1, ne N}, limt, = +o0.

Az

1 II0OYATKOBUMU yMOBaMn

§<t0) =y € Y7 Ttg = @5 Ty = h. (4)

Tyr v1, 72 — Bunaakosi Benmuauny, 3 Gyukunismu posnoxainy F,, (-), F,,(-) Bigmo-
BijiHO, He3asexkHi Bix £(t) 1 mpupoctis BiHepoBoro mporiecy {w (s)—w (t), s >t >t}
Ta [EHTPOBAHOI 1yaccoHoBol Mipu {7 (s, A) — v (to, A), s > to}, f1(*), fo(-) — meski
bopeJieBi GyHKIIN; BekTOpHO3HAaUHME pyHKIoHAT ¢ : R X X X Y x U — R", ma-
rpraHosHadHnit dyskiionan b: R x X x Y x U — M (R") ta BeKTOpHO3HATHUIL
dyukmionan ¢ : R x X x O xY x U — R" — BuMmipHi 3a CyKyIHICTIO 3MiHHUX i
JIOKAJTLHO OOMeZKeHi 110 ¢ 3a JIPYTUM apryMeHTOM, a mporec x; = (x (), z4(s))

2 (s) = {x(t s), to<s<t,
p(s—t), s>t
Kpim Toro, ¢y, € X 3 iimosiprictio 1 i ¢(t) He 3amekuTh BiJ NpUPOCTIB Bi-
Heposoro nporecy {w (s) — w(t), s > t > ty} Ta MEHTPOBAHOI IyacCOHOBOI Mipu
{v (s, A) — U (to, A), s > to} upu KOKHOMY .
B [3] BcranoBieni ymoBu icHYBaHHS 1 €IMHOCTI CHIIBHOTO pO3B’a3Ky x(t) 3asadi

(2)-(4).

Beenemo B posruisiy dbyskiionan skocri J (u) = J(0,¢g), ge
T
JU(t, ) = Erp  F(ap,€) + /G(s,xfj,u(s,x?) ,e)ds (5)
t
F(p,e) >0, G(t,p,e)>0.
Posrusinemo jonomikny 3aja4dy kepysanus Juist {2 (t,w), J (u), U} i nosnaan-
MO 1T
{y" (t,w), I (u),U}. (6)

Hexait kepyBamus &b(t) — onTuMaJbHe KepyBaHHS 3agaqi {y* (t,w), I (u), U},
TOOTO

I (@) =inf I(u) = v;.
[Tosnaunmo gepes

p(J,I)=supl|J(u)—I(u)], VuelU. (7)

Hayk. Bicuuk Yxkropon. yu-ry, 2024, Tom 45, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)
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Jlema 1. /s 3adavi kepysanns (3)—(5) maroms micye nacmynii Hepishocmi
og‘J@)—m(gp(J,f). 8)
Josederns. 3 (7) Bunmsae
[ (w) = I (uw)] < p(J1).
3Biacu 01ep:KUMO
—p (S 1) < J(u) = I (u) < p(J,1),

110 eKBiBaJIEHTHO

J(u) <I
I'(u)<J

3a o3HAYEHHAM V7 1 Uy, MAEMO
Uy S U[‘f'ﬂ(J,I),

vp <vy+p(J 1),

To6ro vy — v < p(J, ).

Orxe, 0 < )J (uo) —vr| < p(J, 1), mo i TOBOJUTH TBEPIZKEHHSI.

Hacaimok 1. Hezat sadauwa wepysanns {x* (t,w),J (u), U} micmumo marud
napamemp, a donomioicra 3adaua xepysanna {y* (t,w),I (u), U} mae onmumanvie
kepysanna ul, maxe, w0

p (S 1) <7(e), (9)

de T(g) — mounicmo.
Todi kepysanns u® ¢ 7(g)-onmumaronum Kepysanmuam 3adawi {z* (t,w),J (u),

Ul

Josedenns. 3 uepisuocreit (8) i (9) Bummsae, mo
J (J)) —up < 2p(J 1) < 27(e).

Hacmiyiok jmae aaroput™ HaOJMAKEHOTO CHHTE3Y ONTUMAJIbLHOIO KepPyBaHHS JIIs
JMHAMIYHEX cucTeM (2)—(4), saKi MicTaTh MaInuii mapaMeTp &.

Ba3Buuaii, B poJii JOMOMIXKHOI 3a/1a49l KepyBaHHA 0O0MpaeMo JIHIAHY 3a1a9y Ke-
pyBanus tuny (2)-(5) 3 € = 0. B pesysbrari 0/iep:KUMO HY/IbOBE HAOJIUKEHHS JI0
OIITUMAJIBHOTO KePyBAHHSI.

Posriisinemo ajiroputm moOy10BU TIOCJIIOBHOCT JIOMOMIZKHUX 3aJia4 KEPYBaHHS,
IO JIO3BOJIATH peaJlizyBaTh HaOJMKEeHUil CHHTE3 3 33]aHOK0 TOYHICTIO T(€).

2. Pipnsanng Beanvana. Haban»kena noby1oBa onTMMalIbHOIO KepyBa-
s, Onrunmasnbie Kepysanus u'(t, ) 1 BapTicTsh KepyBaung 3aja4i (2)—(5) Busna-
JaeThCd 3 piBHsAHHs Besuimana [2]

inf [L(t, 0,9, u,e)v(t, ) + G (9,9, u,8)] =0, Vuel, (10)

Poszain 1: Maremaruka i craTucTuKa
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ne Lv — cnabkuii indiniTesnmanbruii onepatop Ha po3s’s3kax 3amadi Ko (2)—(4).

0
L(t,p,y,ue)v(t,p) = EU@ (t,z) + (Vv (t,x) ,a(t,@,y,u,e))—i—

1 /
580 [V20, (L) b (L oy, w2ty ue)] +

—I—/ [vw(t,x—i—a(t, 0, Y, H,U,g)) —v(t,x) — (VU (t,x),c(t, gp,y,@,u,g))}ﬂ(dﬁ).
o

Tyt «/» — omnepallisi TPAHCIIOHYBAHHS BEKTOPa a00 MATPHIL;

_ ov  Ov ov /. 5 321) R
Vv:(axl,a@,-..,amn>, VU:(@:Q(?&:J)’ i,7 =1,n;

Sp A — cuig marpuni A; (-, ) — ckaJagpHUiL 100y TOK.
IIpumycrumo, mo icuye Taka MHoxKuHa Vo C 'V, mo g gosiibHoro v € Vj ichye
kepyBanus v’ € U, i SKoro g0caraeThbes TodHa HIKHA Mexka B (10)

inf [L (t, ¢, y,u,e)v(t,0) + G (t,@,y,u,e)] =L (t, v, yﬁ%c‘) v(t, o)+

+G (t,go,y,zlv(’,af) . )

Posp’s130k KpaiioBol 3aatdi
L(t,p,y,u,e)v(t,0) + G (L0, y,ue) =0,

v (t,p) = F(p,e), (12)

criBnajiae 3 Bapricrio 3aja4di kepyBanHus (2)-(5), a onrumasibHe KepyBaHHS 3a/1a€-
Thesl criBBigHOMIeHHAM (11).
Y (12) poskiagemMo B psiji O BEeJINIUHE

U(ta ()0) = o (tySD) +en (ta@) (131)
L <t7¢7y7&675> = LO(t>907y) +€Ll <t7907y) (132)
G (t, 907?Jﬂ;0,5> =Go(t,p,y) +eGi (L py) - .. (133)

[TigcraBumo (131)—(133) y (12), npupiBasiemo 10 Hyss Bianosinxi KoedirieHTH
[IPY OJTHAKOBUX cTereHsX . O1ep:KumMo

> Lisjlt, . p)vi(t0) + Gt oy) =0; i=0,1,2,... (144)
§=0
v (T, o) =F(p,e); vi(T,p)=0; i=1,2,... (14,)
Ockinbku kepysanus 1’ 3a/eKuTh BiJ ycix dynkiionanis v;, i = 0,1,2,..., To

B piBnocTax (13;)—(133) koxkmwmii 3 onteparopis L; (t, v, y) 1 dyuxiionanis G; (¢, ¢, y)
TaKOXK MOXKYTb 3aJiexkaTu BT v;, ¢ = 0,1,2, ...
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14 C. B. AHTOHIOK, O. JI. KNPUYEHKO

Teopema 1. Hexatii onepamop L; (t,¢,y) i dpynxyionar G; (t,p,y) 3arescamo
aue 610 CKINYEHHOT KIAbKOCTE BYHKUIONai6 V) 3 nomepamu j < 1.

Todi cnissidnowerns (141)—~(14y) caid poseasdamu ax cucmemy pisHAHL 0N
NOCAL006H020 3HATOONCEHHA HYHKULOHANE Vg, U1, . . . , Uk

Zlosederns. Aximo dyHIioHAT vy BUBHAYAETHCA 3 piBHAHHA Lovg + Gy = 0, TO
dbyukmionan vy Busnagaemo 3 (14;), npu i = 1: Lovy + Livg + G1 = 0. OyuKiionasn
vg Bu3HaUaeMo 3 (14;), pu i = 2: Lovy + Lyvg + Love + Go = 0; . .. ; dyHKIiOHAT V)
BusHadaeno 3 (141), npu i = k: S5 Li_jv; 4+ Gj, = 0, 0 i JOBOIUTH TBEDIKEHHSI

1), Ip : j=0 ~i—j"Yj k » 1T i s jout .

Beenemo Besmmuanny 0 (¢, ¢), fKa BU3HAYAETHCA 3 3HAWIEHUMH Vg, V1, - . . , Ug:

k

(5]6 (ta 2 y) = Z gi Z Li*j (t7 P, y) Uj (ta 90) + Gz (ta P, y) -
7=0

=0
—L (t, gp,y,uk,e) Qk (t, 90) _G(tu 907y7uk7€)7 (15)
Up = uo(tu Y, Qka 6)7
Qr = vy + vy + ...+ Fuy. (16)
3 (144), (143), (15), (16) BumIHBaE, 1110
L (ta P, Y, Uk, 6) Qk (ta 90) + G <t7 Y, Y, Uk, 6) + 6]{? (ta P, y) = Oa (17)
Qr (T, ) = F (p,2). (18)

[Topisutoroun (17), (18) 3 (12), ogep:kumo, 1O ur — ONTHMATbHE KEPYBaHH:I, a
Qr — dyukmionan Besummana gomomizkHOT 3aja4i KepyBauus {x" (t,w), I (u), U},
Jie

T
I (u) = J (u) + Ep g, /6k(s,x?,y)ds.
0

Teopema 2. Sxwo 0 (t,¢,y) = o ("), mo xepysanma uy, 3a dopmyaoro (17)
oyde k-um nabausicernam do onmumanvrozo kepysarns {x* (t),J (u), U}, modi

v (o) = J(ug) + o (€F).

loBeienHs BUILIABAE 3 HACTIAKY 1.
AJIropuT™M IIOCJIIOBHOTO HAOJIMKEHHS JI0 OINTUMAJIHLHONO KepyBaHHS 3aadi

{z*(t),J (u), U}
1. 3 piBugnb (141), (145) BusHauaeMo (DYHKIIOHAIMN Vg, V1, . . ., Ug.
2. Ba dopmynamu (16) BusHAUTAEMO ONTUMAJBHE KEPYBAHHS Uj.

BayBaxkuMo, 110 11. 1, 1. 2 He BUMAaraiTh iCHYBaHHs ONTHUMAJLHOIO KePYyBaHHSI,
He BUMaraeMo iCHyBaHHS BiIOBITHOTO (dyHKIIOHAIA Demmana.

Teopema 3. Hexati ¢ynruyionan

Tk (ta gO,y,U,E) = L(ta @73/7“78) Qk (ta 90) + G(ta Soayaua‘g)a

pisnomipno no t € [0,T], e <eq i ||¢|| < K 3adosoavhsae
h/k (ta gD,y,Ul,€) — Vk (ta (;anau%g)‘ <K |U1 — Ug| -

Poszain 1: Maremaruka i craTrucTuka
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Todi 6 axocmi k-20 nabausicenns 00 ONMUMANDHO20 KEPYBAHHA MOHCHA 00PAMU
dosinvHe donycmume KePYSaHHA Make, U0

u=uy+o().

Llosedenns. Hexait uyy (t, ) — jeske A0IMycTUME KePYBAHHS JIJIT STKOTO

urg (t, ) — ug () = 0 (5k+1> :

Tomi nnst moBinbHOTO KepyBanus u € U maemo
L (ta 907y7u76) Qk’ (t,(ﬂ) + G (tv 807?/,%5) + 5k (tﬂpay) +

‘I”Yk: (t, @, Y, Uk, 5) — Yk (ta ©,Y,u, 5) = 0.
IToknazemo

5k = 5k (tv P, ?J) +k (tv Y, Y, Uik, 5) —k (t’ w,Y,u, 5) = 07

Qk (Tv 90) = F<9075)'

OTke, OIEepKYEMO KEpyBaHHA Ui B SFKOCTI ONTUMAJIBLHOTO KepyBaHHsI
{z" (t,w), I (u) , U}, 3 dbynxiionanom axocti y dopwi (18) i3 saminoro dy Ha Jy.
Axmo 0 (t, ¢, y) = 0 (5"“*1), 101 0% (t,0,y) =0 (5k+1). Takum arHOM,

0 < J(uk) — v (po) =0 ().

3. BucHoBku. /lociizkyioun peasjibHi JUHAMIYHI CHCTEMHU, HAIPUKJIAJL, €HEp-
reTudHi cucreMu, (piHAHCOBI PUHKU, aBTOMATU30BaHI CUCTEMU YIIPABJIIHHA, JTOBOJIN-
ThCA JIOCIJIZKYBATHU TIOBEIHKY PO3B’A3KIB CUCTEM HEHIHUX CTOXaCTUIHUX JTude-
peHIiaabHO-DYHKITIOHAJIBHUX PIBHIHD 3 MIC/ISI/II€I0 TTPU HASBHOCTI TOCTIHHO JII0YMX
BHUIIQIKOBUX 30ypeHb. Y Oararbox BHUIAIKaX HEMOXKJINBO OOIPDYHTOBAHO BiJIMOBH-
THCh BiJI BpaxyBaHH ICJsAl B MaTeMaTUIHIA MOJeNi, OCKIJIbKA Ie TPU3BEJE JI0
MIOTIPIIEHHs] TOYHOCTI MPOTHO3yBaHH« 1 manyBanHd. Ha »kajib, MmaTeMaTudHi Mo-
JIeJTi, 10 BPaxXOBYIOTh €eKT MC/IsIil 1 MOCTIHO JIif0vi BUIIAIKOBI 30ypeHHd, Ty Ke
TTOTaHO MiIAI0THCA 9K AKICHOMY TaK 1 KIIbKICHOMY aHaJIi3Yy.

KepyBanms cToxacTHIHUME CUCTEMAMU 3 ITCJIA€I0 HeoOXiaHe /st e(peKTUBHOIO
GYHKIIIOHYBaHHS CKJIAIHUX JUHAMIYHUX CHCTEM B yMOBaX HeBH3Ha4YeHOCTi. A 1o-
Oy/I0Ba ONTUMAJILHOIO KEPYBaHHS JIO3BOJIUTH JIOCSIITH CTabIJIbHOCTI, HAIHHOCTI Ta
€KOHOMIYHOI edpeKTuBHOCTI. Busnadenns jjoctaTHiX yMOB iCHYBAHHSA ONTHMAJIHLHOIO
KepyBaHHs 1 TIOOY/I0Ba OINTUMAJILHOTO KepyBaHHS 3a/IUIIAIOTHCA akTyaabnumu. Ha
2KaJib, I CKJIQJIHIX CTOXaCTUIHUX JTUHAMIYHUX CUCTEM ONTUMAaJIbHe KepyBaHHA He
icrye abo icHye, aje ojepKaru fioro cKaaaHo. ToMy BUHHKAE MUTAHHS IIPO TOOYI0BY
ONTUMAJILHOT'O KEPYBAHHS i3 38/1aH0I0 TOYHICTIO.

B nmaniit poboti ofepkaHa MeTOIMKa OOy I0BU CHHTE3Y ONTHUMAJIbHOTO KepyBaH-
Hs JIJI CTOXaCTUYHUX JUHAMIYHIX CHUCTEM 31 BCI€IO TIepeIiCTOPIEIo 3 MaJIMM apaMe-
TPOM 1 MapKOBCHKUMU 30ypeHHsIMI. A TaKoXK, MOOYI0BAHO aJITOPUTM TOCJIIIOBHOTO
HaOJIMKEHHS iTepalliif 0 oNTUMaJIbHOIO KePYyBaHHS.
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YCEPEJIHEHHS B 3AJJAYI JUP®EPEHIIIAJIBLHOI I'PU
ITEPECJILAYBAHHA 3A HAABHOCTI BATATOYACTOTHUX
SBYPEHD

YV poboTi po3risiaeThes 3a7a4a AudepeHIiaibHol IPU IePECiyBAHHS, KOIH HA PYyX
repeciayBada i Brikada HakJjaJeHi 30BHIIIHI MaJi 30ypeHHs. 3aCTOCOBAHO Ta OOIPYHTO-
BAHO METOJ YCEPETHEHHS 3a MBUJIKAMEI 3MiHHUMHU JIjIsI TIOOYI0OBU CIIPOIIEHOI CUCTEMU PiB-
HsiHb. Jlocaimkeno BijimB 6aratodacToTHUX 30ypeHb Ha KOHMJIKTHO-KEPOBAHUI MPOIIEC.
JoBemeno icHyBaHHS Ta €IWHICTL PO3B 3Ky MOYATKOBOI 3a/adi i moOyI0BaHO OIMIHKY BiJl-
XUJIEHHST PO3B’A3KIB TOYHOI yCepeIHEHOI CUCTEMHU 3 OJHAKOBUME IIOYATKOBAME YMOBAME
HA JIOBIJIBHOMY CKIHYE€HHOMY 9acoBOMYy Binpisky [0, L]. PosrisiHyTo BUNMaKu, KOJM MaTPU-
I JIHIHHOT YaCcTUHU 3aJIeKUTH K BiJl 9acy, Tak i Bij aMIuriTymgaux 3minaunx. Hasemeno
npukiaf audepeniianabol rpu «IIpocruit pyxs», skmit MoaudiKOBAHO Uepe3 HaKJIAJIeHHS
30ypeHb, Ta 3HANIECHO YaC 3aBEPIINEeHHs IePeC/IiyBaHHs Ijisd TOYHOI 3aadi Ta y BUMAIKY
3i 30ypenusM. IIpoananizoBano BILIUB 30ypeHb HA iCHYBAHHsI PO3B 3Ky Ta HA Yac 3aBEpP-
IMEeHHs TTepecTiIyBanus audepeniaabHol Ipu.

Kurouosi ciioBa: qudepeniiianpia rpa mepecyiayBanHs, 6araToqacTocTHe 30ypeHHs, Me-
TOJI yCepeTHeHHS, OCIIMIAIIIHAN iIHTerpaJ, pe30HaHC.

1. Beryn. OjHuM 3 BaKJIMBHX Ta aKTyaJbHUX HANPIMKIB JIOC/IIJIZKEHDb Y MPU-
KJIQJIHIT MareMaTuili € Teopid judepeHiiajbHuX irop, 3aroYaTKoBaHa aMepPUKaH-
ceknM Baenmm P. Afisekcom [1] y cepemmi XX cromitra. Ii mogaTox Ta possuTOK
CTUMYJ/TIOBAB YUCJICHHI JIOCTI/IZKEHHs 3 KePyBaHHs IIpoliecaMi, gKi (DyHKITIOHYIOTh B
yMOBaxX KOH(JIHKTY Ta HEBU3HAUEHOCTI.

SHaYHOIO MpOrpecy B PO3BUTKY Teopil jindepeHiiaabHuX irop J0Carim yKpalH-
cbki Bueni. Oganmu 3 nepmux Oyan upari b. M. Ilmennanoro (2|, ski npucssaeni
MeTOoJ/IaM PO3B’sI3yBaHHS IPOBUX 3a,/1a4 30/ IMKEHHsI-BlIXNJIEHHST KEPOBAHUX 00 €KTIB.
Y nocrikennsax A. O. Hukpis, Bukiagennx y Mmonorpadii [3] ta 6araThox iHImMX io-
r'o Iparsgx, po3pob/IeHO Ta BIPOBA/ZKEHO METO/I PO3B A3YI0UnX (DYHKIIIH /IS JTOC/Ti-
JIZKEHHS TMIIPOKUX KJIACIB I'POBUX 33184, & caMe JIjIsl CTalllOHAPHUX 1 HECTAIlIOHAPHUX
KOH(IIKTHO-KEPOBAHUX MIPOIIECIB, sIKi OIMUCYIOThCS 3BUYAitHUME 1 JudepeHItiaibHO-
PI3HUIIEBUMU PIBHSIHHSAMU, CTOXAQCTUYHUMU PIBHAHHAMU Ta PIBHAHHAMU 3 YaCTUH-
HUMU TOXigHIME [4-6].

Y nudepenIiagabHUX irpax KOKEH i3 IpaBIliB 00Mpae KepyBaHH:d, aHai3yI04un Bi-
JIoMy oMy iHdopMaliiio mpo cynepHuKiB. BimmosiaHo, /il 0HOr0 3 IpaBIliB MOXKYTh
BIIMHYTH Ha MOXKJIMBI Jiil iHmMUX rpasiiB. [Ipore y mporieci nepeciiyBanns, sk Ha
IepecTiiyBadiB, TaK 1 Ha BTIKa4iB MOXKYTb HaKJIaJaTUCH 30ypeHHs, sKi TOPOJI2KeH]
MEeTEeOPOJIOTIIHUMHU (paKTOpaMU, CIPUIMHEHI BHACIIOK BOEHHHX JIiif ab0 IHIIMU,
He3aJIC2KHUMHE BiJI IPaBIiB YMHHUKAMU. Y 0araTboxX TaKUX 3ajadax 30ypeHHd € Oa-
raTov9acTOTHUMHU 1 B IIPOIECI €BOJIIOIIT MOYKe JIOCSITaTHUCS PE30HAHC YacTOT, YMOBA
SIKOT'O

(k,w) := kywi + ... + kpwm =0,
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ne w; — vactoru, k; € Z, k| = |ki| + ... + |kn| £ 0,m > 2.

Y JaHiit mparyi 3a JOMOMOIOI0 MeTOJy ycepeiHeHHs |7| JOC/iIKyeThCs BILIUB
OaraToIacTOTHUX 30ypeHb Ha KOHMJIIKTHO-KEPOBAHU MIPOIIEC.

2. ITocranoBka 3aga4i. Hexaii kepyBaHHs 1epeciyBada 3aJaH0 PIBHAHHIM

o= Aiw + @1 (u), (1)

ne x — dasoBuii BekTop, £ € R™ € D1, 9Kuii CKJIaJA€ThCs 3 T€OMETPUIHUX KOOP-
JIMHAT, MIBUJIKOCTEl 1 TPUCKOPEHD epeciayBada, D1, — obmexkena objactb, A; —
KBaJIpaTHa MATPHUIE TOPAIKY N1, ©1(u) — bDYHKIs KepyBaHHs, © — ITapaMerp Ke-
pyBanug nepecyinayBada, u € U, U — objacTb KepyBaHHs.

Biamnosijino kKepyBaHHS BTiKada 3a/1a€ThCA PIBHIHHAM

¥ = Ay + p2(v), (2)

ne y — daszoBuit BeKTOp BrikKada, y € R™ € Dy, Dy — obmerkena obactb, Ay —
KBaJ[paTHa MATPHIIS HOPSIKY N, ©o(v) — QYHKIsI KepyBaHHs BTikada, v — Hapa-
MeTp KepyBaHHs BTiKada BijamosigHo, v € V., V — obmacts kepyBanus. Obmacti U
Ta V — Henopoxui komrnakTu B R ta R™ BianosimgHo.

Banumemo pisuganng (1), (2) y BUrIgi oaHOro piBHAHHS

z=Az+ p(u,v), (3)

e z = col(x,y) — dasosuit Bekrop, A = (A;, As) — 6709HA MATPHIL TOPSIKY
n = ny + ng, p(u,v) = col(p1(u), pa(v)) — GJIOK KepyBaHHSI.
Hexait 3aj1ana TepMiHaibHa MHOXKUHA |3

M* = M° + ¢S, (4)

e M° — nimiitauit mignpocerip B R, S — cdepa 3 0pTOroHAILHOIO JOIOBHEHHS JI0
M? B mpocropi R”, mapamerp ¢ > 0 BusHauae pajiyc el cdepn.

Koxken 3 rpaBiiB obupae KepyBaHHS Y BUIJIAJ JIeAKUX (DYHKITN Ta BIJINBAE Ha
nporiec (3). TlepecitiyBad HaMara€ThCs BUBECTH TPAEKTOPIIO mporiecy (3) Ha TepMi-
HAJIBHY MHOXKUHY (4). Y CBOIO 4epry, MeTa BTiKada — YHUKHYTH 3yCTPidl TPAEKTOPIl
nporiecy (3) 3 TepMIHAJIBHOIO MHOXKHUHOIO (4), ab0 sIKOMOra JIOBIIE BiJITATHYTH MO-
MEHT 3yCTpidi.

Y jiHifiHOMY CTaIlilOHApHOMY BUITQJIKYy KEpPyBaHHs I Iepec/iyBada i BTikada
3a/1a€ThCS TaK:

= Bx+u, x € R",
y=Cy+v,yeR"™,

e B i C — kBagpaTHi MaTpHIli i3 craauMu eJIeMeHTaMI HOPSIIKY 7 1 Mo BIIIOBIIHO.
[TonibHi cucTtemu 3aKjajieHi B OCHOBY OLJIBINOCTI MTPAKTUYHUX METOIB IEpecIi-
JIyBaHHSI, TAKUX $IK IIOTOHHA KPUBa, IapaJjesbHe IepecyiyBaHHs, [IepecIiyBaHHs
i3 BuniepeKkenHsaM [1].
Posriisiremo 3aaay (3) y Bumajiky, KoJum Ha pyX IepeciijyBada i BTikada Ha-
KJ1aJieHi 3oBHimnHI Masti 36ypenns. Toxi cucrema piBHsAHB (3) HabyBae BUTJISALY

% = A(t,a, )z + p(u,v) + pZ(r,a,), (5)
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da
E :X(Ta a7¢)7 (6)

d  w(r)
dr  p

+Y(7,a,1), (7)

Jje a € D — BeKTOp aMIUIITYJIHUX 3MiHHUX, [) — obMmexkeHa obyacTh B R™ 1) €
R™ m > 1 — BekTop azoBux 3MiHHUX, T = put — MNOBUILHUI Yac, [ — MaJsuit
napamerp, 4 € (0, po], Bekrop-byukmii X, Y, Z — 27-nepioguyni 3a KOMIIOHEHTAMI
BEKTOpA 1.

Axmo m = 1, To cucrema pisasiab (6), (7) Ha3UBAETHCS OJHOYACTOTHOIO, JIJIST
m > 1 — faraTo4acToTHOl0. Y 0araTo9acTOTHOMY BHIAJIKY JIOCJIIZKEHHS 1 TT00Y/10-
Ba po3B’a3Ky cucremu piBHAHD (6), (7) 3HAUHO yCKJIAJIHIOETHCS BHACJIIOK MOZKJIU-
BOro pesonancy 4actoT. EdekTuBna orinka MOXHOKU METOMY yCEPEeIHEHHS, MOPsi-
JoK sgkoi O(pu®),0 < a < m™!, a1 NOBIILHUX 1 MBUAKKMX 3MIHHUX OJIEPKYEThCH,
AKIo w = w(7). AKmo XK w = w(7,a) To edeKTUBHA OIIHKA OJEPKYEThCS TIIbKHU
JUI aMILTTYIHuX 3MiHHuX. Jloc/mizkeHHd Ha CKIHYeHHOMY 1 HeCKIHYeHHOMY Yaco-
BHUX iHTepBaJjiaX, sIKIIO 3aJ[aHO MOYAaTKOBi, 0AraToToYKoBi abo iHTerpa/ibHi yMOBH,
BuKJIaJeHo B Monorpadii A. M. Camoitsienka i P. M. Ierpumuna [7].

30ypennsi MOXKYThb BiiuBaTu Ha MaTpuili B i €, aKuUMU BU3HAYAETHCS PyX IIe-
peciiyBada i BTikada. ToMy, B 3araJbHOMY BHUIIQJIKY, IIi MATPUILl TAKOXK MOXKYTb
MTOBITTBHO 3MIHIOBATUCH 00 3aJIe¥KaTH BiJl aMILITY/IHAX @ 1 (PAa30BUX (¢ 3MIHHUX.

s cupornenns cucremu piBHAHb (5), (6), (7) mobymyeMo ycepeHery 3a MBI
KUMHI 3MiHHEME 1,V = 1,m 3ajady, B 9Kiil KepyBaHHS 3aJIUINA€TbCA 0e3 3MiH.
O1ep2KIMO 3HAYTHO MPOCTIITY 3a/[a1y BULJISALY

% = Ao(t,a)z + ¢(u,v) + pZo(, a), (8)
da _

7= Xo(T,a), (9)

ccli_zTZ _ 90 L veir ), (10)

LS Z(O) = 20, C_L(O) = CL[),?E(O) = ¢0'
Bekrop-dyukiis Ay HabyBae TaKOro BUTJISIITY

1
(2m)™

2 2m
AO(ta d) = / / A(t7a71/}) dqvbldwm) wk e R™
0 0

Amnajioriaauii BUrIsA MaroTh BeKTOp-pyHKIIT Zy, Xy Ta Y.

Posp’azasmn 3amady Komn g piBasanaa (9), 3Haxoammo poss’s3ok a(r) =
= a(7;ap), mo cyrTeBo cuporrye piBusanud (8). 31 3HaleHIM PO3B’'SI3KOM a(T) =
= a(T; ag), 3HAXOJZKEHHST PO3B’ 3Ky (T, ag, Yo, it), /I BATAJKY HOBLIBHO 3MIHHIX
9acTOT W = w(T), 3BOJUTHCSA 110 3a/a4l iIHTerpyBaHHs

. " (w(s) _
it =0+ [ (24 viGs,ats, a0 ) ds
0

Takok 3HAYHO CHPOILYETHCsT piBHsHHS (5), OCKLIbKU BeKTOp-DyHKIs Ay 1 Zy

He 3aJIe?KUTh BiJI BEKTOPa MIBUJIKUX 3MIHHUX ).
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OG6Ir'pyHTYEMO METO/T ycepeTHEeHHST 1J1st cucteMu piBHAHb (5), (8) /y1st BUIIAIKY M0~
BIJIBHO 3MIHHIX 9aCTOT W, (7). lJist boro MoBe1eMo icHYBaHH 1 €IMHICTD PO3B 3Ky
IMOYATKOBOI 3a/1a4i 1 MOOY/yeEMO OIIIHKY PO3B’sI3KiB TOYHOI yCEPEIHEHOI CUCTEMH Ha
JIOBIJIBHOMY CKIHUE€HHOMY 4acoBOMY Bijpisky ¢ € [0, L], siKIo moyaTkosi ymoBu 36i-
raroThest. s boro 3acTocyeMo ONiHKY HOXUOKU METOJLY YCEePEJIHEHHS JIJIsd CUCTEMU
(6), (7) ma acumnroTuuHO BesmKoMy TpoMizKKy [0, Lu~™'], fka gBHO 3a/1€KUTH Bij
MaJioro napamerpa p 7).

Hagesiemo Bifmosigny Teopemy, Jyis IIbOIO CKOPHCTAEMOCH TAKMMHI IO3HAYEH-
aamu: W,(T) — p X m MaTpurd, ejeMeHTH sKOI MalOTh BHIVISLI (wl(,j _1)(7'))?”:,”:1,
p > m, ge w, € C[0,7], | > p. Wg(T) — Tpancrnonosata g0 Marpuri W,(T).
Bekrop-dyukuis c(t,a,v) = (X(1,a,¢);Y(7,a,v)).dxmo p = m, 1o det W,,(7)

— BU3HAYHUK BponchKoro.

Teopema 1. [7] Hexali suxonyomuvca ymosu:

1) sexmop-pynruii c(t,a, ) € Cf;(D,al), %c(zﬁ, a,) € ij(D,al), aa—xc(t,a,w) €
C’fi’(D,al), min{l; — 1,ly,l3} > m, w, € C'0, L], de C’f;(D,al) — MHOIHCUNA
PYnKUIt, AKL NPU KOAHCHOMY DIKCOBAHOMY |1 MAOMB HENEPEPEHI MO T, a4, 1
PIBHOMIPHO 0OMEdCEHT cManoto o1 Ha muodcuni (t,a,v) € D x R™ x [0, L] x
X (0, po] = D, wacmunni noxioni do nopadky l eka0uno;

2) det (W (T)W,(1)) # 0 npu 7 € [0, L] i dearomy minimanvromy m < p <1+1;

3) Odas scix T € [0, L],y € Dy i pu € (0, o) icnye edunut poss’azox pisnanms (9)
i3 nowamxo6oto ymosoio a(0,ag) = ap © kpusa a = a(T,ay) Aedcumv 6 0baacmi
D paszom 13 c60im p — 0KOAOM.

Todi modicha 6Kasamu Maxy HE3AAEHCHY 610 L CMaAYy Oz, Wo NPu dOCUMd Ma-
aomy po > 0 das xoorcnux 7 € [0, L], a0 € Dy,10g € R™ i p € (0, o) npasuavra
ouinKa

la(r, ag, o, 1) — (7, ag, )| + [ (7, ag, o, 1) — (7, ag, o, )| < oapr. (1)

3. Buniasiok 3asexxknocti marpuii A Big t. Posrisaemo ciiouarky Bumaiox,
KOJIM MaTpulld A 3aJ1eKuTh BiJ dacy ¢, Toji piHsHHs (5) MaTHMe BUTJISAT

% = A(t)z + p(u,v) + pZ(1,a,). (12)

BinnosijiHo ycepe/inene 3a MBUJIKAMEA 3MiHHUME PIBHSHHs HAOyBa€ BUTISTY

dz

i At)z + o(u,v) + pZy(T, a). (13)
Teopema 2. Hezati:

1) sukonyromoves ymosu meopemu 1 das cucmemu pisuans (6), (7);

2) eexmop-pymnruii Z(T,a,1)) i3 pienanna (12) 3adososvnae ymosu 1-3 meopemu
1;

3) icnye edunutl poss’azok pisnanna (13) i3 nowamrosoo ymosoto Z(0, 1) = zo @
kpusa Z(t, 1) — aestcumo 6 obaacmi Dy X Dy pasom i3 deaxum py — 0KoA0OM,
p2 > 0; dan <t7 :u) € [07L] X (07/1’0]

4) dymruis ¢ — menepepena 3a CyKynHicmio saminnux na xomnaxmi U X V;

5) mampuus A(t) — nenepepena i fOL [|A(t)]|dt < oo.

Hayk. Bicuuk Yxkropon. yu-ry, 2024, Tom 45, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)
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Todi mooicha 6kazamu maxy He 3aredcny 610 [, CMaay 3, wWo npu docums
manomy o > 0 das xoorcnuzx t € [0,L],z9 € Dy, de D1 — ue mHoocuna mowox
obnacmi G, axi exodamov 6 uo obaacmsv i3 p — okosom, i p € (0, o], npasuavha
OULHKQ

1
HZ(t, 20, 4o, ¢0) M) - Z(t7 20, Go, N)” S Cau?.

Jlosedenns. Beejemo nacryite nosunadentst by := (ag, ). I3 riaakocti npasux
qacTuH cucremu piBHsAHb (5), (6), (7) BUIIMBaE iCHYBaHHS € IMHOTO PO3B’ 3Ky 3aadi
Ko na nesixomy inrepsadi (0,t1), ¢ < L. Toxi i3 piBasns (12) i (13) masa ¢ € (0,t4)
OJIEPKUMO

t
Z(tazmboaﬂ) - z(tszaamN) = / (A(S)(Z(tvz()?b()nu) - z(tvzf)?aowu))) ds+
0

+u/0 (Z (s, a(us, bo, 1), V) — Zo(us, a(us, ap))) ds = Sy + Ss.

st nomanky S; BUKOHAEMO TaKi IEepeTBOPEHHS
t
S = [ (2l alis, b, 10),1) = Zolps, s, o)) ds
0
t
s / (Zo(pis, als, bo, 1)) — Zo(ps, a(ns, ag))) ds-+

- / (Zy(s, a5, bo, 1)) expli(k, (s, bo, 1)))) ds = S+ Su.
k0

Toui
Z(ta 20, bOa M) - 2(t7 205 A0, ,u) = Sl + S?) + 5(4-

[To6ymyemo OmiHKI HOPMHU KOXKHOTO i3 JofaHKiB S, v = 1,3, 4. g S; maemo
1401 [ IAGI et 20 b) = 2. 200, s
Ha nizcrasi ymosu 1 i3 Teopemu 1 Ta oninku (11) oxepkumo
¢ _ 1 1 1
19s]] < o [ Nla(us, bo, ) — @(ps, ao)l|ds < osooptur < oz03Lpr < oapr,
0

ne o4 = 0903L.

JI1s OIiHKK HOPMH S4 3aCTOCYEMO OIIHKY OCHMJIAIINHOTO iHTerpaJa, ojepxKaHy
B [7]. A came, gKmo BUKOHYyIOTHCs yMoBHu Teopemu 11 f € C10, L], To ana mocuthb
MaJtoro jig > 01k # 0

‘ /OT (f(s) exp (ﬁ /0 (k,w(z))dz)) s
)

1 df
< own (s 1791 +
quist Beix 7 € [0, L] 1 p € (0, po), me o5 > 0 1 ne 3amexurs Big p i k.

€l0,L] HkH e[OL] ds
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CKOpHCTABINUCH IHTErpAJBLHIM 300pakeHHsIM piBHstaHs (10), 3ammmemo miTiH-
TerpajbHy OYHKINIO i3 Sy y BUVIA

1= 2, s ) exp (i (s o + [ (254 st )2 ) =
= Zy (s, a(ps, bo, 1)) exp (i (k, o(ps, bo, 1)) exp (Z /Sk,w(u&bo,u)dZ) X

0
X exp (i/ k:,w(z)dz) .
K Jo

s HopME Sy OEPIKUMO:

1Sl <> / (fk S, J1) €Xp (u /Os(k;,w(z))dz)>ds

k0

9

e
Fils. 1) = Zu(us, alyis, bo, 1) exp (i (k, (s, bos 1)) exp ( / (ks (s, by 1) dz) _

= Zi(s,a) exp(i€).
s sHopMu f, Maemo
1fe(s, )l < N1 Zk(s, a)l-

HaJji 3HAXOIUMO

% (8Zk(s, a) N 07 (s, a)

ds - 0s da

X(s,a, ¢)> exp(i€) + iZx(s, a) (k, Y (s, a, 1)) exp(i&),

1 BIATIOBITHY OITIHKY

dek: 8Zk(s,a)

Oa

06
0s

H@Zk s, a)

\ SR

Hexait ¢; = 05(1 4 0¢). Bacrocysasim oriaky (14) omepxumo

1 1 0Z(s,a 0Z;(s,a 1
1S < et 3O <supHZk(s O+ (Sup ’% ‘ + sup|[9Z(5:9) )) < oyt
k40 Gy H H S G1 a
e f1 € (0, pol, s € (0,t1),a € D,
1 0Zy(s,a) 0Z(s,a)
pu— Z — — .
o= Y (suplzets.all + gy (s | 2255 s | 2465

k0

Bpaxysapmm orminku HOpM S,,v = 1,3,4 Ha migcraBi iHTerpaJbHy HEPIBHOCTI
Benmana (8], orpumaemo

1 L 1
12(2, 20, bo, 1) — Z(t, 20, ag, 1) || < (c2 + 04) > exp (/ ||A(3)||d5) < caur, (15)
0
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ne c3 = (cy + 04) exp (fOL ]|A(s)||ds>.
OjeprKana OIiHKa BUKOHYeThes 1ist Beix s € [0,41] 1 € (0, uy]. Hexait

i = min (- p,
203

TO/Ii PO3B’s130K cucTeMu (12) Je2KuUTh B OKOJIL yeepeaeHol cucremu Z(t, 2g, ag, () JJIst
Beix ¢t € [0, L], u € (0, u*] 1 yist 1ux 3HaU€Hb BUKOHYEThCS OIiHKa (15).
4. Bunasiok 3ajiexkHocTi matpuni A Bija t i a. Posrigremo e ogun OiibIi

3arajbHUN BUIIAJIOK, KOJIM 30ypeHHs BILIMBAIOTHL Ha KepyBaHHsd, aje marpuilg A
3aJIe2KUTh He TIIBKY BiJl 9acy T, a TAKOXK BiJI BEKTOpa aMILTITYIHAX 3MIHHUX a. Toi
piBusnng (5) HabyBae BUIII LY

dz
o = Alta)z +(u,v) + pZ(7,0,9). (16)
BiamosinHo ycepejinene 3a MIBUJAKAMU 3MIHHUMU PiBHSAHHS
dz o _
i A(t,a)z + o(u,v) + puZy(t,a). (17)

OOrpyHTYBaHHS METOJIy YCePeJIHEeHHs 3a/I[A€ThC TAKOI0 TEOPEMOIO.

Teopema 3. Hexaii:
1) sukonyromves ymosu meopemu 1 das cucmemu pieuans (6),(7);

2) eexmop-pynruii Z(T,a,1)) i3 pienanna (16) 3adososvhse ymosu 1-3 meopemu
1;

3) icnye edunutl pose’azor pienanms (17) i3 nowamrosoro ymosoro z(0, pu) = zg i
kpusa Z(t, 1) — aestcumo 6 obaacmi Dy X Dy pasom i3 deaxum py — 0KoA0M,
p2 >0, daa (t, 1) € [0, L] x (0, uo).

4) dynruyia ¢ — nenepepena 3a cykynuicmio 3minnuz wa xKomnakmi U X V;

5) mampuuna gynryia A(t,a) € C(G),G =10,L] x D i A(t,a) < M(t), ckaaapra
dynryia M (1) nenepepena npu T € [0,L] ¢ M(1) > 0.

Todi mooicha 6kazamu makxy He 3anredcny 610 [, CMaay Co, Wo NPU AOCUmMb
manomy o > 0 das koorcnuzx t € [0, L], z9 € Dy € (0, o], suxonysamumemvcs
OUIHKG

HZ(t, 205 b07 /J') - g(ta 20, G0, :u)” S CQ,M%-

de Dy — ue mmootcuna moyuox obaacmi D, axi erodamv 6 uro obracmv i3 p —
okoaom, by 1= (ag, o) — cmana, cg > 0 i ne 3aresrcumsv 610 [i.

Josederns. 13 rmaakocti npaBoi wactunu pisHsiaHs (16) BUIUIMBAE iCHYBaHH:
€JIMHOTO pO3B’si3KYy z(t, 29, by, (1) TTOUATKOBOI 3a/1a4i Ha Jesskomy inTepBasi t € (0,t1),
Jutst Koxkaoro i € (0, po]. Tomi omepxumo

t
Z(ta 20, bO? :u) - E(ta 20, @0, /J“) = / (A<S7 a)z - A(S7 C_L)E) ds+
0
t
o [ (Zolpalias o) = Zolon als. ao)) d+
0

+MZ/ (Zk (1, alps, bo, p1)) exp (i (k, Y (us, bo, 1)) ds = Si + Sz + Ss.
k£0 70

Poszain 1: Maremaruka i craTucTrKa



YCEPEJITHEHHS B 3AJIAYI JINPEPEHIIIAJIBHOI I'PU IEPECJIJIYBAHHA 3A ... 25

Omniaky HOPM JIOJAHKIB So Ta S3 Bigowmi i3 Teopemnu 2:

T 1
1520 < s [ lats. b ) = s, a0)ds < o
0
1Ssll < eapa.
JI1s OIiHKY JI0/IaHKy S| BUKOHAEMO TaKi IepeTBOPeHHs
t t
S = / (A(s,a)z — A(s,a)z)ds = / (A(s,a)z — A(s,a)z) ds+
0 0
t t
+/ (A(s,a)z — A(s,a)z) ds = / (A(s,a) (z — 2)) ds+
0 0
t
+/ ((A(s,a) — A(s,a))z)ds = Sy + Ss.
0
[Tobymyemo omiHKy HoAaHKy S4. 3TiAHO 3 YMOBOO 3
¢ ¢
I5i < [ 1A,z =2l ds < [ M)z - =) ds.

Ockinbku dyHKIg ¢ — HenepepsHa Ha KomnakTi U X V| to max lo(u, v)|| < eq.
X

BpaxoByioun obMezkeHHsT HOpMU BeKTOP-byHKII 2 1 29 < ¢5 ofepzxumo i3 (17)

12t 20, a0, )| < ll2oll + / (1 AGs, alas, ao)) | - 12(s. m)[}) ds + eat+
u / (s, aljus, ao)) lds < cs + / (M(s)|2(s, ) ds + (cx + oz,

ze || Z(s,a(ps, ao))|| < o7.
BacrocyBaBiu iHTerpajbHy HepiBHICTD [8], ogepzxkunmo

t
12(t, 20, ao, 1)|| < (5 + (¢4 + o7p)t + c6) exp (/ M(s) ds) <
0
t
< (e + (c5 + o7p0) L + c6) exp (/ M(s) ds) = cr.
0

Tomi orninka HOpME S5 HAOYBAE BUTJIALY

= 0AW) (s, a)
I1S5]] < n (Zsup HT

1
) crt copr < cstu%,

v=1
dAW) .
Jie cg = nerley (ZZ L sup H (S %) ) — croBIelbL MaTpuli A.
OTxe, 13 OMIHOK HOPM S, v = 1,5 BuILIMBaE

t

1 1 1

|2(t, 20, bo, 1) — 2(t, 20, a0, p) || S/ M(s)||z(s, p) — Z(s, ) ||ds +cop® +-0o4pu? +cgtpr.
0
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3acrocyBaBIy iHTerpaJbHy HepiBHICTH 8], MaTmMemo

t
12(t, 20, a0, 11) — Z(t, 20, a0, )| < (e2+ 04 + cst) v exp (/ M(s) d8> -
0

Hexait p* > 0 rake, mo upu p < p* < jip BUKOHY€ETBCS HEPIBHICTH

L
(2t 04+ csL) b exp ( [ s ds) <
0

[\ et

Toni poss’sizok z(t, 2o, by, pt) icuye mua t € [0,L] i pu € (0, u*] Ta BUKOHYETHCS
OIIIHKa
1
||Z(t7207 bO?/JJ) - E(thOuaO;M)H < Colt?,

ne cg — crana, (o + 04 + cgL) u% exp <fOL M(s) ds).

5. IIpukiazn. PosrisinemMo ouH 3 IPpUKIaIIB JudEpEHIiaJlbHOT IPU, BIIOMEIT gK
«IIpoctuit pyx» [3]. ¥ mpomy Bunajky cucrema JudepeHiialbHuX PiBHIHD HaOyBae
BUTJISTY

T=u, x € R |lu|| <p, (1)
y=uv,9y€ RS? H'U” <o

Tepminanbna MHOXKHHA 3aMKHEHa 1 Mae nacrymauit sursyy M* : ||z — y|| < e.
[inb mepecsiyBada 3BECTH TPAEKTOPIIO MPOIECY HA II0 TepMiHAJIbHY MHOXKUHY.
Hisb Brikava yHUKHYTH 3YCTPidi 3 T€PMIiHAIHLHOIO MHOXKHHOIO, 800 SKOMOTA JIOBIIE
BLATATHYTH MOMEHT 3yCTpivi.

Ymosa JI. C. Ilonrpsrina [3| Bukonyerhes sximo p > o. Toi gac nepecsiyBaHHs
MOXKHa& BU3HAYUTH 3 PIBHAHHS

t
||x?—y?||=/<p—a>df+e,
0

e x(l) i y(l] — MOYATKOBUI CTaH IepecyiyBada Ta BTiKavda BiITOBITHO.
Po3p’gzaBinm 1e piBHAHHS, OTPUMAEMO HYacC 3aBEPIICHHs IEPEC/IiyBaHHs JIJIs
sajaai (18)
0 0
|2 — oill —
p—0
3 Burisry po3s’asky (19) MoxKHA 3pOOHTH OUEBHJIHUN BUCHOBOK, IO YacC Iepe-
CJIJIYBaHHSA JIOCATAETHCA TOJI Ta TUILKU TOJI, KOau p — o > 0, TOOTO IMIBUIKICTD
nepecyiyBada p € OlIbIIOI0 3a MIBUJIKICTh BTIKa4Ya 0.
Posriiinemo moyndikariiro qudepentianbuoi rpu «lIpoctuit pyx» i3 Hak/iajeHu-
MU JIEAKUMU 30y PEHHAMU

t= (19)

T =u+ p(a+cos), x € R,

y=v+ p(B+siny), y € R°. (20)

Toni ycepemaena 3a MBUIKAMA 3MIHHUMA cUCTeMa JuepeHIliaIbHIX PIBHIHD

i=u+au, xR |u+aul <p,

21
J=v+ B, y € R, o+ Bull <o (21
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TepMiHAJbHA MHOYKWHA 3aJIUINAEThC He3MiHHOIO M™ : ||z — y|| < e.
B mipoMy BHIAJIKY 9ac mepecsiiyBaHHs Jyisi cucteMu (21) onepKyeThest 3 piBHsi-
HHA

t
Wﬁ—ym=i/(@+am—%0+BMNh+&
0
[IpoinTerpyBaBIiu, OJIEPKUMO YaC 3aBEPIIEHHS IIEePECIi Ty BaHHSI

0_ ,0| _
p—o+pula—p)

3 po3B’a3Ky (22), BUILUIMBAE, IO YAC MEepeciijlyBaHHs 3a HAsIBHOCTI 30ypeHHsi ¢
icHye smine y Bunajky, ko p — o + p(a — §) > 0.

ITpoanasnizysasim poss’ssku (19) i (22) mMoxkHa 3pOOHTH BUCHOBOK, IO B 3aJ1e-
JKHOCTI BiJ 3Ha4UeHb KoedillieHTa 30ypeHHs (i, Ta KOeMiIieHTIiB BIJIUBY Ha TI'DAaBIB
a1 3, 9ac 3aBeplieHHs HepecIilyBaHHs ¢ 1JId 3aa49i 31 30ypeHHAM MOKe HaOyBaTH
PI3HUX 3HAYEHb MOPIBHSIHO 3 YacoM t aHAJOrivHOI 3a/a4i 6e3 30ypenn (18).

Posrismemo gBa Bumakum:

1) p — o > 0, koedinient 36ypenns p > 0, a KoedinieHT BIIMBY 30ypeHHsT Ha

BTiKada Ol 3a BiamoBiaHuit KoedirmienT a1s mepecaiayBada a > (. Tomi
Jac IrepecsiiyBaHHsd 31 30ypeHHsM Oy/ie MEHIINM 3a Jac IepecsijlyBaHHd 0e3

30ypenns, t < t.

2) p— o < 0, To6TO MmBHIKICTH Brikaua Oijiblia MIBUIKOCTI HepecigyBada. ¥ Ta-
KOMY BHIIQJIKy po3B’si3Ky jid 3ajadi (18) we icuye. [Ipore momudikaris 3amadi
31 30ypentamu (21) 103Bosisie oTpEMAaTH pe3ysbrar (BrifiMarn Brikata). 30Kpe-
Ma, AKIo « > 3, To BTika4d Oyje MiiiMaHuM, SKIIO BUKOHYETHCS TaKa OIlIHKA
i< (o= p)/(a—B).

6. BucHOBOK. VY crarTi po3risHyTo audepeHIiaibiy I'Py MepecyilyBaHHsd 33
HASBHOCTI BIUIMBY Oararo4acToTHUX 30ypeHb Ha Iepec/iiyBada i Brikada. Bejimanna
30ypeHHs XapaKTepU3yeThcsd MaJuM rmapamerpoM i > 0. MeTogom ycepeiHeHHS T10-
Oy/10BaHO CIIPOIIEHY 3aJ1ay 1 OJIepKaHo OIIHKY HOXUOKHM, MOPSJIOK AKOI /[, p > M.
[IpoanaJiizoBaHO pe3y/IbTaTH MEPEC/IiIyBaHHS B 3aJIE2KHOCTI BiJl BeJIMIUHU 30YPEHD
s pudpepentianbaol rpu «[Ipoctuit pyx».
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Bardan A. O. Averaging in the differential pursuit game problem in the presence
of multifrequency disturbances.

The paper considers the problem of the differential game of pursuit, when small external
disturbances are imposed on the movement of the pursuer and the escaper. The method of
averaging by fast variables was applied and substantiated for creating a simplified system
of equations. During the investigation the impact of multi-frequency disturbances on the
conflict-driven process was analyzed. The existence and uniqueness of the solution to the
initial problem was proved. Furthermore, an estimate of the deviation of the solutions
of the exact averaged system with the same initial conditions on an arbitrary finite time
interval [0, L] was constructed. Both cases when the matrix of the linear part depends on
the slow time and when it depends on the time as well as on the amplitude variables were
considered. The differential game "Simple motion" was given as an example, in which it
was modified through the imposition of perturbations. The pursuit completion time was
found for the origin problem and in the perturbation case. As a result, the influence of
perturbations on the existence of a solution and on the completion time of the pursuit in
the differential game was analyzed.

Keywords: differential game of pursuit, multi-frequency disturbance, averaging method,
oscillatory integral, resonance.
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CTPYKTVYPA sl,b-MOIVJIIB HA JIATPAMAX FOHTA

B pobori BcTanoB/IeHO ABHUI BUIJIA] TPifiku JiHiliaux oneparopis (D_, Dy, D), saxi
BU3HAYAIOTH Jiif0 anredpu Ji sly Ha BekroprOMy tipocTopi QY,, miarpam FOura, mo Bigmo-
BiJTaIOTh PO3OUTTAM A JOBXKUHU N

D_(\) = —(né-(\) + V_(N)),
Do(X) = 2|\,
Di(\) = Vi),

e £_(A) ra Vi(A) € cymamu 3a BciMa MoxkJmBuMu Jiarpamamu FOHIa, oTpuMaHuMu J10-
JaBaHHSM ab0 BuIydeHHsIM KiiTuHku [ 3 Bignosigaol miarpamu FOura. Ines mosemenHst
nosisrasia y Beejeni Ha QY,, crpykrypu ajredbpu, isoMmopdHiil ajaredpi cMMeTpUYHUX MHO-
rOYJIEHIB Bij| n 3MiHHNX; Bu3Ha4eHHs il sl Ha MHOrouneHax Illypa i B mepenecenHi 1€l

il mHa QY,,.

Kurogosi cioBa: asirebpa JIi slp, 300parkenns anredpu sly, cuMerpudni MHOrOYJIeHH,
muorouwrenu Illypa, giarpamu FOHra.

1. Beryn. Hexait Y — muOokuHa BCix (BiHITHUX HeCaHUX HAOOPIB HEBIII €MHUX
quces A = (A, Ag,...), e Ay > A > ..., a Y, — i1 niaAMHOXKWMHA sTKa YTBOpEHA
TakuMu HabopaMu (PIKCOBAHOI JOBXKUHU n. Taki HAOOPU A HA3UBAIOTHCS PO3OUTTIMUI
1 reomMeTpuaHO 300paxKyioThes miarpamamu FOwura, mus. [1]-[3].

Posrisgremo Heckindenno BuMmipuuii Bektopuuit mpoctip QY, sakuit ckirajaerbes
3 opMaIbHUX CKIHUYEHHUX CyM eJleMeHTiB Y 3 pamionajabauMu Koedimienramu. Ha
QY moxkHA BBECTH CTPYKTYPY HECKIHUEHHO-BUMIPDHOTO 300parKeHHsI KOMILIEKCHOT
anrebpu JIi sly ke, y jemo cipornenoMy BUIVIAAl, Bu3HadaeThes (nuB. [4]) Takumu
orrepaTopamu Kepopa:

Urx= > cDp,

p=x+0¢eY
L\= 2[\| 6y,
pA= Y O

p=x—0€eY

TOOTO BUKOHYIOTHCsI TaKi TOTOXKHOCTI
[D,Ul=L, [L U =2U, |[L,D]=-2D.

CymyBanus Bin0yBaeThcd 3a Bcima jiarpamamu FOmnra, siki oTpuMyIoThes 3 po30u-
TTSI A MIIAXOM JIojlaBadHsi, abo, BiAoBiiHO, BusydenHs kiaitunku (1 = (7, 7). Tyt
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11 J € KoopJuHATaMH KJITUHKH, TOOTO HOMEPAMU PSJIKA 1 CTOBIYUKA B TKOMY 3Ha-
xonuthes [, a ¢(0) nosnagae konwmenm uiel kmituakm: ¢(0) = j — i. Binbime mpo
oneparopu Keposa Ta Txue 3acrocyBannst B [5]. Cxoxi oneparopu Ha judepeHti-
AJIbHUX YACTKOBO BIOPSIJIKOBAHUX MHOYKUHAX PO3IJIsiiaaucd B [6).

[Tozrauumo uepes QY,, migmnpoctip B QY, nopomxennii giarpamamvu FOura B sskumx
He OutbInie n pajakiB. HeBaxkko 6aunTu, 1mo oreparop U 306i/bITye KiJIBKICTH PAJIKIB
Jiiarpamu, Tomy Buinesrasiani oneparopu U, L, D yxKe He BU3Ha49aIOTh Slo-J1i10 Ha Y,,.

Metoio 1aHO0T POOOTH € 3HAXO/IZKEHHS TPINKH OTIePaTOPiB, AKi BUBHAYAIOTH §lo-1i10
na QY,,. [osioBHa igess poboTu moJjisirae B ToMy, 106 i3 mpoctopy QY,, mepeiitu 10
i3oMOpdHOTO HOMY MPOCTOPY CUMETPUIHUX MHOTOYJICHIB BiJ| 7 3MIHHUX, 3 AKUMU
MIPAIIOBATU TEXHIYHO ITPOCTIIIIE.

Hexait A,, — anredbpa cuMeTpUIHIX MHOTOUJIEHIB Bi/T 1 3MIHHUX 3 PAIliOHATbHUMA
koedimienramu. Anrebpa A,, TaKOXK € HECKIHYeHHOBUMIPHIM BEKTOPHIM IIPOCTOPOM,
baszucom sikoro € muorodsienu [llypa s, imgekcoBani pozourtamu A € Y,,. CTpykTyp-
HI KOHCTaHTH ¢f , anrebpu A, HasupaoTbCs Koediyienmamu JIimeyada-Piuapdcona
1 BU3Ha4YaI0Th pO3KJIaJ 1oOYTKY ;aBoX MHOrowrenis [llypa 3a mum 6a3ucom:

12
S\S, = E CuSvs
12

n
TyT v nipobirae Bel po3burTs ducsa |A| + |pl, |A = D0 A
i=1

Sximo My BU3HaUNMO orepaitito MHOKeHHsI Ha QY,, 3a TakuM mpaBuIom

)\‘/L:ZCKW’U, )\,/,L,l/egn,

to QY,, HAI/IAETHCS CTPYKTYPOIO KOMYTaTUBHOI acoriaTuBHOl ayredpu Had Q, sxa
Oyme isomopdua anredpi A,. Ob6paszom po3dbuTTss A mpu oMy izomopdismi Oyie
muorouies Illypa sy.

lotoBHUM pe3y/IbTATOM CTATTI € HACTYIIHE TBEPIZKEHHSI

Teopema 1. Tpitika ainitinuz onepamopie (lA)_, 130, D,) na QY,, axa max die
Ha posbummasa A € Y,
D_(3) = —(n&-(\) + V-(V)),
Do(X) = 2|,
D.(\) =Vi(\)

de
EN= Y m
p=A—0€Y,
Vi) = > O
p=Ax0€Y,

susnayuac 0o anzebpu JIi na QY,,.

Inest noBejieHHs TOJISITA€ B TOMY, IO CIOYATKY PO3TJISIAEThCA Slo-mist Ha A,
HACTYIHUMEI TU(EPEeHIaJIbHIMEI OIIePATOPAMEI
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D, =270, + 1305 + - - + 220,
DO = 2($181 + $282 + -4 xné?n),
D_=—(01 + 024 -+ 0y),

e 0; = —. Jlasi BCTAHOBJIIOEThCH Jiist uX oneparopis Ha muOorowienu Illypa, a

D_(sy)=—- Y (n+c0)s,,

p=A—0€eY,
Do(S)\) = 2|)\|8)\,

Dy(sy) = Z c(0)s,..

Bukopucrosytoun 3rajanuii i3omopdizm, 1s i nmepenocutbes Ha anredbpy QY
o i jla€ HaM TBep RKeHHsi Teopemu. llpm nbomy Ha giarpamax FOnra npuposHO
BUHUKAIOTH PeJIyKOBaHI aHasoru Bxke Biomux 3 [5], [6], [7] omeparopis £ Ta A Ha Y.

SayBazkuMo, 1o i oneparopa [DD_ wa muorowrenu Illypa HeaBHO po3TiIsia-
nacd B [8], a B [9] mig D_ ysarasbrena na Koci muorodienu [lypa.

B posmini 1 nano osnadenns giarpam FOura ta onepariit Ha Hux. B posmid 2
JIAaHO O3HAYEHHsI ajaredpu CUMETPUYIHUX MHOTOWIEHIB A, Ta HaBEJIEHO CTAHIAPTHI
Oazucu B Hiit. B posmiii 3 posrisayTa st anrebpu JIi Ha A, 1 BcraHOB/IeHa i Ha
Oas3ucHi eJeMeHTH Ta MOPOKyodl ¢yHKII. B posmin 4 mig 3 A,, 3 mepeHOCUTHCsT
na QY,, Ta BcraHoBJIeH] JesiKi BjIacTUBOCTI I1i€l J1il. B posmiai 5 mpejcraBiieHO HOBI
peasizaril slo-nii Ha Q[xq, o, . .., x|, 9Ki iHAYKYIOTBCA §lo-misimu Ha QY.

2. Hiarpamu FOnra. Jlamo o3naveHHs HEOOXiTHUX MOHATS.

Posoummam X\ auciiam € N T0BKUHEI 1 HA3UBAETHCS IIOCIIIOBHICTD HEBI L €MHIX
quces A = (A, Ay, ..., A\y) TakuX, MO A; > A i (A = M+ X+ -+ A, = m.
Muozkumny BCiX po30UTTIB JOBXKHUHE He OLIbIe 1 TMO3HAYUMO Yepe3 Y,.

iazpamoro FOnea nazuBaeThest HabIp KJIITUHOK Ha IJIONIWHI, SIKi PO3MilleHi B BU-
PIBHAHUX 3a JIBUM KPa€eM psJIKax, TPUIOMY KIJIbKICTh KJIITHUHOK B KOXKHOMY DPSJIKY
HECTPOTO crajae. Beske po3dourts A € Y,, reoMeTpuvaHO 300pazKyeThCsl Y BUTIISI JTi-
arpam FOHra, e \; KiIbKICTh KJIITHHOK B i-My pajaky. Hampukiras, miarpamu FOmra
Juist po3outtis (4,4,3,2,2,1), (1%) i (6) maoTh Takuii BUrIsAT

9 i

Koxna knitnaka [ mae koopauuatu (7, j) Ha miomusi, ducio ¢(lJ) = j — i Ha-
3UBAETHCST KOHMeEHMoM KaiTuaku. st posourrs (3,2, 1) KoopAuHaTH BIJINOBIIHIX
KJIITUH Ta 1X BMICT IIOKa3aHO Ha JllarpaMax

0 @2)@3) | 0| 1] 2

(2,1)@,2) 1o

(3,1 -2
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Brympiwmnim xkymom miarpamu FOHra HasmBaeThCsa Taka KJITHHA JiarpaMi, ITi-
csl BUJIQJIEHHST SIKOI, OTpUMaHWit HabIp KJITOK, 3aJUMUThC giarpamoro FOmra.
Axrmo KIiTHHA € BHYTPINTHIM KyTOM, TO HUXKYe Hel 1 MpaBopy™ BiJl Hel HeMa€e KJTITHH
JiarpamMu.

Hikde 3esieHnM KOJIbOPOM 300pazkeHo BHYTpintHi KyTu Jiarpamu (4,4, 3,2,2,1):

3po3yMmisio, 1o ocTanisd KJIITUHKA B (-My PAJIKY JiarpaMu Oy/ie BHYTPIITHIM Ky-
TOM, SIKITIO A; > A;1. 30KpeMa kiitunka (1, \,) 3aBxkau Oy/ie BHYTPIIIHIM KyTOM.

Posrnsgnemo sBa oneparopu - i V_ ma giarpamax FOwura, ski "3xHimMaoTs” BHY-
TPINTHI KyTH:

HaIPUKJIa]T

- = 1+ FO+ 45

V_ Il =3- + [ ]—

SosniwmHim Kymom JiarpaMu Ha3UBAEThCs TaKa KJITHHKA, 10 IPHU J0aBaHHI 11 10
nmiarpamu FOnra 3HOBY oTpuMmyeThes giarpama FOura. Hukdae yepBoHNM KOJTHOPOM
300pazkeHo BHYTpimHI KyTn giarpamu FOura (4,4, 3,2,2,1) € Ye:

[Toznaamnmo gepes QY,, BekTopHUiT IPOCTip, AKUil yTBOPEHUil CKiHIeHHUME (HOp-
MaJbHIMHU CyMaMHU eJeMeHTIB 3 Y, 3 pamioHaabHuMU KoedillieHTaMu:

QYn = {a AV + XA 4 1 a2 keN, 0, €Q, AP €Y,}.

Busnauumo omeparopu &, i V. na QY,, gaxi "mogaoTs” BHYTpIIIHI KyTH /10 /ia-
rpamu, He 30LIBIIYI0YN KiJIbKICTD PsJIKiB:

€+<)\) = Z K,

M:>\+Deyn

Vi = > O

H:)\+D€yn
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Tenep posrisineMo HACTYIIHI JBa ONEPATOPHU

D_=—(ng-+V.),

~ A~

D+:V.

R Hzima MeTa — JIOBECTU IO Il JB& OIEPATOPHU, PA30M 3 IXHIM KOMYTaTOPOM
[D., D_], Busnavaiors jito airebpu JIi sly va QY,,.

3. CumerpuuHi mHOrO4WIeHu. Temep posrisHeMo ajaredpy MHOTOUIEHIB

Q[z1, xa, . .., z,] Bix n 3MiHHEX 3 panioHagabHIMEI KoedimieaTamu. CuMeTpudHa Tpy-
ma S, Jie Ha Iiif aarebpi mepecTaHOBKAMU 3MIHHUX:

wo f(xlyx% s 73:71) = f(ajw(l)7$w(2)a v 7$w(n))aw € Sn

MHuorowienu, gKi He 3MIHIOIOTHCS HPU i /11, HA3UBAIOTHCI CUMEMPULHUMU
MHO204NEHAMU 1, OCKITTBKH, JIOOYTOK JIBOX CUMETPUIHIX MHOT'OYJICHIB, 3HOBY € CUMe-
TPUYIHUM MHOTOYUJICHOM, TO BOHU YTBOPIOIOTH miganrebpy A, = Q[zy, za, . .., x,]%",
sIKe HA3UBAETHCS AA2€0D010 CUMEMPUIHUT MHO204AeNI6. B A, po3riIsmaioTs KijibKa
TPIUIIHHIX 0a3KCiB, BCTAHOBJIEHHS Ta BUBYCHHS CIIiBBIIHONIEHD MiXK AKHMU 1 €, B
3HAYHI Mipi, IpejMeToM Teopil cuMeTpUYHUX MHOrOWIeHiB, auB. [1], [2].

3.1. Baszucu B A,,. HaiinpocrimuM npukaagoM CUMETPUIHIX MHOTOUJIEHIB €
CYMH BCIX MOXKJIMBUX JTOOYTKIB 3MIHHUX (DIKCOBAHO! JIOBXKUHU

e, = E TiyTiy Ty, 01 <n, e =1,
1<iy <ig<-<ip<n

SIKI HA3UBAIOTHCA EAEMEHMAPHUMY CUMEMPUIHUMY MHO204AEHAMY. BOHI MaloTh
TOPOIKYI0TY (DYHKIIIIO

E(t) = zn:ertr = ﬁ(l + x;t),
r=0 i=1

i € Gazucom asiredbpu A,. TBep/kenns npo ajaredpaidHy He3aJIeXKHICTH €JIeMeH-
TapHUX CUMETPUYHUX (PYHKIN HA3UBAETHCI 0CHOBHON MeOPEMOt0 TIPO CUMETPUIHI
dyHKIII.

Hosrut cumempuuruti mro2ouser h, BUBHAYAETHCA IK CyMa BCiX PI3HUX MOHO-
MiB CTeleHs 7:

h, = Z TiyTiy =X, 01 <n, hy=-ey=1,

1<i1 <ip << <n

Hanpuxia 1ig TphoxX 3MIHHUX hy = T1 + To + T3 1 ho = 212 + Xoxq + 2103 + 122 +
+ Tox3 + 33'32.
[Topomxkytoua dyHKITIsS

> 1
T
H(t) =Y bt = .
= I
i=1
Cmenenesum cumMempuyHum MHO204AEHOM D, HA3UBAETHCA CyMa r-THX CTEIeHIB
3MIHHUX:

pr=ai+ah+---+a, r>1
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[Topomkytoua dyHKITIsS

H'(t)
H(t)

P(t) = Zprtr =
r=1

Hapermti gamo o3nadenns muorowienis Illypa, sike € Jemo cK/IaHIINUIM TeXHi-
qno. Muorowrenn f, dKi mpu Jiil 1mepecTaHOBKU 3MIiHIOIOTHCS 3a IPABUJIOM W O f =
= (—1)“"‘ f, e |w| — napHicTb MEPECTAHOBKY W, HAZUBAIOTLCS KOCOCUMEMPULHUMU
MHOo204AeHaMmU. KococnMeTpIUYHI MHOMOYIEHH YTBOPIOIOTH MOJLYJIb Hal A, OCKIIbKM
JJOOYTOK CUMETPUIHOIO MHOTOUJIEHA Ha KOCOCUMETPHUIHIIT Oy 1e 3HOBY KOCOCUMETPHU-
IHUM MHOTOYJIEHOM.

Anmucumempusamopu moroMiB &' = i

Ay = Z ()l (a") = Z (_1)@'5”5}1)5”5?2) o .xcl:?n)7

UJESn UJGSn

K2 L phn.
5 xhm

YTBOPIOIOTH basuc MOYyJidd KOCOCUMETPpUYIHUX MHOro4IeHiB. MHoro4aeHn @, MOXKHa
3allucaTu y BI/II‘J'IH,ZLi BU3HaYHUKa

H1 H1 M1
Ty Ty Tn
2 H2 142
— 1 2
a, = det(z;” )1<ij<n = "
HUn Hn !
Ty Ty R sk
BOerMa, Ipu 0= (n — 1, n — 2, Ceey 1, O) OTPHUMYEMO BU3HAYHUK BaHILepMOH,ILa
A L
A N
— n—j — _
as = det(xl )1§i,j§n = e = H ($Z — {L'j).
I ) e Tn 1<j<n
1 1 1

ko B HabOPI ( TPUCYTHI /1Bl OJIHAKOBUX KOMIIOHEHTH, TO TOJI MHOIOWICH @,
piBHEIT Hy/MH0. TOMY J/IsT HEHY/THOBUX MHOTOYIEHIB MOYKHA BBAXKATH IO, [ > [y >
> oo >, > 0. OTke, HAGID p MOXKHA TIOJIATH Y BUTIAL CyMU = A\ + 0, jie Habip
A BxKe Oyjie po30OUTTSM.

Cumerpuanuit muozousen Ilypa sy = sy(x1, s, ..., T, ), 9Kuil BiAIOBi1a€ pO3-
ouTTIO \ € Y,,, BUBHAYAETHCS K BiHOIMIEHHS JIBOX KOCOCUMETPUIHUX MHOTOYJICHIB

Ax\+6
sa(xy,zo, ... 1) = 2—;.

Haenemo npukitagm muorodsnenis Ilypa:

$(1,1,0) (1,22, 23) = 1 + T2 + T3,
81,11)(T1, T2, ¥3) = 1122 + T 173 + T3,

8(2,1,0)(T1, T2, 3) = (T2 + 3) (¥1 + x3) (T1 + 2) .

Aximo A mpobirae Bei po30UTTsI JOBXKUHK He O1/IbIIE 7, TO BiIIIOBIAHI MHOTOYJICHH
[ITypa yTBOpIooTh 6azuc A, sk HECKIHUeHHOBUMIpHOTO BeKTOpHOrO (Q-1ipocTopy.
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Mpuorounenn Illypa € y3arajpHeHHSIM BCiX IHIUX BijjomMux Oasucis A,,, manpu-
KJIaJ1 y BUNAKY posourtst nosxunu k A = (1¥) y axoro koxkua HeHy/Ib0Ba YacTUHA
piBHa 1, OTPUMYIOTBCS €JIEMEHTAPHI CUMETPUIHI MHOTOWIEHU S((1kyy = €. [l pos-
ourra A = (r) = (r,0,0,...,0) MoxKHA TIOKA3aTH, IO () = h,.

3.2. Bazucu B QY,,. Hexaii ¢ : A, — QY,, i3omopdism, s sikoro ¢(sy) = A.
3po3ywmiso, 1o ¢ nepeBoanTh Oasucu B A, y 6asucu B QY,. lna erementapuHux
CUMETPUIHUX MHOTOYJIEHIB 1 IIOBHUX CUMETPUIHUX MHOI'OUJIEHIB MAEMO

olhe) = (k) =00

k xaitun
i
Sp(ek> = (1k) = k KJTiTHH.
L]

Burra iok i3 cuMeTpuIHUME CTEIIEHEBUMU CyMaMM TPOXU CKJIaHimmii. Po3ris-
HEeMO Taki JiHiitHl KoMmOinaril giarpam FOnra

1 :D,
WQZD:‘—H,
my=[11]— l+ﬁ
=L L. .01+ [T I-.D+---+(—1)"1E,
— [] ]

n KJITUH

e B eJeMeHTi 7r; BCl JiarpaMy MICTITb 1O ¢ KJIITHH.
Bupasumo creneneBi cymu depe3 muorodsenu [llypa

P1 = S(1),

P2 = S(2) — S1,1,

P3 = S(3) — S2,1 + S1,1,1,
(4)

Ps = S(4) — S31 + S2,1,1 — S1,1,1,1-

byt

3 [1, Teopema 7.17.1| BuruinBag, 1o CTereHeBl CUMETPUYIHI MHOTOYIEHN TAK BU-
paxkatoTbcs depe3 muorowienu [lypa:

k—1
Pk = S(k) — Sk—1,1 T Sk—2,1,1 — Sk—3,1,1,1 + -+ (=1)"s11,.1, k<n.
~——
Orxe (i) = 7.
4. sly-pisg A, i Ha QY,. Posrinsnemo crangapTauil 6a31uc KOMILIEKCHOT MaTPH-

qHOl aaredbpu JIi sly:
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e_(o 1) b_(l 0) e_(00)
t—\ o) 7 \o —1)> " \1 0)°

3 TAKUMHU KOMYTAIlIMHAMU CITiBBITHOIIIEHHSIMUT

[ha e—i—] = 284—7 [ha 8_] = _28—7 [2+, e—] = h

Jliniitnum 306pazkennsivm (p, V') anrebpu sly y BekropHOMY mpoctopi V' Hasubae-
Thest ToMoMopdism p : sly — End(V) sikmii 36epirae komyrtaropu. B repmiHosO-
rii MostystiB, BeKTOpHUIT mpocTip V' (MOXKJIMBO HECKIHYEHHOBUMIDHHUIT) HA3MBAETHCSI
slo-MosTyieM, a romomMopizM p Ha3UBAETHCH §lo-Ti€T0.

Besnocepeins Ta npsiMa nepeBipKa IMOKa3ye, 1Mo HaCTYIHI JudepeHiiaabhi ome-
paropu (D_, Dy, Dy) B Qlxy, ..., z,):

pley) = Dy = 2301 + 2505 + -+ - + 220n,
p(h) = Do = 2(2101 + 220 + - - - + 2,0y),
ple-)=D_ = —(01 + 0o+ +y),

sie J; = —, 3aJI0BOJIBHAIOTH KOMYTAIiHIM CIIBBIIHOIIIEHHAM

(9.1'1‘
[D,,D_] =Dy, [Do,Ds]=2D,, [Dy,D_]=—2D_.

OTke, BOHU BU3HAYAIOTH §lo-/1it0 Ha asrebpi Q[xy, . . ., ], sSKa po3risiiaeThest K
HECKIHYeHHOBUMIPHUIT BEKTOPHUIA TPOCTIp 3 MOHOMiaIbHUM Oasucom =& = ' xg? - - -
xor o = (a1, e, ...,a,) € N Hacruani noxigai 01, 0y, . . ., 0, BXOJATH CHMETPH-
YHO y BUpasu jjid oneparopis Dy, Dy, D_, Tomy 11i oneparopu € erjgomopdizMmamu
i anrebpu A,,. OTxke, 3ByKeHHS p Ha A, Takoxk Oyje sly-miero.

Mozxxna mokazatu, mo esemenm Kasumipa, TOOTO €IUHUNI TTOPOJKYIOUUl ejie-
MEHT IEHTPY YHIBEpPCAJIBLHOI OropTyiodol ajaredbpu s ajgredpu sly, 1miel il B Koop-
JIMHATAX MA€ TaKWil BUTJISA;

D(2] + 2(D_D+ + D+D_) =—4 Z ((L’z — I’j)zaz‘aj.

1<i<j<n

4.1. ig ma maorowienu Illypa. Ockinbku maorowienu Ilypa

AM4n—1 _Aifn—1 _
x11+" xzﬁn . x;\Ll+" 1
Dotn—2  Aotn—2 _
2T 2t .ot
A A A
Qxps | x" xy" Zy"
- - _ _ _ 9
as xy 1 Ty 1 xn 1
n—2 n—2 n—2
] xh xy
1 1 1

YyTBOPIOIOTH 6asuc B A, ( K HECKIHYeHHOBUMIpPHOTrO BeKTOpHOro Q-mpoctopy), To
sly-mist na muorowienu Illypa e miniitnoro komOinamieo muorodsenis Ilypa.

B macrynmiit Teopemi jis orteparopis D_, Dy, D, na muorousnenu Illypa Bupa-
JK€Ha B IIbOMY 0a3uci.
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Teopema 2. Cnpasedausi nacmynti cni6ei0HOWEHHA:

(@) D(sx)=—= > (n+cl)sy,

u:)\—DEHn
(i) Do(sy) = 2|A|s»,

(ii)) Di(s)= > dD)s,.
p=M+01cY,,

Josederns. (i) Ockimbku oneparop D_ € nudepeHMioBaHHIM aJaredbpu MHO-
TOYJIEHIB, TO MU MaEMO

D_(sy) =D (a)\—i-d) ~ D_(arys)as — CLA+5D—(G6).

as a%

3a npaBuiaoM audepeHItifoBaHHs BU3HATHIKA 3HAXOMUMO JIif0 [J)_ Ha BU3HAYHUK
Bannepmona:

D_ (CLC;) =
D_(z¥™Y D_(zy7Y ... D_(a"") zpt ry . !
B z) 2 xy 2 D_(x¥7?) D_(257%) ... D_(a"7?) N
1 1 1 1 1 1
L zn!
+ PN + 'I;l_Q ‘,L‘S._Q wz*2
0 o ... 0
Ockimpkn D_(2F) = —0;(zF) = k2! 10 B KOXKHOMY 3 HUX BUBHAUHMKIE,

KpIM OCTAHHBOTO, € JIBa MPOIOPIINHNX PSJIKU, & B OCTAHHbOMY BU3HAYHUKY € HY-
JboBHi paAoK. Tomy mudpepentitoBanus D_ 3anysisge Bu3sHadyHuK BanjgepMonia i Mu
OTPUMYEMO TIPOCTIIHUiT BUpa3 Jjis il oneparopa D_:

gt gl gt
x>\2+n—2 x’\2+n_2 L gphetn—2
1 2 n
D_
An An An
5 B ) T R
—(8)) = p”

Hiemo jucepeHIitoBaHHAM Ha BUBHAYHUK Y YUCEJTBHUKY 1 OTPUMYEMO, BPaXOBY-
109X TIPABUJIO JUQEPEHITIIOBAHHS BUSHAYHUKIB, TAKy CYMY

gt gttt gl
n . . . .
. A n—ie] i1 i
D (arss) = = 3 (ntAimi)[gd#n=i=t gen=izl - paceeict,
=1 :
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3po3yMiJIo, 0 KOXKEH i3 BUSHAYHUKIB CyMU BiIMIHHUI Bif HyJIS JIMIIE TOMII KOJIN
y marpami FOmra, sika Bimmosizae posburTio A, KiaituHa (i, \;) Gy/e BHYTPIITHBOIO
KJITHHOIO. B mpoTmie:kHoMy BUIIAIKY OTPUMYETHCA BUSHATHUK 3 TBOMA ITPOTIOPITiii-
HUMU PsIZIKAME. 3ayBayKUMO, 10 \; —i € KoHTeHToM ¢([J) 11iel BHY TpiliHBOT K THHY.
Tomy, moiMBIIN IO CyMy Ha Ha BU3HAYHUK BaHjaepMOHIA, OTPUMAEMO, 10

D_(sy) =— g (n+c(0))s,,.
p=A—0€eY,

(17) Buaiimemo remep mifo mudepennioBants D, Ha BU3HAYHUK BaHIepMOH/IA.
Ockinbku Dy (zF) = k2™ 1o B xoxnomy Busnaunuky cymu D (as), KpiM Toro,
KW BiAOBIIa€ JTUEPEHITIIOBAHHIO TIEPIIOro PsijiKa, OYIyTh IMPOIOPINNHHI PAIKU.
ToMmy B pesysbTaTi 3aMIINTHCS JIAIIE OJUH BU3HAYHUK:

n—1 n—1 n—1 n n n
x] ) xh , an x12 $22 )y
U U
| ~w-n|" .
1 1 . 1 1 1 o 1

Orpumanuii BUSHAYHUK € y3araJbHEeHUM Bu3HAadHUKOM Bamgepmona. Bukopu-
craim Gopmyity st fioro obuncienns, aus. [10, Jlema 2.1], orpumyemo

n n n
:U12 x22 Sy
e
= (T1+ @2+ + Tp)arys = S1)0s-
I R |

Hitoun nmudepennitoBanaam D, wa muorowienu [llypa orpumyemo

CLA+5) _ D+(a>\+5)a6 - CLA+6D+(@6) _ Dy (CLA+6) _ (n

—1 .
a?i as )8(1)8)\

D (sy) = D, (

Bupasz D, (ayis) € CyMOO BH3HAYHUKIB, K1 BIIMIHHI BiJl HYJIS JIAIIE TOMI KOJIH
kiituaa (i, A; + 1) 6y/e 3oBHinmiM KyToMm miarpamu FOura A. Maemo

as

(i +n —4) det(z) )

n

D+ (det(l’;ﬂrnil)) j=1 J
_ = -1 O .
- - PRI
p=A+0€Yn
Brizno npasuia [T'epi 3Haxomumo s1)sy = Y. Sy
M:A“!‘Deyn

Otxke, B HJACYMKY, OTPUMYEMO
Di(sy)= Y  c@s,.

(171) Hlykaemo mito nudpepentioanns Dy Ha BU3HAYHUK BaHIepMOHIa

A (L ottt
N N N
Do : : : = 2((n=1)+(n=2)+---+1) : : .
1 1 1 1 1 1

=n(n — 1)as.

Poszain 1: Maremaruka i craTucTrKa



CTPYKTVYPA slo-MOAYJIIB HA JIATPAMAX FOHTA 39
Tomi

J J _
> -
as

as

Do(S,\) = Dy (

2 2(\i +n —1) det(x?”"_i)ag - det(x?ﬁn_i)n(n — 1)as
== = 2|\|sa.
ag | IS/\

det(x?i+n_i)> D(det(z}™ ) as — det (227" ") Dy (as)

Tenep mu Mmoxkemo joBectu Teopemy 1.
Jlosedennsn. Posrasuemo taki oneparopu Ha QY,,:

D-N)== > (n+cD)p

p=A—0€eY,
Do(N) = 2|A|A,
b= Y O
M:)\‘H:'eid'n

sKi iH/lyKoBaHi i3oMopdizMoM ¢ 1 Bijnosimaiors omeparopam D_; Dy, D, 3 Teope-
Mmu 2. Bupaszumo 1x gepes oneparopu £, V_,V, :

D_=—(ne_(\)+V_(\),
() = V. ().

Ockinbku icuye i3omopdizm asredbp Y, ta A, dAKuii mepeBouTh MHOTOYUIEH S)

B pO30OUTTS A, TO Ili OIIEpATOPH 3a1aI0Th Sly-7if0 Ha Y,,, 10 1 BUMArajaocs JI0BECTH B
Teopewmi 1.

0
4.2. Jlisg Ha iHOIi 6a3ucu B A, i Ha nmopo/pkyroui dyHkKIiii. fk Oesmnoce-
peauiit Hacigok Teopemu 2 orpumaemo siHuii Bursyy il oueparopis D_, Dy, D 1
onteparopiB D_, Dy, D, ua pi3ui 6a3ucu B A, i QY,,.
Teopewma 3. /[ia onepamopie
1) Ha eaeMenmapHi CuMEMPUMHI MHOZOUAEHY €; Ma Ha 610n06idnT posbumma (17) :

D_(e) = ~(n— (i = D)esr, D((1)) = ~(n— (i — 1)1
D0(€i> = 27:61', Do((lz» = 22((17' ),
Di(e;) = ere; — (i+1eipr,  Di((17)) =(1)- (1
Dy (en) = eren, Dy ((17)) = (1) - (1").

2) Ha noswni cumempuyuni mrozousenu h; ma na 6ionosioni posbumma (i) :
D_(h) = ~(n+i—Dhis, D((n) = —(n+i—1)n)
Do(h;) = 2ih;, Dy((i)) = 2i(i)
Dy(hi) = (i 4+ Dhipx1 — hihi, Dy((3) =G+ 1)(e+1)— (1) ().
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3) Ha cmenenesi cumempuyni MHO20MACHY P; Ma HA 6i0N06I0NT posbummas, m; :

D_(p;) = ipi—1, D_(p1) = 1? (m;) =imi_y, D_(m1) = n,
Dy(pi) = 2ip;, Dy(m;) = 2im;,
D (pi) = ipis1, D (m;) = imiqa,

onsa eciz 1 <4 <n.

Jlosederns. 3 Teopemn 2, OCKIIbKI CUMETPUIHI MHOTOYUJIEHH €; Ta h; € MHO-
rowtenamu [lypa, ki Binnosinators pozourram (1°) i (i), Mu 3pasy oTpumaemo,
10

D—<€i) = —<TL — (Z — 1))61'_1 D_ (hz) (n +17— ].)h
Dq(e;) = 2ie; D(h,) 2ih

Di(e;) = ere; — (i+ e Di(h) = (Z T Dhiy1 — hah,
D, (e,) = ere, +(hn) = (n 4+ Dhypyr — hihy,.

Pezysbratu aii oneparopis D_, Dy 3po3yMiJji, MOSICHUMO OTPUMaHI BUPa3U JIJIs
D, . 3a Teopemoio 2 maemo, 110

D, (sy) = Z c(@)s,,.

p=A+0€eY,
g A = (1%), i < n oTpuMyeMo,
Di(say) =Di(e) = Y c(0)s, =211 — e
p=(1")+0€Yn
3a npasusiom [I'epi, maemo
€16; = 8211+ €i41.

3Bijcu
D+(€i) = e1e; — (Z + 1>€i+1.

Hng Bunagky @ = n maemo Dy (e,) = eje,.
JIj1st TIOBHUX CUMETPUYHUX MHOrO4IeHIB Bupas mig D, (h;) oTpuMyeThest aHa-
qorigno. [lisg Ha cTemeHeBl CUMETPHYHI MHOTOYJIEHH MHOIOYICHU p; OTPUMYETHCS

3pa3y i3 O3HAYEHHA IUX MHOT'OYJICHIB.
Teopemy noBejieHo.
0

HaiiieMo i neparopis D_ Ha II 2KYI04il HKINI IUX cIMell cu-
SHaliIeMo 10 olepaTo D_, Dy, D, ma mopo 0 cimeii ¢
MEeTPUIHUX MHOTOUWIEeHIB. Mae Miciie HacCTyIIHa TeopemMa

Teopema 4. Hexati E(t), H(t), P(t) — 36uyatini nopodocyrowi dynkuii das cimet
ENEMEHMAPHUT, NOSHUT MG CMENEHESUT CUMEMPUUHUT MHO20YALHIS, 6i0n06i0HO.
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Todi onepamopu D_, Dy, D, ditoms wa nux y maxud cnocib:

1) D_(H(t) = —t(n H(t) + tH'(1)),
Do(H(1)) = 2tH'(1),
D.(H(t)) = H'(t) — hyH().

2) D_(E(1) = —t(nE(t) - LE'(1)),
Do(E(t)) = 2tE'(t),
D (E(t)) = er E(t) — E'(2).

3) D_(P(t)) = —n—1t(2P(t) +tP'(t)),
Do(P(1)) = 2P'(t),
DL (P(1)) = P'(1).

Jlosederns. Jas mopokyodol (PYHKINI TOBHIUX CHMETPUIHUX MHOIOYJIEHIB
H(t) maemo

= iD_(hi)ti = —i(n—i—i— Dh ' = Znhz_lt -
= i=1

= (i = Dhat' = —ntz hit! — 12 Z i— Dhit"™2 = —ntH(t) — 2 H'(¢).
=1 =2

Jlami 3HaX0IIMO

ZD Z2zht’_2tzzhﬂ L= 2tH'(t),

D (H(t)=> Dy(h)t' =Y ((i+ Dhipg — hih))t' =) (i + Dhit'—
=0 =0 =0
—hy Y hit' = H'(t) — hy H(t).
=0

st mopopkytounx dbyukniit £(t) i P(t) ais Ha HEX omepaTopiB 300parKeHHS
3HAXOJUTHCS AHAJOTTIHUME MipKyBaHHSIMH.

O

[Turanasg npo o Ha TOpPORKYIody (yHKIO g Muorowienis Illypa zamu-
MMAETHCS BIIKPUTUM, OCKLJIBKM aHAJITUIHUN BUpa3 Jid 1€l DYHKINT HEeBiIOMUIL,
qaue. [11], [12].

5. Hosi sly-ail Ha Q[x1,79,...,2,] 1 HA A,. Mu xouemo orpumaru HOBI
peasizaril sly-mil B Q[xy, 2o, ..., x,|, BuKOopucTOByIOun 3Haiineni sly-gio B A,. B
3araJbHOMY BUITQJIKY, PO3IIUPEHH TU(EpEeHIlIOBaH A 3 Tiaarebpu Ha ajredpy, He
3aBKIM MOKJIHBe. [IpoTe, KO KiTbKICTH MOPOJKYIOUNX B aareOpi Taka caMa, sk i
B IIijtajiredpi, TO MU MOXKEMO IIPOJIOBXKUTH JIOBLJIbHE JU(EpPEHIiioBaHHs Ha ajaredpy
[IPOCTHUM TIePero3HaYeHHIM 3MIHHUX, [IPH JIEAKAX YMOBaX.

B nacrynniit Teopemi BusHavqaroThes Tpu HOBI slo-mil Ha Q[xy, T, . . ., 2y
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Teopema 5. Hacmynwi eidobpascenns p; - sly — End(Qxy, o, ..., x,]) €
sly-diamu:

1) pi(em) ==+ (n—1Dz10a+ -+ 1-2,10,),
pl(h) =2 ($181 —+ 21’282 —+ -4+ n:zcnan) s
p1(€+) = (SL’% — 2;62)81 + (%1172 — 3$3)82 + <$1133 — 4LE4>83 +--+ xlxnﬁn.

2) pae)=—mo+(n+1Dz10s+---+2n—1) 2,-10,),
pQ(h) =2 ($181 + 21’282 + -4 mcn@n) s
po(er) = (229 — 2201 + (Bws — 2122)0s + - + ((n + 1)H,, — 112,) 0,

3) p3(e)=—(no +2x10+ -+ +n-2,10,),
PB([J) =2 (xlal + 217282 + -+ nxnan) 5
p3(€+) = anl + 21‘382 + -+ nPnan

de Hn<h17h27 cee )hn) = thrl [ Pn<p17p27 cee 7pn) = Pn+1-

Zlosederns. Ilepenumemo B KoopanHaTax, Bizomy 3 Teopemu 3 j1ito Ha ejemen-
TapHl CUMETPUIHI MHOTOUIEHH €;:

0 0 0
,01<2_) - (na_el + (TL — 1)618_62 4+ 41 en_la—en> ,

0 0 0
p1<h) =2 (618—61 + 2628_62 “+ .. +n€na_6n) s

0 0 0 0
2
pr(ey) = (e — 2e9) 5— + (e1e2 — 3ez) — + (e1e3 —deg) o— + -+ + €16, —
Oe; Oes Oes Oe,,’
Bukonagimu dbopMaibHy 3aMiHy 3MIHHHUX €; —> T;, OTPUMAEMO TBEPJKEHHs 1).
Teopemu.
JI71s1 TOBHUX CHMETPHYHUX MHOTOYJICHIB MU Ma€MO TaKy [0 ab0 B KOOD/HHATAX

0 0 0
Y DA i (9 —1) - B
p2(e_) (n8h1+(n+ )h18h2+ +(2n—1)-h, 18hn)’

p2(h) =2 (hlaihl + 2}%%2 +oot nhnaihn) )

5, O 0 0
p2(€+) = (2h2 — hl)a_hl + (3h3 — h1h2)8—h2 + -+ ((n -+ 1)hn+1 — hlhn)a_hn
st Toro, mo6 npogosxkuTH audepentioBanns po(ey) 3 A, Ha Q[1, 29, . .., Ty

OTPiOHO BUPA3UTHU h,, 11 dK Jesdkuii muorowien H, Bix hy, ho, ..., h, i To/1i BUKOHATH
zaminy h; — x;.
AnaJioriggo, 11l CTeleHeBUX CHUMETPUYHAX MHOIOYUJIEHIB MagMO

() =— ni+2 i+ +n 9
p3le—) = Op P1 Ops Pn—1 o, )
0 0 0
=2 — 4+ 20—+ -+ np— |,
Ps(h) (pl oy P2 Ops p 3pn)

(8 )— i+2 i‘f‘"'—f‘n i
P3\e4) = P2 oy P3 s DPr+1 (9])”'
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st Toro, o6 npomosxkuTH Judepentiobanis p3(ey ) 3 A, #Ha Q[(x1, 22, . . ., x,)]
MOTPIOHO BUPA3UTH Py, 1 9K MHOTOUIEH P, BiJT P1, P2, - - ., Pn 1 TOJI BUKOHATH 3aMiHY

Teopemy noBeneHo.

st HeBenmuKux n MHOTOWwIeHu H, i P, MalTb BUIJIsII:

Hy = —hi® +2hihs

Hs = hi* — 3hi*hg + 2 hihs + hy?,

Hy = —h® +4h®hy — 3hi*hg — 3hiho® + 2 hihg + 2 hohs,

Hs = hi® = 5hi*hy +4hi’hg + (6 ho® — 3ha) hi® + (2 hs — 6 hahg) hi—
— ho® + 2 hohy + Ry,

1 3

Po=—pi+ =
) 2291 + 2p2p17
1 4 1
P _ 4 2 o - 2
3 6p1 pap1” + 3p3p1 + 2172 ;
1 5 5 5 5 5
P — _24 5 3 Y . 2 e =z 2 ~n.
4 5 p1 +—12P2p1 6P3P1 + <4p4 8P2 p1+6p3P2>
1 1 1 3 3 6
Ps = —p1®—= papr* < pap*+ | S p2°—= + | —ps— —
5 120 41 8]92291 3P3P1 8]02 42?4 Y4l 5]05 b3p2 | P1
Lol py?
8]92 3]93 4104292-

BayBaxKuMo, 110 p1, P2, P3 BXKe HE OYIyTh Slo-jtissmu Ha A,,.

6. BucHOBKUM Ta NepCIeKTUBY MOJAJIBINNX JOCHiPKeHb. B poboTi 3uait1e-
HO sIBHUII BUTJISA TPifiku onepaTopis slo-11il Ha BekTOpHOMY TIpocTopi gAiarpam FOura
QY,, Ta mpocropi cumerpuaHX MHOTOWIEHIB. [okazaHo, 1110, BUKOPUCTOBYIOUN 130~
Mopdizm mizk QY,, Ta aarebpoio cuMeTpUYHIX MHOIOWIEHIB A,,, MOXKHa ITepEeHeCTH
nito anredpu Ji sly 3 A, na QY,,.

B maitbyTHROMY ILTAHYETHCS 3aCTOCY BATH 3AIIPOIIOHOBAHMIT Ti/IX1/] 1 BUKOpHUCTATH
immi Bimomi cumerpuuni gil sly wa Q[xy, o, ..., x,] 3 MeTOI mEpeHeceHHs 1X Ha
npoctip miarpam FOura QY,,. OcHoBHa TexHiuHa mpob/ieMa, sika TyT BUHUKATHME,
Ile 3HAXOJKEHHA Jiil jiudepenIialbHuX olepaTopiB, AKi peasizoBYIOTh BiIOBiiHE
300paxkenHs sly, Ha muOrouweHu Ilypa.

OcHoBHI pe3y/IbTaTi POOOTH MAIOTh 3aCTOCYBAHHS B TEOPil 300pakeHb Ta KOMOi-
HaTOPUIIL, 30KpeMa B JIOCJIJIZKEHHI CTPYKTYPHUX BJIACTUBOCTEHN aarebp CUMETPUYHIX
dyHKIIiit Ta onepaTopiB Ha JudepeHIiaIbHIX YaCTKOBO BIIOPAIKOBAHINX MHOKUHAX.
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This paper establishes the explicit form of derivatives (D_, Dy, D) that define the
action of the Lie algebra sl on the vector space QY,, of Young diagrams corresponding to
partitions A of length n:

D_(A) = —(né-(X) + V_(N)),

Do(A) = 2A,

Dy(N) = Vi (W),
where £_(A) and V4 () are sums over all possible Young diagrams obtained by adding or
removing a cell OJ from the corresponding Young diagram. The proof involves introducing

an algebra structure on QY,, isomorphic to the algebra of symmetric polynomials in n
variables, defining the sl action on Schur polynomials, and transferring this action to

QY.

Keywords: Lie algebra sls, sls-representation, symmetric polynomials, Schur polynomials,
Young diagrams
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ON MINIMAL MINIMAX SYSTEMS OF GENERATORS
FOR POSITIVE POSETS

The representations of partially ordered sets (abbreviated: posets), introduced by
L. A. Nazarova and A. V. Roiter (in matrix form) in 1972, play an important role in
the modern representation theory and its applications. Yu. A. Drozd proved in 1974 that
a poset S has finite representation type over a field if and only if its Tits quadratic form

qs(z)::zg—i—sz—i— Z zizj—zoz,zi,

i€s i<j,i,j€S ies

is weakly positive (i.e., positive on the set of non-negative vectors), but this statement is
not true, unlike the case of the quivers, when considering the positive quadratic forms.
Hence the posets with positive Tits quadratic forms aroused great interest from various
points of view as analogs of Dynkin diagrams. In 2005 the authors described up to iso-
morphism all posets with positive Tits quadratic form. The basic method for solving this
problem is so-called minimax equivalence method proposed by the first author. Recently
he introduced some concept (namely, minimax system of generations) with consideration
of the corresponding examples, which can be considered as the emergence of a new theory,
which study combinatorial properties of posets with respect to minimax equivalence.

In this paper we study from such new point of view the posets with positive Tits
quadratic form (which are called positive posets).

Keywords: positive quadratic form, Tits quadratic form, positive poset, minimax equiv-
alence and isomorphism, minimax system of generators.

1. Introduction. When studying the representations of quivers, P. Gabriel [1]
introduced a quadratic form of a (finite) quiver ). This form was called the Tits
quadratic form of the quiver (. P. Gabriel proved that the quiver @) is of finite
representation type over a field k if and only if its Tits quadratic form is positive.
This Gabriel’s result laid the foundations of a new direction in the representation
theory dealing with the investigation of the relationships between the properties of
representations of various objects and the properties of quadratic forms associated
with these objects.

In [2], Yu. A. Drozd showed that a (finite) poset S is of finite representation
type if and only if its Tits quadratic form

QS<2):Z§+ZZ§+ Z Zz‘Zj—ZOZZi>

€S i<j,i,jeS i€S
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is weakly positive, i.e. positive on the non-zero vectors with non-negative coordinates
(representations of posets were introduced by L. A. Nazarova and A. V. Roiter in [3]).
In contrast to the quivers, the posets with weakly positive and with positive Tits
forms do not coincide. Since the connected quivers having positive Tits quadratic
form coincide with the quivers whose underlying graphs are (simply faced) Dynkin
diagrams [1], the posets with positive Tits form are analogs of the Dynkin diagrams.
Therefore investigation related to posets with positive Tits form are important.
In [4], |5] the authors classified the posets with positive Tits quadratic form and the
minimal posets with non-positive Tits form.

In solving the specified problems, a method based on the notion of minimax
equivalence of posets was used (see [6]). In |7] the first author introduced some
concept (namely, minimax system of generations) with consideration of the corres-
ponding examples, which can be considered as the emergence of a new theory, which
study combinatorial properties of posets with respect to minimax equivalence.

In this paper we study from the new point of view the posets with positive Tits
quadratic form. Such posets are called positive.

The first author is supported by a grant from the Simons Foundation (1030291,
1290607, V.M.B.).

2. Preliminaries.

2.1. Definitions on posets. Throughout the paper, all posets are finite of
order n > 0 without an element 0. A poset T is called dual to a poset S and is
denoted by S°P if T = S as usual sets and x < y in 7" if and only if x > y in S.
If S and S°P are isomorphic, the poset S is called self-dual. T and S are called
anti-isomorphic if T and S°P are isomorphic.

By a subposet we always mean a full one, and singletons are identified with
the elements themselves. Sometime (in definitions or statements) we admit empty
posets which are or may be later subposets of some posets.

A poset S is called a sum of subposets Ay, As, ..., A,, and write S = Ay + Ay +
oo+ Ay, if S = UiegA; and A, N Aj = @ for each ¢ and j # 7. If any two elements
of different summands are incomparable, the sum is called direct and is denoted in
this case also by ][ instead of -+.

A sum S = A+ B with A, B # @ is said to be left (resp. right) if a < b (resp.
b < a) for some a € A,b € B and there is no @’ € AV € B such that a’ > ¥/
(resp. b/ > a'). Both left and right sums are called one-sided. A sum S = A+ B is
called two-sided if a < b for some a € A,b € B and I/ < o’ for some o' € A,V € B.
Finally, a one-sided (left or right) or two-sided sum S = A + B is called minimaz if
x < y with x and y belonging to different summands implies that x is minimal and
y maximal in S.

2.2. Positive posets. Let S be a poset. The Tits quadratic form of S is by
definition the following quadratic form ¢ : ZISH! — Z:

q:qs(z):zg+2zi2+ Z zizj—zoz,zi,

€S 1<j,i,J€S ieS

(see [2]). Here Z denotes the set of integer numbers and Z!*I*! consists of the integer
vectors (z;) with @ € 0U S. The poset S is called positive if so is its Tits quadratic
form.
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The positive posets were first described in [4] (for posets of width two) and [5]
(in general case). They can be of two types: serial and non-serial.

A positive poset S is called serial if for any m € N, there is a positive poset
S(m) D S such that |S(m) \ S| = m, and non-serial otherwise. There are 108
non-serial positive posets up to isomorphism and duality |5, Table 1] (see also below
Section 5).

Now formulate two theorems on positive serial posets (see [4], [5] and also [7]).

A linear ordered set with n > 0 elements is called a chain of length n. A poset
of the foem a1 < ... < a, < {b,c} < dy < ...d;(p,q > 0) with one pair of
incomparable elements is called an almost chain of length n = p+ q + 1.

Theorem 1. A poset T is serial positive if and only if it is isomorphic to one
of the following poset S

(1) S is a direct sum of a chain of length k > 0 and a chain of length s > 1,
where k < s;

(2) S is a left minimaz sum of two chains of lengths k > 1 and s > 1, where
k+s>3;

(3) S is a direct sum of a chain of length k > 0 and an almost chain of length
s> 1, where k+s > 1.

Moreover, all these posets are pairwise non-isomorphic.

Theorem 2. Any positive poset of order n <5 orn > 7 is serial.

3. Main results.

3.1. Minimax equivalence of posets. This concept was introduced by the
first author in [6] and studied in detail in [5].

For a poset S and its minimal (resp. maximal) element a, let us T = S (resp.
T = S}) denotes the following poset: T = S as usual sets, T \ a = S \ a as posets,
the element a is maximal (resp. minimal) in 7', and a is comparable with = in T’
if and only if they are incomparable in S. Two posets S and T are called (min,
max)-equivalent if there are posets Si,...,S, (p > 0) such that, if we put S = S
and T = Spyq, then, for every i = 0,1,...,p, either Siyy = (S;)], or Sis1 = (S)},-
Obviously, any poset is (min, max)-equivalent to itself (if one put p = 0). Since
some time we also use the term minimax equivalence.

The notion of minimax equivalence can be naturally continued to the notion of
minimazx isomorphism: posets S and S’ are minimax isomorphic if there exists a
poset T" which is minimax equivalent to .S and isomorphic to S’.

In the case when for every ¢ = 0,1,...,p* one has S;;; = (SZ)QTC, T and S are
called min-equivalent.

Proposition 1. The following conditions are equivalent:
(1) T and S are (min, max)-equivalent;
(2) T and S are min-equivalent.

In a similar way one can defines the notion of max-equivalence.

3.2. Minimax systems of generators. The concept of such systems of
generators was introduced by the first author in [7].

Let X be a class of finite posets closed under isomorphism and duality (or,
equivalently, isomorphism and anti-isomorphism), and let U = {U;} be a set of
posets U; € K with ¢ running through a (finite or infinite) set I. The set U is called
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a minimazx system of generators of K if any X € K is minimax isomorphic to a poset
U; for some ¢ € I. In the case when any proper subset of U is not a minimax system
of generators, the system of generators U is called minimal. The system U is called
self-dual is so are all Us;.

Example. From [5, Theorem 2] it follows that the minimal posets with non-
positive Tits quadratic form (which are called P-critical) has a self-dual minimal
minimax system from 5 generators, consisting of the Kleiner posets [§].

3.3. Formulations of the maim theorems. Recall that the Hasse diagram
of a poset S is a type of diagram that represents S in the plane. Namely, for a poset
S one represents each element of S as a vertex and each pair of elements x,y of S,
such that y covers = (i. e. = < y and there is no z satisfying < z < y), as an
edge (a line segment or curve) that goes upward from x to y. We call a poset S
quasi-chained if H(S) is a chain.

Theorem 3. The classes of serial and non-serial positive posets have minimaz
systems of quasi-chained generators. Moreover, one can assume that each generator
15 1s of width 2 or self-dual.

Theorem 4. The class of serial positive posets of even order has a self-dual
minimax system of quasi-chained generators, but the class of those of odd order does
not have.

Theorem 5. The class of non-serial positive posets does not have a self-dual
minimax system of quasi-chained generators.

Theorem 6. The class of non-serial positive posets has a minimax system of
quasi-chained generators of width 3, but the class of serial ones does not have.

Under proving these theorems, in each case when (by the formulation of some
theorem) the indicated system exists we even indicate such a minimal system.

4. Proofs of the theorems.

4.1. The case of serial posets. Let S be a serial poset (see Theorem 1). From
the definition of S] we have the following statements:

(4.1.1) if S is of the form (1), S := Sis = {a =a1 < ... < a}[[{b =0 <
...b}, then (when k #0) ST 2 Sy, 14y and S] 2 Sy 114 1;

(4.1.2) if S'is of the form (2), S := Syps ={a =a; < ... < a}[[{b=b1 <...bs}
with a; < b, then S! is isomorphic to the poset {ay < ... < ap}[[{b1 < ... b1 <
(bs,a1)} of the form (3) (or to S(3,k — 1,s,s — 1) in the notation of (4.1.3)) and
(When s > 1) SIT = SQ’]Q+1’571;

(4.1.3) if S is of the form (3), S = Syt = {a = a1 < ... < a}[[{b =
b < bt < (C, d) < bt+1 < ... < bs_l}, then (When k 7£ 0) S;lr = S&k—l,s-ﬁ-l,ty
Sl;r = 537k+173_17t_1 when t 7& 0 and SCT = 52’37}“_1 when t = 0.

A simple analysis shows that these statements (with using the min-equivalence
by Proposition 1) emply that

(4.1.4) the posets S1, with n running through N and S, with m running
through N\ 1 form a minimal minimax system of quasi-chained generators of the
class of serial positive posets;

(4.1.5) the posets Si 2, with n running through N and S, ,,,, with n running
through N\ 1 form a minimal self-dual minimax system of quasi-chained generators
of the class of serial positive posets of even order;
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(4.1.6) for any fixed n > 0, the poset Ss ;9,41 is not minimax isomorphic to a
self-dual quasi-chained posets.

(4.1.7) for any fixed m > 0, the poset S} ., is not minimax isomorphic to a
poset of width 3.

Obviously, the first part of Theorem 3 (for serial posets) follows from (4.1.4),
Theorem 4 follows from (4.1.5) and (4.1.6), the second part of Theorem 5 follows
from (4.1.6), and the second part of Theorem 6 follows from (4.1.7).

4.2. The case of non-serial posets. Consider now the case of non-serial
posets using the language of Hasse diagrams. Such posets were classified by the
authors in [5]; see below the corresponding table in Section 5. We will refer to this
table in following the following discussion, calling it Main table.

Proposition 2. All posets of Main table are divided on 8 classes with respect to
minimaz 1somorphism:

(1) 1,2, 3, 1, 46, 47, 19;

(11) 5, 48, 50;

()  6,7,8,9,10, 11, 12, 13, 51, 52, 53, 54, 57, 60, 61;

(IV) 14, 15, 16, 17, 18, 19, 20, 55, 56, 58, 59, 62, 63, 64, 65, 66, 67;
(

V) 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 68, 69, 70, 71, 76, 77, 79,
87, 88, 89;

(VI) 31, 32, 36, 37, 40, 41, 43, 72, 74, 80, 81, 82, 86, 90, 92, 94, 96,
98, 99, 103, 108;

(VIT)  33. 34, 35, 38, 39, 42, 44, 73, 75, 78, 83, 84, 91, 93, 95, 97, 100,
102, 104, 106, 107;

(VIIT) 45, 85, 101, 105.
The upper underlined posets (and only they) are quisi-chained.

This statement follows from the result of the paper in [5], but some explanations
are required.

If one uses the terminology of Subsection 3.2, in [5] the authors show that the
set of posets of width two M = {1,5,6, 14,21, 31, 33,45} together with the set M°P
(consisting of their duals) form a minimal minimax system of generators for all non-
serial positive posets. Moreover, from the proofs in [5] it follows that each poset of
Main table and its dual are minimax isomorphic to the same poset of M. In other
words, each class minimax isomorphism is closed under duality. Therefore, the set
M itself is a minimal minimax system of generators for the non-serial positive posets.

From all that has been said it follows that if one writes out all non-serial pos-
itive posets not only with accuracy up to isomorphism, but also with accuracy to
duality (Main table is exactly this), then it is correct to consider classes of minimax
isomorphism with accuracy to duality too.

But in the case when the classes are considered up to duality and we want to
make sure that some property is not satisfied for posets of some class, then this
property must be closed under duality. All property of non-serial positive posets
that will be considered below will satisfy this requirement by silence.

It is easy to see that the sets QC(I)...QC(VIII) of quasi-chained posets of
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the classes (I)...(VIII) consist of, respectively, the following ones (the symbol sd
denotes self-dual posets):

e
-
A A
Wt W]
2t

90 92 98 sd

95 100 102 sd

I )

101 sd

%

From the description of the sets QC(I), ..., QC(VIII) the next statements follow:

(4.2.1) for N = 1,1V, VI, the sets QC(N) contain quasi-chained posets of width
2, and for the rest N contain self-dual quasi-chained posets;

(4.2.2) there is not such N that the set QC(N) contains both a quasi-chained
poset of width 2 and a self-dual quasi-chained poset;

(4.2.3) every set QC(N) contains a quasi-chained poset of width 3.

Obviously, the second part of Theorem 3 (for non-serial posets) follows from
(4.2.1), Theorem 5 follows from (4.2.2), and the first part of Theorem 6 follows from
(4.2.3).

Thus, Theorems 3-6 are proved in both serial and non-serial cases.

The method we proposed allows to establish other properties of positive and not
only positive posets.
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5. Table of all non-serial positive posets up to isomorphism and duality
from the paper [5]. For aesthetic reason, the posets 12 and 13 are arranged in

the below table in opposite order.

1 2=1' sd| 3 4 5 6

Halulalal )

7=6' 8 9=8’ sd| 10 11 12

41/ Al

13 14 15=14" sd| 16 I/ 17=16’ 18

Ul dal vl /

19=18’ 20 sd| 21 22=21' 23=21" sd | 24

4y J % A

25=24" sd| 26 27 28 29 30

A/

31 32]3/1’ 33 34=33' 35=33" 36

/ %

37=36' 38 39=38’ 40 41=40’ 42
/

43 44 45 46 sd | 47 48 sd
f ./I

49 50 sd| 51 sd| 52 II 53=52" sd| 54
Mo AL A

55 ./I/I 56 57I 58 sd| 59 60

AT AT A Al
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I AR AR AR
vl A4 A
73 74 75 sd| 76 77=76" sd| 78
AL AL WAL A
Al tul o/ a7
uloal Al A S
MEM M Ml A
AN ARSI A

AN AN AN AN

Some remarks on the table.

In upper right corners the symbol sd means that the corresponding poset is
self-dual.

If a poset i has width 2 and the table writes i« = j', this means that i can be
obtained from j by replacing its only maximal point with its only new minimal
point. Note that these two posets are (min, max)-isomorphic. The same applies to
the case i = j” = (j')’ (it is needed to compare the posets i and j'). If the poset i
has width 3 and the table writes ¢ = j’, this means that the above applies not to the
posets ¢ and j themselves, but to their connected components of width 2. Note that
here i and j are (min, max)-isomorphic too. The same applies to the case i = j”.

Arbitrary posets S and T, which are obtained from each other using similar
operations are called 0-isomorphic. And if we remove from the table the posets with
numbers ¢ = j and i = j”, we obtain a description of non-serial positive posets up
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to O-isomorphism and duality.

6. Conclusions.  Recently the first author introduced some concept with
consideration of the corresponding examples, which can be considered as the emer-
gence of a new theory on combinatorial properties of posets with respect to minimax
equivalence. In this paper we study from such new point of view the posets with
positive Tits quadratic form (which are called positive posets). The received results
can be generalized to other classes of posets.
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Bonnapenko B. M., Cteonoukina M. B. [Ipo minimaibai miniMakcHi cucremu
TBIpHUX I JIOJATHUX YACTKOBO BIIOPSIKOBAHUX MHOYKUH.

300pazkeHHsl YACTKOBO BIIOPSJIKOBAHUX MHOXKHH (CKOPOYEHO 4. B. MHOYKHH), BBEJECHUX
JI. A. Hazaposoro i A. B. Poiirepom (y marpuuniii dopmi) B 1972 p., BiairpaoTs BazK/IuBy
poJIb y cydacHiit Teopil 300pakenb Ta 11 3acrocyBanHsx. FO. A. JIposn y 1974 p. nosis,
IO 9. B. MHOKHUHA S Ma€ CKiHUeHHU 300parKyBajbHUN TUII HAJT TIOJEM TOL 1 JiMie To,
KoJn 11 kBasipaTudana dpopma Tirca

qs(z)zzzg—i—z,zf—i- Z zizj—zoz:zi,

i€s i<j,i,j€S i€es

€ cJ1abKo 10AaTHOIO (TOGTO MOAATHOIO HA MHOXKUHI HEBIJ'€MHUX BEKTOPIB), aJie 11e TBePJIKe-
HHS He € MPaBUWILHAM, Ha BIIMIHY BiJl BUITAJIKY caraiiJakiB, KOJIU PO3IVISIAIOTHCS JIOAATHI
dopmu. ToMy 4. B. MHOXKUHM 3 JOJATHOIO KBaJpaTudHoio ¢popmoro Tirca BUKIUKAIN Be-
JIMKHUH iHTepec 3 PI3HUX TOYOK 30py #AK aHaJsoru miarpam Jlmnkima. ¥ 2005 p. aBTopum
OIUCAJIN 3 TOYHICTIO O i30MOpdi3My BCi MHOXKUHU 3 JOJATHOIO KBAIPATUIHOIO (DOPMOIO
Tirca. OcHOBHMM METOIOM BHPIIIEHHs 1€l MPOOJIEeMI € TaK 3BaHWl MEeTOJ MIHIMAKCHOI
€KBIBaJIEHTHOCTI, 3alIpOMIOHOBAHMII MepIImM aBTOpoM. HemmomaBHO BiH MpeACTaBUB JlesIKe
HoHATTS (2 came, MIHIMAKCHOI CHCTeMH TBIDHUX) 3 DO3IVIAIOM BiJIOBIIHUX NPUKJIAIIB,
SKi MOYKHA PO3IVISTHYTH SK IOSIBY HOBOI TeOpil, sKa JOCTiIKye KOMOIHATOPHI BJIACTUBOCTI
MHOKHWH BiJTHOCHO MiHIMaKCHOI €KBiBaJIEHTHOCTI.

VY 1miit cTaTTi MU BUBYAEMO 3 TAKOI HOBOI TOYKH 30pPY Y. B. MHOXKUHU 3 JIOJIATHOIO KBa-
nparuanoio opmoro TiTca (gKi HABUBAIOTHCS JOJATHUMHA).

Kuarodyosi cioBa: jojaTHa kBajparndyHa ¢dopMma, KBajparudHa dopma TiTca, momaTHa
9. B. MHOXKMHA, MiHIMAKCHA €KBIBAJIEHTHICTD Ta i30MOpPdi3M, MiHIMAKCHA CUCTEMa, TBiPHUX.
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JOCJIII2>KEHHS PO3B’SI3KIB IHTET'PAJIbLHOI KPAMIOBOI
3AJTAYI 3 ITAPAMETPOM

IIpoBeneno mocimkentst PO3B’sA3KiB HETIHINHUX CHCTEM 3BUYANHUX [rdepeHIiaIbHIX
PiBHSIHB, ITJITOPSJIKOBAHUX HEJIHIMHUM IHTErpaJbHUM KpPaWOBUM yMOBAM 3 ITapaMeTpPOM.
B ocnoBi MeTony jeuTh Iepexis BiJ 3a/[aHUX iHTErpaJbHUX KPaflOBHX YMOB JIO IIapaMe-
TPU30BAHUX YMOB MOJIEJILHOT'O THITY, IKi MAaIOTh IIPOCTUIN BUIVIS MOYATKOBUX YMOB. JLs
MOJIEJIBHOI IIapaMeTPU30BaHol 3a/adi o0y 0BaHa KOHCTPYKTHUBHA YHCEJIbHO—aHAJITHIHA
cxeMa, sika 0a3yeTbCd Ha MMapaMeTPU30BAHUX ITOCJIIOBHAX HAOJIMKEHHSX i3 MOKPAIIEHU-
MH XapakKTepucTukaMu 36i2kHOocTi. BeranoBiieno 3B’s30K MiXK pO3B’sA3KaMU MOJIETIHHOI Ta
BUXITHOI KpalloBUX 3a/1a4.

ITro Texmiky Ta i1 mepeBaru MpPOJIEMOHCTPOBAHO Ha, MPUKJIJl IHTErpaabHOI KpaioBOl
3a0a4i.

Karo4doBi cioBa: 3suvaiini audepeniiaabai piBHIHHA, HesiHiliHA iHTErpajJbHa KpaiioBa
3aja4a, HelepepBHO JudEPEeHIiioBHUN PO3B’ 30K, napaMeTpu3aliis, ymosa Jlinmursg, mo-
JIT cerMenTy iHTerpariii, 3012KHICTb [TOCJIIIOBHUX HADJIMKEHbD.

1. Beryn. V jganiit poboTi JIOCTiIzKYEeThCs HeTiHifiHa iHTerpaibHa KpaiioBa 3a1a4da
HACTYITHOTO BUTJISIJTY:

= f(t,z(t),\), t€la,b], (1)
/g(s,x(s), A)ds = d, (2)

z1(a) = x4, (3)

e f:fa,b] x D X [a1,b1] = R" 1 g : [a,b] X D x [a1,b] — R"™ 3anani wnenepeppni
dyHKIIT y Jeskiit oomexkeniit obsacti D C R™, KoHKpeTHUI BUTJIsL] AKOT OyJ1e 1o-
kazaHo HuK4e B (9), A € [ay, by] — HeBijmommil ckassipanii napamerp, a d € R™ —
3aJaHnii BeKTop. KpiM Toro, mpuiryckaerbest JoKaabHa JHIIIUIEBICTh B obacti D
dbyuriil f i g ais Beix t € [a,b] i {u,v} € D y HACTYITHOMY BUIVISII:

’f(t,u,)\)—f(t,U,A)ISKf‘U—U‘, (4)

lg(t,u, A) — g(t, v, A)| < Ky [u— o], ()
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ne Ky, K, nesiji’eMHl MaTpuUIi po3MipHOCTI 1 X n.

st mocmikenHst icHyBaHHS 1 HaOJIMzKeHOTo po3B’a3Ky 3amadi (1)—(3) 3acrocy-
€MO TEeXHIKY, 3alIPOIIOHOBAHY B [3-8].

Ha ocroBi 115010 miX0/My 3aMiCTh IHTErpaJbHIX KPAHOBUX YMOB (2) BBOISTHCS
B PO3IVIs]] IIapaMeTPU30BaHi “MOIe/IbHI yMOBU IIPOCTOI'O BUIVISILY

z(a) =z, z(b) =, (6)
Jie
T1a m
Z9 2
Z - ) 77 - . )
Zn Tin

€ HEeBLJIOMMMH TlapaMeTpaMy 1 CIHOYaTKy 3aMiCTh iHTerpaJbHOl KpaitoBol 3ajiadi
(1)—(3) mocmiKytoThCst PO3B’SI3KM HACTYITHOI CHCTEMHU MapaMeTPU30BAHUX JIBOTO-
YKOBUX KpailoBUX 3a/1a4 “MOJIeJIbHOTO THUITY

dr(t)
d
2. locaigKeHHd MojesibHOI 3aaadvi. Buximaumu € 1Bl oOmerkeni obsacti

D,, D, C R™ i nmikaBuMocs TaKUMU PO3B’sI3KaMU, 3HAYCHHs sIKUX B TOYKaX t = a i
t = b Ha;exxuTh BianoBiaHo MuoxkuHaMm D, i Dy. Bynyerbcs MHOXKHUHA TOYOK

ft,zt),N), telab], x(a)==z zb) =n. (7)

Doy = (1=10)z+6n, (8)

1 I HeBiy eMHOrO BeKTOpa p € R BU3HAYNMO MMOKOMIIOHEHTHUN BEKTOPHUNA p-OKI1J
MHOXKUHHI D, ;, HACTYIIHUM 9UHOM

D =B(Dup.p)= U B(y,p), (9)

yeDa,b

Jie 11T BEKTOPHUM p-OKOJIOM TOYKH Yy € R"™ po3ymieMmo MHOXKUHY

B(y,p) ={{ € R": [¢ —y| < p}.

Ha ocnoBi muoxkwnu D, i mpaBol YaCTUHHU CUCTEMU JIPEpPEeHIiaJIbHIX PIBHIHD
(1) mobyyemo BeKTOD

1
5o _ - taN) — | te N . (10
[ ’bLD(f) 2 (t,a:,)\)e[ﬂ]%(XDX[al,bl] f( v ) (t,x,A)E[ar,ll/)l]1><nD><[a1,b1] f( v ) ( )

YwmoBa 1. Icuye meBin’emunit BekTop p € R™ rakuii, 1o

p > ap),n(f)-

YmMmosa 2. Icnyiors Hesin’emni marpuni Ky, K, J1d gKUX JIOKaJIbHO B 00J1aCTi
D g dbyukniii f 1 g Bukonyorbest ymosu Jlinmmung (4), (5).
YmoBa 3. Haiibisibiiie BiracHe 3HaYMEHHS MATPHIL

3(b—a)

Q- 1)
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o8 4. B. BAPTA, A. B. KOPIIOIII

MeHIIIe 3a OJINHUITIO
r(Q) < 1. (12)
st BuBUeHHST PO3B’sI3KiB MOJIEJIbHOI HTapamerpusoBanol 3aja4i (7) BBeJeMO B
PO3IJIs]] TapaMeTpU30BaHy MOC/I0BHICTE (DYHKITIi

t—a

t—a t—a
R R R
T (t, 2,m, N) ::z+/f(s,xm1 (s,z,m),\)ds— (14)
t—a
3 /f(s,xm1(3,z,n),)\)ds+b—[n—z},t€[a,b], m=1,2,..,
_a R

ne z € D,, n € Dy e napamerpaMu. 3ayBayKUMoO, 110 BCI DYHKIET Z,, (¢, 2,7, \)
3a/I0BOJIBHSIOTH “MOJIe/IbHI KpaiioBl ymoBu iy Oy/Ib-9KUX 3HAYEHL ITapaMeTpPiB
z,m € R™

HacrynHe TBepjzKeHHsI BCTAHOBJIIOE PiBHOMIpHY 36iKHicTh mocstigosHOCT (14)
JIO JIeTKOl TTapaMeTpU30BaHOl IPaHUIHOT (DYHKITIT.

Teopewma 1. [Ipunycmumo, wo sukonyromvcea Ymosa 1-Ymosa 3.
Todi, dasn 6ydo-axux Pikcosarnuzr (z,m) € Dy X Dy
1.Bci ¢pynruii nocaidosnocmi (14) € menepepsno dugepenyitiosni na 6idpisky
t € [a,b], maromov snavernns 6 obaacms D i 3adosorvratoms ymosam (6).
2. Ilocaidoswicms dyrkyit (14) pisnomipro 36izacmuves eidnocro t € [a, b] npu
m — 00 do epanuyroi GyrKyLi
Toolt,z,m, A) = lim x,(t, 2,1, A).

m—r0o0

3. I'panuvna pynruisa 3a00604bHAE ,MO0ENOHT YMOBU
Tool, 2,M,N) = 2, Too(b,2,m, ) = 1.

4. Qynruyia To (t,2,m,\) € edurum nenepepsro JuPepkHyitiosHuM PO36 A3KOM
THME2PAADHO20 PIBHAHMA

—z+/fsx ds—t_a/fsx ds+—a[n—z],t€[a,b],

6 obaacmi D.

Tnwumu crosamu, T (t, 2,m) 3ad060avnae 3adawy Kowi das modudirosarnol cu-
cmemu QuPepeHUiaNv HUL PIGHAHD:

dx

dt

de A(z,m,A) : Dy x Dy, — R™ ue sidobpasicenns, axe eusnauene Gopmyron:

= f(t,x,\) + ﬁA(z,n, A), z(a) ==z, t €la,b],

b
A ) ==z = [ fls.mm(s, 2, Vi

a
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5. Cnpasedausa ouinka

’3:00('7 2,1, )‘) - iL‘m<', 251, A)’ < 1?aoal(t a, b— a)Qm ([n - Q)il (5[a7b],D<f)a (15)

ons ecixz t € [a,b] i m >0, de bp),p(f) 3adaemocsa dopmynoro (10),

an(t,ab—a)=2(t —a) (1— Z:Z)

nPUMOMY
b—a

2 Y

O(l(t,(l, b— CL) <

a mampuysa Q) mae euzand (11).

Hosederns. [Toseenns Moxke O6yTH IIPOBEJIEHO aHAJIONYHO, siK y Teopewi 1 [§].
A came, Ha ocuoBi Jlem, 1m0 moBejieHi y 2], BCTAHOBIIOETHCS, MO MPU yMOBAX Te-
opemu st dikcoBanux z € Dy, n € Dy i Bcix t € [a, b] nocaimoBHicTh GyHKIIiI
(14) mamexkuth obmacti D i e mocainosrictio Ko, T06T0 piBHOMIpHO 301:KHOI0, ¥
Banaxosomy mipoctopi HernepepsHux BekTop-dyHKIHH C([a,b] ,R™) 3 cranmapTHOO
PIBHOMIPHOIO HOPMOIO.

Teopema 2. B ymosaxr Teopemu 1 eparuvra Gyrriyis

* * : * *
Toolt, 25,0, N) = lim 2, (¢, 2%, 0", \),
m—r0o0
nocaidosnocmi (14) € nenepepeno dudeperyitiosnum po3e’a3kom iHmezpasvoroi Kpa-
to60i 3adavi (1)-(3) modi i miavku modi, koau napa (2*,1*) 3adososvnae cucmemy
21 aN2e0PAIMHUT YU MPAHCUEHOEHTHUL, MAK 36GHUT ,6USHAMANOHUT PIGHAHD

b
A(z,mA\)=n—2z— /f(s, Too(S,2,1m), N)ds =0,
’ (16)

b
Az, A) = / 95,2 (5,2,m), N)ds — d = 0.

Zlosederns. [loBenmennss moxke OyTH IMPOBEIEHO aHAJOTIYHO, K y Teope-
max 2, 3 [1].

Hacrymae TBep/zKeHHST TIOKA3Y€, 10 CUCTEMA ,,BU3HAYAILHUX PiBHAHBL' (16) Bu-
SIBJIsi€ BCI MOXKJIMBI pO3B’sI3KH iHTerpasbHOl KpaiioBol 3a1a4i (1)-(3), saki HamexkaTh
obmacTi D 1 3HadeHHd 9KUX B TOUYKaxX t = a 1t = b HaJIe:KaTh BiAMOBIIHO MHOXKIHAM

D, 1 Dy.

Teopema 3. Hexatli suxonyromuvca yci ymosu Teopemu 1.

1. HAxwo, icnyromo sexmopu (20,770) € D, x Dy, axi 3ado60ivhaomo cucme-
MY BUBHAYANLHUT PisHans (16), modi inmeepanvra kpatiosa 3adaua (1)-(3) mae
HenepepsHo dugeperitioshuti Po36 A30kK x0(~) maxutl, wo
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60 4. B. BAPTA, A. B. KOPIIOIII

Kpim mozo, ueti poss’asox € epanuunoto gynkyieto nocaidosrocmi (14)

2O(t) = oo (t, 2°,0°,N) = lim x,(¢,2°,7% N), t € [a,b].

m—o0

2. I nasnaxu, axwo mmmeeparvna kpatiosa 3adava (1)-(3) mae poss’asor 2°(-) €
D, mo cucmema ,,6usnavarviur pienans“ (16) sadososvnacmoca npu

z=12"a), n=2°0).

3ayBaKuMo, 10 PO3B’A3HICTH CHCTEMH ,BU3HAYAIBHUX PiBHAHB" (16) MoKe Oy-
TH BCTAHOBJIEHA HA OCHOBI BJIACTUBOCTEN ,,HAOJIMZKEHOI CUCTEMN BU3HAYATbLHUX PiB-
13
HSIHD

b
Ap(z,m, N) :n—z—/f(s,xm(s,z,n),)\)ds,

b (17)

Az N) = [ glsvtn(s. 20, )ds = d =

a

sdKa MOYKe OyTH 100y I0BaHa sIBHO.
Ha ocnosi mepisrocreit (4), (5) 1 (15), Bpaxysasmmn 1o

b
bh— 2
/al(t,a,b —a)dt = %,

a

IpAMUM 00YNCACHHAM MOXKHA, JO0BECTU CHpaBe,ZL.HI/IBiCTb HaCTYIITHOI'O TBEPI2KCHHI.

Jlema 1. Ilpunycmumo, wo maromsv micue ymosu Teopemu 1 1 kpim mozo 6u-
konyromocea ymosu Jinwuua (4), (5).

Todi daa mounoi i nabaustcenoi susnavarvnux Gynkuit (16) i (17) maroms mi-
cue Hacmynui oyinku das 6ydv-axux nap eexkmopie (z,m) € Dy X Dy im > 1:

N2
8GN = Az ] < DR Q7 (1, Q) (), .
N2
’A(Z7 m, /\) - Am<Z, m, )‘)| < WK Qm (In - Q)_l 6[a,b},D<f)'

3. MogesibHUIT TPUKJIAL. 3aCTOCYEMO TIHCETbHO-aHAITHIHUN TI1X1]1, IO OTIH-
canmii Buie Ha Bipisky [0, 1] mo cucremu audepeHniaabHUX PIBHAHD

dz () t t 4 t? 1
dt R A O TSR IY
(19)
dro(t) A2 t? t 1
a(t) = Z 2 ()aa(t) — - — 4+, te[0,1], Ae[-1,0],

1200 240 3

Poszain 1: Maremaruka i craTucTiKa



TOCIIIZKEHHS PO3B’SI3KIB ITHTETPA/IBHOT KPATIOBOT 3AJIAYI . .. 61

3 IHTerpaJbHUMHI KpaitoBUMU yMOBaMU

1

7
/s)\le(s)xg(s)ds = 150’
0
- 1 (20)
ST 2
/§x2(s)ds T35
0
1

OueBnano, o (19)—(21) e okpemnm Bunajakom (1)—(3) mpu a := 0, b := 1,

éx%(t) — %xl(t) + % + % — % = fi(t, vy, 22)

f(t,$1,$2,>\) = ) ) )
Fout)nalt) - iy — 55+
1
/ tANZ2 () 2o (t)dt Ea
d; 450
g(t7xl7x27>\) = 0 1 5 d:: ot
2 d> <
/ S a(t)dt 133

0

Posp’si3koMm kpaiiosoi 3azadi (19)-(21) e napa dyHKIi

. 2 1
Z’1<t) = 1_0 57
(22)
. t

mon) = (2):
pim a0 a0 = (10 = (1)

Bubepemo obustacti D, i Dy:
Dy, =Dy ={(z1,22) : 0< 21 <1, 0< 25 <0.8}.
Y oMy BHNAQJIKY, MHOXKHUHA D, Mae BUIIA

Doy = Dy = D,

_ (02
P=\02)
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62 4. B. BAPTA, A. B. KOPIIOIII

ToJ1i 0bs1acTh [ Oye HACTYITHOO:
D = {(.Z'l,ilfg) :—0.2 S T S 12, —0.2 S i) S 1} .

[Ipsivi o6umcsIenHsT OKA3yoTh, 1o ymoBa Jlimmuis (4) st mpaBol dacTuHE
(19) B obsacti D BUKOHYETHCSA 3 MATPHUIICIO
)
25

) ., 7(Q) =0.107321 < 1,

I
Y
5')—! (S
|eo ooleo

1 MaeEMO

max ft,z,\) — min
€la,b]x Dx[a1,b1] (t,x,A\)Ela,b]x Dx[a1,b1]
0.25436

:< 0.0865 )
).

. 1
p = ( 8; ) > 55[a,b],D(f) = (

Bei ymoBu Teopemn 1 BuUKOHYIOTHCsI 1 TOMy mociiioBHicTs dyukmiit (14) mis
[IBOI'O NPUKJIAILY € 30i2KHOIO.

YucenbHi po3paxyHKH NOKa3yIOTh, 1110 PO3B’I3KOM HaOJIMKEHOI CHCTeMU BU3HA-
0,1,2,3 € gucjoBi 3HaYEHHs, IO TPEJI-

6[a,b]7D(f) = % ((t%)\) f (tu z, A)) =

0.12718
0.04325

JajibHUX piBHSAHB Bursyty (17), mpu m =
crasieri B Tadm. 1.

Tabaruus 1.
Habnmxkeni 3HaveHHs 1apamMerpis

A 29 M 72
-0.4944144168 | 0.000006978058785 | 0.596969697 | 0.3333350778

-0.5000781257

9.577910704x 1077

0.5999999995

0.3333344676

-0.5000035117

1.533681735x 10"

0.6000020187

0.3333331722

OJ[\DHOS

-0.4999999154

2.623376717x 1077

0.5999999939

0.3333333358

[ToxubKa mepimol ampokcnmarii (m =

1) macrymHa:

“(t) — ) ~3-107*
max [27(t) = w11 (¢) ,

max |z5(t) — z12(t)| =~ 1.4-107°.
te€[0,1]

[Moxubka Tperbol ampokcuMmarii (m = 3) HACTyIHA:

max |2%(t) — x5 (t)| = 3-1077,

t

€l0,1]

(1) — ] ~1.5-1078,
tlél[(fi}foz() T35(t)| ~ 1.5-10
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0.60

031

0.547 ¥

L] 0.1
0.52 M

*
0.50 0
0 02 04 06 08 1 0 02 04 06 08 1
t ¢
IIepiila KOMIIOHEHTA Apyra KOMIIOHEHTa

Puc. 1. Tounwit poss’sazok (22) (—) Ta ioro nysisose (¢) i Tpere nHabimxkenust (X ).

4. BUCHOBKHU Ta NEePCIEKTUBU MOMAJIBIINX JOCJigKeHb. OOrpyHTOBaHO
eeKTUBHUN TJIXIJT JTOC/TIPKeHHS iICHYBaHHSA Ta HAOJIUKEHOI MOOYI0BU PO3B A3KiB
HeJIHIAHUX KpailloBuX 3aj7a4 3 napaMeTpoMm. g Moae/ibHOI IapaMeTPU30BaHOl 3a-
Jadi 1mo0yioBaHa OpHUTiHAJbHA KOHCTPYKTHBHA YHCEIbHO-aHAJITHIHA CXEeMa, sIKa
OCHOBaHA HA IOCJIIOBHUX HAOJMKEHHSX 13 MOKPAIICHUMEI XapaKTePUCTUKAMU PiB-
HOMipHOI 30i:kHOCTI. TeopeTnyHi BUKJIAIKNA IIPOJEMOHCTPOBAHO Ha IMPUKJIAII 3a/1adi
3 HEJIIHIHHUMA IHTerpaJbHUMI KPAHOBUMH YMOBAMU.

B nomasnbimomy MozkHa OyJie MPOBECTH JIOC/TIKEHHS CUCTeM JudepeHItiaIbHIX
PIBHSIHD, IPaBa YacTUHA AKUX 3a/0BOJIbHsIE YMOBU Kapateoopi.
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The solutions of nonlinear systems of ordinary differential equations subject to nonlinear
integral boundary conditions with a parameter has been considered. At the heart of the
method lies transition from given integral boundary conditions to parameterized conditions
of model type, which have a simple appearance of the initial conditions. For a model
parameterized problem, a constructive numerically-analytical scheme is constructed, which
is built on parameterized approximations with improved convergence characteristics. The
connection between the solutions of the model and transitional boundary value problems
is established.

This technique and its advantages are illustrated by example of one integral boundary
value problem.

Keywords: ordinary differential equations, nonlinear integral boundary value problems,
continuously differentiated solution, parameterization, Lipshitz conditions, division of in-
tegration segment, convergence of successive approximations.
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KPUIITOI'PA®IA EJIIIITIYHNX KPVBUX

Y crarTi AeTabHO HOCHIIKYIOTHCS MATEMATHYHI aCIIEKTH EJIIMITUIHIX KPUBUX, 30Kpe-
Ma omepariii JoJaBaHHs Ta IMOJABOEHHS TOYOK, sIKi € OCHOBHUMU OIIE€PAISME [IJTsi TIOOYI0BU
kpunrorpadiqHux aJrOpUTMIB. 30CEPEIZKEHO yBary Ha BIACTUBOCTSX €JINTHIHAX KPUBUX
HaJT CKIHYEHHUMY TTOJIIMU, IO POOUTH IX MPUAATHUME I peaIi3aliil CTIHKIX KPUTITOTPa~
diunux meronis, Takux sk ECDSA (Elliptic Curve Digital Signature Algorithm). Posrus-
HYTO MATEMATHUYHI OCHOBHU ITUX OIleparliif, iX aJropuTMivHi peasizaliil Ta BaXKJIUBICTL JJIs
obuncoBaabHOI cTifikocTi. OKpiM MATEMATHIHIX OCHOB, Y CTATTI PO3IJISTHYTO ITPOTDAMHY
peaJtizariio omepariiif H0JaBaHHs Ta MOJBOEHHSA TOYOK, IO € BAXKJIUBUMU I €(DEKTHB-
HoCTi Ta 6e3nekn Kpunrorpadidanx agropurMiB. OMucaHO aJropuTMu peastizariii MOBOIO
nporpamysanHs Python.

Kumrouosi cioBa: enintuuni kpusi, kpunrorpadis, ECC, ECSDA, Python.

1. Beryn. EnpinTuuni kpusi ta aaroputm nudpoBoro miinucy Ha OCHOBI eTINTUIHAX
kpusux (Elliptic Curve Digital Signature Algorithm, ECDSA) e kiirouoBuMu KoMIio-
HeHTaMu cydacHol Kpunrorpadii. Bonn BUKOpUCTOBYIOThCH i 3abe3reuenns 0e3-
[IeKN JIAHUX Y MIAPOKOMY CIIEKTPI 3aCTOCYBaHb, 30KpeMa B OJIOKYEHH-TEXHOJIOTifAX,
KpunroBaoTax (Hanpukial, Bitcoin Ta Ethereum) ta pisaux cucremax 3axucry in-
dopmarii. Bukopucranus einTUYHUX KPUBHUX I KPUNTOrpadivyHuX 3aBJIaHb 3a-
Oe3rietye BUCOKY CTIfIKiCTb 70 3J1aMiB 3a JIOIMOMOI'OI0 CyYaCHUX OOYUC/TIOBAIHLHUX
TEXHOJIOTi#l, BOJIHOYAC Malo4u IMOPIBHAHO HU3bKI BUMOI'H JO PECYPCIB JIJId 0OpOOKHU
Ta 30epiraHHsI JaHUX.

OcobuBicTIO eMNTUIHNX KPUBAX € IX 3JaTHICTh HaJaBaTH KpUITOrpadidHy
CTIMKICTD, gKa MOXKe OYTHU JOCATHYTa 3 MEHINOI0 KiJbKICTIO OiTiB MOPIBHAHO 3 KJia-
CHYHUMU MeTojaMu, TakuMu gk RSA. YV BHIAJKy 3acTOCYBaHHS AJITOPUTMIB HA
eJIIITUYHIX KPUBUX BBAXKAETLCHA, IO HE iCHYE CyOEKCIOHEHIIaJLHUX aJrOPUTMIB
I10/I0 PO3B’4A3KY 3a/1a4i ‘JIMCKPETHOTO JiorapudMyBaHHd B Ipynax ix Todok . Ile 1o-
3BOJIsI€ CTBOPIOBATU O1IbIN €(PEKTUBHI CUCTEMH 3aXHUCTY 3 MEHITUMU OOYHUC/TIOBAJIb-
HUMH BUTPATaMU. 3aBJAKHU [IbOMY aJTOPUTMU, 3aCHOBaHI HA €JTINTUYHUX KPHUBUX,
AKTUBHO BIIPOBA/KYIOThCSI B TAKUX TEXHOJIOTIsX, 5K inTepuer peueii (IoT), Mobiibai
KOMYHiKallil, 0aHKiBCbKI TpaH3aKIlil Ta OJIOK4YeHH-T11aThOPMIU.
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st crarTss 30CEpPEeIKYEThCA HA TEOPETUIHUX OCHOBAX EITUIHUX KPUBHUX Ta
npakTuaaomy 3acrocyBanai ECDSA s 3axucty manux.

2. OcHoBHUii pe3yJibTart.

IloctanoBka 3aBaaHHsI. MeToio maHO! cTaTTi € JOCTII>KEHHST MaTEMATHIHIIX
OCHOB eJIINITUIHUX KPUBUX 1 IXHBOIO BUKOPUCTAHHS B aJrOPUTMaX IHMPOBOrO TIijI-
nucy, Takux sk KCDSA. OcHoBHUME 3aBIaHHIMEI JIOCJIIZKEHHS €:

1) Omnuc mMareMaTHYHUX BJIACTUBOCTEN eNTHYHUX KPHUBHX 1 IX 3aCTOCYBAHHS B
Kpurrrorpadii.

2) Awnamniz agropurmy ECDSA i iforo BazkuBocTi st KpuntorpadiiHux 3aBIaHb.

3) Orursiy icHy0UMX MiXO/IB 1 JiTEpaTypHUX JZKepest MI0/I0 BUKOPUCTAHHS eJIIITH-
YHUX KPUBUX B PIZHUX KPUITOrpapIIHUX CHCTEMAX.

4) TlpoBejieHHs €KCIIEPUMEHTIB 1 aHaJIi3 OTPUMAHUX PE3YJIBTATIB MO0 JI0/IABAHHS
TOYOK Ha eJINTUYHIN KpUBiil.

Orasam aiteparypu. Y 1970 porii 6purancbKuit MaTeMaTuK Ta inzkenep Jlxkeiinvc
Ennic 3anpononyBas ijneto, 3acHoBany Ha mpoctiit kourernrii. o, aximmo mudpy-
BaHHs 1 jemmdpyBaHHsd — 3BOPOTHI Omeparlili Ha OCHOBI JIBOX PI3HUX KJIOUiB? Y
TpauIiiiHiii, To6TO cuMeTpudHiil KpunTorpadil, MOBiIOMICHHS TOBUHHO OyTH Ha-
JIicJIAHO pa30M 3 KJIIo4eM, 100 iHIa cTopoHa posiudpyBasia noBigomiaenns. Eitic
MIPUITYCTHUB, IO 0JIEpKyBad MOBIIOMJIEHHS HE MOXKe OyTH MacCUBHOIO CTOPOHOIO, 1 1M
MOTPIOHO OyJIO MATH «3aMOK» 1 «KJIIOU» JJIsd cebe. 3aMOK MOKHA OyJ10 BiIIpaBuTH
KOMY 3aBI'OJIHO B CBITi, ajie KJII0Y IMOBUHEH 3aumaTucsd npuBatuuM. Kpunrorpadis
3 BIJIKPUTHM KJIiodeM OyJia BuHaitjena B 1970-x pokax i € MaTreMaTUuIHOIO OCHOBOIO
JIJIsT KOMIT' I0TepHOI Ta indopmariiitnol 6e3neku. 3 MOMEHTY BUHAXO/Ly KpuiTorpadii
3 BIIKPUTHUM KJII0O9eM, OyJIO BIIKPUTO JIEKIJIbKa MaTeMaTHIHUX (PYHKITIH, TAKIX K
I IHECEHHS JI0 CTeleHsI IIPOCTOr0 YUC/Ia 1 MHOXKEHHsI einTuaIHux KpuBux. LI mare-
MaTUIHI (PYHKIT MPAKTUIHO HEOOOPOTHI, Ie O3HAYAE, IO PE3Y/IbTaT iX BUKOHAHHS
JIETKO OTPUMATH B OJHOMY HaIPSMKY 1 HEMOXKJINBO B 3BOpoTHOMY. Ha mincrasi nux
MaTeMaTUIHuX QYHKIH, Kpunrorpadis 103BoJIs€ cTBOPeHHA 1 POBUX MUMPIB i
HeIIpoOHUX MU@POBUX IMAIUCiB. Y OITKOIHAX BUKOPHCTOBYETHCSI MHOXKEHHS €JIi-
NTUYIHAX KPUBUX.

EpinTuani Kpusi ik ocHOBa, J1j1d KpUIITorpadii movyam ak THBHO JIOCTIJIZKYBATUCS
3 KiHIg XX CTOIITTS, 30KpeMa, 3aB/IAKH IIpallsiM TaKux MaTeMaTnkis, 9K Hix Kobriir
(Neal Koblitz) i Bikrop Mimiep (Victor Miller), siki y 1985 porii 3amnporonysaJiu
BUKOPUCTAHHS €JINTUIHUX KPUBUX Jisi Kputrorpadivaux tijeii [1, 2. Ixms pobora
CTUMYJTIOBAJIA PO3POOKY HUHMCJICHHUX JIOC/IIJIZKEHb 00 BUKOPUCTAHHS E€JINTUIHUX
KPHUBUX B KPUNITOTrpadidHUX ITPOTOKOJIAX.

VY [1, 2] onucano ocHOBHI MaTeMATHYHI IPUHIAITN €TINITHIHIX KPUBHUX, BKJIIOYa-
I0YM Omepariil J1o/laBaHHs TOYOK Ta CKaJSPHOTO MHOXKEHHS, 110 BUKOPUCTOBYIOTHCS
B kpunrorpadil. i maremarununi omneparii jiexkath B ocHOBI ayropurmy ECDSA,
dAKMi 3a0e31evuye BUCOKHIT PiBEHD 3aXUCTY 3aBIAKU CBOTH CKJIaIHOCTI.

VY cyugachiit kpunrorpadil BaxKJIUBAM € TakoxK orsa edexrusHocti ECDSA y
MOPIBHSIHHI 3 IHIMUME KpunTorpaditanMn ajgropurMam, Takumu 5K RSA ab6o DSA.
Brigno 3 gociaizkennsivu 3], ECDSA nporonye 6i1bIin BUCOKY CTifiKicTh Ipu MeH-
Il JIOBXKUHI KJII0Ya, 1[0 POOUTH W00 OCOOIMBO MPUBAOJIMBUM JIjIs CUCTEM 3 OOMe-
JKEHUMU PECypCaMu, TaKUX K MOOILIbHI IPpUCTPOI abo m1aTdopMu iHTepHETY pedei.

Poszain 1: Maremaruka i crarucTuka
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Po6ora [4] ananizye Ge3meky Ta CTIKICTB 10 aTak, 0COOIMBO J0 TAKUX 3arpos,
K aTaKyW Ha BIIKPHUTI KJIIOYi Ta mgdop KadiB. ABTOPH TaKOXK 3a3HAYAIOTH, IO
asroput™M ECDSA zammmaerbes oqHIM 13 HAWOLIBIN CTIIKUX cepes BiIOMUX KPHUII-
TorpadiTHIX METO/IiB.

OcuoBni marepiamu. Ejxinruani kpusi (Elliptic curves) e BaxkmBum 06’eKToM
B ajrebpi Ta MaTEMaTHIIl, a TAKOXK B KpUITOrpaddii.

OsnauenHns 1. Faimmuuna xpusa nad nosem K — ue mMHootcuna mowox npoek-
mueroi naowuny Had K, wo 3a008040HA0MY PIGHAHHIO

Y? + vy + azy = 2° + asx® + aur + ag, (1)

PA30OM 3 TOUKON WA HECKIHYEHHOCE Ma He MICTMUMb 0COOAUBUT MO0k, 0 a;
JiticHi KOHCManmu, AKL 6U3HAUaI0Mb Konkpemny kpuey (dus. [5]).

O/tHa 3 KJIFOYOBHUX BJIACTHUBOCTEH eINTUIHUX KPUBUX IOJISITA€ B TOMY, IO BO-
HI YTBOPIOIOTH abesleBy TPYIly 3 OIepalli€io JofaBaHHsS TOYOK. /logaBaHHS TOYOK
Ha eJINTUIHIX KPUBUX BU3HAYAETHCA NEOMETPUIHO 1 Mae cBol ocobymBocTi. BoHno
JIO3BOJIIE€ OOUUCIOBATU CyMy TOYOK 1 3HAXOIUTU JOOYTOK TOYKH Ha Iije YHCJIO.
Enintuynai KpuBi TaKoXK MaiOTh HEWTpaJIbHUN €/IEeMEHT, dKUii Ha3UBA€ThCs «Oe3Ki-
HEYHICTIO» 1 TTO3HAYAETHCA cuMBOJIoM (.

Y kpunrorpadii einTudHi KPpUBi 3HAXOAATH IITUPOKE 3aCTOCYBAHHS, 30KpEMa B
anropurmax rudposoro mignucy. ECC (Elliptic Curve Cryptography) sacHoBana
Ha CKJIAJHOCTI OOYMCIIeHHS JUCKPETHOro JiorapudMa Ha eJTNTUYHUX KPUBUX, IO
pobuTh 11 epeKTUBHOIO Ta HE3METHOO JIJIsi BUKOPUCTAHHS B KPUITOIPapivTHIX IPO-
TOKOJIaX, TAKUX dAK MudpyBaHusd, U POBUil Tinmuc Ta 0OMIH KJIIOYaMU.

OCHOBHOIO TIepeBaro KPHUIITOCHCTEM Ha eJINITHIHNX KPUBUX Yy TOPIBHAHHI i3
3BUYAfIHUMU aCUMETPUYHUMU aJrOPUTMAMH € Te, IO BOHU 3abe3MevyioTh eKBiBa-
JIEHTHUIT 3aXHCT 32 MEHINO! JIOBKUHN Kifoda (auB. Tab. 1).

Tabaruus 1.
Crymine 3axucty RSA ta ECC
Cryninp 3axucry MinimasibHa noBXKuHa Kiao4a (B 6iTax)
(ma xkoxken 6it kiroua) | RSA/DSA /DH ECC
80 1024 160
112 2048 224
128 3072 256
192 7680 384
256 15360 512

Posryisinemo piBHsSIHHS €JIITUYIHOI KPUBOI Y CHPOIIEHOMY BUIVIsii (DIBHSHHS
Beiiepmrpacca):
y* = 2° + ax +b. (2)
BaJjie;KHO BiJl 3HAYEHDb MapaMeTpiB a i b einTudHi KpUBI MOXKYTH IPUAMATH Ha
ommuHi pisai dpopmu. Tax sk y = £v/ 22 + ax + b, To rpadik KpUBOI cUMETPUIHUIL
Bignocuno Ox.
JIuckpuMiHAHT PIBHAHHSI OOYUUC/IIOETHCS TaK:

o)+ (2"
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Posrisgmemo Taki MOKINBI BUIIATKIA:

e D < 0 — Tpu pisnux aiificnux xopeni (Puc. 4, rpadik 1);

e D =0 — Tpu jgificaux Kopeni, jiBa 3 skux onHakosi (Puc. 4, rpadik 2 — cun-
ryJsipHa KpuBa, TaKi KPUBI BUKJIIOYAIOTH 3 PO3IJIAIY );

e D > (0 — oauu jiiicauii Kopiab Ta aBa KoMmiutekcaux (Puc. 4, rpadik 3, [6]).

3 3

3

2

1
1 -u
I | 4
2

3

3 I ! ! 3

yP =1t —u Y2 =23 -3z +2 Y =23 —x+1

Puc. 1. I'padikn eqinTuaHIX KPUBKUX y 3a/€:KHOCTI Bij 3Ha4YeHHs D).

Y peaslbHUX KPUITOCUCTEMAX BUKOPUCTOBYIOTHCS €JIIITUYHI KPUBI HAJl CKIHYEH-
HUM T10J1eM P 1110 ONUCYIOThCS PIBHIHHSIM:

y* =2 + ax + b (mod p), (3)

qe (z, y) — TOYKM eTNTUIHOI KPUBOI, a, b — mapamMeTpy KPUBOI, p — HPOCTE TUCIIO
(p # 2, p# 3). llpu npomy mapamerpu KpuBol a Ta b MAlOTh 3a/I0BOJIbHATH yMOBY:

4a® + 276* # 0 (mod p).

Iosuaumnmo gepes E,(a, b) MHOXKUHY TOYOK €JIITUYIHOI KPUBOI. 3ayBaskUMO, III0
MHOXKHHY TOUYOK einTudnoi Kpusol Ej,(a, b) TaKoK BKIIIOYAETHCST HECKIHIEHHO Bi/I-
nanena touka O. Touka HasieXuTh eminTudHiil Kpusiil, sxmo napa qucen (z, y)
3aJI0BLIbHsAE piBHAHHA (3).

OsnadenHs 2. Kiavkicms movwok kpueoi nasusaemuca nopadkom kpueoi ([6]).
JlomaBaHHS IBOX TOYOK KPHBOI.

Oszuauenus 3. Obeprenoro mowkoo do mowku P(x, y) € Ey(a, b) nasusaromo
MOUKY eAtnmusHol kpueoi, wo cumempuyna do P(x, y) eidnocno oci Ox ma nosna-
waroms —P(x, —y). Bapmo saysaoicumu, wo —P wmae nanesicamu Ey(a, b).

Hexait P, () € E,(a, b), Toxi mo6 orpuMaTit HOBY TOUKY R, fIKa € CyMOIO TOYOK
P i@, 3acTOCOBYIOTHCSI TaKi KPOKU:
1) dgmo P i @ € pisHUMH TOYKaMH, TIPOBOJEMO MPsIMY, fKa MPOXOIUTH Yepe3 Iii
touku. g npsama neperne kpuBy y Tperiit Touni R. [Iposegemo depe3 TOUKy
R BepTukayibHy npsiMy JI0 IepeTuHy 3 Kpuboio y Touli —R = P + (). OTxke,
CcyMOIO JIBOX TOYOK P Ta () Oyzie TouKa, obepHEHa O TPEeThOl TOUKHU HEPETHHY
eJIIITUYIHOI KPUBOI 1 MPAMOI, IO MPOXOJIUTh Yepe3 3a/1aHl TOUKU.

Poszain 1: Maremaruka i craTrucTuKa
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' 0

R=P @ Q

Puc. 2. JlomaBanus TO40K.

2) ¥ Bunagky P = (), IpoBeJeMo IpsiMy, sIKa JIOTUKAETbCA J0 KPUBOI B Toqri P.
Touka R — 1e Touka neperuny i€l joruvnol 3 kpuBoio. llpu P = @ ciuna
MIEPETBOPIOETHCA Ha JIOTUUIHY, TOMY To4YKa 2P € obepHeHoio /10 Touku R.

'

[
v

[
~
Il

2p

Puc. 3. IlogBoenus ToYKM.

Koopaunarn —R(x3, y3) BusHavaoThest 3a dopmyaamu (quB. puc. 7), 1e A —
KyTOBHiT KoedilieHT ciuHOl, 1m0 mpoBe/ieHa yepe3 Touku P(xy, y1) ta Q(za, ys).

Hooasanna mouok (akuwo P + Q) IToosocnna mouxu (axwo P = Q)
x3 = A2 — x; — x,(mod p); x3 = A? — 2x, (mod p);
y3 = A(x; — x3) — y,(mod p); y3 = A(x; — x3) — y1(mod p);
A:Yz—}'l dn). _ 3xi+4a
Xp—2ts (mod p) A= e (mod p).

Puc. 4. @opmysn o0uucaeHHs KOOPJAUMHAT TOYKH.

Hayk. Bicuuk Yxkropon. yu-ry, 2024, Tom 45, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



70 JI. II. JOBVYJIAK, C. I1. COJITUC, O. 0. JINCELIbKA

3) dkmo P i () MaoTh KOOpAMHATH, IO He HaJeKaTh KpuBiii, a0 P = O (Heckin-
YeHHICTh), ToMl R BBaxKkaeTbes piBauM () (abo P, sikmo @@ = O, BiANOBIAHO).

Orpumana Touka R € pe3yabraToM orepariil JoaBaHasa To9oK P i () Ha esinTu-
YHilf KpuBiil. Baxk/mBo BpaxoByBaTH, 110 KOOPJMHATH TOYOK MOKYTH OyTH €/1eMeH-
TaMu 10Jist (pallioHasibHi dncjia abo CKiHYeHHI 1oJisi) 1 omepariisi JojJaBaHHsI y3ro-
JIZKY€EThC 13 OleparissMu Ha, TOJI.

Omeparlis jo/laBaHHs TOYOK Ha eJINTHIHUX KPUBUX KOMyTaTWBHa (TOOTO

P+ Q = Q + P) ra aconiarupna (ro6to (P + Q)+ R =P+ (Q + R)).

IIpuknan 1. Muoowcuna movok Es(2, 1) eainmuunoi kpueoi
y* = 2° + 22 + 1(mod 5),
ckaadaemues 3 6 mowok. Ilopadox xpueoi — 7.

Elliptic curve is: y? = x> + 2x + 1(mod5)

4.0

3.5 1

3.0 1 [ ] [ ]

2.5 1

> 2.0 1 L} [ ]

1.5

10

0.5 1

0.0

X

Puc. 5. Muoxuna To4ok Fj(2, 1).

STk mooicha nobanumu, 1a pucynky 8 306panrceno yci mouKku, wo 3a0060AbHA-
toms ymosu kpueoi, ye mouru (0, 1), (0, 4), (1, 2), (1, 3),(3, 2), (3, 3). Iepesipumu
ueli arm MosHcHa NPOCIUM NIOCTABAEHHAM:

=0 +2%0+1;
3?=34+2%3+1=9=27+6+1(mod 5) == 4 = 4.
Posrinanemo IIpUKJI] 3 JOJaBaHHAM neTaJIbHIIIe. CHOanKy IIpoBEAEMO aHaJIl-
TUYIHUN TTOITYK PO3B’A3KiB, B3ABININ HEBEJIUKI 3HAYEHHS, a Jlaji 00paxyeMo Iie 1Ipo-

I'paMHO 1 IIepeBIPUMO UM BiIIIOBIl CIIIBIAIaIOTD.
AnanitTuune pos3B’sa3anHs. Po3riisHeMo Take piBHSIHHS eJIIITUIHOI KPUBOI:

y? =2 +x + 1(mod 23), (4)

i mepesipumo uau Toukn P(3,10) ta Q(9,7) mamexarh KpuBiil i, SKIIO HAJEKATD,
3HalJIEMO TXHIO CYyMY.

[ligcTaBuMO 3Ha4YeHHSA y PIBHAHHA €JTINTHIHOI KPUBOI 1 TEPEKOHAEMOCH, IO TOY-
KM HaJleXKaTh KpUBiil 4.

10* = 3 + 3 + 1(mod 23) < 100mod 23 = 31(mod 23) < 8 = 8(mod 23);

Poszain 1: Maremaruka i craTrucTika
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7 = 9% + 9+ 1(mod 23) < 49mod 23 = 739(mod 23) < 3 = 3(mod 23).

[IepesipuBIiu npaBUIbHICTL BUKOHAHHS OIE€pallil, 31HCHIMO J0AaBaHHs 1 3HAM-
JIEMO KyTOBHiT KoedilieHT ciaHol.

— —1
A= u(mod p) = %(mod 23) = —3/6(mod 23) =

To — X1
— —1/2(mod 23) = 22/2(mod 23) = 11.

Jauti 3naitjieMo ToYKu x Ta y:

23 = A — 21 — 23(mod p) = 121 — 3 — 9(mod 23) = 109(mod 23) = 17;
ys = AMx1 — x3) — y1(mod p) = 11(3 — 17) — 10(mod 23) = —164(mod 23) = 20.

Orxe P+ Q = (3, 10) + (9, 7) = (17, 20).
IIporpamue po3B’si3anHg. /laii posrisineMo mporpaMHe po3B sI3aHHsI, ITOKa-
JKEMO BUBIJ[ (JIOPIKa TIPOrpaMy OIUCAHA HUXKIE).

pl 4+ p2 = (17,20)
pl == p2: False
pll =p2: True

VY pe3yabTari MOXKeMO MOOAYNTH fAK Ile BUIVIAIaTAMe Ha PUCYHKY 9.

Elliptic Curve

® Pl
20.01 . o m

e 3
175
15.0
12.5
10.0 .

7.5

5.0

2.5 4

0.0

0.0 2:5 5.‘0 7.‘5 lDI.O 12l.5 15.0 17‘.5 20‘.0
Puc. 6. Po3p’a3ku orpuMani BHACIIJIOK ITPOrpaMHOl peaJiizariil.

Koz nparfoe 3a Takoro JIOTiKO0O:

1) Kuac EllipticCurvePoint Busnauae Touky Ha eminrtudasiii kpusiit. KoncrpykTop
__init_  imimjasizye koopamaaTu TOYKM (x 1 y), MapaMeTpH eNTHIHOT KpH-
BOi (a 1 b), gxi BucTynaoTh KoedimnienToM Oirst X Ta BIIBHAM €IEHOM Ta IOJIE
IPOCTOro ducia (p).

2) Meron __eq  mepeBipsie, U JBI TOYKM HaJeyKaTh OJHIN eTiNTHYHI KpUBIiL,
MOPIBHIOIOYN KOOPJIUHATHU X, Y, a4, b 1 p TOUOK.

3) Merox _ ne_  mepeBipsie Un TOUKHU HE HAJIEKATh KPUBIiil, BHKOPUCTOBYIOUH Me-

TOJL __eq .
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4) Merox _add_ BHKOHYyE J0jIaBaHHsI JIBOX TOUOK Ha eJIITHYHINA Kpubiil. Bin
nepeBipsAe, UM TOYKU HAJIEXKATH OJHIN eJINTUYHIH KpUBiii, 00YNCIIOE KyTOBUIA
KoedImieHT mpamol abo JOTHYHOI, 3aJIe2KHO BiJl TOrO, Y TOYKH PiBHI abo pi3Hi,
i 009nC/II0€ KOOPAUHATH TPETHOT TOUYKH JI0ABAHHSI.

5) Merox __str_ moBeprae psAJIOK, IO IpeJCTaBisie TOUKyY y dopmati (z,y).

6) 3a/aeThcs MoJIe MPOCTOro Yuca p (y BUIMAIKY JAHOTO [IPUKJIAY BUKOPHCTOBY-
€ThCs 3HAUCHHA 23).

7) Creoprotorbes Bl Touku P11 P2 3 BiAnoBiiHIME KOOPJAUHATAMHY 1 TapaMeTpa-
MW eTINTUIHOI KPUBOI.

8) BukoHyerbcs onepaliis jioJlaBanHs JBoX Touok: P3 = P1 + P2.

9) Masroemo rpadik 3 Toukamu P1l, P2, P3.

Daiir 3 BiAOBIIHIM KOJIOM Iporpamu 3aBanTaykeHo Ha GitHub (mus. [7]).

Aaropurm ECDSA. ECDSA (Elliptic Curve Digital Signature Algorithm) —
e Kpunrorpadidno Oesnedna cxema MUGPOBOro IMiNCY, 3aCHOBaHa Ha KPUIITO-
rpadii eminruannx kpusux (ECC). ECDSA crnupaerbcs Ha MaTeMaTHKY UK/
YHUX T'PYH eJINTUYHUX KPUBUX HAJ[ CKIHYEHHUMU TIOJIIMU Ta Ha CKJIAJIHICTD 3a1a4i
ECDLP (3amava muckperHoro jorapudMyBaHHs eJINTHIHAX KPUBHX ). AJTOPUTM
nigmucy /nepesipku ECDSA rpyHTYeThCs Ha TOYKOBOMY MHOYKEHH] €IIITHIHIX KPH-
sux. Kumodi i nignuen ECDSA koporii, wizk B RSA st Toro x pisus 6e3mexn (8.
Kpim Toro, 3aBjissKu BUCOKIiil MIBUJIKOCTI TeHepallil MiIIMIciB, el aJropuT™M aKTHB-
HO 3aCTOCOBYEThCS B CYYaCHUX HPOTOKOoJIaxX Oesreku, Takux gk TLS ta SSH, 1o
3abe3revye 3aXUINEHy Iepejiady Janux B [HTepHeTi.

ECDSA BukopucroBye Kpunrorpadidai eJinTU4IHI KPpUBl HAT CKIHIEHHUMHA T10-
MU B Kjacuuniii hopmi Befiepinrpacca (nus. piBHAHHS 2).

Y Python € cnenjanbua 6i6mioreka, sumnyiiena 3a Jinensiero MIT [9]. Ba gomo-
MOroto i€l 6i6i0TeKNn MOYKHA MIBUJIKO CTBOPIOBATU HApH KJIOYIB (KJIHOY Hiucy
Ta, KJIIOY [ePeBipKN), MiIIMCYBATH MOBIIOMJIEHHsT Ta nepeBipaTn mijmucu. Takoxk
MOXKHa& He JIUIe CTBOPUTH, a U TOPIBHATH CKLJIBKU Yacy IMOTPiOHO KOXKHIi#l Kpu-
Biii Jyist renepanil nap kirouis (keygen), mignucanns JaHux (sign), nepeBipku 1mux
nignucis (verify), orpumanns crinbaoro cekpery (ecdh) i mepesipku mianucis 6e3
nonepeiHboro obunciients kiaoda (no PC verify). Ocb jekisbKa MOMyJISspHIX KPHU-
sux: NIST, SECP, BRAINPOOLP. Biu Bxitouae 256-6itny kpuBy — secp256kl, sky
BUKOPHUCTOBYE OITKOITH.

ECDSA cranmaprusoBannii Ha MizKHAPOJIHOMY PIBHI OpraHi3allisMu, TAKUMI AK
NIST Ta SECG, 1m0 pobuts itoro cymicHuM i3 bararbMa CydacHUMHU Kpuirorpadid-
HUMHU cucTeMaMu. BiH TakK0»K BUKOPUCTOBYETHCHA I 3a0e3ledeHHs eJIeKTPOHHIX
MJUTACIB, IO MiATBEP/PKYIOTh aBTEHTUIHICTh JOKYMEHTIB, & TaKOX JIJIT aBTE€HTH-
dikamil KopuctyBadiB y BeO-101aTKaX. 3aBagku 1iil yHiBepcasbHocTi, ECDSA cras
BaKJIMBUM €JIEeMEHTOM g POBOI Oe31eKn, 3a6e31euyoun sK IiJIICHICTb JJaHUX, TaK
i IX KOH(IIeHIIIHHICTD.

3. BucHOBKHM Ta IIepCHEeKTUBU MOJAJILININX JOCHI>KeHb. EinTtuani kpu-
Bl € BayKJIMBUM IHCTPYMEHTOM Cy4acHOI Kpunrorpadii, 3a6e3medyiodn BUCOKY CTiii-
KiCTh JIO aTak IpU ONTUMAJIBHUX o0uncioBabHnx BuTpartax. Anroputm ECDSA,
3aCHOBAHUI Ha [UX KPUBUX, IIPOJIEMOHCTPYBAB CBOIO €(PEKTUBHICTD Y HaraTbox raJjiy-
351X, 30KpeMa y OJIOKYEHH-TeXHOJIOTIAX 1 cucTeMax 3axucTy JaHux. EainTuyani Kpu-
Bi JIO3BOJISIIOTH 3MEHIIUTH PO3MIp KJIIOYIB 1 MiJABUIIUTH MIBUIKICTH 00YUCICHD O€3
BTpaTU PiBHs O€31EKH, M0 POOUTH IX MEPCIEKTUBHUMU JIJIsl TIOJAJIBIIIONO PO3BUTKY
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Kpunrorpadii.

EninTuani KpuBi JIEMOHCTPYIOTH BUCOKY CTIMKICTb J0 KJIACUIHUX METO/IB KPH-
ITOAHAJII3Y, ajie iICHye HEOOXiIHICTb MOJAJBINONO JIOCTIIZKEHH CTIfIKOCT] 1UX aJi-
FOPUTMIB B yMOBax IOSIBU KBAHTOBUX OOYMC/IIOBAJIbHUX CUCTEM, SKi MOXKYTh 3a-
IPOXKyBaTH TpaJUIiiinuM MerojgaM mmmdpyBants. (30KpeMa, MOXKJIUBI aTaku Ha
OCHOBI KBAHTOBOI'O OOYHUCJIEHHSI MOYKYTh 3HAYHO CKOPOTHUTHU Yac, HEOOXiTHUHN JIjTs
PO3B’sI3aHHsI 3141 IUCKPETHOrO JlorapiudMyBaHHS Ha eJIITHIHIX KpuBKX ). OHAK
Ha crorofuimnmuii geas ECDSA 3ammmaerbess oHuM i3 HaOLIbIn 6e311eYnnX i edek-
TUBHUX KPUITOIPAMIiIHUX aJTOPUTMIB.

BaxxnmuBo TakoXK BIJIBHAYNTU THYYKICTb BUKOPUCTAHHS EJINTHYHUX KPUBUX Y
pisHux mporokosax Oesmekn. OKpiM MudPOBUX IMMKUCIB, eTNTUYHI KPUBI 3aCTO-
COBYIOTBCH B MU(PYBaHHI Ta reHepariil CHiJIbHUX KJIIOYiB, IO JI03BOJIA€ Oy/1yBaTu
KOMILJIEKCHI CHCTEMHU 3aXHUCTy 3 PI3HOPIBHEBUM MIU(DPYBaHHIM.

OTke, HA OCHOBI ITPOBEJICHUX JIOCTIIZKEHD 1 €KCIIEPUMEHTIB MOYKHA, 3POOUTH BHC-
HOBOK, 110 ejinTu4Hi Kpupi Ta ajaropurm ECDSA € BasK/IMBUMU CKJIaIOBUMHI CYYaC-
Hol Kpurnrorpadil, 3a0e31edyioun BUCOKHUI piBeHb Oe3mekn, epeKTUBHICTh Ta CTiii-
KicTb J10 OijbImocTi BijoMux atak. Ile poOuTh X He3aMIHHUMU B CyYacHUX iH(pOpMa-
HiffHux cucreMax i kpunrorpadidaux pimenngax. [Ipore g mogaabIoro BIOCKO-
HaJIeHHsI TEXHOJIOT1Hl 3aXUCTy HEOOXiTHO BpaXoByBaTH HEPCIEKTHBU PO3BUTKY KBAH-
TOBUX OOYMCJIIOBAJILHUX CUCTEM 1 TPOJIOBYXKYBATHU JIOC/II?KEHHs B raJiy3i CTIfKOCTI
KpunTorpadil Ha OCHOBI €JINTUYHUX KPUBUX JO HOBUX 3arpo3.

Cnucok BUKOPHCTAHOI JliTepaTypu

1. Koblitz N. Elliptic curve cryptosystems. Mathematics of Computation. 1987. Vol. 48, No. 177.
P. 203-209. DOLI: https://doi.org/10.2307/2007884

2. Miller V. S. Use of Elliptic Curves in Cryptography. Advances in Cryptology — CRYPTO ’85
Proceedings. Springer. Berlin : Heidelberg, 1985. P. 417-426. DOI: https://doi.org/10.1007/3-
540-39799-X 31

3. Johnson D. B., Menezes A. J., Vanstone S. A. The elliptic curve digital signature algori-
thm (ECDSA). International Journal of Information Security. 2001. Vol. 1. P. 36-63. DOL:
https://doi.org/10.1007/s102070100002

4. Brown D. R. L., Gallant R. P. The Static Diffie-Hellman Problem. Cryptology ePrint Archive.
Paper 2004,/306. 2004. URL: https://ia.cr/2004/306 (date of access: 21.07.2024).

5. Silverman J. H. The Arithmetic of Elliptic Curves. Berlin: Springer. 1986. P. 41-73. DOLI:
https://doi.org/10.1007/978-1-4757-1920-8

6. Kpunrorpadiuni meperBopeHHs B rpynax TOYOK ejinTuaanx kpubmx. Merom. pospob. URL:
https://learn.ztu.edu.ua/mod /resource/view.php?id=212444 (nara 3Bepuenus: 12.08.2024).

7. GitHub : Elliptic curve and Finite Field. Python Source Code. URL:
https://github.com/Sirko30/EllipticCurve/blob/main/ellipticcurves.py ~ (date  of access:
27.09.2024).

8. ECDSA : Elliptic Curve Signatures. Practical Cryptography for Developers. URL:
https://cryptobook.nakov.com/digital-signatures/ecdsa-sign-verify-messages (date of access:
11.08.2024).

9. GitHub : Pure-python ECDSA signature/verification and ECDH key agreement. URL:
https://github.com/tlsfuzzer /python-ecdsa (date of access: 01.09.2024).

Dobuliak L. P., Soltys S. P., Lysetska O. Y. Elliptic Curve Cryptography.

The article investigates in detail the mathematical aspects of elliptic curves, in par-
ticular the operations of adding and doubling points, which are the main operations for
constructing cryptographic algorithms. Attention is focused on the properties of elliptic
curves over finite fields, which makes them suitable for implementing strong cryptographic
methods such as ECDSA (Elliptic Curve Digital Signature Algorithm). The mathematical
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foundations of these operations, their algorithmic implementations, and their importance
for computational security are discussed. In addition to the mathematical foundations,
the article discusses the software implementation of point addition and doubling opera-
tions, which are important for the efficiency and security of cryptographic algorithms. The
algorithms of implementation in the Python programming language are described.
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AVERAGED OPTIMAL CONTROL PROBLEMS OF NON-LINEAR
DIFFERENTIAL INCLUSIONS ON THE FINITE AND INFINITE
INTERVALS

In this paper, we use the averaging method to find an approximate solution for the
optimal control of nonlinear differential inclusions with rapidly oscillating coefficients.

This work highlights the interplay between averaging methods and asymptotic analy-
sis, suggesting that a hybrid approach can provide reliable strategies for solving complex
optimal control problems. Addressing both finite interval and unbounded domains, the
studies together contribute to a more complete framework for understanding and apply-
ing control methodology in nonlinear settings. We use the averaging method to find an
approximate solution to these optimal control problems. Future research can benefit from
integrating insights from both methodologies to further improve control strategies, poten-
tially leading to improved results in various fields of engineering and applied mathematics.
The Carathéodory-type differential switching optimal control problems are considered.

Keywords: non-linear differential inclusion, optimal control, averaging method, approxi-
mate solution.

1. Introduction. In recent years, the study of optimal control problems involving
differential inclusions has gained significant attention due to its wide range of appli-
cations in engineering, economics, and the natural sciences. This article address the
complexities of controlling systems described by differential inclusions, albeit from
different perspectives and methodologies.

The first part of research explores the application of the averaging method to
non-linear differential inclusions within a finite interval, providing insights into sim-
plifying complex control systems for practical implementation. The second one
delves into the asymptotic behavior of optimal control problems on the semiaxes,
particularly focusing on Carathéodory differential inclusions with fast oscillating co-
efficients, thereby offering a deeper understanding of the impact of rapid oscillations
on system dynamics. Together, these works contribute to advancing the theoretical
framework and application strategies for optimal control in systems governed by
differential inclusions.

2. Statement of the problem. Let us consider two optimal control problems.
The first one

() € X (&, x(t),u(t)),t € (0,7),
93(0) o, u(*) €

ul 0
[ L(t, 2(t), ult))dt + ®(x(T)) — it .
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Here € > 0 is a small parameter, x : [0,7] — R is an unknown phase variable,
w: [0,7] — R™ is an unknown control function, X : Ry x R” x R™ — conv(R") is
a multi-valued function, U C L?(0,T) is a fixed set.

Assume that uniformly with respect to x for every u € R™

1 S
distz —/X(T,x,u)dT,Y(x,u) — 0, s— 00, (2)
s
0

where limits for multi-valued function are considered in the sense of [1,2], disty is
the Hausdorff metric, Y : R” x R™ — conv(R"), and the integral of multi-valued
function is considered in the sense of Aumann [3]. We consider the following problem
with averaged right hand side:

y(0) = zo,u(-) € U,

J[x,u) = L(?L t,y(t),u(t))dt + ©(x(T")) — inf.

(3)

Under the natural assumptions on X, L, &, U we will show that the problems (1)
and (3) have solutions {Z.,u.} and {7, u} respectively,
Je, = J, e, — 0,

where J. = J[Z.,,U.,], J := [,7], and up to a subsequence

U., — uin L*(0,T),

T., — y in C([0,T)).

In what follows we consider the problem of finding an approximate solution of (1)
by transition to averaged coefficients. We note that the transition to the averaging
parameters can essentially simplify the problem.

We consider the second following optimal control problem

#(1) € F(50lt) + gle()ult). 120,

z(0) = o,
u € U= {uc L*0,00; R™)| u(t) € U a.e. on (0,00)} (5)
is such that -
Tz, u) = /0 (e o(x() + [u@))dt — inf, (6)

where € > 0 is a small parameter, and f, g,  satisfy the following:
1) f:[0,00) x R? — conv;
2) Vo € RY the map f(-,x) possesses a measurable selector;
) Vt > 0 the map f(¢,-) is upper semicontinuous;
YAM >0V e REVE>0: || f(t,2)]|L < M;
) g : R4 — R¥™ is continuous and bounded, that is IN > 0 with [|g(x)|| <
N, z€R%

3
4
5
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6) U C R™ is closed, convex and 0 € U;
7) ¢ : R? — R is continuous and there are constants ¢ > 0 and p > 1 with

inf p(x) > —c, o) < e+ [[z][").
z€ER?

For a given control function u € U we understand solution of (1) as an absolutely
continuous function z which satisfies (1) almost everywhere (a.e.) on [0,+00). In
this case we say that {z,u} is an admissible pair for (1)-(3). An admissible pair
{z¢,u°} is called an optimal pair (or solution) for (1)-(3) if for every admissible pair
{z,u} we have

J(2%,u%) < J(z,u).

The existence of an optimal solution {z°,u®} is established in the next section.

Let us denote
J® :=1inf J(z,u) = J(2°, u).

Using approach of [5] we define the average function f basing on the notion of the
Kuratowski upper limit [6]

f(@) = M=o F° (),

where F° is the convex hull of the map

®°(x) = limsup lim sup 10T, T, x,0),

01  Tooeo (1—0)T

T

107, T,2,6) = { / (1)t [ 0() € (0,00 RY, 0ft) € f(tp), y € 05(@) }.

It is proved in [5] that if there exists F(z) = limp_,o0 fOT f(t,z)dt in the sense of
the Hausdorff distance disty, and if f(¢.-) is Lipschitz, then f = F.
Also we consider the optimal control problem

& € f(x) + g(@)u(t), x(0) = o, (7)
u € U, (8)
J(z,u) — inf 9)

Our aim is to prove that for ¢ — 0 it follows that
J¢ — Jand {2°,u°} — {Z,u} in some sense,

where {Z,u} is a solution of (7)~(9), J = J(Z, ).
3. Main resuts. Let Q = {t > 0,z € R",u € R™} and assume the following
assumptions hold.
(A1) the mapping ¢, z,u — X(¢,x,u) is continuous in Hausdorff metric;
(A2) the multi-valued function X(¢,x,u) satisfies the next growth property: there
exists M > 0 such that

[1X (2, u)[[y < M1+ [|2]]) V(¢ 2, u) € @,

where || X (¢, 7, u)||+ = Subeex (2.0 [€l]; [|€]] is the Euclidian norm of £ € R™;

t,x,u
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(A3) the multi-valued function X (¢, x,u) satisfies the next Lipschitz condition: there
exists A > 0 such that

disty (X (¢, x1,u1), X (£, xo,u2)) < A(||z1 — 22| + |Jur — ua||);

(A4) the function (x,u) — L(t,x,u) is continuous, moreover the function ¢
L(t,x,u) is measurable Vo € R" u € R™ and

Ltz u)| < e(t)(1+ [[ul]),

where ¢ € L?(0,T) is a given function;
(A5) the function ® : R” — R is continuous;
(A6) the set U C L*(0,T) is compact.

Theorem 1. Under the Assumptions A1-A6 the problem (1) (resp. the problem
(3)) has the solution {Z.,u.} (resp. {y,u}).

Proof. Fix ¢ > 0 and suppress it in what follows. Under the conditions on L
and ® the cost functional in (1) reaches its finite extremum. Now deduce a priory
estimate for z(¢). Since x is an absolutely continuous function then ¢t — ||x(¢)|| is
an absolutely continuous too and

L)l < 1)) ac.

Then

%Hw(tﬂl < @ < [[X(# @, w)lly < M+ [[]]),

and
lz(0)]] < [le(O)] +/M<1+ [zll)ds = [|z(0)] +MT+/M\|x||ds.

Taking into account Gronwall’s inequality we have
}Mds Mt MT
=@ < ([lz(O)f| + MT)eo = ([|[z(0)|[ + MT) ™" < ([|z(0)[| + MT)e™".
(10)
Let {x,, U, fnen be a minimizing sequence for the problem (1), that is:

{Zp,un} € {(x,u) : uw C U,z is the solution to the Cauchy problem (1)

for all admissible u},

and J(2,,u,,) < J + L. Due to (10) we have the uniform boundedness of the
sequence {z, }nen on every finite interval 0,7, i.e. 3L > 0:

sup ||z, (t)|] < L.t € [0, T].
te[0,T7]

Moveover,

sup ||, (t)|] < L,t € [0,T7, (11)
te[0,T
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and

l2n (t) — 2n(t1)]] < /M(l b L)ds = M(1+ L)(ts — 1),

so the sequence {z,}nen is precompact in C([0,7]). Due to the Arcel’s theorem
x, — T in C([0,T]) up to a subsequence.

From [2] and (11) we deduce that T is absolutely continuous and #,, — Z *-weakly
as n — oo in L>(0,T). Since Ve > 0 for a.e. t there exists ng such that ¥Yn > ng

A(lfen(®) =z + [[un(t) = u(@)]]) <,
then by the Assumption A3 we have

in(t) € X G,xn(t),un(t)) co. (X (g,xn(t),un(t))) |

Taking into account the convergence theorem [4, p.60| for a.e. ¢ we have

#(1) € X (f,m),a(t)) |

3

By the Assumption A6 we obtain the convergence u,, — u,n — oo in L?[0,T] up to
a subsequence.

Now we will show that {Z, %} is the solution of (1). Since u,(t) — u(t) and
xn(t) = Z(t),n — oo a.e. by the Assumption A4 we obtain that

L(t, z,(t), u,(t)) = L(t,Z(t),u(t)) a.e., n— oo,

and {L(t, z,,u,)} is bounded in L?*(0,T). Therefore by the Lions’ Lemma we have
that L(t, z,,u,) — L(t,7,u) weakly in L*(0,T) for n — oo.

Hence,
T

/L(t,mn(t),un(t))dtﬁ /L(t,f(t),ﬂ(t))dt, n — 0o,
With the convergence ®(x,(T)) — ®(T(T)) we have lim J[z,,u,] = J[T,1u] = J

n—oo
and therefore {7, u} is the solution of (1).

For the second optimal control problem we have a similar result.

Lemma 1. Under the conditions 1)-7) the optimal control problem 1-3 has a
solution {x°, u°}.

Lemma 2. Let f : [0,00)xR? — conv satisfy 1)—4). Then there exists a sequence
of locally Lipschitz maps f* : [0,00) x RY — conv satisfying 1)-4) for k € N with

flt,z) C---C Yt x) C fA(t,x), t>0, zeR) keN (12)
and for each k € N and x € R? there exist [, > 0 and 8, > 0 such that
disty(fF(t, o), fF(t,2")) < Ll|l2’ —2"||, o', 2" € Os,(x), t >0, (13)
moreover, for any € > 0, t > 0, v € R? there is K = K(e,t,x) with

fF(t,x) ceof(t,0.(x)), k> K. (14)
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Moreover for a fixed ¢ > 0, if z,, is the solution to (4) corresponding to the
control u,, n € N and sup,,cy ||un||z2 < oo then up to a subsequence the following
convergence holds

u, — u weakly in L*(0, oo; R™), (15)

z, — = in C([0,T;RY), T >0, (16)

where z is a solution of (4) with control u. Additionally, if u, € U for n € N then
ue U

Lemma 3. Let e, — 0 as n — oo and x, be a solution of (4) with control u,,.
Let {xp,u,} — {x,u} as n — oo in the sense of (15),(16). Then x is a solution of
(7) with control .

Now we are in a position to prove our main result.

Theorem 2. Assume that conditions 1)-7) are satisfied. Assume that for any
u € W the problem (7) has a unique solution. Let {x*,u®} be an optimal pair in

(4)—(6), J° = J(x%,u®). Then

J*—=J for &—0, (17)

and for e, — 0 it holds that
v — 1z in C(0,T);RY), T >0 (18)
u™ — u  weakly in  L*(0,00; R™), (19)

where {Z,u} is an optimal pair in (7)—(9), J = J(z, ).

Proof.
Let for e, — 0, {2, u*"} be an optimal pair for (4)-(6). From the optimality of
u;, it follows that
J(x ur) < J(x,,0),

where x,, is a solution of (4) with ¢ =¢,, u = 0. Then
Sl < [Tl ) < [ e et (el + (M4 NP < G, (20
0 0

where C does not depend on n. Additionally, we have
5, (8) — @5, (s)|| < Mt — s| + Nt — s[> [|u, | (21)

Estimations (20),(21) and the Arzela-Ascoli theorem imply that on some subse-
quence {z°" u*}, n € N converges to some {Z,u} in the sense of (18),(19). Hence,
from Lemma 3 we deduce that z is a solution of (7) with control v € U. Let us
prove that {Z,u} is an optimal pair.

For every u € U and the corresponding solution z, to (4) we have

J(z ut) < J(xy,,uw). (22)
Arguing as in the proof of Lemma 1, we get from (22) after passing to the limit:

J(z,u) <lim inf J(z™,u") <lim inf J(z,,u). (23)

n—o0 n—oo
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Due to (21) with u5, replaced with u we have that z,, — x in the sense of (18). By
Lemma 3 it follows that z is a unique solution of (7) with control u. So, from (23)
follows

J(z,u) <lim inf J(z,,u) = J(z,u).

n—oo
This inequality means that {Z,u} is an optimal pair.
Applying previous arguments with « = u we get

J(z,u) <lim inf J* <lim sup J" < lim J(z,,a) = J(Z,u).

n—00 N—00 n—00
This means, that there exists lim,,_,o, J** = J(Z,u). Because of arbitrariness of
en, — 0, we get (17). Theorem is proved.
4. Concusions. We significantly advance our understanding of optimal

control problems characterized by non-linear dynamics and varying conditions. The
first study introduces the averaging method as a viable technique to address finite
interval problems, elucidating how it simplifies the control process by reducing the
complexity of the differential inclusions involved. This approach not only facilitates
the identification of optimal solutions but also broadens the applicability of control
strategies to a wider range of practical scenarios.

Conversely, the second article delves into the asymptotic behavior of control
problems defined on semiaxes, where the challenges posed by fast oscillating coef-
ficients are meticulously examined. The authors demonstrate that under specific
conditions, asymptotic techniques can effectively yield optimal control solutions,
thereby enhancing our ability to manage systems with rapidly changing dynamics.

Together, these works highlight the interplay between averaging methods and
asymptotic analysis, suggesting that a hybrid approach may yield robust strategies
for solving complex optimal control problems. By addressing both finite intervals
and unbounded domains, the studies collectively contribute to a more comprehen-
sive framework for understanding and applying control methodologies in non-linear
settings. Future research could benefit from integrating insights from both method-
ologies to further refine control strategies, potentially leading to improved outcomes
in various engineering and applied mathematics fields.

This research was supported by NRFU project No. 2023.03/0074 "Infinite-
dimensional evolutionary equations with multivalued and stochastic dynamics"
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Kyk T. FO. Ycepeneni 3aj1ati onTuMaabHOrO KepyBaHHs HeTHITHUMI Tude-
peHIiaJbHIMI BKJIIOUEHHAMH Ha CKIHYEHHUX 1 HECKIHYEHHUX iHTepBaJiaX.

YV naHiif cTarTi MM BHKOPHCTOBYEMO METOJI yCEpeIHEHHsI, 100 3HailTh HaOJIMKeHUi
PO3B’I30K 711 ONTUMAJIHLHOTO KePYBAHHS HeJIHIMHUMEA ArdepeHIiaTbHIMA BKIIOICHHAMI
3 TIBUKOOCIIIIIOIOTIMI KOoeillieHTaMm.

Jana poboTa BUCBIT/IIOIOE B3AEMOIIIO MiK METOaMU YCEPEIHEHHST Ta ACUMITOTHIHAM
aHaJII30M, MIPUIYCKAIOYN, MO TiOpW HU mmiaximx Moxke JaTw HAJifHI cTpaTeril s BUpi-
IIEHHST CKJIQIHUX MIPODJIEM ONTUMAJIBHOIO KEPYBaHHSI. 3BEPTAIOYNCH SIK JI0 CKIHYEHHUX iH-
TEpBAJIIB, TaK i 10 HEOOMEXKEHUX 00JIACTel, TOCTIIZKEHHS pa30M POOJISITh BHECOK Y OLIbII
MIOBHY CTPYKTYDPY JJId PO3YMIHHS Ta 3aCTOCYBAHHS METOMOJIOTI KOHTPOJIIO B HEJIHIHUX
yMoBax. My BUKOPUCTOBYEMO METOJ yCepeTHEHHsI, 100 3HANTH HAOIMKeHe PIlleHHS st
X 33729 ONTUMAJILHOTO KepyBaHHst. MaiibyTHi J0C/TiPKeHHST MOXKYTh OTPUMATHA BUTOJTY
Bz inTerparii po3yMinHs 3 000X METOJIOJIOTIH JII TOJIAIBIIOrO BJIOCKOHAJICHHS CTpaTe-
riif KOHTPOJIIO, IO MOTEHIIIHO TPU3BeE JI0 MOKPAIEHHS PE3Y/IbTATIB Y PISHUX TaIy3dX
iHKeHepil Ta MPUKJIaIHOI MATeMATUKH. PO3TIsaIaloThes 3a1adi ONMTHMAILHOTO KepyBaHHST
JudepeHIiaJIbHIM BKIIOYEHHIM THILY Kapareomopi.

Kuro4uosi ciioBa: HeltiniliHe qudepeHItiaibHe BKIIOUEHHS, OTUMAJIbHE KePYBAHHsI, METO,
ycepeHeHHs, HaOJIM>KEeHU PO3B’ sI30K.
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CJIABKI PO3B’A3KHN CTOXACTUYHO 3BYPEHUX

ITAPABOJITYHUX PIBHAHDB 31 HIBM/IKO 3POCTAKOYNMUA
SOBHIITHIMU 3BYPEHHAMMN

B naniit pob0Ti BUBIAIOTHCS CTOXACTHIHI €BOJIOIIHI PIBHIHHS Y HECKIHIEHHOBUMIPHUX
npocropax. Lli piBHAHHA € MaTeMaTUIYHUMU MOJEJISME PeabHUX IIPOIECIB IPUPOIO3HAB-
CTBAa i3 PO3MO/IJICHIMH TTAPAMETPAMU 1 TAKKX, IO ¥ TIPOTIECi CBOET €BOJTIONIT 3a3HAIOTH BILIN-
By BuIaIKoBux (baxktopis. lani dakropn MOKHA PO3IIISIATH K CyMapHU pe3yJsibraT Be-
JIMKOI K1THKOCTI HE3AJIE2KHUX Y CYKYITHOCT] BUNIQIKOBUX BeTmInH. To/1i, y CHTY TTeHTPaJJIbHOT
TPAHUIHOI TEOPEMU, OTPUMAEMO, IO BUIIAIKOBI 30ypEHHS OMMCYIOTHCST HECKIHIEHHOBIMIp-
HUAM TPOIECOM O1JIOTO IIyMy, IO MPUBOJIUTH [0 CTOXACTUYHUX PIBHAHBb [TOBCHKOIO THILY.
XapaKkTepHUM MPUKIAIOM TAKUX PIBHIHDL € CTOXACTUYHI MapaboivHi piBHAHHS i3 Hesi-
HillHUM 3HOCOM. [0JIOBHUM jrdDepeHIfiabHIM OIEePaTOPOM TYT €, siK IIPABUJIO, OIEPATOP
JPYTOro MOPAKY eTITHIHOro TUIY. BimoMi paHime pe3yIpTaTi CTOCYBAJIACH ICHYBaHHS Ta
€IMHOCT] CJIaDKUX PO3B’S3KIB TAKWX PIBHSHB 33 YMOBHU CTEIIEHEBOTO POCTY HEJIHINHOCTEl
Ta JedKuX yMOB MOHOTOHHOCTI. OJ[HAK y 3aCTOCYBAHHSIX YACTO TPAILISIETHCS HEJIHIHHOCTI
eKCITOHEHITIaIbHOTO POCTY, HAIIPUKJIA, 100pe Bimome piBusuusg Ppanka—Kamencbkoro.

B naniit poboTi orpuMaHi yMOBU iCHYBaHHsI, €UHOCTI Ta, HEIIEPEPBHOI 3aJI€2KHOCTI CJ1ab-
KUX PO3B’si3KiB BiJI IPABUX YACTUH Ta MMOYATKOBUX JAaHUX. [Ipu mpoMy HeJIHIHHOCTI MOYXKYTh
JIOIIyCKATH PiCT BHUIIE cTerneHeBoro. Takox Jjist PO3B’sA3KiB OTPUMAaHI OIIHKHA Y CITEIIAJIbHUX
Co601iBCHKIX HOPMAaX.

Kuaro4dosi cioBa: nporec Binepa, namnacian, exinrugnicts, mpoctip CobosieBa, KpaiioBa
3aja4a.

1. Beryn. B ganiit pob60oTi BUBYAETHCA CTOXACTUIHO 30ypeHe HeCKIHIeHHOBUMIPHUM

(-BiHEPIBCHLKUM IIPOIIECOM PIBHSIHHSI PeaKIis-audy3is BUTIALY:
dy = (Ay + f(y) + u(t))dt + o(y)dW (1),
y(t,z) =0, z € 0D, t € [0,T],
y(07 Z') = Z/O(% 'LU),

(1)

ne D C RY, d > 2, obmexkeHa 06/1aCTh i3 JIAMYHOBCLKOIO Mexkelo, A — omeparop
Jamnaca, f i o gificai ckangpni dyukmii 3 R B R, mo nopo/zKyioTh BifnosiiHi

Hayk. Bicuuk Yxkropon. yu-ry, 2024, Tom 45, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



84 0. B. KAIIYCTSH, A. O. CTAHYKUIILKII, O. M. CTAHZKUITHKUIT

abcTpakTHi BijobpakenHs sk Bimobpazkenns Hemunbkoro: y(z) — f(y(z)), o(y(x)),
u(t) meBHe BUNaAKOBE 30y PEHHS, 1[0 YaCTO IHTErPYEThCs K BEKTOP KepyBaHHs. Taki
PIBHSIHHSI BUHUKAIOTh Y 3aCTOCYBAaHHSX SIK MaTeMaTUIHI MOJIEI IIPOTIECIB 13 pPO3IIO-
JIIJIEHIMU TTapaMeTpaMi, 10 3a3HAI0Th BUIIAIKOBUX BILUIMBIB. THIIOBUMHU IIpeICcTaB-
HUKaMU €, HAIIPUKJIaJ1, MoJiesib Xo/KKiHa—Kamencbkoro—Xakeii (Heiipodisiosioris),
ne y(t, ) € eacTHIHIM TOTEHIIAIOM K THHHOTO HepBa |1], Mmogens lascona—Pue-
MiHTa TOMyJIsiiiiiHol nuaamMiky [2| Ta Gararo iHIIKIX Moeeil.

AJte, pe3ysibTaTi, MO CTOCYIOThCST KOPEKTHOI PO3B’SI3HOCTI BiIITOBIIHUX PIBHSIHD
OTpPHMAaHi 3a YMOBHU CTelleHeBOro pocry (yHKIIT peakiii f, Hanpukiaz |3, 4| s
JIETEPMIHICTHYHOrO BUNAJKY Ta |5, 6] J/Is CTOXACTUIHOIO BUIIAJIKY.

OnHak, 3ycTpidaorbes cutyariil, Ko dyHKIiA f(y) Mae picr Buie JiHIAHOTO,
TUIIOBUM IpejicTaBHUKOM TYT € piBasaHsa Ppanka—Kamencokoro [7], ne dyukiia f
Ma€ eKCIIOHEHIIHIH picT. ToMy BaKJIMBO JIOBECTU KOHKPETHY PO3B’S3HICTH 3aJ1adi
(1) i B nomibHUX BUMAIKAX.

JIist OTpUMAaHHS BIJIIOBIIHOrO PE3y/IbTaTy MU BUKOPUCTOBYEMO Mijxij pobir [8,
9], po3pobJieHuii s AETEPMIHOBAHOIO BUIAJIKY, JI¢ OCHOBHOIO YMOBOIO Ha (DYHKITITO
f € macrymnna:

f/(S) S Af, Af Z 0.

OueBntHO, 110 Hanpukiam, dyHKIS f(S) = e~ ® naHy yMOBY 3a/I0BOJIBHIE, aje
HE 3aJI0BOJIbHSE YMOBY CTEIEHEBOTO POCTY.

2. IlocranoBka 3aad4i Ta OCHOBHUI pe3yabrar. [losnaunmo HacTyIHI IPO-
cropu H = L*(D), V = H}, V' = H'. Toni V C H C V' yTBOpIOIOTH TpiiiKy
lensdanna. Hamani ||-|| — nopma B H, (-, ) — cranspanit 100yTok B H, < -, > —
ciapka Mixk V' 1V (10610 < 2,0 >:=2(v), g z € V', v e V)

[Ipu mpomy

< z,0>=(z,v) nng z € Hyv eV,

Hexait (2, F, P) € moBHuM iiMOBipHOCTHUM TIpocTOpoM, a (F}) — HopMasbHa
dbinbrpanis, t € [0, T]. Ilozraunmo Takox @ = D x (0,7) i Qp = Q x [0, 7.

Basamo mocmiaoBHACTb {\; }5° — HEBL€MHHEX |mCeN Taky, Mo y o) A7 < 00 1
uexait {[;}7° € oproronansanm 6asucom B H, mo l; € L®(D) i sup, ||li]] - < o0.

Beeiemo siiniitaunii HerepepBHuil onepaTop () Takuii, o BiH € HEBIJI'€MHO BU3HA-
gennM 1 T7(Q) < 00, Ql; = \il;.

3a J0MOMOTOI0 IHOrO  OIEPATOpa CTAHJAPTHUM YHHOM MOXKHA BU3HAUUTH
H — snaunwuit nuponec Binepa

W(t) = Z Nili(2)Bi(t), t > o

SIKUiT HasuBaeTbes (Q-BiHEpIBCHKUM mporiecoM. Tyt f3;(t) € cranIapTHUME, CKAJIsIp-
HIUMU, HEe3aJeKHUMU B CyKymHOCTI mporecamu Binepa. Bimnocro W (t) i mortoky
o-anrebp (F;) OynemMo BBayKaTH HACTYIIHE:

1) W(t) € F; — sumipuum npu Beix t € [0,77;

2) W(t+ h) — W(t) e 3amexurs Bij o-anrebpu F; upm Beix h >0, t > 0.

osuawmo U = Qz(H). Toxi 3 [10, Lemma 2.2] summsae, mo U € L®(D).

Amnasroriuno [10] BBememo mysbrumikarusauii omeparop ¢ @ U — H HacTynHIM
YIHOM

DY) =y, Y e,

Poszain 1: Maremaruka i craTucTika
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mo BusHadeHuit pyukmnico ¢ € H. Ockinbku ¢ € L>®(D), To nanuii omneparop Bu-

3Hadennit KopekTHo. Toji P o Q% : H — H Busnauae onepatop ['inpbepra-IIlvinra.
. . 1

I[TpocrTip Takux oneparopis nosHauaTuMeMo L) = Ly(Q2 H, H), a HOpMY B HHOMY

1l -
[Ipu mpomy

H(I)oQ%

2 & )
= Z H(I) e} Qill
A
2 2
< sup [l - [lell” Tr(Q),

e TrQ =3 o M=
Toni, nast F; — Bumipuoro mporiecy O : Qp — L(U, H), 110 3a/10BOJIbHSIE yMOBY

E/OTH@oQé

- t
MOKEMO BU3HAYUTU CTOXaCTUYIHHHA IHTErpaJl fo O (s)dW (s) sax eanement npocropy H.
Herani moxHa mojuBuTHCh B [11].

Jlanuil iHTerpas JoIycKae IpeJiCcTaBIeH

/0 BV () = /0 D (s, il )ABi(s),

o [ i <
; /D ()

2
dt < oo,
L3

HpI/I ]_U)OMy

t 2 t

B| [ ewav)| < xswlli- [ Blae)Fds 3)
0 i 0

[IpuBeiemo Tenep ymMoBH Ha JiilicHi GpyHKIIT [ 1 0, 10 XapaKTepu3yIoTh PEaKIliio
Ta BUIIAIKOBI BILIUBU.

(A1) f: R' — R!' e nenepepsno audepentiitopnoro dynkiiero, mo f(0) = 0 i
icaye crama Ay > 0 taka, mo f'(s) < Ay, qa Beix s € RY;

(A2) 0 : R* — R!, 3ayoBosbHsE r06aby yMoBy Jlimmung 3i crajoio L.

Ouesnyno, mo |o(s)| < Ly|s| + |o(0)].

(A3). Ienye crama C' > 0 Taka, 110

' (s)a*(s)] < C(L+|s]”), (4)

IJIT IeIKOTo p > 2.
3po3yMiJIO, 10 MOXKHA 3aBKJI BBAXKATH P-TIAPHIM.
Posp’az0k 3aza4i (1) Gygemo posrigaaru y ciabkomy cenci. A came:

Osnavenns 1. Hexati yg € Fy — sumipnum sunadkosum npouecom, a u(t) € F
— eumipnum. Todi F; — adanmosanuii sunadkosuti npouec y(t) € L*(Qr, V) nasu-
saemuvcs caabkum pods’askom 3adawi (1) na [0,T], axwo daa ecix ¢ € V' suronye-
MbCA PIBHICTND:

0):0) = 00 = [ (P2 58) + o) o0

T (Fy(s)). B)ds + / (6, 0(y(s)) AV (5)).

das matioce scix t € [0,T] 3 umosipnicmio 1.

()
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OcHOBHUM DPe3yJIbTATOM POOOTH € TaKa TeopeMa.

Teopema 1 (IcayBanns ta equnocti). Hexatl suxonani ymosu (A1)—(AS3) iyy €
L=(Q, L=(D)) ma E [ [, u?(t,z)dwdt < co.

Todi 3adava (1) mae edunutl caabkud poss’aszox na [0,T].

Hexait y(t, yo,u) 1 y(t,y1,u1) aBa po3B’a3ku piBHsAHHsA (1) 3 MOYATKOBUMU YMO-
BaMU Yo, Y1 1 mporecamu u(t) Ta us(t) y npasiit wacruni (1) BignosigHo.

Hacrynma Teopema rapaHTye HelepepBHY 3a/I€KHICTb PO3B’S3KiB BiJl MOYATKO-
BUX JIaHWUX Ta mporeciB uy(t) Ta us(t).

Teopema 2 (Henepepsha 3anexuicts). 3a ymos meopemu 1 icnye cmana C(T)
maxa, o

S[U}% E ||y(t7y07u) - y(taylvul)HQ < C(T)(E ||y0 - yl”2 +
telo,

T (6)
n / E [lun(t) — u(t)| de).

3. HoBenenns teopem 1 i 2. JloBenenusi reopemu 1. 3amicrs piBasiaHs (1)
POBIJIAHEMO CIIOYATKY “3pizaHe” piBHAHHSIM i3 0OMeKeHUMH KoedillieHTaMu.
Mzt koxmoro minmoro k > ||yo||zec (o, (p)), Hokmagemo fi(s) = f(FPr(9)) i

ok(s) = o (Py(s)), ne Py(s) = min{max{—k, s}, k}.

Jai posrigaemo “3pizane”’ piBHIHHSI

dyr. = (Ayx + fr(yx) +u)dt + oy (yr)dW (1),
ye =0, z€ 0D, te€[0,T] (7)

yr(0, ) = yo(x,w).

B nanomy piBHsiHHI fi € 0) € oOMexkeHUMH (DYHKIIAME (31 CTATIO0 3aJI€2KHOI0
Bij k), a TakoK rI0O6AJLHO JHIIMUIEBUME, IPUYOMY cTaja JImmmng Jjis oy Taka
XK, IK 1 771 0, a Jjisd fj,, 3BUYaiHO, 3aJeKUTh Bij k.

Taxum auroM, piBHAHHA (7) 33/10BOJIBHSIE yMOBI TeopeMu 7.5 [12, rur. 6], a oTxe
Mae equHuii caabkuii poss’szok Ha [0,7]. Ilpun npomy crpaBesinBa eHepreTHIHA
PiBHICTB:

s @I = llyolI* + 2/ (=1Vy()I* + (Fyr()), yr(s)) + (uls), yr(s)ds+
t ‘ t (8)
i Hak(yk(S))HigdSﬂL?/O ok (yk(s))dW (), yi(s)).

3 (2) Takoxk BUILIUBAE, IO
ol ®)llzg = > A7 [ @ < Aswp B+l (©)

Takoxk 3 (Al), 3 BUKOpUCTAHHSI TEOPEMHU PO CEPEJTHE 3HAYEHHSI, OTPUMYEMO:

(fe(yr(s)), yr(s)) = /Dykfk(yk)dx < Agllyel P (10)
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Takoxx Maemo, 1110

DN —

(u(s), yr()) < S (lu(s)I]* + [lyw(s)I1%). (11)

Hauti, i3 emepreTuanoi pisaocti (8) Maemo

—~

t
lys ()11 < Hyo!|2+2/0 (=Ally($)IV + Cullyw($)1* + Apllye(s) [P+

+ S ()P + yw($)I* + Asup ||l [ L3 (1 + [yx(s)|*)ds+

N | —

42 /0 (ki (5))dW (), ().

st geskux jpogarHix craaux A i Ch. OTike,

t t
Ellyk(t)||2+AE/ ()11 §E||y0||2+02/ Ellyr(s)l[*ds + Cs+
0 0

t
+/Em@wwsmmW+@+ (12)
0

t t 2
+@/Jm%@ww+T(/EM@mm§
0 0

JUtst Jleskux gogarHix crasux Cy 1 O3, 3amexuunx Jjuiie Big 7. 3 (12) 3 Bukopucra-
HHAM Jiemu ['poHyoJiia MaemMo

t
sup E||yk(t)||2+/ Ellyr()llV-ds < Clyo, T, w). (13)
0

te[0,7

Orxe, y; cnabo 36iracThes (3a mianocainosnictio) B L*(Qp; V). 3 miniitnoro po-
CTy 0, MAEMO TaKOXK, IO

B [ llon0)lgde < G, (1)

orxe o (yy) — @ (cnabko), k — oo B L*(Qp; LY).
Hami posrustremo dyHKIio Fi(z) = —foz fr(s)ds. Maemo, mo F, = —fi(z),
F/(z) = —fi.(2). lokmamemo

amm—/awwma

D

BukopucroByun dpopmymny Ito ais G, marumemo

G(yr(t)) — G(yr(0)) = /0 (=(Vyr(s), Vfi(yr(s)) — (fu(yx(s)), u(s)))ds—

o0 [ Aot deds (o)~
i:loo 0 JD (15)
“ 5200 [ JLeNoTan(o) s~

—Anmmmww
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OueBnHO, 110
(Vye(s), Vfe(yr)) < Callyrlly, (16)

st gesikol gogarHol crasol Cy. Takox,

)] < el el P+ ()P a7)

st Cs > 01¢€ > 0.
Ouirnmo terep G(yg). 3 TeopeMu PO CepejiHE 3HAYEHHs] BUILIMBAE ICHYBAHH
byuknii: © : R' — [0, 1], Takoi, mo g 2z > 0

Fi(z) = — / fuls)ds = — / P(O()Pu(s)) Pals)ds >

A
2/ Ap(—Py(s))ds > Af/ —sds = —7fz2
0 0

dAxmo 2z < 0, To MmaeMo

Fulz) = / " fuls)ds = / " P(O(s)Puls)) Pu(s)ds >

© A
2/ A Py(s)ds > Af/ sds = —7fz2.

TakuM 9UHOM, MU OTPUMYEMO HACTYIIHY OIIHKY

Flye)de >~ (1) (18)

Glu(t) = |

D

Hns G(yr(0)), BpaxoBytoun HemepepBHICTb Fj 1 HaJIEXKHICTH Yo JIO IIPOCTOPY
L>(Q, L>(D)), maTuMeMo

|Gr(yo)| < CGHyOH%OO(Q,LOO(D)): (19)

ne Cs = Cg(yo, f) > 0. Bagpmmu B (15) MaTeMaTnvHe CIIOIiBAHHS, MATHMEMO

A t
~FE IO < CoB Il o + Ca | Eln(s)l s+
C(5 ¢ 2 ! 2 T T 2 P
v [ Bl ds + ¢ [ BRGNP ds+ ([ Elu@] dnf+  (20)
0 0 0

+5 SONE [ (Dot DB@dads — [ BN ds

3Bizcu, 3 Bukopucranasam (A2) i (13) maTumemo

E / V(@) 2 dt < Cr + C / E /D ()P, (21)

st geskux cranux Cr = Cr(yg,u) > 01 Cg > 0.
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OTke, MU OTPUMAEMO PIBHOMIPHY OITIHKY

EAH&M@MﬁkS%, (22)

AKITO JOBEJAEMO PIBHOMIPHY OINIHKY JIJISI

EA|mm@wz@sa& (23)

Jtst 11 oTpUMAaHHST MU BUKOPUCTAEMO TEOPII0 CTOXACTUYHOTO IHTErpyBaHHs B Oa-
HAXOBHX IIPOCTOPax, 30kpema B LP(LP — Teopis). A came, CKOpHCTAEMOCH TEOPEMOIO
1.1 3 [13]. HeBaxkko mepekoHaTucst, Mo jist “3pizanoro” piBHaHH: (7) BHKOHAHI BCi
yMoBH T1i€l Teopemu. JlilicHo, B poJii crieKTpaJsabHOI Mipu, 1o (pirypye B jlaHiii T€o-
pemi, (ymoBa H1) MOXKHaA B3ATH HACTYIHY MIPY: JIJIsl KOXKHOI GOpPEJIEBOT MHOXKUHU
A iz R noxknazemo pu(A) := M(AN D), ne A — mipa Jlebera na R?. Toni mipa p mae
surssa any (H1) @ p = p+ py, 1e pi(A) = 0, 171s KozkHOI 60pesieBol MHOKIHU
A i3 R?. OueBmano, mo 1, abCOMIOTHO HemepepBHa, BimHocHo Mipm A. Takmm 4m-
HOM, XapaKTePUCTUKA d,,, Mo (irypye B ymosi (H1) reopemu 1.1 [13| piBHa Hysm0.
[Tepesipka peniT yMOB IH€l Teopemu Jjijis piBHsAHHs (7) TpuBiajbHA.

Takum unaoM, piBHstHHS (7) Ma€ €MHUI M AKWUiT PO3B’SI30K 2} TAKWii, 10

E sup [lz(t)]}, < co. (24)
te[0,7)

Ockinbku 2;(t) € L?(D) To mammii nporec € M’ axkumM poss’askom (7) i B H. Ane, y
HAIIIOMY BUIIAJIKY, CJIabKuii po3B’si30K criBnajae i3 M’skum, [5. TIponosumnis GO5 ta
saysazkenns G06|. Toxi, B cuiy enunocti, yx(t) = zx(t), a Tomy Bpaxysasiu (24),
MOKHa BUKopucTary dhopmyiy Iro s [ vy (t, x)dz. Maemo

A%@m—éﬁ@m=£@<wm£HMmeﬂﬁ%w+
+p (fk(yk<3)>y£_l(3)) + % >N /D p(p = Vyp oii(ye(s))Fda)ds+  (25)
+Z&Aéwf@mmmmmmm»

Ouinnmu B (25) KOKHHII J01aHOK OKpeMo. s crapku mizk mpocropamvu Vi V'’
MaeMo

d 2
N _ 0y;
< Ayg, yp, ! >:—/(p—1)y£ 2 E (8y> dr < 0. (26)

D _ L
Hauri
(w9 ") = /Dyfj_lu(s)dx < Cuu(llyellpe + llullZe), (27)
a TAKOXK
(fr(ye) ) = /Dyz_zykfk(yk)dx < /DAfyidl”- (28)
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Tyt mu Bukopucramn ymoBy (Al). Takox orpumaemo

/ o202 () 2 < / W22 (14 [y2lde) < Cro / lde+Cy (29)
D D D

st geskux jpogarHix craanx Crg — Chs.
Bssasimn matemarudne croiBanng B (25), 3 Bukopucrauam (25)—(29), marume-
MO

t
E/ yi(t)dx§014+015/ E/ yr(s)dxds,
D 0 D

3BiJIKM, TPUITHSBINM JI0 yBaru HepiBHicTh ['poHyosiia, orpumaemo ominky (23), a
BigTak i (22).
Orxe, nocainosuicts { fx(yx)} € cnabko kommakraoio B8 L?(Qr, L*(D)), a orxe
3a IIOCJII JOBHICTIO
ye =y B L*(Qr, V),
or(y) = ® B L*(Qp, LY) (30)
Se(ye) = ¢ 8 L*(Qr, H).

Hami obrpynryemo rpanndnuii nepexin B (7). Ilozmaunmo S(t) — wmamiBrpyiy,
reHepaTropoM sikol € oneparop Jlamnaca. Ockinbku yy € ciabkum po3s’sizkom (7) To,
gK OyJI0 CKa3aHo BUIINE, Y HAINOMY BUMAJKY, Ui € TAKOK M IKUM PO3B’d3KOM. ToMmy,
B CHJIY O3HAYEHHS M SIKOTO PO3B’sI3KY, MAEMO HACTYIIHE IHTEIPAJIbHE ITPEICTABICHHS

yi(t) = S(t)yo + / S(t— s)(fr(yr(s)) +u(s))ds+
0 (31)

—l—/o S(t — s)or(ye(s))dW (s).

obpe Bimomo, 1o wamisrpymna S(t) kommakTHa npu ¢ > 0, K BioOpayKkeHHs 3
H B H [4, v 6.
s o € (%; 1] BBeEMO 110 posriisiy omeparop G, :

(Gop)(t) = / (t — 5 1S(t — ) f(s)ds. (32)

ﬂﬂﬂ JaHOoI'o Bi,ZLO6pa}KeHHH € CIIpaBE/IJIMBUM HaCTYIIHE TBEPJ/I2KCHH.

TBepmxkenns 1 (11). Hxwo S(t) xwomnaxmnui onepamop npu t > 0, mo one-
pamop G, 3 (32) € maxooic Komnarmmum onepamopom 3 LP(0,T; H) ¢ C([0,T]; H).

Haramaemo, mo y wmammx nosuadennsx H = L?(D) i mu 6epemo p > 2.
I3 croxacruanoro anasnory teopemu ®Pyo6ini [11] orpumyerhest HacTymHa hakTo-
pusariiiina dopmyJia

sin T

/Ot S(t—s)p(s)dW (s) = (G.Y)(t), t€]0,T], (33)

™

e

Y(t) = /0 (t —€)S(t — 1) (7)dW (7). (34)
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Tomy
ye(t) = S(t)yo + G1(fulyr)) +u)(t) + Gal(Yi) (1), (35)

e

Yi(t) :/0 (t = 5)""S(t = s)ow(yr(s))dW (s). (36)

3BijIcH MaEMO

v IO d < CoB / ) ( / "= o), ds)gdt.

Bukopucrapmmu uepiBaicTs Xaycaopda-HOHra st KOHBOIONIH, MaTHMEMO

B[ mora <o [ ([ -0 ooy

(37)
c (1 1)
a o€ (-, -).
A1 p7 5
[TpuiiHaBIIM TAKOXK 10 yBaru JiHiliHe 3pOCTaHHA 0, MATUMEMO
T T
B[ MO <Cs [0+ Bl
0 0
Aute
T T g
g [ Cmenwa=z [ ([ o) s
0 0 D
. (38)
S OlgE/ (/ yi(t,l’)dl’) dt S Clg,
0 D
B cuty (22). Tyt Ci5 — Clg — meski jojgaTHi craii.
AnajorigHo Maemo .
B [ ®)I dt < Con (39)
0

E/OT lu()|[2 dt < Con + i <E /OT (/D W, :c)d:z:) dt)i < Cos (40)

st gesakux jrogarHix craaux Cop — Cos.
3 tBepkenns ([11]) BuminBae, Mo MHOKIHA

K<r>={s<->yo+aaso<->+alg<->: / VP de <, / ||g<t>||2dts7«},

0

e komnakroMm B C([0,T]; H). Toni 3 (36)—(38), 3 BukopucranusmM HepiBaocTi Yebu-
IIeBa, OTPUMAEMO, IO JyIst JOBLIbHOrO € > 0 MoKHa 3Hajitu r > 0 Take, IO st
Bcix bk € N

Py ¢ K(r)} < P { [ it + P > } "

r Cor  C
+P{/ Iy (1P dt > —— }gﬁ+r—§5<e,
0

sin am 72
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ne Cyy 1 Cos nomaTHi cradi.
Takum auHOM, [T MHOXKUHA MIp z(Yk) MaeMo

2(yp)(K(r) = P{yr € K(r)} > 1—€,k=1,2,...

Toui, 3rijHO 3 Teopemoro [IpoxopoBa, 119 MHOYXKHHA Mip KOMITAKTHA, & OTXKe [l =
2(yx) cmabko sbiraervea B C([0,T]; H) mo meaxol mipu . 3a Teopemoro Ckopoxosa
[14] icuye #imosipricamit mpocrip (Q, F, P), binsrpanis (F}) i mponec Binepa W (t),
BUIAJIKOBI IPOIECH Y, ¥, U TaKi, 10 Z(Q) i, 2(Uk) = 2(yx), 2(a) = z(u), i gy = 7
B C([0,T]; H) maiizke Bcrojm 3a Miporo P.

OCKUIBKI 3aKOHU PO3IOMIIIB CIIBIAIA0Th, TO 3 O3HAYEHHSA CJIa0KOI 3012KHO-
cri Maeno, mo P — 7 B L2 V), on(ge) — ® B L*(Qp; LY) ta fi(ye) — ¥ B
L*(Qp; H). Toni, 3 Bukopucranmsy jgemu Jliomca [15, JTemu 1.3] fe(i) — f(7) B
L2(Qp; H), (L, 2, w) — y(t, z,w) maiixe seiomn, oy (i) — o(§) B LQ(QT,LO)

[3 BiracTHBOCTEl CTOXACTHYIHOTO IHTErpaJia BUILIMBAE, ITI0 IHTErpas fo s)dW (s)
€ JIHIfIHUM HellepepBHUM orepaTopoM 3 Ganaxosoro npoctopy L2 (Qz, LY) B LQ(Q, H),
a OT2Ke 1 HellepepBHUM BIJTHOCHO CJIAOKOI 3012KHOCTI.

3HaYUTH

/Otok(yk)dW —>/ $))dW (s).

B L*(Qr, LY) i sokpema B L>=([0, T|; L*(Q2, H)).
st fr, i3 ymosu (Al) orpumyemo

(fe(s1) = fr(s2))(s1 — s2) < Ag(s1— s)%. (41)

Ockinbku 0 (s) € minmmieBumu 3i cTaion Ly, To
low(w) = or(v)llzg < L3Cao flu—vl*, (42)
st geskol crasol Coy > 0.

Haui, 3 Bukopuctanugm Teopemu PyOiHi 1 ozHadeHHd c1abKol 3012KHOCTI, s
JoBibHOT ¢ € L>®(Q7), v € V Marumemo

B [ (et = lim B [ o). et -

k—o0

~ lin & (/OT(y”o,gp(t)v)dt + /T /t < AGuls), p(s)v > dsdi+

+ / ' / t( Fel@in(s), (t)v))dsdt + / / v)dsdt+

/ / 04 (s). AV (5). 6(t)0)dsdt = lim B / (s o(t)0) i+

—l—E/O < Agg(s / o(t)dtv >ds—|—E/ (fre(Tr(s)), /OTw(t)dtv)ds—l—

+E /OT(a(s),/ST ©(t)dtv)ds +E/0T (/Ot Uk(gjk(s))dﬁ/(s),ga(t)v) dt =
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T t t

—F ( / <do+ / (AG(s) + F(i(s)) + als))ds + / o(5(s))dVW (s), () > dt) .
0 0 0

B cuny moBibHOCTI ¢ 1 v 3BiICM OTPUMYEMO, IO

3(t) = 1o + / (AG+ F(5) + a(s))ds + / o(5(5))dVV (3)

B V.

Orske 7 € caBKuM MapTHHra bHIM po3s’askoM (1) ma (Q, F, P). Exepreruuna
pisricTs BummBace 3 hopmymn Iro s [|y(t)|” .

JloBememo Terep MoTpaeKTOPHY €/ IMHICTb.

Hexait 7, i 9> aBa poss’ssku pismsaana (1) ma (Q, F, P) i §1(0) = 72(0) = 7.
Toi

d(91(t) — 9a(t)) = /0 (A(G1 — 92)) + f(0h) — f(Ta))dt +/o (o(31) — o(32))dW (2).
Otzke

E|§i(t) = )" = B (2/0 (< A(i(s) = a2(s)), 91(s) — G2(s) > +

+(f(ﬂ1(8)—312(8)),171(5)—§z(8)))d8+/ lo(31(5)) — og2(s)|% dS) =

t t
< 2/ —CiE |51 (s) —?J2(8)||12,d8+027/ E |[g(s) — 52(s)|* ds,
0 0

Co7 > 0. 3Bijicu, 3 BUKOPUCTAHHSAM JIeMU [ POHYOJIIa, OTPUMYEMO

E[[4:(t) = 32(t)]* = 0.

3BiICH BUILIUBAE MMOTPAEKTOPHA EIUHICTD pO3B’s3Ky. OTrKe, BpaxXOBYIOUN HECKIH-
YeHHOBUMIpHUIT aHasor Teopemu fmasia-Baranabe [13, T.2| orpumyemo joBejients
Teopemu 1.

Hoseiernst Teopemu 2. JloBejenHs jgaHol TeopeMu O/II0HE 10 JOBEJICHHST €/IMHO-
cTi nortepeiabol Teopemu. Ilokamemo

y(t) = y(t,yo,u) ta z(t) =y(t,y1, w).

Toi
d(y(t) — =(t)) = (A(y(t) — 2(t)) + f(y(t) — f(2(1) + wi(t) — ua(t))di+
(o (y(t)) — o (z(1))dW (t).

Jauti, 3 BUKOPpUCTAaHHAM €HEPreTUIHOI PIBHOCTI MAEMO

E|ly(t) — 2t = E lyo — wll* + QE/O (< Ay(s) — 2(s)),y(s) — 2(s) >) +

+(f(y(s)) = f(2(5)), y(s) — 2(s))ds +/0 E |lo(y(s)) — o(2(s)))Il5g ds <
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t

t
< Ellgo =il + Cas [ Ellyls) = 2(0)ds+ [ lls) = (s)|y s, Can >0
0 0

Toui nepiBuicts (5) BumuBae 3 jiemu ['poHyoJIIa, M0 1 JOBOJAUTH TEOPEMY.

4. BucHoBKu. B janiit poboTi HAMH OTPUMAHO JIOCTATHI YMOBH iCHYBAHHS Ta
€JIMHOCTI CJIA0OKUX PO3B’SI3KIB CTOXACTUYHUX PIBHAHB MapabOJIidHOrO THUILY, 30ype-
HAX HECKIHYEHHOBUMIPHUM IIporiecoM Oijoro mymy. OCHOBHOIO BiMIHHICTIO JAaHOI
poboTu Bij paHiiie BiJIOMUX € Te, IO HAIll YMOBH JIOIYCKAIOTH 3POCTAHHS HEJIiHili-
HOCTEll TIBUJIIIIE CTEIEHEeBOro, HAIPUKJIAJI, OJIHOCTOPOHHE eKcroHeHtiitne. Tomy 11
YMOBH PO3MIUPIOIOTH KOJIO 3aCTOCYBaHb OTPUMAHUX TEOPETHYHUX PEe3YyJIbTATIB J10
KOHKPETHUX MATeMAaTHIHUX MOjeieil. 30KpeMa, CTa€ MOXKJIMBUM BUBYCHHS DiBHSH-
us Ppanka—Kamencskoro [7].

Pobora Bukonana 3a miprpumkn Harionanbroro oy J0C/IizKeHb Y Kpainu,
npoekT 2023, 03/0074 “HeckinvuenHoBuMipHi eBoTIOMiitHI piBHAHHS i3 6araTo3HATHOIO
Ta CTOXACTUIHOIO JTUHAMIKOIO .
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Kapustyan O. V., Stanzhytskiy A. O., Stanzhytskiy O. M. Weak solutions
of stochastically perturbed parabolic equations with rapidly growing external per-
turbations.

10.

11.

12.

This paper studies stochastic evolution equations in infinite-dimensional spaces. These
equations are mathematical models of real natural science processes with distributed pa-
rameters and those that are influenced by random factors in the process of their evolution.
These factors can be considered as the total result of a large number of independent random
variables. Then, by virtue of the central limit theorem, we obtain that random disturbances
are described by an infinite-dimensional white noise process, which leads to stochastic equa-
tions of the Ito type. The characteristic example of such equations are stochastic parabolic
equations with nonlinear wear. The main differential operator here is, as a rule, a second-
order operator of elliptic type. Previously known results related to the existence and unity
of weak solutions of such equations under the condition of power-law growth of nonlineari-
ties and certain conditions of monotonicity. However, nonlinearities of exponential growth
often occur in applications, for example, the well-known Frank-Kamensky equation.

In this work, the conditions of existence, unity and continuous dependence of weak
solutions on the right parts and initial data are obtained. At the same time, non-linearities
can allow growth above the exponent. Also, for the solutions, estimates were obtained in
special Sobolev’s norms.

Keywords: Wiener process, Laplacian, ellipticity, Sobolev space, boundary value problem.
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MATEMATUYHE MO/JAEJTIOBAHHS TUHAMIKIY IIEPEIAYI
TYBEPKYJIHO3Y 3 BUKOPUCTAHHAM JINO®EPEHIIIAJTIHLHUX
PIBHSHD 3BYPEHUX 3A JIOIIOMOI'OIO BIHEPIBCHKIUX
[IPOIIECIB

VY wiit cTarTi MU PO3POOIISIEMO CTOXACTUIHY MATEMATUYHY eIliIeMidHy MOJIEJIb IUHAMIKI
TyOepKyIb03y 3 METOI0 OKPAIEeHHsT PO3YMIHHS MIPOIIECiB Iepeaadi Bipycy Ta IpOrHO3yBa-
HHsI PO3BUTKY ermimemii. J[jist 3ammpononoBanoi Mozesti 3a 10moMororn teopil dynkiin Jls-
IIyHOBA JIOBEJIEHO ICHYBAaHHS €IMHOTO MAail?Ke HAIIEBHO HeBis'eMHOTO po3B’s3ky. Hasesmemno
[IPUKJIAJIU CUMYJIANINA 3 BUKOPUCTAHHSM MOBU IporpamyBanHs Python, sxi ninrsepxy-
FOTh KOPEKTHICTh TEOPETUYHUX PE3YJIbTATIB.

Ie mocmimkenns Bukonano B pamkax rpantoBol nporpamu MSCA4Ukraine, sika dinan-
cyerbesa €Bporneiicbkum Cor30M.

Kuarouosi cioBa: croxactuune gudepeHiiiajibHe pIBHSIHHS, JIiHIHE cTOXacTUYHE ude-
peHItiaibHe piBHsHHSA, (popmya Ito, dyrkiisa Jlamyrnosa, SIR-Momesb, MOIE/TIOBAHHST CTO-
XACTUIHUX TU(PEPEHIIAJBHUX DIBHSIHD.

1. Beryn. MaremaTnyne MOJIe/TIOBAHHS BI/IIrPa€ BayKJIMBY POJIb Y BUBYEHHI ITOITH-
peHHs Ta KOHTPOJIO iH(MEKIIHHIX XBOpOO Ta y NPUWHATTI pillleHb CTOCOBHO BTPY-
YaHb JId 00poThOM 3 HUMH. Po3yMinHg MexaHi3MiB Iepejadi iHMEKIN y pizHux
rpoMa/iax, PerioHax Ta KpalHaX CIPHULAE YIOCKOHAJIEHHIO CTPATEriil 3HMKEHHs PiBHSI
IO PEHHS ITUX 3aXBOPIOBAHb.

g anastizy Ta MOJIETIOBAHHS Ilepejiadi 3aXBOPIOBAHb BUKOPHUCTOBYIOTH CTOXAa-
cruani judepentianbai pisasausg (C/AP). CAP edekTuBHO MOJETIO0TH BUIAIKOBI
IIPOIECU, BOHU € OCHOBHUM IHCTPYMEHTOM JIJIsl JIOC/TIPKEHHS y 0araTboxX rajry3sax
HayKH, 30KpeMa i B 6ioJiorii Ta mejunuai. [leit MaTemMaTnanuit inCTpyMeHT J03BOJISAE
Kpallle OIMCATH HeBU3HAYEHICTH Ta BUIA/IKOBICTD y JUHAMIIN HOMUPEHHS iH(MEKITIi.
[Ipupoina pizHOMaHITHICTE Y nTonyJisril, sky C/IP BpaxoByIoTb, /103BOJISIE OIIHUTH
iHuBiya/IbHI BiIMIHHOCTI B nIepejiadi 3axBoproBanHs. OCKIIbKH JIIOIA MOXKYTH Ma-
THU Pi3HI 4aCTOTU KOHTAKTIB Ta CTYIIHb CHPUMHATIMBOCTI, BA2KJINBO BPAXOBYBAaTH ITi
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BiIMIHHOCTI 1ipu MojeioBanHl iHdekiitnux 3axBopoBanb. C/P ycminHo Bukopu-
CTOBYIOTDH JIJIsl @HAJI3Y JAWHAMIKN MOMUPEHHsT 3aXBOpoBaHb, Taknx sk COVID-19,
Bica, CHIJI rta inmmx (aus. nanpukian, [1], 2], [3]). Binbmicrs enigemivnnx mo-
JieJieit 0a3yIoThCd Ha MOJIJI HACEJIEHHs Ha HEBEJIMKY KiJIbKICTh IPYI, KOKHA 3 dAKUX
MICTUTBH JIOJIell, K1 IJIeHTUYHI 3 TOYKU 30PYy IXHBOI'O CTATyCy 110 BIJIHOIIEHHIO JIO
3aXBOPIOBAHHS, [0 BUBYAETHCH.

MaremaTuaui Mojesi guHaMiKu iH(MEKIIHHIX 3aXBOPIOBaHb IHTEHCUBHO JOCJIi-
JKYIOTBCS TMPOTITOM OCTAHHBOI'O CTOJITTHA. 3a OCHOBY JIjIi BUBYEHHS MOITHPEH-
Hsl 3aXBOpIOBaHb BUKopucToByeThest SIR-Momens (Susceptible-Infected-Recovered,
quB. [4]), mo Bkimodae B cebe Tpu 3BuUaiiHUX audepeHriagbHux piBHAHHA (ab0
C/IP, gKI10 BpaxoByeThCsl BUIAIKOBA CKJIQI0BA Hepejadi iHdekIil), To6To 3a1at0-
ThCsI HACTYITHI KJIach 0cib:

e Bpasiusi (S): e o, SKi MOXKYTh 3aXBOpITH, 60 He MaOTh IMyHITETY, HATIDH-

KJI1aJl, HOBOHAPOJIZKEH] JIiTH ab0 Ti, 9Mil IMyHITET BTPAIAE€THCSI;

e Iudikosani (I): e ocobu, siki Bxke 3apazkeHi 1 MOXKYTh 1epeiaBaTu iHQEKIHo;
e Pesucrentri (R): 1ie i, xT0 0/1y2KkaB Bix XBOpoOH 1 HAOYB iMyHITET.

VY 1iit poboTi MU PO3IJITHEMO CTOXACTHIHY MOJIE/Ib PO3MOBCIO/IZKEHH 1H(MEKITiii-
HOT'O 3aXBOPIOBaHHS Ha MPUKJAJI TyOEPKYIHO3Y.

Tybepkynb03 — oJiHe 3 HAWIOMIMPEHIMNX iH(EKIIHHNX 3aXBOPIOBaHb, Ha SKe
XBOPi€ GJU3bKO JIBOX MIIbSP/IB JIHO/Iell (TPEeTHHA BChOI'O HACEJEHHS CBITY Ha JaHUi
vac indikosani). [Ipubiusno JeB’sTh MijIbIiOHIB HOBUX BUIAJKIB AKTUBHOI (hOpMU
3aXBOPIOBAHHS PEECTPYETHCS IMIOPITHO, IO MPU3BOJUTH JI0 JIBOX MIJbIOHIB cMep-
Teil, TOJIOBHIM YHHOM B KpalHax, IO po3BHUBaloThes. OCKIIBKHU mepemada Ta iHdi-
KyBaHHA TyOEepKY/IbO30M BiJIOYBAETHCS IIiJT BIIMBOM PI3HUX CKJIAIHUX Oi0JOTYHUX
ITPOTIECIB, MOXKHA ITPUITYCTUTH ICHYBaHHS BUITQ/IKOBOCTI B JIMHAMIII TIE€peJiati 3aXBO-
poBanns. Tomy nuramika mepejatdi TyOEpKy/Ib03y 3a JOMOMOTOI MaTEeMATHIHUX
MOJIesIell BaXKJIMBa JIJIg TOTO, MO0 3aIPOIIOHYBaTH HAWKPAII MEeXaHi3MU KOHTPOJIIO
3a MOMIUPEHHAM TYOepKyIho3y. [l VKpaluu nuTants JOC/TiPKeHHS TOMTUPEHH 3a-
XBOPIOBaHHS Ha TYOEPKY/Ib03 € aKTyaJbHIM. TUM dacoM, KoJIi 3arajbHi IIOKA3HUKI
3aXBOPIOBAHOCTI Ha TYOEPKY/Ib03 3HUKYIOThCH Y 6araTbox KpaiHax CBITY, B JIESTKUX
KpalHaxX BOHU ITPOJIOBXKYIOTH 3pOCTaTh. Y KpalHa 3HAXO/IUTHCS CepPeJl KpalH-JIiJIepiB y
O PEHHI TyOEPKYIb03Y, 0COOJIMBO TTOJI0 MHOXKUHHOT JIIKAPCHKOI CTIMKOCTI, STKa He
BPETYJIbOBYETHCS JIEAKUMHU Halie(DEeKTUBHIMMUMEU TTPOTUTYOEPKYIHO3HUMU TIperapa-
ramu. 3riguo 3 manumu Llentpy rpomasicskoro 310pos’ss MO3 Ykpaiuu (nus., [5]),
3a 2022 pik 6ys10 3apeectpoBano 18 510 BuIaIKiB TYOEPKYIHO3Y, BKJIIOYAIOTH PEIIH-
nuBH, 1o cranoBuTh 45.1 ma 100 000 macesenns, mo na 2.5% Oinbire, mixk y 2021
pori (18 241, a6o 44 wa 100 000 HaceseHHs ). 3amCH 3aXBOPIOBAHOCTI HA TYOEPKY-
JIbO3 cepest siTeit Bikom 710 14 pokiB 3amumumca y 2022 porii Ha TOMY K PiBHI, 1110
iy 2021 pormi.

Ba ganmmu MO3 y 2023 porii KiJIbKIiCTh yIiepliie 3apeecTpoBaHuX B Y KpaiHi 3a-
XBOPIOBaHb Ha TYOepKy/bo3 craHoBusa 19851, mo wa 7.3% Olible aHaJIOMYHOTO
nokaszHuka 2022 poxy.

Ax BumHO 3 indorpadikum Ha Puc. 1, KigbKicTh BHITQJIKIB 3aXBOPIOBAHOCTI HA
TYOepKyJIho3 3pocia y OiabiocTi obracreit Ykpainu. [laainns KiIbKoCTi 3aXBOpIO-
BaHocTi B Glabinocti Bunajikis (JIyrancbka, Jlonenbka, XepcoHCbKA) € Pe3yJIbTaTOM
HEMOXKJIMBOCTI 3i0paTu MOBHY CTATUCTUKY 3 OIVISJLYy HA BOEHHI Jiii.

Ha >xanb, BifiHa B YKpalHi TPpU3BOJIUTE J0 301/IbIIEHHS BUIAJIKIB TYOEPKYIbO3Y.

Poszain 1: Maremaruka i craTucTuKa
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3AXBOPIOBAHICTb HA TYBEPKYNbO3, BKAKOYHO 3
PELMAWUBAMMU, CTAHOM HA 2023 PIK NMOPIBHAHO 3 2022
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Puc. 1. Indorpadika 3axBoproBaHocti Ha TyOepKy/1503 ctanoMm Ha 2023 pik B
nopiBagHHI 3 2022 pokoM 3a obJiacTaMu Y KpaiHu.

Takoxk B 2023 porii 3axBopiio Ha TYOepKyIbo3 639 miTeit, 110 CTAHOBUTH 3POCTAHHS
nona 3%. ITokasHuK 3aXBOPIOBAHOCTI cepe M TKIB 36labmmBesd Ha 55.3% — 196
BunakiB y 2023 pori. 30iabIIeHHsT 3aXBOPIOBAHOCTI Ha TYOEPKYJIbO3 Ccepesl iTeit
Ta TiJIITKIB € HACTIJIKOM TIOTIPIEHHS elliIeMivHOI CUTYyaIlil cepejl JOPOCINX, YMOB
JKATTs Ta 1mepe0yBaHHs.

Jlronm MoKy Th 3axucTuTu cede Bijl 3aXBOPIOBAHHS HA TYOEPKY/IbO3, JOTPUMYIO-
YUCh OCHOBHUX ITPABUJI TT€HN, BAKITUHYBATUCS Ta i ATpuMyBaTh imyHiTeT. OCKiTh-
KI B YKpaiHi TyOepKyJibo3 € nomupernM, BakiuHaiig BIIZK Brouena 1o nepestiky
HIEeIIeHb, peKoMeHtoBannx MiHicTepcTBOM OXOpOHU 3JI0pPOB’d YKpalHu.

Tomy y 1iit pobOTI MU POBIVITHEMO CTOXACTUIHY MOJENb, siKa € PO3IMIUPEHHSIM
SIR-Mostest, Jijisi BUBYEHHS JIMHAMIKHI 3aXBOPIOBAHOCTI Ha TyOEpPKYJIbO3 3 ypaxyBa-
HHSIM BaKITHHAIIl HOBOHAPO/ZKEHUX JIITEH.

Mertoto 1i€l poboTH € AOC/TIIZKEHHSI MOYKJIMBOCTI Ta JIOMIJIBHOCTI BUKOPUCTAHHSI
SIRV-Moj1ei, Mo BpaxoBy€e acleKT BaKIMHAIll Hace/JeHHd Ta IOTEHIHITHO 3/1aTHa
BpaxoByBaTu OLbIle (HPaKTOPiB, Y TOMY YHC/I # BUITQJIKOBUX, JIJI IIPOTHO3YBaHHS
CKJIQHUX IIPOIECIB Iepediry emigeMiit TyOepKy/a1b03y. ¥ Mexkax poboTu, Mu chop-
MYJIFOEMO YMOBHU HeBiI'éMHOCTI TpaekTopiit croxactu4dnol SIRV-mozeni ta Bukopu-
cTaeMo 11 JIjI CUMYJISAIT IMHAMIKY eIi/ieMil, TTOPIBHIEMO Pe3yIbTaTh MO/IeTIOBAaHHS
3 peaJbHOIO JIMHAMIKOIO Mepebiry TyOepKyIbo3y B YKpaiHi.

2. @opMyJIIOBaHHS Ta OONWC MOJEJi. Y IMOPIBHAHHI 3 iICHYIOUOIO JIiTEPATy-
pofo 1po JMHAMIKy TyOepKyJibo3y, Halla podoTa CHPUSE JTOCTIIKEHHIO CKJIaIHUX
aCIIeKTiB 3aXBOPIOBAHHS, BKIIOYAIOYN HEBU3HAYEHICTH Y MOJEII Ta 3aJeXKHICTh Ia-
pametrpiB mojiesi Bij yacy. [loBesinka ermigemii € Herrepe10avyBaHOIO Yepe3 30BHIITHI
30ypeHHsT HaBKOJIMIITHBOTO CEPEeIOBUINa, siKi BIIMBAIOTH Ha 11 MOIMIMPEHHsS. 3ampo-
IIOHOBaHa MOJIE/Tb TOJIIJIsI€ BCe HaceJeHHs Ha YOTHPHU KJIACH BIiJIMOBIIHO /IO CTATyCy
3aXBOPIOBaHHS: clipuiinaTuBi S, indikosani [, Bakmuuosani V' ta pesucrentni R.

[MounHatouw 3 BUSHAYEHHs JeTepMiHOBaHOl Mojiesi (jiuB. Puc. 2), mo6 spaxysartu
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Puc. 2. Biiok-cxema jieTepMiHOBaHOT MOJIe I JIMHAMIKH €I1ijieMil TyOepKy/Ibo3y.

HEBU3HAYEHICTH, M BBOJMMO CTOXACTUIHI MIYMU, K1 MOJETIOIOTHCI 33 JTOITOMOTOIO
BiHepiBCchbKUX MporieciB. L1 myMu BIJIMBAIOTH Ha CUCTEMY, TIEPEBAXKHO Uepe3 HEBU-
3HAYEHICTh y daKTopax CMEPTHOCTI Ta HAPOJXKYBAHOCTI, & TAKOXK depe3 HeTOUHOCTI
B IMIpaXyHKaX YHUCEJILHOCTI TOITYJIIl, TOMY CTOXaCTUYHA MOJIE/b JTO3BOJIAE OLIbII
TOYHO OIMCYBATHU JIMHAMIKY I1epediry XBopoOu 3 ypaxyBaHHAM BHUII&IKOBUX BILIUBIB.
OTke, MU PO3IJIAIAEMO HACTYIIHY CTOXaCTUIHY MOJIEJh:

dS(t) = (1=t + HOV(0) + alIR() ~ ja ()S10) ~ %S(ﬂ] at+
+o1 (1) S(t)dWi (1),

av(e) = [po) = L0 - 00 + )V O] e+ sV it

dI(t) — :%S(w + %V(ﬂ ~ (b + palt) + r(t))[(t)} di+
FoaO)T(AW(0),

AR(E) = [F(OI() — a)RE) — m(OR(E) dt + o ROV, (1)

ze (S(0),V(0),1(0), R(0)) € R} — nouarkose snauenns, Wi(t), ¢ = 1,...,4, —
B3aE€MHO He3aJ/ICKHI CTaHJaPTHI BIHEPIBCHbKI IPOIECH, BU3HAYEHI Ha HMOBIpHICHO-
my upocropi (2, F, {F; >0, P), 04,1 = 1,2,3,4, — inTencuBrocti nux mporecis (abo
BOJIATHILHOCT] ). TaKoXK TpHUITycTHMO, 110 yci (DYHKINT 3a/(isH] B MOJIE/Il € Hellepeps-
HUMHU JIOAATHIME (PYHKINSIMU, & 3arajbHa YUCEeIbHICTH TOIYJIAIIl B MOMEHT 4acy t
nosHadaeThes depes N (1), 1 Busnadaerbesa gk N(t) = S(t) + V(t) + I(t) + R(¢).

Bpasmusuii knac S(t), t > 0 ckragaerbes 3 ocib yeix BIKOBUX TDYI HACETIEHHS,
sKi He MaJn e(eKTUBHOTO KOHTAKTY 3 OaKTepi€ro, MO CIPUINHSIE 3aXBOPIOBAHHS.

Kiac indikoBannx I(t), t > 0 ckiagaerbest 3 ocib ycix BiKoBux rpyi, iHdIiKO-
BaHUX TYOEpKY/JIbO30M B aKTHBHIN cTajil; 3 iniKOBAHOIO Kjacy JIOJIUHA OTPUMYE
JMKYBaHHS 1 IIEPEXOIUTH JI0 KJIacy THX, 10 oayxkamu R(t), t > 0.

Poszain 1: Maremaruka i craTucTuka
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Baknunosanuii kmac, V(t), t > 0, ckiaamaerbest 3 ocib, ki Oysn BaKIMHOBa-
Hi, KOJIU BOHU OyJIN HOBOHAPOJZKEHUMH 1 JIOCI MalOTh YaCTKOBUN IMYHITET TPOTU
TYOEPKYIHO3Y.

BakrnunoBanuii Kj1ac 301/IbIITYETHCS IPU HAPOJZKYBAHOCTI 3 MIBUJIKICTIO TPUPOCTY
0(t),t > 0, 3 imosiprictio p (0 < p < 1). Bpaznusuii kjac 36iabIIyeThCs IpU
HAPO/KYBaHOCTI 3 mBuKicTio npupocty 0(t),t > 0, 3 imosipaictio (1 — p) Ta 3a
paxyHOK BakIMHOBaHOTrO KJacy V' 3i mBuukictio b(t),t > 0, a TakoXK 3a paxyHOK
TUX, 10 ojykaau R 3 mBuakictio npupocry «(t),t > 0. Y Beix migkmacax puq(t),t >
0 — e MBUJAKICTH TPUPOIHOI CMepTHOCT, po(t),t > 0 — MmBHIKICTH CMEPTHOCTI,
CIPUYUHEHOI XBOPOOOIO, JIst OKpeMux ocib 3 kjacy I, [ — fiMoBipHicTb TOrO, 110
Bpazsusi S i1 BaknmHoBaui V' ocobu indikyooThes Bif onHiel iHdiKoBaHOT 0cOOU TIpU
OJIHOMY KOHTaKTi 3a ojauuuio 4dacy. [IIBUJAKICTb, 3 KO0 iH(MIKYIOTbCSI Bpa3J/IMBi
ocobu, nopieaioe Bc(t), t > 0; mBUAKICTH, 3 KO 1HMIKYIOTHCA BaKIMHOBaHI 0co6H,
jopiBaioe yfe(t),t > 0, e 0 < v < 1 — ne edexkrupHicTh BakuuHAIT. SKIIO
~v = 0, To edekTuBHiCTL 3axucry BakimHaiil gopisuioe 100%, axmo v = 1, To
edekTUBHICTD 3axucTy BaknuHaril jgopisuioe 0%, a 1 — v — e 3HUKEHHS PUBHUKY
indikyBanns 3aBusku edekTUBHOCTI BakiHAIT. Takox r(t),t > 0 — 11e mBUIKICTb,
3 dKoI0 iHdikoBana ocoba 3ayminae iHneKIiinmit Kjaac I i TpueIHyeThes 10 Kacy
R, %, t > 0 — nmoTyXKHicTb iHQEKITl.

3. HeBig’eMmHicTh pO3B’sI3KY cTOXacTUYHOI Mozesi. Crovyarky repeBipu-
MO, YU € 3aIlPOIIOHOBAHA MOJIEJIb JI00pe BU3HAYEHOIO, 1 UM MOYKEe BOHA JOCTOBIPHO
MOJIC/TIOBATH MaiOyTHI MOXK/IUBI POZBUTKH XBOPOOH, 3aJIE2KHO BiJI MOYATKOBUX YMOB
MIOIYJIATT Ha TOYaTKy erijeMil Ta Habopy mapameTpiB. Baxkuso, 1mob TpaekTopil
Oy/I1 HEBiJI eMHUMM, OCKIJIBKH BiJI'€MHI 3HAYCHHS PO3B’I3KY HE MATUMYTh 3MiCTOBHOI
iHTepIIpeTartii.

Teopema 1. Cucmema, wo onucyemuvcs pisuanuam (1), mae edunuti po3e’a3ox,
(S(2),V (1), 1(t), R(t)),

sa nowamxoeoi ymosu (S(0),V(0),1(0),R(0)) € RY npu t > 0, i yed poss’asox
saruwumyves dodammim 3 Umosipricmio 1, mobmo

(S(t),V(t),1(t), R(t)) € Ry dan eciz t > 0 wmatiorce nanesho (m. n.),

arwo 04,1 =1,2,3,4, n;, 7 =1,2, r, o, B, c € obmesrcernumu pynruiamu.

Jlosederns. Ockinbku KoedillieHTH pPIBHSIHHS € JIOKAJbHO JIIIIAIEBAMA JIJIsT
Oyb-sKOro 3aanoro nodarkosoro suadenns (S(0), V(0), 1(0), R(0)) € R%, To icaye
eHIi JIoKasbHui poss’a3ok (S(t), V (), I(t), R(t)) na t € [0,7.), 1€ T, — MOMEHT
3a SIKOTO PO3B'sI30K Jlocsarae Heckinenuocti (qus. [6]). dus Toro, mo6 mosecru, mo
1eil po3B’sI30K € 1100aJbHUM, Tpeba MOKA3ATH, 0 T = 00 M.H. JljIs 11oro 3a1amo

JOCTATHBO BeJIMKE 3HAYEHHS JJId Mg > 0, Take, 110

(5(0). V(0). 1(0), R(0)) € [mim] |

asti BUSHAUMUMO Yac 3yNUHKHA JIg KOKHOTO ILJIOr0 M > My:
1 x4
T = inf <t e0,7):(5(0),V(0),1(0),R(0)) ¢ (—,m) : (2)
m
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3a o3HaYeHHSIM T, 3pocTae, upu m — oo. Tomi 7o, = lim 7, < 7, M.H.
m—o0

Jl1st 3aBepieHHs JI0BeJeHHS Tpeba MOKa3aTh, IO To, = 00 M.H. ZIKIIO I1e TBep-
JoKeHHst XuOHe, To MoxkHa 3Hajitu T > 01 e € (0,1) raxi, mo P{r., < T} > e.
Otxke, iCHYE IiJIe IHCTO M7 > My TaKe, IO

P{7, <T} > e nns Bcix m > my. (3)

Iaui zacrocyemo dopmyiy Ito (qus. [7]) no dbynknii JIanynosa f: R — R
f(x1, 20, 23,24) = (x1—1—Inzy)+ (zo—1—Inze) + (z3—1—Inzz) + (x4 — 1 —Inazy),
= 2, npu i = 1,2, 3,4. Binmitumo, 1o dyukiia f €

/ P _—
10 Toro X fi. =1 Ta f, ..

HEBIJI €MHOIO, OCKUIBKI/I r, —1— log x; > 0 ms Beix x; > 0, ¢ =1,2,3,4. Toni,

df (S(t),V(t),1(t), R(t)) = (1 - %) ds(t) + ( - %) av (t)+

1 1 1 2 2
+ <1 — m) dI(t) + (1 — m) dR(t) + 252(t>01 (1)S*(t)dt+

1 2 2 2 2 2
+maz(t)v (t)dt + o3 () (t)dt + ——s— 03 (t)R*(t)dt.

1 1
212%(t) 2R (t) )

3BIJIKH MaeMo,
df (S(t),V (), 1(t), R(t)) = [0(t) + 4pa(t) + pa(t) + r(t) + a(t) + b(t)]di—

= (B)(S(E) + V(@) + I(E) + R(1)) + pa(t) 1 (1)]di+

Be®)I(t) (1—p)ot) b)V(E) at)R(t) po(t)
+H+9) NGO S@ S® Ssm v
Be)S(t)  Be®)V() r@)I()

N UN@ RO e+

(
+1 (Jf(t) + o5(t) +o3(t) + 04(t)) dt+

[\

+o1(t) (S(t) — 1)) dWi(t) + o2(t) (V(E) — 1) dWa(t)+
+o3(t) (1(t) — 1) dWs(t) + ou(t) (R(t) — 1) dWa(t). (4)

[To3HAMMMO y OCTAHHBLOMY CIIiBBiIHOmeHHI Koedirient npu dt gepes Lf : R* — R
Ta OIIHUMO HOTO. To;:Li ockimpkn ynkmil o;,¢ = 1,2,3,4, pj,7 = 1,2, r,a, B,c €
obmexkeHnMu Ta + < 1, To

X . 1
Lf(S(),V(t),I(t),R(t)) < 0+4ﬂ1+ﬂz+f+d+b+(1+7)ﬁé+§ (67 + 65+ 65+ 53),

e O = supd(t), ji; = supp;(t), j = 1,2, # = supr(t), & = supa(t), b = supb(t),
t>0 t>0 t>0 t>0 t>0

¢ = supc(t), g; =supo;(t), 1 =1,2,3,4.
t> >0
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IToknazemo

1

K=0+4u+jo+i+a+bt(1+y)Be+ = (67+63+67+067).

N |

[IpoinTerpyemo obuisi uactunu crissigHomenHs (4) Big 0 10 7 = min {7, t}. Ha
[OMY KPOIIi 3 ypaxysauusM wepisHocti dLf(S(t),V (t),I(t), R(t)) < K orpumaemo:

/df(S(S%V(S)J(S)?R(S)) = /de(S(S)’V(S)J(S)aR(S))+
+/01(s)(5(3) — 1)dWy(s) + /Ug(S)(V(S) — 1)dWs(s)+

+/03(3)(I(s) — 1)dWs(s) + /04(3)(R(s) — 1)dWy(s) <

0 0
T

< K1+ /01(8)(3(3) — 1)dWy(s) + /@(s)(V(s) — 1)dWs(s)+

0
’

+/03(3)(1( ) — 1)dWi(s —I—/04 ~1)dWa(s).

0 0
Bizbmemo MaTemaTuvHe CIOIIBaHHS BiJ 000X 9acTHH ITOIEPEIHBOI HEPIBHOCTI:

T

< KE[r] +E [/ o1(s)(S(s) — 1)dW1(S)] +

0

P { [ ars(s).v(5).165). B(s)

0

T

4B / oa(s)(V(s) — 1)dIWa(s) | + B

/03(3)(1(8) — 1)dW3(3)] +

T

+E /04(5)(R(s) — 1)dWy(s)

0

Ockinbku t € [0,T], 7o 7 = min {7, t} < T. Takoxk HeOOXiHO BpaxyBaTH, IO

B / o1(5)(S(s) — AW (s)| =0, E / oa(5)(V () — )dWa(s) | = 0,
B / oa(s)(I(s) — DdWs(s)| =0, E / oa(s)(R(s) — 1)dWa(s) | = 0.

Binrak, orpuMaemMo HacTyIHy HEPIBHICTD:
E[f(S(7),V(7), 1(7), R(1))] < KT + f(5(0), V(0), 1(0), R(0)). (5)
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Beenemo muoxkuny A, = {7, < t}, m > my, qys sKoi 3rigHo 3 (3) crupaBenBo,
mo P(A,,) > e. Ilpunaiivui onue 3i suasens S(7), V(7),I(7), R(T) piBue - a6o m,
a TOMY CIPaBe/JIMBOIO € OIIHKA:

E[f(S(r),V(r),I(1),R(1))] > min{(m—1—1nm),(l—1—1nl>}. (6)

m m
Bpaxosytoun pesynbrar (5) Ta (6), OTpuMaeMo HACTYIIHY HEPIiBHICTB:

KT + f(5(0),V(0), 1(0), R(0)) = E[f(S(7),V(r), I(7), R(1))] =

> Ella,, f(5(7m), V(T ), 1(Tim), R(7m))] =

Zemin{(m—l—lnm),(i—l—lni)}.
m m

SKIO B3ITU TPAHUIIO ITPU 1M — OO Bijl 000X YaCTUH HEPIBHOCTI BHIIE, OTPUMAEMO,
1110:
K lim T'+ £(5(0), V(0), 1(0), R(0)) >

m—00

1 1
> lim {min{(m—l—lnm),(——1—ln—)H:oo.
m—00 m m

3Binkn ButmBae, mo 1T — oo npu m — oo. OTkKe, OTPUMYEMO CyIIEPEUHICTb,
OCKLJIbKU HEMOXKJINBO 3HaiiTu Take T' > 0, 11100 BUKOHYBaJIaCsd HEPIBHICTD 3a IIPUITY-
mennsM: P{r,, < T} > e. Takum auHOM, TeOpeMy J10BEJIEHO.

4. MoaenroBaHHsI PO3B’A3KIB JIHINHUX CTOXaCTUYHUX AudepeHIliaib-
HUX PiBHAHb. YucejnbHe MOJE/IIOBAaHHA 3HAUYEHb CTOXACTUIHUX JUepeHIliiHIX
PIBHSIHb MOXKHa 3JIHCHIOBATH 3a JIONOMOIOI0 HU3KHU METOJB, CEepeJl STKUX: METO/I
Eitiepa-Mapysmi, cxema Misbrreiina, merou Pysare-Kyrra (maus. [8], [9], [10], [11]).
JLy1st 9uceTbHOTO MOJIE/TIOBAHHS TPAEKTOPI MPOIECiB CUCTEMU CTOXaCTUIHUX Jiupe-
PEeHIIHUX PiBHAHB 3acTOCyeMO MeToj Eiljiepa 3a floro mpocToTy BUKOHAHHS.

Meron Eitnepa nosisirae B 009UCUIEHHI KO?KHOTO HACTYIIHOI'O 3HAYEHHST BUIIAI-
KOBOTO mporiecy (y Byaii t,y1 3a HomnepeanivM — y By3Ji t,) 38 paXyHOK HACTYIIHUX
HaOJIMKEHb:

Xi(tn-H) ~ XZ(tn) + ai(tm X(tn))(tn-i-l - tn) + bi(tnv X(tn))(m(tn-i—l) - Wz<tn))

Tyt a;(t, X (t)) — dyukuis upu dt, b;(t, X (t)) — dynkuis nupu dW;(t), Takox TyT
X;(t),i =1,2,3,4 — nesnwmit mporiec S(t), I(t), R(t),V (t).

BukopucranHs Takol TPOCTOT CXeMHU JIOMOMArae IiceIbHO 3MOJIETIOBATH PO3B’ 13-
KI 3 JIOCTATHBO BUCOKOIO IBUJIKICTIO.

st cucremu piBasitb (1) BBeJIEHO CyKYITHICTD YUCIOBUX TAPAMETPIB Ta QPyHKITIii-
rmapaMeTpiB CUCTEMU. ¥ MeyKaX JIaH0l poOOTH, BBaXKATUMEMO, 110 3HAYEHHS (DYHKITili-
napamerpis crase aad gosinbnoro t. Iouarkosi snadenus (S(0), R(0),V(0),1(0)),
sIKi BUKOPUCTOBYIOTbCSI B MOJIE/IIOBAHHI, Oy/IM BU3HAYECHI Ha OCHOBI JIOCTYITHHX JIa-
HUX. 3arajbHa 9uCceJbHICTh HacedeHHs ctaHoBuTh NV (0) = 42153200, mo Biamosit-
ae KuIbKocTi kureyiB Ykpainn za nodarok 2019 poky (mus. [13]). Kinbkicrs so-
JIeit, 10 MaIOTh IPUPOJHUIT iMyHITET 10 TyGepKy/Ih03y, BcTanosaeHa gk R(0) = 0.
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[le mosicHIOETBCS TUM, IO 3 OIVIAY HA OCOOJIMBOCTI 3aXBOPIOBAHHS Ta HOTrO TO-
IMIUPEHICTh B YKpaiHi, HAsgBHICTb €(PEKTUBHOIO ITPUPOHOTO IMYHITETY BBAXKAETHCs
Ha/[3BUYARHO MaJIOMMOBIPHOIO TTOTi€r0. BijicoTOK BaKIIMHOBAHUX MIPOTH TYOEPKYIHO-
3y ckaagae npubausno 70%, 1Mo € aJeKBaTHOI OIIHKOIO 3 ypaxXyBaHHIM (aKTh-
1Hoi 000B’s13Kk0BOCTi Mmieiends BIZK. KinbkicTs indikoBanux Jojeil Ha MOYaTKO-
BUIi MOMEHT 4Yacy BHOpaHa BIJIIIOBIIHO 70 JaHUX OMIMIfiHUX JKepes i JOpiBHIOE
I(0) = 21132. Bagamo mapaMeTpH BOJATHILHOCTI JIJI KOKHOTO KJIacy:

o1 = 0.05, 03 = 0.03, 03 = 0.01, o4 = 0.05.

[ammi eremenTn Mojesti HaBejieno y Tabsuri 1.

Tabruusn 1.
SHavueHHHS TapaMeTpiB MOJes

[Tapamerp | p 0 a | B | v b c r 1 [ho
Snavenns | 0.5 | 0.71 | 0.4 ] 0.5 (0.7 0.1 ]0.1]0.005 | 0.185 | 0.0053

Ak Bunno 3 Puc. 3 — Puc. 6 pesynbratn MojietoBaHHs 3a TI€pioJ] B TpH POKH (Bij
ciaast 2019 poky g0 rpyaas 2021, T = 3) miATBepXK/YIOTh TEOPETUIHUI BUCHOBOK
Teopemu 1 po HEBiI €MHICTH TPAEKTOPIi IIPOIIECIB, 10 € CKJIa10BUMU Mojiesti. Puc. 4
JIEMOHCTPY€ 3POCTaHHsI KIJIbKOCTI PE3UCTEHTHUX 0OCi0 B MoJiesti 3 BakiuHaIiew. Cra-
JIAHHS KIJTBKOCTI BaKIIMHOBAHUX OOYMOBJIEHO HU3BKUM (PaKTOPOM HaPOJIZKYBAHOCTI
Ta BUCOKMM PIBHEM CMEPTHOCTI.

00000

7500000

1000000
000000

2500000
12000000

;000000

11000000

10000000

12500000

Puc. 3. 3mina nomymamnii oci6 S, mo Pwuc. 5. 3mina nosesginku nporecy V', 1o
CHpUAHATINB] 10 6aKTepiil TyGepKy/aIL03y.  BIAIIOBia€ MOyl BaKIIMHOBAHUX OCi0.

wne TR0

Puc. 4. Tosexinka nporecy R- momymsrii  Puc. 6. Ilosexninka Tpaekropiii npomnecy 1,
0ci0, fKi € CTIAKUMU 10 3aXBOPIOBAHHSI. IO olHcye Kjac iHdiKoBaHUX OcCib.

Ha Puc. 6 npu 36isbiienni qacy KiibKicTb indikoBanux 3meninyerbes. Lle ouiky-
BaHO, OCKIJIbKM 3 TJTMHOM Yacy BaKIIMHAIlA BIIMBAE Ha MIBIJIKUCTH POCTY KiJIHKOCTI
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Puc. 7. Jlunamika 3axBOproBaHOCTI Ha TYyOepKyap03 B mepiof 3 2019 mo 2020.

KinbKicTb iIHpiKoBaHWX
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Bep.20
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indikoBanux Ta yce OijbIne iH(MIKOBAHUX TEPEXOIATh 3 aKTUBHOI CTa/Iil 3aXBOPIOBa-
HHsI JIO JIATEHTHOI CTaIil.

[TopiBasiemo pesymbratun SIRV-mozeni 3 peanmpbauMmn jganumu. st 1bOro BUKO-
pucroByBarumemo Jani [lernrpy rpomajcsroro 3p0pos’s MO3 Vkpainu (jus. [5])
3aXBOPIOBAHOCTI Ha TYOEPKY/Ib03 3a Micdarngamu. Bianosiany indorpadiky KiJabKoOCTi
XBOPHUX 3a MicdaligMu IpoTdaroM mepioiy Bif ciunsg 2019 poxy go kinmg 2020 poky
HaBeaeHo Ha Puc. 7.

[TopiBHsSIEMO pe3yJsibTaTu MPOrHO3Y 3a mepion Bij ciung 2019 poky Jj10 HMOYaTKy
2020 poky. /st po3paxyHKy IPOrHO30BAHOI KiJILKOCTI iH(pIKOBAHUX 0OCIO CKOpHUCTa-
€MOCSI MATEMATUYHUM CePeHIM 3Ha9eHb 3MOJIeThOBAHNX ITPOIIECIB, TTPEJICTABIEHNX
Ha Puc. 6. Mu 6yeM0 BUKODUCTOBYBATH JIaHi 3 JecaT TpaekTopiit I(t) Ha mogaTky
KozkHOTO Micarg 2019 poky.

[To6ymyemo rpadik (mue Puc. 8), Ha sikomy mpejcraBieni dhakTudHi gaHi 1po
KUIBKICTh XBOPHUX 3a 3a3HadeHUil mepioJl, 10 BiIIOBi1aloTh 3HaYeHHAM Ha Puc. 7, a
TaKOXK KUIBKICTb iH(DIKOBaHUX 0cib, oTpuManux 3a jonoMoroto SIRV-monesi (Puc. 6).

3 orisily Ha rpadiku, MOXKHA KOHCTATYBATH, M0 PI3HUIH MiK (DAKTUIHUMU Ta
IIPOrHO30BAHUMU 3HAYEHHSIME 3POCTAE 3 MIJIBUIIEHHAM 4dacy cumyJdiii. [le cBiqanTn
PO BasKJIMBICTH JIOCJI2KEHHS MOJesel 3 KoedillieHTaMu, 110 3MIiHIOIOTbCSA B Yaci.
Moyiesti, IKi BUKOPUCTOBYIOTD TOCTiiiHI KoeillieHTH, 3a0€31eIyI0Th TOUHI Pe3yJIbTa-
TH JIUIIIe Ha KOPOTKUX iHTepBaaax. Kpim Toro, /s migTpuManHs JI0ITyCTUMOI TOYHO-
cTi MoJies1i HeoOXiTHO TepioJinyHo reperianaTu i1 mapamerpu. ToMy BUKOPUCTAHHS
napaMerpiB y BUIVISAJ aHAJITUIHO 3a/laHuX (DYHKIH Mae Kpaiie Bijobpakatu pe-
aJIbHI TTPOTIECH.

OninnTu 6JIM3BKICTH 3HAYEHB HAIOTO ITPOTHO3Y JI0 PeaIbHOI KLIBKOCTI XBOPHX.
st bOro BUKOPUCTAEMO CepeJiHIo BiJICcOTKOBY moxubKy (abo ckopoueno MAPE),

dKa BUMIPIOE CEPETHE BIIXUIEHHS ITPOTHO30BAHUX 3HAYEHDL BiJI ILIHOBOI BEJIMIUHU
y BiJicOTKax:
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e

T e —"

Puc. 8. Jlamana suavens I(t) (61akurHa) B
MOPIBHAHHI 3 JJaMaHOIO JIIIICHUX 3HaYeHb
3aXBOPIOBAHOCTI HA TyOepKyabo3 3a 2019 pik
(momapanuena).

Puc. 9. A6comorni pisHuni aificHux Ta
POrHO30BAHMX BEJUYHMH KLILKOCTI XBOPUX
3a 2019 pik.

)

100 <= |a; — f;
MAPE = — ‘

Jie a; — aKyaJbHe 3HAYEHHsI B 1-OMy By3Jii (y MeyKaX CHMYJISIIl — Ha 4-OMy MiCsIT),
fi — UporHo30BaHe 3HAUEHHS, a N — 3arajbHa KIIBKICTH iHTepBaIiB (MicCAIIB), 110
POBIISIAl0ThCA.

BinpIme mpo MeTo i BUSHaAYEHHS SKOCTI TPOTHO3YBaHHS Ta METPUKH, FKi IITITPOKO
3aCTOCOBYIOThCSI Ha TIPAKTHIL, MOXKHA TeperagnyTu B [12].

Cepegust BigcorkoBa noxubka (MAPE) pisua 2.2% s indikoBanux oci6. Lle
JIOCTATHBO HEIOoraHa TOYHICTDb, aJje JJIsd JOCATHEHHS TaKOro pe3yJIbTaTy HeoOXiTHO
BU3HAYUTH ONTUMAJIbHI TIapaMeTpH, IO He 3aBXKJIM KOPEKTHO BUXOJHUTDL, OCKIJIb-
KU €I1i1eMiOJIOriUHi IpOoIlec — BUCOKOBOJIATUIBHI Ta HEJOCTATHRO BUBUYEHi. Bigrax,
SIRV-mozenib Moxke OyTH HEMOraHUM IHCTPYMEHTOM IPOTHO3YBAHHS HA KOPOTKO-
TPUBAJLY NEPCHEKTUBY PO3BUTKY €IIeMIOJIOIIYHOI CUTYAIlll 38 YMOBU CBOE€YACHOI'O
reperisjly pe3yJibTaTiB Ta KOperyBaHHs IapaMeTpiB.

5. BucHOBKM Ta MepCHEeKTUBU NOAAJBINNX AOCII2KEeHb. Y JaHiil crarTi
PO3IJIAHYTO MaTeMaTHIHY MOJIe/Ib MOMUPEHHA TYOePKY/IbO3HOI iH(EKIIi1, Ky M00y-
JIOBAHO 3 ypaxXyBaHHAM BaKIIMHAII] TpU Hapo izkeHHi. [lg Moens 6a3yeThbes Ha cxemi
SIRV.

Hagani Oysio 6 mikaBo HPOIOBXKHUTH HAOCIKeHHs croxactuarol SIRV-momesni
3aXBOPIOBAHHS Ha TyOEpKY/I003, & camMe BCTAHOBUTHU (paKTOPU, dKi MOXKYThb ITPU3BE-
CTH JI0O 3HUKHEHHs 3aXBOPIOBAHH:A, a00 K 3MEHIIUTHU MIBUIKICTH PO3IOBCIOIZKCHHS
indexril. Ha ocHoBl orpumanux pesysbraris poboru [14] 3ammanosano gocignTu
XapaKTEPUCTUKM TTPOIECIB MOJIES 3 OIVISJly Ha IXHIO MOBEJIIHKY B JIOBIOCTPOKOBIit
TTEPCIIEKTURI.
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perturbed by Wiener processes.

In this paper, we develop a stochastic mathematical epidemic model of tuberculosis
dynamics with the aim of enhancing our understanding of the transmission processes of
the disease and predicting epidemic trajectories. For the proposed model, the existence of
a unique global almost sure non-negative solution is proven. We also provide illustration
of the obtained results with numerical examples realized with Python.
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LOCAL NEARRINGS WITH ADDITIVE GROUPS OF ORDER 128

The determination of the finite non-abelian p-groups which are the additive groups
of local nearrings is an open problem (Feigelstock, 2006). Therefore it is important to
determine such groups and to classify some classes of nearrings with identity on these
groups, for example, local nearrings. We study local nearrings on 2-generated groups of
order 128.

Keywords: local nearring, additive group, 2-generated group.
1. Preliminaries.

Nearrings are generalization of associative rings, in which the additive group
can be non-abelian, and addition is connected with multiplication by only one dis-
tributive law, left or right. In this sense local nearrings are generalization of local
rings.

Clearly every associative ring is a nearring and each group is the additive group
of a nearring, but not necessarily of a nearring with identity. However, it is not true
that any finite non-abelian group is the additive group of a nearring with identity.

A nearing with an identity is called local if the set of all non-invertible elements
forms a subgroup of its additive group. A study of local nearrings was initiated by
Maxson [2] who defined a number of their basic properties.

Complicated symbolic computations are being used to solve problems from dif-
ferent areas of mathematics, in particular, to study of algebraic structures. Based
on well-known system of computer algebra GAP [3| we construct and investigate
one-sided distributive structures (i.e., local nearrings of small orders) with a view of
classification of such models.

Boykett and Nobauer [4] classified all non-abelian groups of order less than 32
that can be the additive groups of a nearring with identity and found the number
of non-isomorphic nearrings with identity on such groups (see also GAP package
SONATA |[5]).

For the researchers in nearrings, the list of all 698 local nearrings of order at
most 31 up to isomorphism is provided by the GAP package SONATA; however,
classifying nearrings of higher orders is a significant challenge.

2. Local nearrings on 2-generated groups of order 128.
We recall some definitions.
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Definition 1. A non-empty set R with two binary operations “+7 and “ -7 is
a nearring if:

1) (R,+) is a group with neutral element 0,
2) (R,-) is a semigroup;
3)x-(y+z2)=z-y+x-z foralzx,y, z € R.

Such a nearring is called a left nearring. If axiom 3) is replaced by an axiom (x +
y)-z=x-z+y-z forallx,y, z € R, then we get a right nearring.

The group (R, +) of a nearring R is denoted by R* and called the additive group
of R. If in addition 0 - x = 0 for all x € R, then the nearring R is called zero-
symmetric. Furthermore, R is a nearring with an identity i if the semigroup (R, -)
is a monoid with identity element 1.

Definition 2. A nearring R with identity is called local if the set L of all non-
invertible elements of R forms a subgroup of the additive group R and a nearfield,

if L =0.

It was found that the additive group of a finite zero-symmetric local nearring is
a p-group [2].

There exist 2328 non-isomorphic groups of order 128 = 27 from which 162 are
2-generated groups: 5 groups are of exponent 64 and only 2 of these groups are the
additive groups of local nearrings, 18 groups are of exponent 32 and only 6 of these
groups are the additive groups of local nearrings, 65 groups are of exponent 16 and
only 16 of these groups are the additive groups of local nearrings, 72 groups are of
exponent 8 (unknown the number of the groups which are the additive groups of
local nearrings), and 2 groups are of exponent 4 and both of these groups are the
additive groups of local nearrings).

Let [n,i] be the i-th group of order n in the SmallGroups library in the computer
system algebra GAP. We denote by C,, and @,, the cyclic and quaternion groups of
order n, respectively.

Theorem 1. The following 2-generated groups of exponent 4 and only they are
the additive groups of zero-symetric local nearrings of order 128:

IdGroup Structure Description Number of LNR
[128, 36] (CQ X ((04 X CQ) X 02)) X 04 > 80384
[128, 125] (04 X 04 X CQ) X 04 > 35040

Lemma 1. The following 2-generated groups of exponent 8 are the additive
groups of zero-symmetric local nearrings of order 128:
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112

I. RAIEVSKA

IdGroup Structure Description Number of LNR
(128, 2] ((Cs x Cy) x Cy) x Cy > 41184
[128, 4] (Cy x Qg) x Cy > 103424
[128 5] (CS X CQ) X Cg > 1536
[128 ] (Cg X 04) X 04 > 73728
[128 ] (Cg X Cg) X Cg > 4160
(128, §] (Cy x Cg) x Cy > 10240
(128, 12] ((Cs x Cy) x Cy) x Cy > 1336
[128, 3] (Cg X 02) X Og > 33928
[128, 7] (CS X 04) X Cy > 106240
[128, 8] ((08 X 02) X 02) X 04 > 80384
[128, 8] (((Cg X Cg) X CQ) X Og) X 02 > 194080
[128, 9] (C4 X CQ X Cg) X Cg > 191520
(128, 50] ((Cy x Cy) x Cg) x Cy > 16992
[128, 51| (Cy x Qg) x Cy > 16992
(128, 56] (Cy x Cy) x Cy > 254208
(128, 57] (Cy x Cy) x Cy > 127488

Question 1. Are the following 2-generated groups of exponent 8 the additive
groups of zero-symmetric local nearrings of order 1287

[dGroup Structure Description
[128, 9] (08 X 02) X 08
[128, 28] (04 X Cg) X 04
[128, 126] <C2((C4 X CQ) X CQ) = (Cg X CQ)(C4 X CQ)) X C4

Theorem 2. Only the following groups of order 128 and exponent 16 are the
additive groups of zero-symmetric local nearrings:

IdGroup Structure Description Number of LNR
128, 42] Cro % Cy = 134754
128, 43 Cro x Cs = 133366
128, 44] Cs % Cig = 145648
(128, 46] ((Chg x C) x Cq) x Cy > 24704
[128, 47] ((016 X Cg) X CQ) X Cg 252928
[128, 52] ((016 X Cg) X 02) X Cg > 115840
[128, 53] ((016 X 02) X 02) X 02 > 277248
128, 54 (Ca % Ca) % Chg > 82044
[128, 55] (04 X CQ)((C4 X 02) X CQ) = (C4 X CQ)(Cg X CQ) 640
128, 59] | Cu.((Ca x Cs x Ca) % Ca) = (Ca x C3).(Cs x Cy) = 13056
128, 99] Cs x Org > 20248
[128, 102] Oy % Chg > 5376
[128, 106] (016 X 02) x Cy > 2808
[128, ].07] (016 X 02) X 04 > 16460
[128, 108] (Clﬁ X CQ) X C4 > 1344
[128, 109] (Cro % Cs) % Cy > 2344
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Theorem 3. There exist 389976 zero-symetric local nearrings on 2-generated
additive groups of exponent 32 of order 128:

IdGroup Structure Description | Number of LNR
[128, 128] C3o x Cy 48968
(128, 129] Cso x Cy 48968
[128, 131] (Cs x Co) x Oy 144016
(128, 132] (Cs9 X Co) x Cy 23936
[128, 153] Cy x Cs 118968
[128, 154] OlG.Dg = C4.(016 X CQ) 5120

Theorem 4. There exist 1024 zero-symetric local nearrings on 2-generated ad-
ditive groups of exponent 64 of order 128:

IdGroup | Structure Description | Number of LNR
[128, 159] Cea X Coy 512
[128, 160] 064 X 02 512

The library of zero-symmetric local nearrings of order 128 on 2-generated groups
can be extracted from |7] using GAP and the package LocalNR |6].

Acknowledgement. The author is grateful to IIE-SRF for the support of her
fellowship at the University of Warsaw.
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PaeBcobka 1. FO. JlokaJibai MaiizKe-KiJIbIg 3 aJIUTUBHOIO T'PYIIOI0 TOPsJIKY 128.

Busnauenns ckindeHHUX HeabesIeBUX pP-TPYIIL, SKi € aJUTUBHUMH IPyHaMH JIOKAJIHHUX
Maiizke-Kisers, € Biakpuron mnpobiaemoro (Feigelstock, 2006). Tomy BakKaMBO BU3HAUUTH
Taki Tpynu Ta KjaacuiKyBaTH JesKi KJacu MaiizKe-KLIelb 3 OJIMHUIEI Ha WX I'PyIax,
HAIPUKJIJL, JIOKAJTbHI MalizKe-KiJIbIg. B cTaTTi MU JOCHIIZKYyEMO JIOKATbHI MalizKe-KiJIbITs
Ha 2-TIOPOJIZKEHUX T'PyHax Mopsaaxky 128.

Kuro4yosi ciioBa: jiokaabHe MaiizKe-KiJibIle, aJUTUBHA I'PYIIa, 2-I0POJXKEHa, IPYIIA.
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PO3IIOAIJI HACTUX CJIIB
Y KOPOTKUX TEKCTOBUX ITOBIZJIOMJIEHHAX

Posrasgnaernes 3aatda mpo po3MOIiI IacTOT CJIIB ¥ TEKCTOBOMY KOPITYCi, IO CKJTaIa-
€ThbCsl 3 KOPOTKUX HOBIOMIIEHD (aKIeHT 3pobsieHo Ha dacTux ciosax). Cepen IeKiIbKOX
ciMelt po3no/iiB 3HalieH] HARGLIBIN aseKBaTHI (BUKOPUCTOBYBABCs KPUTEDIiil Xi-KBaIpar,
a Takoxk nopiBusHng 3a gornomoroio craructuk AIC ta BIC).

Kuaro4doBi cjioBa: po3moii 9acToT ¢/IiB, MaTeMaTHIHa JIHTBICTHKA, KPUTEPIil Xi-KBaIparT,
kpurepiit AIC, kpurepiii BIC.

1. Beryn. VY maremaTudHiil JIHTBICTUIN Ta IHTEIEKTYAJIbHOMY aHAJII31 TEKCTY I10-
piBHAHO OaraTo BHUBYAJINCH Pi3HI acleKTH KOPOTKUX TEKCTIB — Ie 3aJadi KJIacu-
dikariil, KJacTepHOro aHaJi3y, ileHTUdIiKaIil aBTopy, TeMaATHIHOTO MO/IC/TIOBAHHS
ta inmi (nus, Hanpukiaa, [1-11]) Ase 3agada po po3MOIiT 4acToT CJIB Y KOPOT-
KUX TEKCTaX sIBHO BHBYEHa HeJ0CTaTHBO. Mera naHor crarti — 3amoBHuTH (X04a
6 wacTKOBO) 10 mporasmHy. Mu 3’sgcyemo, ki ¢iM’T TUCKPeTHUX PO3IO/IIIIB Kpalie
M IXOATE /T OMUCAHHS PO3MOJLTY JaCTOT YACTUX CJIIB Y BEJUKIM KOJIEKITT KOPOT-
KHUX TEKCTIB.

2. OcHoBHi pe3ysbratu. g pociikenns 6yno B3saTo sunagkosi 10% six
Habopy garux [12]. Orpumanunii Takum duHOM Hablp JaHUX CKJIATAETHCA 3 BEJIH-
KOI KIJIbKOCTI MOPIBHSIHO KOPOTKHUX AHIVIOMOBHEUX TeKcTiB (1ie SMS-moBimomMienHs,
Telegram-moBiomyieHHsT Ta eJeKTpoHHa morra). Cirifl 3a3aHaYnT, M0 TPUOIU3HO
40% nmx TekcTiB € craM-noBigomaennamu. Ilonepeaas 06pobKa TEKCTIB 3 HAIIOTO
HaboOpy JIaHUX BKJIIOYAJa, 30KpeMa, BUJIAJEHHS 4YHCeJl Ta 3HAKIB IIYHKTYAIlil, BU-
JIQJICHHST TaK 3BAHUX CTOI-CJIB (16 3ailMEHHUKHU, TPUAMEHHUKH, CIOJIY YHUKH, Pi3Hi
opmu JOIOMIKHEX JTi€csIiB Ta 1Ie JIeKIIbKa IHINX CIiB) i creMinr (To6TO BuiIeHHST
OCHOBH €JI0Ba). Xo4a GaKTHIHO MU TPAITFOEMO 3 OCHOBAMHU CJIIB, aJie HaJlaJll 3apa i
3PYYHOCTI MU OYJIeMO 3aMicTh (ppas3u “‘0CHOBaA CJIOBA  IHCATH IIPOCTO ‘CJIOBO’.

[Ticsis monepe 1HbOT 0OPOOKHU Y TEKCTOBOMY KOPITYCi 3aTUITII0CS Tpudun3HOo 35700
yHikajbHEX c1iB Ta npudanzuo 480000 cj1iB ychoro, JOKYMEHTIB yChOTO — OJIM3BKO
4700. KibKicTh CJTiB y JOKYMEHTI KOpITyca 3HAXOIUThCA y Mexkax Bij 0 10 mpubiim-
3r0 10300, cepeane dmciio ciiB y JoKyMeHTi gopiBHioe 100.8.

JL1s MoJie/TIOBaHHS 9acTOT i3 CJIiB, 10 3yCTPIYalOThCA B YChOMY TEKCTOBOMY KOP-
nyci gk MmigimyM 330 pasis, Oysio Bijiopano 46 ciiB. 3a3HadnMO, IO cepeji OOPaHNX
46 ciiB € pi3ni cioBa — 1e gK “mMapkepu’ cramy (30kpema, “free”; “save”, “money”),
TaK 1 IPOCTO YacTi CJIOBA.
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st KozKHOTO (BiKCOBAHOTO CI0Ba W yTBOPHMO BUGIPKY & = (&1, ...., &), 1€ & —
KIJTIBKICTh ITOBTOPEHB CJI0BA W Y i-My JOKYMEHTI HAIlIOro TeKCTOBOro Kopiyca. [Ilo
MOKHa CKa3aTH PO POo3moii &7

Jlns BCix HAIMUX CJIiB Ma€ Miclie JIy»Ke CHJIbHO BUparKeHe siBUIIE ‘pO3LyToCTi”
macu HyJs (zero inflation) — mjis eMIiprIHOrO PO3IOALILY YaCTOT Maca HyJisl 4aCTO
oibmre 0.9. Ile mpupoHO, OCKIIBKHU JIjIsT BEJIMKOI KIJIBKOCTI JIOKYMEHTIB KOHKPETHE
CJIOBO W 3ycTpivatucd y nmx ne Oyiae. Tomy Hajaai MU MOJETIOEMO HE PO3IIOII
&, a po3MOJILI ejeMeHTiB 1epeTBopenol Bubipku. Pobumo HacryiHe: 3 BUOIpKEH &
BHJLYIUMO BCi HyJ, OTpUMaeMO BUOIPKY 1) = (1)1, ..., 1)j, ----Thn ), & HOTIM 3CyHEMO HA
1 Bci i1 estemenTH, TOOTO TIEpEiiEMO 710 BUOIPKU

C:(Cla"'>Cja"'7Cm)7

ne ¢; =n; — 1 (i ¢; Bxxe nabyBarors 3Hadenns 0, 1,2, . ..). | magaii zamoro 3amadero
OyJie MOJIeTIOBaHHS POBIOALLY (.

Baproio yBaru oco0mBicTIO eMIIpUYHUX PO3IOJILIB Y9acTOT CJIB € Te, MO JJId
baraTbox CJiB “JOBXKMHA eMIIIPUIHOINO XBOCTa € BUCOKOIO ab0 HABITH HAI3BUYAITHO
BuCOKo0. TouHite,

max{(}
—F—=>10
9.9(¢)

Jutst 15 3 46 ciiiB (uepes g, MO3HAYEHO eMIIPUIHY (-KBAHTHUIIb), Ta

max{¢}
%.9(0 ==

st 40 3 46 cois.

Hasenemo tenep posnoninu, ki Oy/IyTh BHKOPHCTOBYBATUCH IS MOJICTIOBAHHSA
9acToT CJIB Yy TepeTBopeHii Bubipii (To6ro Bubipi ().

Posnogin 3ixens (Sichel distribution, mus. [13]) 3 napamerpamu w, K,y o3Haua-
€ThCsd POPMYJIOIO

(w/a) (kw/a) K, (e)

P(liw,k,7y) = K@) I :

1=0,1,2,..., (1)

e a = ((w+k)? - /12)1/ ? K, (z) — momudirosana dbynkiis Beccens apyroro poxy.
Bera-sin’emuuit 6iHomunit posnoin (beta-negative binomial distribution, aus.
[13]) 3 napamerpamu «, 8,1 38J1a€ThCs HACTYITHUM IHHOM:

I'(r+1)  Bla+r,p+1)
L'+ 1D)(r) B(a, p)

[eit posmoIian Mae BaXKKUi XBICT, Y HbOI'O iCHYE€ JIMIIEe CKiHYeHa KiJTbKiCTh MOMEHTIB.
[TyacconiBebkuit jornopmasibauii posmnoair (Poisson lognormal distribution, qus.
[14]) 3 mapamerpamu p, 0 03HAYAETHCST (HOPMYIION0

e AL exp {_ (InA —p)?

P(l;o, B,1) = , 1=0,1,2,... (2)

P(l; p,0) 572

1 [o@)
B vV 2mol! /0

Huckperauit posnogin BeiiGyia (nus. [15]) 3 mapamerpamu ¢, 8 o3HAYa€ETHCsI
TaK:

}d/\, =0,1,2,... (3)

P(liq,B) =" —q"", 1=0,1,2,...
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Taxi moOpe BijlomMi po3MOJILIM K MyaCCOHIBCHLKUN Ta NeOMETPUIHUN HE PO3IJId-
JaJIACA B IKOCTI MOfiesiel 3 OTJIA y Ha 1X HEJIOCTATHIO THYUKICTD.

JI1el KO2KHOT ciM’T pO3IOJIIIB 3a JI0MOMOroo KpHUTepiio x2 6yso mepesipeno Ti-
noresy Burisiiny Hy: F' = G, ne F' — po3nojin gactor jpaHoro cjiosa, G — rimore-
TUIHUN PO3MOLT (10 3a1eKUTh Bijl HeBijoMux mapamerpis). Hesimomi napamerpu
OIIHIOBAJIMCh 3a METOJI0OM MaKCHUMAaJIbHOI IIPaBI0IO/i0HOCTI.

Taxox Oysmm orpumani 3nadenns iHdopmamniitanx kpurepiis AIC ta BIC. Hara-
naemo, 1o craructuku AIC ta BIC o3nagarorbest HacTymHUME (OPMYJTaAME:

AIC = —2(l — p),
BIC = pIn(N) — 21,

Jie p — KiJbKICTh ITapaMeTpiB, SIKUMHI 3a/1a€ThCsl PO3IOJIL, | — 3HaYeHHsT Jorapud-
MivHOI GYHKIII mpaBaonoiorHocti, N — obcar BHOIpKH.

Pospaxynku mpoBojiminch Ha MOBI IIporpaMyBaHH« R i3 BUKOPUCTAHHSIM MTaKeTIiB
DiscreteWeibull, fitdistrplus, gamlss.dist, sads Ta tm (qus. [16-20]).

Bnadenns p-value kpuTepio x? HaBegeHo y Tabma. 1 Ta 2; 3HAYCHHS CTATHCTHK
AIC ra BIC — signosigno y Tabu. 3, 4 (AIC) ta 5, 6 (BIC). [Ipouepkn y mesikux
KJTITHHKAX O3HA4YaloTh Te, IO BIAMOBIIHMUI PO3MOJII MiJirHATU HE BaJIocs. Buko-
pucrani nozHavdenas BNB, DW, NB, PL signosinno mjs 6era-Bix eMHOr0 6iHOMHOIO
POBIIOIiNY, TUCKPETHOIO po3moiiy BeitOysiia, Bij'eMHOro 6iHOMHOTO PO3IIOILIY Ta
ITyaCCOHIBCHKOTO JIOTHOPMAJIBHOT'O PO3ITOILITY.

Tabruuysn 1.
p-value xpurepis x?
CaoBo BNB DW NB PL Sichel
like 0.1413 [ 1.76 - 10713 0.0615 0.7052 0.6041
now 0.0245 | 1.52-10°16 0.0001 0.2010 0.2752
provid 0.6665 | 1.37-10°% 0.1253 0.8267 0.8839
product 0.0857 | 1.60-10°6 0.1291 0.0528 0.1457
inform — 9.09-1077 0.0412 0.0035 0.0135
number 0.0046 | 6.96-10~8 0.0156 0.0335 0.0522
offer 0.1455 | 4.80-107° 0.0263 0.2608 0.0148
time 0.5632 | 1.59-10~12 0.0183 0.4442 0.0766
trade 0.3080 | 1.30-10" 1T | 3.54-10°° 0.3956 0.8730
work 0.1711 | 6.14-10~1° 0.1602 0.2266 0.0843
secur — 2.30-10°° 0.0006 3.60-10-% | 0.0003
includ 0.4074 | 1.06-107° 0.0501 0.7641 0.5750
list 0.0444 | 2.65-10" 12 0.0031 0.2059 0.2888
cash 0.0357 | 2.17-107% 0.0409 0.2228 0.0962
opportun — 8.78 107 0.1889 0.0729 0.0680
increas — 4.21-107° 0.0063 0.0001 0.0014
softwar 0.3699 | 1.04 103 0.6592 0.5677 0.4276
cost 0.3766 | 1.81-1073 0.8146 0.3628 0.5024
world 0.0271 | 3.02-10~" 0.0195 0.0547 0.0574
approv 0.1910 | 2.68-10* 0.3716 0.3512 0.1647
present 0.4601 | 4.65-107° 0.7881 0.4651 0.4399
financ 0.6325 | 2.54-107° 0.1224 0.9157 0.8742
home 0.2704 | 857-10~° 0.1005 0.4558 0.1277
plan 0.6598 | 5.66 - 10~* 0.3768 0.7614 0.4791
url — 9.43-10°° 0.1488 0.1199 0.1424
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Tabaruus 2.
p-value kpurepis x2, IPOIOBKEHHS
Cioso BNB DW NB PL Sichel
credit 0.0895 1.23-107¢% 0.0193 0.2186 0.0345
execut 0.2777 5.91-107° 0.0046 0.5307 0.5989
first 0.5630 5.79-107° 0.2730 0.6922 0.7425
fund 0.0135 9.98-107° 0.0423 0.0558 0.0530
last 0.0365 1.05- 1077 0.0004 0.0704 0.0778
news 0.0110 2.16-107° 0.0269 0.0033 0.0120
peopl 0.0940 1.64-10°7 0.0002 0.1370 0.2602
question 0.1862 6.05-10~7 0.0474 0.5752 0.4276
right 0.0866 1.59-10© 0.0026 0.3139 0.3273
sale 0.0126 2.04-1077 0.0042 0.0682 0.0877
term 0.0009 1.48-10~" 0.0007 0.0061 0.0022
transact 0.7511 1.38 - 1072 0.5070 0.8782 0.6282
valu 0.0213 1.76 - 10~ 2 0.0209 0.4851 0.1664
move 0.0469 2.04-10°6 0.1273 0.8272 0.7724
buy 0.5468 2.56-10~1 0.0188 0.8314 0.1239
claim — 1.68- 1072 0.0003 3.74-10=8 | 0.0000
high 0.0203 3.06-10"% 0.0154 0.1826 0.1166
save 0.0015 2.09-1073 0.0228 0.0005 0.0041
billion 0.0112 6.65-10°% 6.03-107° 0.0120 0.0777
compani | 3.43-10° | 4.06-10-1° | 9.76-10-'" | 0.0003 | 0.0004
deal 0.7321 4.40-107° 0.0771 0.8647 0.6723
Tabaruus 3.
Snauenna AIC

CioBo BNNB DW NB PL Sichel

like 1073.919 | 1076.704 | 1079.409 | 1071.088 | 1071.891

now 1034.329 | 1047.799 1057.33 1028.515 | 1025.887

provid 1024.096 | 1028.647 | 1031.029 | 1021.226 | 1022.077
product 1112.814 | 1111.143 | 1111.204 | 1116.548 | 1111.646

inform — 1783.784 | 1782.552 | 1800.536 | 1784.552
number 1063.598 | 1062.380 | 1061.951 | 1070.928 | 1063.407
offer 838.844 | 846.588 | 853.525 | 835.881 837.663
time 1971.167 | 1984.697 | 2003.675 | 1970.120 | 1975.928
trade 923.134 | 945424 | 963.692 | 920.518 | 917.507
work 1298.469 | 1299.216 | 1301.972 | 1297.612 | 1299.534
secur — 1097.535 | 1097.276 | 1112.183 | 1099.276
includ 1015.669 | 1021.323 | 1024.785 | 1012.509 | 1013.176
list 959.341 967.788 | 971.867 | 955.248 | 954.776
cash 397.311 395.510 | 395.933 | 395.050 | 394.684
opportun — 459.278 | 459.111 461.992 | 461.111

increas — 402.813 | 401.325 | 411.117 | 403.497
softwar 490.502 | 488.522 | 488.602 | 490.072 | 490.383
cost 493.637 | 491.927 | 492.749 | 493.014 | 494.151
world 408.779 | 408.767 | 409.653 | 406.282 | 407.065
approv 436.206 | 434.416 | 434.785 | 434.974 | 436.207
present 504.251 502.283 | 502.396 | 503.353 | 504.370
financ 470.174 | 474.599 | 477.354 | 467.573 | 468.783
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Tabaruus 4.
Buauennus AIC, nmpojoBxKeHHs
CioBo BNB DW NB PL Sichel
home 489.996 490.295 493.730 487.957 489.630
plan 549.016 547.823 549.321 547.455 548.178
url — 612.554 612.641 612.907 614.166
credit 545.821 546.600 550.038 543.433 544.539
execut 414.665 418.898 423.496 412.059 412.264
first 684.814 684.033 686.041 683.076 683.351
fund 516.442 516.361 519.462 516.394 519.180
last 612.137 618.543 626.479 608.932 608.908
news 590.990 589.082 589.053 597.566 591.053
peopl 635.583 641.664 647.494 632.226 631.588
question | 538.807 541.150 544.685 535.985 537.201
right 497.069 501.433 506.737 493.895 493.587
sale 538.091 539.398 540.738 535.475 535.803
term 649.873 653.966 658.369 647.858 650.215
transact 570.138 570.115 573.326 568.772 570.617
valu 482.817 482.306 483.461 480.294 480.311
move 476.753 478.836 480.744 474.167 475.512
buy 433.025 435.181 438.805 430.419 431.285
claim — 467.600 466.533 478.757 468.533
high 505.384 509.234 511.189 502.165 502.918
save 460.922 459.095 460.481 461.264 462.213
billion 341.529 349.568 354.570 339.277 338.005
compani | 2066.078 | 2087.486 | 2116.992 | 2060.633 | 2060.711
deal 1018.781 | 1025.508 | 1037.541 | 1016.756 | 1019.938
Tabruua 5.
Suauenns BIC
CioBo BNB DW NB PL Sichel
like 1087.520 | 1085.772 | 1088.476 | 1080.156 | 1085.492
now 1047.722 | 1056.729 | 1066.259 | 1037.445 | 1039.281
provid 1035.948 | 1036.548 | 1038.930 | 1029.128 | 1033.929
product 1124.673 | 1119.050 | 1119.110 | 1124.454 | 1123.506
inform — 1792.688 | 1791.456 | 1809.440 | 1797.908
number 1075.697 | 1070.447 | 1070.018 | 1078.994 | 1075.506
offer 850.907 854.630 861.567 843.923 849.726
time 1985.493 | 1994.248 | 2013.226 | 1979.671 | 1990.254
trade 934.049 952.701 970.969 927.795 928.422
work 1311.714 | 1308.046 | 1310.802 | 1306.442 | 1312.779
secur — 1104.956 | 1104.696 | 1119.604 | 1110.407
includ 1027.783 | 1029.399 | 1032.861 | 1020.585 | 1025.290
list 971.338 975.786 979.865 963.246 966.772
cash 406.665 401.746 402.169 401.286 404.038
opportun — 466.119 | 465.952 | 468.833 | 471.373
increas — 409.535 408.047 417.840 413.581
softwar 500.047 494.886 494.966 496.435 499.929
world 419.067 415.626 416.512 413.141 417.353
approv 446.086 441.003 441.371 441.560 446.087
present 514.526 509.133 509.246 510.203 514.644
financ 479.265 480.660 483.414 473.634 477.874
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Tabruus 6.
Suauenns BIC, npojosxkenns
CJioBo BNB DW NB PL Sichel
cost 503.547 498.533 499.355 499.621 504.061
home 500.802 497.500 500.934 | 495.161 500.437
plan 559.640 554.905 556.404 554.538 558.801
url 618.984 619.071 619.336 623.811

credit 555.466 | 553.030 | 556.468 | 549.863 | 554.184
execut 423.490 | 424.781 429.380 | 417.942 | 421.089

first 696.388 | 691.749 | 693.757 | 690.792 | 694.925
fund 525.630 | 522.486 | 525.587 | 522.520 | 528.368
last 623.685 | 626.242 | 634.177 | 616.631 620.456
news 600.252 595.257 | 595.228 | 603.742 | 600.315
peopl 646.704 | 649.078 | 654.908 | 639.640 | 642.710
question | 550.620 | 549.025 552.560 | 543.860 | 549.013
right 508.069 | 508.766 | 514.070 | 501.228 | 504.586
sale 547.955 545.974 | 547.315 | 542.052 | 545.668
term 659.872 | 660.631 665.034 | 654.523 | 660.213
transact | 579.492 576.351 579.562 | 575.008 | 579.971
valu 492.445 | 488.725 | 489.880 | 486.713 | 489.939
move 486.618 | 485.413 | 487.321 | 480.744 | 485.376
buy 442.905 | 441.767 | 445.392 | 437.005 | 441.165
claim — 473.320 | 472.252 | 484.476 | 477.112
high 515.523 | 515.994 | 517.949 | 508.925 | 513.057
save 471.210 | 465.953 | 467.340 | 468.122 | 472.501

billion 348.481 | 354.203 | 359.205 | 343.912 | 344.958
compani | 2078.426 | 2095.718 | 2125.224 | 2068.864 | 2073.059

deal 1029.962 | 1032.961 | 1044.995 | 1024.209 | 1031.119
"includ’ word
&
[3)
< |
o
S —— BNB
T T T I
0 5 10 15

data

Puc. 1. Crnoso “includ”, 6era-Bix’emunit GiHOMHUI PO3IOTIJI.
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Puc. 3. Cnoso “list”, Bijg'emHuit 6iHOMHUI POBITIOII.
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'list' word
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Puc. 4. Cnoso “list”, posnosmin 3ixess.

['padikm emmipuanux GyHKIIH PO3MOILTY Ta (PYHKINH pO3MOJILLY JeIKUX 3 TE€O-
peTUIHuX po3mo/iiiB s caiB “includ” Ta “list” maBemeno Ha puc. 1, 2, 3 Ta 4.

[IpoanaJsizyemo oTpumani pe3ybTaTH.

Huckpernauit posnozin Beiibyiia € HenpuaaTHUM JIjII MOJIE/TIOBAHHS YaCTOT CJIiB
— 1eil Po3NOJLN He € ajeKBaTHUM 3a Kpurepiem x> (p-value menme 0.05) y Beix 46
BUIIA/IKAX.

Perra po3noinis (3a BUHATKOM BiJ'€éMHOrO GIHOMHOTO) TOPIBHSHO HEIIOraHO
HiIraHdaroThed 70 janux: p-value kputepio x? 6impme 0.10 maa 50%, 57% i 65%
3 Hammx 46 cJIiB BiAOBiIHO /1 GeTa-Bi/I'€MHOrO OIHOMHOI'O PO3IO/ILITY, PO3IOILITY
3ixeJis Ta MyacCOHIBCHKOIO JIOTHOPMAJIbHOI'O PO3IO/ILILY.

Bix’emunit 6iHOMHUIT PO3IOJIIJ TPUCTOCOBAHUI JIJIA MOJIETIOBAHHSI JaCTOT CJIiB
ripme — p-value xputepio x? Gimpme 0.10 mume aaa 33% cais. Bapro 3asmaum-
TH, 110, HE3BaXKalOuMd Ha IMOPIBHAHO IOraHy SIKIiCTh INJITOHKUA ITHOTO PO3IOIIY “y
nitoMy”, Bij'eMHMIT OIHOMHUIT PO3MOJiI YacTo Jo0pe MiJAraHseThes 0 BHOIPpOK 3
HOPIBHSHO KOPOTKUM “eMmipuanum xBoctoM” (ge max{(} < 25).

Mo crocyerbesa kpurepiie AIC ta BIC, onTtumaibHUM PO3IIOMIIOM HaiffdacTie
€ TyaCCOHIBCHKUI JIOTHOPMAaJIbHUI po3mosit — it Heoro 3uadenns AIC ta BIC e
HaMEHIITIMIMHA BignoBiaHO g 23 ciaiB Ta 31 cjoBa.

3. BucHoBku. 3Haiijieno fiMOBIpHICHI PO3IOMIIN, sKi € ONTUMAJILHUMU JIJIsd
MOJIE/TIOBaHHST 9aCTOT IIMPOKO BXKUBAHUX CJIB Y BEJUKIH KOJEKIT KOPOTKUX TEKC-
tiB. OTpuMaHni pe3yabTaTH MOXKYTh OYTH BUKOPHUCTaHI, 30KpeMa, Jijis Kiaacudikarii
JIOKYMEHTIB Ta TOOYJ/IOBH PerpeciiHux MoJiesieil, e 3a/1e2KHOI0 3MIHHOIO € YacToTa
CJIOBA.

Poznoain poboru crniBaBTOopiB. €. B. Typunn: nocranoBka 3ajadi, MeTO/10-
JIOTisI, HaIIMCaHHs cTaTTi, YacTkoBO — obuncienns. FO. C. PemopueHko: 4acTKOBO
— 00YUCIEHHS.
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Turchyn I. V., Fedorchenko Yu. S. Distribution of frequent words in short text
messages.
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We consider a problem of word frequency distribution in a text corpus which consists
of short messages (the emphasis is put on frequent words). The most adequate distri-
butions were found among several distribution families (the chi-square test was used, the
distributions were compared using the AIC and BIC statistics).

Keywords: word frequency distribution, mathematical linguistics, chi-square test, AIC
criterion, BIC criterion.
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AHAJIITUNYHUN PO3B’SA30K KOHTAKTHOI 3AJAYI JOJI
IIOIIEPEJHBHO HAIIPY2KEHUX JIBOX IIIBIIPOCTOPIB TA
KIJIBIITEBOI'O IIITAMIIA

B crarTi npescrasieno aHaiTUYHMIT PO3B’A30K KOHTAKTHOL 3a/1a4i JIjIsl JTBOX IPYXKHUAX
MBIPOCTOPIB 3 MOYATKOBUMH HAIPYKEHHIMHU Ta TONEPEeTHbO HAIPYKEHOTO KiJTbIIEBOTO
mrramiia 6e3 BpaxyBaHHsS CHJI TepTd. BDy/eMo BBakarTw, 10 TMOBEPXHI 11032 MEXKEI0 KOHTA-
KTY KiJIBIIEBOTO TITAMIIA Ta IMIBIPOCTOPIB 3aJUMIAIOTHCA BIIBHUMU Bij BIUIMBY 30BHINIHIX
CIJI, & Ha M€Ki KOHTaKTy IEPEMIIIeHHs Ta HAIIPY>KeHHs — HellepePBHi. 3a/1a4y pO3B’s3aHO
y BUIQJIKY PIBHUX KOPEHIB BU3HAYAJIBLHOIO piBHsAHHHA. JLOCITT2KEHHSI IIPEJICTABICHO V 3a-
raJIbHOMY BUIJISIII JIJIsI TeOPil BEJIMKUX MOYATKOBUX sedopMaliiii i ABoX BapiaHTiB Teopil
MaJIuX MOYATKOBUX JedopMaliiil y Mexkax JIiHeapu30BaHO! Teopil IPY2KHOCTI IPU JTOBIIbHIM
CTPYKTYPIi IIPY?KHOTO TTOTEHITIAJTY.

IIpumyckaeTbes, M0 TOYATKOBI CTAHU NIPY2KHOT'O KiJIBIIEBOTO MITAMIA Ta IPYKHUX IIiB-
IpoCcTOpiB OHOPiHI Ta piBHi. Jloc/iazKeHHSI TPOBOJUTHCSI B KOOPJMHATAX MOYATKOBO-
ro ;1eOpPMOBAHOIO CTaHy, sSKi TOB’'si3aHl 3 JIarpaHKEBUMHU KoopjmHaTamu. Kpim Toro,
BILUIUB KIiJIBIIEBOI'O IIITAMIIA BUKJIMKAE HEBEJNKI 30ypPEHHS BiIIOBIIHUX BEJUIUH OCHOB-
HOTO HAIPYKEHO-IePOPMOBAHOTO CTaHy. TaKoXK TepeadadacThCsl, MO0 MPYKHUN KiTbIle-
BUII MITaAMII Ta IPYXKHI HMIBIPOCTOPY BUT'OTOBJIEHI 3 PI3HUX i30TPOITHUX, TPAHCBEPCAJIBLHO-
izoTpornHux ab0 KOMIO3UTHUX MaTepiaiB. YBHUIIAJIKY OPTOTPOIHUX TiJT OYJIEMO BBaXKATH,
IO TPYKHO-€KBIBAJIEHTHI HANPAMKHU CINHBIAJIAIOTH i3 HAIIPAMKOM OCefl KOODJUHAT y Jie-
dopmoBaHOMy craHi. Y pe3y/bTaTi, PO3B’'A3KU MOCTABICHO! 33/[a4i IIPEICTABJICH] Y BUIJIsI-
[l HEeCKIHYEHHUX PAiB, KOeDIMIEHTH AKAX BU3HAYAIOTHCH 3 HECKIHYEHHO! KBa3iperyJisip-
HOl cucTeMu anrebpaivunx piBHAHB. s TOCTIIKeHHs 3a7adi BUKOPUCTOBYETHCS BEJIU-
Ka KUTBKICTh (PYHIAMEHTAIHLHAX PE3Y/IbTATIB TAKUX fK: MEPETBOPEHHsT XAHKeJIsd, MOTPpiitHi
iHTerpa/ibHi PiBHAHHS, Ta IHIIT METOJM TeOopil KOHTAKTHHUX 3aJa4 JIHEApU30BaHOI Teopil
IIPY>KHOCTI.

Posznin 2: TndopmaTuka, KOMIT'IOTEpH]I HAYKU Ta TPUKJIAHA MATEMATHKA
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YV cTaTTi TAaKOXK BCTAHOBJIEHO 3B’SI30K MiK OCIIAHHSIM Ta PIBHOIIIOYOIO CHJIOI0 HABAHTA-
xennga. OTxKe, 3a JOMOMOIOI0 OTPUMAHUX PO3B’A3KIB MOXKHA BUBYUTH BILIUB ITOYATKOBUX
(3aIMINIKOBUX) HAIIPY?KEHb Ha PO3IOALI KOHTAKTHUX HANDPYKEHb Ta HEePEeMIIIeHb Y JIBOX
MIPYKHUX MiBIPOCTOPAX Ta MPY2KHOMY KIJIBIIEBOMY IIITAMIII.

Kurouosi cioBa: JiineapuzoBana Teopis IPy»KHOCTI, IIOYATKOBI (3a/IMINKOBI) HAIPYZKEH-
He, KOHTAKTHA 3aJla9a, KiTbIEBHAI IMTaMII, MBIPOCTIpP, IHTErPaAJIbHI PIBHIHHS.

1. Beryn. JlocmimkenHsa Ta po3B’d30K KOHTAKTHUX 3a/1a9 TEOPil MPYKHOCTI
€ aKTyaJbHUM HaIPSIMKOM PO3BUTKY CydacHOI HAyKH, BPaxXOBYIOUM BUKJIUKU Ta
BUNIPOOYBaHHS CHOTOJIEHHS. 3HAYHA KiJTbKICTh MPAKTUYHUX 3aBJIAHb 3BOJIUTHCS [0
PO3B’sI3aHHS 3a/1ad MEXaHiKH TBEPIOro J1edopMOBAHOIO Tijia, HAIPUKJIAI: PO3Pa-
XYHOK Ta JIOCJIJIZKEHHS HAIIPY2KEHO-1e(POPMOBAHOTO CTaHy BaxKKUX (DYHIAMEHTHIX
AT 1 Oy [iBEIbHUX EPEKPUTTIB, IO 3HAXOAATHCA B ME¥KaX Jiil I'paBiTaIliiHuX CUJI, a
TaKOXK T'PaJINPEHb, BOJOHAIPHIX BEK, TMMOBUX TPYO Ta IHIUX iHPPACTPYKTYPHUX
CIIOPY/I Ta 3a/11300eTOHHIX KOHCTPYKIiit [1-3]. OcHoBHA YacTUHA JAHUX TIPAKTHIHUX
3aJ1a9 (DOPMYJIIOETHCS JIJIsI TAKUX T/ 9K MBIPOCTIp abo 1ap 3 00/1acTIMU KOHTAKTY
PI3HOMaHITHOI (POPMH Ta CKJIATHOCTI.

[TogBa HOBUX MaTepiajiiB, HeOOXITHICTH MiJIBUIECHHS AKOCTI IX XapaKTEPUCTUK
TaKOXK BUMarae Bce OLTbINOI yBarm HayKOBINB JI0 HAIPSAMKY JIOCTI?KEHb B paMKax
MeXaHIKHI TBEPIOro aedopMOBaHOIO Tija.

OcobsmuBy yBary B IIbOMY HAIPAMKY, CJIiJT IPUIIATA BIJIUBY HMOYATKOBUX Ha-
IIpy2KeHb Ha KOHTAKTHY B3a€MOJIIIO TiJI. BpaxoByioun Te, 10 MOYATKOBI HAIIPYKEH-
Hel TIPUCYTHI MPAKTUYIHO B YCIX eJIeMeHTaX KOHCTPYKIINA, 1 MOXKYTb OyTH BUK/IMKAHI
PI3HOTO POy MIPUIMHAME, TAKUMHE sIK: BUPOOHWIHI Tporiect (IIpU BUTOTOBJIEHH] I11J10-
ro psjly MaTepiaJiB), TEXHOJIOTIUHI omepallil abo CKJIajaHHs KOHCTPYKIii. Buacsi-
JIOK il T€OCTATUYHUX Ta MeOJIMHAMITHUX CIJI TOYATKOBI HAIPyKEHHS BUHUKAIOTH Y
3eMHi#l Kopi. Takok, BOHM BUHUKAIOTH Y KOMIIO3UTHUX MaTepiajaX — B pe3y/bTaTi
TEXHOJIOTTYHUX TPOIECiB 1pu 1X cTBopenHi. [IpucyTHicTh MOYATKOBUX HAIPyKEHDb
icHye HaBITH Yy KPOBOHOCHHMX CYy/JIMHAX »KUBUX oOprafi3mib. [lovaTKoBi HaAIpyKeH-
Hs HEOOXi/IHO BpaxOBYBATHU i IIPU PO3B’si3yBaHHI 3a/a4 MPO J1e(POPMAII0 MEP3JINX
rpyHTiB. KpiM TOro, y Npy>KHO-TIJIACTUYHMAX TIaX TaKOYXK MOYXKYTh ICHYBaTU BHYTpi-
IITHI 38JTUITKOB] HAIIPY2KEHHS ITiCJIs 3HATTI HABAHTaXKeHHdA. [HOI TOpevHO HaBMUCHO
CTBOPIOBATH MOYATKOBI (3a/IMIIKOBI 00 TEXHOJIOTIYUHI) HAIPYZKEHHSI JJIsT KOMIIEHCa~
il TUX HAIIPY2KEHb, siKi BUHUKAIOTh Yy eJleMeHTaX KOHCTPYKIIii y mporieci X poOoTH.

Y H6araTbox myOJsTiKalisgx IepionIHIX HAYKOBUX BUIaHb Ta MPAIgX HABIAJIHLHOTO
i Monorpadiunoro xapakrepy [4, 5| jjocurh JeTaJbLHO BUBYEH] IIUTAHHS, IO CTOCYO-
ThCAd KOHTAKTHUX 331249 JIJIsl IVIACTUYHUX, IPYXKHAX Ta B'SI3KO MPYKHUX Tija 6e3 il
HA HUX [TOYATKOBUX HAIPY2KeHb. AJjie 3alUTH CydacHO! 1HZKEHEePHO-TEeXHITHOI TIpa-
KTUKU BUCYBaIOTh JIO HAYKOBIIB PsAJI 33/1a49, dKi MOTPEOYIOTh BUKOPUCTAHHS O1IbII
YCKJIQJIHEHUX MOJIeJIeil, 10 JI03BOJISITUMY Th BPAXOBYBATHU BILIMB TIOYATKOBUX (TEXHO-
JIOriIHEX ab0 3aJIUIIKOBIX ) HAIPY?KEHb, TIOBEPXHEBI BIIACTUBOCTI MaTepiasy, BILINB
TepTHd, *KOPCTKICTh ITOBEPXHI1, TEIJIOBU/IIJIEHHS, 3HOCOCTIMKICTh ITOBEPXHI TLJI TOIIO
[6-8|. AHastiz pe3ynbraTiB X IOCITIKEHD J103BOJIsI€ c(DOPMYBATH YMOBH Ha MEXKi
IIOBEPXOHb KOHTAKTYIOUNX J1eOPMOBAHUX TiJI, IO Bi/IIOBIIal0Th JAifiCHOCTI.

OT2ke, BpaxOBYIOYM BUKJ/IMK 1HXKEHEPHO-TEXHITHOT MPAKTUKH, MOXKHA, TOSCHUTH
TEHJIEHITiI0 301/IbIIEeHHs KLIHLKOCTI OIyOTIKOBAHUX POOIT 3 HEJTHIHTHOT Teopil Py KHO-
cTi Ta JiiHeapu30BaHOl MeXaHIKH J1epOPMOBAHUX T/ (SIKY 3aCTOCOBYIOTH IIPH JIOCUTH
BEJINKNX MOYATKOBUX (3aJIMIIKOBUX) HAIPYKeHH#AX). Po3B’d3km Takmx 3ajad Jo-
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3BOJIAIOTH KPAIlle ONMMCYBATU Ta BPAXOBYBaTH (DI3WYHI XapaKTEPUCTUKHN MAaTEPiaIiB
i gito Ha HUX cut TepTd. [lo mparp JaHOro HAIPAMKY HaJIezKaTh OTJIAJIOBI CTATTI Ta
nparii MoHorpadidroro xapakrepy [9-13].

OynamMeHTa bHI PE3YIbTaTH JIIHEAPU30BAHOI TeOpil MPYKHOCTI, Ha AKiif OCHO-
BaHe JaHe JOC/IKEeHHs, Oy/in ojepKani yKpalHCbKuM BueHHM, akajemikom HAH
Yxpaiau npod. ['yzem O. M. |6, 8-10, 13]. Hum Brepiie 6ys10 po3s’si3aHo psij KOHTa-
KTHHX 33184 JIJIsI CTUCJUBUX 1 HECTUCINBUX T1JI OJHAM 13 HaiOLIb1T e(peK TUBHUX I1i/1-
XOJIiB JIJIsI MaTepiaJsiB 3 JOBIIbHOIO (POPMOIO MIPYKHOT'O MMOTEHITATY Ta OJTHOPITHUMU
[MOYATKOBUMHU HAIIPYKEHHAMU, 1110 OCHOBAHU Ha Teopil (PYHKIIT KOMIIIIEKCHOT 3MiH-
HOI /I IJTOCKUX 3aJ1ad 1 Teopil MOTeHIia Iy Jjisd MPocTopoBux 3aja4d. [lojgabimoro
PO3BUTKY TeOPis KOHTAKTHOI B3AEMO/IIT T/ 3 TOYATKOBUMU HAIIPYKEHHAMU OTPUMa-
Ja y mparsx ioro yunis [8, 9, 11, 12, 14, 15| Ta iHmmx BiTYN3HAHUX 1 3apyOiIKHIX
Buenux |7, 13, 15|. Icuye Takox psiji yzaranapHiorounx mybsikamii [1-3, 5, 10-12,
14-18], ki mOBHICTIO 200 YACTKOBO IOB’s3aHI 3 TEMATUKOIO IIi€l CTATTI.

Ha nymky aBTopiB ctarTi, nepesara tijaxouy, 3ampornonosanoro O. M. ['yzem mo-
JIATA€ B TOMY, IO TEH ITiJIXiJ] JO3BOJIAE PO3B’I3aTH TOCTAB/ICHY KOHTAKTHY 3a/1ady
B €uHIi 3arajbHiii dopmi s cTuCanBUX (HECTHCIMBUX) TOMEPEIHBO HAIPYZKe-
HUX TLT IIPY JOBLIBHIN CTPYKTYpi Mpy>KHOTO ToTeHIiaay. A HeoOXximHi rpadikn Ta
YUCJIOBI PE3YIbTATU JIJI KOHKPETHUX MPYZKHUX IMOTEHIIAIIB MOXKYTh OyTH OTpHMa-
Hi Jidie Ha 3aBepiiajbHoMy etari. Lle /103BoJisie OLIBINT MUPOKO BUKOPUCTOBYBATH
OTpUMaHI aHAJITUYIHI 3aJI€7KHOCTI.

Tomy y maniii craTTi HOC/TiKEHHT KOHTAKTHOI 3aJ1adi JJIs HOIepPeIHbO HAIpy-
JKEeHUX 1IEHTUYIHNUX IBIPOCTOPIB Ta MPYKHOTO KITBIIEBOTO MTAMITY 3 TOYaTKOBUMHI
HaIpyKeHHAMU 0e3 BpaxyBaHHsd CUJI TepTd I BUIAJKY PIBHUX KODPEHIB BU3HA-
JaJIbHOTO PiBHSAHHS [9] BUKOHAHO Y MexKax Iiaxoy 3ampornoHosanoro ['yzem O. M.

Bingnaunmo, mo yci BeJIMYuHU, sKi BITHOCATHCA JI0 MPYZKHOTO K1JTBIIEBOTO TIITAM-
I MO3HAYAIOTHCS BEPXHIM 1HIEKCOM «(3)», BepXHBOTO miBIpOocTOpY — «(1)», a Hu-
JKHBOTO MBIPOCTOPY — «(2)». Takok 3po6UMO IPUITYIIEHHS, 0 TOYATKOBI HATIDY-
JKeHO-71ecpOPMOBaHi CTaHU y MITAMII Ta MiBIPOCTOPAX OJHAKOBI. ¥ KJIACUIHOMY BU-
najky (Ipu BiJICYTHOCTI TI0UATKOBUX HAIPY?KEHb) TI0/I0HA KOHTAKTHA 3aja4a OyJia
posrisinyTa y [4].

2. IlocTtanoBka 3ajsayvi. Hexait npy2kuauii Kijgbiesuii mramin Bucotor H 3 mo-
YATKOBUMHU HANpyKeHHsIMU (pHc. 1), TeoMeTpUdIHA BiCh CHMETPIl SIKOTO CHIBIIAIAE 3
BiCCIO Y3 IUIHIPUIHOI cucTeMu KOOpauHAT (7, 0, Y3) CTUCKAETHCs (PO3TATYETHCs )
JIBOM& 1JIEHTUYHUMHU TIOTIePEeTHHO HAIIPYKEHNMU IMIBIIPOCTOPAMU 3a JIOTIOMOIOIO Bi-
CEeCUMETPUIHOIO HABAHTAXKEHHsI, 1[0 3BOJUTLCS JI0 PiBHOIIHOI cuu P. 3oBHilHE
HaBaHTaXKeHHsI MIPUKJIaJleHe TAaKUM YMHOM, 110 TOYKHM He 3aBaHTayKEHUX ITOBEPXOHb
000X TIOIIepeIHRO HAIPYZKEHUX MIBIIPOCTOPIB Ta BiIajeHuX Bij 00J1acTi KOHTaKTY
MBIIPOCTOPIB 3 MPYKHUM KiJIBIIEBUM IITAMIIOM, TIEPEMITIAIOTHCA BiTHOCHO KOOP/IN-
HaTHOI omuHn Y3 = 0 Ha Bequuuny €. Besmmunnm: Ry Ta Ry — BIJMOBIIHO BHYTPI-
IHIA Ta 30BHINIHIN paJiiycu Kijabiesoro mramia, h = 0.5H.

Bynemo BBazkaTu, 110 MOBEPXHI 11038 MEYKEI0 KOHTAKTY 3aJIMIIAI0ThCI BLILHUME
BiJl BIUIMBY 30BHINIHIX CHUJI, & HA MeXKl KOHTAKTYy TEPEMIIEHHs Ta HAIPYKEHHS —
HenepepsHi. Ha puc. 1. Bequannn \; (1 = 1,2,3) — xoedillieHTH BUIOBKEHHSI, IO
BU3HAYAIOTDH TIEPEMIIIEHHs TOYATKOBOrO cTamy, a Sg!, S22 KOMIOHEeHTH CUMETPUIHO-
r'0 TEeH30pa MOYATKOBUX HAIPYKEHb.

Takox, y goc/iazKenHi 6y1eMo po3riisiiaTi TPy 2KHi 130TpoIHi Tia (cTucausi abo
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e

S’ZZ_ 11 ™ 11
o =20 o

Puc. 1. Tuck nBox morepeiH0 HAIPYKEHUX MMBIPOCTOPIB Ha MPYKHUN KiJIHIIEBUI
MWIHAPUYHAN MITaMII 3 TTOYaTKOBUMH HAIIPY2KEHHSIMMU.

HECTHC/INBI) 3 JOBLIbHOK (HOPMOIO MPYKHOrO ToTeHIiaxy. [Ipuaomy, npyzkHi mo-
TEeHIlaJM — JIBivUl HelmepepBHO-IudepenIiiiioui GyHKIil ajredpaldHux iHBapiaHTiB
rersopa jedopmariit ['pina |9]. Kpim roro, mist mrramita BUKJIMKae y MiBIPOCTOPax
MaJie 30ypeHHsi OCHOBHOT'O HAIPyKEHOT'0 CTaHy, J/Isi 9KOI0 BUKOHYIOTbCS YMOBU

SY=SERA0 SP =00 M=X# s (1)

HociikeHasa TpoBeeHo y KOOPANHATAX II0YaTKOBOTIO 1eOPMOBAHOIO CTAHY V;,
SIKI TIOB'si3aH1 3 JIArPAHKEBUME KOOPJIUHATAME ([I0YaTKOBOIO CTAHy) CIIBBIIHOIIEH-
HamMu y; = \x; (1= 1,3).

V naniii crarTi 06 i ib (£ # €75)

JlaHiit craTTi 0OMEXKUMOCH BHIIAJKOM HepiBHEX KopeHiB ({5 3) Xapakxre-
PHUCTUYHOIO (BU3HAYATIBLHOIO) piBHAHHA [9].
. . . 1
Y cucremi KooBHMX NMIHApPWIHNX KoopmuHatr (r, 6, z), me z = v ys,
. /2 2 . .. .
v = /ni, (1= 1,2), ny = &5, ng = ¢35 Taxiil mocTaHoBIi BiIOBLIAIOTH IpaHU-
YHI YMOBHU:

1) Ha TOpPISX MPY’KHOTO KiIBIEBOIO IITaMIia B 06JacTi KOHTaKTY z; = +h/v;, Je

v; = \/ﬁia (Z :17_2)

o= @R =04 oP=0 @¥=0

(Ri<r<R) (1=12),

2) Ha MexkaX TPY:KHUX MIBIPOCTOPIB MO3a JIJISTHKOIO KOHTaKTy z; = +h/uv;, ne
(1=1,2):

QU =0 Q=0 u{=0 (0<r<Riabor>Ry) (i=12), (3)
3) Ha OOKOBIii TOBEPXHI MPY?KHOTO KiIbIEBOrO ImTaMmna r = Ry abo r = Ry:
QY =0, Q5 =0, (al<h/v) (i=12), (4)
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YMoBa piBHOBaAru, sika BCTAHOBJIIOE 3B’sI30K MiXK OCiJIaHHAM TOPIIB Ta PIBHO/IIM-
HOIO HaBaHTa>kKeHHs P Mae BULJIAI:

Ry

P— _on / fQPldr, QY] =@

Ry

zi=+H/v; (Z - 1a 2) (5)

YmoBa (5) 3aKpuBa€ MOCTAHOBKY IIPOCTOPOBOI JIIHEAPU30BAHOI 3aJladi PO KOHTa-
KTHY B32E€MO/JIIIO TIOIEPEIHBO HAIIPYZKEHOIO CKIHYEHHOTO IUJIHAPUIHOIO IITaMITa i3
JIBOMa, TIPYKHUMHY iBIIPOCTOPAMHU 3 MOYATKOBUMHE HAIIPYKEHHSIMU.

3. OcHOBHI cniBBigHOIIIEHHS Ta MeTOJ, po3B’a3Ky. Hampyxkeno-medopmona-
HUI CTaH B JIJITHKAX KOHTAKTY Y IOMEPEIHBO HAIPYKEHUX MIiBIPOCTOpaxX OyIeMo
BU3HAYATH 3T1HO JiHEApU30BaHUX PiBHAHB 9]

i C44<1 + ml)l1<8 — So) T
Q"5 (p; 0) = R / F(n)Jo(np)dn,
0
1@ . ’ _
Q3r (pa g) €=0
Cu(l i (6)
e ( __) /”F(n) (Ch/Bamiv gy (np)dn| =0,
(%] Rl
0 £=0
i (s1—s F(
U (p;0) = - I 50 / ) Jo(np)dn,
0
[ F(n)
U (p; 0) / 1(np)dn,
0
Je
S AT b B bl
44 ! v A, ¢ £'1331 K'1313—K'1331 A3q3
1313- Azgz Y K'1313 K'1313 A3g3+A1q1m;’

&= Zﬂ)l , Go= ”Uz' = %, n = ERy, (’L = 1,2), S = 80[2[1_1, So = (1 —|—m2)(1 +m1)’1,
S1 = (m1 - 1)m1 y S2 = (U1m2)(’02m1)_1, S3 = 30”1“51: F(n) — mykana dyHKITis,
Jy(x) — dbyskiii Beccesst mificHoro aprymenry.

BarajbHuii PO3B’I30K /I BUSHAUEHHS HAIIPY ?KEHO-1e(POPMOBAHOIO CTAHY Y KiJIb-
LEBOMY IIPYZKHOMY IITAMIN 3 IOYATKOBUMU HAIIPYKEHHAME y BHIAJIKY PIBHUX KO-
peni (€5 = ¢2) xapaKTePUCTHIHOrO piBHsAHHS 9] IPHAMEMO Y BHIJIsI:

X =xX1+vizxe, (i=1,2), (7)
e
X1 = 0021(37“2 — 22%) + Ao(r2 — 2zf)—|—

+Z [( )IO ’YkUl?”) +A Ko(vkvlr)> Sl(’ykvlzl)_{_

+ <Tk(2)(]()<05k7"> + T;.EI)YO(O”CT)) Sg(Oékzl)] ,
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)N(Q = 0021( 7"2 — 22%) -+ Ao(TQ — 22%)4—
+Z [( B In(yv1r) + By Ko(%vﬂ")) Si(eviz1)+

+ (TS) Jo(agr) + Tk(l)gYo(akr)) Sg(akzl)] ,

I,(z) — dyukiis Beccenst yssroro aprymenty, S1 = Cy sin(y,v121) + Dy cos(xv121),
So = Exsh(agz1) + Fich(agzr), S3 = Nish(agz1) + My ch(agz1), Cy, Di, Ey, Fy,
Ny, M, A,(:), A,(f), B, ), B,(f), T,gl), T,EQ) — JledKi cTaji KoedilmenTn, g, Yx — BJa-
cui 3uadennd 3axadi (2)—(5). Toal manpyzkeno-medopMoBaHmil cTan y MOIEPEIHBO
HAIIPYKEHOMY KiJIbIIEBOMY IITAMIN JIJIi CTUCJUBUX (HECTHUCIMBUX) TIJI Ta PIBHUX
KopeHiB piBusinHg [14], i3 BpaxyBanuam rpanudaux ymos (2)—(5), npegcraBumo y
BUIVISITI

> ~ Y((Yle)
U’(B) £z {—ZA r+ « [Y apr) — =R 7 ()| x
T Do 2 o Vilewr) = SR )

X ((z_f<Ek ch(akz1) + Fish(agz1)) + (1 + arz1) My (ch(awz1) + Sh(akZ1))> } &

'3 — Cus i {az {Yl(akr) - Mﬁ(aw)} <(1 +my) oy, (Uil(Ek sh(apz )+

v
-

+Fy ch(agz1)) + (sh(awzr) + ch(akzl))Mk> + (1 + ma)(sh(agz1) + Ch(Oék:Z1))Mk> }Tk;;

1 d Y(Oéle)
U = — E Y; _ SRR g
3 S ag | Yi(aygr) AT 1(agr)| x

><<(m1hak — (mg — 1)1}1) (ch(akzl) — sh(akzl))Mk—

—mlozk(Fk Ch(Oék,Zl) — Ek Sh(akzl))—i- (8)
—i—nil [ma(aj — h) + (1 — ma)h] 14~10>}Tk,
'8 N 0% m agr) — Yilawfs) agT
Q5 = cu S { (e mn Vi) — A

X (Fk ch(agz1) — Ek sh(akzl))Tk + (1 + my)lyas (sh(akzl) — ch(akzl))Mk>+

+4l2(1 + mg)Ao}Tk,

e
wp = — 1
27 sy — s2)
A 1 o Yl(Oéle)
O 2(1 4+ ¢ — 26, + 28) ;% { 1(axRy) AT o(e 1)} ,
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My~ (1+m1) [sh (%h> +ch (akh)] B
(f -+ ) [eb (22) — sh (22)] {14 ma) + (14 m) (g — Cotrrmmm))

132

v v1(Co — €1 + agC
Fp—— U _1(0 Gt Q)Mk:,
ax(Go + ¢1) ax(Go + ¢1)
Ek _ ~’Ul _ _ Ul(CO —~Cl +~ak62)Mk,
ar(Co + ¢1) ax(Go + ¢1)
W' =1 Aad L1 71,
& = 1111W 11225 X L 3W 11331M;W 11997 .
Mq1(A3q3) (K 1133 + K'1313) K 1199; (K' 1133 — K'3113) K 119975

(1=1,2), T}, — mykami craJi.
BukopucroByoun po3s’si30k s mtaMia (8) Ta 3a0BOJIBHSIIONH TPETiil yMO-

Bi (2), mpyriit ymoBi (3), 3Haxogumo BiaacHi 3madenus 3aga4i (2)—(5) s piBHnIx

KODEHIB BH3HAYAIBHOTO PIiBHAHHS (9] (n1 = na):

Yk — po3B’sa30K piBusHHs [ (Vv Re) K1 (v1 R1) — I (yev1 R1) K1 (Y1 R2) = 0,
= %k (J1(pr)Ya (R Ry ) — Vi (i) J1 (e Ro Ry 1) = 0),
1

Jie fu; — po3B’s130K piBHstHHA Ji (1) = 0.
I3 rpanmannx ymoB (3) maemo Cy = Cf = 0. Takoxk, 3a70BOJBHUBIIE TIEPIITY

ymoBy (1), BusHauumo Hesijomy dyukiio F(n) st (6) 3 norpiiiHux iHTerpajbHuX

PiBHSIHB:
/F YJo(nr)dn =0, (Ry <r < o0),
0
F
/ W hardy = 1), (R <7 < R, ©
0
[ Poatman=o. ©<r <),
0
e

-2 im0 (3 (32) - (2] -

n
aih aih Yi (o Ry)
— Fi.ch FE).sh - Y - T;
mlak( be ( (o ) ke ( vy )) { oler) Ji(arRy) olewr)| Tict
4 ~
+n— [ml(ai —h)+(1+ mz)h} AgTy,.
1

Haui 3 norpiitnux iHTerpajbHuX piBHsAHBL (9) Ta MEPHIMX TPAHUYHUX YMOB (2)—
(3) BusHaummo Heimomy byuKI0 F(n) mis (6) depe3 HECKIHYEHHY CHCTEMY KOH-
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crant T},

oty = 1) (e (‘“;f) ~sh (‘jff))) Mygo(,0) -
i (Fk ch (ajlh> Ej.sh (ajlh»] (wo(m 0) - %wm Mk))>+ (10)

_|_i [ml(az — h) + (1 — mQ)h} AOTk¢O(n7 0)>7

ni
e .
6, 0) = sinn O, 1) = 1 Sin 7 Cos g, — fg Sin iy, cos 7.
) ,r] ) ) ,r] _ Mk
3 zpyroi ymoBH (2) OTpUMAEMO:
7 Rl - K(ale) :|
F(n)J dn = Yo(a ——J(a X
0/ (m)Jo(np)dn (1+m1)ll(s—so);{[ o) = 0y o)
3(1
« (M {chh (Oﬂ) _ Bsh (Oﬂ)} N (11)
(%] (%1 U1
Oékh Oékh, ~
—i—ak(l + mg)lng sh » —ch v + 4(1 + mz)lgAO Tk,
1 1
Je p = 1;:2 Rél 6e3po3MipHa KOOPIHHATA.
IIpoirrerpyemo pisuicts (11) o pJy(pnp)dp:
/ r R x Yi(awRy)
To(tinp) | F(n)Jo(np)dndp = ! Ht(”—ﬂt@]x
O/p olu p)o/ (1) Jo(np)dndp T )i (s — s0) ]; e T (o Ry

3
" <ak(1 +mq)h |:Fk b (akh) Bl (akh)} N
U1 U1 U1
h h
+a2(1 4 ma)ls M, lsh (O"“ ) _ch (O‘L)DJF
U1 U1

RoJi(pn R RiJ(pn R
+4(1+m2)l2A0 2 1(/’L 2)Iu 1 1(/”“ 1)}

Tk 3
e

AU _ RyagJo(pn B1) Y (apRy) — RlﬂnJI(Nan)YE)(O‘kRI)
nk lun - ak
R2MnJ1(MnR2)Y1(OékRQ) R2OékJ0(MnRz)Yl(OékR2)

b
“n_ak:
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(@ _ Bawdo(pnlh) Ji (e ) — RanJI(Man)JO(ale)
nk = 5
,Lbn—O./k
Rzﬂnjl(MnR2)J1(@kR2) R2OékJ0(MnR2)J1(CYkR2)

2
Mn_ak

[Tpu obuncienni (12) BUKOPUCTOBYEMO 3HAYEHHST IHTEIPAJIIB:

[e.9]

/ pJo(inp) / nvo(0,m)Jo(np)dndp = 1o (0, pix),

0

00 1
/ N, pi) / pJo(pinp) Jo(np)dpdn = Y (fin, fi)-
0 0

A g Bimmykanus zvesimomux Ty, (k= 0,1,2,...), mo Bxousars g0 (6), (7) Ta
(10) oTpuMaeMoO HECKIHUEHHY CHCTEMY

n=0
e
~ 2ew . 8 ~
B =— - LG = w_nl(ml(ai — ) + (1 = ma)) Aowoy;

kn g nk — —_
(1 + ml)l1<8 — 80> m—t Jl(Oszl) U1

h
[chh (O"f ) - Eksh( )] + a2(1 + ma)lo M, x
U1
A

x {sh <O‘Lh> —ch (O"“h)D T A(1 + ma)lp Ay T2l le) = B () } -

U1

fin

5 om0 ((32) 4 (3

o (s (32) 5 (32))] o ).
(R

(_1)k |:R§(k‘+1)7_k 9 R k+1 k(Rl):|

) —
k= 9201(k + 1)k(k + 1) ’

Je
00

Z 2T (24 k)05 +n)T(n+1+k)
n!T(2 +n + k)T(0.5)(1 + k)

n—0

Bimmitumo, mo koedimientn cucremu (13) 3ajexkars Bij BeJMUInH, M0 BU3HAYA-
IOTh CTPYKTYPY TPYKHOTO MOTEHITIATY Ta BUCOTH 1 PaJIiyCiB KLIBIIEBOTO MITAMIIA.
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Bukopucrasmmn ymoBy piBroBaru (5), BCTAHOBUMO 3B’$I30K MiXK OCiTaHHSM Ta
PIBHOIITHOIO HABAHTAYKEHHSA y BUTJIAL

P = 47eCu(1 + my)ly(R? — RH ATy,

Busnauausmn wesigomi cram Ty, (kK = 0,1,2,...) i3 cucremu JiHiiiHHX aJre-
6paldnux piBHAHB (13), 06YMCIMMO KOMIIOHEHTH I[EPEMIIleHb Ta HAIPYKEHb K Y
[PYZKHUX TBIPOCTOPAX, Tak i y MPYKHOMY KijblieBoMy Irramii 3a dbopmymamu (6)
Ta (8).

4. BucaoBok. B crarTi npejicTaBieHo aHAJITUYHI PO3B’SI3KN aKTyaJIbHOI KOH-
TAaKTHOI 3a/ladl B paMKax JIIHeapru30BaHOI TeOpil MPYZKHOCTI JJIs Cy4aCHOI'O Mallli-
HOOYIyBaHHA Ta OYIIBHUIITBA CIIOPY/I, MAITUH Ta IHXKeHepHUX KOHCTPYKIIiil, a caMe
— 3a/1a9y PO TUCK JIBOX ITOIIEPEIHBO HAIIPYKEHNX MIBIPOCTOPIB HA MPYKHUI KiTb-
NEBUI ITHAPUIHII IITaMII 3 TOYaTKOBUMHI HAIIPYKEHHAMU 0e3 BpaxyBaHHS CHUJT
TepTs. Po3B’s3ku 11i€l 3a/1a4i moaHi y BUTIsAI PAIIB 9epe3 HeCKIHYEHHY CUCTEMY
crajux BeJquduH X, (k= 0,1,2,...), gKi BUSHAYAIOTHCS 13 CHCTEMH JIHIHUX aJire-
6palunux piBHSHD (13) METOJOM yTHHAHHS.

Otke, pO3B’sI30K JAaHOT 3a/1a4i Ja€ 3MOIY POIMUPUTHA KOJO HAYKOBUX JIOCITi-
JIZKEHDb y MeXKaX MeXaHIKH j1e(hbOpPMOBAHOIO TBEPJIOTO TiJa.
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Babich S. Yu., Yaretska N. O., \Lazar V. F. ‘, Mlavets Yu. Yu. Analytical
solution of the contact problem for pre-stressed two half-spaces and an ring stamp.

The article presents an analytical solution to the contact problem for two elastic half-
spaces with initial stresses and a prestressed ring stamp, without considering frictional
forces. We will assume that the surfaces outside the contact boundary of the ring stamp
and the half-spaces remain free from the influence of external forces, and at the contact
boundary displacements and stresses are continuous. The problem is solved in the case
of equal roots of the defining equation. The study is presented in a general form for the
theory of large initial strains and two variants of the theory of small initial strains within
the linearized theory of elasticity with an arbitrary structure of the elastic potential.

It is assumed that the initial states of the elastic ring stamp and the elastic bases
are homogeneous and equal. The research is carried out in the coordinates of the initial
deformed state, which are related to the Lagrangian coordinates. In addition, the influence
of the ring stamp causes small perturbations of the corresponding values of the basic
stress-strain state. It is also assumed that the elastic ring stamp and the elastic half-
spaces are made of different isotropic, transversally isotropic or composite materials. In
the case of orthotropic bodies, we will assume that the elastically equivalent directions
coincide with the direction of the coordinate axes in the deformed state. As a result, the
solutions of the given problem are presented in the form of infinite series, the coefficients of
which are determined from an infinite quasi-regular system of algebraic equations. Several
fundamental results, such as the Hankel transformation, triple integral equations, and other
methods of the theory of contact problems of the linearized theory of elasticity, are used
to study this problem.

In the article also establishes the connection between sinking and the corresponding
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10.
11.

12.

13.

14.

15.

16.

17.

burden. Therefore, with the help of the obtained solutions, it is possible to study the influ-
ence of initial (residual) stresses on the distribution of contact stresses and displacements
in two elastic half-spaces and an elastic ring stamp.

Keywords: linearized theory of elasticity, initial (residual) stresses, contact problem, ring
stamp, half-space, integral equations.
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JMHAMIYHI MOJIEJII OIITUMI3AIIII TPAHCIIOPTHIX
ITIOTOKIB

CrarTs po3riisila€ KPUTUYHI BUKJIMKK OINTUMI3aI]l TPAHCIOPTHUX IOTOKIB y JUHAMI-
YHAX Ta HelepeadadyBaHUX yMOBaX, OCODJIMBO IIiJ 9aC BOEHHWX JIiif Ta MOPYIIEHHS iH-
dpacTpyKTypH, sIK 1€ CIOCTEpIra€ThCsd B YKpaiHi. Y Hiil HATOJIONIYETHCS HA HEIOJIKAX
TPAIUIIAHAX CTATUIHAX MOJEJeil YIIPABIIHHS TPAHCIOPTOM, SKi HE MOXKYTb aJIallTyBaTU-
cs JI0 3MiH y peaJbHOMY Yaci, TAKUX K OJOKYBAHHS JOPIr, pyiHyBaHHs ab0 30i/IbITIeHHs
Tpadiky uepe3 06’i3au.

3alpornoHOBaHU TiXis 6a3y€ThCsl Ha, BUKOPUCTAHHI JMHAMIYHUX MOJEJIeil OnmTuMiza-
1ii, Mo I'PYHTYIOThCS Ha 3aJa9i PO3MIIEHHS, JJjis BPaXyBaHHS YacOBOI Ta IPOCTOPOBOI
3MIHHOCTI y TpaHCHOpTHUX Meperkax. LIi Mosmesni iHTerpyroTh 30BHIMIHI (pakTOpH, Taki IK
TIOTO/THI YMOBH, aBapii Ta MOIMKO/KEHHsT iHMPacTPyKTypu. BuKopucTants MaTeMaTHIHAX
METO/IiB JIO3BOJISIE BU3HAYUTHU ONITUMAJIbHI By3JI TPAHCIIOPTHOI iHMPACTPYKTYPH Ta CIIPUSIE
ONTHMI3AIll MapIIpyTiB y peaJbHOMY Yaci 3 MeTOI0 MiHiMi3aIlil 3aTPUMOK 1 TPAHCIIOPTHUX
BUTPAT.

YV mocaimkenni migkpecsieHO TpaHCHOPMAIINHUN MOTEHIAI IMITYYIHOTO IHTEJIEKTY Ta
MAIIMHHOTO HABYAHHS y aHAJII31 BEJIMKUX OOCATIB JAHUX, 30KpeMa CYIIyTHUKOBHX 300pa-
JKEeHb, ISl aJIAITUBHOTO YIPABJIHHS TPAHCIOPTHUME ITOTOKAMHU. 3aBJSKU AJTOPUTMAM,
keposanuM [I1I, cucrema MoxKe JTUHAMIYHO KOPUT'YBATH MapIIPyTH, IIPOTHO3YBATHA 3aTOPHU
Ta, OIEPATUBHO pearyBaTh Ha 3MiHU B iHdpacrpykTypi. [lpukiamu riobagpHux iHTE E-
KTYaJIbHUX TPAHCIOPTHUX CUCTeM y Mictax, Takux sik Cinramyp i Tokio, J1eMOHCTPYIOTH
eeKTUBHICTD TOMIOHNX TEXHOJIOTIH y miaBUIeHH ePpEeKTUBHOCTI Ta DE3MEKN PyXY.

Kuro4yosi ciioBa: jguHaMivgHi MOJe/i, TPAHCIIOPTHI MMOTOKHU, ONTUMI3aIlis, JUCKPETHA 3a-
Jada PO3MIINEHHs, TPAHCIIOPTHA MEPeXKa.

1. Beryn. Onruwmizariiss TPAHCIIOPTHUX MIOTOKIB B YMOBaX Cy4YacHO! BifiHU Ta Herie-
pe/ibadyBaHuX 3MiH B iHMPACTPYKTYPI € OJHUM i3 HARAKTYAJbHINNX BUKIUKIB JIJTs
JIOTICTHKH Ta YIPABIIHHS MICBKUMH CACTEMaMU. 30KpeMa, Tij] 9ac BIICHbKOBUX it
B YKpalhi, TPaHCHOPTHI IMIJIIXU MOXKYTh OyTH 3a0/I0KOBaHi, 3pyitHOBaHI ab0 THUM-
YaCOBO HEIIPOI3HI BHACIIIOK paKeTHUX YU JPOHOBUX aTak. Ile cTBOproe momaTKoBi
TPYIHOI Jijist 3a0e31evdeHHst 0e31epepBHOCTI TPAHCIIOPTHUX OIepalliil Ta moTpedye
HeraifHOl a1allTallll TPAHCIIOPTHOI MepeKi /10 HOBUX YMOB.

Knacuani mojiesti yripaB/IiHHS TPAHCIIOPTOM, IO I'PYHTYIOThCS HA CTATUYIHUX I10-
Ka3HWKAaX, BUSBJIAIOTHCS HEJTOCTATHBO I'HYYKHMH, OCKIJIBKI BOHU HE 3JaTHI BpPaxo-
BYBaTHU Hellepe0adyBaHi 3MiHU, TaKi sIK MOITKO/XKEHHsI iH(PACTPYKTYPH, PAIITOBE
[EPEKPUTTs MUILAXIB UM 3pocTanns Tpadiky depe3 IepeHalpaB/eHts MOTOKIB Ha
00’13HI Tasxu. Y TaKUX yMOBaX IIOCTA€ 3aBIaHHSA PO3POOKHU HOBITHIX ITIXOMIB 10
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YIPaBJIIHHA TPAHCIOPTHUMU IMOTOKAMU, sIKi O IHTErpyBaJju MOXKJIUBOCTI IITYYHOT'O
IHTeJIeKTy Ta aHaJIi3y CYIyTHUKOBHUX 3HIMKIB.

AKTyaJIbHUM CTa€ BUKOPUCTAHHS JUHAMITHUX MOJIeIeil ONTUMi3alil TpaHCIopT-
HUX IIOTOKIB, sIKi BPaxXOBYIOTh He JIMIIE ITOTOYHI OOCTABUHM, aJie i 3/IaTHI IIPOrHO-
3yBaTU 3MiHM B yMOBaxX TPaHCIOPTHOI Mepexi. OJHUM 3 TaKUX IiJIXO/IiB € 3aCTO-
CyBaHHS JIMCKPETHOI 3ajad4i PO3MIIEeHHs, dKa J03BOJIsA€ e(EKTUBHO MOJIETIOBATU
posTalryBaHHsI KJIIOYOBUX BY3J1iB TPAHCHOPTHOI iH(pacTpyKTypHu (J0oporu, MocTy,
KOHTPOJIbHI MYHKTH), & TAKOXK ONTUMI3yBATU MAPIIPYTH 3 yPaXyBaHHIM iX 3MiH y
peabHOMY Haci.

BpaxoBytoun ckjajini yMOBH, IO CKJIAJIKCS B YKpaiHi miji gac Bilinu, nmpodsema
ONTUMI3aIil TPAHCIIOPTHUX MOTOKIB CTA€ KPUTUIHO BaKJIMBOIO. BoHa Mae cTpare-
riqHe 3HaYEHHs 9K I 3a0e3Ie9eHHs] BiliCbKOBOI JIOTICTUKM, TaK 1 JJIsI IHATPUMKHI
IPOMAJISTHCHKOT iHMPACTPYKTYpHU. 3aCTOCYBaHHsI CYITyTHUKOBUX 3HIMKIB, ITpoaHaJIi-
30BAHUX IITYYHUM IHTEJIEKTOM, MOXKE CyTTEBO NMOKpAIIUTH e(DeKTUBHICTE 1 Oe3IeKy
TPAHCIIOPTHUX OIlepariiil, & TAKOXK CIIPUATU IBUIIIOMY BiJIHOBJIEHHIO TIOTITKO/IZKEHIX
MJISXIB.

2. AHaJi3 ocTaHHIX JocJij>KeHb i myOJikariiii. B ocranHi pokn gocmimKe-
HHS ONTHUMIi3allil TUHAMIYHAX TPAHCIOPTHUX MepPeXK 3 BUKOPUCTAHHAM JTUCKPETHUX
MoJIeJIell PO3TAIlyBaHHs JOCATIIN 3HAYHOTO Iporpecy. Jlekiabka BUEHUX 3POOHIIH
BHECOK Y ITI0 cepy, IHTerpyBaBIIi CydacHi O0UNCTIOBAIbHI METOIN Ta MiIKPIILIIO-
[0Ue HaBYaHHS B iCHYIOYl MO/ Jijiss OOPOOKM JUHAMITHUX 3MiH Y TPAHCIOPTHUX
cucTeMax y peaJibHOMY 4Jaci.

Hocmipkenns Yena i Bamra 1] migkpecianam o6MeKeHHsT CTATHIHAX MOJIEJIEH,
[IPOCYBAIOYN JIOCIPKEHHS JIMHAMITHOT OITUMI3AIIl, Jie PO3IIsiIal0ThCd 3MIHU B 00-
carax Tpadiky Ta Bapiabenbrocti mapmpyty. Ocranus pobora leconnbepea [2] 30-
cepeJizKeHa Ha MaTeMaTUIHUX MOJIeJIAX JIJIs ONITUMI3AIl] TPAHCIIOPTYBAaHHS, BHOCAYIN
KJIFOUOBI i1l 1O/I0 TOr0, K CIIPABJISATUCS 3 O0UHUCIIOBAIBHOIO CKJIATHICTIO BEJIMKUX
Mepex.

Po6oru Osamumvezku [3], migkpecarooTh Baxk/uBicTh Bukopuctanus 10T s
yIPaBJIHHS TPAHCIIOPTHIMHU ITOTOKAMU B po3yMHUX Mictax. Ll jociiizkenns BKIIO-
YaIOTh 3aCTOCYBAHHS BEJIMKUX JIAHUX 1 MAITMHHOTO HABYAHHS JIJIA OIMTUMI3aIll Map-
MIPYTiB, YIPaBJJIIHHS TapKyBaHHAM, OCBITJIEHHSM Ta BUSBJIEHHS aBapiil.

[le ocobmmMBO aKTyaJabHO I aJalTUBHUX CHUCTEM, IO IPAIOIOTH B PEAJTHHO-
my vaci. Asekcanapoc Hikitac [4] gerasbHO HOCTIKYIOTH 3B’30K MiXK IITYIHUM
iHTE/IEKTOM 1 TPAHCIOPTHUMHU CHCTEMaMH y KOHTEKCTI PO3YyMHOIO MicTa. ABTOpPH
nizkpecsooTs norenrian CAV (connected and autonomous vehicles), 6e3misorHux
JiTabHUX anapariB Ta Koureniii MaaS (MOGLIBHICTD SIK MTOCIIyTa) s i IBUIIEHHS
edeKTUBHOCTI MichbKoro TpaHcropty. Llg poboTa nporonye cucteMHuUil aHai3 To-
ro, K HOBl1 TEXHOJIOT1] MOXKYTb CIPUATH CTAJIOMY PO3BUTKY MICHKHX TPAHCIOPTHUX
CUCTEM.

Hocnimxenust Yoxonana B 2020 poui [5]| npucssueno npobaemaMm MiCbKOI JIOTi-
CTUKU 1 TPEHJaM y 3aCTOCYBaHHI HOBUX TE€XHOJIOTIH JIj1e onTUMI3allil MiCbKUX TPaHC-
MOPTHUX MepeK. ABTOPU CUCTEMATUIHO JOC/II/ZKYIOTh TEHJIEHII], BUKJTUKU Ta MO-
JKJIMBOCTI iHTerpartii pisHUX TEeXHOJOTi#l s IMABUINEHHA e(EeKTUBHOCTI MiCHKOIO
TPAHCIIOPTY.

Bci ni HerotaBHi I0CATHEHHS MalOTh BUPIIIaIbHe 3HAYEHHS JI/1sT T00YI0BHU Ol/IbII
Ha/HHUX 1 aJJAIITUBHUX TPAHCIIOPTHUX CHCTEM, ajie BCe Ie ICHYIOTb ITpodJeMu 3
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MacIITadyBaHHIM IUX PIIIeHDb I BeJIUKUX MepexK. KpiMm Toro, 3acrocyBanugd iX y
reTepoOreHHNX CePeIOBUINAX, TAKUX K MYJIbTHMO/IaIbHI ab0o MizKHapPO/IHI ITlepeBe3e-
HH#, BCe Ie € ¢chepoio pO3BUTKY.

Hesparkatoun Ha Te, M0 JOCTIZKEeHHS HAJ/IAIN TOTYXKHI 00YUCTIOBAIbHI iHCTPY-
MEHTH, MPAKTUYHE 3aCTOCYBAHHS 3aJIUIIAETHCHA CKJIQJIHUM i MOTPEOYE MOMATBITNX
JIOCJIJIZKEHD, TII00 e(peKTUBHO BIOPATHUCHA 3 KOHKPETHUMU ITOPYIIEHHSIME, TAKIMU K
3MiHM HABKOJIMIIHBOI'O CEPEJIOBUINA YU iHPacTpyKTypu. BijmosigHo, BuIie 3a3Ha-
JeHe BKa3ye€ Ha IOCTYIOBICTh PO3PUB MiK TEOPETUYHUMHI MOJEJISMU Ta TPAKTUIHU-
MU peasiizallisiMi, ITPOCYBAIOYHUCH JI0 OLIbIT e(PeKTUBHOI Ta CTIHKOI TPaHCIOPTHOI
indpacrpykrypu 3 2024 poxy.

3. OcHoBHi pe3ynbratn. CyvacHi TPAHCIOPTHI CUCTEMU M€PEOYBAKOTH IIi/T
ITOCTIMHUM THUCKOM dYepe3 IBHUJIKE 3POCTaHHs ypOaHizariil, 30iIbIIeHHs 00CATIB I1e-
peBe3eHb 1 HeoOXiIHICTh BpaxyBaHHs Oararbox 3MiHHUX (haKTOPiB, TAKUX SK MOTOIA,
3aTOpPH, aBapil, KOJIMBAHHS HOIUTY YU SKICTh JOPOKHBOTO TTOKPHUTTSI.

B Takux ymoBax BarxK/JIMBOIO 3a/1a4€I0 € MONTYyK e(DeKTUBHUX PIllleHb JJIs yIIPABJIi-
HHSI TPAHCIIOPTHUMU TOTOKAMHU, 110 JO3BOJIUTH 3MEHITUTHU 3aTPUMKHU Ta IT1IBUITUTH
eeKTUBHICTH TIepecyBaHHS.

OHEM 13 TePCHeKTUBHAX IMiAXOMIB 10 BUPIINIEHHS IIHOTO 3aBIaHHS € BUKOPUCTA-
HHA IMHAMIYHAX MOjIeJieil oIrTuMi3allil TPaHCIIOPTHUX IIOTOKIB Ha, OCHOBI IUCKPETHOL
38,1841 PO3MIIIEHHSI.

Jwramiani Mogiesti, 10 BpaxoBYIOTh 3MiHHI (haKTOpHU, Taki siK IOTOJIHI yMOBH,
aBapil, ce30HHI KOJIMBAHHS, Ta 1HII 30BHINTHI BIJIUBHU, CTAIOTh OCHOBOIO JIJIsI BHUPI-
MEeHHS TTHOTO 3aBIAHHS.

Huckperna 3agada posmimennsi (FLP) e kinacn4noo mMareMaTHiHO©O 3a/a9€10,
B #Kiif TOTPIOHO 3HANTH ONTUMAJIbHI MICI J/Is PO3TAIyBaHHs MEBHUX 00’€KTIB y
Mepexki (HAIPUKIIaJL, CKIAJIIB, TPAHCIOPTHUX BY3J1iB ab0 TepMiHAIB) it MiHIMI3a-
il BuTpaT abo yacy tpancrnopryBanagd. g Mojiesb € ocHOBOIO OaraThoX pillleHb JIJTs
TPAHCIIOPTHUX CHUCTEM 1 BUKOPUCTOBYETHCH JJTT ONTUMAJILHOTO TIJIAHYBAHHS TPAaHC-
noprHol indpactpykTypu [6].

Hanpukia, BoHa jjonoMarae BU3HAYATH, Jie HAfKpale pO3MICTUTH CKJIa u, 1100
MiHIMI3yBaTU BUTPATH Ha TPAHCIIOPTYBAaHHS TOBapiB a0 MakcuMizyBaTu epeKTUB-
HICTH JJOCTaBKHU ITaCaKUPiB 'POMaJICBKAM TPAHCIIOPTOM.

[Ipore knacuaHi MOJIENT JTUCKPETHOI 33124l PO3MIIIEHHS HE BPaXOBYIOTH 3MiHHI
YMOBH, 1[0 BUHUKAIOTH Y PeaJbHUX TPAHCIOPTHUX CUCTeMaX. Y TaKUX yMOBax BU-
KOPUCTAHHSI JUHAMITHUX MOJEJIel cTae HeOOXIAHUM JIJIs aJIallTallil g0 3MiHI TPaHC-
IIOPTHHUX ITOTOKIB, Tpadiky Ta iHmmx GakTopis.

Jvmamivni Mojiesi JO3BOJIAIOTH HE TITLKU BPAXOBYBaTU 3MIHU Y TPAHCIOPTHIM
cucTeMi B peaJIbHOMY daci, aJie i mepegdbadaTi MOXKJIUBI clieHapil PO3BUTKY IO/,
Hanpukias, i Mojesri MOXKyTh BUKOPUCTOBYBATH JIaHI PO CTaH JOPIr, IHTEHCUB-
HICTBb PyXYy, ITIOI'OJIHI YMOBH Ta HaBiTH nepejidadeHus aBapiit. [le nae amory edexTun-
HO TIePEePO3IOIISATH TPAHCIOPTHI MOTOKH, 3a0€31edyioun MiHIMI3aIio 3aTPUMOK Ta,
OIITUMaJIbHE BUKOPUCTAHHS PECYPCIB.

Bukopucranns qunaMidHIX MoJIe/Ieil y TPAHCIIOPTHUX CUCTEMAaX Ma€ KiIbKa KJTIO-
YOBUX IIEPEBAT, a caMe: aJlallTyBaTHUCA 10 3MiH Ta MBUIKO PearyBaTi Ha 3MiHI YMOB,
TaKHX SIK aBapil abo 3aTopu, i Mepepo3MOIiIaTH TPAHCIOPTHI IIOTOKH BiIIOBIIHO 10
HOBHUX yMOB; IIPOI'HO3YBATU MOXKJIUBI 3aTOpHU ab0 aBapil Ta MPOMOHYBATH AJIbTepPHAa-
TUBHI MapIIPYTH; JIO3BOJISIOTH 3MEHIIUTUH BUTPATU Ha TPAHCIOPTYBAHHS IIJISXOM
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ONTUMI3AII] PO3MIIIEHH JIOTICTUYHUX O0’€KTIB 1 TJIAHYBAHHS MapIIPYTiB.

Yepes HeOOXiIHICTH BpaxyBaHHs 3MiHU HOIMUTY Ha ePeBe3eHHs, 3MIHU CTaHY J10-
pir, a TaAKOXK MOXKJIMBUX 3aTOPiB ab0 aBapiit 0yJI0 po3po0/IeHO MaTEMATUIHY MOJICb,
IO MOE/IHYE eJIeMeHTH KJIACUYHOI JUCKPETHOI 3a/1a41l PO3MIIEHH 13 4acOlpOCTOPO-
BUMU OOMEXKEHHSIMH.

Posriiinemo na npukiaiai popMyn TPAHCIOPTHY MEpPeXKY, sKa CKJIAJA€ThCS 3
MHOXKUHU By3/1iB N Ta MHOXKHHU pebep F, 1m0 3’€1HyI0Th 11l By3/u. KoxkeH By30.1
¢ € N moxe OyTH KaHIUIATOM [IJIsi PO3MIIIEHHSI TPaHCHIOPTHOrO reHTpy. Hexait
f(i,t) onmcye dbyHKIIITO BAPTOCTI 1IepeBe3eHH s Bi/l By3Jia i /10 IHIIUX BY3JIiB Y MOMEHT
qacy t, a d;;(t) — dbyHKIig NOMUTY Ha HepeBe3eHHs MK By3JIaMU § Ta j Y MOMEHT
qacy t. MeToro € MiHiMi3allig 3arajJbHUX BUTPAT IIePeBe3eHb IIPOTATOM IEPIoLy dacy
T, 1m0 3alUCY€eThCS AK:

T N N

minZZZf(i,t) * d;j(1).

t=0 i=1 j=1

o Mozeni MoXKHa IHTErpyBaTH 30BHIINIHI (DAKTOPHU, TaKi gK MOTOIHI YMOBU abo
aBapil, uepe3 Kopurysauts GyHKIil Baprocti f(i,t). Hanpukiian, 3a ymoBu 3aTopis
abo aBapiit, 3HauenHs f(i,t) 30LIbIIYETHCS, IO JO3BOJISE JIMHAMITHO HEPEPO3ITOJi-
JIATU TIOTOKM Yepe3 1HI BY3JI1 MepeKi.

Mogeni auckpernoi 3azaqi posmimenns (Facility Location Problem, FLP) zacto-
COBYIOTBCS JIJIs1 BU3HAYEHHS ONTUMAJIbHIX JOKAIil TPAHCIIOPTHUX BY3JIiB, TAKUX K
ckaa/m abo craniii. [ls Moesb € BayK/INBOIO JIjIst TPOEKTYBaHHs e(beKTUBHUX JIOTi-
CTUYHUX CHCTEM, OCKLIBKU JIO3BOJISE€ 3MEHIIUTA BUTPATH Ha TPAHCIOPTYBaHHSI.

n m
Z = E E CijLij,

i=1 j=1

Jle Z — 3arajbHl BUTpaTU Ha TPAHCIOPTYBaHHS, C;; — BapPTICTb TPAHCIIOPTYBaHHHA
MiK TOUKaMHu i Ta j, x;; — OlHapHa 3MinHa (1, gKio o6’eKT posmimieHo B TodIi 4
JIUIst 0OCJIyTOBYBaHHs TOYKH j, iHakie ().

Ocnorna meta mojesti FLP mosisirae B onTuMmizariil BUTpaT Ha TPAHCIOPTYBAHHS
TOBaPIB JI0 KIHIEBUX CHOXKUBa4IiB. Lle mocaraerbes MIsiXoM BU3HAYEHHST ONTUMAJIb-
HUX MICIb JI7IT PO3MIIEHHsT JIOTICTHYIHUAX TEHTPIB. 3a JOMOMOTOI0 MaTEeMATHIHUX
MoJIesiel 1 aJirOpUTMIB (TaKuX siK aJrOpUTM IiJIOK 1 MexK) MOXKHA IBUJIKO 3HAXO/H-
TU ONTUMAJIbHI PillleHHS.

Bukopucranusa FLP no3BoJjisie 3MeHIIMTH 3arajibHi BUTPATH Ha JIOTiCTUKY, ITijI-
BUIIUTH IIBUIKICTH JIOCTABKMA Ta 3MEHINUTU 3aTOpu. BrpoBajKeHHd Mojeseit Ma-
IIMHHOT'O HaBYaHHY B JIAHOMY KOHTEKCTI JI03BOJISIE aIallTyBaTH PO3MIIIEHHS BY3JIiB
B 3aJIC2KHOCTI BiJI 3MiHM ITOIUTY, IIPOTHO3YIOYH, e Oy/IyTh HAaHOLIbII OTpeOu.

Onnak, mogesi FLP MoxyTh 6yTu 4y TimBrMu 10 3MiH BXiJHUX napamerpis (Ha-
OpUKJIaJl, 3MiHa BUTpPAT Ha TpaHCHOPTyBaHHs). KpiM TOro, HEOOXiIHICTD y BeJIUKiil
KITBKOCT1 JaHUX JIJTsT MOJIEJTIOBAHHS MOXKe YCKJIQ/IHUTH 1X 3aCTOCYBaHHS B MiCTax 3
HecTabLILHOIO 1HPPACTPYKTYPOIO.

OiHiero 3 HABaKIMBINIUX 3a/a4 Y MIPOIECi ONTUMI3aIlil TPaHCIOPTHAX MTOTOKIB
€ BpaxyBaHHs BILIUBY peaJIbHUX yMOB, TAKUX K IMOT0Ja, JIOPOXKHI podoTu, aBapil
Ta i HerepedbadyBani pakTopu. lle 3HAYTHO YCKIAIHIOE IPOTIEC MOJIC/TIOBAHHS Ta,
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BUMAarae BiJ Mojiesieil 37aTHOCTI aJalTyBaTHCSd O 3MiHHM ITapaMEeTPIB Y peajibHOMY
Jaci.

g npukiay, aJanTUBHA TPAHCIOPTHA MOJEIb MOKe BKJIIOYATH 3MiHHI, IO
BPaXOBYIOThH MEPEITKO/IN Ha JOPOrax abo KOJMBAHHS B iHTEHCUBHOCTI Tpadiky B pi-
3HUil Yac 06 uum poky. TakuM YUHOM, PIMIEHHS MI0JI0 OINTUMAJIBLHOIO PO3HOJILITY
ITOTOKIB MOKYTb OHOBJTIOBATHCA B PEAJIbHOMY 4aci, 3abe3neuyioun epeKTuBHe PyH-
KITIOHYBaHHS TPAHCIOPTHOI MEPEXKi.

Ha ocroBi anamizy peajbHUX JaHUX OyJI0 CTBOPEHO MOJIEJb aJallTallil TPAHCIOPT-
HUX TIOTOKIB JIJI BEJIMKOI'O MICTa, IO BPAXOBYE CE30HHI KOJIMBAHHS IHTEHCUBHOCTI
pPyxy, a TakoxK norojui ymoBu. Ha pucynky 1.1 maBeseno rpadik 3Minu iHTEHCUB-
HOCTI TpadiKy MPOTATOM POKY y PIZHUX KJIIMATUIHUX YMOBaX

110

100

90

80t

70+t

IHTEHCHBHICTE Tpadiky (YMOBHI oanHWUI)

Ciy Mot bep KBi Tpa Yep Nvn Cep Bep Kos Nuc py
Micaui

Puc. 1. 3mina inTencusnocti Tpancrnoptuoro Tpadiky B crosuii mporarom 2023
POKY.

Ha rpacdiky BuHO TI€BHI C€30HHI KOJMBAaHHS iIHTEHCUBHOCTI TPAHCIIOPTHOI'O Tpa~
diky nporarom poky. [loscHumo, aum MoxKe OyTH CIPUINHEHO 3POCTaHHS 1 1A [IHH:

e Ciuenb — JIormii: [nrencuBHicTs Tpadiky HU3bKaA Yepe3 CBATKOBUN CE30H.
HoBopiuni Ta pi3assani cBdTa TPU3BOAATH J0 3HUKEHHS JIJIOBOI aKTUBHOCTI, a
H6araro Jojieit 6epyTh BiIycTKH ab0 MPOBOJAATH OLIbIlle Yacy BJIOMa, IO 3MEH-
Ty€ KiJTbKICTD TOI3/I0K.

e Bepezenp — TpaBenn: [locrynose 3pocTants iIHTEHCUBHOCTI PyXY MOSCHIOE-
ThCS 3aKIHYEHHIM 3UMOBUX CBSIT 1 BIJITHOBJIEHHSIM €KOHOMIYHOI akTUBHOCTI. Brke
B Oepe3Hi moMiTHe 301/IbIIEeHHs MOI30K Yepe3 MOBEPHEHHS JI0 POOOTHU, HABUAH-
Hsl, & TAKOXK IMOKPAIIEHHS ITONOHUX YMOB.

e UepBenb — Cepnenb: Haiipuii 3navuenss inTeHcuBHOCTI Tpadiky criocrepi-
raloTbes B JiTHI Micsri. [le Moxke OyTu 1IOB’93aHO 3 BiJIIIyCTKaMU, MIOJI0POXKAMU,
a TaKOXK 3POCTaHHSM JiJIOBOI aKTHBHOCTI. BakiauBo, 1110 B 1eil mepiomn 6araro
JITOJIel BUOMPAIOTHCST 38 MEXKi MICT, IO TaKOXK MOXKE€ BILIMBATH Ha, IIiIBUIICHHS
TpadiKy B IEBHUX HAIPSIMKaX.
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e Bepecenb: Jlerke 3umkennd micis JiTHbOro 1miKy. [le mosicHioeThed 3aBepiie-
HHSIM BIJIITYCTOK 1 TOBEpHEHHSIM Jtoj1eil 10 poboTn Ta HapdaHHs. OTHAK aKTUB-
HICTD ITIe 3aJIUMTAETHCS BUCOKOIO Uepe3 MOYaTOK HaBIAJIHHOTO POKY Ta ITOBEpHe-
HHsI J1JIOBOI aKTHUBHOCTI.

e 2KoBTenb — JlucTomas: V¥V 11 Micdlll ciocTepira€Thes MOJAAIbINE 3HUKEHHS
IHTEHCUBHOCT] PyXy dYepe3 3HMUKEHHS TYPUCTUIHOI aKTUBHOCTI Ta IMiJTOTOBKY
JI0 3IMOBOTO TIEPiO/y.

e I'pynenn: Hesenuke mijiBuIilieHHs B I'Py/iHI MOXKe OyTH 3yMOBJICHE I1€DE/ICBSI-
TKOBHM I1€PIi0JIOM, KOJIU JIFOIU 3/IHCHIOIOTE OLIBIIE MOI3/I0K I MOKYIIOK 1 ITiI-
TOTOBKH JIO CBAT.

Takum guHOM, KOJIMBaHHS Ha I'padiKy € TUIIOBUMHU Jjis OaraTboX BEJIUKUX MICT
1 TIOSICHIOIOTHCS TIOETHAHHAM CE30HHUX, eKOHOMIYHUX Ta COIaJIbHUX (PaKTOPIB.

Ornrumizaltist TPAHCIIOPTHUX MTOTOKIB 3a JOMIOMOTOI0 MOJIesiell JTHITHOTO Tporpa-
MYBaHHS € 1€ OJHUM BasKJIMBUM ACIIEKTOM, KU JI03BOJIAE MHiJIBUINUTHA e(peKTUB-
HiCTh TpaHCcHOpTHUX cucTeM. Lle nepeadavuae BUBHaAYEHHS ONTUMAJILHOTO MapIIpyTy
JIJIS TIepeBe3eHHs BAHTAXKIB a00 MacakKupiB.

OcHoBHa MeTa onTuMizalll mojsira€ B MiHiMiZaIll 3arajJbHUX BATPAT Ha IIepe-
BEe3eHHs, IO BKJIOYae B cebe dK (biHaHCOBI BUTpaTu, Tak i dac y joposi. Mojeri
JIO3BOJIAIOTD TJIAHYBATH MAapPIIPyTH, IO BPAXOBYIOTH HE JIUINE BiJICTaHb, aje i iHIi
dakTopu, Taki K 3aTOpH, JTOPOKHI pOOOTH Ta IOTOJHI YMOBH.

Bukopucrannsg Takux Mojiesieil JI03BOJIsI€ 3MEHIUTH YaC OYiKYBAHHSA Ta 4ac Y
JIOPO3i, & TAKOXK MOKPAIUTH 3arajibHy epeKTUBHICTH TPAHCIIOPTHOI cuctemu. Bripo-
BaIKEHHS IITYYHOTO IHTEJIEKTY J03BOJIAE€ MOAU(DIKyBaTH MapIIPYTH B peaTbHOMY
qaci, pearylodn Ha 3MiHU B JIOPOXKHIN cUTyarril.

Opnak, gK 1 B HOMEPEIHROMY BHUIAJIKY, MOJE/ JIHIHHOrO MpOrpaMyBaHHS MO-
JKYTh BUMAraTu BEJIUKOI KLIBKOCT1 JIAHUX JIjIg TOYHMX PO3paxyHKiB. Kpim Toro,
peasibHi YMOBU MOXKYTb OyTH HACTLIBKU CKJIQJIHUMU, IO 1X BayKKO TOYHO MOJIEJIIO-
BaTH.

OjHak onTUMIizallis TPAHCIOPTHUX ITOTOKIB € BarKJIMBOIO CKJIAJIOBOIO CydacHO!
JIOTICTHKY Ta YIPABJIiHHA TPAHCIIOPTHUME CUCTEMaMU. Y 3B’SI3KY 3 PIZHOMAHITHICTIO
YMOB Ta 00OMEKEHb, 1110 BUHUKAIOTH Y PeabHUX TPAHCIIOPTHUX CHCTEMAX, 3aCTOCY-
BaHHs Pi3HUX MeTo/1iB po3B’s3anns JI3P e Bkpait ckia M, Tomy 0y/10 TPOBEICHO B
tabymuiii 1.1 nopiBHAJIBHUIN aHa i3 KIJTbKOX aJrOPUTMIB, SKi BUKOPUCTOBYIOTHCS JIJTs
PO3B’sI3aHHsI IUCKPETHOI 3ajadi po3mimiennsa. Cepes HUX: aJrOPUTM TLIOK 1 MeX,
€BPUCTUYHI aJITOPUTMHU Ta METO/IM MAaIIMHHOIO HaBYaHHA. KoyKeH 3 IMX ITiIXOIiB
Ma€ CBOI TlepeBarm Ta HEJIONIKU, 10 BU3HAYAE IXHIO JOIIJILHICTD Y 3aJIEXKHOCTI BiJT
crienupikm 3a1ati.

Autroputym risok i mexk (Branch and Bound, B&B) € knacuaaum metomom st
PO3B’sI3aHHs 3a/1a9 ONTUMI3allil, 30KpeMa, JUCKPEeTHUX 3a1a4 po3mintenns. [leir -
XiJT 6a3yeTbCsl Ha CUCTEMATHIHOMY JOCJIJI?KEHH] BCIX MOXKJIMBHUX BapiaHTIB pillleHb
ILJISIXOM PO3JILIeHHsT TPO0JIeMu Ha T1i/13a1a4i (riIkn) 1 BUSHAYEHHST MeK JIJIs MOYKJIU-
BUX ONTUMAaJbHUX pinieHb. OCHOBHA IepeBara ajropuTMy MOJisira€ B TOMY, IO BiH
MO2K€e 3HaXOUTH ONTUMAJIbHI PIllIeHHd, aJie 3pOCTaHHsad 00YNC/TIOBAIBLHOI CKJIaTHOCTI
B pa3i BeJIMKOI KiJIbKOCTI 3MiHHIX POOUTH HOr0 MeHI ePeKTUBHUM JIjIsI MacCIITaOHUX
zajad. Jloc/ipKeHHs TTOKa3yIoTh, 0 aJrOPUTM TiI0K 1 MeXK € 0COOJIMBO eheKTUuB-
HUM JIJIs 33/1a9 3 HEBEJIUKOIO KiJbKICTIO MOXK/IMBUX PillleHb, ajle BUMAara€ 3HATHUX
pecypciB pu BupiteHH] GBI CKIATHAX BUIAIKIB [7].
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EBpuctuyni ajropurmMu mpornonyoTh NPaKTHYHI PIlIeHHs, KOJIU TOYHE PillleHHS
€ 3aHaITO 3aTpaTHUM y 4Yaci. [li ajaropuTMu BUKOPHCTOBYIOTH HAOJIMKEHI METOIU
JUUTS TIIBUJIKOTO OTPUMAHHS PIllleHb, sIKi MOXKYTh He OyTH ONTUMAaIbHUMH, ajie JOCTa-
THBO OJTM3BKUMU J10 HbOrO. [Ipukiajgamu € xKaibuunii aaropuTM, reHeTUYHI aJaropu-
TMU Ta &JITOPUTMHU CUMYILOBAHOIO Binary. BoHU 1eMOHCTPYIOTH BUCOKY IIBUJIKICTD
o0YmnCIeHb 1 MOXKYTh OyTH ajilanToBaHi J0 crenudiky 3aj1adi, 1Mo poOuTh IX JIyxKe
KOPUCHUMHU B YMOBax peaJibHOro dacy. [Ipore, ocKiIbKY I aJropuT™Mu HEe rapaHTy-
I0Th JOCATHEHHS ONTHMAJIBHOTO PIllIeHHs, 1X BUKOPUCTAaHHS BUMarae o0epeKHOCTI i
rGOKOro aHaJi3y pesysabraris [8].

MeToin MAITUHHOTNO HAaBYAHHS, 30KpeMa ajaroputmu kjacudikariii, perpecii ta
HEWpPOHHI MepexKi, Bce Oi/IbIle BIPOBAKYIOTHCA B OINTUMI3aIlI0 TPAHCIIOPTHUX T10-
TokiB. [li MeToam MOXKYThH aHasi3yBaTH BEJUKI OOCATU JIAHUX, BUABJIATU 3aKOHO-
MipHOCTI Ta mependadaTd 3MiHM B TPAHCIIOPTHUX IIOTOKAX Ha OCHOBI 1CTOPUYHHX
JIAHNX. 1X BUKOPHCTaHHS J03BOJIsE 3a0€3IICUNTH aJalTHBHICTh MOJEICH, OCKIIbKY
AJITOPUTMU MOYKYTh aBTOMATUYHO BJIOCKOHAJIIOBATUCS B MPOIEC] HABYAHHS, CITUPa-
1o4nch Ha HOBI jani. e pobuTh X 0coOIMBO ePEKTUBHUMHE JIId CKJIQTHUX CHCTEM,
Jie TpaJuIiiiHi miIxomau MOXKyTh OyTu HemocTtaTHiMu. [IpoTe, BOoHM TakKo:K BUMara-
I0Th 3HAYHUX O0UNCTIOBAIBLHIAX PECYPCIB 1 AKICHUX JTaHUX JJIsT HABYaHHS, [0 MOXKe
GyTn oOMeKeHHAM s iX 3acrocyBanHs [9).

Tabaruus 1.
HOplBHHHHH e(l)eKTI/IBHOCTl METO/1B OIITUMI3allll JUCKPETHO1 3aa41 PO3MIIICHHA
OcHoBHIi . IMTpuknamu
Meton ITepeBaru Hepouikn p
XapaKTepUCTUKN 3aCTOCYBaHHS
. ITigxomurs miist
Poszainsie ROR &
33729 3
npobeMy Ha Yac BUKOHAHHS
. . 0OMEXKEHOIO
Bukopucrosye migzagadi Ta . . MOXKe 6yTHI
. . KIJIbKICTIO
. CHCTEMaTUIHUN 0OMEeXkKyE MOKJIUBI . . 3HATHUM.
AsropurMm risok L. . BapiaHTiB. .
. miaxin 1o pimreHHs. Onrumizaris
1 mexc 03B’s13a, TapanTye Bucoxa o3Mile
B’ I3aHHSA HT MilIeHHS
p . pamTy 06YnCTIOBAJIbHA p -
3aa4i. 3HAXOJIXKEHHST . CKJIAJIIB Y
CKJIQIHICTh TIpU . ’
ONTUMAJILHOTO . JtoricTur.
. BEJIMKHUX PO3Mipax
piteHHsI. .
3aa4i.
Moxke npariroBaTu
Bukopucrosye Pesynbraru
Bukopucrosye . 3 BEJINKUMU
. ka 161 abo MOXKYTh
. HabJIMXKeHl MeToIn . JTAHUMU. .
EBpucruusi reHeTUYHi BapilOBATHUCH.
JUTSL IIIBHJIKOTO He rapantye .
aJropuTMu AJICOPUTMU. IInanun posnoxiny
OTpUMAaHHS . 3HAXOJ[?KEHHST .
. [IsunkicTe pecypciB y
pillieHs. ONTUMAJILHOTO .
OOIUCIIEHD. . peajibHOMY 4aci.
pileHHs.
Mozke nparoBaTu
Mozxe par Bucoxka
. . 3 IUHAMIYHUMEA
Amnanisye Besuki aZANTyBATUCA HA 0BUHCTIOBAILHA
Metonu . CUCTEMAaMU. K
00CATH TAHUX JIJIS OCHOBI HOBHX . CKJIATHICTb.
MaUIMHHOTO ITorpebye BeauKoOl
BUSIBJIEHH S nanux. Bucoka X . IIporunosyBanus
HaBYaHHS . N . KIJIBKOCTI
3aKOHOMIPHOCTEH. aJlalTUBHICTD Ta TPAHCIOPTHUX
. HaBYAJIbHUX . .
TOYHICTB. MIOTOKIB y MicTax.
JIAHUX.

Bubip meroay s po3B’sd3aHHs JUCKPETHOI 3a/iadi PO3MIIIEHHS 3aJI€KUTh BiJl
cuerudiky 3a/1a4i Ta pecypciB, JOCTYIHUX Jjid 11 Bupimenad. Koxen meroj; mMae
CBOI CUJIbHI Ta ¢J1abKi CTOPOHU, sIKi CJIiJI BPaXOBYyBaTH IIPU PO3POOII ONTUMIBAIIHHIX
pillleHb Y TPAHCIIOPTHUX CHCTEMAaX.

[Iporre sk BUAHO 3 TabJINII, METON MAITMHHOI'O HABYAHHS J€MOHCTPYIOTH Hail-
BUIYy epPEeKTUBHICTH MPU MiHIMAJBLHUX 3aTpaTax 4dacy Ha odumcienns. OHakK, BO-
HU BUMAaraloTh 3HAYHOI KIJIBKOCTI HaBYAJbHUX JAHUX Ta aJalTallll O KOHKPETHOI
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TPAHCIIOPTHOI CUCTEMU.

Moyiesri MAITMHHOTO HABYAHHS, 30KPEMa aJITOPUTMHU, 110 BUKOPUCTOBYIOTHCS IS
IIPOTHO3YBaHHA TpadiKy, € MOTYKHUM IHCTPYMEHTOM I aJallTallil Mojiesiei 1o
peayibHUX YMOB. 3 iX JIOTIOMOTOI0 MOXKHA AHAJI3yBATU BeJUKI OOCATH JIAHUX, ITI0
Ha/IXOJIATH 3 PI3HUX JIZKepeJl, BKJIIOYaIOu CYIIyTHUKOBI 3HIMKH, JIaHl IIPO 3aTOPU Ta
TIOTOTY.

OcHoBHA MeTa BUKOPUCTAHHS MAITUHHOTO HABYAHHS TIOJISITAE B IIABUAIIEHHI TO-
YHOCTI MPOTHO3iB. AJITOPUTMU MOYXKYTh BpaxoByBaTu 06e3Jid (hakTOpiB, IO BILIU-
BalOThb Ha TPAHCIOPTHI IOTOKM, 1 aBTOMATUYHO KOPUTYBATH MOJIEJI B PEaJTbHOMY
Jacl.

[TepeBarn mMammHHOrO HaBYaHHS BKJIIOYAIOTH 3JI@THICTH JO CAMOOITHUMI3aIll Ta
ajranTarii. Ile 703BoJIsIe 3MEHITIUTH 3aTOPU Ha JIOPOTax, MiJIBUMUTH €(PEKTUBHICTH
IlepeBe3eHb 1 3MEHITUTH BUKU/IM BYTJIEKHACJIOTO rasy.

[Ipore, icHytOTH pUBMKH, TOB’d3aHi 3 HEJOCTATHBOIO HAIWNHICTIO MOJEsIE, 10
0a3yroThCd Ha HEIOBHUX a00 HETOYHUX jlaHuX. KpiM TOro, ajroputMu MOXKYTh BU-
MaraTu 3Ha9HUX OOYHMC/TIOBAJILHUX PECYPCIB Jj1d HABYAHHS Ta 3aCTOCYBAHHSI.

Xo4eThesd 3a3HAYUATH, IO MPOI'PECOM Y Tajly3i ONMTUMIi3allil TPAHCIIOPTHUX ITOTO-
KiB MOXKHA BBAsKaTH BIPOBaJZKEeHHsM miTy4dHoro inrenexry (I1II).

Y cydacHUX yMOBaX, KOJU B YKpalHi TPUBAIOTH BICHKOBI JIil, 1le MUTAHHA CTA€
0CcODJINBO aKTyaJbHUM, aJI7Ke TePEKPUTTS ab0 IMOIIKOJIZKEHHS JOPIT 3HAYHO YCKJIa-
JIHIOIOTD TIepecyBaHHs TPAHCIOPTY. 3aB/IIKU CyIIyTHUKOBUM JauuM i ix anasizy [I1I
MOKH& OTPUMATHU OIEPATUBHY 1H(MOPMAINIO PO CTaH JIOPIr, HAABHICTH MEPEITKO/T
abo aBapiitui curyariii, 10 JI03BOJIAE€ TPUIMATH IIBUJIKI PIIEHHS JJIsT MAPIIPYTU3a-
il TPaHCIIOPTHUX ITOTOKIB.

BpaxoByioun ckjajini yMOBH, IO CKJIAJIKCS B YKpaiHi misi gac Bilinu, mpodsema
ONTHUMI3aIlil TPAHCIIOPTHUX IMOTOKIB CTA€ KPUTUIHO BaKJIMBOIO. BoHa Mae cTpare-
ridHe 3HAYEHHs 9K JIJI 3a0e3IeveHHsT BilfiCbKOBOI JIOTICTUKM, TaK 1 JIJIsI IHATPUMKHI
IPOMAJIAHCHKOI 1HDPACTPYKTYPU. 3aCTOCYBAHHS CYIIyTHUKOBUX 3HIMKIB, pOaHaJIi-
30BaHUX IITYYHUM IHTEJIEKTOM, MOXKE CyTTEBO MOKpAIIUTH e(beKTUBHICTE 1 Oe3reKy
TPAHCIIOPTHUX OIlepaliiif, & TAKOXK CIIPUATU IIBUIIIOMY BiIHOBJIEHHIO TIOIITKO/IZKEHNX
NUIAXIB.

[II 3naTen He Juie BUABIATH peasibHi TPoOJIeMu, TaKi K MOIKO/RKeHHS 1H(pa-
CTPYKTYPH, ajie I Ha OCHOBI INX JIAHWX T€HEPYBATU JWHAMIYHI MapIIpyTH, OMITAMI-
30BaHi B peajibHOMY daci. [le 0cob/IMBO BarXKIMBO /It €KCTPEHUX CJIY2KO, BillCbKOBHUX
repeBe3eHb Ta I'YMaHITapHOI JOTIOMOTH, Jie KOXKHa XBUJIMHA MOYKe OyTH BHUPIilIasb-
HOIO.

Azke HII-anropurMu J103BOJISIOTH aHAJII3YBATH BEJIUKI MACUBH JIAHUX Y PEAJTb-
HOMY daci, IPOTHO3YyBaTH 3aTOPU Ta aBapil, a TaKoK 3a0e3ledyBaTh aJlallTHBHE
YIPaBJIIHHA TPAHCIIOPTHUMHE TTOTOKAME. 3a JOIMOMOI0I0 TEXHOJIOTIH MaIUuHHOTO Ha-
BYAHHS MOYKHA JIMHAMIYHO KOPUT'YBaTH MapIIPYTH, [I€PEPO3NO/ILIATH TPAHCIIOPTHI
[IOTOKH Ta MOKPAILYyBaTU (DYHKIIOHYBAHHS TPAHCIOPTHOI iH(DPACTPYKTYPH.

Bukopucranug guHaMiYHAX MOJIeJIell ONTHMI3AIll TPAHCIOPTHUX TOTOKIB BIKE
IIPOJIEMOHCTPYBAJIO CBOIO €(DEeKTUBHICTh y Oararhox mictax cBiTy. Hampukias, y Ta-
kux mictax, gk Ciaramyp ta Tokio, aKTHBHO 3aCTOCOBYIOThCS IHTE/IEKTYAJIBHI TPAHC-
noprui cucremu (ITS), ski wa ocuoBi juHamivaux mogesnein Ta I nporuosyoTs
3aTOpPU, KOPUTYIOTH CUTHAJIU CBITJIO(OPIB Ta HAMAIOTH PEKOMEHJIAIN 11010 BUOOPY
MapIIPyTIB I BOMIIB y pe:kKuMi peasjbHOro dacy. B tabiumi 1.2 HaBemgemo OLIbIIT
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JeTaJbHUI ONUC IHTEJIeKTyaJIbHUX TPAHCIIOPTHUX CUCTEM B PI3HUX MiCTax CBITY.

Tabruus 2.
HosirtHi inTesekryanbui Tpancnoprai cucremu (ITS) B Haiibinbmmx Micrax cBiTy

Micto Intenekryanbui TpaucnoprHi cucremu (ITS)

Smart Traffic Management System: aBTomaTu<He yIpaBiiHHS 10-
POKHIM DyXOM Ha OCHOBI JJaHMX B PeKUMi peajbHoro 1acy [10].

Electronic Road Pricing (ERP): cucrema aBTOMaTHYHOI OIIATH 3a
POI3/| B EHTPAJLHUX palioHax, 110 3MeHIye 3aropu [11].

Tokyo Traffic Control System: inTerpoBana cucreMa MOHITOPHUHTY
Ta ynpasiiaHs TpadikoM, MO BUKOPUCTOBYE HaHi Bix cencopis [12].

VICS (Vehicle Information and Communication System): naznae Bo-
nisM irdopmaniio npo crad gopir i 3aropu [13].

Smart Traffic Lights: amantusni cBiTnodopu, ki KOPUryIOTH HYac
3MiHM CUTHAJIIB Ha OCHOBI peasbHOro Tpadixky [14].

Bapcenona Public Transport Management System: cucrema, I10 omTumisye
MapIIpyTH IPOMaICHKOIO TPAHCIIOPTY Ha OCHOBI JAaHMX IPO HACarKH-
pis [15].

Congestion Charge Zone: cucrema, mo cTarye miaary 3a B’is3g y
LEHTp MiCTa B TOAWHM IIK Jylsl 3MEHIIEHHs 3aTopis [16].

TfL Traffic Information: nagae nani mpo 3aropu i JOpPoKHI poboTu
B peasbHOMY 4aci [17].

NYC Traffic Management Center: nenTpaJiisoBane ynpaBJiHHs JI0-
POXKHIM PYXOM 3 BUKODUCTAHHSIM aHAJITHUKM JAHUX Ta BlIeOHAIVISIZY
Hero-Mopk [18].

Waze for Cities: criBnpains 3 gogarkom Waze Jjiss OTpUMAaHHS Ja-
Hux 1po Tpadik i pekomenmaniit momo mapmpyTy [19].

Smart Traffic Management System: cucrema, 1110 BUKOPUCTOBYE CEH-
copu Jisi MOHITOpUHTY Tpadiky Ta Kopekiil citiodopis [20].

Public Transport Operation System: onTumisaris poboru rpomas-
CHKOI'O TPAHCIIOPTY Ha OCHOBI NACayKUPONOTOKY [21].

Cinramyp

Tokio

Jlonmou

Ceyn

CyuacHuil po3BUTOK iHTeeKTYaIbHIX TpaHcnopTaux cucreM (ITS) y Bemukux
micrax, Takux sk Cinramnyp, Tokio, Bapcenona, Jlonmon, Heio-Iopk ta Ceyi, me-
MOHCTPY€E 3HAUHUIA 1Iporpec y cdepi onTuMizariii TpancropTaux motokis. i cucre-
MW BUKOPHUCTOBYIOTh PISHOMAHITHI TEXHOJOTII, TaKi K aBTOMaTU30BaHe yIPaB/IiH-
Hsl JOPOXKHIM PYXOM, aJIallTHBHI CBITJIOOPHU Ta MOHITOPUHI CTaHY JOPIl' y PEKU-
Mi peaJibHOTO Hacy. Bci 1l MeToan € 4acTUHOIO JTUHAMIYHUX MOJIe/Iel ONTUMi3alril
TPAHCIOPTHUX MOTOKIB, siKi 3a0€31e4y0Th e(hpeKTUBHICTD 1 3pYyUHICTH JIJIs BOJIIIB Ta
IacaKnpis.

[Ipore, B ymMoBax HemnepeadadyBaHUX CHUTYalliil, 3 SKUMH CTUKAETbCA YKpalHa,
CcTa€ OYEBMJIHUM, IO TPAJIUINNHHI MOJE, sgKi 6a3yI0ThCd Ha JUCKPETHUX 3aJadax
PO3MIiIleHH s, ByXKe He 3JIaTHI aJIeKBAaTHO pearyBaTh Ha JUHAMIKY CY9acCHOT'O JTOPO-
»KHBOTO pyxy. Pizni daxkropu, Taki gk npuposai karactpodu, aBapii, 3MiHu B Map-
MIPYTHi MepexKi ab0 HaBITh CONMIAIbHO-TIOITUYHI OOCTABUHU, MOYXKYThH PAITOBO 3Mi-
HATU TpadiK 1 yCKIQJIHUTHA TPOIHO3YBAHHA.

s Toro 106 eeKTUBHO BUPINIyBATH Ii BUKJIUKK, HEOOXITHO BIIPOBA/IXKYBaTH
HOBI TeXHOJIOTI, sIKi He Jinie 30upaloTh JdaHi, ajge i 0OpPOoOJIIOTh X y peaJbHOMY
vyaci. 3aCTOCYBaHHs MAIIMHHOIO HABYAHHS 1 IITYYHOIO IHTEJIEKTY MOYXKE CYTTEBO I10-
KPaIUTHA aJallTUBHICTh Mojiesieil 10 mocTiitHo 3MiHoBaHuX ymoB. Harmpukiasn, cu-
CTEeMH, FKi BUKOPUCTOBYIOTH CYIIYTHUKOBI 3HIMKH Ta JlaHi 3 MOOLIBHUX J0JIaTKiB,
MOXKYTb aBTOMATUYHO KOPUTYBATH MAPIIPYTU 1 YIPABIATH CBITIOOpAMU, 3MEH-
MIYIOYN 3aTOPU Ta Yac OUIKyBaHH.

Mu 1poroHyeMo po3poOUTH KOMILIEKCHY CHCTEMY, 10 0a3yeThCs Ha JUHAMITHIX
MOJIEJISIX ONTUMI3allil TPaHCIOPTHUX MOTOKIB, K& BKJIIOYATHME:
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e Cucremu 300py JIaHUX y peaJibHOMY 4aci: Bukopucranus ceHcopis, Kame-
PU CIIOCTEPEXKEHHS Ta MOOLIbHUX JIOJATKIB JjIsd 300py JAaHUX MPO CTaH JIOPIT,
3aTOPH Ta MacaKUPOMOTOKH.

e AnropurMmu o6pobku ganux: Po3zpobka anropuTmiB Ha OCHOBI MAaITUHHOIO
HaBYaHHs, SKi 3MOKYTh aHaJII3yBaTH BEJIUKI OOCATH JIaHUX 1 BUSBJIATH IIATEPHU,
10 JIO3BOJIUTH TIBUJIKO pearyBaTH Ha 3MIiHU B TPAHCIIOPTHUX IMOTOKAX.

e A manTuBHI MoeJIi yIIpaBJiHHA: 3allpOBa/XKEeHHs aJallTUBHUX MOJIE/ e, sIKi
MOXKYTb CAMOCTIHHO KOPUTYBaTH AJTOPUTMU yIPABIIHHA TPAHCIOPTHUMHU I10-
TOKAMHU Ha OCHOBI OTpuUMaHUX jaHuX. lle 103BOJIMTHL ONTUMI3YyBATH CUTHAJIH
CBITJI0DOPIB, yIpaB/IiHHS I'POMAJICHKUM TPAHCIOPTOM Ta MApIIPYTH JIJIs ITPHU-
BaTHUX aBTOMOOILIIB.

e CynmyTHUKOBI TexHoJIOoTil: Bukopucranns cyrnyTHUKOBUX 3HIMKIB JIjI MOHi-
TOPUHTY JIOPOKHBOI'O PYXY 1 BUSIBJIEHHS ITPOOJIEMHHUX 30H, IO JI03BOJIUTH IIPO-
BOJIUTH MIBUJIKI KOPEKIIT B YIIPABJIIHHI TpadikoM.

Takox quHaMivgHI MOJIe/TI AKTHBHO BUKOPUCTOBYIOTHCS B JIOTICTHUII JIJIS TI/TaHY BAHHS
TpaHCIIOPTYBaHHA ToBapiB. Hanmpukiia i, BeJMKi JIONiCTHYHI KOMITaHil 3aCTOCOBYIOTH
Il MOJIEJTi /171 ONTUMI3aIlll MapIIpyTiB JOCTABKH, IO JTO3BOJIS€ 3MEHITTUTH BUTPATH
Ha TepeBe3eHHs Ta IJIBUIUTH e(DEKTUBHICTD YIPABIIHHSA CKJIAJICHKUMU 3aIIacaMu.

Opnniero 3 kioyoBux nepesar iarerpariii I B pimenna /ISP € moxkmBicTh 110-
€JIHYBaTH TPATUIIIHI METO/ M ONITUMI3allil, TaKl IK aJITOPUTM T1JIOK 1 MeXK, 3 MOTY-
JKHOCTSIMH CyYaCHUX aJOPUTMIB MarmuuHoro naBdanusd. [IIryganuit inTesekT Moxke
BUKOPUCTOBYBATHUCH JIJIA T€HEPYBaHHS ONTUMAJIbHIX MOYATKOBUX PIIllleHb Ha OCHOBI
aHaJIi3y icropuaHuX jJanux. Lle, B cBOIO 4epry, MozKe IPUCKOPUTH ITPOIIEC 3HAXOI2KEe-
HHS ONTUMAJJILHUX PIlleHb Ta 3HU3UTH 3araJIbHI BUTPATH Jacy.

Heitponni mepexi, gKi € OJHUM 3 eJIeMEHTIB IMITYIHOI'O 1HTEJIEKTY, MOXKYTh BUKO-
PUCTOBYBaTUCS JjIsi TTPOTHO3YBAaHHS 3MiH y TPAHCIIOPTHUX ITOTOKAX. 3aBJSIKU 374~
THOCT1 aHa/I3yBaTn BeuKi obcaru janux, [ moxe nepejgbadaT monuT Ha TpaHc-
MTOPTHI TIOCTYTH, a TAKOYK BUABJIATH MATEPHU B JIAHUX PO 3aTOPH, aBapil Ta iHTII
nozil. Ile mgo3Bosge cucTeMaM aIallTyBaTHCS JI0 HOBUX YMOB y PEXKUMIi peabHO-
ro 4acy, 10 € KPUTUIHO BaXKJIUBUM JIJIsi €(DEKTUBHOIO YIIPAB/IIHHSA TPAHCIIOPTHUMA
ITOTOKAMH.

Baxkmmsum acriekrom BripoBajizkennd [ B quckperni 3a1a4i po3MilIeHHd € MO-
JKJIMBICTB onTHMizaril B peagbHoMy daci. [IITyqruil iHTEIeKT MOXKe MOCTINHO aHa-
JII3yBaTH JIaHi 3 Pi3HUX JIZKEpeJI, TAKUX dK CEHCOPHU, KAMEpPU Ta MOOLIbHI JTOJATKHU,
11100 BUSABJ/ISITH aHOMAJIIl Ta KOPUTI'YBATH MapIIpyTH abo yIpaB/iHCbKi pimenHs. [e
JIO3BOJISIE CUCTEMI IIBUKO PearyBaTH Ha 3MIHU y TPAHCIIOPTHOMY CEpPEJIOBUII, 3a-
Oe3nedyroun OLIBIT eDeKTUBHE YIIPABJIIHHS ITOTOKAMH.

[Mle omnum BaxkMBUM HanpaMkoMm € Bukopuctanusg Il g cTBopeHHS HOBHX
E€BPUCTUYHUX AJTOPUTMIB, IO BiAMOBIAa0Th crenudilli AUCKpeTHHX 3a7ad. AJro-
PUTMU MaITUHHOTO HABYAHHA MOXKYTH HABYATUCH HA ICTOPUIHUX JAHUX, BUSIBJISITH
[aTepHu 1 BUKOPUCTOBYBATHU 1X JIjI IPUUHATTS PilleHb, 9Kl ONTUMI3YIOTh PO3Millie-
nug pecypcis. Lleit miaxins MoxKe CyTTEBO HIJIBUIUTH SIKICThH PIIlIEHb, aJlKe CUCTEMU
na ocuoBi I MoxkyTh afamnTyBaTucs 10 crenudivHux yMOB Ta BUMOT.

[mTerpariiss mMTYYHOrO iHTEJIEKTY B JUCKPETHI 3aJiadi PO3MIIIEHHS Hece B cobi
6e3mia nmepesar. [lo-epime, e nokpamenus: eekrusHocTi — IIII mozke 3abe3mednTn
O1bIIT ONTUMAJIbHI pillleHHsT 3a MeHmwuil dac. [lo-apyre, ajanTuBHICTb cUCTEM, IO
6azytorbed Ha I, poburh ix Oiabml criffkuMmu 10 3MiH y cepemosuii. [lo-Tpere,
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aBTOMAaTHU3allis MPOIECIB 3HUKYE MOTPeOy B JIIOJACHKIM y9acTi, MO TaKOK 3MEHIITYE
WMOBIPHICTH TTOMUJIOK.

[Ipore peasizaliist TaKUX CHCTEM TAKOK ITOB’si3aHa 3 MEBHUMU BUKIUKaMu. O THIM
i3 HuX € ckaaaHicTh iHTerpartii 11 y Bxke icHyto4l cucTemu, 1Mo MOYKe BUMAaraTu 3Ha-
YHUX 3ycuib Ta pecypcis. Kpim toro, edbekrusnicts I 3naunoo mipoio 3a1eKuTh
BiJI HAABHOCTI sIKICHUX Ta 00’€MHUX JaHUX JjIsd HaB4uaHHs. TexHidni mpobJiemMu, Taxki
K BUCOKI BUMOTH JI0 OOYHUC/IIOBAJILHUX TOTYXKHOCTEH 1 HeoOXiHICTh y (axiBIgx
JIJId peaJtizariil TakKux pilreHb, TAKOXK He BapTO ITHOPYBATH.

Takum YrHOM, BIPOBa/IXKEHHS IITYYHOTI'O 1HTEJIEKTY B JUCKPETHI 3a/a4l PO3Mi-
IIEHHs € He JIUIe MOXKJIUBHUM, aJjie i JIONUIBHUM KPOKOM y HAIPSAMKY ITiJIBHUIIEH-
Hsl e(DeKTUBHOCTI TpAaHCIOPTHUX cucTeM. CHHEPris MiXK TPaUIiiHUMU METO/IaMu
onTumizariil Ta HoBuMHU Texuosoriamu I MoxKe cyTTEBO 3MEHIUTH Yac Ta Pecyp-
cu, HeoOXiTHi JIJIst onTUMi3allil TpaHcmopTHUX MoToKiB. [le, B ¢BoIO Uepry, /103BOIUTH
JIOCATTHU OLITBITNOT CTIHKOCTI Ta aJlalTUBHOCTI CUCTEMH, 110 € KPUTUYIHO BAXKJIUBUM Y
CBITi, Jie 3MiHU BiZIOYBAIOTHCSA 3 BEJIMYE3HOIO MIBHJIKICTIO. 3aCTOCYBaHHS INTYYHO-
ro 1HTEJEKTYy He JIUIe MOKPAIIUTh YIIPABJJIiHHS TPAHCIOPTHUMM IOTOKaMH, aJje it
CTBOPHUTH HOBI MOYKJIMBOCTI JIJIg PO3BUTKY Ta IHHOBaIIiil y cepi TpaHCIIOPTY.

4. BucuoBku. Y crarTi Oy/I0 IIpEJICTaBICHO MiIXiJ JI0 BUPIMIEHHA TPOOJIEeME
ONTUMI3AIl] TPAHCIOPTHUX MOTOKIB Y JUHAMITHAX YMOBaX Ha OCHOBI JINCKPETHOI 3a-
Jladi po3MilleHHs. 3alpoIloHOBaHa MaTeMaTUIHa MOJIE/Ib JJ03BOJISIE€ BPAXOBYBATH Ua-
COBI Ta IIPOCTOPOBI 3MIHN B TPAHCIIOPTHUX MeperKax, 10 € BaxKJINBUM I PeaJTbHIX
JIOTICTUYHUX CHCTEM. 3allPOIIOHOBAHI MOJIe/i BUKOPUCTAHHS JIMHAMITHUX MOJIe/Iei
ONTUMI3aIlil TPAHCIOPTHUX TMOTOKIB, 3aCHOBAHNX HAa JWCKPETHIN 3a/1adi pO3MiIeH-
Hel, sIKi € KJIIOYOBUMM JIJIs I/ IBUIIEHHSA ePEKTUBHOCTI YIIPABJIIHHS TPAHCIOPTOM.

i mo1es1i TO3BOJIAIOTH aJIAITYBATHUCS /10 PeaJbHUX 3MiH, TAKUX K MOTOHI yMO-
BU Ta Tpadik, IO IMiIBUIILYE TOYHICTb MPOrHO3IB 1 3HMKYE 3aTpuMKu. J[01aTKOBO,
iHTerparlis eleMeHTiB MAIlTMHHOTO HaBYaHHS CIPUAE ONTUMI3allil pO3MIIeHH JIOTi-
CTUYIHUX O0’€KTIB 1 MOKpAIIye ONEPATUBHICTH peaxIliii Ha 3MiHU B IOIHTI Ta JIOPO-
2KHIX YMOBaX.

[Ipuknan amanrarii TPAHCIOPTHUX IOTOKIB B YMOBaX BEJIMKOI'O MiCTa JE€MOH-
CTPYE€, AK CE30HHI KOJMBAHHS 1 TOro/iHi (haKTOpU MOXKYTH OyTH IHTErpoBaHi B MO-
Jiesti g epeKTUBHOTO yIpaB/iHHA. BUKOpUCTaHHS aJrOPUTMIB, TAKUX SIK METOJIH
MAaIlTMHHOTO HaBYaHHS Ta aJTOPUTMU ONTUMIi3allil, /I03BOJIFE€ HE JIUIIE ITOJINITUTH
YIPaBJIIHCHKI pillleHHd, a # iICTOTHO 3MEHIUTH BUTPATU Ha TPAHCIIOPTYBAHHS.

Y KOHTEKCTiI CydJacHUX BUKJIWKIB, 30KpeMa BICHKOBUX /il B YKpaiHi, BaxKJu-
BICTHb ONTHUMI3aIll TPAHCIOPTHUX MOTOKIB CTa€ KPUTUIHOIO. [HTEIeKTyaIbHi TpaHCc-
IIOPTHI CUCTEMU, IO BUKOPUCTOBYIOTH JUHAMIYHI MOJE, 37aTHI 3a0e31medanTu ede-
KTHBHY JIOTICTUKY, 3MEHIUTA PU3UKKA Ta MOKPAIUTHA Oe3MeKy IepeBe3eHb. 3ara-
JIOM, iHTerpariisg Cy4acHUX TEXHOJIOTIf B TPAHCIIOPTHI CUCTEMU € BasKJIUBUM KPOKOM
y JOCATHEHHI TXHBOI epeKTUBHOCTI Ta HaIHHOCTI B yMOBaX IIBUJKO 3MiHIOBAHOI'O
CEepeJIOBUIIA.

[TepcrieKTUBY TIOJAIBINTNAX JIOC/IIJIPKEHDb TIOJIATAI0Th Yy PO3IIMPEHH]I MOJIeN s
MYJIbTHAr€HTHUX CUCTEM Ta IHTerpaliil MTYyYHOrO IHTEJEKTY /I NPOTHO3yBaHHS
TPAHCIIOPTHUX MOTOKIB.
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ture, as observed in Ukraine. It highlights the inadequacies of traditional static trans-
portation management models in adapting to real-time changes such as road blockages,
destruction, or increased traffic due to detours.

The article underscores the transformative potential of artificial intelligence and ma-
chine learning in analyzing large datasets, including satellite imagery, for adaptive trans-
port flow management. By employing Al-driven algorithms, the system can dynamically
adjust routes, predict traffic congestion, and provide rapid responses to infrastructural
changes. Examples from global intelligent transport systems in cities like Singapore and
Tokyo demonstrate the efficacy of similar technologies in enhancing traffic efficiency and
safety.

The proposed approach leverages dynamic optimization models rooted in the facility
location problem to account for temporal and spatial variability in transport networks.
These models integrate external factors like weather conditions, accidents, and infrastruc-
ture damage. The use of mathematical frameworks enables the identification of optimal
transport infrastructure nodes and facilitates real-time route optimization to minimize
transportation delays and costs.

Keywords: dynamic models, traffic flows, optimization, discrete facility location problem,
transport network.
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JIMHAMIYHUN TIIXIT 10 ®POPMYBAHHSA TECTOBUX
3ABJIAHD

VY cTarTi 3aIpOTOHOBAHO JUHAMITHAM MiIXi/T IO OMIHIOBAHHS PiBHS 3HAHB, IO JO03BOJISE
6e310CcepeIHBO M YaC MTPOXO/ZKEHHS TECTY BUSIBUTU CJIA0Ki Ta CUJIbHI CTOPOHU BCTYITHHKA
B IIpOIleCi HaBYaHHSI Ta MaiibyTHBOTO OCBOEHHsI Npodecii. uHamiuHe OIiHIOBaHHS 3HAHD
JIO3BOJISIE 3 TOUKH 30PYy Teopil IMOBIpHOCTE! Ta MATEMATHIHOI CTATUCTUKY BU3HAYUTH, STKA
JacTKa BiAIOBiIEi, JaHNX BCTYITHHKOM, 0a3y€ThCsI He Ha KOHKPETHHX 3HAHHAX, a Ha ¢a-
KTOpi BrayBaHHus. TakoxK MPUIIIEHO YBAry MATEMATHIHOMY MOJIETIOBAHHIO HAOIMKEHOTO
OIIHIOBAHHS 3HAHD MMPU BUKOHAHHI TECTOBUX 3aBJIAHD.

Kuaro4doBi ciioBa: aBToMaTH30BaHa CHCTEMA OI[IHIOBAHHS, IKICTh OI[IHIOBAHHS PiBHS 3HAHD,
JUHAMITHAN TAX1T 10 OIMIHKY PiBHS 3HAHDb, BCTYITHUK, 3700yBad BUINOI OCBITH.

1. Beryn. AsromaTruszoBaHa CECTEMa OIIHIOBAHHS 3HAHBL 3/100yBadiB BHUIINOI OCBITH
JI03BOJIsIE 00’€KTUBHO BU3HAYUTU PiBEHb 3HAHb Ta BMiHb, IO MOXKYTh OyTH HEOO-
XigHnumu Ta e(eKTUBHUME TTPU TI0JIa bl mpodeciitiiit jaisibHocti. B 3araabaoMy
aBTOMATU30BAHUI MM IX1/T TO3BOJISIE€ OIMIHUTHY 3HAHHSA Ta HABUYKM BCTYITHUKA He3aJe-
JKHO BiJI JTIOJICbKOTO (bakTopy. BukopucTanns aBTOMaTU30BaHOTO IiJIXO/Y CYTTEBO
3HUXKYE WMOBIPHICTH TMTOMUJIKOBOT'O PIIIEHHS IMOJI0 OIIHKU MPABUJILHOCTI BiJIITOBI T
Ta aJIeKBATHOCTI Cy/?KeHb, IO JI0 Hel ITPUBEJIN.

2. OcHoBHuii pesysnbrat. [locTaHoBKa 3aBJaHHA. [0J0BHOIO METOIO JAHOI
HayKOBOI pOOOTH € JOCJIJPKEHHS JIMTHAMITHOTO ITIX0/y J10 (hOpMYBaHHS TECTOBHUX
3aBJIaHb JIJIs [IEPEBIPKU 3HAHbL Ta HABUKIB BCTYNHUKIB. Po3risaeTbesa iHo3eMHuMii
JIOCBIJT BUKOPHCTAaHHSI TECTOBOT'O aBTOMATU30BAHOIO T TXO/LY JIO OIIHIOBAHHS 3HAHb,
itoro ebeKTUBHICTDH Ha MTPAKTHIIL].

3aIpooHOBAHO CTATHCTUKO-MATEMATHIHUI METO/I aHAI3Y JAHUX IOI0 PE3Y/Ib-
TaTiB TECTOBOT'O KOHTPOJIIO 3HAHD.

Amnajtiz ocraHHIX JIOCJiPKeHb Ta myOJikariii. /locsikennsaM aBToMaTu-
30BaHOTO TiIXOIy 3aiiMaucd Takl BiTUu3HdAHI gocainnmku, K T. B. Kosamox,
C. B. Kopoab, O. O. Hexisnbko, A. 4. Apxanrenscekuii, B. fdkosuna, O. C. ki,
B. I. lllunkapenko, A. H. [lukos, €. 4. lsernp, JI. B. Ilienuuna.

Cepe mocizKeHb 3aKOPIOHHIUX BUEHNX BapTo BimmiTuTi podorn A. 3. Bpome-
pa, I:x. /I. Bpayna, T. Xodbdmana, . Knamgama, /. Yosia ta iHmux.

Y oC/IiKEHHAX BKa3aHUX aBTOPIB PO3IJISIIA€TbCS HE TiMbKU cama e(eKTHB-
HICTb 3aCTOCYBaHHSA aBTOMATU30BAHOIO IIi/IXO/LY JIO OIIHIOBAHHS PiBHS 3HaHb, IIPOTE
TaKOXK 1 IICUXOJIOTIYHA CKJIA/IOBa MPOIECY TECTYBAHHSI.
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OcHOBHI pe3yibTaTh JAHUX JIOCTIIZKEeHD IPUCBIIEHI:

® OIIHII PiBHS CKJIATHOCTI MPOIIOHOBAHUX 3aBIaHb 3a/1/1s1 BU3HAYEHHS PiBHS 3HAHD
BCTYITHUKA;

® IIPUHITUITY TIOPIBHAHHA PiBHS CKJIAJIHOCTI TECTIB IIPU MEPEXO/Ii BiJ| OJIHOTO OJIOKY
3aB/IaHb JI0 HACTYITHOTO;

e OIIHIOBAHHIO 3aBJ[AHb TBOPYOTO XapakTepy (HANPHUKJIA, JIJIs 'yMaHITAPHUX JI¥i-
CIIUILIIH);

® JIOCJTPKEHHIO IMOBIPHOCTI Bra/lyBaHHS TPaBUILHUX BiJIIIOBI 1€l B TECTOBUX 3aB-
JIAHHAX Ta WOro BIUIMBY Ha KiHIIEBUI pe3y/IbTaT TeCTyBaHHS;

e aHaJIi3y BaroBux 06ajoBUX KoeilieHTiB OaJsiB 3a/ie2KHO Biji OJIOKY, 10 SKOT'O
HAJICX)KUTH 3aBJaHHSA, TAKOXK OE3II0CEPEeIHBO BiJl IPE/IMETY.

Y 3arajibHOMY BUIIQJIKY MTOHATTS «e(EKTUBHICTh BUKOHAHHS 3aBJIaHHSI» MOXKJIU-
BO 3BECTH JI0 TBEPJIZKEHHsI, 1110 BECh ITPOIIEC OIIHKK PiBHS 3HAHBb 3BOJIUTHCA JIO TAKUX
KOMILJIEKCHUX PUC, AK:

® BMiHH$ 3aCTOCOBYBATH JIJId BUPIIIEHHS 3aIlIPOTIOHOBAHUX 3aB/IaHb 3HAHD, 3/100Y-
TUX TiJT Jac TPoIecy MONepPeIHLOTO HaBIaHHS;

® 3/IATHICTH KOMIIOHYBATH Mi2K COOOIO BiJIOMI aJIrOPUTMHU JIJIsi TIONIYKY IIPABUJIHHOI
BiIIIOBIIi;

® IIPOSIB TBOPYOT'O HECTAHIAPTHOTO MiJIXOTY Y TMOETHAHHI 31 CTAHIAPTHUMU CIIOCO-
OaMu BUPIIIEHHST 3aBIAHHS.

['otoBHOIO IPUYMHOIO BBEJEHHS CTAHIAPTHOTO TECTYBAHHS € BUKJIIOYEHHS JTIO/-
CBKOTO (haKTOPY JOIYIIEHHS TOMIIKH ITi/T Tac epeBipKr OTpUMaHuX jaHuxX. OCKiib-
KU JIJTsI CKJIa IaHHs TECTIB, 9K 1 JJId MM IpaxyHKy OaJ/IiB, BAKOPUCTOBYIOTH KOMII IOTEPHi
IIporpaMu, MPOIE/ypa € TOBHICTIO aBTOMaTHU30BAHOIO.

3100yBadi I 9yac TecTyBaHHs 1epe0yBaloTh Y PIBHUX yMOBaX, YMOBHU 3aBJaHb
onuakoBi. TecTn OXOITIOIOTH yCi pO3IVISyBaHl MiJl YaC HaBYaHHS TEMHU, TOMY BCI
OTPUMYIOTH PIBHI MOXKJIWBOCT1 HE3aJIC’KHO BiJI MicCIlg IMPOXKHWBAHHS YU THIIY OCBI-
THBOTO 3aKJIaJly, B SKOMY BOHU HABYAJMCD.

[TpaxkTwaHo yci BUBYEH] TeMU HaBYAJIbHUX JUCIUILIIH BKIIOYAIOTHC JI0 TECTYBa-
HHdA. Y TOH Yac, siK 37[ada YCHOTO iCIUTY 3a3BUYail 1epedaiae BiIoOBiIb Ha TIEBHY
KIJIbKICTh TEOPETUYHUX NMHUTAHHSA 1 BUKOHAHHS KiJIbKOX NMPAKTUIHUX 3aBJaHb, Te-
CTYBaHH¢ JIO3BOJISIE TEPEBIPUTU 3HAHHS BCTYIHUKA 3 YCHOT'O KYPCY, BUKJIIOYUBIIN
eJIeMeHT BUIIaJIKOBOCTI.

TectyBanng € OLIBIT TOYHUM, HiK 3BUYANHUI ICIIUT, METOJIOM OIHKHU PiBHS
3HaHb, OCKIJIbKHU JIO3BOJISE OIIHUTHU SK 3HAHHS KOHKPETHUX (aKTiB, OKPEMUX Te-
OPETUYHUX Ta MPAKTUYHUX TBEP/KEHb, TAK 1 BMIHHS 1X BUKOPUCTOBYBATH 3& YMOB,
KOJIM 3aBJ/IaHHs HE MA€ HAIepe]] 3aB/JIaHOI0 aJITOPUTMYy TOYHOIO BUpIMeHHdA. Takum
YUHOM, JedKi OJIOKH 3aBJaHb I1epe/I0avaloTh 3HaHH BUKJIIOYHO TEOPETUIHOI YacTH-
HU BUBYEHOI'O MaTepiajly, iHIINI — MpakTU4He 1X 3acTocyBaHHd. KiJbKicTh UTAHb
JIOCTATHBO BEJIMKa, 100 MMOCTYIIOBO MMOKPUTH BECh KYPC BHBYEHOI'O MaTepially.

[Ipu po3pobiii Tecty, 110 € 3po3yMiaInM 3/100yBady, HEOOXiIHO 3a/IydaTh JOCBiTIe-
HEX (axiBIiB Ta TPoBOANTH POOHI TecTyBaHHs Ha (boKyc-rpynax [5]. Le qo3BoauTsh
OTPUMATH TIOTIEPeIHI JIaHl TPo e(eKTUBHICTH BUKOPUCTAHHS PO3POOJIEHNUX 3aBJIaHb
Ip¥ MaiOyTHHOMY TECTYBAHHI BCTYITHUKIB.

BarajioM BUTpaTH IIiJ] YaCc TeCTYBaHHS IIPUIAIAI0Th Ha PO3POOKY SIKICHOTO MaTe-
piauty. Ilpu mpomy BUTpaTn Ha IPOBEJIEHHS TECTY 3HAYHO HUXKYi, HI2K IPU ITHUCHMO-
BOMY YU yCHOMY IIPOBEJ/ICHHI 1CIIUTY.
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Besnocepeinbo TecTyBaHHd Ta KOHTPOJIbL PE3Y/IbTaTiB 3aiiMae MiBTOPHU-JIBI I'O-
quan (iHOmi Glsibiie) Ta mOTpebye MPUCYTHOCTI KIBKOX CHOCTepIradiB. YCHUH dn
HICHMOBHM ICIIUT TPUBAE IMOHANMEHINe YJOTUPHU TOAUHN 1 HABITH KiJIbKa JHIB, a s
00roBOpeHHS Ta OIHIOBAHHA PE3Y/IbTATIB HEOOXIIHUM € CTBOPEHHS KOMIIETEHTHOT
KoMicil. ABroMaTn3oBaHa CHUCTEMa OLHIOBAHHS JO3BOJISIE 3MEHIIUTH TEPMIH IIepe-
BipKM BiJIIIOBijIell y KiJibKa pasiB, 110 JIO3BOJIUTD I ABUIIUTH €(DeKTUBHICTH 0OPOOKHT
pe3yJIbTATIB, MO BiJI0OparKalOTh sIKiCTh 3HAHB 3700yBaviB BHIIOI OCBITH.

TectyBanHS cTaBUTH BCiX 3/100yBadiB y OJHAKOBI YMOBH, BUKOPUCTOBYIOYH CTaH-
JApTHY TPOIELyPy Ta €IUHI KPUTEPIil OIIHKHA, IO JIO3BOJISIE 3HU3UTH PIBEHb XBUJIIO-
BaHHS Ta cTpecy cepell HuX |7|. 3 MCHXOJIOrivHOT TOYKM 30Dy BaXKJIUBO PO3JLIATU
JIBa BUJU CTPECy — JUCTPEC Ta €yCTpec, OCKLIbKM MEPIINil BUJI CTPeCy MPOBOKYE
HeraTUBHE CTaBJIEHHS JI0 ICIUTY, IHITUN — CTBOPIOE MMO3UTUBHE, IO 34 MEBHUX YMOB
CHPUATINBO BIUIMHYTHU Ha IHTEHCUBHICTD IIPOIECY MUCJIEHHS.

Bukopucranns TecToBOro KOHTPOJIIO € eMEKTUBHUM IPHU IEPEBIPIi OCHOBHUX,
0a30BUX 3HAHbL HA OCHOBI BUKOHAaHHS CTaHJIAPTHUX 3aBiaHb. /lani, orpumani B pe-
3yJIbTATI TECTYBaHHS, € CTATUCTUYIHUM BiJIOOpaKEeHHIM IIPOOJIEM B PO3YMIHHI yUHEM
KOHKDETHHX TeM. 3 iHIIOro OOKY, TAKOXK € HMOBIPHICTH TOTO, IO YMOBa 3aB/IAHHS
Oy/1a HEOJIHO3HAYHOIO, 1 TECTOBAHUI He 3PO3yMiB CyTi MUTaHHs, YU He po3ibpaBcsd,
sIK 3aIIOBHIOBATH TECTOBUI OJIAHK Ta HEPeITyTaB BiIIIOBI/I.

Bumesrajjani nepeBaru TeCTOBOro KOHTPOJIIO PiBHS 3HAHb ITPU3BEH JI0 TITUTPOKO-
ro fioro po3MOBCIOZKEHHs B bararbox Kpainax cBiTy (aus. Tabii. 1), mo o6yMOBIeHO
HEYIEPE/IZKEHICTIO CUCTEMU TEePEBIPKU IOTOBUX PE3Y/IbTATIB, MIBHIKICTIO 00POOKU
KIHIIEBUX JIAHUX Ta 3HUKEHHAM MMOBIPHOCTI JOMYTIEHHA TOMUIKHI TiJT 9ac TepeBip-
KI BUKOHAHUX 3aB/IaHb JI0 MiHIMAJIbHOTO 3HAYEHHS.

fK cBiTUUTH MIXKHAPOJIHUI JIOCBIJI BIPOBA/ZKEHHSI TECTOBOT'O KOHTPOJIIO TEpe-
BIPKH sIKOCTi 3HAHb BCTYIHUKIB, 1010 hopMaT 3BOJUTHCS HE TIJILKH JIO IHINOTOBKI
Oe31mocepeIHbO JI0 3/1a9l iICIUTY, ajie TAKOXK 1 JI0 TPUHIUITY <«HABYAHHS ITPOTATOM
KUATTdA», TOOTO, Ha BIJIMIHY BiJI TpaJUIIHHUX ICIUTIB, IPU 3J1a9l AKUX HEOOXiTHO
JaBaTH «PO3TOPHYTi» BIJIMOBIII Ha TOCTAB/IEH] 3aIUTAHHSA Ta BUPINIYBATA HEBEJUKY
KIJIbKICTh MPAaKTUYHUX 3aB/IaHb, TECTOBUI (DOpMAT JIO3BOJIAE OXOIMUTH MaiizKe BECh
HaBYAJbHUN MaTepiay Ta MepeBIpUTH BMIHHS BCTYITHUKA MUCIUTU HECTAHJAPTHO 1
npuitMaTu OOyMaHi PillleHHS y CKJIQTHUX CUTYyallisX.

Jzkepeio: cKIaJIeHo aBTOPOM Ha OCHOBI [3].

3araJiom IiIxo/u, M0 BUKOPUCTOBYIOTHCS IIPU PO3POOIIl aJIrOPUTMIB ITPOBE/ICHHSA
KOHTPOJIIO 3HaHb, IIEpeBaykKHO YHI(pIKOBaHI Ta CIpIMOBaHi Ha:

® JKOMOTa IIUPIIEe OXOIJIEHHsI TEOPETUTHOTO MaTepiaay 3a IpeIMeTaMu;

e IIepeBiIpKY BMIHHS BUKOPUCTOBYBATHU 3HAHHS Ha IPAKTUIIL;

® BMiHHS MUCJUTH HECTAHIAPTHO Ta MOEIHYBATH MizK COOOIO JIjId BUPIIIICHHS 3aB-
JaHb PI3HOMAHITHUX (HABITH PI3HOPIMHKUX) 3aCOBIB Ta METOJIB, IO CBLIYATIME
PO HECTAHIAPTHICTH MUCJIEHHST BCTYITHUKA.

l'onoBHUM HEIOIKOM TeCTYBaHHA € HEMOXKJ/IUBICTH MOBHICTIO TIEPEBIPUTH Ta OITi-
HATU BUCOKI, TPOJIYKTUBHI PiBHI 3HAHb, MOB’dA3aHi 3 TBOPYICTIO, TOOTO IMOBIpHICHI,
abCTpakTHI Ta METOIOJOTIUHI 3HAHHS.

[Ipornec TecTyBaHHsS MICTUTH B €001 €JIeMEHT BUITAIKOBOCTI. THUIIOBOIO € cuTyaltisd,
3a KOl BCTYIHUK, IKWI He BIJAMOBIB Ha MPOCTE 3aIMTAHH:A, MOXKE JIATU MPABUILHY
BimoBiib Ha ckiaaHime. Taka BunakoBa 1mojis (AMOBIpHICTD i1 HACTAHHS HE3HA-
YHA) CIIOTBOPIOE IIJICYMKOBI PE3YJIBTATU TECTY.
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Tabaruus 1.
dopmar MpoBejIeHHs TECTOBUX TepeBipok 3Hanb, aHasorivanx SHO/HMT B
KpalHax CBITYy

Kpaina Anasorn 3HO/HMT

Haiibmmkuum anamorom € «Mamypa» (Egzamin maturalny), mo €
KOMILJIEKCHOIO IIEPEBIPKOIO 3HAHb 3 MOJIbCHKOI Ta iHO3eMHOI MOB, Ma-
TeMaTHKU. MOBHU CKJIaIal0Th YCHO, MaTeMAaTHKa Ta JOJTATKOBHUI iCIIUT
IIICHMOBO.

IcuTy npoxoaATh y mIKoJaxX 3a MPUCYTHOCTI BUKJIAJIAYIB 3 iHIINX
y4a60BHUX 3aKJIAIIB.

Jsis1 OTpEMAaHHST OTPUMATH aTeCTaTy 3PioCcTi, TOCTATHHO HaOPaTH
JIIlle TPETUHY IIPABUJIBHUX BiJIIOBizeil.

Taxwuit popmar nepeBipku piBHS 3HAHb 0OOB’I3KOBHIl IS BCTYIIHHU-
kiB 10 BH3 Ta BumyckHukis Jineis.

General Certificate of Secondary Education.

IHoabmma

BeJ’[I/IKa IIIkinbHa ocBiTu TpuBae 13 pOKiB; JBa OCTaHHIX MPUCBAIYIOTHCS
. nigrorosni no Berymy mo BH3.
BpI/ITaHlﬂ A-level (GCE Advanced Exam, npocynyruii pisens iciuty GCE

piBHsI A) — pe3ysnbTaTH € MiJICTaBOIO JJIs BCTYIy a0 obpanoro BH3.

Zeugnis der allgemeinen Hochschulreife (Abiturzeugnis, A6imyp).

OCKIJIBKY BCTYyIIHUX iCIUTIB HEMAae, B IX POJIi BUCTYIAIOTH PE3yJIbTa-
T AGiTyp pa3om i3 cepTudikaToM, 10 MiATBEPIXKYE TOCTATHE 3HAHHS
HIMEIbKOI 91 aHTAiMCHbKOI MOB JIJIsl iHIMTOMOBHUX TI'POMAJIsIH.

€IMHOr0 BCTYIHOrO icnuTy HeMae. st mepeBipku 3HaHb BUKOPUC-
. TOBYETHCSI TECT JIJIsl BUILyCKHUKIB, 1110 OTPUMAJIN IIOBHY CEPEJHIO OCBi-
@paHulf_{ Ty — Baccalaureat Francais.

B arecrar, mo Bugaerscsa (Le BAC), Bkazana crerjasizaris: Jiite-
parypa, npupofaudi Hayku, ekonoMika (iairepu L, S, EC).

IIpu BcTymi MOXKHaA IIPOXOJUTHU JBi IepeBipKHU PiBHS 3HAHD:

SAT (Scholastic Assessment Test), ouyinrosasvruli arxademivnudl
mecm;

C]I[A ACT (American College Testing), mecm 0aa GMEPUKAHCOKUT KO-
snedorcie.

O6uaBa MOXKHa CKJIAJATH KiJbKa pa3iB Ha piK, oOuaBa € IJIATHUMEA
(63O 50 nonapis). Ilpu Berymi 0 yBaru 6epyThCsl MAKCUMAJIbHO
BJAJI Pe3yJbTAaTU OZHOI'O 3 TECTIB.

ITig wac ouinKW 3HAHD CKJIANAIOTHCH IIKIIBHI BUILYCKHI BUIIPOOYBa-
. HH#, 1 BeTynHI ek3amenu. Beryn BifbyBaerses B gBa eranu. CriogaTky
HHOH]H BCTYIHUK CKJIQJIA€ 3arajbHUIl /JI1s BCIX TECT, IIOTIM OKPEMO — TeCTHu
B obpaHuil By3. €auHe TecTyBaHHs IpoBoauTh HarjjonanapHuil neHTp
3 IpUlOMYy CTYJIEHTIB 0 YHIBEpPCUTETIB.

laoxao — BCEKUTANWCHKUN JIep2KaBHUN BCTYIHMI icouT N0 BY3iB;
IBOJEHHUI, BKJIIOYAE TECTYBAHHS 1 TBIp 3 KUTAfCHKOI MOBH.
KI/ITa,ﬁ O6OoB’sI3KOBUMHM IIpEMeTaMu, KPIM PiJHOI MOBH, € aHIVIiCbKa MO-
Ba, MaTeMaTHKa i IpeIMeTH 3a BHOOPOM. 3apaxyBaHHS MalOyTHIX
cryaeHTiB 10 BY 3y 341iCHIOETHCS HA OCHOBI OTPUMAHUX PE3YJIbTaTiB

Himeyuyunna

Jlnst ycyHeHHsT eJleMeHTY BHUITQJIKOBOCTI (BrajiyBaHHs) CHCTEMa Ma€ IIOCTYIIOBO
OIIHIOBATHU pPiBEHL 3HaHb BCTYITHUKA, IO CKJIIAETHLCS 3 MOMEPEHIX BIANOBIIEH Ha
[IOCTaBJIEHI ITUTAHHSI.

3a yMOBM 3aCTOCYBaHHsI aBTOMATH30BAHOI CHCTEMH OIIHIOBAHHST PiBHs 11 ede-
KTUBHOCTI € MOJIIMOP(HOIO, OCKLIBKU, 3aJI€2KHO BiJl XapaKTepy CUCTEMH, KiHIeBU
pe3yJIbTaT MOKe OYTH PI3HOMAHITHUM. ¥ BHUIAQJIKY BUKOPUCTAHHS OJIOKOBOI'O KOM-
ITIOHYBaHHS 3aBJlaHb BCA T€CTOBA CHCTeMa IOJ/i/IeHa Ha YaCTUHU, PiBEHb CKJIAIHOCTI
AKAX JIJIg KOYKHOI OKPEeMO € TPUOJIU3HO PiBHUM, ab0 TOCTYIOBO 30LILIIYETHCH, B
3aJIe;KHOCTI BijJ mpeamery. B 1mboMy BHUIAJKY 3/1IHCHIOETHCS OIIHIOBAHHS HE Tijb-
KU PiBHS 3HAHb 3/00yBa4iB BUIIOI OCBITH, IPOTE TAKOXK IX CTPECOCTIHKICTH i1 Yac
BUPIIIEHHS 3aBIaHb.

Takwnii mijxi/1 J03BOJISE OMIHUTHY MIBUJIKICTh TPUHHATTS PillleHb B peaJbHUX yMO-
Bax, 10 3abe3medye epeKTUBHICTH 3iiicHIOBaHOI HUMHU JistibHOCTi. CyTh amHaMI-
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YHOTO TiJIXOAy 3BOJUTHCS JIO TOTO, IO CUCTEMa OIIHIOBAHHSI BPaxoBye HMOBIPHICTH
IIOMIJIKM Yy HACTYITHOMY 3aBJ/IaHHI 3aJIe’KHO BiJI pe3y/IbTaTy BIIIOBLII Ha Iolepe-
JIHITE TecT. 3a JIONMOMOTOI0 TaKOr'o IiJIXOy MOXKJIUBO JIBHATUCS NPUOJIU3HY MEXKY
CKJIQJTHOCT1 3aBJIaHb, 9Ki MOXKe BUPIIITUTH T€CTOBAHUIA.

Asrropur™m 1100YI0BH TECTOBOI CUCTEMH JIO3BOJISIE OLIHUTH CEPEIHIN piBeHb 3HAHD
BCTYIIHUKIB, & TAaKOXX COPTYBaTU 1X 3a TUM PIBHEM 3HaHb, IO BOHU MAJU Iepe]T
BCTYTIOM JI0 3aKJa/ly BHUITOI OCBITH.

Taknit popmar quHaAMIIHOT TECTOBOI IIEPEBIPKHU 3HAHD JI03BOJISIE 3IIMCHUTH IIPU-
OJIM3HUI PO3ITOI MaOyTHIX CTYJ/IEHTIB 3a I'PyllaMu, B AKUX PiBeHb 3HAHB ITPHUOJIN-
3HO OJIHAKOBHIA, 1110 JI03BOJIUTH (POPMYBATH iHAMBIIyaJIbHI IIPOrpaMu MiArOTOBKU Ta
rpadik HaBYaHHHA, TAKOXK CKJIACTH T'padik ITPOBEJIEHHS JIEKIIITHUX, CeMIHAPCHKIX
Ta TPAKTUIHUX 3aHATH 3aJIE2KHO BiJl TUX Pe3yJIbTaTiB, M0 OYy/IM OTpUMAaHI B IIPOIECi
TIOITePEeTHHOTO TECTYBAHHA PIBHA 3HAHD.

OpauM i3 BapiaHTIB, 110 MOXKe OyTH aJIbTePHATUBHUM JI0 BXKE CTBOPEHOI CUCTEMU
OIIHIOBAHHS, € JIMHAMITHUI, 1110 JI03BOJISIE OIIHUTHU PIBEHb 3HAHB OiIbIIN e(hEeKTUBHO.

Y BHUNAJKY ITOKPOKOBOI CUCTEMH, KOJIU CKJIAJIHICTh 3aBJIaHHS 3aJI€:KUTh BiJl pe-
3yJIBTATY PIIIEHHS MOTIEPEHIX TeCTiB, piBeHb e(peKTUBHOCTI BiJIOOPY 3/100yBaviB BU-
ol ocBiTh 3poctae. lle 3ymMoBjeHe TUM, IO cama IporpamMa peryoe PiBeHb CKJIa-
JTHOCT1 3aBJIaHb, OIIHIOIOYN MOXKJIMBUI Pe3y/JIbTaT HAa OCHOBI TIOIIEPEJIHIX BiJIITOBIIEN,
JIAHUX BCTYITHUKOM.

e mo3BOJIsIE PO3MOAIIMTH BCTYITHUKIB 3a IMEBHUMU 00’ €KTUBHUMU KPUTEPIsAMU,
IO He BILIMBATHME Ha IMOJIAJIBIINE OI[IHIOBAHHSI.

BaxkmmBuM acrieKToM B CHCTEMI OIIHIOBaHHS sIKOCTI 3HaHb € caM Iporiec (hopmy-
BaHHSA TeCTOBUX 3aB/laHb. Ha 1ie BIIMBaE:

® CTPYKTYypa 3aBJIaHHSI;
® piBeHb OO CKJIAQIHOCTI;
® IIOKPOKOBa 100YI0Ba TECTIB JIJIsI BUPIIIECHHS.

HaiiBazxmusime pu miIroToBIN 3aB/IaHb, 0 BUHOCATHCA HA TECTyBaHHS — MIPO-
croTa (pOPMYJIOBAHHSA YMOBH, 0€3 YO0 HEMOXKJIMBE 1X IpaBUJIbHE BUPIIIECHHS Ta
TIOTIEPE THS OIIHKA PIBHS CKJIAHOCTI.

[Topsiy 3 1MOYEpProBuUM OIIHIOBAHHAM 3HAHb aJIBTEPHATUBOIO € JUCKPETHE IIPO-
IIOHYBaHHS 3aBJlaHb JIjIsl BUPIMIEHHs: BCTYITHUK MOYKE€ JEMOHCTPYBATH TOKA3HUKHI
YCIIITHOCTI, 10 BiAPIZHAIOTHCA MizK cO0O0I0 38 NMPaBU/ILHICTIO, HE3AJIEKHO BiJl TOTO,
JdKi caMe 3aBJIaHHs IPOIOHYE CHCTEeMa B 3aJIE2KHOCTI BiJl TIOTIEPETHIX BiIIOBIIEH.

OHiHUTH TOTOYHY CHCTEMY 30BHIIITHBOTO HE3AJIEZKHOI'O OIIHIOBAHHS MOYKJINBO BH-
KJIFOYHO 3 TOYKH 30Dy Teopil IMOBIpHOCTEl Ta MaTEeMAaTHIHOI CTATHCTUKA [2].

OCKUIBKI JJIsT TECTIB 3 OHIEIO MPABUJIBHOIO BIIMOBIAI0 B OLIBIIOCTI BHUIIAI-
KiB BiporifiHicTb TOrO, 1110 OOpaHa BiIOBIIb € MPABUIILHOIO, CTAHOBUTH 25% (Kijib-
KiCTb TIPOMIOHOBAHNX BapiaHTIB JOPIBHIOE 4), TO B EPIIOMY OJIOIT, 10 TPOHOHYEThHCSI
JIJIsE BUPIIIeHHs 3/100yBadeBi BUINOI OCBITH, WMOBIPHICTH Bra/IyBaHHs BCiX BiIITOBIiIei
IIPaBUJILHO JOPIBHIOBATUME:

N = 0,25k,

Jie:
N — iiMOBipHICTB TOrO, IO BCI paBUJIbHI BapiaHTH BiJIITOBijIell 10 3aBjaHb Oy-
JyTh TIOC/IIJIOBHO BijirajiaHi;
k — KiJIbKicTh TECTiB 3 4OTUpPMa BapiaHTaMU BiIIIOBiJIEi.
['padiune npejacraBienss ganoi Mojesi urisiay (puc. 1) e:
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0,3
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Puc. 1. ImoBipHicTh BrajiyBanHga MpaBUIbLHOI Bi/IITOBiAL y 6J10111 3 4-Ma BapianTaMu
MTPaBUJIBHOI BiJITIOBIII.

BpaxoBytoun, 1o #MOBIpHICTH BralyBaHHS MIEBHY KLIBKICTH Pa3iB MiJIPSA allpo-
KCUMATUBHO TpaMye J10 0, To MOXKHa CTBEP/ZKYBaTH, IO TaKWil BaplaHT MepeBIpKU
3HaHb € e(DEKTUBHUM, OCKIIbKI JIO3BOJISIE OIIHUTH caMe PiBeHb 3HAHb, a He IHTYIII0
3/100yBadviB BUIIOI OCBITH.

Hacrymauit 6710k y cucremi oniHOBaHHS 3HaHb € TECTOBI 3aBJaHHSA Ha 3iCTaB-
JIEHHA KIJTBKOX BIJIIIOBiZIEl 13 3allMTaHHAMU, IO 33/1al0Thed. /{0 90THphOX 3aBIaHb
TECTY MPOIOHYIOTHCS 11’ ITh BapiaHTiB 3 BinoBigsgmu. B camomy TecToBOMY 3aB1aHHi
Hallepe/l 3aKJ1a/Ia€ThCsd OJIHA XUOHA BiJIIIOBIIb.

IMoOBipHICTD TIOC/TIOBHOTO BralyBaHHs, 38 YMOBHU BHUKJ/IIOUEHHA 3 TEPEiKY 3aB-
JIaHb, BIJITOBII Ha dKi OyJin JlaHi, CTAHOBUTHUME:

1-ma cpoba — 0,2 abo 20%;

2-ra cupoba — 0,25, a6o 25%;

3-ts cripoba — 0,333, a6o 33,3%;

4-ta cupoba — 0,5, abo 50%.

B kinmneBomy pesysbTaTi HABITH /IS OJJHOTO TECTy Ha 3iCTaBJIEHHS IMUTAaHb 1 BiJI-
IOBiJIell OTpUMaEeMO KiHIleBe 3HAaUYeHHs HMOBIPHOCTI Bra/lyBaHHs IIPaBUJIbHUX IIap:
L =02-025-0,33-0,5 = 0,00825, 1110 € eKBiBaJICHTHUM 3HAYE€HHIO BTa/lyBaHHS
0,825%. Taxuii MOKa3HUK JIO3BOJISIE CTBEP/ZKYBATHU [IPO HU3bKY HMOBIPHICTH Bra,ry-
BaHHsI BCIX MIPABUJILHUX Hap (CIiBBIHOIIEHD «3aBJIaHHsA — BapiaHT BiAMOBII» ) 1pu
BUPIIIEHH] YepTroBOr0 3aB/IaHHS.

SKImo BpaxyBaTH KiJIbKICTh TECTIB, 10 TPAIIOIOTH 38 TPUHITUIIOM I1ap «3aBIaHHSI
— BIIIOBI/Ib», TO MOBIPHICTH BraiyBaHHs IIPU TOCJIIIOBHOMY BUPIIIEHHI 3aB/IaHb
CKJIaJTaTIMe:

L = 0,00825n,

ze:

L — 3arayjibHa ¥MOBIpHICTb BrajlyBaHHs BCiX NpaBUJIbLHUX BiJIIOBIJIEN y BCiX Te-
CTOBUX 3aBJIaHHAX TIPS,

N — KiJTBKICTH 3aBJIaHb.

OcKiJIbKM OCHOBa CTEIeHs € HAJITO MAJIOIO, MOPIBHAHO 3 1, BEJIMYUUHOIO, TO, SIK
1 B TomepeIHLOMY BHIIQJIKY, HMOBIpHICTD, 10 HabymmKaeTbea 10 0, CBLIYUTH PO
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eeKTUBHICTh TaKOI CUCTEMH OIIHIOBAaHHS PiBHS 3HAHb 3/100yBadiB BHUIIOI OCBITH Ta
3HMZKY€ BIPOTI/IHICTH BrajlyBaHHS Map «IUTAHHSI — BIiJITOBIIb .
3a yMOBU BHKOPHUCTaHHS BUKJIIOYHO CTaHJAPTHOIO €K3aMeHAITHOro MOPs/IKY,
KUIBKICTh HeIPaBUJIBHO BPAXOBAaHUX dK IPpaBUJIbHI, HEIPABUJIbHUX BLIIOBLIEH, 3a-
JIeXKaTh Bl eK3aMeHaTOpa.
HesBaxkatoun na Te, 10 iCHYy€ MOXKJIMBICTH BUHUKHEHHsI WMOBIpHOI KOMOiHAITIT
3 IPABUJILHUX Ta HENPABUJILHUX BiIOBiJIEi, IMOBIPHICTD, IO TOCJIJIOBHICTE Oy/ie
[IPaBWJIBLHOIO, TAaKOK CTAHOBUTH HECKIHYEHHO MaJjly BEJNYIHY.
st bopMyBaHHS TECTOBOIO 3aBJIaAHHA HEOOXiTHO BPAaXOBYBaTHU IE€BHY KiJIbKICTD
daxkropis [1]:
e aJjieKBaTHE (POPMYJIIOBAHHA YMOBU 3aBJIaAHHS;
e 11i/10ip BapiaHTIB BiIIOBIiJIEH, IO JTO3BOJISIOTH BUSABUTHU Bra IyBaHHSI,
® OIIIHIOBAHHS 3arajbHOI CUCTeMU OJIOKIB 3aBIaHHS.

Tecr, mo Mae ajieKBaTHO BijoOparkaTu 3HAHHsI BCTYIIHUKA, ITOBUHEH 3a/I10BOJIb-
HSITU HACTYITHUM BUMOTAM:

® CTYIHb CKJIAJHOCTI 3aB/IaHb [MOBUHEH IIiJIBUIIYBATUCS ITOCTYIIOBO, IIPOTE HE
CTPUOKOIIO/IIOHO;

® 3aBJIaHHS MAOTh IOETHYBATU Yy CODI TeMM 3a MaTepiajlaMu IIPOrpaMu y IIpH-
OJIM3HO PIBHUX ITPOIOPIIIAX;

® DiBeHb CKJIQ/IHOCTI BUPIIICHHs 3aBJaHHs MAE 3aJIeyKaTh BiJl OJIOKY, B AKOMY IIe
3aBJIAHHS TOJAETHCS IS PO3B A3KY.

[Ipu mMozemoBanbi OJIOKIB 3aB/aHb MOXKJ/IMBO 3aCTOCYBATH MiJIXiJ, MPU AKOMY
KiJTbKa BapiaHTIB BIAMOBiEl € BIpOTITHIMMT, & OJNH 3 HUX — HEMPaBUILHUI a priori.
[le m03BOMTH 3MEHITUTH WMOBIPHICTDH Bra/lyBaHHs 3a PAXyHOK BBEJIEHHS J10JIaTKO-
BOTO eJIeMeHTa B 1oJjie UMOBIpHUX BiIIIOBIJIEM.

Takum guHOM, 3a YMOBH, FKIIO KiJIbKICTH BapiaHTIB BIJIIOBI/I y IEpPIIOMY Te-
cropomy Osoni ckmanana 0,25, abo 25%, To npu BBEIEHHI JIOJATKOBOTO IIMTAHHS
ckaagarume 0,2, a6o 20%. VmosipHicTs Bra/jlyBaHHs IIpU 301/IbIIEHH] KIJIBKOCTI Ba-
pianTiB 306pazkeHa Ha rpadiky (puc. 2):

1,2

1

Puc. 2. ImoBipHicTh BrajiyBaHHS IMPaBUILHOI BIJITIOBIII 3a/1€2KHO BiJ KLIHBKOCT1
ITPOIIOHOBAHUX BiIMOBIIEIH.

JlomaTkoBuM BapiaHTOM IIEPEBIPKHU PiBHs 3HAHB 3/100yBaviB BHUIIOI OCBITH € BBe-
JIEHHSI aBTOMATUYHOTO MIEPENUTYBaHH 38 TPUHITUTIIOM: « Y Bu BeBHEHI y TpaBm/ib-
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HOCTI JlaHo1 Bifnosiai?s Ile 103BONTE BUSIBUTH BIEBHEHICTH BCTYITHUKA Y TTPABUIb-
HOCTI BJIACHOI BiJIITOBIJII 3a jroromororo napajiokcy Monti-T'osa.

[Tapagoke Monti Tosta [9] — oxHa 3 Bimomux 3aja4 Teopil HMOBIpHOCTEH, PO-
3B’SI30K {KOI, Ha MEPIIUil MO, CyIepeInTh 3I0POBOMY TUIy31y. 3ajada hopmy-
JIIOETHCH K OIUC TMITOTETUTHOI I'PU, 32CHOBAHOI Ha aMepUKaHCbKOMY Tejtenioy «Let’s
Make a Deals.

[l 3a/1a4a Ha3zBaHa Ha 4YecTh Beaydoro 1€l nepesadi Monti Tojura. Haiibinbi
PO3IOBCIO/IZKeHa Bepcisg rpu Oyia omybsikoBana B 1990 pori B kypuaji Parade
Magazine i 3By4nTb Tak: «¥YsBiTb cebe Ha Tejerpi, jge BaMm MOTPiOHO obpaTu OHi
3 TPBHOX JIBepeil: 3a OJHUMHU 3 HUX aBTOMOOI/Ib; 3a ABOMa iHIIUMHK 110 KO3i. Bu 0bu-
paete oJiH1 JiBepi, HAIPUKJIAJI, TIEPII, BeIyInil BIIINHA€E OJIHI 3 JIBOX 1HINX, HAIIPU-
KJIaJI, TpeTi, 3a akuMu Ko3a. 1ol Bin kaxKke BaMm: «Barkaere 3minuTu Bubip Ha Jipyri
nBepi?», «Hu orpumaeTe BU mepeBary, SKIO 3MiHUTe CBiit BHOIp?».

AnaJioriuse nmuTaHHs MOXKJIMBO BBECTH 1 B TECTOBY CHCTEMY OIIHIOBAHHS 3HAHD.
3 oaHOro OOKY, Ie 3MyCHTb 3aCyMHIBATHCS Yy TOMY, IO KiHIIEBa BiJIIIOBiIb TOYHO €
IPaBUJILHOIO, TIEPEBIPUTU CBOI BUCHOBKH, I a0O 3MIHUTH BKe JAHY BiJIIIOBiIb, a0
3aJIUIIATH Ty, 10 Oy/a Jana. Taka J10/1aTKoBa MepeBipKa BIEBHEHOCTI y TOMY, IO
BIJIITOBIZTb € MTPABMJILHOIO, TAKOXK TIEPEBIPSAE BCTYIMHUKA HA CTPECOCTIMKICTD.

Mozke BUHUKHYTH HpobJieMa i3 aBTOMATUYHUM OIHIOBAHHAM PiBHS 3HAHB 3]10-
OyBadviB BUIIOI OCBITH, IO BCTYNAIOTH HA I'yMaHITAPHI CHEIAJILHOCTI, OCKIIBKH cami
3aBJA@HHs, IO [IPOIIOHYEThCS, € TAKIUMU, 110 TeCTYBaHHIO He TijgaoTbed. OqHuM 3
TaKUX TUIIOBUX 3aBJIaHb € HAIMCAHHS TBOPY Ha 3aJIaHy TEMY.

Ockinbku TBip Mae OyTH YHIKAJbHUM 3a CBOIM CKJIAJIOM Ta 3MiCTOM, HEOOXiTHO
OIIIHIOBATHU IOro came 3a TakuMu IHapamerpamu. Haiibinbmr mieBum criocoboM, 1o
MOXKe YCYHyTH Cy0O’€KTUBHICTD OIIHIOBAYIB Ta caMy HOBHU3HY TEKCTY, € IIepeBipKa Ha
wrariat [6] — a came 3amo3MUEHHS TYKUX JYMOK.

Ha ocHOBI MHOXKMHU CTATUCTUYHUX JIAHUX IT[0JI0 YCIIITHOCTI BUKOHAHHSI TECTO-
BUX 3aBJaHb 3 HaBYAJIbHUX JUCIUILIIH, MOXKJIUBO Ha OCHOBI MaTeMaTHIHOT'O iHCTPY-
MeHTapilo chopMyBaTH MOJE/b, IO MPUOJU3HO OIKUCYBATUME KyMYJIITUBHY ITOBE-
JIHKY 3arajbHOl KiJIbKOCTI OaJ/1iB, HaOpaHUX BCTYIHUKOM 3a TecT. IIpu 1ibomy BapTo
BPaxoBYBaTH XapaKTep 3aBJlaHHdA, HOT0 CKJIAIHICTh Ta IMOBIPHICTH HaJIaHHS ITpa-
BUJTBHOI BIJIIIOBIJII 34 JIOITOMOT'OIO BUITA/IKOBOT'O Bra LyBaHHS.

Kpusa nabpannx 6asiB (quB. puc. 3) BigoOpazkae yCHIINIHICTb BUKOHAHHS 3aB-
JaHb, IO JA0ThCs HOCIIIOBHO 1 MOdiIeH] Ha OJIOKH 38 CKJIAIHICTIO.

3aBaaHHSA HEBUCOKOI'O pPiBHsA ckJiaaHocTi. 11 gac IX BUKOHAHHS KiJIBKICTb
OaJIiB 3pOCTaE JOCTATHBO IIBUJIKO, OCKLIBLKU, HE3BAXKAIOUN Ha BEJIMKY KiJIbKICTb 3aB-
JIaHb, BOHU TOTPEOYIOTH BUPIIIEHHS i3 PO3B’si3aHHAM, IO 3/IHCHIOETHCS Y KiJIbKa
BIJTHOCHO TIPOCTHUX, MOCJ/IIJIOBHO 3aCTOCOBYBAHUX Ta JIOI'TYHO B3AEMOIIOB A3aHUX MizK
c000I0 JIOTIYHIX Ta MATEMATHYHHUX JIii.

3aBAaHHS CEpeIHBOTO PIBHS CKJIAIHOCTI. IX Bupimenns 3aiiMae GiibIme Ta-
cy, Hi2K BUKOHAHH 3aBJIaHb BIJTHOCHO JIETKOI'O PiBHSA CKJIAIHOCTI. Y JedKUX BUIIA]I-
KaxX HeoOXiTHO KOMOIHyBaTH MizK COOOO ITIXOMH Ta METOM, XapaKTepHi He TLIbKN
JIJIS T€M, He 3aBXKJIU sIBHO IIOB I3aHUX OJIHA 3 OJIHOIO, ITPOTE BUKOPUCTOBYBATHU JIO-
Ti9HUN IHCTpYMeHTapiif, Mo He 3aBXK/ 1 ABHUI JIJIA MONTYKY MPaBUJIHLHOI BiIIOBIII.

3aBgaHHA 3 OiJIBUMIEHUM PiBHEM CKJIQITHOCTI BUMAraiOTh BiJl BCTYITHUKA
30pPIEHTYBATHUCS B TOMY, 3 YOO HEOOXiJTHO ModYaTw iX BUPIIIEHHS, OCKIIbKU BHOID
[IPaBUJILHOIO TI1JIXO/TYy JI03BOJIUTH YHUKHYTH TPUBAJIOIO Ta I'POMIZJIKOTO «BHIITYKO-
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FinbRICTE BUKOHAHNX 3B AHL

JarantHa KinbKicTL Habpaninx Ganie

Puc. 3. Cymapna KinbKicTh HaOpaHux OaJliB IIPH MOCJIIIOBHOMY BHKOHAHHI
TECTOBUX 3aBJIaHb.

ByBaHHS» MPABUJILHOI BIANIOBII, 1TIO JI03BOJIMTH 3¢KOHOMUTH Yac Ha BiIBeIeHUI Ha
TecT. ¥ TOH Ke 4Jac, pe3y/IbTaTh BUKOHAHHS 3aBJaHb HAWBUIIOTO PiBHSA CKJIAIHOCTI
MOXKYTb JieMOHCTpyBaTh «edekT miaro» 8] (plateau effect), 3a sikoro mocsiraeTbest
MaKCHMaJIbHa KyMYJISITUBHA KiJbKICTh HAOpAHUX 38 BUKOHAHHS 3aBJ/laHb TECTY Oa-
jgiB. KisbkicTs HabpaHux OaJiiB 3a KOXKHE 3aBJIaHHs, PIBEHb CKJIAIHOCTI AKOTO IIiJI-
BUIILYETHCS, HABIIAKA — 3HUXKYETHCH.

Jlocsruenns yMOBHOTO «ILTaTO 6ajiBy» JIEMOHCTPY€E IpaHUYHE 3HAYEHH:, SIKOTO
MOKe JIOCATTH 00 €KTHBHO BUMIiPIOBAHUN 00OCAT 3HAHBb IIPHU IIPOXOIKEHHI TeCTOBOI
[IePeBIPKU 3 PISHOMAHITHUX IpeaMeTiB. JnHamika epeKTUBHOCTI IPOIIOHOBAHUIX Te-
CTOBUX 3aBJiaHb (pHC. 4) JEMOHCTPYE IHTEHCUBHICTD IPUPOCTY MMOKA3HUKA HAOPAHIX
1111 9ac BUKOHAHHA TecTy OastiB. Ilicia mocarunennd meBHOI MexXKi, piBeHb HAOpaHUX
OaJTiB Pi3KO 3HMXKYETHCS IIPHU HEPEXO/Ii JI0 KOKHOIO HACTYITHOI'O 3aBJIaHHS.

HinbRICTE BIKOHAHIX ZABfAHb

EdermiBnicTL BHKOHAHHA 3aBaHL

Puc. 4. Tunamika edbeKTUBHOCTI BUKOHAHHSI TECTOBUX 3aBJAHbD.

B gxocTi cTaTucTUYHOrO NMPUKJIAILY, Ha PHUC. D HABEJIEHO PO3IOJLI Pe3yJIbTATIB
orninoBaHHd 3 MaTeMaTuku y 2018-my Ta 2019-my pokax 3a JaHUMH BiIIOBITHUX
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3BITIB YKpalHCHKOIO MEHTPY OINHIOBaHHS SKOCTI ocBiTh. CrocTepiraerhes «a3ep-
KaJIbHUAN edeKT TJIaTO», 38 AKOTO MICJd JIOCATHEHHS ITEeBHOTO KPUTHIHOTO ITOPOTY
HabpaHux OaJiiB, KiJIbKICTh YYACHUKIB, IO PO3B’SI3a/IM 3aBJIaHHA BUCOKOI CKJIAHO-
CTi, HEYXUJIbHO 3MEHITYEThCS.
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Puc. 5. Posniosin pe3yabraTiB oninoBaHHs TecTiB 3 MaremaTukn 3a 2018-2019 pp.

[4].

3a yMOBU pPeTesIbHOI MiITOTOBKY MOKA3HUK «CTEJ ILJIATO» MOXKEe OyTH ITi/IBUIIE-
HUI1 JI0 TIEBHOTO TPAHUYHOTO PiBH¢, 3HAYEHHS SIKOTO 3aJIe’KUTh BiJ IHAWBITyaIbHIX
(mcuxostoriunnx) pakTopiB. SHAUEHHS 1HAUBIYAIBHOT «CTeJI TIATO» 3AIEKUTh Ta-
KO2K BIJI MPUPOJZKEHNX CXUJIBHOCTEN 10 BUBUEHHS IIPEJIMETIB Ta JUCIUATLIIH ITEBHOTO
CHPAMYBaHHs, MO0 O0YMOBJIIOETHCs CHEIU(IIHICTIO CIIOCO0Y MUCEHHS BCTYITHUKA.

3. BucHoBKku. 3Bakaiounm Ha PiBeHb CTATUCTUYIHOI e(DEKTUBHOCTI JIJIsI OI[IHIO-
BaHHSA sIKOCTI 3HAHB 3/100yBadiB BUIIOI OCBITH, MOXKJIMBHUM € HOr'0 BIPOBAJ/?KEHHS B
CUCTEMY OIIHIOBAHHS 3HAHB 3arajoM. CTaTuIHuil METO/L € CTAIIOHAPHOIO CUCTEMOIO,
1[0 HE pearye Ha Bi/IIIOBi/Il BCTYITHUKA, IPOTEe JUHAMITMHUI ITi/IX1/T 10 CKJIaIaHHsT 0J10-
KiB TECTOBHX 3aBJIaHb T BUKOPHUCTAHHSA CUCTEMOIO METOJIy «3BOPOTHOTO 3B’S3KY»
MiK PIBHEM CKJIQJTHOCTI MTPOTIOHOBAHOTO 3aBJIaHHA Ta YMOBAMU HACTYITHOTO TECTY,
JIO3BOJIUTDH CKJIACTH OLJIBIT TOUHE YsIBJIEHHs PO 3HAHHS Ta HABUYKHM BCTYITHUKA.

Jnamivnnii MeToJ1 103BOJIS€ He TITBKYU OIIHUTH MOTOYHUN piBEHb 3HAHD, IIPOTE
TAKOZK JIa€ MOXKJIUBICTBH CIIPOTHO3YBATU HMOr0 MOJAJIBINY YCHIIIHICTH Il Yac IIpo-
XOJIZKEHHSI OCBITHBOT'O TIPOIIECY: OIIHUTUA HaBUYIKM, CXUJILHOCTI JI0O BUBUYEHHS TIEBHUX
JUCITATIIIH, PIBEHDb yBaru Ta CKOHIIEHTPOBAHOCTI.
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Vronskyi S. V., Andrashko Yu. V. The dynamic approach to the formation of
test tasks.

The article proposes a dynamic approach to assessing the level of knowledge, which
allows identifying the applicant’s strengths and weaknesses directly during the test-taking
process, contributing to their learning and future professional development. Dynamic
knowledge assessment enables, from the perspective of probability theory and mathematical
statistics, the determination of what portion of the applicant’s responses are based not on
specific knowledge but on the factor of guessing. The article also focuses on mathematical
modeling for approximate knowledge assessment when performing test tasks.

Keywords: automated assessment system, quality of knowledge level assessment, dynamic
approach to knowledge level assessment, applicant, student of higher education.
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XBINJII KPYYEHH4 B [ITAPYBATNX KOMIIO3UTHUX
HECTUCJINBUX MATEPIAJIAX 3 IIOYATKOBUMU
HATIPY2KEHHAMMU 11PU ITPOKOB3YBAHHI IITAPIB

B pamkax smiHeapu3oBaHOl Teopil NPY2KHOCTI JJIsT TiJ 3 TOYATKOBUMU HAIIPYKEHHIMU
PO3BIJISTHYTI ITOCTAHOBKA, Ta METOJ PO3B’sI3KY 3aJlad PO MOIIUPEHHS] XBUJIb KPYYEHHs B
[ApyBaTUX KOMIIO3UTHUX HECTUCIUBHUX 3a3/aJIeTiIh HANPYXKEHUX MaTepiajax mpu mpo-
KoB3yBaHHI mapiB. JlOc/izKeHo BUMIAQIOK TONIMPEHHST XBUJIb B3J0BXK ImapiB. Orpumani
JIUCIIEPCiiHI PIBHAHHS I CUMETPUYHUX 1 AaHTUCUMETPUYHUX XBUJIb Ta 1X JIOBI'OXBUJIBOBI
HaOTMKEHHSI.

Kuaro4doBi ciioBa: mapyBaTnit KOMIIO3UTHHUIT HECTUCIUBUI MaTepiall, IOIaTKOBI HAIPYZKe-
HH$, IPY2KHI XBUJIi, JUCIIEpCiitHe piBHAHHS, JTOBIOXBUJIBOBE HAOIHMKEHHSI.

1. Beryn. Konrmeriiisa XBUJIbOBOTO PYyXy — OJHE 3 HAWIIUPIINX HAYKOBHUX I10-
HATH. XBUJI MOYKHA BUBYATH Ha Oy Ib-9KOMY HAayKOBO-TEXHIYHOMY pPiBHI. BaxknBu-
MW B IPAKTUIHOMY aCIEKTI € JOC/TIIZKeHHS 3aKOHOMIPHOCTEHN MTOMMUPEeHHs TPYKHIX
XBWJIb B TiJIaX 3 MOYATKOBUMH HAITPYKEHHIAMMU.

Oryisin HasgsBHUX B I1i#t 00J1aCcTi pobIT i JleTabHUN aHAII3 OTPUMAHUX PE3Y/IbTATIB
JIO TIeBHOI Mipu IpejcTaBjieHuil B orisgaoBux crartax |1, 2| Ta inmux, a Takoxk B
y3arajibHiodnx Monorpadiax [3-5| ra immmx.

JI7st KOMIIOBUTHUX MaTepiaiB MepioauIHOl CTPYKTYPU B paMKaX TPUBHMIpPHOT
JIIHEAPU30BaHOI TeOPil MPYXKHOCTI T T 3 TOYATKOBUMH HAIIPYKEHHIMHI OTPUMa-
Jia PO3BUTOK TEOPisl MOIMMPEHHS MTPYKHUX XBUJIb Y BATAIKY OTHOPIITHOTO MOYATKO-
BOI'O HAIIPY2KEeHO-1edopMoBaHOro crany. [l mocaizKeHHs 33189 3aCTOCOBY BAJIHCS
3araJibHi pO3B’sI3KH, 10 HpuBedeHi B Monorpadisx [3-6] Ta inmux.
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Biamosizro no knacudikarii O. M. 'yss [1], orpumMani pesynbraTit MOKHA 06’€/T-
HaTU B TPU T'PYIN.

o mepimol rpynu BigHocaTbes mybuikanii O. M. T'ysa [3] Ta inmi, B sskux pos-
IVISHYTI METO/IM ITPUBEJIEHHS MMapyBATHX KOMIIO3UTHUX MaTepiaIiB 3 MOYaTKOBUMU
HaIPyKEHHIMHU JI0 OJHOPITHOTO CEPEJIOBUIIIA.

o mpyroi rpymm BimHOCsATbCa myOmikarmili O. M. T'yzsa, Jle Minp Kxanms ta
O. M. IManacioka [7-9] Ta iHmI, B SIKUX PO3IJISTHYTI MUTAHHS TIONIMPEHHS TLIOCKAX
XBWJIb B IIapyBaTUX MaTepiajax.

o Tperbol rpymu BigHocarbes mybsmkamil O. M. I'yzqa, O. M. 2Kyka, H. A. Ci-
rerka, A. FO. Timyxosa [10-14| Ta iHmn npo nomupeHHs: B pajiaJlbHOMY HAIIPSIMKY
BiCECHMETPUYHUX XBUJ/Ib Ta XBUJIb KPYUYEHHs B IMAPYBATUX KOMIIO3UTHUX MaTepia-
JIaX TEPIONIHOL CTPYKTYPH.

B po6orax |7, 9-12| pesynbraTi oTpuMaHi JJisl BUNAIKY HOBHONO KOHTAKTY IIa-
piB.

VY HaitbiibIn oBHIM gopMi BUIEBKa3aHi Pe3y/IbTATH MIPEJICTABICHI B MOHOTDa-
digx O. M. I'yza [3, 5].

B peaibHIX KOMIIO3UTHUX MaTepiaJiax, siK IIPaBUJIO, iICHYIOTh PI3HOIO POy Jiede-
KTHU Ha MEKi PO3/IiTy mapis. s oliHKy BILIMBY TaKuX J1e(eKTiB Ha 3aKOHOMiPHOCTI
MIOIUPEHH TJIOCKUX FAPMOHIYHUX XBWJIb B KOMIO3UTHUX Marepianax O. M. [Tana-
CIOK [8] po3risinyB Takuii TpaHUYHUIT BUIIAJIOK KOHTAKTY IIAPIB 9K IIOBHE MPOKOB-
3yBaHHS.

Bajiaua mMpo MOMUPEHHsT BiCECUMETPUIHUX MPYKHUX XBUJIb y MIAPYBATUX KOM-
[MO3UTHUX MaTepiajax 3 OJHOPITHUMU OYaTKOBUMU HAIIPYKEHHAMU ITPU TPOKOB3Y-
BaHHI MapiB JocjaipKyBatack B pobora [13, 14].

3 oris Ly JliTepaTypu MOKHA 3pOOUTH BUCHOBOK IIPO T€, IO MOITHPEHHS IIJIOCKUX
Ta BICECUMETPUYHMX TapPMOHIYHUX XBWJIb Yy MIApPyBaTUX KOMIIO3UTHUX MaTepiasiax
3 MOYATKOBUMU HAIPYKEHHAMU BUBYEHO JIOCTATHHO TMOBHO. JlOC/TI2KeHHS JTaHOro
KJIaCy 3aJiad MPOBEJICHI JI BUIAJIKY HOBHOTO KOHTAKTY IIAPIB Ta JjId BHUIAJIKY
IIOBHOT'O ITPOKOB3YBaHHS IIIapiB.

119 XBUJIb Kpy4deHHS aHAJIOTIYHI 381841 PO3IVIAIAINCA TIIbKA /I BUIQJIKY TTOB-
HOT'O KOHTAKTY IIapiB.

B naniit poboTi JOCTIKYIOTHCA 3aKOHOMIPHOCT] TOIMUPEHHS TPYKHUX XBUJIb
KPYYEHHS B MAPyBaTUX HECTUCIUBUX KOMIIOBUTHUX MaTepiajiax 3 MOYaTKOBUME Ha-
MIPY2KEHHSMU TIPU ITPOKOB3YBaHHI ITapiB.

2. IlocTanoBka 3ajiavi i MeToa AOCJHI/I2KeHb. Po3rignaerbes mapyBaTuii
KOMIIO3UTHUI MaTepial 3 MOYaTKOBUME HAIIPYKEHHAMU, SIKUI CKJIa IA€ThCA 3 MapiB
JBOX THUIIIB, IO YePIryIOThCs, B KO2KHOMY 3 dKUX MaTepiaJju 1 MoYaTKOBl HAIIpYy2KeHO-
JiecbopMOBaHi CTAHU € OJHAKOBUMU JIJIsT PO3IVISHYTOI'O THILY IIapiB.

[Ipu mociimKenni Oy/1eMO 3aCTOCOBYBATH JlarpaHKeBl KOOPJAUHATH ¥, = Y, 9Ki
B IIOYATKOBOMY HAIlPyKeHO-1e(bOPMOBAHOMY CTaHi 30iraloThCsd 3 JIEKAPTOBUME KO-
opJMHATaMK, 1 JarpaH:keBl kKoopauHaTu 1’60, Y3, sKi B IOYATKOBOMY HaIIPyKEHO-
JieopMOBAHOMY CTaHi 30iraf0ThCst 3 KPYTOBUME IIIHIPUTHIMEI KOOPIUHATAMU.

JlekapToBy cucTeMy KOODIMHAT (Y1, Yo, Y3) B MIOYATKOBOMY HAIIPYZKEHO-1ehOp-
MOBaHOMY CTaHiI BUOMPAEMO TAKUM YMHOM, MO0 Bich Oyjia CIpsiMOBaHa 110 HOPMaJIi
JIO TIJIOMIAH PO3/JILIYy TIapiB.

Marepiasu mapiB BBa2KaTUMEMO TiITEPIPYKHUMHA 130TPOITHUMU 3 JIOBLIBHOIO CTPY-
KTYPOIO IIPYKHUX IOTEHIaiB; y pa3l TpaHCBEPCAJIbHO-130TPOITHUX TiIePIPYKHUX
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MaTepiaJiiB 1mapis Oy1eMo BBayKaTH, 10 BiCh 130TpoIIil cipsiMoBaHa y3710BK oci Oys.
[Tin xBusivMu KpydeHHs Oy1eMo pO3yMITH HOPMAaJIbHI XBUJIL, IO HOMUAPIOIOTHCS
B pa/IiaJIbHOMY HAIIPAMKY 1 BIJIITOBITAIOTH KPYTUJIBHUM KOJIUBAHHSIM HECKIHYEHHOT'O

mapy.
BrarkaeMo modaTKOBUIT HAIIPYKEHUN CTAH OJTHOPITHUM

0 _ ) —
Uy, = (A — 1) Ty Ay = const. (1)

Taxoxx mpuiiMaemo, 1Mo it KOYKHOTO 3 IapiB peasii3yeThCs BiCeCUMETPUIHUN
HaIpyKeHo-/1e(hbOPMOBAHMIT CTaH

0(j 0(j 0(j 0(j 0
519) = 525]) # S3§J)§ 01? = ‘722]) # 03 (]) 2)
619) — 82;J), /\SJ) — )\(2])’ h/(j) _ )\é])h(])) ] — 1’2
[Ipu BuIe BKa3aHUX yMOBax OyJI€MO JIOCTIIZKYBATH [TEPEMIIIEHHS, 0 BiIITOBII-
aroTh ymoBaMm |3, 4]

D =g 9 = Y

u,) =ug’ (ryys,7); uy’ =

Y oMy BUIIQJIKY B IMOJIAHHI CIIJIBHUX PIllIeHb MPOCTOPOBUX JIMHAMIYHUX JIiHe-
apu30BaHMX 3aJad Teopil MPYKHOCTI CTOCOBHO O 3arajbHOTO PINTeHHd 3aJiadi B
NWIHHAPUYHIX KOOPJUHATAX MOXKHA MPUITHATH

P — ') (', ys, ) ; X' = . (4)
Y PO3IIISIHYTOMY BUIIQJIKY JIJIsl BASHAUEHHsI [IePEeMiIeHb ufgj ) B KOKHOMY 3 mapiB
Ma€eMO HACTYIIHI cIiBBigHOIIEHHS (3, 4]
Gy _ 0

ug —%\1/’0). (5)

Jlist ckitaioBUX TeH30pa HAIpyKeHb () (9) IpU Y3 = cONSt OTPUMYEMO BUPA3U
NG
Q 39 = 31)130 uéj)- (6)

B crissimnomennsax (5) dynxmii W) pusmavaiorses i3 piBuanb
p 07 5 -1 0 :
(A/ + “31135/(1]221 Y2 a9 P/(])“/%)Ql ﬁ) v = 0. (7)

Tyt A} = ar'2 + / ar" p ') — minpHiCTH MaTepiadiB KOXKHOTO 3 IApiB B IIOITe-
PeJIHbO HAIpy»KeHoMy craHi; 7 — 4dac. CK/aIoBi TeH3opis K’ U) pusHauaoTHCS hiaizi
KOHKDETHHX ITIOCTAHOBOK 3ajad (3, 5.

Takum guHOM, BiJIITOBIIHO 70 BUIIE BUKJIAIEHOTO JIOC/II?KEHHS 3aKOHOMIpHOCTE
IO PEHH XBUJIb KPYUeHHSI Y HECTUC/IUBUX ITapyBaTUX KOMIIO3UTHUX MaTepiaiax 3
HOYATKOBUMU HAIIPYKEHHSIME 3BOJINTHCsI J10 OOy 10BU PO3B’sA3KiB piBHsHHS (7) 1pH
BUKOHAHHI YMOB HEIlEPEPBHOCTI B ILJIOIIMHAX PO3/LIY HIapiB 1 yMOB IEPIOAUYHOCTI,

BijirtoBijiHO Teopii Piioke.
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Posriisinemo nommpentsa XBUIb KPYUYeHHS B PaJIiaIbHOMY HAIIPAMKY B3JI0BXK ITa-
piB. ¥V oMy BHIAJIKY 3a aHaJjoriero 3 [3, 5| mis BusHauenHs “icrurnol” hasoBol
IIIBUJIKOCT] TONTUPEHHS XBIUJIb KPYUEHHs Y MapyBaTOMy KOMIIO3UTHOMY MaTepiaJi 3
[IOYATKOBUMU HAIPYKEHHSIMU IIPUITMEMO

VO (¢ g, 7) = WDO () BV (FE) e ™7 C=wk™l j=1,2. (8)

B (8) k i w — xBusboBe 4ucsio i kpyrosa dacrora; C' — “ictuna’ dpazoBa mBmI-
KICTh XBUJIb KPYYCHHS; Hél) (x) — dyukuis XaHKess HYJIbOBOIO HOPSJIKY HEPIIOro
poJLy, 1o 3abe31edye MOIMUPeH s XBUJIb KPYYeHHs, 110 #i/lyTh Ha “HeCKIHUYeHHICTD
WO (ys) — ammmiryaua dynxmis. Hagami ingexcamu (0) Bixznadeni sei amrmiry-
JIHI BEJIMYWHU [IPH IPEJICTaB/IeH X Tuiry (8).

Iigcrasmsoan (8) B (5), /U1 BUSHAYEHHS [IEPEMIIIEHb OTPIMYEMO HACTYIIHI BH-
pasu:

j 0 —iwT.
ug) (', ys,7) = ug (ys) 5 S HG" () e
uéj)(o) (y3) = _p’(6)(0) (y3) .

Awnajoriuno, migcrasisoun (8) B (6), st BU3HAYEHHSI CKJIaJIOBUX TEH30pa Ha-
npyzenb Q'Y npu ys = const orpuMyeMo

(9)

N 0
Q5 (s 7) = Q" () S H
N0
Y3) = —k i(n)13a PO (y3) -
Y3

D (k) e

(10)
/0

[Migcrasiroun (8) B piBHsHHs (7), OTPUMAEMO PIBHSIHHSI /I BUSHAUEHHST (DYHKITT
U'0)O) g gacTymHOMY BUTIISLI

| & |
(Kléjl)lsff gjz)zl 2 -5+ P( )Wz’f/gjz)m — k) w9 =0. (11)

Ockinbku B (8)—(11) Bci criBBigHOMIEHHS TPEACTABIICH] Yepe3 aMILIITY/HI BeIn-
YMHUA, TO YMOBHU Ha TPAHUIN KOHTAKTY IMIApiB 1 YMOBU NEPIOJIMIHOCTI TAKOXK 3aITu-
[IeMO I aMILTITYIHUX BeanduH. s nmporo BUIIINMO IBa cycimni mapu i Oyme-
MO BBaxKaTH, IO IIap, BEJIUUNHN SIKOIO BimmiveHi iHgexkcoM 1, 3aiimae 1o Bici Oy
obmacts 0 < y3 < B/ i map, Bei BestmduAN SIKOrO BiaMitdeHi iHmIekcoM 2, 3aiiMae 1o
Bici Oy obmacts —h'?) < yg < 0.

3a yMOBH NPOKOB3yBaHHS IPH Y3 = () MOBUHHI BUKOHYBATHCS YMOBH HeIlePEPB-
HOCTI

500 =0 QY ) =0 (12)
1 yMOBH TI€pi0/INIHOCTI
QYO (W) =0; QY (-n®) =0, (13)

TaxuM 9MHOM, JIJIsi HECTUCIUBOIO Tijla HeOOXITHO 3HANTH PO3B’SI30K 3BUYARHOIO
nudepentiaabaoro pisasgnus (11), mo 3agoBoabauTs yMoBaMm (12) i (13) 3 ypaxy-
BaHHAM T03Ha4eHb (9) 1 (10).
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3a aHaJsOri€o 3 pesyabraTaMi, BUKJIajeHHUMH B [1|, po3s’asok piBasaHsa (11)

IIPEJICTABUMO B Takiit hopwmi:
' ()(0) (y3) = A(]) ika{ys —I—A (7) —zkaé)ya Aglj) — const. (14)

Beesemo B po3s’si30k (14) Jy1st KOKHOTO IMIapy HOBI KOHCTAHTH BY i samumeno
fOro BIJIHOCHO cepeinHM KOXKHOTO 13 mapis. B npomy Bunajky (14) MoxHa 3amicaru
y dbopmi

WO (y3) = Bél)ei’mg (vs—3n'®) 4 Bél)e’ikaél)(yfﬁ*%h'“))-

I

15
WO (y) = Bg(,2)eika§2) (vs+50'®) | BéQ)e*“méz) (yst+30@) )

B (14) i (15) wepes aéj ) Binnosimo j10 (11) mosHaveni HACTYIHI BeJIMINHA
sz(aj) = \/’1/:(),]3131 <p/(j)02 - "4/%)21>5 C=wk™. (16)

Y PO3IIgHYTOMY BHMAJIKY JJjId MIapyBaTUX KOMIIO3UTHUX HECTHCJIUBHUX MaTe-
piajiiB 3 MOYATKOBMMHU HAIIPYKEHHAME BUXIJIHY 3aJady MOKHa PO3JLIATH Ha Bl
He3aJIeXKHI 3a/1a41: CUMETPUIHA XBUJIS KPYIeHHs (B KOXKHOMY Iapi uéj ) CAMETPUYHI
BIJIHOCHO cepeJInHI KOYKHOIO Iapy ), 10 HOITUPIETHCs y370BXK Bici Or'; anTucume-
TPUYHA XBUJIS KPYUeHHs (B KOXKHOMY Iapi uéj ) AHTUCUMETPUIHI BITHOCHO CepeINHI
KOYKHOI'O Tapy), IO MOMUPIEThes y30BK Bici Or'. Hajgami posrisiHeMo oKpemo
CAUMETPUIHI Ta aHTUCUMETPUYIHI XBUJI KPYyJIeHHS.

Cumempuuni reusi kpyswernna. st posriasgayroro sunajaky B (15) npuitmemo Ta-
Ki 3aJ1€2KHOCTI:

Béj) _ B(J') (17)

I3 (17), (15) i (9) BummBae, 1O Ue) Oy/IyTh CHMETPUYHUMH Bi/THOCHO CE€pe/IMHI
KOYKHOT'O i3 TapiB.

B mpomy Bunazky i3 (17), (15), (9), (10), (12), (13) caigye, mo ymoBu Hemepeps-
HOCTI 1 MePIOMIHOCTI CIBIIAIAI0Th.

VY BUNA/IKy HEKOPCTKOTO KOHTAKTY MiK ITapaMy KOMIIO3UTHOT'O MaTepialy yMO-
BU HEIIEPEPBHOCTI 1 MEePiOJUIHOCTI MAIOTh BUIJISII

1
Bél)kaél)m'éll)lg sin Ekag)h’(l) = 0;

2), (2) (2 L (2 (18)
Bé )k:ozg )H/él)w sin ika:(,, 'n@ = .
Jlucnepciiine piBHAHHS IPU HE?KOPCTKOMY KOHTAKTI Ma€ BUTJIS
1 1
oVl kP sin ékag)h'(l) sin §ka§2)h'(2) =0. (19)

Pinsmnns (19) moxkua poss’ssaru anamitraro. Jorupu pos3s’sa3ku pisasmms (19)
MAIOTh BUIVISIT

1 1
K 52)21 (2) K 1221 “/§2)21 4m 2n2“/§>1)13
p/(l) p/ 1) p2Rp(1)

/(2) 2
@ _ K 1221 4m 2”2“/:(31)13 01
2 T\ O + o/ th/(2)2’ n=u4..
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I3 (19) i (20) caimye, mo MiXK MIApaMU KOMIIO3UTHOIO MaTepiaay y BHIAIKY
[IPOKOB3YBaHHA He Bi0yBaeThed B3aemo/Iil. [1IBUIKOCTI PO3IIOBCIO/IZKEHHST CUMETPH-
YHUX XBUJIb KPYyUEeHHS B KOXKHOMY i3 IapiB 3a/IeKaTh BiJI MEXaHITHUX ITapaMeTpiB
MaTepiajy mapy, TOBIIUHE MIapy Ta MOYATKOBUX HAIPYyKEHb.

Jl1st TOBroXBUJIBOBOTO HAO/IMKEHHSI IIIBUJIKOCTI ITOMIMPEHHST CUMETPUIHUX XBUJIb
KPYYeHHS JIJIsi KO2KHOTO 3 MapiB Oy IyTh BU3HAYATUCS TEPITUMHE JIBOMa (DOpMYy/IaMu
(20).

Bigguaunmo, 1o nepiii Bupasu y dopmyriax (20) BU3HAYAIOTH MIBUIKOCTI MOIMIN-
PEHHS MONIEPEYHNX XBUJIb B OJTHOPLIHOMY MaTepiaJi 3 HOYaTKOBUMU HAIIPYKeHHAMU
BLJIITOBIJTHO TIEPIIIOTO 1 JIPYTOro Iapis.

Anmucumempunni x6uai kpywenns. Jas posrasHyTOro BUMAIKY B HMPEICTAB-
neHHi po3B’asky y dopmi (17) st 1BOX CycimHIX MmapiB npuitMeMo HACTYIIHI 3a1e-
JKHOCTI

BY = —-BY. (21)
3a ymosu (21) 3 (15) i (9) Bumusae, 110 uéj ) 6y1yTh AHTHCHMETPHYHIMY BijHO-
CHO CepeJINHU BiJIMOBITHUX TIAPiB.
B mpomy Bunazky i3 (21), (15), (9), (10), (12), (13) caigye, mo ymoBu Herepeps-
HOCTI 1 MEePIOIMIHOCTI CIBITAIAI0Th.
Y BuUITaJIKy HEZKOPCTKOTO KOHTAKTY MiXK ITapaMu KOMIIO3UTHOI'O MaTepiaTy yMo-
BU HEIEPEPBHOCTI 1 IEePiOJUIHOCTI MAIOTh BUIJISI

1
Bél)kaél)/{’gll)m cos ik‘agl)h’(l) =0;

: (22)
BPkal? k'Y, cos ékagf)h’(?) = 0.
Jucnepciiine piBHAHHS PU HE?KOPCTKOMY KOHTAKTI Ma€ BUTJIS
1 1
oo kP, cos §ka§1)h'(l) cos §ka§2)h’(2) =0. (23)

Pipnsnns (23) moxkuaa poss’s3aru anamiTraro. JoTupn po3s’s3ku piBHAHHS (23)
MAIOTh BUTJISI]

1 1 2
’ilg2)21 ﬁ,g1)13 i (1+2n) )
p/(l) p/(l) k2p)2 0

(24)

n=20,1,..

2 2 2
2) ’1/52)21 “/gﬂ)l:a 7 (1 +2n) .
- p/(2) p/(2) k2h/(2)2 7

I3 (23) i (24) caigye, mo MiXK ImapaMu KOMIIO3UTHOTO MaTepiaiy y BHIAIKY
IIPOKOB3YBaHHs He Bij0yBaeThesd B3aeMosil. [IIBuaKoCcTi poO3MOBCIOKEHHS aHTUCH-
METPUIHUX XBUJIb KPyUeHHS B KOXKHOMY 13 IapiB 3ajexKaTh BijJl MEXaHIYHUX MTapa-
MeTpiB MaTepiajy Iapy, TOBIIMHU IIapy Ta IMOYATKOBUX HAITPYKEHbD.

JL71st TOBrOXBUJILOBOT'O HAOIMKEHHS IITBUIKOCTI ITOMTUPEHHST CUMETPUIHUX XBUJTH
KPYYeHHd JIJId KOYKHOTO 3 IapiB OyIyTh BUSHAYATHUCA MEPITUMU JIBOMa (POPMYIaMu
(24).

Bigzuaunmo, 1o nepii Bupasu y dopmyiax (24) BU3HAYAIOTH MIBUIKOCTI MOIIU-
PEHHS TIOIIEPEYHUX XBUJIb B OJHOPIIHOMY MaTepiaJii 3 TOYaTKOBUMU HAIIPYKEHHIMUI
BIJIITOBIJTHO TIEPIIOTO 1 JIPYTOro IIapiB.
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3. BucanoBku. Takum yunowm, B janiit pob0Ti TPOBEJIEH] JOC/IIIZKEHHS 3aKOHO-
MIpHOCTEH MOIIMPEHHs XBUJIb KPYYEHHS Y HECTHCIUBUX IIAPYBATHX KOMIIO3UTHUX
MaTepiajiax 3 MOYaTKOBUMU HAIPYKEHHSIMU IPU TPOKOB3YyBaHHI Mapis. Posriany-
TO TONINPEHHS XBUJIb KPYUEHHS B PaJiajbHOMY HAIPAMKY B3J0BXK IMapiB. 3ajiaqda
3BOJIUTHCS JIO TIOOY/I0BH PO3B’S3KiB PIBHSHHS BIIHOCHO aMILITY/IHOI (PYHKIIT 1Ipu
BUKOHAHHI YMOB HENEPEPBHOCTI B IJIOMUHAX PO3JLIY MIapiB 1 yMOB HEPIOIUIHOCTI,
BijmoBiino Teopili Pioke. s cuMeTpUYHUX 1 aHTUCUMETPUYHUX XBUJIb KPYUEHHs
OTPUMaHI JIUCIEPCiiiHI PIBHIHHA Ta 1X JOBIOXBUIHLOBI HAOIM KEHHSI.

Mixk mapamMu KOMIIO3UTHOI'O MaTepiasly y BUIQJIKY MPOKOB3YyBaHHS He Bij0y-
BaeThcd B3aeMmoil. [IIBUIKOCTI pO3MOBCIOMIZKEHHST XBUJIb KPYYEHHS B KOXKHOMY 13
mapiB 3ajeKaTh BlJI MEXaHIYHUX ITapaMeTpiB MaTepiasy Iapy, TOBIIUHU IIapy Ta
[MOYATKOBUX HAIpyzKeHb. [Ipu TOBroXBUILOBOMY HAOIUKEHHI ITBUJIKOCTI TOMAPEH-
HA CUMETPUYHUX 1 aHTUCUMETPUIHUX XBUJIb KPYUYeHHd JIJIT KOYKHOTO 3 IapiB PiBHI
IBUIKOCTSIM TOIINPEHHS TOIIEPEYHNX XBUJIb B OJIHOPIIHOMY MaTepiaJi 3 MoYaTKo-
BUMU HAITPYKEHHSIMHU BiJIIIOBITHO MEPITIOTO 1 APYToro Iapis.

PE3IOME. /locimKkeHo IOMUPEHHS XBUJIb KPYUEHHS y MIAPyBaATUX KOMIIO3U-
THUX HECTUCJUBHUX MaTepiajaxX 3 MOYATKOBUMHU HAIPYKEHHAMU IIPU ITPOKOB3YBaHHI
mapis. Po3risnyTo BUNIaIOK TOMMPEHH XBUJIb Y3/10BK Mmapis. OTpuMano jaucrep-
CiiiHI PIBHAHHA JJI CHMETPUYIHHUX 1 aHTUCUMETPUIHNX XBHUJIb, & TAKOXK 1X JTOBIOXBU-
JIbOBI HAOJTMKEHHS.
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METO/ BUSHAYEHHS HEYITKX 3HAYEHBb BIZTHOCHOI
BAKJINBOCTI XAPAKTEPUCTUK AJIBTEPHATUB 3
BUKOPUCTAHHAM CIIOCOBY HAIITAPYBAHHHA

HoctizkeHHsT TPUCBsiYeHe PO3POoOIl iHCTpyMEHTapio, TPU3HAYEHOIO I aHAJII3Y Ta
arperyBaHHs IHTEPBAJIHHUX 3HAYEHb BArOBUX KOE(DIIIEHTIB XapaKTEPUCTUK AJTHTEPHATHB.
CabKoCTpYKTYpOBaHi IpeiMeTHI 00/1aCTi XapaKTepu3yI0ThCs HEBU3HAYEHICTIO 1 Y KOHKpe-
THUX CATYaIIIX TPUNHSTTS PIillleHb 1€ TPOSABIASAETHCI B PO3MUTOMY OITIHIOBAHHI €KCIIEPTAMU
XapaKTEPUCTUK AJbTEPHATUB y BUTJIAJ IHTEPBAJILHUX 3HAYEHB. Y CTATTI MPOMOHYETHCS
MEeTOJ| arperyBaHHs IHTEPBAJbHUX 3HAYEHb BaroBUX KOEDIIIEHTIB XapaKTEPUCTUK, OJEP-
JKAHWUX Bl TPYIIN €KCIEPTIiB, y BUIJIsII (DYHKINI HAJEXKHOCTI HeUiTKiit MHOXKuHI. B ocHOBY
METOJy TOKJIaJIeHO 3alPOIIOHOBAHUN aBTOpaMu croci6 HarrapyBauusa. OMUCaHO AJTOPUTM
BU3HAYEHHS KiJIBKOCTI MIApiB IPU JIOCJII/PKEHHI B3AEMHOI'O TONAPHOTO PO3TAIlyBaHHS iH-
TepBaJiB Ha npsaMiit. HaBomaTbes TaKoXK pe3yIbTaTH €KCIIEPUMEHTY BUSBJICHHS BiTHOCHOT
BaKJIMBOCTI POJIell KEPIBHUKIB OPraHi3aliifHOl cucTeMu JIjisl 3a0e3evueHHs 11 (DyHKI[IOHA b
HOI CTIMKOCTI.

Kurouosi cioBa: inTepBasibHi 3HAUEHHs, Barosi koedinienTn, GyHKIS HAJIEKHOCTI, aHa-
JIi3 PO3TAIlyBaHHSI IHTEPBAJIIB, BAXKJIUBICTh PoJiell B OpraHizariil, pyHKIIIOHAJbHA CTIKICTD.

1. Bectyn. V 6aratbox mIpakTUYHUX CUTYaIlisiX 0coba, sika IMpUiiMae pilleHHs, 3aK0-
HOMIPHO 3MYIIIeHA JisITH B CTAOKOCTPYKTYPOBAHUX MpeaMeTHUX obsactax. J[o Toro
2K, TOOYJIOBA CTPYKTYPH IepeBar y (hopMasi3oBaHOMY BUIVIA/IL € CKJIATHOIO 3a/aeI0
Jutst o uHd |1, 2|: it ekenepTiB y mpeMeTHHX 06JIacTIX CKJIAIHO Oy/IyBaTH Me-
TPU30BaH] BiHOIIEHHS HAa MHOXKHHI 00’€KTiB. 30KpeMa, JIIOAUHA He MOXKe 3a1aBaTh
JIOCTOBIpHI BaroBi Koedilli€HTH BiTHOCHOI BaXK/IMBOCTI XapaKTEPUCTUK aJIbTCPHATUB
91 KpUTEPITB, KoedillieHTH KOMIIETEHTHOCTI eKCIIEPTIB, YNC/IOBI 3HAYEHHS eJIeMEeHTIB
METPU30BAHUX MaTHUIIb IMONAPHUX MOPIBHAHB, MOOY/yBATH OOIPYHTOBAHY JIOCTOBIP-
Hy QYyHKIT0 HAJIEKHOCTI TOIO. TrM YacoMm Taki IpodJieMu PeryisgpHO BUHUKAIOTD Y
O6araThboX MPAKTUYHUX CUTYAIIAX TPUUHATTS PillleHb B PI3HUX HAIIPAMKAX JIIOJICHKOL
KATTEIIATBHOCT] 1 BUMAraroTh CBOTO BUPIMIEHHS.

BaratoarpubyrHuit BUOip € OJfHUM 3 HAIPAMKIB, KU cpuse ajiekKBaTHiil (dop-
MaJIi3allil cuTyariit IpUuiHATT PillleHb Ta JI0IoMAara€ eKciepTam i ocodam, o Mpu-
HMalOTh pillleHHsI, BUPINIyBaTH CJAA0KOCTPYKTYPOBaHI Ta HECTPYKTYPOBaHi 1mpod.ie-
MU, 9Ki XapaKTePU3yIOThCd 3HATHOIO KIJIBKICTIO KPUTEPiiB, arpuOyTiB Ta 1ineit. [Ipu
OTIUCI TPOIlecy TPUUHATTS PIllleHb 3a3BUYAll PO3IIISAIAI0THCA:

e aJIbTepHATUBU — HAOIP 00’€KTiB, BapiaHTIB, MPOIYKTIB, Jiil, BUOOPIB, ILJIAHIB,
IIPOEKTIB, CcTpaTeriit TOIIO;
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e aTpuOyTn — HAOIp XapaKTEPUCTHK, O3HAK, MMOKA3HUKIB, (paKTOpIB TOIIO, sKi
BU3HAYAIOTH KOXKHY aJIbTEPHATUBY;

e 11yl — OaxKaHUil CTaH aJbTepHATHBU, ODaykaHi 3HaYeHHA HabOpy aTpuOyTIiB aJib-
TepHATHBU, 9Ki OOPUTHCA 0CODOI0, IO HPUNMAE PIllleHHS;

® Baru — BiJTHOCHI KOEMIII€EHTN BazKJIMBOCTI, 3HATYIIOCTI KOXKHOT'O aTPUOYTY aJlb-
TEePHATUB, BIAHOCHOI BaKJIMBOCTI KPUTEPIiB, BarOMOCTI aJIbTepHATHUB, UMUCJIOBI
MMOKA3HUKNA KOMITETEHTHOCT1 €KCIIEPTIiB.

3a3Butail po3pi3HAIOTH OAraTOIIILOBE NPUWHATTS pillleHb, OaraToaTpudyTHE
NpUIHATTA PillleHb Ta OaraToKpuTepiajabHe NPUIHATTA PilleHb. BaraTorinbose
NPUIHATTA PillleHb MICTUTh HAOIP KOHMJIKTYIOUNX Iijieil, sKi MOXKYTh OYTH JIOCs-
THYTI OJHOYACHO. bararoaTpudbyTHe TPUHHATTS pillleHb 3IiICHIOETHCS IS 3aB/IAHD
BHOOpPY HAOOPY aJbTEPHATHUB, IO XapaKTePU3YIOThCd IX aTpubyTamu, Haffdacriiie
3a HAgBHOCTI ojHiel MeTu. bBararokpurepiaJbHUM MPUAHATTAM PillleHb 3a3BUYAll
BBaYKAETHCA MPUUHATTA PillleHb Mpu 0araTboxX aTpuOyTax i 3a HAsBHOCTI KiJTbKOX
KOH(MJIKTYIOUNX KPUTEPIIB.

YacTo ekcrepT MaiOTh HEOHO3HAUHY iH(MOpPMAIIIIO PO IepeBaru, Hepijako Oy-
BalOTh He BIIEBHEHI y CBOIX OIIHKAX Ta He MOXKYTh BU3HAUUTH 1X TOYHI YMUCJIOBI 3HA-
yeHHs. ToMmy peabHIMMI IXiJ JIJIsT BUPAyKEHHsI TIepeBar MoJdarae y BUKOPUCTAHHI
BepOAIbHUX TBEP/ZKEHDb 3aMICTh YMCJIOBUX BEJIUUUH.

[Ipu rpynioBoMy IpUAHATTI PillIeHb TPOTIEC PO3BUBAETHCS 3 BUKOPUCTAHHSIM 3T0P-
TKH, sIKa arperye y3araJbHeHi mepeBaru OKpeMuX eKCIepTiB abo 3a OleprKaHuMU yce-
peJIHEHUMU OIIHKaMU BUOMPAEThCA Haflkpalla ajabrepHaTusa. BojgHovac mpakTuaHO
3aBXK/U iCHY€ IPOOJIeMa y3TO/I2KEHHsI OIIHOK [IPU I'PYIIOBOMY HPUWHSATTI PillleHb Ta
BU3HaYeHHI BjacTuBOoCcTeil 00’ekTiB. Cy/zKeHHsI eKCIIepTiB HaffdacTinie € pisHuM# i
MaloTh OyTH arperoBati Jijisg TOro, MO0 OTPUMATHU €IMHUN BUCHOBOK, KWl OYB OU B
SIKOMYCB CeHCl OJIN3bKMIT /IO yCiX eKCIIePTHUX 3HaYeHb. HediTKi Mo/ies1i BUKOPHUCTOBY-
I0OThCsI IK OCHOBHUI 3aci0 /I arperyBaHHs iHIMBIIya/IbHOI eKCIIepTHOI iHdopMarril
B PI3HUX NMPAKTUYHUX CUTYAllAX NPUAHATTS PIllleHb.

2. Amnajiz ocraHHiX gocJiji>keHb 1 myOJikariii. JlocimKeHHIO Ta aHa-
JII3y METO/IiB BHPIIIeHHS TPoO/IeMU BU3HAYCHHS CTPYKTYPHU IepeBar Ha MHOXKUHI
00’€KTiB, 30KpeMa, BaroBux KOeMIIi€HTIB XapaKTEPUCTUK aJIbTePHATHB, IIPUCBsIIe-
HO 3HaYHY KLJIBKICTH POOIT y BITUM3HsHIN Ta 3apyOixKHiil siTepaTypi. B mesdkux po-
Gorax [1, 3| BijBHAYAETHCS CKIIAIHICTD OTPUMAHHST HE3M0CEPEIHBOT HECYTIEPELIUBOT
indopmariii Bij ekcriepTa PO YHMC/IOBI 3HAYEHHS BaroBUX KOedillieHTiB aTpuOyTiB
asprepHaTnB. Ha ocHOBI mpoBeieHIX 1oC/iKeHb 1] goBomuThes, 10 eKcrepT Mo-
JKe aJIeKBATHO BU3HAYUTH BaroBi KoedillieHTH, TOOTO, KOeMIIieHTH 3HATYIIOCTI, Y
BUITA/IKaX, KON KIJIbKICTb aTpUOYTIB, IO XapaKTepu3yloTh aJIbTePHATHBHU, HE Iepe-
BUIILYE€ TPHOX. ¥ BUIIAJKAX, KOJIM AJILTEPHATUBU XaPAKTEPU3YIOThCA OLIBIIOK Kijlb-
KiCTIO aTpuOyTiB, MOXKJ/IMBE 3aCTOCYBAHHSI HEIPAMUX METOIB, B SKUX CTPYKTYpa
repeBar BiTHOBJIIOEThCA HA OCHOBI MOIIEPEeHBO MPUITHATUX €KCIEPTHUX PIlIeHb.

Cepe/1 IOMUPEHNX CIIOCODIB MTPEeJICTABICHHS 3HAYEHb BArOBUX KOeMIMIEHTIB CJIiT
BijgHadnTH Taki [1:

® JIOBIJIbHI JIIMICHI UM HATYypaJIbHI YHucIa —00 < x; < 00, 1 € [
e JiificHi Yncia 3 BpaxyBaHHIM 0OMEKeHb (OJJHOCTOPOHHIX UM JIBOCTOPOHHIX ), Ha-

npukiaai, xr; >0, 1€ l; 5<x; <5, 1e€;0<x; <1, 1€l
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e JiificHI Y1 HaATYpaJbHI YUCJIa 3 YpaXyBaHHAM YMOBHU ITEHTPOBAHOCTI:

in:(), —o<x; <00, tE€I;
el

e JiificHI ync/Ia 3 ypaxyBaHHSAM YMOBU HOPMOBAHOCTI:

=1, >0, i€l

i€l

[Tommpenoro ¢popmoro mpejicTaBjIeHHT HOPMOBAHUX BaroBux KoedillieHTIB € iH-

TepBasibHa (opMa — rineprapaJsiesienimne/; Baropux Koedirientis [1]
NS [:zriH,xlB], icl, 0<af <aP <1, iel

[Tpuvomy, I = {1,...,k} — MHO)KUMHA IHJIEKCIB eKCIepTiB, k — KiJIbKICTH €KC-
MepPTiB.

Metoin BU3HaYMEHHS iHTepPBaJbHUX 3HAYEHb BAroBUX Koeilli€HTIB PO3TJIs a1~
cs1, 30KpeMa, B poborax |1, 4]. B pobori |7| sampononoBatno Kpim dikcoBaHux Ta
iHTepBaJILHIX 3HAYEHb BArOBUX KOeMIIIEHTIB PO3IJIA AT TaKOXK BiIHOCHI Koedilri-
€HTHU BaKJIMBOCTI YU BIJIMBOBOCTI JIETKUX BEJTUYINH.

Ha crorosni mijgxojin, ki BUKOPUCTOBYIOTH METOJM TEOPil HEHITKUX MHOXKHH,
JIO3BOJISIIOTH IIPOBOJINTA OOPOOKY PO3MUTHUX €KCIIEPTHUX OIIHOK, aJje TaKi ITiIX0/Iu
He BPaXOBYIOTb OCOOJIMBOCTElN CHPUHHATTS €KClepTaMy KiJIbKICHUX 3Ha4YeHb (i3n-
JHUX BeJmduH. J[71s1 0oOTpyHTYBaHHs Ta MOIAJIbIIOr0 BUKJ/IAJICHHS MaTepialy BBeJe-
MO KiJIbKa JIOJIATKOBUX €BPUCTUK.

EBpuctuka E1. [nmepsasu abo ceamernmu anauerns 0iabuwioto miporo 61006pa-
ACYIOMDB CYOHCENHA EKCNEPMIE NPO BLOHOULEHHA NEPEBAU, HINC MOUKOBT 3HAMEHHA
6A208UT KOEPIUIEHMIE.

EBpucrtuka E2. Qynxuis nasesrcnocmi mewimxit MHOHCUNT MICTMUMS OlAb-
we MPopMayii npo GIOHOULEHNA NEPEBA2YU 2PYNU EKCNEPMIB, MHINC THMEPBAAU GO0
ceemenmu, 1 Kpaule 61000paNCcae KoNeKMUGHe CYOHCEHHA 2PYNU eKCNEPMIs.

TakuMm 4uHOM, aKyMy/JIbOBaHa (arperoBaHa, y3araJbHEHa, Y3TOJ[KeHa TOIIO) iH-
dopmaris, ojiepzKana Bij| IPyI# eKCIEPTIB, He BTPAYAETHCHA, X0 1 TPAHCHOPMYETHCS
B IHIMNY aHAJTITHYHWUI BUIUIA]T 3 JeIKIMI HEMUHYYIMH 1 3aKOHOMIDHIMH TTOXHOKa-
M.

Haromocumo Tako:K Ha OCHOBHOMY MOMEHTI JIJIA TAaKOTO POy eKcrepTus. Ekc-
[EePTH TPAIIOIOTD Y 3BUUHIN Jijist cebe peMeTHi 00/1acTi 1 BU3HAYEHHS IHTEPBAJIiB
YW CETMEHTIB 3HaYeHb BiTHOCHOI BaKJIMBOCTI XapaKTEPUCTUK aJIbTEPHATUR 311 1CHIO-
€ThCA HENPSIMUMU METOJIAMMU.

B po6ori [8] posrisiHyTo criocib HalmapyBaHHs [T arperyBaHHsI iHTepBaJIiB abo
CerMeHTiB 3HavYeHb BAaroBUX KOeMIIEHTIB Ta BU3HAYEHHSI CTPYKTYPH I€pEBAr €KC-
nepTiB y BUIVIs Il (DYHKINH HAJTEXKHOCTI HETITKINl MHOYKUHI.

3. IlocranoBka 3amadi. OcHOBHA MeTa I[HOTO JOCJIIIXKEHHS IOJISITaE Y PO3-
poOITi X0y, dKUil JTO3BOIAB OM arperyBaT 3aJlaHi eKCIiepTaMyu iHTepBaJu ado
CEerMEHTH BiJIHOCHOI BasKJIMBOCTI XapaKTEPUCTUK aJbTEPHATHB 1, 38 MOXKJIUBOCTI, Mi-
HiMi3yBaB Ou P IHOMY BTpaTu iH(OpMaIlil Ipo mepeBaru Mixk XapaKTepUCTUKaMU
aJIbTePHATHB, TOOTO MAaKCUMAaJILHO BijloOparkaB OU Cy/KEHHS IPYIIHA €KCIEPTIB PO
piBEHb BILUIMBY Ha HMPUHHATTS PIlIEeHHA KOXKHOI XapaKTEePUCTUKH aJbTepHaTUBH. B
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OaraTboX BUITQJIKAX €KCIIEPTOBI 3pYUHIIIE 33/IaBATH IIepPeBaru B HEUITKi#, pO3MUTI
dopmi y BurIgl iHTepBasiB 3MiHM KOEMIMi€HTIB BiIHOCHOT BaXKJIMBOCTI 00 €KTIB,
TOOTO rineprapaJeserine/ia 3Ha4eHb y TPOCTOPi BAroBuX KoedillieHTiB.

[TocTranoBky 3aj1a4 BU3HAYEHHs BiJIHOCHOI BaK/IMBOCTI KPUTEPIIB, Baru ajabTep-
HATUB, BIUIMBOBOCTI X XapaKTEPUCTUK Ta KOMIIETEHTHOCTI €KCIEPTIB y OlIbImocTi
BUIAJIKIB CXOXKI1 1 BIJIPI3SHAIOTHCA JiHIIe iHTeprpeTaliieo. Tomy Oymaemo posryisiaTu
BU3HAYEHHs BArOBUX KOEMIIIEHTIB B3araJji, Malo9u Ha yBa3i Te, IO Iid 3a/a49a MOXKe
iHTepripeTyBaTucs y Oy/Ib-IKOMY 3 YOTUPHOX 3a3HAUEHUX ACIEKTIB.

Hexait 3a1aH0 MHOXKUHY ajbrepHaTHB (00’€KTiB, BapiaHTIB, ILUIAHIB, TPOEKTIB
o) a; € A, 1 € [ ={1,...,n}, KoKHA 3 IKUX XapaKTEPU3YEThCS 1M O3HAKAMU
(aTpubyTamu, xapakTepuctukamu, dhakropamu Tomo) a; = (a;,...,a"), i € I.

st moby10BU MOJIe i KOHKPETHO! 3a/1adi HEPiJIKO BUHUKAE HEeOOXiTHICTh Y BU-
3HaYEHH] BITHOCHOI BAaroMOCT1 XapaKTEePUCTUK Ta 1X BIIUBY Ha NPUUHATTA PillleH-
Hs — JIJIs1 301/IbIIIEHHST BU3HAYEHOCTI Ta IMiJIBUICHHS CTPYKTYPOBAHOCTI ITPeIMETHOT
obs1acti. OcKiJIbKY JIIOJUHA Y OLIBIIOCTI BUITAJIKIB HE CIIPOMOXKHA &JIEKBATHO IPU-
3HAYATH BiHOCHY Bary |[l|, mepcreKTHBHUM HAIPSMKOM JIJIsl BUDIIIEHHST IPOGIeMu
BU3HAYEHHsI BaroBUX KOEMIIIEHTIB XapaKTEePUCTUK € HEIPAMI METO/IN.

Y IpakTUYHUX BHIAJKAX HEPIJIKO iCHYE icTopist mepeBar MiK 00’eékramut (rpas-
[FMU, TPOEKTAMU, THPO3JLIaMU TOIO) — MPOBEJIEHHs cepil TypHIPIB, 3a pe3y/ibra-
TaMU HEOIHOPA30BOTO BUMIPIOBAHHS II€peBar eKCIepTiB, OY/Ib-s1KOI iHIIOT ITPUPOIHOT
indopmariii. Ha ocnoBi ojiepzkanol Takum 9uHOM iH(MOPMAIT HEOOXiTHO BUBHAMUTH
BIJTHOCHI PiBHI BIJIUBY OJIEPKAHUX B PE3Y/IbTATI €KCIEPTU3N IHTEPBAJIBLHUX 3HAYUEHD
B 4ucJ0BOMY BupakeHHi. [Ipu mibomy ciijr 3a0e3nednTn MakcuMaJibHe 30eperKeHHs
1movaTKoBol iHdopMallil Ipo BiIHOIIEHHS IIepeBaru, sIKa Ha IiiIIa BiJl eKCIepTiB.

4. MarematuaHa Mozeab. s noOyioBu MaTeMaTnaHOT MO/IE/i BUSHAYEHHS
HEYITKNX 3HAYCHb BiIHOCHUX BAroBuX KOeMili€HTIB PO3IVITHEMO CUTYAILIO TPUiHSI-
TTs PillIeHHS.

Hexait 3a y4yacTi KOXKHOIO €KCIepTa HEIPAMUMEH METOJIAaMHU 3aJ[aHO 1HTEPBAJIM
BiJIHOCHOI BasKJIMBOCTI BaroBux KoedIiIieHTiB:

Hj _.Bj - P
[l‘i , T; ], 1=1,..., kj=1,...,m,

ze:

k — KITbKICTH €KCIEePTiB;

m — KUIbKICTh aTpubyTiB aJIbTepHATHB.

[Ipu oMy cJ1ijT 3a3HAYNTH, IO € He BayKJIMBOIO KOH(DIryparllis 3a/[aHux inTepBa-
JjiB. TobTo, inTepBa/i MOXKYTh CIIBIIAJIATH, IEPETUHATUC, OYTH BKJIAIEHUMU OJIUH
B oHoro. Jledki intepBaanm MOXKYTh OyTHU TPEJCTAB/IEH] €IMHOI0 TOYKOIO, KOJIU

Hjy _ Bi , _
o= xst, 1=1,..

i, x o kyyg=1,...,m.

Bajiada moyiarae y 3JificHeHHI arperyBaHHs iHTEpBaJiB, 3aJaHnX ab0 00UMCIIe-
HUX 3a yJacTi ekcrepriB. TobTo, iHdopMallis mpo BigHOIIEHHS IIepeBaru eKCIepTiB,
npejictaBjaeHa y Buriiga K nabopis intepsaJiB, Mae OyTH TpeJICTaB/IeHA y BUTJIS/I
dyHKIIT HaJIe’KHOCTI HEYITKiil MHOXKUHI, gka 6 30epirasa indopMariio mpo 3ajaHi
eKCIepTaMU BiTHOIIEHHSI, Ha CKiJIbKU e MOYKJIIBO.

Espucruka E3. Mnoowcuna 3nauens 610HOCHOT 8adCAUB0CTNE TAPAKMEPUCTNUK
AALMEPHAMUS, YMBOPEHA HA OCHOGL THMEPEANIE 3HAYEHD BG206UT KOCPHIUuIEcHMIE,
odeporcanux 610 eKcnepmis, € HewImKow.
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BBememo Taki mo3HadeHHs BiJIITOBIIHO JIJI CETMEHTIB Ta IHTepBaJIiB BaroBUX 3Ha-
YeHb KOeiIieHTiB:

; . Hj Bj :
P'=| min x;7, max x;7|, i=1,...,m, (1)
j=1,...k j=1,....k
; . Hj Bj .
P'=|( min z;7, max z;7 ), i=1,...,m. (2)
j=1,....k j=1,....k
Osnavenns 1. Jasa mwooicun PP, i = 1,....m ma @ynxuiti nanesrcrocms

pts PY— [0, 1] newimxi MHOJICUHY 6USHAMAIOMbCA AK
At = {(m,piA(m)) ‘x € Pi}, i=1,...,m.

QyHKIIT HAJIEXKHOCT JIJ/IsT BArOBUX KOEMIIEHTIB, siKi Bi/IoOpaKyOTh HEIITKY Ba-
JKJIMBICTH XapPaKTEePUCTHUK aJIbTepHATHB, Oy1eM0 OyIyBaTH 3 ypaXyBaHHIM TOTO, IO
3 HUMHU aCOIIIOEThCS BJIACTUBICTH BiJIOOpaXKaTU Mipy HAJIEXKHOCTI BaroBux Koedirri-
€HTIB JI0 JIesIKNX BU3HAYEHNX 3HAYEHb, TOOTO BJIACTUBICTH MaTH KiJbKICHO 3a/IaHMit
piBeHb BIIHOCHOI BarKJIMBOCTI.

s xkoxxkHOrO BaroBoro koedirienta x;, ¢ = 1,...,m YHIBEpCYMOM € iHTepBaJI
X = (0,1). ®ynxuia ' (z),i=1,...,m € GyHKIIEO HaJEKHOCTI, a 11 3HAYEHH —
CTYIIEHEM HAJIE?KHOCT1 3HAYEeHHS X;, ¢ = 1,...,m HEYITKi{l MHOKHI Al c X , 1=
1,...,m. Hociem He49iTKOI MHOXKUHUI fli, 1t =1,...,m, HA3UBAETHCI TaKa MHOXKWHA,
dKa MICTUTH JIMIIE Ti eJIeMEeHTH MHOXKUHUI fli, 1 = 1,...,m, CTyIiHb HaJIEXKHOCTI
axkux pu'(z) > 0,4 = 1,...,m, TO6TO HOCIEM HEYITKOI MHOKHHU 3HAYCHb BATOBHX
koedinienTiB x;, ¢ = 1,...,m € cermentu abo inteppaan Buay (1) wm (2).

EBpuctuka E4. Bydemo ssaosicamu, wo HEWIMKL MHOACUHY 3HAYEHD BA206UL
Koegiuienmie ma 6i0Nno06IoHULT GYHKYIT HAAEHCHOCTVE € YHIMODAALHUMU.

EBpuctuka E5. Bsaswcamumemo, wo Gynkuii HasescHocmi 0as Ycir 6a208Ux
Koedivienmie ¢ nopmarvrumu, mobmo ' (r)=1,1=1,...,m.

4.1. Cooci6 mamapyBaHHsa. KopOTKO PO3IVISHEMO CyTb iJiel HalrapyBaHHS.
Bynemo ymoBHO BBazkaTu, 1o KOXKHOMY 33JaHOMY Ui OOUUCJCHOMY iHTepBasy abo
CErMEHTY BIJINOBIIa€ JiesdsKa reoMeTpudHa (pirypa 3 TAaKUMU YK KOODJMHATAMU, aJie
g dirypa mae Jiesky TopiuHy. [Ipu Bu3Ha4YeHHI 4eproBoro iHTepBasly Yd CErMEH-
TY JIJI KOYKHOT'O BaroBoro kKoedilienTa XapaKTEePUCTHK aJbTepPHATUB Taki (pirypu
HAIIAPOBYIOTHCA OJIHA Ha O/iHYy. AJie Take HAIapyBaHHS 3/IHCHIOETHCS OCOOJIMBIM
YUHOM — K 1pu rpi B «Terpicy. @parmenTn iHTEPBaAJIIB 3AII0BHIOIOTH TOPOKHIHI
Mi2K TIIapaMU TakK, IO YeproBa yTBOpeHa KOHMDIrypariid mapis € 1iicao, 6e3 mopo-
KHUH. B pe3ysibraTi Ha OCHOBI HaIapyBaHHdA k MapiB yTBOPIOEThCA JiesdKa (dirypa,
sIKa MOYKe OyTH! JIJIst 3pYYHOCTI BUKOPUCTAHHS allPOKCUMOBaHa (DYHKITIEIO0 HAJIEYKHO-
CTi yCTAJIEHOT'O BHUJy — TPHUKYTHOIO, TPAIEIIeNoMi0HOI0, S-110/1i0H00, Z-110/110HOIO,
[I-mromi6uoI0, ['aycoBoro ToIIO.

5. Onep2kaHi pe3yJIibTaTU HOCJIIiI2KEHHS.

5.1. Anasi3z BapiaHTiB B3a€MHOrO IIOIIAPDHOTO PO3TAIllyBaHHS iHTepBa-
JiB Ha mpsiMiii. PosriignemMo Ta mpouTIocTpyeMO MOXKJ/IUBI KOMOIHAIIT B3a€MHOI'O
[TOIIAPHOT0 PO3TalllyBaHHs IHTEPBAJIIB BArOBUX KOeMirieHTIB Ha tpsaMiii. [[rsa peasi-
3alil miIXoMy HalllapyBaHHS CJIlJI BpaXyBaTU CUTYallil, K1 MOKYTb BUHUKHYTHU IIPU
BKJIIOYEHHI B CHCTEMY KOXKHOT'O U€ProBOI0 iHTEpPBAJY.
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3pOo3yMisio, M0 OCKIIBKNA €KCIEePTH BibHI y BU3HAYECHH] 3HAYEHB BiTHOCHOI Ba-
JKJIMBOCTI XapaKTEPUCTUK aTbTEPHATHB, TO BOHI MOXKYTh 3aITPOTIOHYBATH Halfpi3HO-
MAaHITHII BapiaHTW BJIACHUX 1HJIMBIJIyaJbHUX ySBJEHb PO HOPMOBaHI Barosl Koe-
dinientu. /15 3aragpbHOr0 anasizy BU3HAYEHHS KOMILIEKCHOIO PO3TAIIyBaHHs YCiX
IHIUBTya/IbHUX PO3TAIllyBaHb €KCIIEPTHUX BaroBUX 1HTEPBaJIiB, PO3IVIHEMO yCi MO-
JKJIMB1 BaplaHTH B3a€MHOT'0O TIOTIAPHOTO PO3TAITyBaHHS IUX 1HTEPBAJIiB.

} He IIEePETUHAIOTHCH, [le,xﬂ < [QJH,wB].

Puc. 2. InTepBasn [le,xﬂ Ta [l‘

H ..B H ..B - _ .H
Puc. 3. InrepBann [xz , T } Ta [Ij ,Ij] JoThdHl, x7 = ;.
H B H B B 3
X X X X, X X,
H B B H
2 | | | .
H ,.B H ..B . B _ .H
Puc. 4. InrepBann [ZEZ , T } Ta [xj ,:z:j} JoTHYHL, T = ;7.
H B H H B B H B
\r \I i -‘j '\I \} \J \i
H B
X; X
H ,.B H ..B H_ B
Puc. 5. InrepBann [% , X } Ta [xj ,:z:j} [ePeTHHAIOTHCH, X = Xy .
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H B H H B B H ¥
X X X X X X X X
i f b f J i r 4
N &
X5 X,
H ,.B H ..B H _ .B
Puc. 6. Inrepsann [wz , T } Ta [a:j ,mj] [EePeTUHAIOTHCS, T;' = 7.
‘_H B H B
BB
I '\r '\}
H B
1..' \J
Pwuc. 7. TnrepBann [Ifl,xﬂ Ta [xjH,xﬂ nepeTuHaloThes, r = xf, xB < 2B
H i H B
\I' T? \f \?
B B
I x; X
B B
_\J ‘,.
Puc. 8. Inreppasm [le,xﬂ Ta [xf,xﬂ nepeTuHaOThHCA, T = xf, :Ef < B
H B H H H B B B
'\', ."lr '\) .'lF _"l‘ \.‘ "r "J.
x) x?
H B : H B H B H ..B
Puc. 9. Intepsan [xl , T } BKJTIOYAETHCA B IHTEPBAJ [xj , T ], [ml , T } C [Ij , T }
'\H "13 '\nr \'H _'l'H \.B \.B \.:5

€T

ARt

BKJIIO9Ya€TLCA B iHTepBaﬂ [ZL’H B],

T
e, 27] c [alf, 27].

R Rat)
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Puc. 11. InrepBam [mf{,xf}] Ta [xf,mﬂ MIEPETUHAIOTHCS, xf <zl 2B = xf.
_\':l:l _‘l'rﬁ X f X rr d X ‘H \f
J i
K B
JIJ .\J
H ..B H ..B H H ..B_ ,.B
Puc. 12. Inrepsan [xl , T ] Ta [:L’j ,xj] [EPeTUHAIOTHCS, ;' < 1), Ty = 7.
H B H B
X X X X
H B
X X
H ,.B H ..B : H Bl _ [,.H ..B
Puc. 13. InrepBasn [% ,xi} Ta [IBj ,a:j] CITIBIAJAI0Th, [:lcZ ,xi} = [xj , 5 ]

Bunydenns inTepBaJty 3 iHJIEKCOM j.

3BejieMo B TAO/UINIO 1 yci MOXKJIUBI BapiaHTU B3a€MHOT'O PO3TAIyBAHHS iHTEP-
BaJIiB 1 BU3HAYMMO 3MIHM y HAIIapyBaHHAX 3aJ€KHO Bij momapHOl KOH]Iryparrii
IHTEpBAJIIB.

Tabruusn 1.
Yci MOKIMBI BapiaHTH B3a€MHOTO PO3TAITyBaHHSA CETMEHTIB
Ne JIiynabHUK Hosgi 3nayennsa Hoga
YMmoBu .
WCyHKa CEerMeHTiB TpPaHUID BHUCOTA
y
H ..B H ..B o
Puc. 1 | 2f <2l & 2B < 2l s=s [xi’xi]’ AR h“h].
! J ' J 6e3 3Mmin 6e3 3MiH
H ..B H ..B h.
Puc. 2 | 2 <2l & 2B < 2H s=s [xi’xi]’ REANEE h“h].
J ¢ J ¢ Ge3 3Min 6e3 3MiH
H H B _ .H — H_ . B _ .B — 7. ,
Puc. 3 | z;' <z} &z = s=s5+1 Ty =xg =T hs = hi+h;
H ..B H ..B
[:Cz' » Lj ]7 L5y x5 hi, hy
6e3 3MiH i 6e3 3Min
Puc. 4 xf]<xfl&xf:xf s=s5+1 xfzxf:m? hs = hi+h;
H ..B H ..B .
[:172- , T ], i, T; hi, h;
6e3 3MiH ’ 0e3 3MiH
H H H B — H_ . H . B_ B — 7. ,
Puc. 5 | o’ <z & aj’ <u; s=s5+1 v =z, x) =7 | hs =hit+h
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o _ .H . B_ .0
T =z, Ty =y, hi, h;j
mfl :1:{3, $7~B—$7-B 0e3 3MiH
b2 b2 b2 B — T -0 . B_ .5 — 7 ,
Puc. 6 | zi' <z & z; <uj s=s5+1 vy =z, 2y =x7 | hs=hi+h;
H_ . H . B_ H
Ty =Ty, Ty =T, hi,hj
xf{:x?, xf:xZB 6e3 3MiH
Puc. 7 | o =2 & o < 2B s=3s ol = B gB =B hy =1y
) ¢ J L J J L) J 66331V11H
H ,.B H ,.B
=, 27, Pﬂ ’mJJ hi = h; + h;
0e3 3MiH
H H B B
Puc. 8 xflsz&xH<mf s=35 ¢ v v hi = h; + h;
J J 0e3 3MiH
h: = h;
ol =B g — B | =N
J 77 0e3 3MiH
H H B B — H _.H .B_ .5 — 7 .
Puc. 9 | o/ <uz; &l <uzj s=s5+1 xg =z, xy =x7 | hg = hi+hj
T o _— .0
xy =B, x; =z, h; = h;
B =al 6e3 3Min
H _ B _ hj = h;
zt =B, x? = xt .
J B J 0e3 3MiH
Pwuc. 10 $1H<.Z‘]H&$7~B<$iB s=s+1 wf:xf,mf:xf hs = h;+h;
T H _— H _— 7.
r. =B, x;" = ;7 h; = h;
$ZB:x§{ 0e3 3MiH
H B ,.B hj = h;
=P x? =B .
J 777 6e3 3MiH
Puc. 11 | 2 < 2 & 2B = 2B s=3s ol =gl B = gH hy =
) J v ¢ J J 7o ¢ 0e3 3MiH
xfi:xf,xfgzx? hi = h; +h;
H H B _ ..B _ H__ H ,.B__B hj = h;
Puc. 12 | z;’ <zj & z7 = x; 5=35 il =, xj) =@ Gos Sy
xf:xf,xf:xf hi = h; +h;
s=s—1
H H ,.B B
BUJIVIECHHSA X" = I r, = XI;
Puc. 13 | ol =2l & 2P =28 y g v | hi=h;+h;

v J J CcerMeHTa 3 0e3 3MiH

iHgeKcoM j

Ha mactrymaOMYy eTari 3acTOCyBaHHS MeTO/Iy HAIIAPYBaHb CJI1J] BUKOPUCTATHU 3a-
KoHoMipHOCTi, npescTasieni B Tabmuri 1, s mobyioBu €auHOl mijicHOl (irypu
3 3aJIAHUMU KOODJMHATAME, PO fAKY Wnuiocd B miamyHkTi 4.1 npm onwmcanmi imel
criocodby HarrapyBaHHs. Po3ryisHeMO aJropuTM, aKuil peaji3ye Takuil miaxis.

5.2. AnaroputM BHM3HaA4YeHHsI KiJIbKOCTI HIapiB Ipu JOCJiI>KE€HHI B3a-
€MHOT'O PO3TAalllyBaHHS CErMeHTiB Ha mpamiit. lna curyarii, KoJm BUHUKIIA
HEOOXIJIHICTh aHaJsi3y B3a€MHOI'O PO3TAIYBAHHSA OJIHOYACHO KIJILKOX CEerMeHTiB k,
MOXKHA 3aCTOCYBaTU TAKUIl aJIlOPUTM.

1. Hukn o [ = 1,...,m, ToO6TO, OpraHizallisg MOBTOPIOBAHOCTI il JI/Id KOYKHOI'O
OKPEMOI'0 BaroBoro Koediiienra xapakKTepUCTUK aJbTePHATUB.

2. BecranoBuTu JiMMIBHUK ITOTOYHOI KIJIBKOCTI CEIMEHTIB S = k.

Muknmoi=1,...,k—1.

4. Bruagennit tuksa j =1+ 1,..., k.

w
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5. Buznadenns normapnoi kKondirypariii cerMeHTiB Ta 1mo0y/I0Ba, CUCTEMH HaIlapy-
BaHH¢ 3aJIE2KHO BiJl HasBHOI iH(OpMAIIii.

6. 3aBepIeHHs UKJIIB 110 j Ta IO i.

7. BuydueHHsI cerMeHTIB 3 iHJeKcaMu, siKi BUSIBJICHO JIJIsI CUTYallil, BijoOpasKeHol
na Puc. 13, Ta nepeinjiekcaliiis HOMepiB CErMEHTIB.

8. IlpucBoeHHs HOBOrO 3HAYEHHS KIJIBKOCTI CEIMEHTIB k = s.

9. YropgaKyBaHHs CEIMEHTIB 3a HeCHaJaHHIM HUKHIX TPDAHUIb Ta 3POCTAHHIAM
BEPXHIX I'DAHUIIb.

10. Baseprenss ukJy 1o [.

5.3. ObuucaroBasbHUil ekcnepuMeHT. ljis mepeBipku poboTH ONMUCAHOTO Y
it pobOTI MeTO/y HaIApyBaHHs OYyJIO0 MPOBEICHO OOYUC/IIOBAJILHUI €KCIIEPUMEHT
3a yJacTi eKCIIePTIB Ta MeHeJzKepiB oJiHi€el 3 Oi3HeCOBUX KOMIIAHIIA.

MuoxkuHa poJieit, sKuMu Jijisd 3a0e31edeHts (pyHKITIOHAIbHOI cTifikocTi dpopma-
JI3YETHCS JISIIBHICTD IIPO3/I1JIiB OPraHi3aliiifHol CUCTeMU Ta B3a€MOJIIS MIXK eJjie-
MEHTAMU CUCTEMH CKJIQJIAEThCS 3 POJIeil, Ki OyJIeMOo o3HAYaTH:

R:{T’l,...,rpl}, (3)

Jie pl — KiIbKIicTh poJieil eJIeMeHTiB CHCTEeMH, K1 OY/IyTh BUKOPUCTaHI IIPH MOJIEJTIO-
BaHHI 3a0e3mevents DYHKIIOHAILHOI CTIHKOCTI OpraHi3aliifHol cucTeMu Ta BU3HA-
YeHH] PiBHA KPUTUIHOCTI 11 €JIEMEHTIB.

MHOoKWHY €JIeMEHTIB OpraHi3aliiiHol CUCTeMH TO3HAYNMO Yepe3:

B={b,....bp}. (4)

Jie p2 — KIJIbKICTD eJIeMEHTIB OpraHi3alliifHol CUCTeMU, 9Ki 3a0e31MeTyI0Th BUKOHAHHS
MHOXKUHU (DYHKIIINH 1, Bi/IIOBiIHO, 3a0€31e4yI0Th 1if BJIACTUBICTb (PYHKITIOHAIBHOL
CTIMKOCTI;

(I):{9017"'790p3}’ (5)

Jie p3 — KiIbKicTh (DYHKIIH, sIKi BAKOHYIOTbCS eJIeMeHTaMU CUCTeME 3 MHOKUHE (5),
i gKi i marpuMmyBaTi 3apain QYHKIIOHAJIBHOI CTifiKoCTi opraHizariii.

3a3HaunMo, 1Mo MOTYKHICTh MHOYKWHHU €JIEMEHTIB opraHizaiiiinol cucremu (4) y
3araJlbHOMY BUIAJIKY € 3HAYHO OLJIBIIOI0, HI?K TOTYKHICTh MHOXKUHY poJieii (3), aKi
BUKOHYIOTbCSI €JIeMEHTAMU CUCTEMHU JIJTs 3a0e31edeHHs M ATPUMKN (PYHKITIOHATBHOL
crifikocTi 1 BuKoHaHHs MHOXKUHU GyHKIH (5), To6T0 p3 >> pl.

EBpucruka E6. Bydemo surodumu 3 npunyuwers, uo 0t KOHCHOT KOHKDEMMHOT
Pynryii sudy (5), AKa BUKOHYEMBCA EAEMEHMAMU CUCTNEMU, MOHCHE BUSHAYUNU:

e poai (3) enemenmis cucmemu (4), 3a60aru axum suxonyemoca gyrryisa (5);

e savicausicmo poaeti (3) daa koorenoi Pyrkyii (5) y 6uzanadi iHmepsanie 6a206ur
Koeiuienmis, a 610max, 6i0HOCHY BAHCAUBICTIL KOHCHO20 EAEMEHMA CUCTNEMU,
(4) daa suxonanna xoorcnoi Gynkyii ma GyHryionavroi cmitrocmi.

Tob6ro, BimHOCHA BasKIMBICTh poJieit (3) B opranizaniiiniil cucremi He € KOHCTAH-
TOIO, & Ma€ 3MIHHUII XapaKTep, 3aJIe2KHO Bl TOr0, K& POJIb BUKOHYETHCS €JIEMEH-
tamu cucremu (4) jis 3abe3nedents byHKIIOHATIBHOI CTIHKOCTI.

Excrieptn HaJlaloTh CBOI BUCHOBKU IIPO BIJIHOIIEHHS II€PEBArd MiK POJISIMH Y
3BUYHUX JIJIsi HUX TepMiHAX IpeaMeTHOl obsacti. [nTepBain BaroBux kKoedimieHTin
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poJieit O0UUCTIOIOTHCA Ha OCHOBI HEIIPAMUX METOJ/IIB BH3HAUEHHsI BiJIHOCHOI BaXKJIM-
BoCTI pouteii [8, 9.

EBpuctuka E7. [Ipu susnauenhi 6a208ux Koediuichmic HENPAMUMU MEModa-
MU MOdHce OYMU 30IADWEHA TOYHICTND 00YUCAEHHA 3HAYEHD, OCKIALKU Y UBOMY 6U-
naodky excnepm Hadae tHPopmarito npo 1020 nepesazy iy 36UNHIT 0AA HHO20 CUMYAUL
npudHAMMA PIWeHd 6 3Hatiomit npedmemmiti obaacmi. Taxi pruenns excnepm abo
0COAa, WO NPUUMGE DIUENHA, NPUTLMAIOMD WoOHA T NPU UbOMY He NPUKAAIGIOMD
3ycuns 0aa ix oyudposru. Hucrosi 3HaAMEHHA 60208UT KOEPHIUIEHMIE 3HATOOAMNBHCA
WAATOM 3GCMOCYBAHHA CNEUIANDHO PO3POOAEHUT, DOCAIOHCEHUT Ma 002DYHMOBAHUL
aN20PUMMIE.

EBpuctuka E8. Obmestcerns na wupuny iHmepeaty e 8Cmaro8A010MsvCa: tH-
MePSast MOACYMBb OYMU AKX JOCMAMHBO WUPOKUMU, MAK | BUPOOHCYBAMUCH 6 TO-
wky. Beauwuna eusnauenoz2o immepsany 6tdobpasicye ne misbku KOMNEmeHmHicmy
excnepmis, ane i 1020 NCUTON02TYHE TAPAKMEPUCTNUKY — CTUALHICMS 00 PUUKY,
MEMNEPAMEH, MOUL0, 0CODAUBOCTNE NPEOMEMHOT 00AACTT Ma JeAKE THWIT ACNEKMU
CUMYAULL NPUTHATMA PIUEHHA.

[Ipu bomMy He MOPYIIYIOTHCA BUMOTU Te€OPil BUMIPIOBAHHS JIJI TUINB ITKAJI BU-
MiproBaHHs. Bo/iHOYac HeMae BIMOT IIOJI0 PAHXKYBaHHS aJbTepHATHUB, TOOTO iHTEP-
BaJIM MOXKYTh ITEPETUHATHUCS, K 1€ MPOILTIOCTPOBAHO Ha pucyHKax 1-13.

OuintoBasmmcs 4 posii Torn-menekepis (pl = 4) koMmmnanil Ha OCHOBI HEIPSIMOT
indopmariii po mepesaru, o/iepKaHOl B TeMiHAX IPEIMETHOI 00JIacTi yIpaB/iHHS
nepconasiom Big 10 excrepris (kK = 10). Ha ocHOBI BijgHOIIEHD TIepeBaru, 3aJaHmx
10 ekcriepraMu y 3BHYHIN JijIg HUX MpeaMeTHi obJracti, Oy0 O0OYHCICHO HUKHI
Ta BEPXHi I'PAHUII BAaroBUX KOeMIIi€HTIB poJjieil TOI-MeHe2KePiB y KOMITaHil, y sKiii
[IPOBOIMBCS KOHCAJITUHT. [Ipmaomy, piBeHb BUKOHAHHS POJIeil Ta 1X BIIHOCHOI BazKJIN-
BOCTI € YACTUHOIO 3ara/ibHOI MOJIeJIl OIIHIOBAHHS [Tisl/IbHOCTI II€PCOHAJLY KOMIIaHiI.

OcHoBHI BUMOTrH J10 iHTEPBAJIIB BArOBUX KOEMDIIIEHTIB a/IbTePHATHE, BUSHATEHUX
Ha, OCHOBI €KCIIEPTHUX BUCHOBKIB y Te€pMiHAX IMPEJIMETHOI 00JIACTi, € TPUPOJTHUMU 1
He O0TSKJIMBUMMU:

® HIKHI I'DAHUIN IHTEPBAJIB Y1 CETMEHTIB xf{ , ¢ =1,...,m MaioTb OyTH B MezKax
O<zH<1,i=1,...,m;

® BEpXHI I'PaHUIll IHTEPBaJIIB YU CEIMEHTIB SBZB ,4=1,...,m TakoXX MaiOTb OyTH B
meskax 0 < 2P <1, i=1,...,m;

® BepxXHI I'paHUIll IHTEepBaJiB YU CErMEHTIB :L‘zB ,1=1,...,m MaloTh OyTH HEe MeH-
IIAMU BiJ] HUZKHIX I'DaHullb iHTepBaJiB () < ZL‘ZH < [EZB <l,i=1,...,m;

® CyMa BEPXHIX I'DAaHUIlb IHTEPBAJIB Y1 CEIMEHTIB Ma€ 3a/I0BOJIbHATA YMOBI:
m
1— > 28 < min zf;
. J i=1,...m 7
j:l J 3eey
e CcyMa HUXKHIX I'DaHUIlb IHTEPBAJIB UM CEI'MEHTIB Ma€ 3a/I0BOJIbHATU yMOBI:
m
1—> 2 < min 2%
; J i—1...m J
7j=1 J FR)

[Tpuvomy, ¢t 3a3Ha9UTH, 1O €KCIIepTaM He HaB A3yI0ThCs 3aiiBi 0OOMeKeHHsT —
BOHU BCTAHOBJIIOIOTH CBOI BIJIHOIIIEHHSI IlepeBarn Ha MHOYKHMHI XapaKTEPUCTUK ajlb-
TepHATUB y 3BUYHIH JIjId HUX IIpeMeTHIi obsracTi. MeTojin BU3HaYeHHs iHTEpBAJIiB
abo cerMeHTiB BaroBux KoedillieHTIB IepedavdaloTh BUKOHAHHS HABEJICHUX BUIIE
BUMOT JI0 TPAHUIb 3a3HaYEHNX IHTEPBAJIB YU CEI'MEHTIB.
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Pesysbratn Bu3sHavyeHHs iHTEpBaIiB BaroBUX Koedilli€HTIB BazKJIMBOCTI poJsieil y
oprasizaliil Ha 0OCHOBI iHOpMalIii, o/IepKaHo1 BiJl eKCIIePTIiB, IIPeJAcTaBIeHO B Tab M-

mi 2.

Tabruua 2.

Pezysibratn Bu3HaveHHsd iHTEPBaAJIB BaroBUX KOEMIIIEHTIB BazK/JIMBOCTI poJieil y
opraHizariii Ha OCHOBI iHMOpMaIIil, oJep:KaHOI Bl €eKCIIEPTIB

Poasb 1 Poab 2 Poab 3 Poasb 4 CYMA

HB BB HB BB HB BB HB_ BB HB_ BB
Exkcrepr 1 0,12 0,23 0,27 | 0,39 0,21 0,24 | 0,24 | 0,31 0,84 1,17
Exkcnepr 2 0,15 0,25 0,31 0,34 | 0,24 | 0,35 0,18 0,19 0,88 1,13
Exkcnepr 3 0,14 | 0,18 0,21 0,33 0,18 0,23 0,32 0,37 | 0,85 1,11
Exkcnepr 4 0,11 0,16 0,33 0,33 0,15 0,25 0,24 | 0,27 | 0,83 1,01
Exkcnepr 5 0,15 0,18 0,31 0,35 0,22 0,29 0,23 0,25 0,91 1,07
Exkcneprt 6 0,11 0,14 | 0,22 0,36 0,32 0,33 0,3 0,34 | 0,95 1,17
Exkcnepr 7 0,13 0,21 0,23 0,25 0,19 0,23 0,36 0,4 0,91 1,09
Exkcnepr 8 0,17 | 0,17 | 0,26 0,3 0,25 0,26 0,2 0,29 0,88 1,02
Excriepr 9 0,17 | 0,18 0,32 0,35 0,13 0,25 0,35 0,35 0,97 1,13
Excnepr 10 | 0,16 0,27 0,3 0,3 0,3 0,31 0,2 0,23 0,96 1,11

Y Tabsuii 2 B HA3BaX CTOBIYUKIB JITEPAMU O3HAYEHO:

HB — mmkHi rpanuili BaroBux KOoedillieHTIB poJIeii;
BB — Bepxni rpanwuii Barosux KoediiieHTIB poJieil TOI-MeHeI2KePiB KOMITaHil.

5.4. Anroputm 1mo0yaoBM (PYHKIIT HAJE>KHOCTI HEUiTKili MHOXKHWHiI Ha

OCHOBi HA OCHOBi rpaHyJIIOBaHH# YHiBepcyMy. Jlis Bupinienns mpobsiemu
arperyBaHHd 1HTEPBAJIB BaroBUX KOeMiIIEHTIB MOYKHA TaKOXK 3aCTOCYBATU aJIiro-
PUTM JTUCKPETHU3aIlil, SKUil € JeI0 CIPOIIEHNM, ajie MEeHIIT TOYHUM BiJT TOIIePeTHBOTO
AJITOPUTMY.

1.

Hayk. Bicuuk Yaxkropog. yu-ty, 2024, Tom 45, Ne 2

Pos6urrs yuiBepcymy X = (0,1) Ha gesdKy KiJIbKiCTh Majux cerMeHTiB D, Ha-
npukiag D = 100 abo D = 200. loBxuna KoxKHOTO cermenTa: § = 1/D.
Hywmepanis manux cermentis Bin 1 1o D: ¢; =j/D, j=1,...,D.

Busnagaemo MinimMasibHi Ta MaKCUMAaJIbHI IPAHUIN 3HAYUEHb BAroBUX KoedilieH-
TiB cermentis (1) 4m inrepsasis (2).

3aiiicHoeMo TpaHchOPMAIo IHTEPBAIIB YU CEIMEHTIB B XapaKTePUCTUIHI Ma-
tpuni B! = (béj), l=1,....m;1=1,....k; 5 = 1,..., D, gki BU3HA4YAIOTh
JII KOYKHOI XapaKTePUCTUKN aJIbTepHATUBY 3 iHjgekcamu [ = 1,...,m, 9u CIiB-
Ia/IAI0Th 3HaYeHHs BaroBux koedinientis cermentis (1) abo intepsamis (2) i3
3HAYEHHAMU MaJIuX CEI'MEHTIB 38 TAKUMU yMOBAMU:

po— 0, Vi=1,...,k, j<$§{'5VVi:1>"'vkv j>$§3'5;
i = 1, Vi=1,... k 2l -6<j<aP.§ '

Ha ocrosi Busnauenux ma kpomi 4 Mmarpuns B!, [ = 1,...,m mobymsyemo Ta-

OmvHI 3HAaYeHHsT (DYHKINNH HaAJIEXKHOCTI BaroBux KOediIlieHTIB i 3BejgeMO iX B
TabuIto 3, e

l=1,....m; g=1,...,D.

k
l l
My = E bij?
i=1
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6. Ha ocnosi anajizy TabnyHrX 3HaY€Hb (DYHKIIIH HAJEKHOCTI BiIHOBJIIOEMO TTO-
JaTKOBI KOOPJIMHATH BaroBux KoedinienTis 3a popmymoro x; = ¢; -0 i 37iiicHioe-
MO AIPOKCUMAIIIIO0 TPUKYTHUMHU U1 TPAICIIENOIOHUMY (DYHKITIAMHI HAJIEZKHOCT]
B aHAJITUYHOMY BUIJIA].

7. IleperBopioemMo 00UHNC/IeH] HAa TTONEPETHBLOMY KPOITi (DYHKINHT HAJIEZKHOCT1 y HOP-
MaJIbHy (HopMy.

Tabruus 3.
Tabmani 3navenns QyHKINN HAIEXKHOCTI BAaroBux KoedirienTiB Ha yHIBEpCYMi
X =(0,1)
C; 1 2 D
pale) | o | om KD
pa (x) | op o . 1D

CKopHUCTaBIINCh HABEIEHNMHI ¥ IIiif poOOTI aJropuT™MamMu, Ha OCHOBI TabmI 2,
oOy/TIOBAHOI 3a pe3y/IbTaTaMi O0YUC/TIOBAILHOTO €KCIIEPUMEHTY, OOUUCINMO aHaJTi-
TUYH] 3HaYeHHs PYHKIINH HAJIEKHOCTI BaroBux koedinienTis 4 poJieit B opranizariii
i 3BezeMo 1X B TAOJIHITIO 4.

Tabruua 4.
Yuc/10B1 MOKA3HUKU arperoBaHuX y BUTJIsAI (DYHKITNH HAJIEXKHOCT] IHTEPBAJIHLHUX
3HaYeHb BAroBUX KoedIIieHTIB XapaKTePUCTUK aJIbTePHATIB

Huxxuasa Bepxusa
Makcumym

TPAHUILA TpPaHUIISA
Poanb 1 0,11 0,17 0,27
Poap 2 0,21 0,33 0,39
Poap 3 0,13 0,22 0,35
Poab 4 0,18 0,24 0,40
CYMA 0,63 0,96 1,41

Takum duHOM, IIPU AITPOKCUMAIIT Pe3yJIbTaTiB 00UNCTIOBAIBHOIO eKCIIEPUMEHTA
TPUKYTHUMEU (DYHKIISIMI HAJEKHOCTI OJIEPKUMO TaKi 3HAYCHHS BaroBux Koedirri-
€HTIB B aHAJITUIHOMY BUTVISJIL:

( 0; z;<0,11 )

1 . .H. max, B\ __ (.’13'1—0711)/0’06’ 0,11§1‘1§0,17

2 ($1,$17$1 ,xl)_ (0’27_1,1)/0’1; 0717§x1§0727 ,
0; 0,27 <y

( 0; 29 <0,21 )
2 . .H. max. B (x2_0’21)/0’12; 0’21§I2§0733

i (25 2302 ) = N (0759 1) 70,06, 0.33 <0 < 0,30 (

0; 0,39 <9

\ Vs
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( 0; 23<0,13 )
H. .max, B) _ (1'3 - 07 22) /O, 09, 07 13 S X3 S 07 292

3 . .
(s 258 = (035 ) 10,130 0,22< my < 0,35 [
\ 0; 0,35 <3 )
( 0; z4<0,18 )

4( . . H. max. B (4 —0,24) /0,06; 0,18 < x4 < 0,24
w (.T4,I47§U4 7$4) (074_1;4)/0,06, 0,24§$4§0’4
0; 0,4< a4

\ /

SayBaxkeuus 1. Anpoxcumayis 00eporcanux 3 8UKOPUCTAHHAM ONUCAHO20 ME-
mody TaApaKMeEPUCTMUMHUL MAMPUYL MOxHce 30ICHI08aAMUCA 0af  S-nodibHuL,
Z-nodibruz, Laycosur ma iHmwux GyHKYIT HAACHCHOCT.

SayBaKeHHs 2. AKicmb anpokcumMayii ModHce 6USHAYAMUCA He MINKU 3G KPU-
mepiem cepednboksadpamuIHUL I0TUNEHD, G T 3 BUKOPUCTNAHHAM THUWUL KPUMe-
I8, AKL OULALHO 3ACMOCOBYBAMU 30, A02IKO0I0 PO3G A3AHHA 3a04 4.

BayBaxkeuus 3. Onucanuil cnocid usHaweHHa OYHKULT HAACHCHOCTVE HEWl-
MK MHONCUHT 84208UT KOCPHIUIEHMIE TAPAKMEPUCTIUK AAGMEPHATUE JOUIADHO 30~
CMOCOBYBAMU O Y3200MCEHUL EKCNEPMHUT OUIHOK NPU HAABHOCTL BEAUKOT KiAb-
KOCNL PE3YALMAMIE 6UMIPIOCAHMA.

6. BucHOBKEM Ta NMepCHneKTHBU IOAAJTBINUX JOCHIIXKEeHb. Y Iiif podboTi
MU OOTPYHTOBAHO arperyBaJjii BeJTUKUil Macus iHdopmallii 3 He3HAYTHUMU BTPATAMK
i mpeJicTaBUIN Yy BUTISIL, 3PYIHOMY JIJIsl TOJIAJIBIIION0 BUKOPUCTAHHS. 3AIPOIIOHO-
BaHMUil y I1iif poOOTI IMiAXiJl /10 BU3HAYEHHs] HEYITKUX BarobBux KoedillieHTIB Xapa-
KTEPUCTHUK AJbTEPHATUB Ma€ IUPOKI IepcreKTuBu. Bin Moxke OyTu 3acToCOBaHUI
JIJI BU3HAYCHHSA (DYHKINH HaJIEeKHOCTI HEUITKINl MHOXKUHI BaroBux KOeMiIieHTIB He
TLIBKU aTPpUOYTIB AJIbTEPHATHUB, aJie i JIJIsi BUBHAYEHHS BiTHOCHOI BayKJIMBOCTI cCaMUX
aJIbTEPHATUB, KpUTepiiB abo KoedilieHTIB KOMIIETEHTHOCT] €KCIIEPTIB Y HEUITKOMY
BuIsA M. g ampokcuMariii ojiepKaHuX arperoBaHnxX 3Ha4YeHb iHTEPBAJIB MOXKYThb
OyTH 3aCcTOCOBAHI IHIN aHAJITUYHI BUIM (DYHKINNH HAJEXKHOCTI HEUITKIH MHOMXKUHI:
Tpanerienoaioni, S-moibHi, Z-momioHi, [1-moxioHi, [aycosi Tommo. 3po3ymiio, 1mo Mo-
KyTh OyTH BUKOpHUCTaHI KOMOIHAINT 1uX DYHKINN — JJId PI3HUX 1HJIEKCIB BArOBHUX
KoedIIienTiB ¢J1iji 3acTOCOBYBAaTH Ti BUAM (DYHKINH, sKi HAKpAIUM YHUHOM aipo-
KCUMYIOTb OJIEPYKAHY B PE3Y/IbTaTi O0YUC/IeHb arperoBaHy MHOXKHHY €KCIIEePTHHUX
3HAYCHb KOEMIIiEHTIB.
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OIIHKA KIJIBKOCTI IIO30BIB, II10 ®OPMVYIOTHCH 3A
CXEMAMM JIAHITIOTOBOI PEAKIIII TA TTJIJIICTOI'O
ITPOLECY

CymapHa BeTMYnHa KJIIEHTCHKUX II030BiB 3a ITEBHUI IIPOMIZKOK 9aCy BaKJIABA JJIsI IIPa-
BHJIBHOT'O MEHE/I>KMEHTY CTPaXOBOI KOMITaHiI. Y poOOTi pO3IJIsSIa€ThCA BUMTAIOK, KON KiTh-
KiCTh TI030BIB HapOCTATUME 3Ti/IHO i3 JIAHIIIOTOBOIO PEAKINi€o abo y BiAMOBIAHOCTI /10 Tij-
JISICTOTO TIporiecy. Take 301/IbINeHHsT KIJIbKOCTI TI030BiB, 3a3BUYail, IIOB’sI3aHO i3 BUIIAIKAMU
cruxifinoro jmxa (GypeBisiMu, BeJMKUMU HOBeHsIMU) ab0 BOEHHUMHU JHigMu. ZKIIO 1M030BU
bOPMYIOTHCH 38 CXEMOIO JIAHITIOIOBOI PEakKIlil, ToOTO KOXKHUI [T030B MOXKe OyTHU 3a10BOJIE-
HUiT i3 TMOBIpHICTIO ¢ 460 TIEPETBOPUTHCS Y M aHAJOTITHUX MMO30BIB 3 WMOBIPHICTIO P, TO HA
n eTari cepejiHs KiIbKiCTh 1M030BiB jopisaioBaTuMe (pm)”. Ko 1103081 HOPMYIOThCS 32
CXEMOIO TiJIJISICTOrO IIPoIiecy, HaBeaeHa PopMyJia, JJIst Ex%n, ne Z, — OYiKyBaHa Ki1JIbKICTb
ITO30BIB Ha N-My €Talli.

Karo4doBi ciioBa: BumaikoBa BeJIMYNHA, 10 HE 3aJI€KUTH BiJl MaiOyTHHOTO, JIAHITIOTOBA
) )

peaxiiisi, rJuISCTUi IPOIeC, MOJAEIIOBAHHS KiJIbKOCTI ITO30BIB, Cepe/THs BeJIMINHA KiJIbKOCTI

IT030BiB.

1. Beryn. /lns ctpaxoBol KOMIAaHIT KJIIOYOBUM HOHATTSAM CJIYTye TapudHa CTaBKa,
TOOTO aJIeKBaTHE I'POIIOBE BUPAYKEHHST 3000B’I13aHb CTPAXOBUKA 38 YKJIAJICHUM JI0T0O-
BOpPOM cTpaxyBaHHg. Tapudna craBka, 110 AKiil yKJIaJa€ThCd JIOTOBIP CTPaxyBaHHs,
Ha3UBaETHCA OPYTTO-CTAaBKOIO. B CBOIO Wepry, BOHA CKJIAJA€ThCs 3 HETTO-CTaBKH 1 Ha-
BaHTaykeHHs. CaMe HETTO-CTaBKa BUPAXKAE IiHY CTPAXOBOro pu3nky. BoHa moBuHHA
OyTu mobymoBaHa Tak, Mod 3ab6e3neYnT eKBIBAJEHTHICTh BIIHOCUH MiXK CTPaxOBU-
KoM 1 crpaxysasbaukoM [7|. CymapHa BejMYMHA KJIIEHTCHKUX [O30BIB 3a IEBHUIA
IIPOMIZKOK Yacy BarKJIMBa JJIs MPABUILHOTO MEHEZKMEHTY CTPaxoBOl KoMmmamil. [H-
IIAME CJIOBAMHU, CTpaxoBa KOMIIaHisl TTOBUHHA 310paTh CTIILKU CTPAXOBUX IPEMIii,
CKIJTbKI Ma€ OyTHU IOTIM BUILIAY€HO cTpaxyBaJIbHUKaM. Hexail BUaIKoBa BeJIMInHA
S o3Havae cymapHi BUIJIATH, TOOTO CyMapHYy BEJIMYMHY ITO30BiB, IO HAJIEXKaTh JIO
Jmanoro pusuky. Hexail BunajkoBa BeJimYnHa Y; — [MO3HAYAE BEJIUUUHY -TO TO30BY,
a BUNAJIKOBa BeJnunHa N — KUIBKICTh TO30BIB ITPOTATOM IIE€PIOLY CTPaxyBaHHS.
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Tomi S = ZJIVY;, Jie cyMmy BBaxkaloThb piBnHoio 0, ko N = 0. @akropu, dKi
BIUIMBAIOTh HA BEJIMYWHM IMTO30BIB Ta HA 1X KITbKICTh, MOYXKYTb OYTH PISHUMH.

BBoasaTh Taki mpumymeHHs:

— KibKicTh 11030BiB He BIIMBAE HA BEJIUYUHU 1H/IUBIIYAJIBHAX MTO30BiB.
— Ha BesmmunHy OKpemMoro mo3oBy He BIUIMBAIOTH BEJIUNYWHU 1HIIMX TO30BIB.
— Posnozin Bemunnm iHMBIIyaIbHIX TTO30BIB HE 3MIHIOETHCS MIPOTITOM TEPMIiHY

JI1 mouticy.

Y OUIBIIT CTPOrOMY MATEeMATHYHOMY CEHCI IIPHUITYCKAEMO, IIIO:

— Bunaikosi BestmauHm {Yi}i]\il € He3aJIe?KHUMU i1 OJTHAKOBO PO3IOIIJIEHUMU.
— Bunajikosa senmunna N He 3a1€KUTH Bl {Yz}f\il

Y poborax |1, 3] po3rIsIar0ThCs OMIHKN BEJIUIHH CyMapHUX 1M030BiB, Ko N Mae
posmomin Ilyaccona 3 mapamerpom A > 0, (N ~ Pois (M), Toni S mae ckiaaumii
posnogin I[Tyaccona 3 mapamerpamu A i F'(z) (F(x) — dyHKIig po3noaiay BeTuInHI
1mo3oBy Y;. dAkmo N posmnojijeHo 3a OiHOMiaJIbHUM 3aKOHOM 3 ITapamMeTpaMu N i ¢
(N~ b(n,q)), S mae ckaaanuii 6inomianbuuii posnoii. Komn N mae Big'emnuii 6i-
HoMiasbHui postomnia (N ~ N B (k,p)), S — mae ckaaauuit Bi'eManii 6iHoMiaabHAI
posmomin. fkimo Bigdymacs crpaxoBa Mojis, BAACHUK CTPaxXoBoro nosicy (abo ymos-
HOBarkeHa HUM 0co0a) 3BEPTAEThCs JI0 CTPAXOBOI KOMIIAHII 3 1I030BOM (BHMOTOIO)
PO BIIIKOMYBaHHS 30UTKIB. Y JIedKUX BUIAJIKAaX, HAIPUKJAJ, [PU CTPaXyBaHHI
JKUTTsI, OJJH MOJIIC MOXKe TIPUBECTHU JI0 OJTHOTO TI030BY, & B IHINNX (HAIPUKJIA, TIPU
cTpaxyBaHHI aBTOTPAHCIIOPTY) — MPOTATOM JIii JIOTOBOPY MOYK€ BUHUKHYTH KiJIbKa
1030BiB. [6]. Y poboTi [5| BUKOPUCTOBYIOTHCS CTATHCTUYIHI METOJIN OIiHIOBAHHS Be-
JIMYIWH 30UTKIB B 3aJ1€2KHOCTI BiJl BUJIB pu3uKiB. Y pobori [2] npesgcrasieni npukia-
JII CTOXaCTUIHUX MoJiesieil TPUIHATTS pillleHb B YMOBaX PU3UKY 1 0COO/IMBA yBara
IPUJUJISETHCST «TOPTGETBHOMY > IHJIXOAY B Teopil rporreit. Ajie JaHuil posriisi] He
BpaxoBye crerudiky cTpaxoBol JMisIbHOCTI.

[nomi y poborax npuaiigioTh yBary eKCTpeMajbHIM BHUIIaIKAM 1pu (hopMyBaH-
Hi KJIieHTChKUX 1030BiB. Tak, y posmim 3.6.3 [6] posrisgaeTbest 3MiHA KUTBKOCTI
[TO30BIB IIPHU CTpaxyBaHHI JOMAIIHLOIO MaifHa 3a HMPHUITYIIEHHAM, 110 KUIBKICTh Oy-
peBiiB, fKi IX CHIPUYUHSAIOTH, Ma€ po3noidia [lyaccona i3 Bu3HaueHNM IapamMeTpOM.
[Ipu mpoMy KiJIBKiCTh IO30BiB, BUKJIMKAHUX OKPEMHUM OypeBi€EM, Y CBOIO Uepry, TexK
Mae posnoyin [lyaccona i3 manepej BiJIoMUM TapaMeTPOM.

2. ITocranoBka 3aBmanHsi. OIIHUTH CEPEIHIO KLIBKICTH MO30BIB, SIKIIO BOHI
BUHUKAIOTH 3a CXEMOIO JIAHITIOIOBOI peakxiiil abo riuisgcroro mporecy. Take 30i1bIre-
HHs KIJIBKOCTI 1MO30BIiB, 3a3BUYAll, [MOB’sI3aHO 13 BUIQJKAMMU CTUXIHHOrO Juxa (6y-
PEBisIME, BEJUKUME TIOBEHSIMU) 200 BOEHHUMMU JIisIMHU, sIKi, HA KaJjlb, T€K MOXKYThb
TPAITUTUCS.

3. Ornsan giteparypu. llpu dpopmyBanHi cTpaxoBol MOMITUKE 0COOJNUBY yBa-
I'y IpUBEPTa€ MIHJIMBICTH (PIHAHCOBOI'O CTAHY JIOMOT'OCIIOIAPCTBA BHAC/IIOK PI3HUX
JKATTEBUX Herapas3/iB. BUKOHYIOTHCS CTATUCTUYHI JOCJIIIZKEHHS, O JI03BOJISIOTH
BU3HAYUTHU 3MiHU y jieMOrpadidHOMY, FeHIEePHOMY CKJIa/Ii; MOJIEIIOIThCS Pi3Hi cu-
Tyaril, IpoBaJdThCd HMOBIPHICHI MIIPAXyHKHU JIJIs1 OKPECJEeHHS CUTYalliil, Koau ie-
HU JJOMOTOCIIOJIAPCTB OTPEOYBATUMYTH JlortoMorn. J[jis mijkpirieHas ¢pinancoBoro
CTaHy JOMOTI'OCIIOJIAPCTB IIPONOHYIOTHC JOJATKOBI CTPAXOBl MPOIYKTH JIJIs IIPOMi-
»kHoro crpaxysanng (bridging insurance) [8]. Ockinbku dinancosi TpyHOII 110~
MOT'OCIIOZIAPCTBA JIOBOJII YacTO OB’ d3aHi OJlHE 3 OJHUM, IpU (DOPMYBAHHI TaKUX
POYKTIB CJILJ] BPAXOBYBATH XapaKTep IHOr0 3B d3KY.
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3araJibHOBIZIOMO, 10 Y PO3BUHYTHUX CYCILIBCTBAX CIIOCTEPIra€ThCsl ITiIBUMIEHHS
IOTUTY Ha MeJmdHi mocayrn. [leit mporec o0yMoBeHMiT He TITBKN (DEHOMEHOM «CTa-
piHHS» HaceeHHd, ajge I 3HAYHUM TeXHOJIOTIIHUM ITPOTPECOM YV ITAPWHI MeTUITNHH.
AK HACTIIOK, TMiIBUIIYIOTHCS COIIAJIbLHI BUTPATU Ha OXOPOHY 3J0POB’d, sKi B¥Ke He-
MOXKJIMBO 3aJI0BOJILHUTH O€3 J0aTKOBOI ILIaTHI 3 60Ky mnariedTa. OIuH 3 IIiIX0/1iB
[OJIATaE y PO3BUTKY ITPUBATHOIO MEJIMTHOIO CTPAXyBAHHS, OCOOJIMBO, JJIs T ITPUM-
KU JITHIX TAIEHTIB 3 XPOHIIHUMEU XBOpobamu. Po3riisaaioTbes NepeneKTuBU pO3BH-
TKY CTPaXOBUX MPOYKTIB MEINTHOI CIIPAMOBAHOCT1, TPU3HAYEHNX caMe JIjId TaKuX
kareropiit kiienris |9, 10].

Y crarri [11] pg onucy momibHUX cUTyalliii BBOAUTHCS MHOXKHHHA MApKiBChKa
MOJIe/Ib CTaHIB, AKa J03BOJIAE KJIacu(DIKyBaTU Pi3Hi KUTTEBI BUNIAIKU. Taruit miaxis
JIOTIOBHIOE BYKE JIOBOJII PO3MOBCIO/ZKEHUN MeXaHI3M MPUKUTTEBUX aHYITETIB, AKU
IIIIPOKO 3aCTOCOBYETHCA Ha NMpakTuili. [Ipu OIiHIl 1epcrieKTuB 3acTOCyBaHHS IHO-
ro MiJIXO/Ty CJIiJI BpaXOBYBaTH JIAHITIONOBUN ab0 TLIACTUN XapaKTep HapOCTaHHs
[I030BiB 3 OOKY KJI€HTA.

4. OcHOBHUII pe3yabTaT. ¥ JaHiilt pobOTI PO3IISIIAE€THCS BUIIAIO0K, KO Kijlh-
KicTb 11030BiB N HapocTaThMme 3IiIHO i3 JIAHIIONOBOIO peakIliero abo y BiJIIOBIIHO-
cri fo riutgcroro mporecy. Hexaii Ha #imosipricHomy mpoctopi (€2, F, P) 3anana
nociiosuicrs {&, k= 1,2,...} He3aIeKHUX BUNAIKOBUX BEJIUYUH 1 I[LJIOYUCTIOBA
BumaikoBa Besmanna p > 0. Hexait Fy,, = 0 {¢, ..., §,} nosnadae o-anreGpy, sxa
HOPOJKYEThCsT . — k + 1 BumakoBuMu BemauHamu g, . . ., &, [2].

KazkyTs, 1110 BuakoBa BeJIMYNHA (i He 3a/I€2KUTH BiJl MailOyTHHOTO, SKITO MOJTis
{n < n} wme zamexkuth Big Fj o0

JloBinbHA BUITAIKOBA BEJIUYUHA (i, TKa HE 3aJI€:KUTDh BiJl 1ocioBHOCTI &1, &s, . . .
(He 3amexarsb o(p) Ta Fi ), Oyle BHIAIKOBOIO BEIUUIUHOIO, KA HE 3aJI€XKUTH Bif
Maitoy THBOTO.

BBesieMo TOHSATTS CyMH BHIIAQJKOBOIO YHCJIA BUMAIKOBIX BeJMInH [4]:

Sy=&+&+...+&,.

CTOCOBHO MaTeMaTUIHOT'O CIIO/IIBAHHSA CYMH BUIIQIKOBOI'O YHC/Ia BUIIAIKOBUX Be-
JMYIUH BijioMa ToroxuicTs Bambga [1]: dxmo sunaakosi senununnn &1, &y, . .. HE3a-
nexHi 1 ogHakoBo posmojiseni, F || < 0o, BunajkoBa BeJUYNHA [ HE 3aJICXKUThH
Bi1 MaitbyTnnoro, Fu < oo, To S, = E& - Ep.

Tobto, gKI0 BBeCcT 0OMEKEHHS Ha KiJIbKICTb II030BiB 3a JI0IIOMOTI0I0 BHIIAIKOBOT
BEJIMYIUHU [t, MOYKHA OOUUC/IUTU CEPEJIHE 3HAYEHHSI CYMapHOTO MO30BY K JIOOYTOK
CEPEJIHHOTO 3HAYEHHS OJHOTO TI030BY Ta CEPETHHOIO 3HAYEHHs ITi€l BUITAJIKOBOI Be-
mrauan (3, 6.

Posriisinemo JieraibHO XapaKTepUCTUKHY I8 KITBKOCTI 1T030BiB. BBaxKkaeThes, 1o
MTO30BW BUHUKAIOTH 3Ti/THO 3 MOJIEJIIIO, KA OMUCYE TOSABY TOJiil TPOTATOM TEBHOTO
POMIKKY 4acy. g MojiemoBaHHs KIIBKOCTI IO30BIB 3aCTOCYEMO CXEMY JIAHITIOIO-
BOI peakiii [1].

AKIo mpuycTuTH, Mo BeJIMYUHA 30UTKIB MAIOTh BUIJIAL TIOCIIIOBHOCT] BUIIA,I-
koBux Bejmaui {Y;, j =1,2...}, npudoMmy /& — HOMED IEpPIIO] BUIIAKOBOI BeJIHIH-
HU y TIOCJIJIOBHOCTI, KOTpa OiyibIne, abo popisuioe N, To6TO,

p=inf{k: Y, > N}.

Posznin 2: Tndopmaruka, KOMIT'IOTEpH] HAYKU Ta TPUKJIAHA MATEMATUKA
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Tonui, axmo Y; — He3aseKHi BUIQJIKOBI BEJIMYMHH, TO /i HE 3aJIXKUThb BiJ Maii-
OYTHBOI'O, OCKIJIBKH TTOJTist

{n<n}=J{¥>N}eR,.

k=1

Buauentst N MOXKHA TPAKTyBaTH SIK IIOPOrOBe 3HAYECHHS JJIsI BeJMIUHU (DiHAH-
COBOT'0 30UTKY, MMOYNHAIOUN 3 AKOT'O CTPAXOBA KOMITaHisl PO3IJIAIAE MOXKJINUBICTD BiJl-
KO/ Ty BAHHSH.

Crouarky MaeMO OJIMH I1030B, KOTpHil ab0o 3aI0BOIbHAETHCS 3 HMOBIPHICTIO ¢,
abo Ha #oro ocHOBI (hOPMYETHCs M 1M030BiB 3 fiMoBipHicTIO p = 1 — ¢. Koxkuwuit o308
HOBOI'O MOKOJIIHHS IOBOJUTL cebe aHayioriaHo. OIHUMO MaTeMaTHYHE CIIOiBAHHS
KLJIBKOCT1 TIO30BIB Y N-My HOKOJIIHHI.

Posriisinemo o1iiHKy cepeHbol KiJIbKOCTI ITO30BIB 38 CXeMOIO JIAHITIONOBOT PEaKITil.

BBenemo noiBiitHy MOC/TIIOBHICTH

{X,ﬁ”)}, k=12, n=12..

He3aJIe?KHUX OJTHAKOBO PO3IO/IIEHNX BUIIAIKOBUX BEJIMYWNH, K1 IPUIMAIOTh 3HaTe-
uHg m Ta 0 i3 fimoBipHOCTSIMHE P Ta @, ipudoMy p = 1 — q. Tosi esleMeHTH TOCTiIOB-
HOCTel

{X,E”}7 k=12 . {X,ﬁz)}, k=1,2,...; ...;

Jle 3MIHIOETBCA BEPXHIN IHIEKC — OyayTh He3aIeKHUMU MiK co0010. ZKIino BBecTH
HOBY HOCJIJIOBHICTD BuliagkoBux Beawdnd {Z,}, (Zy = 1) gk cymy ejeMeHTIB Bij-
MMOBITHUX MMOCJiIOBHOCTEM, OIEePKUMO:

Zl - Xélo) = X£1)7
Zy= XD+ X3P .+ XD,

Zy=X" 4 x4+ x

n—1"
OCKiIbKY TTOCIIOBHICTD {X ,in)} He 3aJIeXKUTh Bill Z,_1 Ta
EX,gn) =pm, k=1,2,...,
3a TOTOXKHicTIO Basbia ojaep:kumo:
EZ,=EX™ . EZ, | =pm-EZ,_, = (pm)".

[ToxibHmit PO3IrIsT JO3BOJIAE OMIHIOBATH CEPE/IHIO KiTbKICTD IT030BIB HA KOXKHOMY
eTalri, SKIIO M030BH (DOPMYIOTHCS 3TiIHO 3 HAJIAHOI MOJIEILIIO.
[Tpu ominmi gucrepcii oaepKUMo:

2 2
VX" = B[x" - Bx| = BIX[" - pm| =
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= (m —pm)’p + (0 — pm)*q = m3qp (¢ — p),

3BIAKHI ,
E[X,i")} =V [X,g")] + (pm)® = m?p (¢* + p?) . (1)

Otke, AKIO TMO30BU POPMYIOTHCS 3a CXeMOIO JIAHIIONOBOI peakIil, TOOTO KOXKHMUIA
[I030B MOKe OyTHU 3aJI0BOJIEHUI 13 HMOBIpHICTIO ¢ b0 MEPETBOPUTHCS Y 1M AHAJIOTI-
YHUX 11030BiB 3 MOBIPHICTIO P, TO HA N eTalll cepeHs KLIbKICTh II030BIB JOPiBHIO-
sarume (pm)".

Tenep posrirsHeMO OLIBIT CKAJTHUN BUIIAIOK, KOJU MTO30BU (POPMYIOTHCH 32 CXe-
MOIO TijurgcToro mporecy. TobTo, 1mo30BU (hOPMYIOTHCH HE i3 CTAJIO WMOBIPHICTIO,
a 3 iimoBipuoctamu { fy, k=0,1,2,...}, > ° fr = 1. Crouarky MaeMO OJHH 10308,
HA OCHOBI KOO (DOPMYETHC HACTYIHA Kk KiIbKicTh 1030BiB. 1li mo3oBu dhopmMyors
«IrepiIie MmoKoJiHHs». KoxKHUiT 11030B 13 1OI0 «IIOKOJIIHHS» ITOBOJIUTH cebe aHaJIori-
Tmo [1].

s onmcy ychoro Imporecy BBEJIEMO He3a IesKHI MizK cODOTO MTOCIiIOBHOCTI He3a-
JIEZKHUX OJTHAKOBO PO3IO/IIEHNX BEJIMINH

{X,gn}, k=12 . {X,?)},k:m,...;

ne {X,g")} MaloTh posnojir: P <X,£") = j) =f;,7=0,1,2,...

ITocainoBuicTh Z,, MaTuMe TAKW BUTJISI:
Zy=1,
Zy =X,
Zo=XP + X3P 4+ XD,

Zy=X" 4 XMW x

n—1"
Posrnsgaoun  cymMy BHUIIQJIKOBOIO YHC/Ia BHUIIAJIKOBUX BEJIUYUH, Y sKii
n n . o . .
X1( ), Xé ), ... He 3aJIeXKaThb BiJl Z, 1, 3a (POPMYJIOI0 MOBHOI HMOBIPHOCTI MOXKHA
onepxkaru as GyHKUIT: f(,) (r) = Ex”" raknit Bupas:

. . (n) (n) (n)
foy () = Ex% = ZP(Zn—l — ) - BN XY
j=0

= ZP(Zn_l =7) f () = Jn-1) (f (2)),

ae f(x) = fay (z) = EaXt = > o fi7’. Tlosmaummo itepamii dbymkii ¢ (1), Takmm
anHoM: ¢ (z) = ¢ (2); w2 () = @ (@ (2));. ..
dAximo Takum ke duHOM BBecTH ireparil GyHKIil f (), 3a 10HOMOro0 iHIyKIIl
OJIEPKYIOTh:
Eax? = f, (x). (2)

TakuM YUHOM, AKINO Y IIOYATKOBUI MOMEHT MAaEMO OJUH II030B, AKUii i3 iIMOBIpHIiCTIO
oo .
{fe, £=0,1,2,...}, >°7" f =1 — nepexoautp y k 1030BiB TOTO K THUILY, IPUIOMY
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Teit IIporec MozKe MPOIOBKYBATHCS, TOJi cTocoBHO dbyuKIil Ex?", ne Z, — odikysa-
Ha KIJTBbKICTh TTO30BIB Ha N-My €Talli, CIIPaBeJIJIMBE OJiepKaHe BUITE CITIBBITHOITEHHS
(1) abo (2), B 3a7eKHOCTI Bij cuTyari.

Bigomo [1], 1m0 B cepeaHbOMY OJMH O30B MPU3BOAUTH TUILKH JIO 1€ OJHOTO
II030BY, TOOTO cepejiHs BeJIMYMHA KLJIBLKOCTI MO30BIB Ha KOXKHOMY €Tall JOPiBHIOE
1, MOKHa BU3HAYUTU HMOBIPHICTH HMPUIIMHEHHS IIHOI'O IIPOIeCy Ha KpPoili n. TooTo,
MalOTh MiCIe TaKi OIIHKH: SKIIIO

ff(y=1, 0<b=f"(1) < o0, 10

. . ' . 2 .

— #MOBIpHICTh 3aBepIIeHHs HpoIeca (BUPO/KeHHs) Ha KPOIIi 7 JIOPIBHIOE 373 ;

— MOBIpHICTb TPOJOBYKEHHH IIpoliecy (opMyBaHHs IMO30BiB TPUOIUIHO JIOPIB-
HIOE 2.
5. BuUCHOBKM i nepCcleKTHuBU NOJAJBINNX JOCJi2KEeHb. SIKIIo 11030BH

dOPMYIOTHCs 3a CXEMOIO JIAHITIOIOBOI peakilili, TOOTO KOXKHUI IT030B MOXKe OyTH 3a-
JIOBOJIEHMIT 13 WMOBIPHICTIO ¢ @00 MEPETBOPUTHCH Y M AHAJOTIYHUX IIO30BIB 3 fIMO-
BIPHICTIO p, TO Ha n eTali cepejHst KiIbKICTh 1M030BiB JopiBHIoBaTMe (pm)”. Akimo
y TIOYATKOBHI MOMEHT MA€EMO OJIMH TI030B, sikuii i3 fimosipsictio { fx, £ =0,1,2,...},
>0 fr = 1 — nepexonuts y k m030BiB TOrO 2K THILY, IPHTOMY IIei IIPOIIEC MOKE IIPO-
JIOBXKYBATHUCS, TOJII CTOCOBHO 3aKOHOMIPHOCTI JIJTs1 KIJIBKOCT1 TI030BIB Ha N-MY eTalri
— a caMe, JIjId BUNA/IKOBOI BEJIMYUHI /,, — CIPaBEJINBE CIiBBITHOIICHHS:

Ex? = f(f(...f(2)...)),

.. . . . _ o0 ]
Jle y npasiit wactuui n pasis sacrocosyerscs dynkuis f(v) = Y72, fiz!.
Y HoJaIBIIIOMY MOXKHA JIOCIIZKYBATH PO3IOJILI KiJIBKOCTI TO30BIB MPHU iHITUX
0OMEXKEeHHAX Ha 3aKOHU 1X PO3IOJIIIIB.
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Illicheva L. M, Avdieieva T. V., Tomaschuk O. P. Estimation of the number
of lawsuits formed according to the scheme of chain reaction and branching process.

The total value of client claims for a certain period of time is important for the correct
management of an insurance company. The paper considers the case when the number
of lawsuits will increase according to a chain reaction or in accordance with a branching
process. Such an increase in the number of claims is usually associated with cases of natural
disaster (storms, major floods) or military operations. If claims are formed according to
the scheme of a chain process, that is, each claim can be satisfied with probability ¢ or turn
into m similar claims with probability p, then at stage n the average number of claims will
be equal to (pm)". If claims are formed according to the scheme of a branching process,
the formula for Fx?» is given, where Z, is the expected number of claims at the n-th
stage.

Keywords: random variable that does not depend on the future, chain process, branching
process, modeling the number of lawsuits, average number of lawsuits.
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PO3BUTOK IIITYYHOI'O IHTEJIEKTY I 11OT'O
3ACTOCYBAHHY B BIBJIIOTEUHII CIIPABI

Crarrs postisizgae poib mrygsoro inresekry (III) B cyuacuiii 6i6sioreuniii cupasi.
Y poborti mocaimkeno moxkanocTi 3actocyBanus I ns moxparenns oOCTyroByBaHHS
KOPHCTYBadJiB, ONTUMIi3allii poboynx IporeciB Ta po3BUTKY IudpoBuX O6iO/IIOTEYHUX Ccep-
BiciB. ABTOPH JIOCTI/KYIOTH Pi3HI ACHEKTH, BKJIIOYAIOYN TTOKPAIIEHUH MomyK indopmarii,
SIKUN TO3BOJIS€ KOPUCTYBAaIaM IIBUIKO Ta e(EKTUBHO 3HAXOIUTH PEJIEBAHTHY JITEPATYPY.
V cTarTi 3BEpPTAETHCH yBara Ha MEPCOHAII30BAH] PEKOMEH/IAIIT, sIKi HA/ITAI0Th KOPUCTYBadaM
IHIMBiAya/JIbHO HAJIAINTOBAHI PEKOMEHJIAIN] 100 JITepaTypu Ta JKepesi indopmarii. As-
TOMATHU3AIIis TPOIECiB KATAJIOTI3aI] Ta YIIPABJIiHHA KOJEKIIAMHI CIPOIILy€e poboTy 0ibrio-
TeKapiB Ta J103BOJIsi€ OibyioTekaM eEeKTHBHO YIIPABJISITA CBOIMHU pecypcaMu. B3aemo/iist 3
KOPUCTYBadaMu dYepe3 JaT-00TiB Ta BIPTyaJbHUX ACHCTEHTIB CTa€ OL/IBIN IHTEPaAKTUBHOIO
Ta 3py4unoio. Po3BuTok nmdpoBux apxiBiB Ta €JIEKTPOHHUX DPECYypPCiB POOUTH HOCTYII IO
incdopmMariii GBI MBUAKAM Ta 3PYIHUM JJIsT KOPUCTYBadiB. Ij1s yIpaBIiHHSI Mepekeio
6ibyioTek Ha piBHI Kpainum abo perioHiB eOEKTUBHUM € 3aCTOCYBAaHHs HEHPOMEpPEeKEeBUX
TEXHOJIOT .

YV poboTi aBTOPU BUKOPUCTAJIH I TEXHOJIOTT JIjIsi IPOTHO3YBaHHS KiJIbKOCTI BiIBilyBaHb
6i6uioTek Ta 3BepHeHb 710 ixHix web-caiitis (na npukiani [losraseskoi obaacri). Pesyib-
TaTH JOCJIIKEHHSI MOXKYTh OyTH BUKOpHCTaHi daxiBigmu y cdepi 6ibmgioTednol crupasu
3 METOIO MOKPAIEeHH: OOCIYyTrOBYBAHHA YUTAYIB 1 IMOJAJIBIIOIO BIOCKOHAJIEHHS CYYaCHUX
6ib/rioTeTHUX CepBiciB.

Kuaro4doBi cjoBa: mryunnit iHTesekT, 6i01i0TeKH, MOIMTyKOBI cucTeMu, IaT-00TH, BipTy-
aJIbHI ACHCTEHTH, HEpOMEpPEXKEeBI TEXHOJIOTIT.

1. Bcryn. Ha croroani nepemada indopmariil 34iCHIOETBCS 38 T0IOMOTOO

pi3HUX METOMiB, (popM i iHCTPYMEHTIB. 3BaskKaro4uu Ha CBOIO KJIOYOBY POJIb y 30e-
pexkenni indopmariii, rudposizaiisg 6i06/i0TeK € HEOOXiTHOI0 BUMOIOK CYYACHOCTI.

[Topgn i3 udpoBuMu cepBicamMu g TiIBUIIEHHA €(PEKTUBHOCTI poboTu 6i0ioTeK
eEeKTUBHUM € BUKOPUCTAHHS TEXHOJIOTIH IMTYYHOTO 1HTEJIEKTY: BUABJIEHH 1H(MOP-
Marliil 3a JOIOMOI'OI0 IOJIOCOBOI imenTudikarii Ta igenTudikalil 300pakeHb, KaTa-
Jiorizaliid JOKYMEHTIB, IIrOTOBKa KOJIEKINl, TeXHIUHI CIy»KOu, JTOBIJIKOBI C/Iy»KOMU,
3allUTH, IPEJIMETHNN MOKaXKINK, iienTudikariini indopmaliiitai morpebu Kopucry-

BadYiB.
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IcTopis mrydnoro inTeneKTy noynHaeTbes 3 1950-x pokiB, HOro KOHIIEIIIT TITH-
POKO po3pobiisiucs eHTysiactamu Toro dacy. OmauMm i3 HuX OyB BUAATHHI Opu-
TaHCchbKuil mocaigauK Astan TropiHr, sKuit JOCTiKYBaB MaTeMaTHIHI MOMKJIUBOCTI
mTy4qHoro inresekty. Came BiH BHUCJOBUB JIYMKY, IO MAaIlTMHU MOXKYTh MaTH 37a-
THICTH BUPINIYBATH 3aBJaHHA Ta HTPUAMATH pimlteHHs, gk Jjrogu. g inea adria B
ocHOBy fioro crarTi «O6uncaoBagbHa TexHika Ta iHTeaekT> (1950), 16 posrisHyTO
MOXKJIMBICTh CTBOPEHHS IHTEJIEKTYAJIbHAX MAINH 1 MeTO/IN IIEPEBIPKH 1X IHTEJIEKTY-
albHUX 3ai0H0CTEd [9).

CrarTa TropiHra craja mo9arkoM 0araTboX iHIIUX JOC/IZKEHb 1 CIpHUsijia Po3-
BUTKY IITYYHOTO iHTesNeKTy. Joro BHECOK € (byHIAMEHTATLHIM JJIS HOJIAJBIION0
PO3YMIHHS Ta PO3BUTKY IITYYHOIO iHTEJIEKTY, a izel Tiopinra it 3apa3 mpoioBxKYy-
I0OThb HaJIUXaTH 0araTboX BUYCHUX.

Hocnimxenns Anana TropiHra mpoIoBXKYyIOTh PO3BUBATUCA. BarKTuBIiT KPOK J10
PO3BUTKY Ta 3acTocyBamnusd ijeit Tiopinra 3pobuiin:

— Jlxxou Makkapri (1927-2011). Bin 6yB oxuum i3 mioHepiB mTydHOro iHTEse-
KTY Ta BBIB TepMiH «IITYy4YHUI iHTEIeKT». MaKKapTi mpaliosas HaJl po3poOKOIO
nporpam, dKi BijioOparka/id MCUXOJIOTTYHI TTPOTIECH.

— Mapsin Mincki (1927-2016). Bin 3pobus 3Haunuii BHECOK y chepy MITYUHOrO
IHTEJIEKTY, 30CepeUBIINCH Ha IMPOOJIeMi BiATBOPEHHS JTIIOJACHKOTO MUCJICHHS Ta
IHTEJIeKTY 3a JIOTIOMOI0OI0 KOMIT FOTEPIB.

— Jlxxeddpi Xinron (1947). Bin Hal6LIbIn BiIOMIA CBOIME JTOCIZKEHHIMU TJIH-
OOKOro HaBYaHHS Ta HEWPOHHUX MepeK, dAKi CTaJN KJIIOYOBUMU MOHATTIMU B
CYyYaCHHUX JIOCJIIZKEHHSX IITYYHOTO 1HTEJIEKTY.

— Piwapz Carron (1938-2009) Ta Enapio Bapro (1948). Ixmi moc.timkens nasda-
HHS 3 I IKPIIIEHHAM 3POOUIN 3HAYHII BHECOK Y PO3BUTOK aBTOHOMHUX CUCTEM
1 MITYYHOTO 1HTEJIEKTY.

[li Bueni Ta GaraTo iHIMUX JOC/IIHUKIB IPOJIOBXKYIOTH BUBYATU Ta PO3BUBATH
IITYYHUI 1HTEJIEKT.

OpHiero 3 mepmux crpod CTBOPUTH KOMII'IOTEPHY MPOrpaMy, IO PO3B’SI3YE JI0-
rivHi 387241 Ta MOJIEJIOE JIIOJICHKY Po3yMoBi poriecu € rnporpama ""The Logic Theori-
st". Ii 6ymo mupodinancoBano i mpejcrabieno Ha JlapTMyTchKoMy ceminapi
(DSRPAI) /T:xkornom Maxkkapri Ta Mapsinom Mincki B 1956 pori. Ha miit ceminapi-
KoHpepenriil MakkapTi IpeJicTaBUB JjId BIJIKPUTOIO OOTOBOPEHHS KOHIIEIIIIIO MITY-
YHOIO IHTEJEKTY Ta caMe TaM HuM GyJI0 BBeJIeHO TepMiH “mrrydnuii inresext” [9).

BBejienns TepMiHy «IITYYHHI iHTEJIEKT» Bi0Opa3uIo cTpiMKe PO3MIUPEHHS Ta
creriasizamio B raaysi. [leit Tepmin gomoMir yHUKHYTH ILUIyTAHUHU 3 KiOepHETH-
KOIO Ta YTOYHHUB HAIIPAMOK JIOC/I2KeHb. Bin BijoOpa3uB aMOiIiiiny MeTy CTBOpEHHS
IIporpaM Ta CUCTEM, SKi 37aTHI JOCATATH IHTETeKTyaJJbHIX Pe3yIbTaTiB, 0 PAHIIIe
Oy xapakTepHi Jjmrre s Jjoauan. [[Inpoke BUKOpuUCTaHHS TEPMIiHY <«IITYIHUI
iHTeJIeKT» B HAIll YaC CTaJ0 IMOKA3HUKOM 3HAYHOIO IPOrpecy B IIiif obJiacTi Ta Ba-
JKJIUBUM aCIEKTOM TEXHOJIOITYHOrO PO3BUTKY [9)].

BayBaxkumo, 1o B ocrHoBaoMy IIII kopucryrorses smromgu Big 18 g0 39 pokis i
[IePEBaKHO — B O3HAHOMYUX UM MPUBATHUX ILIAX, TOOTO CTABJIATHCH JIO HBOTO,
sk J10 possaru [11]. YV 2023 pori mocsigaukaMu 6yI0 MPOBEIEHO OMUTYBAHHS PO
00I3HAHICTD 1 BUKOPUCTAHHS IITYYHOTO 1HTEIeKTY. 3a fioro pesysnbratamu juine 42%
OIUTYBAHUX <«IPUOJIM3HO ysIBJIsI€», 0 Take ITydHuil inrenext, me 33,9% B3arasi
He 3HAIOTh, 10 1e. 1 jume 24% pecrnonaenTiB yneBHeHi, 1Mo 100pe po3yMiloTh 110
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rexnosorio. JIume 8,6% Bianosiiu, mo Bukopucropyiorh dar-6or GPT B pobori,
upu oMy 64% He KOpHCTYIOThCs HUM, a Maiixke 9% y3arasi He 3HatOTh, 1m0 11€ [1].

2. ITocranoBka 3ajsa4i. CydacHuil CBIT HEMOXKJINBO YSIBUTH O3 KOMIT IOTEPIB,
rajkeriB Ta mrygroro inresexry (IIT). Kom'torepu Ta rajizkeru crajm HeoOXi(Hu-
MU JIJIsi TPAKTUYIHO KOXKHOI'O ACIEKTY KHUTTs, MOYMHAIOYN Bijl poOOTH i HABYAHHS
JIO CHUJIKYBaHHS Ta po3Bar. BoHU J103BOJIAIOTH MBUJAKO i €(DEKTUBHO BUKOHYBaTH
3aBJIaHHs, OTPUMYBATHU JIOCTYII JI0 iHMOPMAIIil Ta CHIJIKyBaTHCd 3 IHINUMU, HABITH,
Ha BeJUKIN BiJacTaHi.

[ITy4ynnit iHTE/IEKT BiJIrpae BaKJIUBY POJIb Y PO3BUTKY CyYaCHUX TE€XHOJIOTI.
Bin no3Bosisie po3B’sizyBaTu CKJIaJIHI 3aBJaHHs, AHATIZYBATH BEJIUKI 00OCATH JTaHUX,
pobUTH TTPOTHO3U Ta MPUITMATU PIIIEHHs] HA OCHOBI ITUX JIAHUX.

i TexHOIOrIT CTUMYJIIOIOTH IHHOBAII] Y BCIX ra/Iy3sX, BiJ MEJIUIIMHU Ta HAYKHU JI0
6i3Hecy Ta posBar. JLjst ycTaHOB, siKi IPAIIOIOTh i3 BEJINYE3HUME OTOKaMU iH(MOp-
Mariii [III 6ykBaJibHO cTae MOPATYHKOM: JIONIOMAra€ BUKOHYBATH PYTUHHI Olepariil,
00po0bJIgioUn JaHi, HAIAYN aHaJITUKY. BoHu jomoMararoTh aBTOMaTu3yBaTH IPO-
1IeCH, TiJIBUILYBATA MPOJLYKTUBHICTH 1 e(heKTUBHICTH POOOTH.

Kowmrr'torepu, rajkern ta I 3pobuim 6arato acnekTiB KUTTSA 3PYUHINIAMHA Ta
JIOCTYTHIIIIMY JIJTs1 JITOJIell 3 ychoro cBiTy. BoHUM 103BOJISAIOTH OTpuMyBaTH iHMOD-
MaIlifo Ta IMOCAYTU IIBUJIKO 1 JIErKO, 3a0€31e1Uy09r HOBI MOXKJIMBOCTI JIJII PO3BUTKY
1 po3Bar.

Merta craTTi — nokazatu MmoxkuBocTi 3actocyBantst 11 B 6i0rioTeuniit cripasi
3 MeTOIO onTuMizalii pobotu 6i6J1iOTEK.

3. OcHoBHuit pe3ynbTat. [l BuKOpHCTOBYETHCSA B HaraTboX CyCIJIBHOTO KH-
TTS, 30KpeMa

¢ OxopoHa 3a10poB’s. /liarHocTrka 3aXBOPIOBaHb, PO3POOKa HOBUX JIKiB, Iep-
conaJtizaris JikyBauus. [IITyannit iHTeeKT 31aTHI OIIHUTH, HACKIJIBKH J100pe
aJMiHICTPaTOP KJIHIKN CHLIKYETbCA 3 IallieHTaMu TejaedOHOM, YU JOTPUMYE-
Thed nipaBuit. [T HaBITH MOXKe MOCTABUTH OIHKY pobOTi mpariiBaHuKa. Bee 11e
BiIOYBa€ThCA MPAKTUIHO MUTTEBO — Ha BIJIMIHY BiJI CUTYyAaIlil, KOJU ayIio po3-
MOB TIPOCJTYXOBYE€ JIIOJINHA, BUTPAYAIOIN Ha KOXKHUI JTIAJI0T 10 JIEKiTbKa XBUJIMH
18).

e BupobHunTBo. OnrnmMmizariis BUPOOHUYINX IPOIECIB, KOHTPOJIb SKOCTI, IIPO-
ruHo3yBaHHd 1M0JIOMOK. [HTerparig Il y BupoOHHUIITBO /103BOJIAE€ MiHIMIZyBaTH
KIJTbKICTh Opaky Ta BU3HAYUTH (DAKTOpU BUHUKHEHHs j1edeKTiB. 3abe3nedenns
TOYHOTO i IMOBHICTIO aBTOMATU30BAHOIO KOHTPOJIIO 3a AKICTIO MPOAYKTIB, AKi
BUXOJATH 3 BUPOOHIHIOL Jiinil [13].

e Tpancnopt. Po3pobka 0e3mijioTHUX aBTOMOOLIIB, ONTUMI3allist MAapIIPYTIB,
yupapiaag TpadikoM. BesmisoTHi aBTOMOO1, TaKOXK BiJIOMi 1K aBTOHOMHI aB-
TOMOD1Ti, OCHAIIEH] 0e3/IY4I0 JIATIYNKIB, KaMep i aJrOPUTMIB IITYYHOr'O iHTe-
JIEKTY, fKi JIO3BOJIAIOTH 1M IHTEPITPETYBATA HABKOJIUIIHE CEPEIOBUIIE Ta CaAMO-
CTIHO KepyBaTH aBTOMODO1IeM, PO/ lyKTUBHO 3MiHIOIOTH MiCbKY MOOLIBHICTD Ta
ocobuctuit Tpancnopt. CUCTEMU MITYIHOrO iIHTE/IEKTY aHAJI3YIOTh CXEMU TPAHC-
MOPTHHX MOTOKIB, TIIOO MMPOTHO3YBATHU 3aTOPU Ta KepyBaTu HUME. Po3ymitoun, K
Tpadik MEePEeMIIYyEThCA Yepe3 MEepexKy, I CUCTeMH e(DEKTHBHO BIIPOBAIZKYIOTDH
3aX0JIU JIJisl 3MEHIIIeHHsI 3aTOPIB, MepIl HiXK 1ie cTaHe npobaeMarnanum [12].

e Ocsira. [lepconaJiizariisi HaBYaHHsI, OIIHKA YCIIITHOCTI, CTBOPEHHS IHTEePAKTUB-
HUX KYyPCiB, po3po0Ka aJropuTMiB, aHAJII3 JIAHUX, TONIYK iH(OpMAaIiil, aBToMa-
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TH3alisg 3aBJanb [3-5].

e Exonowmika. 3acrocyBanus maremarnanux meto/is ta I y 6izneci 3anura-
€ThCA OJHUM 3 TPEHJIB Ha CBITOBOMY PHHKY 1 BHUKJIMKAE iHTEepec y OaraTbox
HaykoBIiB [16]. CyuacHi mijmpuemMcTBa aKTUBHO BIPOBAJXKYIOTh T& BUKOPUCTO-
BYIOTh TEXHOJIOT1l IMITYYHOI'O IHTEJIEKTY B PI3HUX CerMeHTax Jis/JIbHOCTI, pO3-
IVIAAI0YN 1X 9K KOHKYPEHTHY IepeBary Ta MOXKJIUBICTb JIJId PO3BUTKY Oi3He-
Cy Ta OCBOEHHS HOBUX METOIB JiigbHOCTI. [IITy4unuii iHTE/IeKT J03BOJIAE€ KOM-
MaHigIM ONTHUMIi3yBaTH Oi3HEC-TPOIleCH, 3HIKYBATH BUTPATHU Ta IOKPAILyBaTH
AKICTB npoyKIil it mocsryr. 3apas [11I BHKOPUCTOBYIOTH B MAPKETHHIY Ta PEKJia-
Mi, y KaJ[]pOBOMY MEHE/I>KMEHTI, jioricTutli, BupobuuriTei. Hanpukiiag, KoMmnanis
Amazon inrerpysasa Il g nmporHo3yBaHHS MONKUTY Ta ONTHMI3allil 3amaciB
Ha ckiagax. lle 103BOIMIO 3MEHIINTH 4Yac JIOCTaBKU TOBapiB 0 KJIE€HTIB Ta
MiniMisyBaTu BuTpaTn Ha 36epiranns [13].

[T BukopucToBy€eThCA B 610/1i0TE€UHI# ClIpaBi JI/Isi BUPINIEHHS PI3HOMAHITHUX 3aB-
JIaHb 3 METOI0 ONTHUMIi3aIlil PoOOTH CydacHOl 6I0IOTEKH Ta CIPOIIEHHS JOCTYILY JI0
iHcopMaliil J1j1s1 KOPUCTYBAYIB.

Hapesiemo kinbKa criocobiB Bukopuctanss 11 y 6i0iorekax:

1. Poswupeni moorcausocmi nowyxy ma opeanidauii thgopmauii. 1T moxe cTpo-
PIOBATHU IPOJIyKTUBHIII Ta e(DEKTUBHIII CUCTEMH IOIIYKY, Kl JI03BOJISIOTH KO-
pucTyBadaM IIBUJIKO 3HAXOIUTH PeJieBaHTHY iH(OpMAaIIiio cepel BeJTUKUX 00CsI-
riB janux. [le Moxke BKJTIOYaTH MOITYK 32 KJIOYOBUMU CJIOBAMU, KATETOPU3AIIIIO,
dinpTpaliito Ta COpTyBaHHS MaTepiaJiB.

2. Ananiz amicmy ingopmanii. AHAIII3 TEKCTOBOTO 3MICTY KHUTH, CTATTI Ta iHITIX
JpKepes indopMariil, BUABIATH KJIFOUOBI TeMH, TEPMIHH Ta 3B’SI3KHM MiXK PI3HUMHI
JIOKyMEHTaMH’, IO JoTIoMara€ KOHKPETU3yBaTH Pe3y/IbTaTh IOIIYyKYy Ta POOUTDH
iOro OLJIBIIT TOYHUM.

3. Ilepconanizosani pexomendayii. BUKOpUCTaHHS aJropuTMy MAaIIUHHOIO HaBYa-
HH¢ I aHAJII3Y YUTAIIbKUX BIOJ00AaHb Ta iHTepeciB, Mob Ha aBaTU KOPHUCTY-
BadaM iH/IMBIyaJIbHO HAJIAIITOBAHI PEKOMEH/IAIN] I0/I0 JITEPATYPU Ta JIKepeJ
indopmartii.

4. Aemomamuszosanutl 06AiK Mma YnpasAtHHA Koaekuismu. Begenns ob/IiKy Ta yIi-
paBJIiHHA 6I0TIOTEYHUME KOJIEKITIAMU, 3HAXOUTH JTyOJIIKATH, BI/ICTEKYBATH 3a-
MMO3WYEHHS Ta TOBEPHEHHSI KHUT, & TaKOXK ONTHUMI3yBaTH IPOIECH 3aKyIiBeIb
HOBHUX MaTepiaJiB.

5. Bsaemodia 3 xkopucmysauamu depes wam-bomu ma ipmyasvbHUT aCUCmMeHmis.
CrBopeHHST iIHTEPAKTUBHUX YaT-00TIB Ta BIPTYaJIbHUX ACUCTEHTIB, sKi HAJAI0Th
KOpHUCTYBadaM IIBUJIKAN J0CTyIl 10 iHdopMarliil, Bi/IIIOBiIal0Th Ha 3alluTaHHS
Ta HAJAIOTh JIOTIOMOTY Y pealbHOMY dYaci.

6. Possumox yugpposur aprisie ma esexmpornur pecypcis: LI monmomarae pos-
BUBaTU MUMPOBI apXiBu, €JIeKTPOHHI 0a3W JaHUX Ta iHII eJIeKTPOHHI pecypcH,
3a0e311e1y09n JIOCTYII JIO0 HUX B OyJIb-AKHil 9ac Ta 3 Oy/Ib-sIKOro IIPUCTPOIO.

fckpaBuUM IPUKJIAJIOM 3aCTOCYBaHHs IITYYHOIO IHTEJIEKTY € pO3podKa
KOMII'FOTEpHOI ITporpaMu Jijist apXiBiB crygaeHTaMu JIbBiBChKOI mostiTexHiku [6].
[ro po3pobKy BrpoBajkeHO B /lep:kaBHomy apxisi JIbBiBCcbKOI obs1acTi, e cu-
cTeMa MTYYHOTO IHTe/IEKTY JIONOMarae IpaliBHIKaM apXiBy MIBUIKO 3HAXOIUTH
Ta BUMPABJIATHA MIOMUJIKNA B HOMEHK/IATYPi JOKYMEHTIB, aHaJ Ii3y€ TeKCT JIOKYMEH-
TiB, K1 HaJIXO/IATH JI0 apXiBy, Ta MJIKPECIOE T1 YaCTUHU, IKI IMOBIPHO MICTATH
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nomuiku. e mo3BoJIsie pariiBHUKaM apxiBy 3pOOUTU OMUC JIOKYMEHTIB OlIbII
9iTKUM Ta JOCTOBipHEM [6].

7. Bizyaaizauia meopis 3 MEmMo NONYAAPUIAULL AIMEPAMYPHOL MaA MUCNEUDBKOT
cnadwunu. Tak, 3a gomomororo mTy4dHOro inresnekTy daxismi Harionamsmol 6i-
OsioTekn «OXKUBUIN» 30ipKy moesiit «Tede Boma 3-mig sseopay 1939 poky Bua-
HHSI 3 LIocTparisMu yKpaiHcbkol xympoxkauii JIo6osi dxomoc [12].

8. Inmeparxmuenicms. Bibioreka Mae 6yTH aJlalTOBaHa JI0 Cy9acHUX MPOOJIEM KO-
pucTyBada i 0cobJMBO 11 BUCTaBKOBa CKJiajoBa. CydacHa KHUKKOBa BHCTaBKa
IOBUHHA OYyTH fCKPaBOIO 1 IPUBAO/IMBOIO, MaTH IiKaBy TeMy Ta dopmy, OyTH
CTPYKTYPOBAHOIO, OPUTIHAJBHOIO Ta CTU/ILHOIO, JOIOBHEHY ATPUOYTHKOIO, Ma-
TH iHTepaKTUBHUII ejleMenT. Hampukia, gackpaBUM ITPUKJIAIOM 3aCTOCYBAHHS
boro € Kuraiicbka 6i6/mioreka Changning Library. Jlroacekuit aBatap, ocHare-
HUI aJITOPUTMOM PEKOMEHJIAIIIH, CKAHY€e YMTallbKi KBUTKU ab0 00JIMIds JII0JIei,
o0 Mi3HATUCA TXHI YATAIBKI icTOpil Ta 3amporonyBaru Biamosigai kauru. [o-
TiM poOOTH JIOCTABJISIOTH IIi KHUIHM BiaBiayBadam. Bibsioreka BrpoBaguia Iii
dbyukIil mTyaHoro intesnekty Bocern 2022 poxy [17].

Buposaizkenns B 6i01ioTekax inHoBamiinux Texaosorii ChatGPT 3.5, Gemini,
Bing Chat Tta Grok macTs MOXKIUBICTD TABANIINTH e(PeKTUBHICTH MapPKETHHTOBOI JTi-
sIJIHOCTI, B aBTOMATUIHOMY PEXKUMIi aHAJII3yBaTH BIIOA00AHHS IUTATIB, BECTU 00JIIK
[IPOYNTAHUX HUMU KHHUT Ta (POPMYBATHU Ha Iiif OCHOBI BifmoBiaHi pekomenparii. Bu-
KOPUCTAHHS HEMPOHHUX MepexK CIPUATUME IOJIETTIeHHIO PoOoTn 6i0sioTeKapiB Ta
i IBUINEHHIO IKOCTI 06CIyroByBaHHST KOPUCTYBadiB |7].

[IporpaMu Ta TeXHOJOTI] IMTYYHOTO IHTEJEKTY JAI0OTh MOXKJIMBICTH CTBOPEHHS B
6i6J1ioTeKaxX HOBUX CEPBICIB JJId MOIIYKY JITEpaTypH, OpraHi3aliil KaTaJoris, mi1dopy
JliTepaTypn OazkKaHol TeMaTwKu TOIo. Ha OCHOBI MTYyYHOro iHTEJIEKTY MOYKJIUBO
CTBOPEHHSI aBTOMATHUYHUX ITPOTPAMHUX AreHTIB JIJIsi BUKOHAHHS JIeSIKUX 3aBJaHb
nparisaukis [10].

[nTerpariisi cucremM Ta e€JeMEHTIB IMITYYHOI'O 1HTENEKTY B JisJIbHICTH 0i0/1i0TEK
CIPUsE TiJIBUIICHHIO JTOCTYIHOCTI iH(OpMaIlil, pO3BUTKY caMOOCBITH, Iudposizarlril
6i61i0TeIHOT CIpaBy, TJBUIIYE POJIb JAHOI Tasy3i B PO3BUTKY cycriibeTia [15].

BaxkiuBum HapssMoM B yIIpaB/IiHHI MepezKero 610/1i0TeK € IIaHyBaHHs Ta peaJli-
3alligd 3aXOJiB MIOJI0 MOJIIIIEeHHA 00CTyroByBaHHsa ynuTadiB. Kpurepiem edeKTUBHO-
CTi TAKMX 3aXO/IB € pidHa KiJIbKIiCTb BiJIBi/lyBaHb 0i0JIiOTEK Ta KIJIBKICTH 3BEpPTaHb
J10 ix web-caiiTiB. ToMy BasKJIMBUM €JIEMEHTOM B IiJIFOTOBII YIIPABIIHCHKUX PIillIEHDb
€ OTpUMaHHS HAYKOBO OOI'DYHTOBAHUX IPOTI'HO3IB JAHUX OKA3HUKIB.

st mporHo3yBaHHs JUHAMIKE KiJTBKOCTI BijiBiyBanb 06i0/ioTeK Ta KiJbKOCTI
3BEPTaHb JI0 1X Web-caiiTiB MOXKHa BUKOPUCTATH HEHPOMEPEKEBI TEXHOJIOTIT, K1 SIB-
JIAIOTHCA (PYHIAMEHTAIHHOIO OCHOBOIO IITYYHOTO 1HTEJIEKTY.

Bukopucraemo jgaHi TeXHOJIOTIT /111 OJiep:KaHHs IIPOTHO3IB HABEIEHUX BUIIE I10-
Ka3HUKIB Ji/1s1 6i01ioTek [TorTaBehkol obsracti Ha 2024 Ta 2025 poku. [Hdopmariiitnoo
OCHOBOIO IIPOT'HO3YBAHHS € CTATUCTUYHI JIaHI PO KIJIbKICTH BIJIBIyBaHb Ta KiIb-
KiCTb 3BepTaHb JI0 Web-caiiTiB 1ux 0i0/Ii0TeK MPOTATOM PETPOCIEKTUBHOTO TIE€PiojLy
Bix 2007 mo 2022 poky [1].

st mporHo3yBanHsa Hamu BuOpaHa HefiporHa Mepexka tuiy Feed-forward back
propagation. /lana Meperka BK/IIOYa€ TPU BUIN HEHPOHIB — OJWH BXITHUNA, TPU IIPO-
MIXKHUX Ta OJuH Buxijgnuii. Ha BXinHnit HeipoH HAJIXOJUTH CUTHAJ, KU B HE3MiH-
HOMY BUIJISII IT€pEIa€ThCA HA TTPOMiKHI Hefiporu. Bemmanan BXiTHUX CUTHAJIB BU-
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3HAYAIOTHCS PIBHICTIO
t

X(t) = :

I'+Ti+1+1
je T'— TpuBasicTs (B poKax) peTpOCIeKTUBHOTO Hepiofy, 17 — KiIbKICTb POKIB MizK
PETPOCIIEKTUBHUAM II€PIOJIOM Ta MEePioJIOM IMPOTHO3YBaHHHA, 15 — TPUBAJICTL ITE€pPio-
JIy TIPOTHO3YBaHHMA, t — IOPSJIKOBUI HOMEDP POKY, MOYMHAIOYH Bij| MMOYATKY PETPO-
cuekTuBHOTO 11epiofy. [Ipomixkni meitponn Ny, Ny Ta N3 MaloTh 110 OJHOMY BXOJLY,
dKi cIpuiiMaloTh CUTHAJIM BiJ BXIJTHOTO HEHPOHY, Ta MO OJIHOMY BUXOJY, 3BIIKU CH-
rHaJI IepeIaeThbed Ha BUXIIHUE HeipoHn. Bxomgam mnpomixkuux weitponiB Ny, No Ta
N3 3icTaBasiiOTbCA Baropi KoedillieHTH w11, wis Ta wi3. Ilapamerpamu IpoMizKHOIO
Heiipona N; € 3mimneHns a;, Ta dyHkiis akrusarii f(z). [Ipn pobori Mmepexi mpomi-
»KHUi Heiipon N; BupobJisie Buxigauit curnast Y;(t), BeJIMIMHA SKOIO BH3HAYAETHCS

PiBHICTIO
Yi(t) = fwiX (1) + a;).

Buxinnunii neiipon Ny Ma€ Tpu BXOJH, dAKi CHPUWMAIOTH BUXiIHI CUTHAJIU BiI
poMixKHUX HelipoHiB. [lapaMerpamu BUXiTHOTO HEHPOHY € BArobi KoedillieHTH Wy,
Woy TA Weg HIOTO BXOIB, 3MileHHS ao Ta (yHkiis akrusamil f(x). Leit meiipon
BUPOOJIsi€ BUXIIHUIT CUTHAJ

G(t) = f(mei (t) + w22}/2 (t) + w23Y3 (t) + ao).

[t mpoMiXKHUX HEHPOHIB Ta BUXITHOrO HelipoHa BuOpaHa (PYHKIIiS aKTHBAIIIL

1

tansig (l’) = H—T —
621

B mporeci HaBuanHs Mepeski ogepzkani Buxifgni currasu G (t) HOpiBHIOIOTHCS i3
BiomMumu etasoHHuME BesimauHamu L(t), ofiep:KaHuMU 13 CTATUCTHIHUAX JTAHUX [TPO
BiABITyBaHHS 6I0TI0TEK Ta 3BEPTAHHS JI0 1X Web-caliTiB mpoTIroM peTpOCIIEKTUBHOTO
nepiosty. B gKocTi eTasloHHIX 3HAYEHD JIjIs HABYAHHS MepeKi BUOMPAEMO 3HAUCHHS

(t) - 1 ?C(;r)lax’

Je Q(t) — BeamuMHA TOKA3HUKA, 10 JOCTIIKYEThCs, B (-THIl PIK PeTPOCIEKTUBHO-
ro nepiopy, QM — MakcuMaJibHe 3HAYEHHSI IIHOT0 MTOKA3HUKA B PETPOCIIEKTUBHOMY
nepiomi. fkmo Buxigauii curuan G (t) BiApi3HIETbCS Bijl €TAIOHY HA BEJUIUHY, 110
[IEPEBUIILYE 3a/]aHy TOYHICTb, TO MEpeXKa 3JIIICHIOE KOPUTYBAHHA BAroBUX Koedirri-
€HTIB BXOJIIB Ta 3MIIEHb TPOMIXKHUX HEHPOHIB Ta BUXITHOTO HEWPOHA.

[Ipu nporuno3yBanHi KiJILKOCTI BiJIBiIyBaHb Oi0IIOTEK ITiC/Id HABYAHHS MepexKi 11
rmapaMeTpy MPUUMAIOTh TaKi 3HaYEHH:

wy; = 11,1036;  wyo = —7,1799; w3 = 4,8403;
ap = —7,7028; ay =0,55373; a3 = 0,37212;
Wo1 = —0,93234, Woo = 0,75206, Wo3 = 0,47902, ap = 0,37212

s onepxkanng mporuosis Ha 2024 ta 2025 poka Ha BXiJ MepexKi MOJaloThCs
suavennsg X (18) = 0,9 ta X (19) = 0,95, mo Bignosimaoors garum pokam. Omep-
»)uMmo Buxigai 3nadenns L(18) = 0,38449 ta L(19) = 0,38361. Bonu Bignosizaors
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IIPOrHO30BaHUM KIJTBKOCTAM BiJBiyBanb 0i6/iorek — 27474 tucaya B 2024 pori Ta
2741,1 tucaa B 2025 porii.
[Ipu nporuno3yBanHi KiJILKOCTI 3BepHEHD 710 Web-caiiTiB 0ib/TioTeK Imic/id HaBYaH-

w11 = 4,3442, W12 = 3,5833, W13 = 4,3116,

a1 = —3,988; ap = 1,6948; a3 = 4,0246;
Wy = 1,5020;  way = 0,52734;  woy = 0,77955; ag = 0,27538.

st oneprkannst mporuosiB Ha 2024 Ta 2025 poka Ha BXiJ MepeKi IMOJal0ThCs
suavennst X (18) = 0,9 ra X (19) = 0,95, mo Bignosigaiors ganum poxkam. Omep-
»kuMmo Buxigai 3nadenns L(18) = 0,66483 ta L(19) = 0,66515. Bonu Bignosizaors
[IPOTHO30BAHUM KIJILKOCTSM 3BEpHEHL 710 web-caiitis 6i06iorek — 576,3 Tucsad B
2024 porti Ta 576,6 Tucaa B 2025 porii.

Taxum 9MHOM, IIPOrHO3YBAHHSA HA OCHOBI HEHPOMEPEKEBUX TEXHOJIOTI IMoKa3a-
J10, 1m0 B 2024 Ta 2025 poKax O4iKyeThCs cTadiIizalis po3rIssHy THX TOKA3HUKIB IIpU
HasIBHOCTI HE3HAYHUX TEHJEHINI 10 3pOocTaHHs KiJILKOCTI 3BEepHEHb 10 Web-caiiTiB
Ta 3MEHIIeHHsI KiJIbKOCTI BiBiyBaHb 0i0/Ii0TEK.

CydacHa 6i6sioreka mMae OyTu 1udPOBI30BAHOI, BIIKPUBATH HOBI MOXKJIMBOCTI
OTpUMaHHA f crpuitngaTTd indopmariil. BripoBa/zKeHHs MITYIHOrO iHTEJIEKTY Y Oi-
Os1ioTeYHy CIIpaBy Mae€ MOTEHIiaJ JIJId CyTTEBOIO MiIBUIICHHS e(peKTUBHOCTI pobOTH
6i0J1i0TEK 1 MOKPAIIEHHS sIKOCTI 0OCIYTOBYBAaHHS KOPUCTYBAUIB.

4. BucaoBku. Kowmir'torepu, rajKeTu Ta MITYYHUNR 1HTEIEKT Bi/lirpaloTh Ba-
2KJIMBY POJIb Y CyJYaCHOMY CBITI. Ixms1 sHaunMicTD MTPOJIOBKYE 3POCTATHU 3 POZBUTKOM
TEXHOJIOTi#l Ta 1 POBOI EKOHOMIKH.

BacTocyBaHHS MITYYIHOTO iHTEJICKTY B CydacHiil 6i0/ioTedniit cipasi € Ha 3BU-
YaiHO IEePCIEeKTUBHUM 1 KOpucHUM. Ll TeXHoJoris BiIKpUBae MUPOKI MOXKJIUBOCTI
JUIS TIOKPAIEHHs O00C/IyrOBYBAaHHSA KOPHUCTYBA4iB, ONTHMI3allil pobOYIMX IIPOIECB,
po3BUTKY 1udgpoBux O6i0/IOTEUHUX CEepBICiB Ta MMiIBUINCHHSA €(pEKTUBHOCTI yIIpaB-
JIHCHKUX PIlIeHb B opraHizariii podoTu 6i0/ioTek.

[T no3BoJIsie PO3pOOIATH eDEKTUBHIII CUCTEMU IOITYKY Ta OpraHizariii iHdop-
Mallil, Ha/ITaBaTu MIepPCOHAJII30BaHl peKOMEHIAIll, aBTOMATU3yBATH IIPOIECU KaTaJlo-
rizanil Ta ynpaBJiHHS KOJIEKI[IIMU, TOKPAILyBaTH B3a€MOJIII0 3 KOPUCTyBadyaMU 4e-
pe3 BipTyaJbHUX ACHCTEHTIB Ta 4aT-00TIB, & TAKOXK CIHPUITU PO3BUTKY MUMPOBUX
apxiBiB Ta ejeKTpoHHUX pecypciB. Bukopucrtanng III cipusie nomaabimoMy po3Bu-
TKy 06i0J1ioTedHOl chepu, 3a0e3MedyoUn 3pyIHuil JIOCTYII 0 3HAaHb Ta iH(OopMarril
JI71s1 KOPUCTYBAIiB yCHOTO CBITY.
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Ichanska N. V., Lysenko M. V., Pikalova V. V. Development of Artificial
Intelligence and its Application in Librarianship.

The article examines the role of artificial intelligence (AI) in modern librarianship. The
paper explores the possibilities of using AI to improve user experience, optimize work-
flows, and develop digital library services. The authors explore various aspects, including
improved information search, which allows users to find relevant literature quickly and
efficiently. The article draws attention to personalized recommendations, which provide
users with individually customized recommendations on literature and information sources.
Automation of cataloging and collection management processes simplifies the work of li-
brarians and allows libraries to effectively manage their resources. Interaction with users
through chatbots and virtual assistants is becoming more interactive and convenient. The
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development of digital archives and electronic resources makes access to information faster
and more convenient for users. To manage a network of libraries at the country or regional
level, neural network technologies are effective. In this paper, the authors used these tech-
nologies to predict the number of visits to libraries and access to their websites (based on
the example of Poltava region).

The results of the study can be used by library professionals to improve reader service
and further develop modern library services.

Keywords: artificial intelligence, libraries, search engines, chatbots, virtual assistants,
neural network technologies.
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FORECASTING CURRENCY RATES USING MACHINE
LEARNING MODELS

Accurate forecasting of foreign exchange (FOREX) currency rates is crucial for various
financial activities. However, both the time interval and the chosen model can have a sig-
nificant impact on forecasting accuracy. Therefore, investigating the effect these elements
have on the prediction accuracy of multivariate time series data representing Open, High,
Low, and Close (OHLC) prices in FOREX markets, requires further research.

The aim of paper is to evaluate and compare the performance of different quantitative
forecasting models (VAR, LSTM, GRU, Random Forest) in predicting Foreign Exchange
(FOREX) currency rates across various timeframes (daily (D), 4-hourly (H4), hourly (H1),
15-minute (M15)).

The performance of VAR, LSTM, GRU, and Random Forest — was evaluated on four
FOREX datasets. These datasets included data from different Timeframes including D, H4,
H1, M15. Each model was trained on historical data, and then their prediction accuracy
was assessed on unseen test data. Accuracy was measured using MAE and MSE.

The influence of timeframe and machine learning methods on forecasting exchange rates
EUR/USD is studied. Effectiveness of various forecasting models was analyzed.

Random Forest model outperformed other models on every Dataset (Timeframe) with
astounding result of MAE = 0.00004 and MSE = 0.000000007 on M15 Dataset. Future
research will focus on: developing a forecasting method based on fuzzy logic; constructing
a model capable of online learning with real-time data; and creating a decision support
system for algorithmic trading.

Keywords: LSTM, GRU, Random Forest, forecasting, multivariate timeseries, FOREX.

ABBREVIATIONS

FOREX — Foreign Exchange;
GRU — Gated Recurrent Unit;
LSTM — Long short-term memory;
MAE — mean absolute error;

MSE — mean squared error;
OHLC — Open, High, Low, Close;
VAR — Vector Autoregression.

NOMENCLATURE

fi (x) is a base model, typically a decision tree;
g (x) is a final prediction;
k is a number of endogenous variables;
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m is a input features observed at time t;

t is a time period, numbered t = 1,...,T;

x is a original value;

{x1,29,..., 27} is a time series;

X is a 2-dimensional tensor (or matrix);

x' is a normalized value;

Tmax 18 @ maximum value of the original data;

ZTmin 18 @ minimum value of the original data;

y is the target variable;

y¢ is a vector of length k representing the variables at time;

Uik 1s a predicted value of the target variable at time t + k.

1. Introduction. The Foreign Exchange Market (Forex) is the world’s largest
financial market, enabling the trading of currencies and other assets, such as met-
als. Its high liquidity makes it an essential platform for international trade and
investment [1].

To make informed trading decisions in the Forex market, investors and traders
rely on various analysis methods. Fundamental analysis focuses on identifying a
currency’s "fair value" by considering economic data and financial indicators. Tech-
nical analysis, on the other hand, utilizes price charts and technical indicators to
identify historical price patterns and potential future movements. The core principle
of technical analysis is that all relevant market information is already reflected in
the price itself.

While fundamental and technical analysis are widely used for market decisions,
quantitative analysis offers a distinct approach. Quantitative analysis views market
prices as time series data and employs sophisticated mathematical models and sta-
tistical techniques to forecast future price movements. This data-driven approach
complements traditional analysis methods by providing a more objective and sys-
tematic way to identify trading opportunities.

Within quantitative analysis, there exists a vast array of models, encompassing
statistical methods, machine learning and deep learning models. Each type of model
offers unique advantages and addresses specific challenges in market prediction.

However, the effectiveness of these quantitative models varies greatly. This paper
will delve into the efficiency of different model types, including statistical methods,
machine learning algorithms, and deep learning architectures, to identify the most
promising approaches for market prediction

So the object of study is foreign currency rates (FOREX) on the markets, repre-
sented by OHLC data and the subject of study is the efficiency of different machine
learning models in forecasting exchange rates at different time intervals.

A significant amount of research has explored quantitative forecasting in finan-
cial markets. However, these studies often focus on predicting a single variable,
typically the closing price, using univariate time series analysis. This approach
overlooks the rich information available within market data. Our work takes a more
comprehensive approach by investigating the forecasting of multivariate time series
using OHLC data (Open, High, Low, Close). This allows us to capture the full
range of price movements within a specific timeframe. Additionally, we explore the
impact of timeframe on efficiency. By analyzing the effectiveness of these models
across different time horizons (e.g., daily, hourly), we aim to provide a more nuanced
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understanding of their predictive capabilities.

The purpose of this work is to compare the efficiency of various forecasting models
employed in quantitative analysis when applied to different timeframes.

To achieve the purpose of the work, the following problems shall be solved:

— to analyze existing forecasting models;

— to create and prepare data sets;

— to implement and train forcasting models for each data set;
— to make a comparative analysis of the obtained results.

2. Problem Statement. Given a time series, where each is a vector of input
features observed at time, the task is to develop a predictive model that utilizes
historical data represented as a 2-dimensional tensor of shape to forecast a target
variable at a future time point. The goal is to accurately predict the future target
value using the model.

Given a time series for predicting a future target variables, the challenge lies
in identifying the most efficient forecasting model across various timeframes. To
achieve this, we will employ different models on multivariate time series data with
varying time horizons. The MAE and MSE will be calculated for each model’s
predictions to assess their accuracy and identify the most efficient model for specific
time intervals based on their lowest values.

3. Review of the literature. Financial market forecasting is a notori-
ously intricate task. Despite the valuable insights gleaned from popular methods
like technical and fundamental analysis [1], accurately predicting future price move-
ments requires navigating a complex interplay of economic data, market sentiment,
and other factors. This highlights the need for a more systematic and objective
approach to identify efficient forecasting models. Quantitative analysis emerges as a
complementary approach, leveraging mathematical models and statistical techniques
to dissect market data and objectively predict future price movements [2].

While Vector Autoregression (VAR) models, a popular statistical approach to
forecasting, have been explored in previous research [3, 4], their ability to capture
all the dependencies within financial data remains a challenge.

This necessitates exploring more intricate models. Machine learning algorithms,
with their ability to learn from vast datasets and identify hidden patterns, offer a
compelling alternative. Using the machine learning models described in [5], we aim
to develop a more comprehensive understanding of market dynamics and identify the
most efficient forecasting approach across different timeframes. In particular, these
are models of Long Short-Term Memory (LSTM) networks [6], Gated Recurrent
Units (GRUs) [6] and Random Forests |[7].

In [8] statistical model was compared with LSTM. Paper [9] compared LSTM
with Random Forest.

Our study will compare classic statistical model VAR with LSTM, GRU and
Random Forest. Moreover, we will determine the impact of timeframe on efficiency.

4. Matherials and Methods. VAR model. A VAR model [4] describes the
evolution of a set of k variables, called endogenous variables, over time. Each period
of time is numbered, ¢t = 1,...,T. The variables are collected in a vector, y;, which
is of length k. Equivalently, this vector might be described as a (k x 1)-matrix. The
vector is modelled as a linear function of its own lagged values. The inclusion of
lagged values allows the model to capture the dynamic interdependencies between
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the variables.

LSTM model. Long Short-Term Memory (LSTM) networks [6] are a special type
of neural network that can learn from long sequences of data, unlike regular RNNs
which struggle with remembering distant information.

LSTMs have an internal memory that helps them remember important informa-
tion from past data points. This allows them to understand how events further back
in time can influence future events, something regular RNNs struggle with.

LSTM has forget gates, input gates, and output gates. These gates control how
information flows within the LSTM’s memory. They can decide what information
to keep, what to forget, and how to combine it with new data to make better
predictions.

GRU model [6]. Gated Recurrent Units (GRUs) are another type of neural
network similar to LSTMs, but with a slightly simpler approach. They also aim to
learn from long sequences of data and address the vanishing gradient problem.

Like LSTMs, GRUs have internal mechanisms (gates) that control how informa-
tion flows within their memory. These gates, named update, reset, and candidate,
decide what information to keep from the past, what to forget, and what new infor-
mation to integrate.

The key difference is that GRUs use a single set of gates instead of the separate
forget, input, and output gates in LSTMs. This makes them slightly more efficient
computationally.

In simpler terms, both LSTMs and GRUs are like neural networks with good
memories for past data. GRUs achieve this with a slightly more streamlined ap-
proach compared to LSTMs.

Random Forest.

Random Forest [7] is a powerful machine learning technique for predictive ana-
lytics. It falls under the category of ensemble learning, where the final prediction
is derived by combining the outputs of multiple, simpler models. Formally, these
models can be expressed as:

9(x) = fo(z) + fi(x)+...+ fi(z).

This approach of combining multiple models to improve predictive performance
is known as model ensembling. In Random Forests, each base decision tree is built
independently using a random subset of the data (bootstrapping). This helps to
reduce variance and improve the overall robustness of the final model.

Normalization is used to bring data to a common scale. In this study, the min-
max technique was employed:

! T — Tmin
v Tmax — Tmin W)

Accuracy indices.

To assess how well the models learned, we used a measure called Mean Squared
Error (MSE) [10] as the loss function during training. This helps us identify if the
model is becoming too focused on training data and might not perform well on
unseen data (overfitting).

In addition to MSE, we also evaluated the model’s performance on unseen data
using Mean Absolute Error (MAE) [11, 12]. MAE is a robust measure of prediction
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accuracy that calculates the average absolute difference between the predicted values
and the actual values. Unlike MSE, which squares the errors and thus penalizes
larger errors more heavily, MAE provides a straightforward interpretation of the
average error magnitude.

5. Experiments. 1. Datasets.

We applied the four machine learning techniques to the EUR/USD data sets
from the finance.yahoo.com Website to perform Time Series Forecasting (TSF) for
OHLC predictions.

Four data sets collected from different Timeframes are used. Each of them
includes data for two year time period November 18, 2021 to November 17, 2023 and
has 9 columns. First and second columns labeled as Date and Time were combined
into single feature called “Date Time”. The following four columns labeled as Open,
High, Low, Close were used as input features. And they were used as target variables
as well. The column names and explanations are presented in table 1.

Table 1.

Column names and explanations
Name Explanation Comment
Date Date of Bar Merged into
Time Time of Bar single feature
Open Opening price
High Highest price of bar Input features
Low Lowest price of bar & Targets
Close Closing Price
Volume Volume of Bar
Tick Volume Volume of Tick Ignored
Spread Difference between

Information about the generated datasets:

1. data set M15 has 50 001 rows, data was collected every 15 minutes;
2. data set H1 has 12 503 rows, data was collected hourly;

3. data set H4 has 3 128 rows, data was collected every 4 hours;

4. data set 1D has 522 rows, data was collected daily.

Data were normalized values to a range of [0, 1] using the Min-Max normalization
technique as shown in (1).

The data were divided into training set (first 70% rows) and test set (last 30%
rows).

2. Scheme of experiment.

VAR model was implemented as stated in [4]. And applied to all datasets.

A Random Forest model was constructed utilizing the scikit-learn library [14].
This model was then applied to all datasets for analysis.

The LSTM and GRU models were implemented as follows. Firstly, the data
underwent a pre-processing step involving min-max scaling (1) to normalize the
feature values. Subsequently, the data was segmented into batches, each with a size
equivalent to the look-up window employed for the forecasting models. This window
represents the amount of historical data fed into the model. We chose window sizes
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that corresponded to one week of data for each dataset: 480 for 15-minute intervals,
120 for hourly intervals, 30 for 4-hour intervals and 5 for daily intervals.

The construction of our models was accomplished utilizing the TensorFlow [13]
library.

To investigate the impact of model complexity on performance, we constructed
Long Short-Term Memory (LSTM) and Gated Recurrent Unit (GRU) models with
varying numbers of hidden layers. A 1-layer model served as the baseline, repre-
senting the simplest configuration. Additionally, a 4-layer model was implemented,
where the number of hidden layers matched the combined quantity of features and
target variables. Finally, a more complex model with 10 hidden layers was con-
structed. The selection of 10 layers was based on empirical observations, as models
with a greater number of layers exhibited signs of overfitting.

The optimal number of neurons within the hidden layers and the learning rate
hyperparameters were determined through hyperparameter tuning using KerasTuner
[15].

To prevent overfitting and underfitting, the optimal number of training epochs
was determined by employing the EarlyStopping callback from TensorFlow. This
callback automatically halts training when the validation performance ceases to im-
prove for a predefined number of epochs, effectively identifying the optimal stopping
point.

The visualization of the model outputs and actual values was achieved using the
Mplfinance library [16].

6. Results. Table 2 presents the results obtained for the datasets, following
the methodology outlined in Section 4.

Table 2.
Mean Absolute Error (MAE) and Mean Squared Error (MSE) Values by Dataset
and Forecasting Method

M15 H1
MAE MSE MAE MSE

VAR 0.0123 0.000233 0.01239 0.0002364
1 Layer 0.000276 0.000000154 0.000462 0.000000562

LSTM 4 Layers 0.000283 0.000000169 0.000487 0.00000056
10 Layers 0.000296 0.000000177 0.000370 0.000000606
1 Layer 0.000235 0.000000132 0.000486 0.000000526
GRU 4 Layers 0.000257 0.000000145 0.000627 0.000000764
10 Layers 0.000323 0.000000189 0.000616 0.000000712
Random Forest 0.000043 0.000000007 0.000112 0.000000036

H4 D
MAE MSE MAE MSE

VAR 0.0124 0.00023 0.0124389 0.000235

1 Layer 0.00098 0.000002 0.00395 0.000025

LSTM 4 Layers 0.000984 0.000002 0.00333 0.00002

10 Layers 0.00108 0.000002 0.00996 0.000185

1 Layer 0.00110 0.000002 0.00300 0.000015

GRU 4 Layers 0.001055 0.000002 0.00241 0.0000118

10 Layers 0.001197 0.000002 0.0026 0.000012

Random Forest 0.000286 0.00000018 0.00095 0.0000016

The colored cells in Table 2 highlight the Mean Absolute Error (MAE) values
corresponding to the forecasting method that achieved the best performance on each
dataset.

The analysis of the results reveals that the classic statistical method of Vector
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Autoregression (VAR) consistently yielded the highest MAE values, indicating its
underperformance compared to other models. Conversely, the Random Forest model
emerged as a standout performer, exhibiting exceptionally low MAE values across
various datasets. This suggests its potential as a robust forecasting tool in this
context.

In Figures 1-4 compared top results of each method.

T M’Wt h

Price

Figure 1. Actual values (green) compared with values predicted by LSTM model
on M15 Dataset.
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Figure 2. Actual values (green) compared with values predicted by GRU model on
M15 Dataset.
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Figure 3. Actual values (green) compared with values predicted by Random Forest
model on M15 Dataset.

7. Discussions. All models except VAR performed relatively well with peak
performance of MAE ~ 0.0003 on the M15 dataset.

However, current research has determined that Random Forest is outperforming
other models on the task of forecasting multivariate timeseries. The only disadvan-
tage of Random Forest is its low forecasting capabilities based on real-time data
(online forecasting).

8. Conclusions. The problem of comparing the efficiency of various forecast-
ing models employed in quantitative analysis when applied to different timeframes
is being solved.

The scientific novelty of the obtained results is as follows:

1. VAR, Random Forest, LSTM, GRU models were used for multidimensional
forecasting of OHLC data on the exchange rate of the EUR/USD currency pair
generated at different time intervals;

2. the hyperparameters of the models and the architecture of neural networks were
adjusted in accordance with the tasks under consideration;

3. to identify the most effective forecasting models, a critical analysis of the re-
sults was carried out, taking into account the visualisation of the forecast and
accuracy metrics;

4. according to the results of the study, the best forecasting model was Random
Forest with MAE = 0.4 - 1074, MSE = 0.7 - 1078.

The practical significance of our findings lies in the development of software
equipped with various forecasting models. Experiments have demonstrated the ef-
fectiveness of these models on specific timeframes. This software can empower CFD
(Contract for Difference) traders with the ability to predict market movements based
on data-driven insights. Furthermore, the models and the underlying methodology
presented in this work can serve as valuable resources for other researchers seeking
to advance the field of financial forecasting.

Posznin 2: TadopmarTuka, KOMIT'IOTEpH] HAYKU Ta TPUKJIAIHA MATEMATUKA



FORECASTING CURRENCY RATES USING MACHINE LEARNING MODELS 213

Future research is to develop a method for forecasting such time series based

on fuzzy logic. This will allow the results to be used not only to predict future
values, but also to convert the forecasts into actionable recommendations for CFD
traders, such as ‘Buy’, ‘Sell” or ‘Wait’. It is also planned to develop a decision
support system for algorithmic trading that will provide traders with the ability to
execute trades automatically based on forecasts and recommendations generated by
forecasting models.
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Konspyk H. E., T'enko C. B. I[Iporunosysanns KypciB BaioT 3acobamMu Ma-
IMTTHHOTO HABYIAHHSI.

Toune nuporuozysanus Basoraux kypcis (FOREX) mae Bupiniajibie 3uaueHHst JJisi pi-
3HUX BUJIB (inancoBol misuibHOCTi. OHAK, SIK 9acOBHil iHTEpBaJ, Tak i 0OpaHa MOJEIb
MO2KYTb MaTHU 3HaYHUI BIJIUB Ha, HKiCTb HpOFHOSiB. TOl\’Iy BUBYCHH BIIJIMBY IUX €JIEMEH-
TiB HA TOYHICTH IIPOrHO3yBaHHSI OAraTOBUMIPHUX YaCOBUX PSIIIB JAHUX, IO IIPEJICTABJISTIOTH
miHu BigKpuTTH, MakcumyMy, MidiMymy Ta 3akpurta (OHLC) ma punkax FOREX, norpe-
Oye MOMAJIBINNAX JTOCTIPKEHb.

MeTtoro poboTH € oriHKa Ta MOPiBHAHHSA e(PEeKTUBHOCTI PI3HUX KITbKICHIX MOJIE/IEH Tpo-
ruosysanns (VAR, LSTM, GRU, Random Forest) y mepenbavenni BamoTHUX Kypcis Ha
MmizkHapogaux BamorHux puHkax (FOREX) 3a pisHumu yacosumu iHTepBasaMu (JeHHMI
(D), 4-ropununit (H4), roqununit (H1), 15-xsuauannii (M15)).

Edexrupnicrs VAR, LSTM, GRU ta Random Forest 6ysio oninero Ha 90Tupbox HabO-
pax manmx FOREX. Ili naracern BKJIO9aan mani 3 pisaux taiiMdpeiitmis, BKIoYaoIn D,
H4, H1, M15. Koxna momens Oy/ia HaBdYeHa Ha iCTOPUIHHUX JIAHUX, & MOTIM iX TOYHICTH
[IPOTHO3YBaHHsI OyJia OIiHEHA HA HEBUJIUMUX TECTOBHUX JaHUX. TOYHICTH OyJia BUMIpsiHA 32
jioriomororo merpuk MAE ta MSE.

HocitizreHo BInB TaiiM@peiiMy Ta METOIB MAITUHHOTIO HABYAHHS HA IPOrHO3YBAHHS
pasoraux Kypcis €BPO/IOJIAP CIIA. IIpoananizoBano edekTuBHICTh pi3HUX MOgesedt
[IPOT'HO3YBAHHS.

Mogens Random Forest nepesepumiia inrmi Mozesri Ha KOXKHOMY HaOOpi JaHux (Taiim-
dpeiimi) 3 Bpaxkaiounm pedyabrarom MAE = 0.00004 ra MSE = 0.000000007 na maraceri
M15. Tlogasbmn mgociimkerdst OyyTh 30C€PEIKEH] Ha: PO3POOI METOMY MPOrHO3YBAHHS
Ha OCHOBI HEUITKOI JIOTIKW; MOOYIOBI MOIE, 3MaTHOI 10 OHJIAMH-HABYAHHS HA JAHUX B
peaJibHOMY dYaci; CTBOPEHHI CHCTEMU IJITPUMKU IPUNHSTTS PillleHb IS aJrOPUTMIYHOT
TOPTIBJI.

Kurouosi cimosa: LSTM, GRU, Random Forest, npornosysanmst, 6araToBumipHi 9acosi
psu, FOREX.
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AIJAIITUBHA MO/IEJIb IIJTAHYBAHHA ITPOEKTIB TA
OIIIHKWM PU3UKIB I3 BUKOPUCTAHHAM MAIIINMHHOTI'O
HABYAHHS{A

EdekruBre ynpasiinas npoeKTaMu B yMOBaX MOCTIHHO 3MIHIOBAHUX PUHKOBUX BHMOT
Ta TEXHOJIOTITHOTO TPOTPECy € HeOOXiTHOIO CKJIAI0BOIO YCIITHOI JTiSTBHOCTI KOMIIAHI.
Onrumizaliist Iporecy IJIAaHYBaHHsI Ta yIPABJIHHS PU3MKAMHU BiJirpa€ KJIIOUYOBY POJIb Y
I IBUATIEHH] SKOCTI Pe3yJIbTATIB 1 CKOpOoUeHH] TepMiHiB peastizarii. Tpauriitai MeTou mia-
HyBaHHSI, TaKi K METOJ KPUTUIHOT'O MIJISIXY 1 METOJI, TPOTpaMyBaHHs B MepexKi, epeKTUBHO
JIOIIOMAraiTh CTPYKTYpPyBaTu 3amadi npoekTy. OqHak, yepe3 3pOCTardy CKJIAIHICTh IPO-
€KTIB, Il METOIM HE 3aBXKIM MOXKYTH BpaxXyBaTu AWHAMIKY 3MiH Ta HemepeadadeHi pu3nKH.

3acTocyBaHHSI CyIaCHUX TEXHOJIOTIH, 30KpeMa MAIIMHHOTO HABYAHHS, JI03BOJISIE PO3PO-
OJIATH THYYKI Ta aJIalITUBHI CUCTEMU YIIPABJIiHHS, 3/]aTHI BPAXOBYBATH K iCTOPUIHI JaHi,
TaK i HOBI 3MIHM B IIPOEKTI B PEXKMMI PEAJHLHOrO 4acy. AJropuTMu MaIllMHHOIO HABYAH-
Hsl MOXKYTh €(PeKTUBHO MMPOrHO3YyBATU CTPOKU BUKOHAHHS 3aBJ/IaHb, OIMIHIOBATH PU3UKU Ta
JIOIIOMAraT B ONTHUMAJBHOMY po3moii pecypcis. lama crarTs 30cepemkena Ha po3pod-
I aJIAIITUBHOI MOJIEJIi, 1O JIO3BOJISIE TTOKPAIATA TOYHICTh IIJIAHYBAaHHS Ta MiHIMi3yBaTH
PU3UKH IIiJT Yac BUKOHAHHS IIPOEKTIB.

Kuro4yoBi cioBa: mammnHe HABYaHHSA, OIIHKA PU3WKIB, HEHPOHHI MepEeXKi, yIpaBJIiHHS
MIPOEKTaMU, 0OPOOKA JAHUX, METOIM ONMTUMI3allil, O0INCIIOBAIBLHI METOIHN, IHTETEKTyaTbHI
CHCTEMU.

1. Beryn. EdekTuBne ynpapiiiHHg NPOEKTAMU B yMOBaX MBUJIKAX 3MiH € KPUTH-
YHO BaXKJIMBUM IS JIOCATHEHHs yCIiXy B Oy/Jb-skiit opranizarnii. CydacHuii 6iznec
BUMAara€ BUCOKOI'O PIiBHS TOYHOCTI y IUIAHYBaHHI Ta MPOTHO3YBAHHI PU3UKIB, 1100
3abes3reunT CTablIbHICTh BUKOHAHHS 3aBJ/IaHb 1 MiHiMi3yBaTu MoxK/uBi 3001. Tpa-
JIMIHHI METON TJIAHYBAHHA, JIOCI 3a/IUIIAIOTHCS BaXKJIUBUMU, TIPOTE BOHU MAIOTh
IIeBHI OOMEKEHHS B yMOBAaX IMOCTIHHUX 3MiH 1 Henepe10adyBaHnux paKTOpIB.

BrpoBajizkeHHsT aaropuTMiB MAITUHHOTO HABYAHHS JIO3BOJISAE IIIBUINATH a4~
[ITUBHICTH CHCTEM YIPABJIHHSA IMPOEKTAME, BUKOPUCTOBYIOUN BEJIMKiI 0OCATH icTO-
PUYHUX JAHUX JJId TPUMHATTA PillleHb. Taki TEXHOJIOTil J0IMOMAaraloTh CHCTeMaM
aBTOMATUIHO KOPUT'YBaTH ILJIAHU BiJIIIOBIHO IO HOBUX BUKJIUKIB 1 3MEHITYIOTh MO~
BipHICTH BUHUKHEHHs IMOMUJIOK. BUKOPUCTOBYIOUH IIi TiIXOU, OpTaHi3allil MOXKYThb
Kpallle KepyBaTl PecypcaMy, IIPOTHO3YBAaT TEPMiHN BUKOHAHHS Ta OIIHIOBATUH PU-
3UKHU Y PEXKUMI PEaIbHOrO Yacy, IO OCOOIMBO aKTyabHO B YMOBaX CYyJYacHUX PUH-
KOBUX YMOB.

Y cTarTi 3aPOIIOHOBAHO aJIAIITUBHY MOJIE/Tb YIPABIIHHA TPOEKTAMU, KA 3aCHO-
BaHa HA BUKOPUCTAHHI MaITMHHOTO HaBYaHHsA. MoJeIb cliipssMOBaHa Ha TTOKPAIEHH
Iporiecy IJIAHYBaHHs, a TAaKOXK Ha OLIBIT edeKTHBHE YIPAaBJIiHHA PU3UKAMHE, IO
BUHUKAIOTH 11 Jac peaJsi3allil CKJIaJIHIX TPOEKTIB.

2. AHani3 noka3HUKIB mylaHyBaHHsI. [loka3uuku rianyBaHHs ITPOEKTIB €
BasKJIMBUM 1HCTPYMEHTOM JIJIsI OIIHKHU Ta OINTHUMi3allil BUKOHaHH: 3aBaaHb. OmgHIM
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13 KJTI0YOBUX TOKA3HUKIB € TPUBAJICTDb 3aB/IaHb, 10 BU3HAYAE 3araJIbHY TPUBAJIICTH
poekTy. g edeKTUBHOrO ynpaB/liHHSA JIOCUTH BayKJIUBO OIHUTH HAsIBHI pPecyp-
€U, BKJIIOYAIOYN 1X JOCTYIHICTh Ta e(DeKTUBHICTb BUKOpucTaHnHd. [IpiopurerHicTh
3aBJaHb JI03BOJISIE€ KOHIIEHTPYBATH 3yCUJLIsI HA OCODJIMBO BarK/JIMBUX eTalax, 3a0e3-
[eYyI0YN ONTUMAIBHUAN TOPSIOK IX BUuKoHaHHs. Bukopucranns Oydepa 1gacy momo-
Marae 3arobirTi 3aTpuMKaM depes3 HernepegbadyBani oocrapunan. Otinka edekTus-
HOCT1 BUKOHAHHS 3aB/IaHb y MOPIBHAHHI 3 TOYATKOBUMU IIJIAHAMY JT03BOJISIE BIACHO
BU3HAYATH BiIXWJIEHHsI Ta KOpWUTyBaTH mporiec. Takoyk BapTO 3BEpHYTH yBary Ha
PIBHOMIpDHUIT PO3IOJIi HABAHTAXKEHHS MK YJIeHaMU KOMAaH/IU, 33118 YHUKHEHHS
nepeBaHTazKeHHs 1 3a0e3eueHH sl IPOIyKTUBHOCTI Ha KOKHOMY eTari mpoekTy [1].

Takwnit mixig 103B0JIsi€ 3a0€31eINTH KOMILJIEKCHIM aHaJli3 IIJIaHyBaHHS 1 JI0I0-
Mara€ e(eKTUBHO yIPAaBJIATH 9K PECypcaMu, TaK i 9acoM, IO € BUPIMAJIBLHAM JIJIsd
YCIHINTHOT'O 3aBEPIIEHHS ITPOEKTY.

AmnaJiiz HaBEJICHUX MOKA3HUKIB IJIAHYBAHHS JJO3BOJISIE€ TOTHIINE BUSHAYATH OITH-
MaJIbHI cTpaTerii yrpaB/iHHs IPOEKTOM, ajie TPaJUIiiiHi MeTo/n He 3aB¥XK/Iu 3a0e3-
[IeYyI0Th HEOOXI/IHY THYYKICTD 1 &IalTUBHICTD. {1 mojto1anus mux oOMezKeHb ITPo-
ITOHYETHCA PO3POOKA aJrOPUTMY Ha OCHOBI MAIMHHOIO HABYAHHS, AKUl OyJie Bpa-
XOBYBAaTHU 3a3HadeH] MOKA3HUKNA — TPUBAJICTH 3aBJ/IaHb, PECYPCH, TPIOPUTETHICTD 1
B3a€EMO3aJIEXKHICTh — 1 aBTOMATUYHO KOPUT'YBaTH IJIAHW Y BIJIIIOBIb Ha HOBI Jia-
ui. leit asiropuT™ JI03BOJIUTE MiABUIIATU TOYHICTH MPOIHO3YBAHHSA Ta MiHIMI3yBaTH
PH3WKH, TI0B’sI3aHi 3 AMHAMIKOIO TPOEKTY [2].

3. AHaJi3 NOKa3HUKIB OIiHKY pu3uKiB. OIiHKa PU3UKIB € BAXK/IMBOIO CKJIa~
JIOBOIO YIIPpAaBJ/IiHHS MPOEKTAMU, OCKIJIBKH BOHA JIO3BOJISIE 1/IEHTU(IKYBATH ITOTEHITi{i-
HI 3arpO3U Ta BYACHO BXKUTH 3aXOMIB /I 1X MiHiMmizaril. OHIM i3 OCHOBHUX ITOKa-
3HUKIB OIIHKU PU3UKIB € IMOBIPHICTh BUHMKHEHHS IO/III, dKa MOXKe BIJIMHYTH Ha
YCHINTHICTH MPOEKTY. Bu3Havenns piBHSA BIJIMBY TAKUX IOJiil JIONIOMAra€ OIIHUTH,
HACKIJIbKU CEPHO3HO BOHU MOXKYTb 3aIKO/INTH BUKOHAHHIO 3aBJIaHb. [HIMIT BazK/Im-
BUII TOKA3HUK — TIe 9aC peakIlil Ha PU3NK: IUM IIBHU/IIITe KOMaH/Ia MOXKe pearyBaTh
Ha PU3UKW, TUM MEHIIe BOHU BILIMBATHUMYTh Ha MPOEKT. KpiM TOro, BaK/IMBO Bpa-
XOBYBaTHU CTYIIHb KOHTPOJIIO HaJI PUSUKOM, OCKIJIbKH JIedKl PU3UKN € 30BHINTHIMA 1
HE MOXKYTb OYTH IOBHICTIO YCyHEHi.

g mpoBejieHHSA TJIMOOKOTO aHAJII3y PU3UKIB HEOOXIIHO BUKOPHUCTOBYBATH K
sKicHI, Tak 1 KinbKicHi Meroan ominku. Ile Bkitouae 306ip icTOpUYHUX JaHUX IIPO
ITOJII0HI ITPOEKTH Ta BUKOPUCTAHHS IIPOTHO3HUX MOJIEJIeH JIJIsT OIIHKH ITOTeHITHIX
3arpo3. TyT Ha JIonoMory nNpuxoAdTh aJTOPUTMU MAITMHHOTO HaBYaHHS, AKi 3/1aTHI
ABTOMATHYHO BU3HAYATH B3AaE€MO3B SI3KM MiXK PI3HUMU PU3UKOBUMU (paKTOpaMu Ta
OIIHIOBATH IXHiil BILJIUB HA IIPOEKT. 3aCTOCYBaHHS TAKUX MOJIEIe JT03BOJISIE CTBOPIO-
BATU CUCTEMU, 3/IATHI OIIEPATUBHO 1 TOYHO OIIIHIOBATH PU3NKH Ta BHOCUTHA KOPEKTUBHU
B IwiaHu [3].

Pesynbratu ominKM pU3MKIB JIONTOMAaraloTh NPpUAMAaTH PINTEeHHS 010 PO3MOILITY
pecypciB it 3amobiranis HalOiIbIN WMOBIpHUM 1 3Ha4qyuM 3arpo3aM. e, B cBoio
Yepry, CIpUse IMiIBUITEHHIO HAJIIITHOCTI BUKOHAHHS MIPOEKTY 1 3HU2KEHHIO IMOBIpHO-
CTi cepil03HUX BIJIXUJIEHDb BiJI MJIaHY.

B pamkax 11iel poOOTH TTPOTIOHYETHCA PO3POOKA CUCTEMH, siKa BUKOPUCTOBYE Ma-
IMIHHE HABYaHHS JIJI 8/ IAlTHBHOI OIIIHKY PU3UKIB. 3aBJIAKI aJrOPUTMAM MaITHHHO-
IO HaBYAHH{, CUCTEMa 3MOXKe aBTOMATHYHO ITPOTHO3YBATU PU3UKU Ha OCHOBI BeJIH-
KIX 00CSTiB JaHUX 1 MUTTEBO OHOBJIIOBATHU OIHKU B PEAJILHOMY daci, 3a0e31edyoun
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edeKTUBHE YIPABJIHHS PU3UKAMHU Ha BCIX eTanax IMpoekTy [4].

4. 3anpoONOHOBAHUI AJITOPUTM. 3alpPOIOHOBAHUI AJTOPUTM T'PYHTYETHCSH
Ha IIMOOKI HeHpOHHIN MepexKi, sdKa 3/IlaTHa BUKOHYBATH aHaJi3 i 00pOOKY BETUKHIX
MaCHUBIB JIaHUX IIPOEKTHOI'O IJIAHYBAHHA Ta pU3UKiB. Mojesb mody1oBaHa Tak, IO
Ha BXIJIHWI ITap MOJIAI0OTHC JlaHi PO TPUBAJJICTL Ta THUIl 3aBJlaHb, 1X BUKOHABIIIB
Ta 3aTpadveHuii Jac Ha BUKOHaHHdA. JlaHi HOpMasi3yoThed Jjid T0JIaIbIIol 00poOKU
[IPUXOBAHUMH IITAPaMHU.

Heitponna meperka BKJIIOYa€ KiTbKa MPUXOBAHUX IMapiB, cepejl AKX BUKOPH-
CTOBYIOTbCsI PEKYPEHTHI HEMPOHHI MepexKi, OCKIJIbKI BOHU €(pEeKTUBHO IIPAIIOIOTH 3
JaCOBUMMU TIOCJIJIOBHOCTIMHY JTAHUX, HAITPUKJIAT, 3MIHAMH Y CTaHI ITPOEKTY IIPOTATOM
ioro BUKOHAHHA. BXi/iHi /1aHi, MO CKJIAJAI0THCA 3 iICTOPUYHOI iH(opMaIliil Ta HOBUX
YMOB, 0OPOOJIIOTHCS JIJI BUSIBJICHHS 3aKOHOMIPDHOCTEH, TKi MOXKYTH BILIUHYTH Ha
IUIAHyBaHHA ab0 OIIHKY PHU3HKIB [5].

CrertiarizoBanuii map HEHPOHHOI MepexKi BiJIIIOBIIa€ 3a MIPOIHO3YBAHHS MOKJIH-
BUX PU3BHKIB 3a JIOIMOMOI'OI0 aJITOPUTMY 3BOPOTHOI'O TIOIIUPEeHHS ToMUJIOK. Ha ocHOBI
ICTOPUYHUX JIAHUX MOJIe/Ib T€HePYE OIIHKY WMOBIPHOCTI BUHUKHEHHSI PU3UKY.

[le oxna K090Ba (DYHKITST aJITOPUTMY — IIPOTHO3YBaHHs TpuBaJiocti. [lap, mo
BIJIITOBiIa€ 38 MPOTHO3YBAHHS TEPMiHIB, BHKOPUCTOBYE TIOMIEPETH] JIaHI Ta TOTOYHY
JIOCTYTIHICTb PECYPCIB /11 KOPUTYBAHHSA YaCOBUX PAMOK MiXK 3aBIaHHIMH.

Ha Buxomai mosenb renepye jiBa OCHOBHI IMOKA3HUKH: ITPOTHO30BAHY TPUBAJIICTH
BUKOHAHHS Ta piBeHb pusuKy. Lli pe3ybraTn iIHTErpyoThCs B CUCTEMY ILJIaHyBaHHSI,
JIO3BOJISIIOYH IIPOEKTHUM MEHe 2KepaM IpuiiMaTu oOrpYHTOBaHI PIillleHHS Ta IIIBUIKO
pearyBaTu Ha 3MiHM B yMOBaX BUKOHAHHS IIPOEKTY [6].

5. deranbumii onmuc asroputMy. lloyarkoBuii eran nepeadbadae 1K II0IeH-
ust 10 JIRA 3a momomoroo API s orpuManist JaHUX TIPO 3aBJAaHHs 31 CHPUHTIB.
JIRA € nouyiastpHuM iHCTPpYMEHTOM JjIs YIIPABJIHHA IIPOEKTAMU, TOMY OTPUMAHI
JlaHl BiloOparkaloTh peaJibHi pobodi mporiecn KoManu. [lics migkaovennsa depes
API, 3 JIRA moxkua orpumatn indopmariito mpo nornepeni cipunatu. 1i 1ani BKIIO-
9aroTh iMeHa BUKOHABIB 3aBJaHb, TPUBAIICTh BUKOHAHHS (CKLIbKY 4acy OyJ0 BU-
TpavYeHO Ha BUKOHAHHSI KOYKHOTI'O 3aBJIAHHS ), TIOYATKOBI OIIHKM Yacy Ta IIPIOpUTeTH
3aBianb Tomno. Iinkmouenns 1o JIRA mo3Bossie aBrOMaTH30BaHO OTPUMYBATH A~
Hi, IO CIIPOIY€ Tporiec 300py iHMOpPMAIIl JIIg TPOTrHO3IB, OCKIIBKHU e pOOUTHLCH
6e3 pyuHoro BrpydaHus 7).

Tak gK HeipoHHI MepexKi MPAIOI0Th 13 YMCJIOBUMH JIAHUMU, KaTeropiiiHi a-
Hi, TaKi 9K iMeHa BUKOHABINB 1 IPIOPUTETHU 3aBJIaHb, IIEPETBOPIOIOTHCA Y YNCIOBUI
dopmar. st 1bOro BUKOPUCTOBYIOThCA CIIEIiaJIbHI aJrOPUTME IIePEeTBOPEHHS, STKi
3MIHIOIOTh TEKCTOBI 3HAYEeHHsI Ha YMCJIOBI Koju. Harpukiiaj, KoXKeH BUKOHABEIb
OTPUMYE CBill YHIKaJIbHUN YUCIIOBUM KO/, IO JTO3BOJIAE MOJIEII aHAJI3yBaTH 1X BILIUB
Ha TPUBAJIICTH BUKOHAHHA 3aBJIaHb.

Takozk, OCKIJTbKM JIaHI TTPO Yac BUKOHAHHS 3aBJaHb MOXKYThH MaTH pi3Hi Jriara-
30HM (OJHI 3aBJIAHHS MOXKYTb TPUBATH TOJMHU, & iHIN — JiHi), HEOOXiIHO HOpMa-
JII3yBaTH Il 3HAYEHHd, MO0 MPUBECTH 1X Y CTaHIApPTHHI (dopMarT, IO € 3PYIHUM
JIJIs1 HaBYaHHS Mojesi. [[boro MoxKHa 10CArTH 3a JOIOMOTOI0 MacIITabyBaHHs, siKe
nepeTBopIoe Bei 3HaueHHs B mianas3oH [0, 1]. Taxwit miaxin qo3Bosisie miapumumtn ede-
KTUBHICTb HaBYaHHA MOJIE/i, OCKIJIbKU BOHA IPAIIOE 3 JIAHUMH B OJHOMY MacIiTabi
18].

Heitponna mepezka CKJIaJIA€ThCs 3 BX1JIHOTO TIapy, KIJIBKOX ITPUXOBAHUX IIaPiB Ta
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JIBOX BUXIJTHUX T1apiB. Koxken map Mepexi peatizye (pyHKIIIO, sKa 00UUCIIOETHC Ha
OCHOBI BaroBux koedirienTiB Ta pyHKINl akTuBalii. /g mporno3yBaHHs TPUBAJIOCTI
3aBJIaHb BUKOPHCTOBYEThCS PErpecis, a Jijist OIHKK pU3nKiB — Kiacudikaris 9.

Bxinnwuit map npuiimae Habip XapaKTepucTuK 3aBjannsd. 11 xapakTepucTuku mo-
JAIOThCA y BUTJISIIII BEKTOPA, Jie KOYKEH eJIEMEHT BiJIITOBI/[a€ TIeBHIN XapaKTepUCTHIT,
TaKiil gK:

® BUKOHABEIb (3aKOJI0BAHUIl SIK YMCJIOBE 3HAUEHHS);

MIpIOpUTET 3aB/IaHH;
THUI 3aBJaHHs (Hampukia, «features, «bugs Tormo);
MMOYATKOBA OIIHKA Jacy;
BUTPAYEHUN Hac.
[Ipumyctnmo, mo BXi/HWIT BEKTOP MOYKHA OMHUCATH SK:

X = [xla T, T3y - -+, xn]a

Jie:
® I, To, T3, ..., Ty — II€ YUCJIOBI 3HAUEHHSA KOXKHOI XapaKTEePUCTUKH.
Moyiesib MiCTUTB JIBa IPUXOBAHI MapH, K1 BUKOPUCTOBYIOTH (DYHKIIIO aKTUBAIIIT

Rectified Linear Unit (ReLU). ®opmanbro dynknis ReLU BusHauaerbes sk:
ReLu(z) = max(0, z),

Jie st (pYHKITF BUOpaHa TOMY, 1110 BOHA JIO3BOJISIE YHUKHYTH MTPOOJIEMHU «3HUKAIOYIOTO
rpajiieHTas Ta crpuse eeKTUBHOMY HaBYAHHIO TVIMOOKUX HEHPOHHUX MEPEK.
Koxken wmeitpon y mpuxoBanomy Iapi OOYHCIOE JIHIAHY KOMOIHAIIIO BXiTHIX

n
z = g w;x; + b,
i=1

3Ha4Y€Hb:

Jie:
e w; — BaroBi KoediIieHTH;
e b — 3mimenms (bias).
SHaueHHs1 2 epeaacThes depes3 dyukiio akrupaiil ReLU, 1mo mo3Boisie Mmoerti
BPaxXoOBYBaTH JIUIIE TTO3UTUBHI 3HAYEHHS JJIsI TIOJIAJIBINNX O0YNUC/IEHb.
Mepezka Mae aBa BUXOJU: OJIMH JJIs TPOTHO3YBAHHS TPHUBAJIOCTI 3aBJ/IaHHS, iH-
it jiis oriHkY pusnkis. OCKIIBKY 3a/1aua MPOrHO3yBaHHs € perpeciitnoio (Tpuba-
JicTb — 11e Ge3nepepBHe YUCI0), BAKOPUCTOBYOThCS JIiHIHI HeifipoHn 6e3 ak THBaIlii:

gduration =wXz+ b>

ne:
® Uduration — MPOTHO30BaHE 3HAYEHHS TPUBAJIOCTI.
Jlns1 3a1a4i OIIHKY PU3UKIB BUKOPUCTOBYEThCA OiHapHa Kjacudikallis, TOMy BHU-

XiJIHA 11ap BUKOPUCTOBYE CUTMOIIHY (DYHKINIO aKTHBAIILT:

B 1
14

o(2)
Buavenns Ha Buxoji B inrepsasi [0, 1] BusHavae fiMOBIPHICTH PU3UKY BUKOHAHHS
sapianns [10].

g HaBYaHHS HEMPOHHOI MepeKi BUKOPUCTOBYIOTHCH JIBl pi3Hi (DYHKIIT BTpaT:
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1. CepemupoxBaaparnana noxutka (MSE) mis mporrosysanus TpuBaJIocTi:

2| =

L duration —

N
~ 2
(yduration,i - yduration,i) 3
i=1

Jie:
® Ydurationi — 11€ (PDAKTHIHA TPUBAJIICTB;
® Uduration,; — NPOTHO30BaHe 3HAYEHHHA JJId 3aBJIAHHA {.
2. binapna Kpoc-eHTpoMid Jj1d OIIHKY PU3UKIB:
1
Lyisk, = N Z(yrisk,i 10g(Grisk,i) + (1 — Yrisk,i) 108(1 — risk.i)),

i=1
Je:
® Yriski — (PaKTUUIHe 3HaYCHHA PU3HUKY /IS 3aBIAHHA 7]
® Urisk,i — IPOTHO30BaHa HMOBIPHICTH PUBHKY.

st onrumisanii BukopuctoByerhes ajaroputm Adam (Adaptive Moment Esti-
mation), sikuil € BapiaHTOM TI'DAJIIEHTHOrO CIIyCKY. AJITOPUTM &JIAIITUBHO OHOBJIIOE
Barv Mojiesii Ha OCHOBI MOMEHTIB IIEPIIOTO Ta JAPYTroro MOPSJIKY I'pa/li€eHTiB:

me = fimi—1 + (1 — B1) g,

vy = Povp_y + (1 — 52)957

Jie:
® g, — I'PaJIieHT (PYHKIIT BTpAT;
® Mm; Ta Uy — MOMEHTH;
e (31, [y — mapamMeTpu 3/1a/2KyBaHHsI.

Onrumizarop Adam BHKOPHCTOBYETHCS depe3 HOro CTifKICTh J10 3MIHU MaCIITa-
6iB rpajiieHTiB 1 cTablIBHICTH y TpOlleci HaBYaHHS Ha Pi3HUX Habopax jganux. lle
0COOJIMBO BaXKJ/IMBO LI 38/1a9 IPOIHO3YBAHHA, JI€ JIaHl MOXKYTh OyTH HEOIHOPITHU-
MM 3a CBOIM MacITaboM (HampukiIa, pisHi ectimeiitn wacy) [11].

[Ticnst HaBIaHHSI MOJIE/Ib TIEPEBIPSIETHCSI Ha TECTOBiil BUOIpI JaHuX, 100 BU3HA-
YUTH, HACKIJIBKA TOYHO BOHA MOXKe Iepejbadaru pe3ysibraru. [loTiM HOBI 3aBanusd
MOJIAIOThCA Ha BX1J MOJE] Jjis IPOrHO3YyBaHHS TPUBAJIOCTI 1X BUKOHAHHS 1 PiBHS
pusuky. Ile 103BoJIsIE MeHEIZKEPAM TTPOEKTIB OTPUMYBATH ITPOTHO3U IIIE JI0 TOYaTKY
pobOTH HaJT 3aBAHHSIME, JOMOMAraldn Kpallle IIaHyBaTh Jac i pecypen [12].

6. BucHoBku. 3amnpornoHoBaHuil aaropuTM Jis IIaHYBaHHS IPOEKTIB Ha, OCHO-
Bl MaIlIMHHOTO HABYaHHS Mae€ HU3KY IepeBar. BiH He JimIlle IPOTHO3YE TPHUBAJICTH
3aB/laHb, aJjie i OIIHIOE PU3WKH, IO JJa€ 3MOT'Y ITPOEKTHUM KOMAH/aM pearyBaTh Ha
MOZKJIUBI TIpoOJIeMu 10 1X BUHUKHEHHs. AJITOPUTM BUKOPUCTOBYE PEKYPEHTHI Heii-
POHHI MepexKi iy 0OpOOKHM JaHUX 1 BpAXOBYE TaKi KJIIOYOBI TOKA3HUKHU, AK BUKOHA-
Bellb, MIOYATKOBUII €CTIMENUT, BUTPAYECHUI J9ac 1 MPIOPUTET Ta TUIl 3aBJIaHHSI.

BaBIsiKM CBOI 3aTHOCTI IIpaIfoBATU HABITH i3 HEBEJIUKMMU HabOpaMu JIaHUX,
AJICOPUTM € THYYKUM 1 HPUJATHUM JjIs OararhboxX THINB IIPOEKTIB, HE3AJIEXKHO BiJl
ix macirady. HapiTh sgkimo mani oOMexKeHi, Moje/ib MOxKe edeKTUBHO HABUYATUCS
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Ta TeHepYBaTU KOPUCHI IPOTHO3H, IO € 3HAYHOIO IIepeBaroid B yMOBaXx, KOJIM JIO-
CTYIHICTH iCTOpUYIHUX JaHuX MiHiMasbHa. OTHAK, i3 PO3IMIUPEHHSIM 00CATIB JTaHUX
TOYHICTH MPOTHO3IB 1 OIIHKA PU3UKIB 3HAYHO TOKPAILYIOThCH.

KirouoBa niepeBara B TOMy, 10 aJTOPUTM JI03BOJISIE aBTOMATHYIHO OHOBJIIOBATH
IUIAHU HA OCHOBI 3MiH y peajbHOMY 4daci. [le 3nadqno moJiermrye yrpaBiiiHHs BEJTUKH-
MU, CKJIQIHIMU ITPOEKTAMU, Jie (DAKTOPU PUBUKY 1 HerepeadbadyBaHi MO/l MOXKYTh
CyTTEBO BIJINBATHA HA Pe3yTbTATH.
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Effective project management in the context of constantly changing market demands
and technological progress is essential for the success of companies. Optimizing the plan-
ning process and risk management is key to improving result quality and reducing project
timelines. Traditional methods like Critical Path Method and Program Evaluation and Re-
view Technique help structure project tasks but often fail to account for dynamic changes
and unforeseen risks.

The application of modern technologies, such as machine learning, enables the devel-
opment of flexible and adaptive management systems that incorporate historical data and
real-time project changes. Machine learning algorithms can accurately forecast task du-
rations, assess risks, and optimize resource allocation. This article focuses on developing
an adaptive model that improves planning accuracy and minimizes risks during project
execution.
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ITPO OAUH IIIAXII 10 PO3B’A3AHHSA ITPOBJIEMUA
AEJEKIHJIA

VYV nawiii poboTi MOKA3aHO, IO KJIAC MOHOTOHHUX (DYHKIIN CIIBOAIAE 3 KJIACOM TYIIH-
KOBUX 113’ toHKTUBHUX HOpMasibaux dopm (TIH®). Mouoronui dbyHkuil Big n 3MiHHUX
MOXKHA 33JI[aTU Ha BEPIITHHAX N-MIpHOTO KyOy. ¥ poOOTi 3HAXOMATHCA BCI MOHOTOHHI QyH-
kuil Big n aminaux (n = 1,2,...,13), aki € opnospycuumu TIH®. VYV naniii pobori 3a-
[IPOIIOHOBAHMIA AJINOPUTM JIjIs 3HAXO/PKEHHs] MOHOTOHHUX (DYHKII, K € OJHOSIPYCHUMMU
TYNUKOBUMU J13 FOHKTUBHIUMHI HOPMAaJIbHUMU (POPMAMHE JIJIsl 7 3MIHHUX.

Kumaro4goBi caoBa: monoronni ¢yukiii, npobiema lenekinma, kmacu Ilocra, ogHOsipycHi
MOHOTOHHI (pyHKITIT.

1. Becryn. VY poboti mpoBejieHi JTOC/I2KEHHS KJIacy MOHOTOHHUX (DYHKIINH Oa-
raTboxX 3MIiHHUX. BuBYeHa CTPYKTypa KJacy TYNUKOBUX U3 IOHKTUBHUX HOPMaJIb-
Hux dopM. OcCKiTbKEM KJIac MOHOTOHHUX (DYHKIIH /i n > 9 Mmalizke HEBUBYEHMUIT,
TO JlaHa pobOTa MPUCBSUYCHA JIOC/IJIZKEHHIO IT/IK/IaCiB MOHOTOHHUX (DYHKIH J1/1st
n = 9,10,11,12,13. MonoronHni (pyHKIII 3HAXOJAATH IMUPOKE 3aCTOCYBAHHA B TEO-
pil mepeMuKaJIbHUX CXeM, y Kpurrorpadii, y Teopil rpyI i Kijelb, a TaKoyK IHIIMIX
aJredpalIHuX CTPYKTYP.

Oyukmia f(z) : Z) — Z; HA3UBAETHCST MOHOTOHHOIO, SKIIO JJTsi OY/Ib-AKUX JTBOX
HOPIBHIOBAJILHUX HAOODIB T,y € Z% Bukonyerbesa ymosa f(x) < f(y). Hexait D" —
MHOXKIHA BCIX MOHOTOHHUX OysIeBuX (PyHKIIIH 3 Z5 . 3a/1a4a BUSHAYCHHS [IOTYKHOCT]
mHOKuHE |D™| HasuBaeTbesa npobiemoro Jlesekina, a 6e3mocepeiHbO OTYKHICTD
MHOKUHE d, = |D"| HasuBaeTbest dnciaom Jleaekinia st BKA3aHOTO M.

Y 1897 pori [lenexina po3s’s3aB 1o 3agady aasd n = 4, y 1940 pori Yepu jjis
n =5 ta Bapa nisa n = 6 y 1946 poni. Ha nanuit yac Bijomi 3navenns yuciia Jleje-
KiH/a [t OysieBux (bYHKILI BT cemu, BochMu Ta JeB’situ 3minaux [1]. Y [2] Bigeman
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IMiIpaxyBaB 9UCJI0 MOHOTOHHUX (DYHKIIii Jiyts BochbMmu 3MinHuX. [leit pesyiabrar 6yB
migrBep/zKenuii y [3].

Y 1954 poni Iinebepr orpumas Taky omuky uncia Jegexinma 26 /2 < d, <
< nCnm/2+2 Hagamni BEepXHs OIiHKa Oy/ia IOKpalleHa Jo 3Cn. /21, Bimomi poboTu
[2, 3, 4, 5], y sKuX Oys10 MOKPAIIEHO IfO OIHKY.

Y pobori |6] mokazano, 1o 3a xapakrepuctukoo [Tocra MmoxkHa OOy IyBaTH CiM-
Ha/IIATh HEIMOPOXKHIX KJIaciB, gKi yTBOpIoloTh pernniTkKy llocrta. [lisg Tpunamigarn
KJIaciB 3Haii1eHi (hopMyJIr OOUNCIEHHS TOTYXKHOCTEH 1UX KJIACIB JIJIs JOBLIBHOIO 1.
Knac monoTonHUX (DyHKII — 1€ 00’ € IHAHHSA 111 IKIACIB Ng, N3, Mg, N12, N14. JLJIs1 K1a-
CiB ng, Ng, N4 3HalIEH] OMIHKN OOYNC/IEHHS ITOTYKHOCTeH 0 JOBIIbHOI KIJIBKOCTI
3MIHHUX, a JIJId KJIACIB N3, N14 TaKl OMIHKN He 3HaMIeH.

2. OcHOBHI pe3yJbTaTun.

OsnauenHst 1. Faemenmaprnoro Ko 1W0HKYIEN, YMBOPEHOI0 13 OYACEUT 3BMIHHUL
X1, X, ..., Xy, nHasusaemvca eupas euzaady X, Xi, -+ X, de k < n ma i, # 1,
AKUO P F .

Panr enementapHol KOH'IOHKII e 9ucao k, sike BU3HAYAE KiJIbKICTh 3MIHHUX,
K1 BXOJISATH JIO 11 CKJIaTY.

TBepmkennst 1. Bci eaemenmapti Kon 10MKYTE € MOHOMOHHUMY OYHKULAMU.

loBejiennst BUILIUBAE 3 TOrO (DAKTY, IO KOH IOHKIIS € MOHOTOHHOIO (DYHKITIEIO,
a KJIAC MOHOTOHHUX OysieBuX (BYHKIIIH € 3aMKHYTHM.

OsnauenHs 2. /[u3 10HKMUBHOI0 HOPMANDHON0 HOPMOI0 HAZUBGEMBCA QU3 NOHKULA
ENEMEHMAPHUL KOH WOHKUI.

TBepmakenHst 2. Bci dus 1onkmusHi HOpMasvhi Gopmu € MOHOMOHHUMUY PiyH-
KULAMU.

JloBejieHHsT aHAJIOTIYHE JTOBEIEHHIO ITOIIEPEIHBOI0 TBEPIZKEHHSI.

Ozuavenns 3. Tynuxosor du3 OHKMUBHONW HOPMAALHOW HOPMOIO MOHOMOH-
HOT PYHKUTT HA3UBAEMBCA U3 WOHKMUBHE HOPMAALHA POPMaG, Y AKIT Hi 00Ha ele-
MEHMAPHA KOH WOHKULA HE € BAGCHON YACTUHON THULOT EAEMEHMAPHOT KOH TOHKULI.

Teopema 1. Tynuxosi du3 1onkmueHt HOPMANOHE HOPMU € KAHOHIYHUMU.

ZJlosederns. osejiemo, 110 KOKHA MOHOTOHHA (DYHKIIIsT MA€ €IUHY KAHOHIUHY
TYIHUKOBY /I3 FOHKTUBHY HOpMAaJIbHYy (hopMmy.

Bunumemo cucremu ToTOXKHOCTEH Oy/1€BOI ajredpu, AKi BiAHOCSITHCS 10 MOHO-
TOHHUX (DYHKITI.

1. ONO0=0; 1. x AN = x;

2.0v0=0; 2. zVy=yVuz,

3. 1AN1=1; 3. xNy=yANuz,

4. 1v1=1; 4. (xVy)Vz=xV(yV z);
5. 0Nz =0; 5. (xAy)Nz=xNA(yA 2);
6. 0V =u; 6. (xVy)ANz=xANzVyAz
7. 1Nz =ux; 7T.xVyANz=(xVy)(zVz);
8. 1Vax=1; 8. zVzrANy=ux;

9. xVx=u; 9. z(xVy) ==

Posznin 2: TadopmaTuka, KOMIT'IOTEpH] HAYKU Ta TPUKJIAIHA MATEMATUKA
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Jlerko mokazaTu, 1o Ko y popMyTy MOHOTOHHOI (PYHKIIIT BXOIATH KOHCTAHTH
HYyJIS Ta OJWHUII, TO 1X MOYKHA TOTJIMHYTH, BUKOPUCTOBYIOYN TOTOKHOCTI 1-8, KpiMm
BUIAJIKY, AKINO (DYHKIIT € KOHCTAHTOIO HYyJId b0 OTUHUILL.

3a joromoroio TotoxkuocTeil 9-18 orpumaemMo U3 IOHKTUBHY HOPMAJIBHY (hop-
My, ska € TynukoBoio. JloBejemo, 10 TYNMKOBa 113 IOHKTUBHA HOpMaJibHa (hOop-
Ma € KaHoHiuHOMO. Hexait MmonoToHHa dyHKIis F(T1, 29, ..., %,) Ma€ JABl TYIUKOBI
3’ IOHKTUBHI HOpMaJIbHL bopmu p1 V pe V ...V pr i g1 V g2 V ... V qr. 3po3ymi-
Jo, Mo p1 Vpa V...V =q1 Vg V...V q. llokaxkemo, mo Vp;, 1 = 1,2,...,1,
dg;, 5 = 1,2,...,k, Taki, mo p; i ¢; Jexcukorpadiuno cuisnagaiors. Hexait p; =

Ty Tiy - .- T4, . Posragnemo dbyukuito F(zq,Ts,...,T,) Ha HAbOpi x;, = x; =
= ... =uwx;, = 1, a pemra 3mianux z;, = 0; s ¢ {1,2,...,m}. Ha mpomy Habo-
pi p; = 1, a tomy i F(xy,29,...,2,) = 1. ¥ 1pbOMy BHIAJKY OBUHHA iCHYBATH
qj = TjTj, - - - Tj,, AKa Ha IbOMY HabOpi JOPIBHIOE OJMHUIL, & 1€ MOXKJIUBO TiIbKI
TOJ, AKINO KOKHa 3Mminna xj,, r € {1,2,...,1} Hagexurs p;.

Posryianemo BuIIaI0K, KO ¢; € BacHOIO dacTuHOO p;. Ha mabopi, nna gxo-
ro rj = Tj, = ... = ¥, = 1, a pemra 3MIHHUX pIBHa HYJIO, OTPUMAEMO, IO B
JIM3 TOHKTUBHIM HOpMaJIbHIN popMi py V po V...V p; IOBUHHA ICHYBATU eJIeMEeHTapHA
KOH TOHKIIIA P,,, K € BJIACHOIO 9acTUHOIO p;. Lle mporupiunTs Tomy, mo p; Vpa V. ..V,
€ TYIUKOBOIO JIN3 ITOHKTUBHOIO HOpMaJIbHOIO popMmoio. Teopema j1oBejieHa.

OsnauenHs 4. Tynuxosoto du3 WOHKMUBHON HOPMANGHOW HoPMOr0 k-20 nopsad-
KY HA3UBAEMBCA QU3 TOHKULA EAEMEHMAPHUT KOH TOHKUIT, AKE MAOMb pane k.

Hanpuknan, x12904 V 292325 V £1T925 — TYNUKOBA U3 IOHKTUBHA HOPMAJILHA
dopMa TPEeThOro MOPSJIKY, & T1XoT3T4Ls — II ATOTO HOPSJIKY.

[ToryKHICTH TYIUKOBOI U3 IOHKTUBHOI HOPMAJILHOT (DOPMU — TI€ YUCJIO, IO JI0-
PIBHIOE KiJIBKOCTI JIN3 TOHKTIB y JIN3 IOHKTUBHIM HOpMaJIbHIN (dopmi.

Hanpuknan, |z122 V 2223 V 2425| = 3, a |x1 V 2324 = 2.

[osnaunmo vepes D}'; — MHOXKHHY TYIMKOBHX JU3 IOHKTUBHUX HOPMAJbHUX
dopm BijL N 3MIHHUX -TO MOPSJIKY 3 PAHIOM j.

Jlnst n = 4 BunwminemMo BCi eJeMeHTH MHOKUHU [)
3HaXO/PKEHHS MTOTYZKHOCT] Dij.

1) D}y =A{a1, 29, 23,34}, |Di1| = CF =4,
) Dy ={a1 Va2 Vs, a1 Ve, Vs, a Vag,as V), | Di,| =CF =6.

) Dig= {21V Vas,x1VayVay, e VasViy, VeV, |Di3| =% = 4.
4) D%A ={z1 V1 VsVl }Di4| =Cf=1.
)
)

4

i.;» 1 3HalIEeMO bopMyH J1s

D§,1 = {x119, 123, X1y, ToT3, ToXy, T3Ty }, D;{l} =(C% =6.

D;{Z = {z129 V 2123, 2172 V 21 T4, 129 V Toz, T1Xo V ToZy, T122 V T3T4,
123V X124, 0103 V ToX3, L1X3 V ToZy, T1X3 V 3Ly, T124 V ToZL3,T1T4 V Toly,
T1X3 V T3T4,T2T3 V Loy, Loy V T3Ty4,T2T3 V ZL’3$4}.

|D3,| =C3 =15.

Anajioriuno, 3HaX0AUMO IIOTYKHICTD PeINTH MHOXKUH D}

i & came:

DY =C2=20; |Di,|=Ci=15 |Dij|=C3=6; |Dig|=CE=1;
D5, = Ci=4i |Dso| =Ci =6 |Dyy| =Ci=4
D34l =Ci=1 |Dy|=Ci=1.
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OsnauenHs 5. Tynukxosa du3 1oHKMUBHA HOPMANLHA HOPMA HAZUBAEMBCA 0OHO-
APYCHOMW, AKWO 60HA € QU3 NOHKUIEI EAEMEHMAPHUT KOH WOHKYIT, AKE MAOMb 00Ha-
Ko6ul paHe.

Teepmxkennst 3. Kiavkicmv 00HOAPYCHUT MYNUKOSUT U3 MW0OHKMUCHUL HOP-
MANOHUL POPM OAL YOMUPDOX 3MIHHUL DOPIBHIOE 9 1 00MUCAI0EMBCA 30 HOPMYAOIO

4 4 4 4
Y Cta+Y Clat Y Cta+ Y Chu.
t=1 t=1 t=1 t=1

VY nmaniit poboTi 3AITPOIIOHOBAHUI AJITOPUTM JIJIsi 3HAXOZKEHHST MOHOTOHHUX (DyH-
KIIifl, sIKi € OJHOAPYCHUMH TYITMKOBUMH JIN3 FOHKTUBHUMHU HOPMaJIbHUMU (DOpMaMu
JUUIST 1 3MIHHIX.

V3arajabHIOIOYM MipKYBaHHS, HaBeJACHI Jid n = 4, OTpUMaeMO BiIImoBiHi ¢dop-
MYJTH JIJIsT OOYUNC/IEHHS OHOSIPYCHUX TYHMHUKOBUX JIN3 IOHKTUBHUX HOPMAJIbHUX (DOPM
IJIg 1 3MIHHHUX.

Teopema 2. Kirvkicmo 00H0APYCHUT Mynukosux dud TOHKMUSHUL HOPMANLHUL
popm dopisrioe

N Cli+Y Clot...+> Chy=|Dpy|+|Dpy| + ...+ | Dy, | +
t=1 t=1 t=1

+ D5y |+ [Dyo| + . 4+ D5+ D+ DR+ | DR

VY nmaniit pobori po3pobseHo mporpamue 3abe3nedeHus Ha MoBi Python st 06-
YUCJICHHS OJIHOSIPYCHUX TYHMUKOBUX /N3 IOHKTUBHUX HOPMAJIBHUX (hOPM.

Jlana mMoBa mporpaMyBaHHS Ma€ BOY/JIOBaHY IIITPUMKY POOOTHU 3 BEJIMKUMU Y-
caamu (noBra apudMeTnKa), OCKIJIbKU ByKe MPU 3HAYEHHAX 1 > 7 YHUCJIOBI Olle-
paHM He MOXKYThH OyTH HpeJCTaBjeHi cTamgapTHUMU 64-OiTHUMU THUIIAMU JTAHUX.
Python-ckpunr € npsmoro peastizariiero Builie HaBeeHUX (HGOPMYJI — OJIHUM ITUKJIOM
00YNCITIOEThCA CyMa, ’Dﬁl‘ + ‘D?,2| + ...+ }Dzn , & IHIIMM — 3HaYeHHsI KOXKHOT'O

n
JIOJIAHKY, TOOTO » C’t%. OKpiM IBOTr0, 3aCTOCOBaHI HACTYITHI ONTUMI3AIT, HEOOXiTHI
1 OTpI/IMaHHHt6211}KaHOFO iHTepBaJy pe3yiIbTaTiB:

e O6uncrenns 6inomiaabHoro Koedimienty CF peamizosano ax dymKimito-mmiampo-
rpamy. g HeBemukux 4ucel, mifgiiina 60 pekKypcuBHa peaJtisaliid gaHol (hop-
mynu: C(n, k) =C(n—1,k—1)+ C(n — 1,k), npore B HAIIIOMY BHIIQJIKY OYJI0
3aCTOCOBaHE YCYHEHHs XBOCTOBOI pekypcil (tail recursion elimination), o6 yuu-
KHYTH IIePEIIOBHEHHS CTEKY.

e /lonaTkoBO B (DyHKIIIIO 0OYHUCIEHHS OIHOMIaJILHOTO KOEMIIEHTY J0/IaH0 KeITy-
BaHHs OTPUMAHUX 3HAYEHD, 13 30epiraHHsaM IX y XeIl-Malli.

e Bxinni mapamerpu n, k xemyoTbea 3a gomomoron GyHKI mapyBanaa C3y-
n3ika (7], Mo J103BOJIsi€ YHUKHYTH CTBOPEHHsI CIHCKIB UM BEJIMKUX PAJIKIB TIPH
30epiraHHi 3HAYEHHA-KJII0Ya B XeIll-Malli.

e Bech ckpunt OyB mapaJsesizoBaHHil 3a JIONMOMOTOIO BOYJIOBAHOTO MOJLYJIs
concurrent. Ile 103Bo/III0 PO3MOALIHTHA OOUHCIEHHS KOYKHOT'O 13 3HAYEHD 1 MiXK
PISHUMHU sIIpaMu IIPoliecopa.

Posznin 2: TadopmaTuka, KOMIT'IOTEpH] HAYKU Ta TPUKJIAHA MATEMATUKA
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AsrropuT™m MOYXKHA 1 HaJ1a Il ONTUMI30BYBaTH, IIPOTE JTAHUX MTOKPAIIEHD JJOCTATHBO
JIJIsT OTPUMAaHHsT HeOOX1THUX eMINPUIHUX JaHuX s i€l poboTH.

[Toznaanmo KibKiCTh OJHOAPYCHUX MOHOTOHHUX (DYHKIII J/Is1 JIOBLILHOTO N de-
pe3 M;L [Ticist 6yiM3bKO 2 TOIMH BUKOHAHHS ITporpaMu Ha 16-sepromy Intel mpore-
copi, oTpuMaJ/In pe3yabTaTh s ycix 3HadeHb n Big 1 10 13, gxi naBemeni y Tad. 1.

Tabaruua 1.
KinbKicTh 0JIHOSPYCHUX MOHOTOHHUX (DYHKITIi

n M, dp,

1 |1 3

2 6

3 |15 20

4 |94 168

5 | 2109 7581

6 | 1114236 7828354

7 | 68723671291 2414682040998

8 | 1180735735906024030714 56130437228687557907788

28638657766829841112846915

9 | 170141183460507917357914971986913657849 1667508493812366

10 723700557733555322308782897512730417919714
7198604070555943173844710572689400
238170513177184465895202425368741325817044

1 946084516042231526158512054234356305294904

144148681975608466856729790283581642146941
68094211837943
141812983367708498267942666831007057202511
448421643827125349472119773535022654196943
944209450975037768339007732459544512725221
12 | 726759486456306391423731808917670558303020
063768732533713950908137270269160833647989
425881755169137192813409227664868035160693
806114244902552366349295606
738758609270024209965454657683069677260386
656729278905586842644232395681812556747321
788066586922125536827933697818591623337035
720169993336001366030397874589276419552284
835453970579351391959773273488415652976103
375342719551996969762427017855859631621725
13 | 784601710328953268332288528234864115228186
988666802595591076050723075869603653902072
610273009464776994054492247292748821466108
364060833431050467374018687430061639026192
717549361179136998494285354179742122679355
281943238944043468706196125572554998224378
5045998321653

Ockinbku Hapa3i Bijomi 3Havenns uucen Jeaekinma g0 n = 9, To 300pasumo Ha
rpadiky BiIHOCHY YACTKY OJHOSPYCHUX MOHOTOHHHUX (DYHKIIIN BiJ| 3arajbHOT Kijb-
. e ’
KOOH.MOHOTOHHHX(byHKHHi(A4ﬁ/dn)
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Puc. 1. I'pacdik dbyukuii y, = M, /d,,.

3. BucHoBku. Y poboTi mokazaHo, 1o i n = 13 9uc/I0 OJHOAPYCHUX MOHO-
ToHHEX OyneBux ymKmii Ginbme mizk 10°'8. Yepes me obumcsienns KilbKocTi Mo-
HOTOHHUX (PYHKIII, TOOTO 3HaX0 KeHHsT unces Jle/iekina, sske 3HATHO IIePEBUIILYE
KuTbKicThb opnogpycunx T/IH® ne € nepcnekrunoro. [1pejicrasiisie inTepec anaaiTu-
YHEe OIMCAHHY IiJIKJIaCiB N3, 14 MOHOTOHHUX (DYHKIIN 1 3HAXOPKEHHS 1X TOTYKHO-
cti. Inmuit nanpsam y snaxomkenHi ncia Jlegexinga mossrae y momii MHOXKIHU
MOHOTOHHUX (DYHKIII Ha KJiacu (DYHKII, sKi € OaraTosspyCHUMU JIn3’ IOHK THBHUMU
HOpMaJbHIMU (hopMamMu. Y HACTYIHIN poOOTI MJIAHYETHCA JTOC/IZKEHHS MOHOTOH-
HUX (PYHKIH, 9Ki HAJIEXKATh KIJTbKOM gpycaM N-MipHOro KyOy.
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This paper demonstrates that the class of monotone functions coincides with the class
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of dead-end disjunctive normal forms (DNF). Monotonic functions of n variables can be
defined on the vertices of an n-dimensional cube. The paper contains all monotonic func-
tions of n variables (n = 1,2,...,13), that are single-tier TDNF. It proposes an algorithm
for finding monotone functions that are single-level dead-end disjunctive normal forms for
n variables.

Keywords: monotonic functions, Dedekind’s problem, Post classes, single-level monotonic
functions.
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HEYITKA MOJEJIb OIITHKUM BE3ITEKN MI2KHAPOJHUX TA
TPAHCKOPJIOHHUX ITPOLIECIB CIIIBPOBITHUIITBA 3
YPAXYBAHHAM PU3SNKOBUX ®PAKTOPIB

IIpoBemeno mocaimKeHHsT aKTyaabHOI 3a1a9i po3poOIeHHST HEIITKOI MOJIEI OIIHKT 0Oe3-
MMeKW MI>KHAPOIHUX Ta TPAHCKOPJAOHHUX MPOIIECIB CHiBPOOITHUIITBA, 3 YpaxyBaHHIM PU3U-
KOBUX (DaKTOPIB Ta €KCIEPTHUX BUCHOBKIB MO0 MOXKJIMBOCTI JIOCATHEHHSI METH CTOCOBHO
rapaHTyBaHHS HAI[IOHAJIBHUX Oe3IeK KpalH-TapTHEPiB.

B ocHOBY mocitimkeHHst IOKJIaJeH anapaT HeYiTKAX MHOXKUH, 0 6a3y€eThbCst Ha iHTEp-
Basiax OmiHOK. KoxkeH pu3mk-opieHTOBaHMiT (DaKTOP BIUIMBY HA BUKOHAHHS MiXKHADPOIHIX
Ta TPAHCKOPJOHHUX IIPOIIECIB CHIBPOOITHUIITBA OIIHIOETHCS JIIHIBICTUIHIM BHCHOBKOM €KC-
repTa 10JI0 PiBHA MMOBIPHOCTI HACTAHHS PU3WKOBOI CUTYAIlil, ONIMCAHY BiJIITOBIIHUM KpPHU-
TepieM Ta 4YHCJa BIIEBHEHOCTI MipKyBaHb €KCIepTa Jjisi TAKOTO BHUCHOBKY. HoBaTopchKOIO
0COBJIMBICTIO MOJIEJII € BpaXyBaHHsI €KCIIEPTHOTO BUCHOBKY IOJ0 MOXKJIMBOCTI JTOCSTHEHHS
MEeTH CTOCOBHO rapaHTyBaHHS HAI[IOHAJBHUX 0Oe3MeK KpaiH-TapTHEPIiB IMPU Mi2KHAPOTHOMY
abo TPAHCKOPIOHHOMY CHiBpoOITHHIITBI. Momenb po3KpuBaE HETITKICTD BXiTHUX OIHOK,
3/IaTHA BUBECTHU JIHTBICTUIHE 3HAYEHHs PiBHSA 0€3MeKU MiKHAPOJHUX Ta TPAHCKOPIOHHUX
IIPOIIECIB CIIIBPOOITHUIITBA TA WOTO OIIHKY JIOCTOBIPHOCTi, UMM ITi/IBUIILYE CTYIIiHb OOI'DYH-
TOBAHOCTI MPUAHATTS MOJAJIBIINX YIPABIIHCHKUX PIllICHb.

Tlonasbire mocitikeHHs TpobIeMaTHKA BOAIAEMO B PO3POOJIEHI MATEMATHIHIX MOJIE-
Jieit Ta MPOrpaMHOl i ITPUMKH I OIIHIOBAHHSI IIPOEKTIB TPAHCKOPIOHHOTO CITiBPOOITHHU-
IITBa 32 YMOB TapaHTyBaHHs HAIIOHAILHUX Oe3IeK KpalH-TapTHEPIB IpH peaidaliil mpoe-
KTY.

Kurouosi ciioBa: HediTKa MOIE/b, IPUAHSTTS PIllleHb, OIiHIOBAHHS PU3NKIB, HAI[IOHAJIHHA
0e31eKa, TPAHCKOPIOHHE CIiBPOOITHUIITBO, Mi?KHAPOIHE CIiBPOOITHHUIITBO.

1. Beryn. V cydacHux ymoBax riobaJiizaliil TpaHCKOPJIOHHE CIIBPOOITHUIITBO €
BaKJIMBUM 1HCTPYMEHTOM JIJIsl PO3BUTKY €KOHOMIKM Ta IiJIBUIEHHS PIBHA KUTTH
rpomajigH. OrinKa Oe3reKkn TakuX MPOIEciB J103B0JIA€ e(eKTUBHO 1HTEIPYBATHUC Y
CBITOBY €KOHOMIKY, 3MEHIIIYBaTH PU3UKHU JIJI HAIIOHAIHLHOT O€3IEKH Ta ONTUMI3yBa-
THU CHIBIPAITIO 3 IHIMMMA KpalHAMHU.
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VKpaina aKTUBHO PyXa€TbCsl JI0 €BpoIeiicbKol iHTerpaiiil. BaxknBuM acrekToMm
IIBOT'O TIPOIIECY € PO3ZBUTOK TPAHCKOPIOHHOI'O CIIBPOOITHUIITBA 3 CYCITHIMEU KpaiHaMu
€C. YuacTb y MI2KHAPOJHUX Ta TPAHCKOPJIOHHUX MPOEKTAX MOXKe OyTH IOB’sd3aHa
3 PIBHOMAHITHUMH PU3UKAMM, TAKUMU SK TOJITHIHA HECTAOIILHICTD, KOPYIIIid, Ki-
Oepzarposu Torro. Jloc/iKeHHs 1UX PU3UKIB JI03BOJIUTH Y KPalHi OLIBIIT TOYHO OIli-
HIOBATU TOTEHIIIITHI 3arpo3u Ta PO3pod/ATH cTpareril jyig ix Minimizarii. Takox,
OIIHKA& PU3UKIB CHPUATHME OLIbIT e(DeKTUBHOMY Ta, OE3IETHOMY BXOJKCHHIO B €B-
poneiicbKuil IPOCTIp.

Desneuna B3aemoiis 3 Mi?KHAPOJHUMU ITAPTHEPAMH € KPUTHYIHO BAYKJIMBOIO JIJIST
30epekeHHsT CyBepeHiTeTy Ta cTabiibHocTi jepxkaBu. OiiHKa 0Oe3leKn TaKuxX IIpo-
IIeCiB CIPUsE 3aXUCTY HAIIOHAJIBHUX IHTEPECIB y MiKHAPOJIHIN criBnpari. Takum
YUHOM, aKTyaJIbHICTh ITPOBEJICHOTO JIOCTIIZKEHHT BUBHAYAETHCA HEOOXiTHICTIO Oe3-
[IeYHOI Ta e(peKTUBHOI Mi2KHAPOHOT IHTErpariil, MiHiMi3aIlil PU3UKIB Yy TPAHCKOPIOH-
HOMY CIIIBpOOITHHIITBI Ta 3a0e31evYeHHsT HAIlIOHAJIBLHOI OE3IEKH.

OCHOBHOIO METOIO JAHOI'O JIOCTIIZKEHHsT € PO3POOJIEHHST HETITKOT MOJIe i OIiHKN
Oe3MeKn MiKHapOIHUX Ta TPAHCKOPIOHHUX ITPOIIECIB CIIIBPOOITHUIITBA 3 ypaXyBaH-
HeM PU3UKOBUX (PAKTOPIB Ta €KCIHEPTHUX BUCHOBKIB II0JI0 MOXKJIUBOCTI JTOCSATHEHHS
MEeTH CTOCOBHO T'apaHTyBaHHs HAIIOHAJbHUX Oe3MeK KpaiH-ITapTHEPiB.

2. Orasanm aitepatrypu. TpaHCKOp/IOHHE CIIBPOOITHHUIITBO — 1€ OJiHa 3 (hopM
CIPUSHHS PETiOHAJILHOMY PO3BUTKY, 110 BHHUKAE B PE3Y/IbTaTI CTPATETTIHUX 3YCUIIb
PI3HUX YYaCHUKIB, 3aCHOBAHUX HA JIOBIpi, B3a€MOPO3yMiHHI Ta OaKaHHi JI0 CIIBIPa-
mi. ¥V pobori [1] mociKyoThes pisHOMaHITHI MO/ Ta JOBOIUTHCs (DaKT, IO B
€C me icHye eamHOI HaWKpAaIOi cTpaTrerii TPAHCKOPIOHHOTO CIBPOOITHUIITBA. Da-
raTo aBTOPIB 30CEPE/KYIOTH yBary Ha PO3B’S3aHHSA UITKUX MPUKJIAJTHUX MPOOJIEM
MIJIAXOM MIZKHAPOJHOIO ab0 TPaHCKOPAOHHOrO ciiBpobiTHunTBa [2—4|. Tlepemkomu
JIJIsE PO3BUTKY TPAHCKOP/IOHHOTO CIIBPOOITHUIITBA iCHYIOTH y KiJIbKOX BuMipax. BHy-
TpinmHi 6ap’epu BITHBAIOTH HafGIbINe Ha COMiagbHi il criBmpart. Ix MozkHA 010
JIATH Yepe3 MOJITUKY MyHinumaaiteris ta nianpuemmis [5]. SosHimmi 6ap’epu xapa-
KTepHi /11 nepudepiifHux perioHiB, dKi BijgajieHi BiJ HaIlOHAJIbHAX Ta PErioHaIb-
HUX IEHTPIB UPUUHATTS PIlleHb, MO NPU3BOJUTH JI0 PsJly HETaTUBHUX HACJIIJIKIB.
EdexTuaum iHCTpyMeEHTOM 1X TOJI0/IAHHS MOYKe OyTH TPAHCKOP/IOHHE CIIiBPOOITHU-
ITBO. A I MOXKJIMBOCTI OINHIOBAHHS TaKUX IIPOIECIB IMOTPIOHO cydacHi cucTemMu
HiITPUMKY TIPUAHATTS PillieHb [4].

Meromu, mo 6a3yoThcd Ha Teopil HEYITKOI MaTeMaTUKU, MOXKYTh 3a0e31MeYnuTH
AHAJIITUYIHY TITPUMKY JIJIsi IKICHUX IPOIECIB TPURHATTS PillleHb Ha Oy/Ib-AKOMY
piBHi yupasiinng [6]. [[jist yCHinmHOro po3BUTKY PErioHIB HOTPIGHO po3pobasdTH iH-
HOBaIIiiiHl IHCTPYMEHTHU Ta CUCTEMU 3HAHb, AKi MTPUMYBATUMYThb IXHIO CTAJICTh, 3
MeToI0 3abe3iedeHHs iHdopMarlliitHol Oe31eKn Ta B iHTepecax HaIllOHAJIbHUX Oe3ITeK
Kpain-nmapTHepiB. s BimoOpaskeHHsI 3HaHb PO 00 €KT TOC/IIIZKEHHSI BAPTO BUKO-
PHCTOBYBATU TEOPil0 HEUITKUX MHOXKUH |7| Ta cydacHi MiJIXOju /10 BUKOPUCTAHHSI
IHTeJIEKTYaIbHOIO aHaJli3y 3HAHb y CUCTeMAaX MiTPUMKU HPUAHSTTS piniens [8].

Taxum 9mHOM, ICHYE aKTyaJIbHICTH PO3POOKM MOjIe/ieil OIiHKN Oe31eKn MiKHa-
POJTHUX Ta TPAHCKOPIOHHUX IPOIECIB CIIBPOOITHUIITBA 3 YpaxyBaHHAM PU3MKOBHUX
dakTopiB.

3. Marepiamu ta Meromu. Hexail cucreMHy TeOpPEeTHKO-MHOXKUHHY MOJIETH
3aja4i OIiHIOBaHHS O€3IeKN Mi?KHAPOIHUX Ta TPAHCKOPJIOHHUX IIPOIECIB CIiBpOOi-
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THHUITBa, IIPEACTaBUMO HACTYIITHUM YHMHOM:

{P, Kgr, Mg, L|Y(f)}. (1)

P — negkwit mporec Mi2KHApOJHOTO ab0 TPAHCKOPIOHHOIO CIIIBPOOITHUIITBA.
[Iporiec TpanCKOPIOHHOTO CHiBPOOITHUIITBA — 11e (hbOpMa B3AEMO/IIT MizK IIPUKOPIOH-
HUMHU perioHaMM Pi3HUX JeprKaB, CIPsIMOBaHA Ha CHiJIbHE BUPIMIEHHA €KOHOMIYHUX,
COIAJIbHUX, €KOJIOTIYHNX, KYJbTYPHUX Ta IHINMUX POOJIEM, TKi BUHUKAIOTH y NPH-
KODJIOHHUX 30HaX. Take CIIBPOOITHUIITBO CIPHUSE MOKPAIIEHHIO B3a€MOPO3yMIiHHS
MiK KpalHaMU, PO3BUTKY iH(PPACTPYKTypPH, TOPTiBJi, HAYKH, & TAKOYXK 3MIITHEHHIO
MUpPY Ta CTabLILHOCTI B perionax, Mo MeXKYIOTb.

Kgr — indopmariiiina Mojie/ib KPpUTEPIiB OIIHIOBaHHS PU3UK-OPIEHTOBAHUX (a-
KTOPIB BIINBY, AKi BIVITMBAIOTH HA YCHINTHICTD JOCATHEHHA METHU IIPOIECY MiKHAPO-
JTHOTO Ta TPAHCKOPJIOHHOI'O CIIBPOOITHUIITBA.

Mp — HediTKa MaTeMaTHYHA MOJEJIb OIIHIOBAHHS PU3WKIB JIJIsI TapaHTyBaHHS
Oe3rekn y mporieci MiXKHAPOIHOTO Ta TPAHCKOPJIOHHOTO CIIiBPOOITHUIITBA.

L — ekcnepTHi BUCHOBKH IIOJI0 MOXKJIUBOCTI JIOCATHEHHS METH CTOCOBHO TapaH-
TYBaHHSA HAIIOHAJILHUX OE3IeK KPalH-IIapTHEPIB IPU Mi?KHAPOIHOMY ab0 TPaHCKOP-
JIOHHOMY CITiBPOOITHHUIITBI.

B pesysbrari orpumyemo Buxigny ominky f = py (f (m,)) Ta piserb Y, 1o
MIiCTUTh 3MiCT PiBHsA Oe311eKn MiXKHAPOJIHUX Ta TPAHCKOPIOHHHUX IIPOIECIB CIiBpOHi-
THUIITBA.

Kr — ingopmauyiting modesv xKpumepiie ouiHio8aHHA PUSUK-OPIEHMOBAHUT pa-
KMopie eniusy, AKi 6NAUSAIOMD HA YCNIUHICNG JOCAZHEHHA MEMU NPOUECY MINHC-
HAPOOH020 MaA MPAHCKOPIOHH020 CNIBPOOIMHULMEA.

[Turamnmug orniHOBaHHs PU3UK-OPIEHTOBAHUX (DAKTOPIB BILIUBY Ha YCIIIMIHICTD JI0-
CAATHEHHSI METH BUKOHAaHHS OY/Ib-SIKOTO IPOIeCy Jiyke CKiajue. B 3asexxnocti Bij
nporecy noTpioHo HabyI0BYBaTH pi3Hi MOKa3HUKKM pu3ukiB. Hampukiam, y mporeci
TPAHCKOP/IOHHOT'O CIIBPOOITHHUIITBA MOXKYTh BUHUKATU TaKi PU3UKU:

Kpr; — nomiTuuna HecTabLILHICTD.

SMiHM ypsiIiB, TOJITHIHI KOH(MIIKTA ab0 HAIPYKEHICTh MiK KpalHAMU MOXKYTb
[IEPEITKO/IZKATU PeaJii3allil CiJIbHUX IIPOEKTIiB a00 MOBHICTIO 1X 3yITHHUTH.

K gy — eKoHOMIYHI pU3UKH.

BinminaocTi y piBHI €KOHOMIYHOTO PO3BUTKY KpalH-ITapTHEPiB, PI3HUIA B CUCTE-
MaxX OIOJIATKYBaHHdA, MUTHI O6ap’epn Ta HeCTabLIBHICTh BAJIOTHUX KYPCIB MOXKYTh
YCKJITHIOBATH CITIBITPAITIO.

KRr3 — mpaBoBi Ta aJIMiHICTPATUBHI ITEPEITKO/IH.

Pi3ni mpaBoBi cucteMu, 3aKOHO/IaBY1l BUMOI'H, & TAKOXK OIOPOKPATUIHI ITPOIIE/TY PH
B KOKHIi#l KpalHi MOXKYTb TaJIbMyBaTH CIIJIbHI IHITIIATUBN.

KR4 — KyJIBTYpHI Ta cOIiaIbHi BiIMIHHOCTI.

HeposyMminasg MiKKyJIbTYPHUX BiIMIHHOCTEH abo coliajbHUX TPaJIUIiil MOXKe
npu3BecTH JI0 KOHMIIKTIB a0 TPYIHOIIIB y KOMYHIKAINT Mi2K apTHEPAMH.

K g5 — eKoJIorivHi pusuKm.

TpanckopoHHI TTPOEKTH, IMOB d3aHl 3 IHOPACTPYKTYPOIO, MOXKYTh MaTH Hera-
TUBHUI BILIUB Ha JIOBKLILIA, AKIINO HE BPAXyBaTH €KOJOTTIHUX CTAHJIAPTIB 1 moTped
peTioHiB.

KRre — HEBIANOBIIHICTD iIHTEPECIB.

[TaprHepu 3 pi3HUX KpalH MOXKYTh MaTH Pi3HI MPIOPUTETH Ta OYIKYBaHHS BiJT
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CITiBIIpAalll, MO YCKIAIHIOE Y3TO/?KEHHsI CIIJIbHAX MJIaHIB 1 I,

KRy — KopyTiig Ta HEIPO30PICTh.

Kopymiiitai mpakTnku B OKpeMuX KpaiHax MOXKYTh CTBOPIOBATH JI0JIATKOBI TPY-
JIHOIII B peaJiizariil IPOoeKTiB, 3HUKYIUN e(PEeKTUBHICTb Ta MPO30PICTh BUKOPUCTA-
HHsl (DIHAHCOBUX PECypPCiB.

K rs — 6e31eKOoBi pU3HKM.

3arposu Tepopusmy, OpraHizoBaHOI 3JI0YMHHOCTI, KOHTPAOAH I, HEeJIEraJIbHOT Mi-
rpariii MOXKyTb HETaTUBHO BIIMHYTHU Ha CTabIIbHICTD PEriOHIB 1 YCIHINHICTE CIiBIIPa-
.

Mp — Hewimxa Mamemamuina MOOEAL OULHIOBAHHA PUSUKIE OAA 2APAHMYCAHHA
beanexu Yy NPoUECt MIHCHAPOOHO20 MaA MPAHCKOPIOHH020 CNIGPOOIMHUYMEA.

Hexait 3a1ano0 mporec P MizKHapOHOTO 860 TPAHCKOPAOHHOTO CIIIBPOOITHHUIITBA
110 SIKOMY TOTPiOHO BU3HAYUTHU piBeHb Oe3reku. IIporec OGymaemo omiHOBaTH 3TiTHO
3aIporoHoBanoi indopmanifinol Mozesn Kpurepiis Kg, BIINOBIIHO 1O KpHTEpisax
Kr = (Kg1,Kpo, ..., Kpk,). Koxken pusuk-opienroBanuii dhaxTop BIUIUBY (Kpu-
Tepiit pusuKy) Oyjie ONiHIOBATHCH TIOPUJIHIM YHHOM, & CaMe:

® BUCHOBKIB IIOJIO PiBHA HMOBIPHOCTI HACTaHHSA PU3MKOBOI CUTYallll, OIMCaHy BiJ-
noBiiHIM KputepieM Kpi. Taki BHCHOBKH IPOIOHYEMO YHI(IKyBaTH 3a JIOIO-
MOT'0IO OJIHOTO 13 TepMiB HacTymHOI TepM-MHOXKUHI: 1 = {t;(HU3bKUI piBEHD
pusHKY); to(piBeHb PU3HKY HIZKYE CEPeIHBOrO); t3(cepeHiit piBeHb PU3HKY);
t4(piBeHb PU3UKY BUINE CEPEIHBOIO); t5(BUCOKMIT PIBEHb PU3HKY ) };

e UKCJIa € BIEBHEHOCTI MIpKyBaHb ekcrepra 3 inrepsasy [0; 1], mjis KoxKHOrO BU-
CHOBKY 3a BIIIIOBITHUM KpHUTEpPieEM [?;g. [Tokrajaroun nactynuuit 3mict: 0 —
MiHIMaJIbHa BIIEBHEHICTH y CBOIX BUCHOBKaX, a 1 BIMOBIIHO — MaKcHMaJbHA.

[IpencraBuMoO HEHITKY MOJIE/Ib OIIHIOBAHHS PUBUKIB IS TapaHTYBaHHSA OE3IeKN

y HPOIECI Mi2KHAPOHOTO Ta TPAHCKOP/IOHHOTO CIIBPOOITHUIITBA Y BUTJIS/II OIIEPATO-
pa:

n(t;e) = m,. (2)

Jie 1) — ollepaTop, 110 CTABUTDH Y BLANIOBLIHICTD BUX1/IHE HOPMOBaHE 3HAUECHHS PU3UKIB
BUKOHAHHS MIPOTIECY M-, TPU BXITHAX 3MIHHUX ;€.

Ha nepriomy erari 3aificiumo aszudikallito BXiIHIX MOPpUIHAX JTaHUX.

st asudikanii Bxigmnx riopuamnx manux (t,;e,), u = 1, kg BUKOpHCTAEMO
I JIX1/T MOJIe/TIOBAHHS HEUITKUX 3HaHb y ObararoBumipHomy mpocropi [8]. Hampukia,
3aCTOCYEMO KOHYCOIO/IOHY (DYHKITIO HAJIEYKHOCTI JIBOX 3MIHHUX JIJisi 00’ € THAHHS BU-
CHOBKIB I110/10 PiBHS MOBIPHOCTI HaCTaHHS PU3UKOBOI CUTYAIIil Ta YUC/Ia BIIEBHEHO-
cTi MIpKyBaHb €KCIIepTa I0JI0 Ha/JaHHS CBOI'O BUCHOBKY:

(100 — 20 - €u, dAKINO BUCHOBOK f1;
100 — 40 - g, AKIIO BUCHOBOK to;
O, = ¢ 100 —-60-¢c,, KO BUCHOBOK f3; (3)

100 — 80 - ¢,, HKITIO BUCHOBOK t4;

\ 100 — 100 - €, SKIIO BUCHOBOK ts.

0, — 100)2
Wy = % + (5u — 1)2 (4)
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1 —wy, gkmo w, <1,
1 (Kpa) = (5)
0, gaxmo w, > 1.

O, €, — 3HAYEHHS U-TO KpHUTepio u = 1, kp.

Bmict 3uavenns byl HagexkuocTi 4 (Kp,) mokasye piBeHb KpUTepito, To6TO
quM Ginbine 3Hadenss (K g,) THM BUIU piBeHb. A IIpeJICTaBICHHS BXITHUX Jia-
HUX Y BUATJISIIL JIHIBICTUYIHOI OIIHKY Ta BIIEBHEHOCTI 1T IPUCBOEHHS T03BOJISIE O1IBII
AKICHO PO3KPUTH MIpKYBaHHS €KCIIEPTIB.

Ha npyromy erami ocoba, 1o npuiimae pimenns (OIIP) BBoguTs Barosi koedirri-
€HTH 32 KOXKHUM PU3UK-OPIEHTOBAHUM (DAKTOPOM BIUIUBY (KpUTEPIEM) Ha BUKOHAH-
Hs ITPOTIECY.

[Toznaummo Barosi kKoedilieHTH v, U = 1, kg, 3 JessKOro inrepsasy [1; 10]. B
iHITIOMY BHITa/IKy, KPUTEPIl pU3UKy MOXKYTb OyTu piBHO BakjauBumu. OCKiIbKY 1Ipa-
roemMo y mipocropi orirok [0; 1], Toxi, aHasoriaHo, HOTPIGHO HOPMYBATH BArOBI KO-
edimienTn:

Uy

’U_UZT, Uzl,kR. (6)
> Uy
u=1
Ha TPETHOMY eTalll BUBEAEMO arperoBany OHIHKy PUBUKY. ,Z[IIH ObOIo HO6y,ZLy€MO

QYHKIIII0 HAJIEZKHOCTI, K OJIHY i3 3allPOIIOHOBAHUX 3TOPTOK, B 3aJI€2KHOCTI BiJj| 10Oa-
xkanb OITP. He 3menrnyroun 3arajibHOCTI, HAIIPUKJIA/, BI3bMEMO CEPEJIHIO 3TOPTKY:

m:ZE- 1 (KRu)- (7)

Orpumane 3HAYEHHS HeCe y cOD1 HACTYIHUI 3MICT: YUM OLIBIIA arperoBaHa OIiH-
ka m, € [0; 1], TuM MeHII PU3UKN BUKOHAHHS TIPOIECY.

Taxum anHOM, BIiIOYBCA TIepexil Bijl BUCHOBKIB II0/I0 PiBHSA HMOBIPHOCTI HACTaH-
H PU3UKOBOI CUTYallll Ta YucjIa BIIEBHEHOCTI MIpKyBaHb €KCIIepTa 3 IbOI'0 IIPUBOJLY,
JIO KUIBKICHOI OIIHKH, IO TiBUIIYE CTYIIeHh OOI'PYHTOBAHOCTI MaOyTHIX pillleHb.

Hexait ekcriepTu, 110 OIIHIOIOTH OE31EKY MiXKHAPOTHUX Ta TPAHCKOPIOHHUX MTPO-
11eCiB CIiBpOOITHUIITBA BUCJIOBIOIOTH BUCHOBKH MO0 MOYKJIMBOCTI JIOCSITHEHHSI METH
CTOCOBHO rapaHTyBaHHs HAIlOHAJIBHUX Oe31eK KpalH-ITapTHEePIiB IIPH MiKHAPOIHOMY
ab0 TPaHCKOPJAOHHOMY CIHiBpOOITHUIITBI. [[jIsi TAKOTO BUCHOBKY BBEJEMO JIIHI'BiCTH-
YHY 3MIHHY MOXKJIMBOCTI JOCATHEHHSI METU CTOCOBHO IapaHTyBaHHs HAI[IOHAJIBHUX
Oe3MeK KpalH-MapTHEPIB IPU Mi?KHAPOIHOMY a00 TPaHCKOPJIOHHOMY CIIBPOOITHH-
el L = {Lq; Lo; ...; L5}, ne: Ly — BHCOKa MOXKJIUBICT; Ly — MOXKJIBICTE BHUIIIE
cepeiHboro; L3 — cepemHs MOXKJIWBICTB; L, — HHU3bKA MOXKJIUBICTD; Ly — mdyxKe
HU3bKa MOXKJIUBICTb.

g iaTepriperaliii 3a/Ie2KHOCT1 BUXIJIHOI OIIHKHA M, Ta €KCIEPTHOI'O BUCHOBKY
L 11010 MOXKJ/IMBOCTI JIOCATHEHHS METU CTOCOBHO MapaHTYBAaHHSA HAIIOHAJTBLHUX 0O€3-
IeK KpalH-MapTHEPIB MpU MiXKHAPOHOMY a00 TPAHCKOPJIOHHOMY CIIBPOOITHUIITBI,
[POIIOHYEMO HacTyTHY (bYHKI0 HajeKHocTi [8]:

0, m, <0;
f(my) =< (m)*, 0<m, <1 (8)
1, m,>1.
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Jie k — mopir MOXKJIMBOCTI JIOCSITHEHHST METH. 3HAYEHHsI JJAHOTO TIOPOTY 3MIiHIOETHCS B
3aJIE2KHOCTI eKCIiepTHOro BUCHOBKY L. Hanpukia i, eKcriepuMeHTaJIbHO TOCTABUMO:
k= § KOJI MaEMO eKCIepPTHU BUCHOBOK Lq; k = g — Ly k= % — L3 k= g — Ly;
k? == 3 L5.

TakuMm 9HHOM, OTPUMAHO arperoBany HOPMOBaHY OIiHKY f (m,) 3 iHTepBasy
0; 1].

Piui Y 6e3rmekn MizKHAPOJIHUX Ta TPAHCKOPJIOHHUX IIPOIECIB CIIBPOOITHHUIITBA,
[IPEJICTABUMO HACTYIIHUM YHHOM: ¥Y; — /JIy?Ke HU3bKUN DiBEHb; Yo — HU3bKHUIl pi-
BEHb; U3 — CEpPEeJHINl piBeHb; Y4 — BUCOKUI pPiBEHb; Y5 — JIy»Ke€ BUCOKUI PIBEHbD.
PiBni npuiiagarrsa pimniens Y MOXKHA PO3IVISIATH 38 JOMOMOTOI0 TPUKYTHUX (DYHKITIi
najeykHocTi. [le 0OyMOB/IIOETHCA TUM, IO BOHU OY/IyTh MATU NMEPETHUHU BUXIJIHUX
3HAYCHbB, & 1€ JO3BOJMTH PO3IMIUPUTH MOZKJIMBOCTI TPUUHATTS PIIIEHD:

= L, f(mr)g(s_g; (9)
1 d—4-f(my
w58 () <0 L.
f(my)—28
Y2 46—4- f(my
—g( ), ) %<f(mr)§5‘
-f(mgy)—36
gy = L 6§ < () <8 (11)
v MoAflm) 5 < f (my) <6+ S
R d< fm) <0+ g (12)
o T\ Stfm) 548 < f(m,) <64+,
-f(my)—59
o LI)50 548 < f (m,) <6+ 3 (13)
v L flm)>6+3

B zasexxHocTi Bij TOTO, B KWl iHTEpBaT HoNaae 3HadeHHs [ (m,.), BUOHpPAEMO
Ty 4u iHIry QYHKIIIO HAJeKHOCTI fi, BignocHO crymenda d. CTymiHb 6 HaJIeXKHUTH
3 inrepsasy [0; 1] ta mamamrosyerhes OIIP, npudomy npu norpebi i#oro MoxKHa
3MiHIOBaTH. Take HaJAIITyBaHHS MAa€ IEepeEBAru B TOMY, 1110 MOJIEJIb JIETKO aJIaIlTye-
ThCS JIJI PI3HUX MPOIECIB TPAHCKOPIOHHOTO cHiBpoOiTHUIITBA. OCKLIBKE MTOOY/I0BA-
Hi PYHKIIT HAJIE2KHOCT1 MAIOTh IIEPETUHH, TO IIPH OIIHIOBAHHI ITPOIIECIB OTPUMYETHCS
abo ouH, abo JBa PiBHI MPUAHATTS pieHb Y 1 BiAMOBIIHO TaKy K KiJbKICTb JJIst
HUX JIOCTOBIPHOCTEI.

B pesyabrati obuncienus, orpuMaemo Y JHHIBICTUYHE 3HAYECHHS PiBHS Oe3reKku
MIi2KHAPOHUX Ta TPAHCKOPJIOHHUX IIPOIECIB CIIBPOOITHUIITBA, a TaKOXK MOro OIliH-
Ky jgoctoBipHocTi. ToO6TO, TOCTOBIpHICTD TOTO, IO OIIHKA HAJEKUTD JIO OJIHOTO, a0
inmoro pisast. OIIP Ha 0oCHOBI BUXIJIHMX JAaHUX NPUIAMAE IMOJAJIBII PIIIEHHS 010
SHUKEHHs 3arpo3 6e311eKN BUKOHAHHSI IPOIECIB Mi?KHAPOIHUX Ta,/ab0 TPAHCKOPIOH-
HUX IIPOIECIB CIiBPOOITHUIITBA.

[IepeBaru mMojiesi apryMeHTYIOTbCA TUM, 110 Ha OCHOBI BXIIHUX TiOPUIHUX JTaHUX
PO3KPUBAETHCA HEYITKICTh BXITHUX OIIHOK. [lokpariyerbca epeKTUBHICT OTpUMa-
HHS BXIJHUX OIIHOK BUKOPHUCTOBYIOUN JIOCBiJI, 3HAHHS Ta KOMIIETEHIIl €KCIIEePTIB.
Momenb 31aTHa BUBECTH KUIBKICHE Ta JOHIBICTHYHE 3HAUEHHSI PIBHs O€3IIEKH MizK-
HaPOJHUX Ta TPAHCKOPJIOHHUX IIPOIECIB CIIBPOOITHUIITBA, UM IIiJIBUILYE CTYINHb
OOI'PYHTOBAHOCTI NPUIHATTA MOJAJIBITUX YIIPABIIHCHKUX PIlllEHbD.
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4. BUCHOBKHU Ta II€epCOEKTUBU MOAAJBINNX AOCJII/2KEHb. Y poboTi 1o-
Oy/I0BaHa HEYITKA MOJIEIb OIIHKKA O€3IEKN MiXKHAPOIHUX Ta TPAHCKOPIOHHUX ITPO-
IIeCiB CHiBpOGITHUIITBA 3 ypaXyBaHHIM PU3UKOBUX (akTopiB. OcobauBicTio Mojesti
€ Te, IO BXiJHI JaHi € TiOpUIHUMU, a BiJIMOBIIHO MAIOTh BHUIILY SAKiCTb. B oCHOBY
JIOCJTI/IPKeHHsl TTOKJIaQJICHU arapaT HEeYITKUX MHOYXKHUH, M0 0a3yeThbCs Ha iHTEPBa-
JlaX OITIHOK, TIOKa3yI04YN KOPUJIOP 3HAYEHb ITPOTHO3HUX HapaMeTpiB. KoxeHn pusnk-
opieHTOBaHUi (paKTOp BILIMBY HA BUKOHAHHS MiKHAPOJHUX Ta TPAHCKOPIOHHUX
[IPOIIECIB CIIBPOOITHUIITBA OIIHIOETHCS JIHIBICTUYIHUM BHCHOBKOM €KCIIEPTa II0JI0
piBHS WMOBIPHOCTI HACTAHHS PU3WKOBOI CUTYallil, ONIMCAHY BiJIIOBIIHUM KPUTEPIEM
Ta YMCJIa BIEBHEHOCTI MipKyBaHb €KCIIepTa Jijis TaKoro BUCHOBKY. HoBaTopchkoro
0COOJTMBICTIO MOJIeJI € BpaXyBaHHA €KCIIEPTHOI'O BUCHOBKY II0JI0 MOYKJIMBOCTI JIOCS-
THEHHs METU CTOCOBHO T'apaHTyBaHHs HAIIOHAJbLHUX Oe3MeK KpaiH-ITapTHePiB Ipu
Mi>KHApPOTHOMY ab0 TPaHCKOPJIOHHOMY CIIBpoOiTHHUIITBI. Mojeb po3KkpuBae Hedi-
TKICTh BXIIHUX OI[IHOK, 3/IaTHA BUBECTHU JHHI'BICTUYHE 3HAYEHHS PiBHS O€3IEKN MizK-
HaPOJIHUX Ta TPAHCKOPJIOHHUX IIPOIECIB CIIBPOOITHUIITBA Ta HOr0 OIIHKY JIOCTOBIp-
HOCTI, YUM TiJIBUILY€E CTYMiHb OOI'PYHTOBAHOCTI NPUIHATTS MOMAJIBIINX yIIPABJIiH-
CHKUX DIIIEHb.

OrpumaHi pe3yabTaTi JeMOHCTPYIOTh HAYKOBY Ta MPUKJIAIHY IIHHICTE TPOBEIe-
Horo pociijzkents. Iloganabine gociizkeHHs mTpobieMaTnKu BOaA9aeMO B po3podJre-
HI MaTeMaTUYHUX MOJleJieil Ta IPOrpaMHOl MIATPUMKH JIJId OIIHIOBAHHS IPOEKTIB

TPAHCKOP/IOHHOT'O CIIBPOOITHUIITBA 3a YMOB T'apaHTYBaHHS HAIlOHAJIbHUX Oe3IleK
KpalH-TIapTHEPIB IIPU peaJIi3allil IPOeKTY.

5. llonsika. HaykoBe moc/izKeHHS Ta IiJI'OTOBKA CTATTI BiIOY/I0Cd B paMKax
HAYKOBOT'O MPOEKTY MOJIOJUX BueHnX "3axuct iHdopMmariitnol 6e3meku npu yipas-
JIHHI TTPOEKTAMM MizKHAPOJHOIO CIIBPOOITHHUIITBA Ha 3acajiaX TapaHTyBAHHSA Ha-
mionasibHOl Oesneku Ykpaiau" ([IB-921M) 3a dinancosol nijrpumku Minicrepersa
OCBITH 1 HayKu YKpaiuu.
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Polishchuk V., Polishchuk I., Matei A., Fedelesh Yu. A fuzzy model of secu-
rity assessment of international and cross-border cooperation processes considering
risk factors.

Research has been carried out on the urgent task of developing a vague model for
assessing the security of international and cross-border cooperation processes, considering
risk factors and expert opinions on the possibility of achieving the goal of guaranteeing the
national security of partner countries.

The research is based on the apparatus of fuzzy sets, which are based on evaluation
intervals. Each risk-oriented factor of influence on the implementation of international
and cross-border cooperation processes is evaluated by the expert’s linguistic conclusion
regarding the level of probability of the occurrence of a risk situation, described by the
corresponding criterion and the number of confidences of the expert’s reasoning for such a
conclusion. An innovative feature of the model is the consideration of an expert opinion
on the possibility of guaranteeing the national security of partner countries during interna-
tional or cross-border cooperation. The model reveals the vagueness of the input estimates
and can derive the linguistic meaning of the level of security of international and cross-
border cooperation processes and its credibility assessment, which increases the degree of
validity of further management decisions.

Further research of the problem is seen in the developed mathematical models and
software support for evaluating cross-border cooperation projects under the conditions of
guaranteeing the national security of the partner countries during project implementation.

Keywords: fuzzy model, decision-making, risk assessment, national security, cross-border
cooperation, international cooperation.
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THE USE OF MATHEMATIC MODELLING IN FINOPS DOMAIN

The advent of cloud computing has revolutionized the way organizations manage their
IT resources, offering scalable and flexible solutions for various operational needs. However,
with the increased adoption of cloud services, financial operations (FinOps) have become
more complex, presenting challenges in cost management, resource allocation, and financial
forecasting. Traditional methods often fail to address these complexities effectively, leading
to inefficiencies and suboptimal decision-making. This paper explores the application of
mathematical modeling in the FinOps domain as a robust solution to these challenges.
By proposing a classification of FinOps problems into distinct classes and suggesting a
mathematical formulation for each class, the research aims to enhance the efficacy of FinOps
practices. The integration of mathematical models improves accuracy and efficiency while
providing a systematic approach to managing financial operations in the cloud. Through
case studies and real-world examples, this paper demonstrates the transformative potential
of mathematical modelling in driving innovation and operational excellence in FinOps.

Keywords: mathematic modelling, cloud management, data analysis, forecasting, FinOps,
optimization processes.

1. Introduction. The rapid advancement and adoption of cloud computing
have significantly changed how organizations handle their IT infrastructure. By
providing scalable and flexible solutions, cloud technology helps businesses man-
age their costs more effectively. As a result, companies across various industries
have increasingly migrated their operations to the cloud, taking advantage of its
cost-saving benefits. However, this shift has also introduced new complexities in
financial management. The dynamic and often unpredictable nature of cloud costs
has necessitated the development of specialized practices to optimize financial op-
erations in this new environment. This need has given rise to the field of Financial
Operations, or FinOps, which focuses on managing cloud spending and maximizing
the value derived from cloud investments. FinOps combines financial management
principles with the agile, data-driven methodologies inherent to cloud computing,
ensuring that organizations can maintain control over their cloud expenses while
achieving their strategic objectives.

A central focus of FinOps is to ensure that organizations can effectively manage
and optimize their cloud spending. The primary goals of FinOps include cost opti-
mization, financial accountability, and operational efficiency. By fostering a culture
of financial responsibility, FinOps encourages collaboration between finance and en-
gineering teams, ensuring that both sides work together to achieve cost-effective
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cloud usage. This collaborative approach is guided by core principles such as data-
driven decision-making and continuous improvement. FinOps practitioners rely on
real-time data and analytics to monitor cloud expenses and make informed decisions
that align with the organization’s financial objectives. Without a structured FinOps
approach, organizations often struggle with overspending, lack of transparency, and
inefficiencies in their cloud operations.

These challenges underscore the necessity of FinOps in maintaining control over
cloud costs and maximizing the value derived from cloud investments. However, im-
plementing FinOps practices is not without its difficulties, especially when it comes
to data analysis. The large amount of data generated by cloud environments can
be hard to manage and analyze quickly. This can lead to delays in decision-making
and overspending. Another major challenge is predicting and controlling cloud ex-
penses, which can change a lot based on usage patterns and pricing models. This
makes it hard for organizations to forecast costs accurately and stay within their
budget. Additionally, combining financial data with operational metrics adds an-
other layer of complexity. Effective FinOps requires a complete view that includes
both financial information and operational data, like resource usage and perfor-
mance metrics. However, this is often difficult due to data silos and inconsistent
data formats. Mathematical concepts and techniques can help solve these problems.
For example, statistical models can forecast cloud costs by looking at past spend-
ing patterns. Optimization algorithms can help allocate resources more effectively,
ensuring that organizations get the most value from their cloud investments. Ma-
chine learning models can also identify unusual patterns and inefficiencies in cloud
usage, helping to manage costs proactively and improve operations. By using these
mathematical tools, FinOps practitioners can overcome data analysis challenges and
manage financial operations in the cloud more effectively.

The relevance of this problem is best demonstrated by the amount of money
businesses are willing to invest in its research. The global cloud FinOps market was
valued at approximately $832.2 million in 2023 and is expected to grow to $2,750.5
million by 2028, reflecting a compound annual growth rate (CAGR) of 18.8% [1].
This significant growth underscores the increasing importance of FinOps as organi-
zations seek to optimize their cloud spending and enhance financial accountability.
As businesses continue to migrate to cloud environments, the demand for effective
FinOps strategies will only increase. This trend highlights the need for advanced
solutions, such as mathematical modeling, to address the complex challenges asso-
ciated with cloud financial management. Furthermore, there are numerous startups
leveraging data analysis, Al, and ML to enhance FinOps practices. These startups
are driving innovation by providing tools and platforms that improve cost visibil-
ity, optimization, and forecasting. The growing number of these tech-driven startups
indicates a strong market trend towards integrating advanced analytics and automa-
tion in FinOps [2].

Implementing advanced solutions grounded in mathematical modeling can signif-
icantly streamline FinOps processes, allowing companies to shift their focus to other
important strategic problems. However, it’s important to recognize that such au-
tomation isn’t a cure-all. While mathematical models and algorithms can automate
complex tasks like cost forecasting, resource optimization, and anomaly detection,
their effectiveness largely depends on the quality of data and the robustness of the

Hayk. Bicuuk Yxkropog. yu-ry, 2024, Tom 45, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



240 M. V. ROBOTYSHYN, M. M. MALYAR

models used. Automating these processes can indeed reduce manual effort and
improve efficiency, freeing up valuable time and resources. This enables teams to
address other critical issues, such as innovation, customer experience, and market
expansion. However, the initial setup and ongoing maintenance of these advanced
solutions require significant investment in both time and expertise. Organizations
must ensure they have the right talent and infrastructure to support these technolo-
gies.

For example, advanced mathematical models and algorithms can continuously
monitor and optimize cloud spending, providing real-time insights and proactive rec-
ommendations. This allows FinOps practitioners to move from a reactive approach
to a more strategic and proactive one, focusing on long-term financial health and
operational excellence. Nevertheless, reliance on automated solutions also requires
vigilance; without proper oversight, there’s a risk of over-reliance on these tools,
potentially missing out on nuanced, human insights.

In general, by leveraging these advanced solutions, companies can achieve a
higher level of financial management maturity, ensuring sustainable growth and
competitive advantage in the rapidly evolving cloud landscape. However, it’s crucial
to balance automation with human oversight to maximize the benefits and mitigate
potential risks.

This work focuses on providing a comprehensive understanding of the FinOps
domain, highlighting the main challenges it faces, and exploring how mathematical
modeling can offer solutions. It includes an overview of existing optimization tech-
niques that leverage mathematical modeling and various algorithms to address these
challenges. Additionally, this paper contributes a unique classification of FinOps
problems based on a mathematical perspective, considering the different types of
data used to solve these problems. In the author’s opinion, the application of math-
ematical modeling in FinOps is highly relevant in today’s context and continues to
trend upward. The insights gained from this research can guide organizations in im-
plementing more effective FinOps practices, ensuring better financial management
and operational efficiency in the cloud environment.

2. Different classes of problems in FinOps. The FinOps domain is still
evolving, and there is no definitive way to classify the various problems it addresses.
Different organizations may prioritize different aspects based on their unique needs
and perspectives. For instance, some might focus on operational efficiency and cost
control, while others might emphasize the development of robust solutions using
advanced mathematical models. Additionally, the type and quality of data available
for analysis can also influence how these problems are classified.

The classes defined by the authors in this paper are based on a mathematical
perspective, also taking into account the different types of data used to solve these
problems. This approach aims to provide a structured method for understanding
and addressing FinOps challenges. These classifications are not absolute, and other
approaches can be equally valid and useful. Furthermore, the authors’ perspective
is dynamic and evolves with new innovations and insights in the field. The key is
to apply the most relevant methods to effectively manage and optimize financial
operations in the cloud.

2.1. Resource utilization. Resource utilization is a common problem for
companies that heavily rely on cloud services. The goal is to use exactly as much
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as you need at any given moment and not more, because in the cloud, you typically
pay for what you use. Depending on a company’s maturity, this problem can vary in
scale. Efficient resource utilization is crucial for maintaining cost-effective and high-
performance cloud operations. Underutilization and overprovisioning are common
issues that can lead to unnecessary expenses and reduced operational efficiency.

One major challenge is resources running idle or using significantly less than their
capacity. This often happens when resources such as EC2 instances are provisioned
based on peak demand but remain underutilized during off-peak times, leading to
wasted expenditures. Other common scenarios include forgetting to turn off in-
stances after use, over-provisioning storage volumes, and leaving unused services
running. These situations result from not accurately aligning resource provisioning
with actual workload requirements, causing financial inefficiencies and wasted cloud
spending. To address these issues, data on compute instances such as CPU usage,
RAM utilization, and disk I/O can be collected. This time-series data provides
a continuous stream of performance metrics over time, enabling detailed analysis.
Various methods, from simple statistical techniques to complex machine learning
models, can be applied to this data to optimize resource utilization.

Detecting patterns in utilization data is essential for identifying inefficiencies
and opportunities for optimization. By analyzing these patterns, organizations can
better understand usage trends and predict future demands. This allows for more
accurate provisioning of resources, ensuring they are used efficiently. Predictive
analytics uses historical data and machine learning algorithms to forecast future
resource demands. By predicting usage patterns, organizations can better plan
and allocate resources to match demand, reducing idle time and avoiding over-
provisioning.

To formalize this approach, let’s define an optimization metric and an algorithm.
For a single resource, the optimization metric could be the cost over a given day Cy:

24
Cy= Z Cost (R, t;),
i=1

where Cost (R, t;) represents the cost of resource R at hour t;.
For multiple resources, or a workload, the cost can be extended to consider all
resources over a 30-day period Csg:

30
Cs0 =Y Cu.
d=1

Then we can define f as an algorithm that takes various data sources D (such
as CPU usage, RAM utilization, disk I/O, historical data, and forecasted demand)
and outputs optimized resource allocations. The cost function can be expressed as:

minimize f(Csg, D),

where the objective is to minimize 30-day cost given the data D. Now, with this
mathematical problem statement, we can use different algorithms as f and different
data sources or even different time granularities for D. The reason cost was selected
as the metric is that we usually focus on reducing cost. Even though other metrics
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could be applied, this one is suitable for quantifying and explaining because cost is
a key concept in FinOps.

2.2. Cloud cost forecasting. In mature companies, planning cloud spending
in advance is a standard practice, which creates a necessity for accurate cost fore-
casting. It is essential to ensure that actual spending aligns with these forecasts.
Accurate forecasting helps companies to manage their budgets, allocate resources
effectively, and avoid unexpected expenses. Forecasting is a well-known problem
in the mathematical world, with many established methods available to tackle it.
These methods include time series analysis, regression models, machine learning
algorithms, and stochastic processes. However, cloud cost forecasting is particu-
larly challenging due to the multiple dimensions involved. These dimensions include
the variability in cloud usage patterns, different pricing models offered by cloud
providers, the impact of reserved instances and spot instances, seasonal trends, and
sudden changes in demand or application performance. The complexity of these
factors makes it difficult to create accurate forecasts, requiring sophisticated models
that can account for the multifaceted nature of cloud cost data.

In paper [3], the authors investigated various methods such as ARIMA time series
models and machine learning algorithms to forecast cloud costs. They found that
machine learning models, particularly those using neural networks, provided better
accuracy in dynamic environments. Another study [4] explored the use of regression
models and ensemble methods for cloud cost forecasting, highlighting that combin-
ing multiple models often leads to more reliable predictions. The main finding was
that hybrid models combining statistical methods with machine learning techniques
can handle the complex patterns in cloud cost data more effectively. Additionally, a
study by Hofmann and Rutschmann [5] emphasized the integration of different data
sources in demand forecasting. They showed that big data analytics could signifi-
cantly enhance forecast accuracy by utilizing diverse data inputs, including historical
data, performance metrics, and market trends. Another relevant work [6] reviewed
various Al-based forecasting methods in financial accounting, finding that hybrid
models combining support vector machines, fuzzy logic, and genetic algorithms pro-
vided reliable forecasts. Access to diverse and comprehensive data is crucial for
accurate forecasting. Several open data sources can be utilized for cloud cost fore-
casting. The FOCUS (FinOps Open Cost and Usage Specification) initiative is an
open-source specification that aims to standardize cost and usage billing data across
different cloud vendors. This initiative helps reduce complexity for FinOps practi-
tioners by providing consistent datasets for analysis [7]. Additionally, platforms like
Kaggle offer various datasets that can be used for machine learning projects, includ-
ing cloud cost forecasting [8]. Amazon Forecast also provides tools and templates
for deploying time-series forecasting models, which can utilize historical usage data
stored in Amazon S3 [9]. Google BigQuery public datasets offer another resource
for accessing diverse datasets that can be integrated into forecasting applications
[10]. These open data sources provide the necessary historical data and contextual
information needed to develop robust forecasting models that can accurately predict
future cloud costs.

From a mathematical standpoint, forecasting is a well-defined problem. It in-
volves predicting future values based on historical data using various statistical and
machine learning methods. The core idea is to build a model that can understand
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and extrapolate the patterns in the historical data to make accurate future predic-
tions. Common methods include time series analysis, regression models, and ma-
chine learning algorithms like neural networks. However, when you apply forecasting
algorithms to different domains, the mathematical formulation can be adjusted to
better suit the specific characteristics and requirements of that domain. Fach do-
main may have unique factors that influence the forecasting process, necessitating
modifications to the standard forecasting models.

FinOps is no exception, and because companies plan their budgets, we need to
consider these unique factors in our forecasting models. Cloud cost forecasting must
account for various dimensions such as seasonality (e.g., summer, winter), company
growth plans, cost dynamics, team growth, business domain, and other variables
depending on the company. These factors are often difficult to quantify numerically,
adding complexity to the forecasting models. This makes it necessary to adapt
traditional forecasting techniques to the specific needs of FinOps.

To formalize the problem, we consider the following mathematical formulation.
Let Y; represent the cloud cost at time t. The goal is to predict future costs
Yii1,Yio, ..., Y, for a forecast horizon h. The feature set X; includes variables
such as season, company growth plans, cost dynamics, team growth, business do-
main, and other variables depending on the company. The forecasting model f

}/t{\i-h = f<}/;b}/t*17 cee 7}/:‘,fp7Xt7thl> cee 7thp)7

where p is the number of lag observations considered in the model. The objective is
to minimize the forecast error, which can be measured using metrics such as Mean
Absolute Error (MAE), Mean Squared Error (MSE), or Root Mean Squared Error
(RMSE):

n

Z L (Yi4i, Y2;) — min,

i=1
where L is the loss function, and n is the number of forecasted time points. By
defining the problem this way, we can leverage existing forecasting techniques while
incorporating the unique aspects of cloud cost management. This approach ensures
that our models are tailored to the specific needs of FinOps, providing more accurate
and reliable cost forecasts.

This forecasting definition is applicable not only to the overall cost but also to
costs for specific services, cloud accounts, compute types, and other granular levels
of cloud expenditure.

2.3. Anomaly Detection. In mature companies, monitoring cloud spend-
ing in real-time is essential to ensure financial efficiency and prevent unexpected
costs. Despite careful planning and forecasting, actual cloud expenses can some-
times deviate significantly from expectations due to various reasons such as sudden
changes in usage patterns, misconfigurations, or even security breaches. Detecting
these anomalies quickly is crucial to mitigate potential financial losses and opera-
tional disruptions. Anomaly detection mechanisms play a vital role in identifying
unusual spending patterns that deviate from the norm, allowing companies to take
immediate corrective actions.

Anomaly detection is closely tied to cloud cost forecasting. Effective forecasting
provides a baseline of expected costs and usage patterns, which anomaly detec-
tion systems use to identify deviations. While forecasting aims to predict future
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costs based on historical data, anomaly detection focuses on identifying unexpected
variations in real-time. Although they are interrelated, we consider them distinct
classes of problems because forecasting primarily addresses planning and budget-
ing, whereas anomaly detection deals with operational monitoring and immediate
response to deviations.

As discussed in the cloud cost forecasting chapter, the vast amount of data
generated in real-time from cloud services, combined with the variability in usage
patterns, presents a significant challenge for anomaly detection. Additionally, inte-
grating anomaly detection systems with existing monitoring and management tools
is crucial. These systems need to provide real-time alerts and insights while fitting
seamlessly into the organization’s current infrastructure. Ensuring compatibility
and smooth integration can be complex but is essential for effective anomaly detec-
tion and timely responses to potential issues. However, the implementation details
of such integrations are a separate topic of discussion and are beyond the scope of
this paper.

To better explain the anomaly detection problem in the FinOps domain, let’s
focus on the cost of compute instances (EC2) rather than the whole cloud cost. This
does not mean we lose any information or limit our scope. The principles applied
to EC2 can be extended to other services and resources, preserving the original
problem statement’s generality. Anomaly detection in this context revolves around
three key variables: Baseline, Threshold, and Time-Granularity.

The baseline represents the expected cost, which can be defined using statistical
measures (such as average or median) or based on values provided by domain experts.
This helps establish a reference point against which current costs can be compared.
The threshold defines the acceptable deviation from the baseline before an anomaly
is flagged. It can also be determined using statistical measures (such as standard
deviation or the 75th percentile) or based on expert judgment. This value helps to
distinguish between normal fluctuations and actual anomalies.

Anomaly detection can be applied at different time granularities: hourly, daily,
weekly, etc. It’s important to understand the chosen granularity because an anomaly
might be detected on an hourly level but not on a daily level due to the dynamic
nature of workloads. For example, a high cost at a particular hour might be offset
by lower costs in other hours, making it important to consider the context in which
anomalies are detected.

Define the baseline Y;" using an appropriate statistical measure or expert input:

Y/ = StatisticalMeasure (Y, Yi_1, ..., Y ).

The anomaly score S; can be calculated as the difference between the current
cost Y; and the baseline Y;:

S =Y, =Y.

Set or calculate a threshold 8 to determine when a deviation is considered an
anomaly:

Anomaly if Sy > 0.

This method is straightforward and computationally efficient. It provides a clear
and immediate indication of anomalies based on recent cost patterns without the
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need for complex forecasting models. The simplicity of this approach makes it well-
suited for real-time monitoring and quick response to deviations in cloud spending.
Even though we defined the anomaly score as an absolute difference, in practice, we
will likely care only about cases where costs are higher and not lower.

A cascade architecture can be used to enhance anomaly detection. In this ap-
proach, anomalies are evaluated at multiple levels of granularity. For example, an
anomaly detected at an hourly level (Anomaly Level 1) may prompt immediate in-
vestigation. However, if this anomaly does not affect the daily cost (Anomaly Level
2), it might be considered a transient fluctuation rather than a true anomaly. This
method ensures that short-term anomalies are validated over longer periods, reduc-
ing false positives and providing a clearer understanding of cost deviations. The
authors believe that due to the unique nature of FinOps, where costs are visible at
different levels and need constant monitoring, the cascade architecture is particularly
well-suited.

Implementing anomaly detection in cloud cost management involves several prac-
tical considerations, such as ensuring data quality and consistency through pre-
processing steps like normalization, handling missing values, and outlier removal.
Deploying the detection mechanism to operate in real-time is crucial, providing im-
mediate alerts and insights. Seamless integration with existing cloud monitoring
and management tools allows for automated responses and comprehensive visibility.

Defining any abstract problem using mathematical concepts is crucial to ensure
that the problem statement is clear and precise. Once the mathematical formulation
of the problem is established, various parameters such as the algorithm and data
sources can be adjusted without altering the core definition of the problem. This
approach ensures consistency and accuracy in addressing the problem, allowing for
effective monitoring and management of cloud spending, ensuring financial control
and operational efficiency.

2.4. Cost management and optimization. As cloud technology continues
to evolve, the variety of pricing and commitment options available to organizations
has increased significantly. Cloud providers offer numerous pricing models such as
on-demand, reserved instances, spot instances, and various discount plans. Addi-
tionally, there are multiple ways to commit to these resources, each with its own
set of terms and potential cost savings. With these options, there are more combi-
nations and strategies for managing cloud costs based on an organization’s specific
needs and usage patterns. However, this increased flexibility also adds complexity,
making it challenging to determine the most cost-effective approach.

When an organization grows large enough, managing cloud costs at scale for
a vast number of resources becomes a significant challenge. The dynamic nature
of cloud pricing, combined with the need to monitor and optimize resource usage
continuously, requires sophisticated tools and strategies.

One major challenge is understanding and selecting the most cost-effective pric-
ing options while considering usage patterns. It is difficult to estimate how many
commitments to buy and to understand if, at any given moment, you can manipulate
instances to avoid driving usage to unused commitments, thus wasting money on
resources that are not being fully utilized. Cloud providers frequently update their
pricing structures, which necessitates continuous adaptation and strategy updates.
This complexity, together with the variability in cloud usage, further complicates
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cost management. These challenges necessitate the use of advanced mathematical
models and optimization techniques to manage and optimize cloud costs effectively.
FinOps practitioners must leverage these tools to navigate the complexity of cloud
pricing, manage resource usage efficiently, and ensure that spending aligns with
business objectives.

To address the challenges of cost management and optimization in the FinOps
domain, we will focus on the most dynamic and complex resource type, which is
EC2 (Elastic Compute Cloud) in AWS. The variability and cost structure of EC2
instances present unique challenges that require sophisticated mathematical mod-
els and optimization techniques. Let’s define a more detailed cost function that
accounts for different types of EC2 instances (Box, Spot) and the impact of pur-
chasing commitments (Reserved Instances, Compute Savings Plans, EC2 Savings
Plans). The total EC2 cost is the sum of the costs for both Box and Spot instances.
For simplicity, we define an EC2 instance that is not Spot as Box. Each cloud
provider has its own terminology for these instances.

Cost of Spot Usage can be defined like this:

Nspot
Spot Cost (Ngpot) = Z (SpotPrice; x Usage;),
i=1
where:
— Ngpor 1s the total number of spot instances;
— Spot Price; is the price of the i-th spot instance;
— Usage; describes amount of usage of spot instance (normalized units or amount

of minutes/hours).
Cost of “Box” Usage can be defined like this:

Nboz
Box Cost (Npow, commitments) = Z (PricingOption, x Usage,),
i=1
where:
— Npoz is the total number of spot instances;
— commitments is a variable that defines amount of commitments customer has;
— PricingOption, is the cost of instance depends on commitments it can be dif-

ferent even for same instance;
Then the total EC2 Cost is given by:

EC2 Cost = Box Cost (Npoy, commitments) + Spot Cost (Ngpot) + CW,

where new variable C'WW means commitments waste or amount of cost customer
wasting because of not proper use of commitments and more exacly because of
commitments underutilization.

To minimize the total EC2 Cost, we need to find the optimal values for
(Nspots Npoz, commitments) for cost function:

EC2 Cost (Ngpot, Nboz, commitments) — min.

Intentionally for simplicity time granularity dimension was ignored but as in any
other FinOps problem this cost function can be viewed on hourly, daily, weekly and
monthly level, etc.
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In a more general view current approach can be applied to any cloud services or
to the whole cloud account at once. However, different compute types and services
could have different ways of optimization. In this paper we focused on the most
complex case, which is compute instances.

3. Conclusion. FinOps faces numerous challenges that arise from the dynamic
and complex nature of cloud environments. The increasing variety of pricing models,
the need for real-time data analysis, and other complexities create many abstract
problems. Mathematical modeling provides a way to address these abstract problems
effectively, enhancing decision-making and operational efficiency.

For any abstract problem to be effectively addressed, it must be defined mathe-
matically. Mathematical formulations provide a structured way to solve problems,
allowing for the application of advanced techniques like optimization algorithms
and machine learning. This approach not only clarifies the problem but also offers
systematic methods to address it.

This paper overviews the main FinOps problems and contributes by classifying
these problems into distinct categories. By proposing mathematical formulations
for each class, we think that integrating statistical models, optimization algorithms,
and machine learning techniques can improve the accuracy and efficiency of FinOps
practices. This structured approach guides organizations toward better financial
management and operational excellence in the cloud.
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Po6otummiua M. B., Magusp M. M. 3acrocyBaHHSI MaTeMaTUIHOTO MOJIETIO-
Banuga y jgomeitri FinOps.

Po3BuTok xmapHux 004mCIIeHb PEBOJIIOMIOHI3YBAaB IMi/IXi Opramizariii 10 yIpaBJiHHsI
IT-pecypcamu, mpormoHyoun MacmTabOBaHi Ta THYUKI PIillIeHHsT /I PISHOMAHITHIX Olepa-
nittaux morpeb. Ilpore, 3 miaBUIIEHNM BIIPOBa/KEHHAM XMapPHUX CEPBiciB, (inaHCcoBi orre-
panil (FinOps) crasm GlIbII CKIQHIMI, CTBOPIOIOYY BUKJIMKK B YIIPABJIIHHI BUTPATAMHU,
posnomiii pecypciB Ta dinancoBoMy nporHo3dyBaHHi. Tpaauriiiiai MeTonu 4acTo He 31aTHI
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eeKTUBHO BUPIIIyBaTH IIi CKJIAHOII, IO MPU3BOAUTH 0 HeedeKTUBHOCTI Ta cybomTu-
MaJIbHOTO IPUUHSTTS pimreHb. Y il podOoTi JOCIKYEThCS 3aCTOCYBAaHHS MATEMATHIHOTO
mopemoBanus B cdepi FinOps gk nmoryzkHOrO pintenns nmux BUK/IUKIB. IIpononyerses Kia-
cudikaris nmpobiaem FinOps Ha okpemi Kjracu Ta MaTeMaTHWYHA ITOCTAHOBKA 3aJa4i I
KOKHOT'O KJIACy, 110 Ma€ Ha MeTi mijgsumuru edexkrupHicTs FinOps-ipakTuk. [HTerparis
MaTeMaTUYHUX MOJIejIeil MOKPAIIy€e TOYHICTh Ta e(PeKTUBHICTh, 3a0€31e9yI09r CUCTEMATHU-
9HAN MAXiT 70 yupaBiIiHHS (DiHAHCOBUMHU OIEpAIlisMU Yy XMapHOMY cepenoBulri. depes
BUBYEHHS KeHCIiB Ta IPUKJIA/IB 3 PEaJbHOIO CBITY I POOOTA JEeMOHCTPYE TpaHchOpMaIliii-
HUIl TOTEHITia]l MAaTEMATHYHOTO MOJIEJTIOBAHHS Yy CTUMYJIIOBAHHI iHHOBAIil Ta JIOCATHEHHI
omepariitnoi gockonasiocti B FinOps.

Kuro4yoBi ciioBa: maremaTndHe MOJIETIOBAHHS, YIPABJIHHS XMIDHUMH OOYHC/ICHHSIMH,
aHaJi3 JIaHuX, Mporuo3yBanns, FinOps, orruMizarniiiai mporecu.
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EXPLORING TWO SOLUTION METHODS FOR THE TWO-STAGE
LOCATION-ACTIVATION PROBLEM

This study highlights the importance of medical logistics research during crises that
might stress the system. We formulated a practical problem statement for the organiza-
tional structure of the medical logistics system, which has three types of centers: regional,
subregional, and distribution. We also proposed a mathematical model for the two-stage
location-activation problem, which minimizes the costs of operation, delivery, location, and
activation. For the proposed mathematical model, two solution approaches are presented.
The first approach divides the process into two steps: locate the distribution centers by
solving the continuous problem and then use the obtained coordinates to solve the second
(discrete) part. The second approach is a combined solution technique combining contin-
uous and discrete parts using full information during the algorithm’s execution. Both can
be used to solve the problem, the first is simpler and has a lower time complexity, and the
second uses more information but has higher time complexity.

Keywords: discrete optimization, continuous optimization, effective decisions, evolution-
ary algorithms, transportation, medical logistics.

1. Introduction. Recent years have shown that the medical logistics system has
some significant weaknesses and areas for improvement. The global pandemic in
2020 demonstrated how unprepared we were to handle the demand for large quan-
tities of medicines and immunobiological products. It also highlighted the strain on
the system when rapid and efficient action is needed during a crisis. The situation
worsened with the full-scale invasion in 2022, which created an even greater need
to move large quantities of medicines as part of the humanitarian response. This
unprecedented demand put a lot of pressure on the existing infrastructure, under-
scoring the need for a strong and adaptable medical logistics system that can handle
crises. These challenges have also highlighted the importance of modernizing and
optimizing the way medical supplies are transported.

2. Literature review. The paper [1] describes a solution to the optimal
warehouse location problem. A new model of mixed integer linear programming for
solving the problem of warehouse location using linearization of Euclidean distance
is proposed. The study [2] proposes a new approach to the location of manufac-
turing enterprises using fuzzy logic and inference systems. The study is useful for
decision-makers in the manufacturing industry and allows for the effective use of
fuzzy logic and inference systems to solve complex problems of manufacturing plant
location. The proposed model can be applied in various industries, including the
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automotive, electronics, and food industries. The capacity allocation problem |[3]
with differentiated convex production costs is a variant of the classical capacity al-
location problem, where the cost of production at each plant is modeled as a convex
function of its production capacity. The authors propose a fast, accurate method
based on the branch-and-price approach that exploits the structure of the problem
and the convexity of production costs. The publication [4] describes the solution
to the traveling salesman problem using swarm methods and highlights that evolu-
tionary algorithms play a crucial role during logistics improvements. A combination
of the particle swarm method and a genetic algorithm is used, using the output
of one for the input of the other algorithm. An interesting aspect of the work is
the study of the effectiveness of the roulette method and the multi-point cyclic
crossover. When tested using samples of large sizes, the algorithm demonstrates
100% success for the clear case. Paper [5| deals with the two-stage transportation
problem with fixed charges. They propose a fast, parallel-friendly solution method
for real-world applications. Their iterative constructive heuristic reduces the solu-
tion space at each step. The problem of reasonable planning and optimization of
shelter locations [6] aims to reduce losses from natural disasters and sustainable
urban development. Paper considers a sequential solution to a two-criteria problem
based on sequential decision logic to maximize economic sustainability and social
utility. A two-stage transportation problem with a fixed route toll is researched in
the publication [7]. To solve this problem, the authors transition to a different form
of the problem, which is similar to the two-stage transportation problem with the
cost of transportation per unit of goods. The cost of the goods is presented as a
conditional expression depending on whether this route is used or not. A genetic
algorithm is used to solve the problem. The chromosome is encoded using a matrix
representation. The paper proves the robustness of the proposed algorithm using
randomly generated entities. An alternative approach to deal with that problem is
studied in [8]. The work described problem of optimizing evacuation logistics during
emergencies to ensure the efficient distribution of resources and human flows. The
proposed solution involves the introduction of a mathematical model and algorithm
that optimize the location of rescue facilities and the zoning of territories to man-
age evacuation traffic effectively. The study [9] investigates the best location for
a pharmaceutical warehouse in one of the major Turkish cities using the analytic
hierarchy process and EDAS method, which evaluate locations around an average
solution within a spherical fuzzy environment. This unique approach is applied for
the first time to this problem. It identifies the most optimal location and comes with
robustness analysis, ensuring the reliability of the method. Additive Manufacturing
greatly enhances the flexibility of manufacturing networks. The paper [10] addresses
a location-production routing problem for a distributed manufacturing platform, in-
tegrating decisions on location, production planning, and delivery routing. To solve
this complex problem, the authors introduce a Neural Genetic Algorithm, which ef-
ficiently finds near-optimal solutions, reducing computation time by 99% compared
to traditional methods. Sensitivity analysis shows that unit shortage costs heavily
influence customer service and facility distribution.

3. Practical problem statement. In critical situations, such as emergencies,
natural disasters, or military conflicts, there may be an urgent need for rapid and
efficient distribution of essential medical supplies (medicines or medical devices) to
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the population. In such circumstances, the speed and accuracy of delivery can be
critical to saving lives and health. To ensure such distribution, each region has a
fixed number (N) of regional centers (RCs) and several (M) subregional centers
(SRCs) that serve as distribution middle points for medical supplies. However, due
to limited resources such as fuel, vehicles, personnel, or difficult logistical conditions,
the government may decide to activate only a portion of these centers. To reduce
costs and optimize the use of available resources, only L of the M subregional centers
are activated. Schematically the practical problem statement is illustrated on Fig. 1.

Figure 1. Diagram for practical problem statement.

The activated SRCs are responsible for redistributing medical supplies to distri-
bution centers located throughout the region. In total, there are K such distribution
centers (DCs) located at key points to ensure the fastest possible access to medical
supplies for the population. These distribution centers serve as final delivery points
from which medicines and medical supplies are distributed directly to consumers in
their service areas. The primary goal of this process is to minimize overall trans-
portation costs and delivery time while ensuring that the needs of each distribution
center and consumer for necessary medical supplies are fully met. It is also impor-
tant to consider factors that may affect logistics, such as the geography of the region,
the state of the infrastructure, and potential risks that may arise during transporta-
tion. Achieving this goal is critical to ensuring the resilience and reliability of the
medical logistics system during emergencies.

4. Mathematical model. Let’s define the following:

— 2 — customer distribution area;

— ; — customer service for i-th DC, i = 1, N;

— N — the required number of DCs;

— M — the total number of SRCs available for activation;

— L — the maximum number of possible activated SRCs;

— J — set of subregional centers available for activation;

— bl — demand of the i-th DC, i = 1, N.

~ bl — capacity of the j-th SRC, j =1, M;

— A; — activation costs for j-th SRC;

— ¢l = c(z,7]) — transportation cost between DC i and customer at x;

— ¢ij = c(t],7]T) — transportation cost between SRC (7/') and DC (7]);
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p(x) — demands from medicines in point z of the area €;
T

- TZT = (17}, 7/y) — coordinates of DC(r=I) or SRC (r=II);
- v] — the volume weight units number of medicines and medical equipment
transported from SRC 5 to DC i;
p {1, if SRC j is activated,
=
0

, otherwise.

Then mathematical model can be defined as:

min ZA@ +Z/ dx+zz% Vi, (1)

. I N
6()€0,r1€QN veRy,, T i=1 j=1

under the constraints:

* N
N
\
E
8
-~
Il
r“
=
S

3o

Q;
N
va_bju, j=1M, (3)
=1
M
> 6, <L, (4)
=1
N
i=1
mes(QﬂQ):O Z#]a Zaj:]-a ) (6)
>O 6, €{0;1}, i,7=1,N, j=1,M, (7)
TI:<7'11,T21,...,T]IV), e qh. (8)

where: (1) — main optimization task of the two-stage location-activation problem
which summarizes the total expenses for location and activation of distribution and
subregional centers and transportation costs; (2) — the amount of medications
shipped to the i-th distribution center is equal to its needs; (3) — the amount of
medications shipped from the j-th subregional center not exceed its capacity; (4) —
the number of activated subregional center is less or equal to specified non-negative
value L; (5) — the service areas of the distribution centers encompass the entire
region; (6) — each customer is served by only one distribution center; (7) and (8)
are balance constraints;

O is defined as:

N
© = {61(-),02(-),....On(-) : 0 < Oi(x) < 1; ) ;=1 for almost all 2 € Q}.
i=1
5. First solution approach. We propose to use a combination of evolutionary
algorithms and the approach from the theory of optimal partitioning of sets. Given
this, we can divide the solution of problems (1)—(8) into two stages. At the first
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stage, distribution centers are located and their service areas are determined by
solving the problem of optimal partitioning of sets in formulation (9)—(11), where N
is the required number of centers.

Minimize
N
> [ ot (9)
i=1¢)
under the constraints: N
Jai=2, (10)
i=1
mes(£;NQ;) =0, i#34, i,7=1,N. (11)

The (9)—(11) problem is a well-studied problem of optimal partition of sets. The
paper [11] contains more information about the approaches and practical applica-
tions for such tasks. At the second stage, we solve the discrete location problem
(12)—(16):

M N
Z A;0; + Z Z c{j(Ti], Tjﬂ)vfj — min, (12)
j=1 i=1 j=1

under the constraints: y

> wlo; =0, i=1N, (13)
j=1

Sl <bl j=TM, (14)
i=1
M
>0, <L, (15)
=1
where 71 = (rf,7,...,7%), 71 € QF — distribution centers location that was

obtained during first stage; b3’ — determined capacity of distribution centers:

1,N.

Y

bfz/hummiz

Q;

Additionally, we define this solvability condition:

M
/p(x)dx < ijuﬁj, j=1,M.

Q g=1

The solution for discrete task (12)—(16) is more deeply investigated by authors
in [12|. The example of program implementation for the first solution approach can
be found in [13]. Despite the successful location and activation of the centers, the
proposed approach has several drawbacks:
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— the located distribution centers are independent of chromosomes, which reduces
variability and does not fully correspond to the idea of the genetic algorithm;

— when solving the location problem, the transportation plan is not taken into
account, which leads to a more uniform distribution of centers, which can lead
to inefficient placement of distribution centers.

To eliminate these drawbacks, we propose to use a different approach.

6. Second solution approach. We propose to use a genetic approach
to solving the two-stage location-activation problem. The proposed modifications
compared to the first approach:

— In the objective function (1), we additionally take into account the transporta-
tion plan between centers. This will add influence links between the placed
centers and the activated ones, making the approach more rational in consider-
ing all the links and constraints.

— Each chromosome or other solution from evolutionary algorithm represents a
transportation plan between certain centers. Therefore, the encoding and de-
coding procedure depends on the actual coordinates of the corresponding cen-
ters. We propose to modify the chromosome estimation procedure (and decod-
ing procedures) in the form of solving the placement problem to build a more
complete transportation plan.

Using the evolutionary algorithms, we can formulate the second solution ap-
proach:

1. We will use the mathematical model (1)—(8). The general scheme of the genetic
algorithm is the following:
2. The population P(t) is initialized using priority-based encoding. We get the
first generation of potential solutions to the problem.
3. We evaluate the fitness of each chromosome in the population by solving the
location problem on the model (1)—(8) with a transportation plan included in
the optimization task. After solving the problem, the DCs’ location, capacity,
and transportation plan are obtained for each chromosome.
Chromosomes are selected for reproduction using the roulette method.
The selected chromosomes are crossed to produce offspring.
Some chromosomes undergo mutation to introduce variations.
A new population P(t + 1) is formed from the offspring and possibly some
individuals from the current population. The new generation replaces the old
one.
8. Check whether the stopping requirement is met. If so, go to the next step.
Otherwise, return to step 2 with the population value ¢ + 1.
9. Finish the algorithm. Decode the effective chromosome and return the value of
the objective function and the transportation plan. The algorithm is described.
The second approach proposes a more connected solution for the problem (1)—(8)
where we consider the actual determined locations of the centers. We also improved
the decoding procedure to ensure that the decision on where to place the center was
made under full information. One of the drawbacks of such an approach is that we
create circular dependency for minimization functional and chromosome evaluation
procedure that requires more computation and time complexity for the algorithm’s
implementation.

N G
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7. Experiments. Let us run some experiments to demonstrate and compare
different approaches. To illustrate the work of the proposed mathematical model and
proposed approaches, we developed a software implementation using C++ (location
module) and Python (UI module) technologies. For the experimental environment,
we use an Apple M3 Max chip featuring a 12-core CPU and 18-core GPU, 36 GB
of unified memory, a 512 TB SSD, and running macOS Sequoia 15.1. To demon-
strate differences in performance between the two described methods, we run a set
of experiments: the problems will have sizes 4x10, 7x20, 10x25, 12x30, 15x35. As
random generation plays a crucial role during the solution, we will rerun each exper-
iment 20 times and find the average value for these parameters: algorithm execution
time and fitness function value. These comparisons are illustrated in Fig. 2.

Execution Time Comparison Between Two Solution Approaches Functional Value Comparison Between Two Solution Approaches
800 g

Solution Approaches Solution Approaches
First First

—e— Second

~
o
1S3

N

o

N
5]

-
@

Execution Time (seconds)
IS
S
3
Functional Value

-
o

w

4x10 7x20 10x25 12x30 15x35 4x10 7x20 10x25 12x30 15x35
Model size Model size

Figure 2. Comparison of first and second solution approached for execution time
(left) and functional value (right).

From the results obtained from experiments, we can state that, as expected,
the solution time for the second solution approach is significantly greater (starting
from 10x25 size) than for the first one. This is expected, as we apply the location
of the centers for each chromosome for the second solution approach while doing
it only once in the first solution approach. At the same time, as we are solving
the minimization problem, the second solution approach gives more efficient results
where the average functional value of the second solution approach is 13.44% lower
than the first one. We can conclude that the first solution approach is more usable
when fast and approximate solutions for the location-activation process are required
(e.g. real-time routing of medical supply vehicles or points in a city where quick
decisions are critical to ensure the timely delivery of medicines) and the second so-
lution approach gives a more efficient solution but takes drastically more time to
execute (e.g. long-term planning for the establishment of new centers of medical
logistics to optimize coverage and resource allocation across a region). As the de-
cision about location or opening some centers from a practical problem statement
is usually something more like a strategic one rather than short-term, the second
solution approach should be utilized to manage medical logistics efficiently.

8. Conclusions. In the paper, we highlighted the importance of medical
logistics research. The topic’s relevance becomes more vital during the crises that
put the system under challenge. We formulated a practical problem statement that
represents the organizational structure of the medical logistics system and it contains
several types of centers: regional, subregional and distribution. We also propose a
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mathematical model for the two-stage location-activation problem and this model
minimizes the expenses for operation, delivery, location, and activation. For the
mentioned mathematical model, two solution approaches are introduced. The first
one contains the idea of dividing the process into two steps, wherein in the first step,
we only locate the distribution centers by solving the continuous optimization task.
We use the obtained coordinate to solve the second (discrete) part in the second
step. The second solution approach proposes a combined solution technique where
continuous and discrete parts are linked together so that we use full information
during the algorithm run. For the first and the second methods, we run a set of
experiments that demonstrate that both ways can be used to solve the mentioned
problem, with the difference that the first one is significantly faster and can be
used in areas where solutions are required during runtime or live mode, while the
second one uses more information and has longer execution time but provides more
efficient solutions that can greatly optimize costs and can be used during strategic
and long-term planning for location or activation of centers of different levels. Both
approaches can be used to solve the mentioned problem and the first one is simpler
and has simpler time complexity while the second one uses more information but
has longer execution time.

This publication was prepared as a part of the scientific theme 0123U100011
"Problems of analysis, modeling, and optimization of technological processes in com-
plex systems of different nature", which is implemented on the System Analysis and
Control Department at Dnipro University of Technology.
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Ceprees O. C., ¥Yc C. A. [ociimKenHst JIBOX IJIXO/IIB /10 PO3B’SI3aHHS JTBO-
eTaIrHol 3a/1a4l pO3MIillleHHI-aK THBAITI].

Y poboTi MOCHITKYETHCSI CUCTEMa MEIIMIHOI JIOTICTUKHY TIi/T 9aC KPU3OBUX CUTYAITii, IO
CHPUYMHSIOTH HAQJIMipHE HABaHTaXKeHHs. ABTOpaMn chopMyIbOBAHO TPAKTUIHY TOCTAHOB-
KY 3aJ1a4i JJIst CTPYKTYPHU MEJIMIHOI JIOTICTUKHY, sIKA BKJIIOYAE TPU TUIN IEHTPIB: perioHaIb-
Hi, cyOperionasbHi Ta gucTpudbymiiiai. TakoxK Oy/10 3aIpPOITOHOBAHO MaTEMAaTUIHY MOJIE/Ib
A7 TBOETAITHOI 33J1a9l PO3MIMIEHHA-aKTHBAIII], IO MIiHIMI3y€ BUTPATU Ha €KCILIYaTaIlilo,
JIOCTaBKY, PO3MIIIEHHST Ta aKTHBAIIIO BiAmoBitHIX meHTpiB. s miel maTemaTwaHOl MoIeTi
OyJI0 TIpEICTABICHO JIBA MiAX0aU /10 po3B’ss3anns. [lepruit migxin po3ainse mporec Ha 1Ba
eTamu: CIOYaTKy BU3HAYAIOTHCS MICIST PO3TAITYyBaHHS JUCTPUOYIIHHUKX TEHTPIB MIISTXOM
PO3B’si3aHHsI HEIlepepBHOI 3aJ1adi, a MOTIM BUKOPUCTOBYIOTbCSI OTPUMAaHI KOOPJAWHATH JIJIs
po3B’s3anHg apyrol (auckperHol) dactunu. Jpyruii nigxin € KoMGIHOBAHOIO METOIUKOIO,
sKa TOEIHYE sIK HEIEPEPBHY, TaK 1 JIUCKPETHY YACTHHU, BUKOPUCTOBYIOUH BCIO JIOCTYITHY
indopmariiro i1 Yac BUKOHAHHS AJTOPUTMY i3 3aCTOCYBAaHHSIM €BOJIIOTHOT Teopil. O6uBa
X0 MOXKYTh OyTH BUKOPHUCTAHI JJIsT PO3B’sI3aHHS 3aJ1adi: PN € MPOCTIIuM i Mae
MEHIITy OOYUCIIIOBAJIbHY CKJIAIHICTD, & JPYTHil BUKOPUCTOBYE OijibIne iHdopMaliil, ajge Mae
BHIIYy O0YHC/IIOBAJIBHY CKJIQIHICTD.

Kuaro4doBi cioBa: quckperHa onTuMizaliist, HellepepBHa ONTUMIi3allis, eeKTUBHI pillleHHs],
€BOJIIOIIIHA TeOPisl, TPAHCIOPTYBAHHS, MEINYHA JIOTICTUKA.
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JOCJUITI2KEHHSA SMICTY BATOBIX KOE®PIIIEHTIB
KOMIIJIEKCHO3HAYHUX HEMPOMEPE2K Y YACTOTHIN
OBJIACTI

PozrisayTo 3amaay diaprpariii 300pakeHb 3a JOITOMOTI0I0 KOMIIJIEKCHO3HATHOI HEfpOH-
ol Mepexki MLMVN y wacrorsi#t obiacti. /locitizkeHo BUIa KN HAsSBHOCTI Ha 300paXke-
HHSIX aJIATUTBHOIO ['ayCiBCBKOTO IIyMy Ta MYJIbTHILIKATUBHOTO crekJj nrymy. st diab-
Tpallii BUKOPUCTAHO KOMILIEKCHO3HAYHY HEHpOMepexky MpsiMOro mortupenHs. [IpoBemeHo
anaJsi3 BariB KoedirienTiB HefipoeeMEHTIB Ha PI3HUX €moXaxX MIPOIEeCy HABYAHHS Ta 3MICT
si/Iep 3rOPTOK YTBOPEHUX 3 BariB OKpeMux HefpoesJieMeHTIB y ITPOCTOPOBiit 06J1acTi.

Kuaro4doBi ciioBa: HeifpoHHI MeperKi, KOMIIEKCHO3HATHI HeHApoHHI MepexKi, 1udpoBi 30-
OpazkeHHs, biTbTpAIis IIyMy.

1. Beryn. Ilonepemns o6pobka 300pakeHb € 000B SI3KOBUM 1 JIyzKe BasKJIMBUM iH-
CTPYMEHTOM y PO3IMi3HABaHHI Ta aHaJIi3i 300pakeHb. BoHna 103B0JIsIE€ 3HAYHO CIIPO-
CTUTU 1 TMPUCKOPUTH TPOIEC HABYAHHS 30CEPEKYIOUUCH CaMe Ha BaXKJIMBUX JIe-
Tajagx a He apredakTax, dKi CIOTBOPIOIOTH 300payKeHHsI 1 MOXKYTb ITPU3BECTH 10
HEKOPEKTHUX BUCHOBKIB. He quB/IgYNCh HA MUPOKMII CIIEKTDP aJrOPUTMIB Bi/IHOBJIE-
HHsI CIIOTBOPEHUX 300pazkeHb y IIPOCTOPOBIiil 001aCTi BeJIMKa KiTbKICTh 3a/1a4 MOXKe
OyTu edpeKTUBHO BUpIIIEHA caMe y YaCTOTHIi obstacTi. flckpaBumu npuk/iagaMu Ta-
KUX 3aJia4 € BiJIHOBJIeHHS J1e(pOKYyCOBaHUX 300parkeHb Ta (iabTpallid IIyMiB, 10
BUHUKAIOTH Ha MPAKTHUIl Y PI3HUX BaKJIMBUX cdepax Jisd/JIbHOCTI JIIOIUHU, 30Kpe-
Ma B MEJIUINHI, aepodOTO3MOMIII Ta CYIYyTHUKOBIN 3itoMIli. Takok MOXKHA HaBECTU
BEJINKY KIJIbKICTH NMPUKJIA/IB 3aCTOCYBaHHS BIUCOKOYACTOTHUX Ta HU3bKOYACTOTHUX
dbinbrpis, BM3D-dinbrpa |1, dinsrpa Binepa [2], ra inmunx. He gusiasguanck wa -
POKO pO3BUHYTHI IHCTpyMeHTapiii HEMPOHHNUX MeperK, KOMILJIEKCHO3HAYHI HelpOHHI
MepexKi 171eaIbHO TIXOIATE I aHa i3y 300paKeHb caMe Y 9acTOTHii 00/1acTi 3aB-
JIsIKU PObOTI 3 KomIutekcHuMu 1dncsiamu. Came 11 0coOIUBICTD J103BOJIsA€ OyIyBaTn
HafOLIBIT TOYHI MaTeMaTHIHI MoJie/i Ha ocHOBI nieperBopers Dyp’e.

Y crarTi J0C/TiIKEHO KOHTEKCTHUI 3MicT BaroBux Koedilli€HTiB, 0 OTPUMMAaH]
B Iporieci HaBYaHHS KOMILTeKCHO3HaTHOI Heripomepeki MLMVN [3] 3 meToro dinb-
TpaIiil mymMy Ha IudPoBUX 300paxKeHHAX. TakoxK OyJI0 JTOCTIIZKEHO TX B3a€MO3B 30K
3 gjapamMu (PUILTPIB Y NPOCTOPOBiii 00JI1ACTi.

2. OcHoBHUii pe3ysbTar.

®opmar mpeacTaBiieHHsI IudpoBoro 3o06pakeHHsi. He 3menmyioun 3a-
raJIbHOCTI MIpKYBaHb JIJIsI CIPOIIEHHS IIPOIECiB aHAJII3y Ta IX iHTeprperarii Oys1o

Hayk. Bicuuk Yxkropon. yu-ry, 2024, Tom 45, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



260 10. O. TOBT, A. FO. BPIIJIA

PO3IJITHYTO TG POBI 300parkeHHsT y BiATIHKaxX ciporo. 3ayBayKuMO, M0 Pe3Y/IbTATH
aHaJIi3y MOXKYTb OYTH aJIallTOBaHI HA BUIAIOK KOJBOPOBUX 300ParKEHb.

Y npocroposiit obJracti nudpoBe 300parKeHH MPEJICTABISIETHCA Y BUTTISIIL JIAC-
KpeTHOI (DyHKIil aBoxX 3MmiHHUX f (x,y), e T Ta y — TPOCTOPOBI KOODJIMHATH, &
sHavdeHHAM GYHKIIT y KOKHIA To4mi mpocTopy € inrencusnicTs [4]. Ockinbku mocsti-
JIPKEHHsI TIPOBOJIMJINCS Y YaCTOTHI#M 00J1acTi, TO JIjIsI TIEPEX0/ly MizK IIPOCTOPOBOIO Ta
YaCTOTHOIO 00/1acTsAME OYJI0 BUKOPUCTAHO IIPsiMe Ta 3BOPOTHE neperBopers Dyp’e.

M—-1N-1
F (u,0) = f () e 2G5,
=0 y=0
1 M—-1N-1 ( )
_ F 2n( 57N )
Faw) =3y 2 L Flwo)e

3 Meroro onTuMizarii o04uncIeHb y podOTi I HepexXoly Y YacTOTHY 00J1acTb
BUKOPUCTAHO aJIFOPUTM IIBUJIKOTO JiBoMipHOro niepersopenns @yp’e (FET) [5].

MogearoBaHHS JOCIIPKYBAHUX 3alTIyMJIEHUX NP POBUX 300parKeHb. 3
MeTOI0 (POPMYBAHHSA HABYAJIBLHOI BUOIPKU JIJId aJI'OPUTMIB HABYAHHS KOMILIEKCHO-
3HAYHIX HelfpoMepexK OyJI0 3MOJIe/IbOBAaHO HABYAIbHY BUOIPKY 3 IITYYHO 3aIllyMJIe-
HUMU 300pakeHHAMU. [[pu 11boMy Oy/10 BUKOPUCTAHO HAHOIIBIN MOIIUPEHI Ha IIpa-
kruri agurusanii layciBeskuii mym [6] Ta mysnbrumutikarusaunii ciexs mywm [7]. dos
peastizariil MOJe/IIOBaHHs IIyMy BUKOPUCTOBYBaJsucs Bimnosinni ¢ynkmii Matlab 3
makery Image Processing Toolbox.

layciBcbkuit mmrym 3a3Bu4ail Ma€ HOPMAJIbHUI PO3IOJILT 1 YACTO BUHUKAE HAIIPU-
KJIaJI BHAC/IJIOK €JIEKTPOHHUX TePemKo y hOoToceHcopax, a TaKOXK I 9ac OTPU-
MaHHs UQPOBUX 300paykeHb MPHU HEJIOCTATHLOMY DIBHI OCBITJICHHS. AINTUBHUIA
layciBebpkuil myM y JAHOMY JIOCJI/PKEHHI MOJIE/TIOBABCS HACTYITHUM YHHOM:

fnoisy (ZE,y) = f <x7y) +n (ZE,y) 9

1€ froisy(T,y) — 3amrymiene 3006pazkents, f(x,y) — igeanbHe 300pazkeHHs, n (T, y) —
BUIAIKOBHH ITyM 3 HOPMAJBLHUM PO3IOJILIIOM IHTEHCUBHOCTEI.

s mosemoBaHHs aIMTUBHOTO ['ayciBCHKOTO MIyMy BUKOPHUCTOBYBABCS IITYM 31
crangapTHUM BiaxwierHsaM y Mexkax 0.10-0.30 (me o0 — cranmapTHe BiIXujIeHHs
IHTEHCUBHOCTEN MIKCEJiB KOKHOIO OKPEMO B3STOTrO 1/1€aIbHOTO 300pasKeHHsl ).

Crekst 1IyM 9acTO BUHUKAE BHAC/IIOK KOTE€PEHTHOCTI XBUJIb, sIKi B3AE€MO/IIIOTH
3 HEOJHOPiAHOCTAMU B cepejioBuii. [left myM € THIOBUM Jijis yJIBTPA3BYKOBUX Ta
paJjtioIoKaIifiHux 300pazkeHb. ¥y poboTi OyJI0 3MOJIETBOBAHO PIBHOMIPHUNE MYJIHTH-
IUTIKATUBHUM CITEKJT TITyM

fnoisy (‘Tay> = f(x,y) ’ n(x,y),

J€ froisy(x, y) — 3ammymiene 3o0paxkernus, f(z,y) — igeanbie 300pazkentst, n(x, y) —
BUIIQJIKOBUIT TITyM 3 PIBHOMIPDHUM PO3IOIIIOM IHTEHCUBHOCTEI!.

[Ipu mMojeoBanHI MYJIBTUILIKATUBHOTO CIEKJI-IIIYMY CTaHJIapTHE BiJIXUJICHHS
nryMy BapitoBasioch y miartazoni 0.10-0.40.

BaxkimmBo 3ayBakuTH, 10 IIyM OYB 3MOJIE/JIBOBAHUI TaKUM YHHOM, 100 cepe-
JIHI 3HAYEHHSI IHTEHCUBHOCTI (Cepe/IHsl IHTeHCUBHICTD) i/1ea/IbHOrO Ta 3allyMJIEHOTO
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300paxkenHs: Oyau piBuumu. Ile 03BoJisie 3abe3meunTu 30epekKeHHs cepeaHbol iH-
TEHCUBHOCTI 300parkKeHHs TiC/Is J0/IaBaHHs IITYMY, 1110 € KPUTHIHUM JIJIsT KOPEKTHOT'O
aHaJIi3y BILUIUBY IITyMYy Ta IOJAJIBININX METO/IIB HOTo (biabTpariii. ¥ mporeci HaBIaHHS
Ta BaJIIAI] /I OIHKY SIKOCT1 (biIbTpariil 0y/10 BUKOPCTAHO OIIHKY MaKCHMAJIbHOI'O
Bigaomenns curnas\mym (PSNR).

3arajpHa cxemMa HaBYaHHsS KOMIIJIEKCHO3HAYHOI HEIipOHHOT Mepexi. Ak
Oy/10 3a3Ha4YeHO paHilie, Jjisi 00POOKU 300parKeHb y YacTOTHiH 06/acTi HalO1IbII
ONTUMAJILHUM BHOOPOM € BUKOPUCTAHHS HEWpPOMEpe:K, Y SIKUX BXOJIM, BUXOJU Ta
Baru HEHPOHIB € KOMILIEKCHUMM YMCJIaMU. Taki HEfpOHHI MepexKi Ha3UBaIOTh KOM-
[JIEKCHOZHAYHUMU. AJIOPUTMU HaBYaHHS KOMILIEKCHO3ZHAYHUX HelipoMeperKaM Bce-
6iuHO po3IIAHYTI y "ncaeHHUX nybaikarniax |3, 8, 9, 10, 11].

Y pobori g dopMyBanHsa HaBYAJILHOI BUOIPKU OYJI0 BUKOPHCTAHO MHOXKHHY
300pakeHHb y BiJITIHKaxX ciporo pizHux po3mipis. [Iporec HaBuyanHs HEHPOHHOT Me-
pexi OyB opranizoBaHUil i3 3aCTOCYBaHHAM IIiIX0/y HaBUYaHHS 3 BaJjigariiero. s
IIOI'0 3MO/Ie/IbOBaHa HaB4YajbHa BUOIpKa Oy/a IojijeHa Ha JBI 9acTHHU: BJIaCHEe
HaBYaJbHY BUOIPKY, sIKa BUKOPHCTOBYBAaJIACsd JIJId KOPUTYBaHHs Bar HEHpOHIB, Ta
BaJIi JaIlifiny BUOIPKY, sika 3aCTOCOBYBaJIacs JIJIsI IEPIOJINTHOI IIEPEBIPKHU PE3YIbTaTy
napdanisd. Hapuabna Bubipka cKIajiagacsd 3 map ijieaJbHUX Ta 3aIlyMJICHUX BEKTO-
pusoBaHux (pparmMeHTiB 300parkeHb y dacToTHiit obsacti. [loryKHiCTH HaBYAIBHOL
Bubipku cranosusa 60 000 HaBuaILHUX 3Pa3KiB.

[Iporiec HaBuyanust OYB HpOBEJEHUIT OKpeMO st aauTuBHOrO ['ayciBebKoro mry-
MY Ta MYJIbTHILIIKATUBHOIO CIIEKJI-IIIyMY, OJIHaK 3arajibHa Iporeypa (hopMyBaHHS
HaBYaJIbHUX BUOIPOK 1 MiJIXi/ 10 HABYaHHs OY/IM OJHAKOBUMU JIJIsi 000X THUIIIB IITy-
My. 1t mepeBipKy IKOCTI HaBYaHHS HepoMeperKi BUKOPUCTOBYBaJIaCd BaJliTaliitna
BrOipKa. BoHa cKka/taacs 3 map ijeajbHUX Ta 3allyMJICHNX 300parKeHb, sIKi He BXO-
JIAJIA 10 HAaBYAJIbHOI BUOIPKH.

Hna dinbrparmil myMmy Ha 1udPOBUX 300parKeHHAX BUKOPUCTOBYBAJIACId KOM-
IJIEKCHO3HAUYHA HEMpPOHHA MepexKa MPsIMOro TMOITUPEHHS, sdKa Ma€ N BXOJIB, OJIMH
npuxoBanuil map i3 Ny, Heliponamu Ta Buxinnuii map i3 N, neiiponamu. Apxite-
KTypa Iiel HeiipoMepexki Oysia obpaHa Ha OCHOBI eMmiipudHuX gaHuX. [Ipm mpomy
CJILJT 3ayBaKUTHU, 10 KUJIBKICTh IPUXOBAHUX ITapiB 1 HEHIPOHIB, KiI BUKOPUCTOBYBa-
JINCSI B JTAHOMY JIOCJIIZKEHHI, He MOXKHA BBarKaTH ONTHUMAIbHOK. ONTHMI3aIisa mux
mapaMeTpiB € IPeJIMETOM IOJAAJIBIINAX JOCTIIKEHD.

Hapuanus MepexKi MpoBOINIOCs 3 BAKOPUCTAHHAM aJITOPUTMY HaBYAHHS TTaKeTa-
mu (batch learning) [10, 11]. OcroBHOIO HIEpEBATOIO IHOIO METO/TY HOPIBHIHO 3 KJIACH-
YHUM aJTOPUTMOM HaBYaHHS JIJIT KOMIIJIEKCHO3HAYHUX HEMPOMEPEeK € MOXKJIUBICTh
O/THOYACHO KOPUTYBATU Baru HEHPOHIB MPUXOBAHOI'O Ta BUXIJHOIO IapiB Ha OCHOBI
JIEKIJTbKOX HaBYAJIBHUX 3pas3KiB. HaBuaHHS MPOBOIMIOCA IO MOMEHTY JIOCATHEHHS
bazkanoro 3Hadenas PSNR na BaJjtimartiiiniit BuOipiii abo JOCATHEHHs Hallepel 3a,1a-
HOI KIJIBKOCT1 e1l0X HaBYaHHSI.

Amnajtiz Bar HeiipoHiB cdopMoBaHuUX y mnpoiieci HaB4YaHHdA. Hapuanms
HelpoMepexKi € iTepaTUBHUM IIPOIECOM, Ha KOYKHOMY KPOIl SIKOI'O OOUMCJIIOETHCS
moxXnOKa MepezKi Ta MOXuOKa KOYKHOTO HefipoesieMeHTa, Iic/isd Y0ro, 3riJIHO 3 PaBU-
JIOM HaBYAHHS, OHOBJIIOIOTHCS Baru HefipoeseMeHTiB. TakuMm YMHOM Barw CUHAIICIB
HEMPOHIB € OJHUM 13 HailBarkK/IMBIIUX (PaKTOpPIB, siKi BILIMBAIOTh Ha IXHiil BUXiI, a
BIJIIOBIIHO T Ha BUXI| HEHPOMEDPEKI 3arajioM.

Posrisaemo k-it HeftpoesieMeHT TepIioro MpUXOBAHOTO APy KOMILIEKCHO3ZHATHOL
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HelipoMepexxi. Buxi niboro neiipona o64uc/IIOeThHCA 38 (OPMYJIOIO:

o =P (Y ula),
=0

. : K (k) (K k ; k
ne P(-) — akruBariiina dyHKIA, w(() ),wg ), wé ) w — Barn neitpona (wé )
HasuBaeThes BibHow Barow), 2,z .. 2P — Bxomn neitpona (2P — mryumnmii

BXiJI, IKWUit 3aBKau piBHMiL 1).
[Tonepennaro hpopMysry MOKHA 3aIMCATH Y HACTYITHOMY BUTUISA/IL:

0P = P (WP +3 w®a® | = p (wémxgp) n R(k,m),
i=1

R®P) € cymolo ejleMeHTiB BeKTOpa, SKHH € Pe3y/IbTATOM II0eJeMEHTHOIO J00yTKY
BEKTOPIB wh) = (w%k), wék), . ,w,‘{”) ta £ = (m?’), o ,xq(lp)>. fx 3a3HaveHO BU-
e, Ha BXiJ HelipoMepe:Ki, a BiIIOBIAHO I Ha KOXKEH HEUPOH IepIIOro IMPUXOBAHO-
ro mapy, HoJal0ThCd BEKTOPU30BaHi (pparMeHTH 300pazkKeHHs y 4acTOTHiN 00/1acTi.
Ockinbku parMeHT 300pazkKeHHd Yy IIPOCTOPOBiil 00J1aCTi MOXKHA PO3IVISIIATH K
JUCKpeTHY (DYHKINIO JBOX 3MIHHUX, HOTO MOXKHA 3aIlUCATU y BUTJISI MATPHUIL, J1€
KOXKEH eJIEMEHT € IHTEHCUBHICTIO Y BIIIIOBIIHUX ITPOCTOPOBUX KoopuHaTax. Takum
YIHOM, [IPU [EPEXO/l y YacTOTHY 00JIACTh (3a JOMOMOIOK JBOBUMIPHOIO IIBHIKO-
ro nepersopentsi Pyp’e) orpumaemo marpuio KoedinienTis nepersopents Dyp’e
TaKOro K PO3Mipy, sK i (bparMeHT 300paskeHHsi. 3 BHUINEHABEIECHOIO BUILIUBAE, IO
sexTop =P Tak camo ax i w*), MoxkyTH GyTH 3amEcaHi y BUIIS MATPUILb

RN B W
() (p) () (k) (k) (k)

Xj(cp) _ $TI;+1 xr[{JrZ o 177}2) : W}p) _ wr%Jrl wr?+2 o w7."2
By Dy e o ol wlfly o ul?

Ockinbku 00poOKa BiIOYBAEThCs y 9acTOTHIN 00/1acTi, TO, 3TiIHO 3 TEOPEMOIO
sropTku [13|, MoxKeMo 3ammcaTy Take:

K = ().

ne F71 (-) — obepnene aBomipre nepersopenns Oyp’e, * — olepaTop 3rOPTKH, X —
onepaTop IoejieMeHTHOI'O MHOXKEHHS, XP = 51 (Xj(cp ) ), Wk = g1 <W}k)>

3 ocrannboi piBHOCTI BHITHBaE, mo RFP) € cymMomo eeMeHTIB 3ropTKH y 1po-
CTOPOBIii 0bJ1acTi pparMenTy 300parkKeHHs Xs(p ) 3 SAJIPOM Ws(k).

Y rabmuigx 1-6 HaBeJIeHO pe3yabTaTH 3rOPTOK Yy IIPOCTOPOBI 00/1acTi BXiTHUX
dparMeHnTiB 300pazkeHb 3 sjapamu, chOPMOBAHIUMUI BaraMu Pi3HUX HEHPOHIB HEPIIO-
r'O MPUXOBAHOTO APy MPU HABYAHHI MepexKi jjis dinbrparii ['ayciBcbkoro Ta crieki

Iy My.
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a) #1. layciBcpkuil mrym 6) #2. NayciBcbKuii mrym
0.10-0.30; 0.10-0.30;
B) #3. layciBcbKuii mym r) #1. Cueks mym
0.10-0.30; 0.10-0.40;
1) #2. Crekit mym e) #3. Cuex mym
0.10-0.40; 0.10-0.40.

Puc. 1. ®parmenT 3airyMaeHOro 300pazkeHHsT PO3MIpOM 8 X 8.

Hayk. Bicuuk Yxkropog. yu-ry, 2024, Tom 45, Ne 2 ISSN 2616-7700 (print), 2708-9568 (online)



264 10. O. TOBT, A. FO. BPIIJIA

Tabruusa 1.
Pesynbraru 3ropTku y mpocTopoBiii obsacti 300pazxkents #1 (puc. 1 (a)) 3
SJPAMH, 110 YTBOPIOIOThCs BaraMu HEJiPOHIB 1IepIIOro IPUXOBAHOIO MIAPY

Enoxa naBuanas #1 Enoxa naBuanus #5 Enoxa nasuanms #10

Heitpon #1

Heitpon #256

Heiipon #512

Heitpon #768

Heiipon #1024
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Tabruua 2.
Pesynbratu 3ropTKu y mpocTopoBiii obsacti 300paxkents #2 (puc. 1 (6)) 3
SJPAMH, 110 YTBOPIOIOThCs BaraMu HEJiPOHIB 1IepIIOro IPUXOBAHOIO MIAPY

Enoxa naBuanas #1 Enoxa naBuanus #5 Enoxa nasuanms #10

Heitpon #1

Heitpon #256

Heiipon #512

Heitpon #768

Heiipon #1024
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Tabruua 3.
Pesynbraru 3ropTKu y mpocTopoBiii obsacti 300paxkents #3 (puc. 1 (B)) 3
SJIPAMH, 10 YTBOPIOIOTHCA BAraMi HEHPOHIB IEPIIIOro IPHXOBAHOTO MIapy

Enoxa naBuanas #1 Enoxa naBuanus #5 Enoxa nasuanms #10

Heitpon #1

Heitpon #256

Heiipon #512

Heitpon #768

Heiipon #1024

E N IR -Hn iy
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Tabruusa 4.
Pesynbraru 3ropTku y mpocToposiii obsracti 300pazkennst #4 (puc. 1 (1)) 3
SJIPAMH, 10 YTBOPIOIOTHCA BAraMi HEHPOHIB IEPIIIOro IPHXOBAHOTO MIapy

Enoxa naBuanas #1 Enoxa naBuamasa #7 Enoxa maBuanms #9

Heitpon #1

Heitpon #256

Heiipon #512

Heitpon #768

Heiipon #1024
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Tabruua 5.
PesysbraTu 3ropTku y mpocToposiit obracti 306pazkennst #5 (puc. 1 (1)) 3
SJIPAMH, 10 YTBOPIOIOTHCH BAraMi HEHPOHIB IEPIIIOro IMPHXOBAHOTO MIapy

Enoxa naBuanas #1 Enoxa naBuamasa #7 Enoxa maBuanms #9

Heitpon #1

Heitpon #256

Heiipon #512

Heitpon #768

L M
4% "W M

Heiipon #1024

4% | M
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Tabaruus 6.
PesynbraTu 3ropTku y mpocTopoBiii obsracti 300pazkenns #6 (puc. 1 (e)) 3
sJIpaMu, 10 YTBOPIOIOTHCA BaraMy HEHPOHIB MEPIIOTrO IMPUXOBAHOIO IAPY

Enoxa naBuanus #1 Enoxa naBuanus #7 Enoxa naBuanus #9

Heitpon #1

Heitpon #256

Heiipon #512

Heitpon #768

Heitpon #1024
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JlomiTbHO TaKOXK TOPIBHATH siJipa 3rOPTKH, cOpMOBaHI BaraMu HEHPOHIB, i3
JIEAKUMU BIJIOMUMHU sJIpaMy 3TOPTKU Y MPOCTOPOBIiit obsracTi. s MopiBHAHHS BU-
KOPHUCTOBYBaJIacsd KOCUHYCHA TMOIIOHICTb.

R((A,B
soap - BB
[AI 1B
ne A ta B — BeKTOpHM30BaHi s1/ipa 3rOPTKH, () — CKaJgpHuii 106yToK, R (-) — dyH-
KIlisl, siKa [TOBEPTAE JIHCHY YACTHHY KOMILIEKCHOTO YHCa, ||| — nHopma @pobeniyca.

Buauenns s (A, B) 6ausbki 10 1 cBiggars npo nomibHICTh sijep 3rOPTKH.

Y Tabungx 7 Ta 8 HaBEJICHO PE3YJILTATU IMOPIBHAHHS siJIep 3TOPTKH Y ITPOCTOPO-
Biil oOs1acTi, OTpUMAHMX 3 Bar HEMPOHIB KOMILJIEKCHO3HAYHOI HeiipoMepexki Ha 10-i
eroci HaBuanus i dinbrparii Taycisebkoro niymy (tabsmig 7) Ta CHEKJ-IIyMy
(Tabiuis 8) 3 JesIKUMU BIIOMUMH siIpaMU 3TOPTKU Y IIPOCTOPOBIii 001acTi.

Tabruusa 7.
[TopiBusgHHS g71ep 3TOPTKH, 10 YTBOPIOIOTHCA BaraMu HEHPOHIB 3 JICAKIMU
BIIOMUMU sIipaM# 3TOPTKH B IIPOCTOPOBIiil obsacTi

Bokc iabrp, layciBebkuit dinbrp, | layciBebkuit diabTp,
8% 8, crammapTHe 8% 8, crammapTae
8% 8 . .

Bigxuiaenng 0.5 BigxuiaeHHd 1
Heiipon #1 0.022833 —0.18097 —0.14759
Heitpon #256 0.062074 —0.047544 —0.042503
Heiipon #512 0.048572 —0.063726 —0.025157
Heiipon #768 0.0036742 —0.083041 —0.11821
Heitpon #1024 0.038796 —0.091296 —0.054479

Tabaruua 8.

[lopiBHAHHS /1€ 3TOPTKH, IO YTBOPIOIOTHCS BaraMu HEHPOHIB 3 JIeAKIMUI
BIJIOMUMU sIJIpaMu 3rOPTKH B IIPOCTOPOBIit 0b1acTi

Boke imbrp, layciBebkuit bibTp, | layciBebkmit iabTp,
8% 8, cranmapTHE 8% 8, cranapTHE
88 . .
Bigxumenns 0.5 BixuaeHHs 1
Heiipon #1 0.020731 —0.18133 —0.12566
Heitpon #256 0.065181 —0.15032 —0.098496
Heitpon #512 0.050016 —0.024569 —0.017305
Heiipon #768 —0.0096031 —0.028489 —0.011391
Heiipon #1024 0.047493 —0.053494 —0.026364

Y rabmuigx 9-14 HaBegeHO pe3ysbTaTu (bLIbTpaIlil 3aiyMIeHIX 300pakeHb 3a
JIOIIOMOI'OIO BiJIOMUX MeTOJiB (iibTpariii. 300pakenns 3 HoMepamu 1,23 MicTATH
aguruBHAil [ayciBebkuii mym i3 crangapranM Biaxmienaam 0.10, 0.20 ta 0.30 (e
0 — CTaHJAPTHE BIIXUJIEHHSI KOKHOIO OKPEMO B3SITOIO i/1eaJIbHOTO 300paKeHHS)
BimoBiHO. 300parkenns 3 HoMmepamu 4,5 Ta 6 MICTATH MYJIBTUILIIKATUBHUAN CIIEKJT
mryM 3i crangapranM Bigxuieraasm 0.20, 0.30 Ta 0.40 Bianosigno. Y Tabaungax 15-19
HaBEJIEHO PE3yJIbTaTh 3rOPTKHU 300pazkeHb 3 HoMepamu 1-6 3 sjpoM, cchopMoBaHUM
3 Bal' KOMILIEKCHO3HAYHOI'O HeffpoesieMeHTa.
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Tabruusa 9.
Qinprparisa 300paxkensb 3 Bukopuctanagym BM3D dinsrpa
Sobpaxkennst #1 32.3497 0.77856 0.9961
Sobpazkenust #2 29.4844 0.627 0.983
Bob6pazkenus #3 25.7033 0.51686 0.96354
Sobpazkenns #4 30.7613 0.76866 0.99502
Bobpazkennst #5H 28.8852 0.60848 0.98245
3ob6paxkenust #6 22.2808 0.44534 0.958
Tabruus 10.
Qinprpariis 300paxKkenb 3 BUKOpuctanuam Frost dismbrpa 3 sjpom posmipy 3x3
PSNR SSIM Kopesist
Sobpaxkenns: #4 28.3072 0.76486 0.99069
Sobpazkennst #5 26.2537 0.60972 0.97556
Bob6pazkenns #6 22.6432 0.5086 0.95369
Tabaruus 11.
QiypTpaliist 300pakeHb 3 BUKopuctanuam Lee diabrpa 3 siipom po3mipy 3x 3
PSNR SSIM Kopensris
Sob6paxkennst #4 29.5624 0.78081 0.99319
SobpaxkeHnust #5 27.7981 0.66759 0.983
Sobpaxkennst #6 23.6314 0.62605 0.9689
Tabruus 12.
Qinprparig 300pakeHb 3 BUKopuctaniaM [ayciBcbkoro ¢piabrpy po3mipom 3x 3
PSNR SSIM Kopensris
Bobpazkenns #1 28.792 0.75903 0.99126
Bo0pazkennst #2 27.1301 0.64375 0.97459
Bob6paxkenust #3 24.5305 0.62553 0.96113
Sobpaxkennst #4 28.9979 0.8114 0.99217
Sobpaxkenust #5 26.7999 0.69389 0.97962
Sobpazkennst #6 23.2128 0.6139 0.96229
Tabruus 135.
QinbTparliig 300pakeHb 3 BUKOPUCTAHHAM mean (iibTpy
PSNR SSIM Kopensiis
Bobpazkenns #1 27.5266 0.69113 0.98822
Bo0parkeHHst #2 26.1626 0.54263 0.96654
Bobpaxkenust #3 23.4641 0.51558 0.94956
Sobpaxkennst #4 27.7646 0.75651 0.98935
Sobpaxkenust #5 25.931 0.60199 0.97281
Sobpazkennsi #6 22.4884 0.50564 0.95102
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Tabruus 14.
Qinprpariisa 300pakeHb 3 BUKOpucTanuaM median piibTpy
PSNR SSIM Kopensris
Bobpaxkennst #1 28.9261 0.70792 0.99131
So0parkeHHst #2 26.4753 0.54488 0.9705
Sobpaxkenust #3 24.0154 0.50745 0.95491
Sobpaxkennsi #4 29.5767 0.78316 0.99248
Sobpazkennst #5 27.279 0.60831 0.97708
Bob6pazkenns #6 22.2505 0.50074 0.95563
Tabruus 15.
3ropTka 3 siipoM chOPMOBAHUM 3 Bar HefpoHa #£1 MepImoro MpuxoBaHOTO MAPY
PSNR SSIM Kopensris
Bobpazkenns #1 9.679 0.14058 0.75555
So0paxkeHHst #2 11.1107 0.039981 0.62206
Sobpaxkenust #3 7.1767 —0.009568 0.32788
Sobpaxkennsi #4 9.7986 0.17531 0.76509
3obpazkenusi #5 11.3959 0.060549 0.65415
Sob6pazkenns #6 7.0937 —0.012968 0.34234
Tabruus 16.
3ropTka 3 g1poM cOPMOBAHUM 3 Bar HeHpoHa #256 MepIoro MpUXOBAHOTO APy
PSNR SSIM Kopensiis
Bobpazkenns # 1 15.2185 0.28548 0.88255
3o0parkeHHst #2 20.0616 0.21385 0.85416
Sobpaxkenust #3 14.4664 0.16622 0.67291
Sobpaxkennst #4 15.2535 0.33429 0.88482
So0pazkeHnust #5 19.737 0.24288 0.8664
Bob6pazkenns #6 13.757 0.14491 0.68519
Tabruus 17.
3ropTka 3 g1poM cOPMOBAHUM 3 Bar HepoHa #512 Meproro MpuXoBaHOTO APy
PSNR SSIM Kopensiis
Bobpaxkennst #1 15.9611 0.31671 0.93556
3o0parkeHHst #2 20.8287 0.16441 0.87298
So0paxkenust #3 14.6615 0.14323 0.78444
Sobpaxkennst #4 16.7474 0.39105 0.93785
Sobpazkenust #5 21.1445 0.20906 0.88693
Sobpazkennst #6 14.9326 0.12511 0.79323

Pozmin 2:
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Tabruuys 18.
3ropTka 3 s/ipoM cOPMOBAHUM 3 Bar HepOHA # 768 IepIIoro MPUXOBAHOTO IAPY
PSNR SSIM Kopensrist
Sobpaxkenns #1 7.3852 0.090734 0.11664
Bo0pazkeHHs #2 6.5666 0.044863 —0.11016
So00parkeHust #3 3.7031 0.01698 —0.14104
Bobpazkenns #4 7.491 0.091222 0.24199
3o0paxkeHHst #5 6.6837 0.050447 —0.010282
Sobpaxkenust #6 3.9845 0.022352 —0.015933
Tabaruus 19.
3ropTka 3 sypoM chOopMOBAHUM 3 Bar Heifpona #1024 mepiroro npuxoBaHOTO IIapy
PSNR SSIM Kopensris
Bob6paxkennst #1 9.8989 0.21524 0.80256
So0paxkenust #2 9.5571 0.17998 0.70795
Sobpaxkenust #3 7.0918 0.14029 0.53676
Sobpaxkenns: #4 9.9547 0.24695 0.80882
Sobpazkennsi #5 9.7059 0.20776 0.73009
Bob6pazkenns #6 7.4643 0.12938 0.54255

3i snagenr PSNR Tta SSIM [14] (rabmaumi 15-19) BuaHO, 1O siipa 3rOPTOK HE
3abe3nedyoTh (biabTpalliio MmyMy Ha JocTaTHboMY piBHI (3HauenHst PSNR menre
20dB BBazka€eThCsI HU3HKIM ) 1 He HAGIMZKAIOTHCS 3a SIKICTIO (bLIBTPAITT 10 2KOJTHOTO 3
HaBeJIeHNX MeTO/IiB. Y OLIbIIOCTI BUIIAIKIB 30epirca cepejiHiil piBeHb KOPEIAIil MixK
PE3yJIbTATOM 3rOPTKU Ta iJleaJbHUM 300parKeHHsIM, 0 CBLIYUTH PO 30eperKeHHs
[IEBHOI'O PiBHA IOIIOHOCTI MiXK HUMH.

3. BucHoBku. VY pob6ori OyJio TPOBEJIEHO JTOC/IIJIZKEHHSA BariB KOMILICKCHO3HA-
qHol Heiipomepexi MLMVN y niporeci HaBuanHug 3 MeTOIO (hibTpaliil 300paKeHb, Ha
AKAX NPUCYTHIN ajuTuBHuii ['ayciBebKuil mymM Ta MyJIbTUILIIKATUBHUN CIEKJT Iy M.
3pobJieHo aHaJ i3 OKpeMUX Heifpoe/ieMeHTIB Ha pidHuX eroxax HaBuaHHd. [Iposesaeni
JIOCJTIJIZKEHHS JIO3BOJISIOTH 3POOMTH BUCHOBOK, IO fjpa 3rOPTOK YTBOPEHHUX 3 Bar
OKPEMUX HeWpPOEeJIEMEHTIB He JIO3BOJIIOTH chopmyBaTu eeKTUBHI (DIIbTPU y TPO-
cTOpOBiit obJracti 1 He € OJU3BKUME 10 BimoMux meTojiB dinbrpariii. [Ipore Barm
HEUPOHIB aKyMyJ/IIOI0TH iH(OPMAII0 OTPUMAHY B IIPOIECi HABYAHHS, IO JO3BOJIAE
HelipoMepeki 3/ificHIOBATH peasibHy YCIIIIHY (biIbTpalliio mymy Ha 1uMPOBUX 30-
OpasKeHHHX.
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IMITAIIIMHE MO/JEJIFOBAHHS SIR MOJEJIEM METO0M
KJIITUHHNX ABTOMATIB

g yzarasnbaenol emigemiosoriunol SIR mozesi MeTooM KIliTHHHIX aBTOMATIB BUBYAE-
ThC JUHAMIKa ITOIIMPEeHHs 1H(QEKIIITHIX 3aXBOPIOBaHb. 3aIIPOIIOHOBaHa METOIUKA CTBODE-
HHS JJUHAMIYHOTO CePeIOBUINA B3a€MO/IIT areHTiB, Jie MOXKHA BCTAHOBJIIOBATU Ta KOPUT'YBaTH
mapamerpu mojeni. [IpoBeieHo MojeTFOBaHHS Psijly CTpaTeriii Ta 0bMeKeHb Ha apaMeTpu
mopeti. OTpuMani pe3ysibTaTi MOJIETIOBAHHS Ta BPaXyBaHHsI BIIPOBAJZKEHHSI COIIAJIbHOTO
JUCTAHIIIOBAHHS JO3BOJIAE aHAJII3YBATH Pi3HI cXeMr 0OMeKyBaJbHUX 3aXOJIiB Ta OIIHUTH
IX JTOIJIbHICTD.

Kuroyosi caosa: SIR, kiituraHI aBTOMaTH, iMiTaIliiiHe MOIETIOBAHHS, HABYAHHS 3 TiIKPi-
IUTeHHsIM, coriasibHe nucrantioBanas, COVID-19.

1. Beryn. Ilomupenns indeKIITHUX 3aXBOPIOBAHD SIBJISE COOOIO CKJIA/THE SIBUIIIE 3
BEJINKOIO KLIBKICTIO HenepebadyBanux akTopiB. CTBOpeHHs iMiTAIliiiHUX MO/IeIei
romupeHHs iHeKIiil € BaKJINBUM eJIeMEeHTOM JIJIsT JOC/IIZKEeHHSI CKJIa/HOI JTUHAMI-
KI 3aXBOPIOBaHHA. HaimomupeHimmmm Mo/Ie/IsiMi PO3IOBCIOPKEHH 1HMEKITIHHIX
saxBopioBaib € SIR-mozenn (Susceptible-Infected-Recovered) ta Gararouncesbhi 1i
y3arajibHeHHs, sKi JIUIATH MOMYJISII0 HA TPU Pi3HI IPYIH: 370POBI 0COOMHU, 10 MO-
KyTh miaxornuty iHdekio (S); 3apaxeHi, ocobunn, Mo mnepenocaTh xBopody (1), i
Ti, XTO Ofy?KaB 1 IepecTaB po3MOBCIOKyBaTH XBopody (R) [1-2].

B ocnoBi nux mojeneit € cucrema audepeHIITHNX PIBHAHD, sKa OIHCY€E IMTOBe-
JIHKY JUHAMIKKM 3aXBOPIOBAHHS Ha MaKpOPiBHI 30epiraroun BUCOKHIT piBeHb abCcTpa-
ryBaHHd Bij peasbHocTi. [Ipn nmpoMy He BpaxoByIOThC iHIMBITya/bHI BJIACTHBOCTI
00’€KTIB, OCKIJIbKH TIPOTIEC TOMMPEHH 1HMEKIIIT TUCKPETHUN Ta HEMOXK/TUBO IT€PE/I-
OaINTH HACIJIKY, 9Ki aKTHBHO BIPOBAZKYIOTHCS.

[Me oxmu 1miaxi JiId MOJETIOBAHHSA MPOIIECIB Yy eIrijieMioJiorii - € imitariiiine Mo-
JIeJTIOBaHHS 13 JIONMOMOTOI0 MYJIBTHAreHTHOTO MeTo/y. BiH mae 3Mory, 3a/1aBIu moda-
TKOBI IMapaMerpaMu Jijist KOKHOI'O TUILy 00’€KTIiB i cucreMy MpaBmjl IXHBOT B3a€MOJIiT
BU3HAYUTHU JUHAMIYHI 3aKOHOMIPHOCTI PO3BUTKY iH(MEKIIT i HailBayK/IMBIII BJIACTH-
BOCTI areHTiB, AKi CIPUAIOTH 3MiHI TeMITB nomupennasd. [lepeBaroo JaHoro Imiaxomy
€ Te, IO BPaXOBYIOTbCS 1HJIMBI/yaJIbHI BJIACTHBOCTI KOXKHOI'O 00 €KTY CKJIQTHOI CH-
cremu [3]|. BacrocyBaHHSI areHTHOIO MOJIEJIOBaHHS 3abe31e4ye MOXKJ/IMBICTH eKCIie-
PUMEHTYBaTHU 3 llapaMeTpaM# MOJeJl Ta OTpUMaTH PI3HI crieHapil pO3BUTKY O,
posImMpIoYn Hare 6adeHHs PO Te, IO MOKe BiIOyTHCs B MailbyTHROMY [4-5.
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2. Oraan npanb. MogemoBaHHs emigeMil 3a3BU4Yail BUKOHYETbCS 38 JIOIIOMO-
OO0 KOMIIAPTMEHTHIAX MOJIENIEl, IKi 9acTo Ha3suBaoTh SIR Momenrsvu, posnodasiocs
3 pobir A. I. Makkenpika ta B. O. Kepmaka [1-2|. [Topasbimi gocitiazkeHnst Kijib-
KOCTi areHTiB y KOHKpeTHi#l (bpakIiil Ta MIBUJIKOCTI IX 3MIHE PO3IVISHYTO B poboTax
[5-6].

Y poborax |[7-9] 6ys10 3aificaeno moemoBanHs SIR Momeseit 3a 10moMoroo Kiti-
TUHHUX aBTOMATIB jie OyJI0 PO3IVIAHYTO YaCTUHY KapAHTUHHUX OOMEXKEHb, OJIHaK He
JOCJIIPKEHO TTOBHIHM KOMILJIEKC 3aX0/IiB Ta He MPOoaHaJi30BaHO IX B3aE€MOJIIO.

VY nepiriit 9acTuHi JJaHOT pOOOTH MU IIPOIIOHYEMO CIIOCIO MOJIe/TFOBAHHSI KOPOHABI-
pycHOI iH(deKIIiT MEeTOIOM KJIITUHHAX aBTOMATIB, B SKOMY PeaJsii30BaHO Pi3HI PeKUMU
1 iJIXO/TM PO3IIOBCIOJIZKEHHSI 3aXBOPIOBaHHS Ta 3/[ifICHEHO aHaJIi3 1 OpiBHAHHA ede-
KTUBHOCTI 3aIIPOBaIZKEHNX oOMeKeHb. /Ipyra dacTuna poOOTH MpUCBIYeHa aHATI3Y
e(eKTUBHOCTI BIPOBA?KEHHsI COINAJIbHOTO JIMCTAHIIIIOBAaHHA Ha OCHOBI TE€XHOJIOTil
HaB4yaHHdg 3 migKpimiennsaM Reinforcement learning.

3. Imitamniitne mopenroBanHsa SIR mozeseii. V maitnpoctimux SIR mome-
JIAX 3JIICHIOIOTHCS 6a30B1 PUITYIIIEHHS, HAIIPUKJIA/I, 110 KOYKEH Ma€ OHAKOBI IITAHCH
ITIJIXOTUTH BipyC BiJI iH(MIKOBAHOI JIIOJUHU, OCKIJIBKH TOMYJIsAIiA i/IeaJIbHO 1 PIBHO-
MipHO 3MillTaHa, i Mo BCi JIIOJIM 3 XBOPOOOIO OTHAKOBO 3apa3Hi, IIOKU He IIOMPYTh abo
He OJIy»KaloTh. BLIbIT pocyHyTI MOjei, siKi poOIaTh KiJIBKICHI IPOrHO3H, HEOOXi-
JTHI 111, 9aC HOBOI MaHJIeMil, TTOISAIOTE JII0JIell Ha MEHIII I'PYIN — 3a& BIKOM, CTaTTIO
TOIIIO.

OcobuBuii iHTEpeC CTAHOBJISATH KJIITUHHI aBTOMATH, IO MOJIETIOITh PyX 1H/IH-
BifiB. KimituaHl aBrOMaTin MOXKYTb IOJIOJIATA HEJIOIKH IiJIX0/Ly 3 BUKOPUCTAHHIM
JnudepeHIiagTbHIX PIBHAHD 1 POSIVIAIAIOTHCA AK e(eKTUBHUN aJbTePHATUBHUI Me-
TOJT, JJIsT MOJIEJTIOBAHHSI TIOIMUPEHHS eImijieMil.

VY knacuuniit SIR Mosiesti € Habip areHTiB, gKi pyXalThCs B HOIMYJIAIl. Y HaIii
CUMYJISAIT MU PO3IJISIAEMO HAOIP areHTiB, IKi pyXaloThCs Y MPOCTOPi, 1 TUM CaMUM
IMITYIOTB KUTTs B MicTi. KoKeH areHT Moke HaJIeKaTh JI0 OJIHI€] 3 TPhOX KaTeropiit
3aJIe2KHO BiJ| cBOTO crany: S (susceptible) — 370poBuii i cipuiingrauBuii 10 XBOpooH,
I (infected) — indikoBanmit, skuii Moxke 3apasurn inmunx, R (recovered) — Buiy-
»kaB abo He CHpUWHATIMBUN. ATEHTH HMOCTYIIOBO IEPEXOIATh MiXK IIUMHU CTAaHAME B
mporieci mogemoBanasa: S— [— R.

st MoneroBanHs HeoOXiHO iHimiamizyBarn napamerpu Mozesi [10]:

— 3arajibHa KUIbKiCTh areHTiB (N);

— BijcTanb npu fKiil € iiMoBipHicTh 3apasurtucs (d);
— TpUBAJICTh MOjieTOBaHHs (1);

— indikoBani arenTu Ha nepiiiit iteparii (n_inf);
— mo3wuriis aresra (z,y);

— mBHIKICTL arenTa (v) Ta BekTOp pyxy (k);

— pajiiyc 3apaxkenss (1);

— indikoBanicTs arenta (inf);

— BaKIMHOBaHAIls areHTa (vac);

— 90 HOCUTH areHT Macky (mask);

— YU areHT 3HAXOJIUThCS HA caMoizousdlis (isol).

Aximo HeindikoBaHUI areHT MOTPAILIAE Y PAJIiyc 3apazkeHHs iH(pIKOBaHOTO, Bijl-
GyBaeThbCs OIiHKA fiMOBIpHOCTI iH(biKyBaHHs. fIKIIO areHT CHpUiHATINBHN (CTAaTyC
S), TO 3 TEBHOK MOBIPHICTIO BiH MOXKe 3apasuTHCs Ta 3MIHUTH CBiii craryc Ha
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. 3nauenns fiMoBipHOCTI iH(MIKYBaHHS BU3HAYAECTHCA BUIAIKOBUM YUCJIOM 2 3 iH-
repsaiy [0, 1]. dxmo z < p, Ke p — AMOBIpHICTH 3apazKeHHsl, areHT 1HMIKYEThCs.
BaxxmmBo BpaxoByBaTH pisHi (paKTOpH, IO BILIUBAIOTH Ha WMOBIPHICTH iHOIKYyBa-
HH¢, HAIIPUKJIA/], HAABHICTb MACKM YU BAKIIMHU y areHTa. HasgBHICTD MAacKm MOKe
3HAYHO 3HU3UTH HMOBIPHICTH 3aparkKeHHs, OCKIJIbKI BOHA OOMEXKY€ Iepeiady Bipycy
Bijl iH(IKOBAHOIO JI0 CHPUIHSATIMBOIO areHTa. BakimHallig TakoxK BiJlirpae meBHY
POJIb, OCKLIIbKM BaKIMHOBAHI areHTU MAIOTh 3HUKEHUN PU3UK 3aparKeHHd abo MO-
JKyTh MaTu Jiermuii mepebir xsopodbu. Taxi jgeTasti J03BOISIOTH BpaxXyBaTh CKIaHY
JIMHAMIKY TIOMAPEHHS BIpycCy 1 JIONOMAaraloTh MOJEIIOBATHA peaJsibHl ClleHapil errijie-
Mil.

[Ticas 3aBepiennst dacy iHbIiKyBaHHs areHT abo OIyKye (CTaTyc 3MiHIOETHCS
Ha R), abo momwmpae. PimenHst mpo Te, UM areHT moMHpae, 3aJ€XKUTh BiJl PiBHS
JeTaabHOCTI D: TeHepyeThes BUMAIKOBe YuCIo 3 iHrepBasy [0, 1], 1 sKimo 1e gucsio
Oinbie 3a [, areHT BUXKHBA€E 1 MEPEXOIUTh J0 cTaTycy R, iHakIe BiH IOMUpae i
BUJIAJISETHCS 3 MIPOIECY MO/JIE/TIOBAHHS.

Cumyidiis TpuBa€ JI0 MOMEHTY, IMOKHU BCi iH(pIKOBaHI areHTH He BUJIIKYIOThCH
abo He TIOMPYTh.

MogesroBaHHSI 00Me>KyBaJIbHUX 3aXO0/IiB.

I3oma411is1: CTBOPIOIOTHCH YMOBH, 3& SIKUX XBOPHUI areHT He MOYKe 3apa3uTh iH-
mux. [le Mmoxkua peasizyBaru abo 1epes JI0JaTKOBUI CTaTyC 3 IEPEBIPKOIO HA KOYKHO-
My Kpotii iTepariii, abo IIsIXOM CTBOPEHHsI OKpeMol 30Hu (i30J1s1TOp abo jroMarHiit
KapaHTHH), JIe 3HAXOJAThCs 1H(MIKOBaHI areHTH 1 B3aEMOIIOTEL JIKIEe MiXK C06OIO.
[Ticst ojtyKaHHS areHT MOBEPTAETHCA JI0 OCHOBHOI 00/1aCTi MOJICTIOBAHHA. Y peasib-
HOMY KHTT1 BUSBUTHU Ta 130JII0BATH BCiX 1H(MIKOBAHUX CKJIAIHO Yepe3 IHKYyOAIiitHuii
1epioJ1 Ta MOXKJIMBICTh OE3CUMIITOMHOTO TIepediry XBOpoOu.

MackoBuili peXKuM: 3MEHITYEThCs PU3UK 3apazKeHHsd, OOMEXKYIOUn Iepeiady
Bipycy dYepe3 jJuxXajbHi NUIAXu ab0 KOHTAKT 3 3a0PY/IHEHUMU ITOBEPXHAMHU. Y MO-
JieJTIoBaHHI 11eil eheKT BPaxXOBYEThCA Yepe3 3HMXKEHHA HMOBIPHOCTI 3apasKeHHs Ha
KOHCTAHTY (Qask = 0.6. Takum duHOM, WMOBIpHICTH 3aparKeHHS MOJIMMIKYETHCs
HACTYIHUM YUHOM: 2 < PQuask, J€ 2 — BUIIAJKOBA BeJM4uHa 3 inTepsasy [0, 1].

Baxkiunariisi: He rapaHTyeThCsd IOBHOI'O YHUKHEHHS 3aparKeHHs, ajie 3HAYHO
BHUKYETHCA WOro WMOBIpHICTH. KpiM TOro, BakIMHOBaHI areHTH YacTillle MepeHo-
CATb 3aXBOPIOBaHHA y JIETKiil (popMi. ¥V MOesi 11e BpaXoBYEThCs Yepe3 3MEHITICHHS
PUBHUKY 3aparKeHHsT Ha KOHCTAHTY (Qyacination = 0.4. PIMOBipHiCTb 3apakKeHHd po3pa-
XOBYEThCs 9K: 2 < PQuacination, 1€ Z — BUIAJIKOBA BeJuduHa 3 inrepsasy [0, 1].

MogietoBatHs TpUBa€ 10 MOMEHTY, MOKM BCi iH(pDIKOBaHI areHTH He OJIyKalOTh.
[le mo3BOJIsie MOjIe/TIOBATU Pi3HI clieHapil 1 9ac ojHiel cumyssmil. s anamizy
CIIEHAPITB MOXKJIUBE 30€peyKeHHs CTaHy CUCTEMU B OYJIb-KHil MOMEHT 4acy, IO J0-
3BOJISIE€ TIPOJIOBXKUTU MOJIETIOBAHHSA 3 IbOT'O MOMEHTY JIJIsl PI3HAX YMOB.

Buxinni gani mMojesi BKIIOYAIOTh JWHAMIKY 3arajbHOl KiJTbKOCTI iH(pIKOBAHUX,
OJly?’KAHUX Ta [MOMEPJIMX areHTiB. 3alPOIIOHOBAHA MOJIE/Ib JI03BOJISIE JIEIKO PO3paxy-
BATH 11l MOKA3HUKHU IMLISTXOM I11JICyMOBYBaHHS CTaHIB areHTiB.

Ha Puc. 1 306pazkeni pi3Hi ciieHapil MOJIETIOBAHHSI.

MopesroBanas 1: Bpaxosano Jsmmiiie mackoBuii pexkuM. KinbKicTb iH]iKoBa-
HUX areHTiB IIBUJIKO 3POCTa€, CTBOPIOIOYN KPUTUYHE HABAHTAYKEHHS Ha MEJUYHY
cucteMy. [IiKk 3aXBOpPIOBAHOCTI € HAWBUIIIUM CEpeJT yCiX CIleHapilB, MO CBIIYUTH PO
HEJIOCTATHIO €(PEeKTUBHICTD MaCKOBOTO pexKUMY 0€3 JI0TaTKOBUX 3aX0/IiB.
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Covid-19 Simulation
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Puc. 1. /Iunamika KiJbKOCTI iH(IKOBAHIUX areHTIB IPU PISHUX CIIEHAPISX.

MogpnemoBaaHas 2: BpaxoBaHo Jiniiie BaKInHaIlifo. TakoxK CIIOCTEPIraeTbCsl BU-
cOoKmii 1K iH(IKyBaHHS, 110 IPU3BOAUTH JI0 3HAYHOI'O HABAHTAXKEHHSI Ha MEIUTHY
cucremy. Jluire BakmuHalig 0e3 iHIUX 0OMEXKEHb BUABJISETHCA HEeMDEKTHUBHOIO Y
3arobiraHti CTPIMKOMY 3POCTAHHIO KiJTbKOCTI XBOPHUX.

MopesmroBanHs 3: KoMmOiHalliss MacKoBOTO PEKUMY Ta BakKIMHAIl. Xoda IIiK
3aXBOPIOBAHOCTI 3aJIMIIAE€THCS BUCOKUM, CIIOCTEPIraeThbCs MIBUJIKUI CI1a/] KIJTbKOCT1
indikoBaHux 3aB/IAKN HAOYTTIO IMYHITETY Yepe3 BakiuHariio. lle jomomarae mocry-
ITOBO 3MEHINNTH HaBaHTAKEHHS Ha MEJIUYIHY CUCTEMY, ajle CUTYyallis BCe Ie 3aJIUIIa-
€TbCsI KPUTUIHOIO.

MopesoBanHas 4: CamoizoJsilisi y pasi xBopobu Ta MackoBuit pexkum. ITik
3aXBOPIOBAHOCTI CTAa€ MEHIINM, 8 PO3BUTOK XBOPOOHU IPOXOIUTH OLIBII IJIaBHO. 3a-
ITPOBAPKEHHS CaMOI30JI4IT1 3HAYHO 3MEHIIye HaBaHTAaXKEHHS HA MEJIUIHY CHUCTEMY
Ta JI03BOJISI€ YHUKHYTH KPUTUIHUX CUTYAIlll 3 TTEPEIOBHEHHAM JIiIKapEHb.

MopemtoBanHa 5: Camoizossilisa Ta BakmuHalisg. [[ik 3aXBopoBaHOCTI 3HAYHO
BHUZKYETHCA TOPIBHAHO 3 IOMEPEHIMI CIICHAPIAMEI, PO3BUTOK XBOPOOH ITPOXOIUTH
OibI1 KOHTPOJIboBaHO. Ll KoMOiHAIlST 3aX0/1iB JI03BOJISIE YHUKHYTH II€PEIIOBHEHHS
MEJIMYHOI CUCTEMU Ta € OLIBIT e(DEeKTUBHOIO JIId CTPUMYBAHHS €ITiIeMil.

MopesmoBanusi 6 (ocHoBHe): BpaxoBaHo Bci 06Mexkyrodl hakTopu — MacKo-
BUIl peXKMM, CaMOI30JIAIII0, BaKIIMHAINIO Ta mepio oxyxKanasg. CreHapiit mokasye
HalKpallll pe3y/JbTaTh 3 HalMEeHITUM IIKOM 3aXBOPIOBAHOCTI Ta IIJIABHUM PO3BU-
TKOM XxBopobu. Ilik emizemii 3mimryerbes B daci, 10 A03BOJIAE MEIUUHINA cHCTEMI
Kpalle miaroryBaTucd Ta epeKTUBHO pearyBaTh Ha 3pOCTAHHSA KIJTbKOCTI BUIAJIKIB.
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Komriekcne 3ampoBa/izKeHHsI BCIX 3aX0/IiB € HAWOLIBIIT €(peKTUBHUM Y CTPUMYBAHHI
TMaHIeMil.

Pesynbratnn MojesioBaHHsS MOKA3yIOTh, MO HAKpaIuil pe3yJbTaT JOCATAETHCS
3a YMOBHU 3aCTOCYBaHHS KOMOIHAIIT MACKOBOT'O PEXKUMY, BAKITMHAIIT Ta CAMOI30IIIT
(MogemoBanns 6). Le 103BoJIsI€ PO3TATHYTH emiieMiYHUIN TIPOIEC Y 9Yaci, YHUKHY-
TH KPUTUYHOI'O HABAHTAYKEHHS Ha MEJIMYHY CUCTEMY Ta 3a0e3rneunTi eDeKTHBHE
CTPUMYyBaHHS HaHIeMil.

Covid-19 Simulation
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Puc. 2. Pi3ni cumynsamil KTbKOCTI 1H(IKOBAHUX areHTiB OCHOBOI MOJIEII.

Ha puc. 2 nmokazano 1’saTh pisHUX CUMYJIATIHl OCHOBHOI MOJIEJI /I JIEMOHCTPAITIT
i1 crifikocTi. Mu ieMoHCTPY€EMO, 110 ToTepe iHi rpadikKu He € BUITaIKOBUMHU, a Pi3Hi
CUMYJIAI] Ha 9aCOBOMY IPOMIKKY MalOTh CXOXK1 Pe3yJIbTaTH.

Ha oci x 300paxkeHni iTepariil mozesti, a Ha oci y — KiJAbKicTb iH(MIKOBAHIX areH-
TiB. 3 Puc. 2 BuaHO, 110 OCHOBHIN MOIEl BIAIOCS 3HU3UTH INK 3aXBOPIOBAHOCTI.
[Tontepeini cumyaril masn mik i3 80-100 indikoBanuMu Ha OJIHIN iTEparlil, TOJIi IK
OCHOBHa MOJIEJIb ITPOJIeMOHCTpyBaja MakcumyM 67 iHdikoBannx. CepeiHe 3HATEHHST
BCIX CHUMYJIIiil ckiano 62 ocobu sk MK Ha iTepamisx. B ymMoBax nepeBaHTayKeHHS
MEJIMYHOI CUCTEMU TI€ € 3HAYHUM JIOCATHEHHAM. 1aKOYXK CIIOCTEPIra€ThCsl MOKpAaIlle-
HH{ B 9aCOBOMY aCIE€KTi — PO3BUTOK XBOPOOU ITPOXOJIUTH IIJIABHIINIE Ta IMOBLIbHIIIIE
mopiBHsIHO 3 iHMUME cuMmyJsiiismu. CepeiHs KiTbKICTh iTeparlliil ycix OCHOBHUX CH-
MyJIAIH craHoBmIa 36, MO CBITYUTH PO €PeKTUBHICTH ITapaMeTpiB OCHOBHOT MOJIe-
JIi.

Anani3 miKoBUX 3HAYEHb NMOMIMPEHHs iH@eKIil. VY nporeci Moje/IoBaHHs
JIMHAMIKY eI1ijieMil OyJ10 TpoaHa/i30BaHO IMIKOBI 3HAYEHHS MOMTUPEHHs iHMeKIIil Ta
ocobyimBoCTI quHAMIKE iH(MDeKIitHnX xBrib. OIiHKa TPOBEIeHa 38 TAKUME KPUTEPi-
dMU: MaKCUMaJIbHE Ta MiHIMa/IbHe 3HAUEeHHS ITKY, CepeIHE 3HAYeHHd Ky, a TaKOXK
iTepariil, Ha FKUX CIIOCTepiraancsa MaKCUMaJIbHI 3HAYeHHs. BiIxXnients pe3y/1bTaTiB
HABOJUTHCS Y BIJICOTKAX, MO J&€ 3MOT'Y OIIHUTHA BapiaTUBHICTH MOJIEJ IPUA PI3HUX
rapaMeTpax.
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MaxkcumasbHe 3Ha4YeHHs HiKy (B ocobax): JlociizKenHs ToKas3aJio, mo Haii-
OibIa KiJIbKICTH iH(pIKOBaHUX 0Ci0 y MKOBUI MOMEHT CKJjaJia 67 42 3 BiIXuIeHHIM
+2.98%. 1le snauenns BiANOBigae HAROLILIIIH KIILKOCTI iH(pIKOBAHUX Ha eTalll po3-
TOPTaHHS erijieMil.

MinimasibHe 3HavYeHHs MKy (B ocobax): Haiimenme 3Hatuenus MKy CKJajio
59 42, mo Binnosinae Bigxmrennio +3.38%. Ile cBigunTh 1po MiHIMAIBLHY KIIBKICTD
indikoBanux ocid mij1 Yac MKOBOTO HABAHTAXKEHHS CUCTEMHU.

Cepene 3naveHHs miky (B ocobax): CepejiHe 3HAUEHHS TIKY 3a TEPIOT MO-
JeTIoBaHHA CKy1as0 62.4 4+ 6, npu npomy Biaxmiaenns cranosuio +9.61%. Ile skasye
Ha CTabIIbHICTD MOJEJI B KOHTEKCTI CepeaHiX 3HaYeHb IIKOBOI'O HABAHTAYKEHHS.

MaxkcumasibHa iTepailig 3 HalibiabIuM 3HaUYeHHAM: Makcumyw™m indikoBa-
Hux ocib crocrepirases na irepanii 16+ 1, 3 Bigxunennam £6.25%. Le nae ysasiaenms
PO vac, KOJIU eMijieMis JTocATae CBOTO IKY.

MinimaJjibHa iTepailisg 3 MaKCUMaJIbHUM 3HadeHHAM: [lepmmii mik indiko-
BaHUX 0ocib criocrepirapest Ha ireparil 13 + 1, 3 Bijaxunennsm +7,69%. Ile Bkasye Ha
MMOYATKOBY (ha3y pO3ropTaHHd ermijgeMil.

CepenHsi iTeparlis 3 mMmakcuMaJibHUM 3HadeHHsiMm: CepejHs iTepariis, Ha
dKifl crocTepirajgocs MaKCUMaJibHe 3Ha9eHHsd, CTaHOBUTH 13.6 £ 5, 3 BiaxmiaeHHAM
+29.4%. Ile cBiguuTh PO TE, MO MIKOBI 3HAYEHHS MOXKYTh BUHUKATH B PI3HHI dac
B 3aJIE2KHOCTI BiJI ITapaMeTpiB MOJEI.

4. Jlocai/izKeHHsI COIiaJIbHOT'O JIMCTAHIIIIOBAHHS 3a JOIIOMOT'0OI0 HaBYaH-
HA 3 NiAKpinsieHHaM. Mojie/ToBaHHs MOMUPEHHs BIPyCy 3a JIOMOMOTOI0 HABYAHHS
3 migrpimtenaam (RL) e ckiaanm 3aBraHHsM 4epe3 BeIUKY KiTbKICTh HeBU3HATe-
Hocrelt 1 HectabiabHOCTEH [11].

OCHOBHI KPOKH JIJIsi MOJIETIOBAHHSI MIOIMUPEHHsT Bipycy 3a monomoroio RL [12]:

1. BusnaveHHsI JUHAMiYHOTO cepeIOBHUMIA: HEOOXiTHO CTBOPUTHU CEPEIOBU-
e, y sKOMYy areHTH Oy/IyTh B3aeMOIisITH MixK coboro. Ile moxke OyTu mepeka
3B’A3KIB MixXK JIIOJIbMI a00 reorpadivia KapTa 3 BUZHAYEHUMU MICISIMU 3yCTpi-
qei.

2. BusHadeHHsI areHTiB: areHTU MOXKYTb OyTH JIIOJbMHU 3 PI3HUMU XapaKTepu-
crukamu (BiK, cTaTh, CTaH 3710POB’sl TOIIIO);

3. BusnayeHHs mijieii areHTiB: MeTOI0 KOXKHOI'O areHTa MOxKe OyTu MiHimiza-
i pusuKy indikyBanag abo MakcuMizallisi KOPUCTI BijJ B3aeMOjil 3 iHIIUMU
areHTaMu;

4. BuzHayeHHsI BUHAropo/: HEOOXiIHO BU3HAYUTU BUHATOPOIU JIJIT KOXKHOTO
areHTa, 10 BiJIoOpazKaTUMyTh HAOJIMKEHHS JI0 JIOCATHEHHS IXHBOI MeTH. Buna-
ropojia MOXKe HapaXOBYBATHCS 3a KOYKHY B3a€MOJIIO 3 IHINMUM areHToM abo 3a
IEeBHUI 11epioJ1 Jacy.

CepenoBuiiie. [l gac MoeioBaHHs JUHAMIKH TOIYJISINIl B YMOBax HaHIEMil
MU BusHadaemo cran Hacejenus SIRD (cupuitasitiusi, indikoBani, oyzKasii, momep-
i) Ha nesHuil jierb. g iHdoOpMAaIlis PO cTaH € BaXKJ/IMBOIO sIK JIJIsl CUMYJISITIiT, TaKk
i ms cepemosuiia RL. Bona Bkitoyae gactku cupuiiHatanBux ocib (S), sarajbHy
kimpKicTs indikoBanux (I), omyzkamux (R) ta momepsnx (D) cepes yeboro nacesen-
He. [1i mapaMeTpn nepeialoTbes 10 JIOBUIBHOTO CUMYJIATOPA JMHAMIYHUX CUCTEM Y
cepenosuiiti WhyNot, sike masi inrerpye ioro B cepemnonuiiie Gym st RL:

— Jlunamiuna cucrema (simulate fn);
— Kondiryparis (config);
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— IlouarkoBuii cran /s 3amycky cumysstopa (initial state);

— Busnauenwuii nipoctip it jist yans (action space);

— Busnauenwuii mpoctip criocreperkennsi (observation space);

— TleperBopenHsi YUCIOBUX Jiil y BTpydYaHHs cumyJigropa (intervention fn);
— Busnauena dyukiist Bunaropoau (reward fn).

CuMyJisIiss MOYMHAETHCS 3 TOYATKOBOIO CTaHy 1 3MIHIOE CTaH 3a JIOIMOMOIOIO

napaMeTpiB (p), B3ATUX 3 KOHMIrypaIiiiHoro KOpTexy:

— start _time — 1Mo4aToOK CUMYJISIIT;

— end time — kinenp cumysamii (KiIbKicTh iTepariiit);

— delta t — gacToTa nepepaxyHKy HapaMmeTpiB CUMYJ/ISATOPA;

— sigma — HMOBIPHICTD ITePEXO/Ly BiJI CHPUIHATIUBUX JI0 1H(PIKOBAHUX;

— mu_ i — HMOBIpHICTD Iepexojy BiJl iH(IKOBAHUX IO OJTYKAJIUX;
tau 1 — iiMOBipHICTH TIepexo Ty Bij iH(IKOBAHUX JI0 CMEPTI.
[Iporec mosemoBanus nanaemii 3 Bukopuctanusam mozesai SIRD Briouae B3ae-
Moo areaTa RL i3 cTumyssiiero i1 onTuMizaliii MOJITHKU COIiaJIbHOTO JTUCTaH-
niroBanHd. Ha nodarky emizoy cumyndrii cepeqosuiie RL inHiniasizyeTbes po3mo-
JILJIOM HaceJIeHHs 3a CTaHOM 3JI0POB’d, MO 3abe3Iedye MOYaTKOBUI KOHTEKCT JIJIs
npuitaaTTsa pimenb arentroM RL. AreHT, Kepyrodnch CBOEIO MOJIITHKOIO, OIIHIOE TI0-
TOYHMI CTaH 1 BU3HAYA€ PiBEHb COIIAJIBLHOTO JIUCTAHIIIIOBAHHS, SKI ITIPeCTaBIeHU
quckperaumu ismu Big 0% o 100%. O6pana jiist Kopurye rnapamMerpu, Taki gk pi-
BeHb nepegadi B mojesni SIRD, i cumyssmiss mpogoBKYETbCsT HA TEBHY KiJIbKIiCTh
JIHIB JIj1 MojiesToBanHs edekTy Brpydanss. [licisa 3acrocyBanns jii mogens SIRD
OHOBJIIOE CTaH 3/I0POB’¢l MOMYJISAIil, BDAXOBYIOUN JMHAMIKY 3aXBOPIOBAHHS Ta BILIIB
3aXOJiB COIaJILHOrO AucTaHmioBadis. [lic/is mporo 009ncII0eThCs BUHANOPOIa, AKa,
oliHI0€ ePeKTUBHICTH BTPYUYAHHS 3 YpaxXyBaHHIM BIUIUBY HA 370pOB’s (HAIPUKIIAL,
SHUKCHHSI CMEPTHOCTI Ta KITbKOCTI iH(MEeKIIit).

Dysknisgs BuHaropoau. OyHKIlig BUHATOPOIN € BaXKJIUBOIO JIJIsI CIIPAMYBaHHSA
MIOBEJIIHKY areHTa, HaJal0ul 3BOPOTHUN 3B’S30K PO Te, UM € 3MIHU CTaHy MO3UTUB-
HUMU ab0 HEraTUBHUMU. Y HAIOMY JIOC/I/IzKEeHHI (DYHKIIisT BUHATOPO/IU ITIOKA3YE JIil,
[0 TPU3BOJIATE JI0 TO3UTUBHUX PE3YJIBTATIB, TAKMX K 3MEHINEeHHS KLIHKOCTI iH)i-
KOBaHUX 0Ci0, 1 Kapae 3a Jil, 110 HOripIIyI0Th CUTyaIliio. BpaxoBytoun sK MO3UTHUBHI,
Tak 1 HeraTUBHI HACJIJIKK Jiil, (DyHKIls BUHAropoau jJonomarae areuty RL obupartn
i, 1o MiHiMiZytoTh 3aragpauit Biine COVID-19.

QyHKIA BUHATOPOIN POPMYJTIOETHCA HACTYITHUM YUHOM:

R(t) = 100S(t) — 1001 () — 1000D (%),

Jie:
(t) — BuHArOpPOIA B MOMEHT Yacy t;

\
o=y

(t) — KiaBbKiCTh CHPUAHATINBUX OCIO B MOMEHT 4acy t;
— I(t) — xinbkicTs indikoBanux ocidb B MOMEHT 4acy t;
— D(t) — kinpKicTh cMepTeil B MOMEHT 4acy t.
s dbyHKIiss BUHANOPOIU CTUMYJIIOE MOJITHKY, AKa €(PEKTHUBHO 3MEHIIYE KiJib-
KicThb iHQIKOBAHUX 1 TTOMEPJINX.
Y aHoMy TiJIX0/1 MU PO3TJIAHY/INA Pi3HI MOJITUKH JIIs KPUBUX 3aXBOPIOBAHOCTI,
o0 OMiHUTH TXHIO e(DEKTUBHICTH T BUSABUTH YMOBHU, 3a AKUX (PAKTOP JUCTAHIIIIO-
BaHHS JIa€ HalOLIbIy BuHaropojy Puc. 3.
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Puc. 3. I'padiku i3 pizuumu cranamu i pesysibraraMu (DYHKIT BHHATOPOJIH.

Haiikpammuit Bapiant — 100% comjanbhe qucranniioBanis, mo 3abesnedye Biacy-
THICTB 1H(MDIKOBAHUX, ajle € HepeaiICTUIHUM depe3 eKOHOMIUHI HaC/Ii K. SHIKEHHSI
nucrannioBanns 10 50% 36epirae BUCOKY e(pEeKTUBHICTD, 3MEHIIYIOYM KiJIbKICTD iH-
dikoBaHUX 1 MATPUMYIOUN EKOHOMIUHY CTaOLIBHICTD.

[Tomipui obmexenns (30-40%) BusiBusmcs: Ha#bLIbIN 36AIAHCOBAHIME, OCKiIb-
KI BOHU JIO3BOJIIIOTH 3HU3UTU KiJIbKICTD iH(MIKOBAHUX 0€3 3HATHOI'O BILIMBY Ha €KO-
HOMIKY Ta crocid )kuttd. Takuil miaxin 3ade3nedye OajgaHc MixK 3alpOBaKECHHIM
0OMeXKeHb 1 KOHTPOJIEM HaJ[ 3POCTaHHSIM 3aXBOPIOBAHOCTI.

Bincyrnicts corjanbroro gucranmiosanisg (0%), To6To BijcyTHICTH Oyib-sIKUX
0oOMezKeHb, € HAUTIpIIUM BapiaHTOM 3 HAWBUIIUM IIKOM iH(IKYyBaHHS Ta MiHIMaJIb-
HOIO BUHAropo/Ior0.

5. BucHOBKU Ta NepCHEeKTHUBU NOAAJIBININX JOCJiIXKEHb. Y IbOMY JI0-
CJIJIZKEHHI PO3IVIAHYTO JIBa IIJIXOIU JIO MOJIe/IIoBaHHs momupenas iHdexriit: SIR
MOJIe/Ti Ta HaBYaHHS 3 migkpimaeHuasM. SIR Momeri € KopucHEMEI JjIsT 3araJibHOTO
aHaJII3y JUHAMIKU 3aXBOPIOBAHOCTI Ta BPAaXOBYIOTH KJIFOUOBI OCOOJIMBOCTI B3AEMOIIT
Mi2K I'pylaMu HACeJIEHH, IO JIO3BOJIIE OIMIHUTU e(PEeKTUBHICTb PI3HUX 3aXO/IiB HAa
MaKpOPIBHI.

MonemoBannga 3 RL Hajae MOXKIMBICTH aJallTUBHOIO pPearyBaHHd Ha 3MIHU B
ermijieMil, 10 JT03BOJISIE areHTaM HaBYATHUCS Ta MPUHMATH PIIIEHHS, CIPIMOBaHI Ha
3MEHIIIEHHS TOMUPEeHHs iHMEKIIil. 3alpoIroHOBaHa MOJIEIb BKJIFOYAE aCIeKTH COIli-
aJbHOI JIMHAMIKN 4Yepe3 MPOCTi MpaBujia, 3aCHOBaHI HAa CTATUCTUYHUX MPUHIIAIIAX.
Haiikpami pesyabraTn mocsarayro npu 30-40% comiaJbHOro JUCTAHIIIOBAHHS, IO
3abe3nevye OalaHC MiK KOHTPOJIEM eIrijieMil Ta eKOHOMITHOIO cTabiIbHICTIO.

KowmbGinaris SIR mogmesneit 3 RL mijgxomom 3abe3mnedye KOMILIEKCHUN TIiIxiT J10
MOJIe/TIOBaHHS eIiIeMiii, 1o 103B0JIst€ e(beKTUBHIIIE IIAHYBATH 3aX011 OOPOTHOU 3
IHMEKIITHIMEI 3aXBOPIOBAHHIMU.
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AHAJII3 METO/IIB ABTEHTU®IKAIIII ITN®POBUX OB’€EKTIB

Y crarTi po3ragHyTO MpodieMy aBTeHTudIKaIil mudpoBUX 00’€KTIB, MO MA€ BaKJIM-
Be 3HAUYEHHS JJIsi 0AraThOX Cy4YaCHUX TEXHOJIOTIH 1 JIOC/IZKeHb, 30KpeMa pPO3IMi3HABAHHS
0bpa3siB Ta 06pobku 300pazxkensb. OnucaHi BUKJINKY, [TOB I3aHi 3 aHAII30M 1 KIacudiKaIieo
300parkeHb B YMOBaX 3POCTAIOUNX 0OCATIB MNP POBUX JAHUX, & TAKOXK MOTpeda y CTBOPEHHI
eeKTUBHUX METO/IiB, 3/[@THUX IIPAIIOBATU B PEATHLHOMY daci.

CydacHi TexHOJIOrIl, Taki sIK IJIMOOKe HABYAHHS Ta HEHPOHHI Mepexki, BIIKPUJIU HOBI
MOXKJIMBOCT1 y BUPIIIIEHH] ITUX 3aB/IaHb, 3a0€31e9yI0U BUCOKY TOYHICTD i IPOIyKTUBHICTD.
IIpore 3ajmimaroTbCst HEBUPIMIEHUME TPOOJIEMH, TIOB sI3aH1 3 06pOOKOI0 300pakeHb 3a Mo~
TAHOTO OCBITJIEHHS, PI3HOMAHITHICTIO 00’€KTIB, TOTPEOOIO V¥ BEJIMKNX HABYAJIHHUX BHOIPKAX
1 BUCOKOIO O0YHC/IIOBAJILHOIO CKJIAIHICTIO.

IIpoananizoBano cydacHi MeTOIU PO3ITi3HaBAHH 00N, BKIIOYHO 3 TaKnMu, K DeepFace,
DeeplD, FaceNet, VGG Face, Ta OpenFace. ¥ cTarTi HaBeIeHO HOPIBHAJILHUNE aHAJII3 TIXHBOT
TOYHOCTi, 0cODIMBOCTE 1 BUMOT 710 00uucToBaabHuX pecypciB. OcoOIuBy yBary mpuiaiIeHo
BUKOPHUCTAHHIO IJTHOOKWX 3rOPTKOBUX HEHPOHHUX MEPEXK Yy MOEIHAHHI 31 creriaaizoBanuMu
GYHKIIIIME BTPAT, MO 3a0e3MeTyI0Th BUCOKY TOYHICTH PO3MTI3HABAHHSI.

3amponoHoBaHi HAIPSIMU MOXKYTb 3HAYHO PO3MIMPUTH MOXKJIMBOCTI 3aCTOCYBAHHS IHX
TEXHOJIOTI Y IPUKJIQJIHUX 33a9aX.

Kurouosi ciaoBa: aBrentudikamis nudposux 00’eKTiB, po3mizHaBaHHsS 00pa3iB, riInboOKe
HaBYAHHSA, HEHPOHHI MepexKi, MeTOIN PO3Ii3HABAHHSA OOJIM.

1. Beryn. 3amaua aBrentudikariii mudpoBux 00’€KTiB € aKTyaJbHOI B 6araTbox
obJracTdX cydacHUX TEXHOJIOTIH Ta jloc/iizKenb. Hampukira i, posmisHaBanns oOpa3iB
Ta 00poOKa 300parkeHb € KPUTUIHUMU KOMIIOHEHTaMH JIJIsi PO3POOKHU CHUCTEM aBTO-
MaTUIHOIO KePyBaHHS, MEIMIHUX JIArHOCTHIHUX CHUCTEM, OE3IIEKOBUX CHCTEM Ta
OaraTpox IHIMX TPUKIAIHUX cdep. 30Kpema, 3ajatdi, MoB’sa3ani 3 K/iacudikalieo
Ta aHaJji30M 300pakeHb y PI3HUX YMOBAX OCBITJICHHS Ta Ha Pi3HUX TUINAX 00’€KTIB,
YaCcTO BUHUKAIOTH HA MPAKTHIL Ta MOTPEOYIOTH e(DeKTUBHUX PillleHb.

3 KOXKHUM POKOM 00CAru MUMPOBUX JAHUX, BKIIOYAIOUN 300parKeHHs Ta Bijeo,
cTpiMKO 3pocTaioTh. Ile cTBOpIOE TTOTPedY B e(peKTUBHUX METOHaX aHaJIi3y Ta Kja-
cudikariii 300paxkeHb, gKi MOXKYTb IIPAIIOBATA B PEXKUMI PEAJTLHOIO Yacy Ta 00po-
O19TH BesTuKi o0csArn indopmarrii.

CydacHui TexHOJIOTIT, 30KpeMa TJInOOKe HaBYaHHs Ta HEHPOHHI MepexKi, BiIKpuim
HOB1 MOKJIMBOCTI JIjIsI BUpIIIeHHs 3a/a4 Kjacudikaliil 300paskedb. Bonn 103B0JIsI-
IOTD JIOCATTU BUCOKOI TOYHOCTI Ta e(DeKTUBHOCTI, ajie BOJHOYAC ITOTPEOYIOTH 101 1b-
IMAX JIOCTIPKEHD JIjIsi ONTUMI3aIll Ta a IallTallil 0 pi3HnX YMOB i BUMOT.
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HesBazkatoun Ha 3HaYHI JOCSATHEHHS, 3a/iadi Kiaacudikaliil 300pakeHb CTUKAIO-
ThCS 3 HU3KOIO BUKJIMKIB, TAKUX 9K 00pOoOKa 300pazkeHb B yMOBaX IIOMAHOI'O OCBITIIE-
HH#A, PI3HOMaHITHICTH 00’€KTiB, MOTpeda y BeJIUKNX HaBYAJIbHUX BUOIpKaX Ta BHCOKA
obuncioBaabia CKIaHicTh. [le podbuTh mocmimkenns B 1iit cdepi akTyaJbHUM Ta
HEeOOXiTHUM.

2. AnaJtiz ocraHHiX gociigxkenb i myoOuaikamiii. CyvacHi cucremu posiri-
3HaBaHHs Ta Kjacudikalil 300paKeHb BKJIIOYAIOTh MUPOKUI CIIEKTP METO/IIB 1 Te-
xHoJoTi#1. HaBesemMo KilbKa BayKJIMBUX HANPSAMKIB, /IS SIKUX TeCTyBaJacsd 3ajiada
posiizHaBanHst 06pa3iB (4u 1e ojHa if Ta cama JIIOJMHA YU Hi), a TAKOXK BIJINOBIIHI
mxepesna. Bukopucrannsa 3D mogemoBanns obsima ta DCNN g posmnizHaBanHst
obsima DeepFace. Lleit MmeTo mpojieMOHCTPYBAB JI00PY MPOJYKTUBHICTH HA BEJTUKUX
nabopax ganmnx, Takux sk LEW i 6yB nepiimMm, sikuii 3acTocyBaB IVIHOOKI 3rOPTKOBI
HEHpOHHI Mepexi Jyid posmisHaBaHHs obmd. OHAK, depe3 BeJIMKY O0UNCTIOBA b
Ha CKJIQJIHICTDb, MOTpedye OaraTo pecypciB Jiid HaBYaHHs Ta pOOOTH 1 MOXKe OyTH
Gy TIIMBUM JIO 3MIH YMOB OCBITJIEHHS Ta MO3UIii obmaus [1].

Meron saxuit rpyaryerbes Ha 3acrocyBanai DCNN ta PCA mna knacudikaril
obyima DeeplD BijzHadqmBCd XOPOIIOIO TOYHICTIO 3aBJIAKKA apXiTEKTYPHUM Bapialli-
sM Ta onTUMizalil QpyHKIH BTpaT, BK/IOUaE B ceOe BUKOPUCTAHHS PI3HOMAHITHUX
BEKTOPIB O3HAK I MOKpalleHHs posmiznaBanig. OjHak 1e nmorpebye 6arato erta-
B HaJAIITyBaHHd Ta ONTHUMI3aIll, IPU I[bOMY TOYHICTH MOKE 3HUXKYBATHUChH IIPHU
nepekpuTTi 06simd ab0 IpH 3HATHUX 3MIHAX Y 30BHINTHOCTI [2].

Momudikaria DeeplD 3 kombinoBanumu dpyukiismu Brpat DeeplD2 3abe3medn-
JIa, TIOJIIIIEHY TOYHICTD 3aB/IsIKA KOMOIHOBAaHUM (PYHKIIAM BTPAT Ha PI3HUX PiBHAX
HEHPOHHOI MepexKi, oJHaK MOTPpeOy€e BEJMKOI KiJIbKOCTI O0YNC/TIOBAIBHIX PECYPCiB
JUIs TpeHyBaHHH [3].

Bukopucranus DCNN, PCA 3 dyukiigyvu Brpar Ha pisaux piBHsx DeeplD2+
BIJI3HAYMUBCA BUCOKOIO TTPOJIYKTUBHICTIO HABITH NpU OOMEXKEHUX JIAHUX JIJId HABYA-
HH#, BKJIIOYA€ B ceDe 3aCTOCYBAHHA BJIOCKOHAJEHUX apXiTEKTYp Ta PI3HOMAHITHUX
BEKTOpPIB O3HAK JIJId IiJIBUINEHHS TOYHOCTI. [Ipm mbomy MeTom morpedye BeJHKOTO
00cATy HaBYAJILHUX JIAHUX JJId [MJATPUMKU BUCOKOI TOYHOCTI Ta OOYUC/IIOBAJILHUX
BUTpAT I peasiizalil B peaqbHOMYy 4aci [4].

Bukopucrosye DCNN Ta Tpurierny byHKII0 BTpaT /i BOY/IOBYBaHHS 300pa-
xkenb FaceNet migBurirye TounicTb po3mi3HABAHHS, JIEMOHCTPYE BUCOKY ITPOJIYKTHUB-
HICTh Ha BeJUKNX Habopax JAHWX Ta peaJbHUX 300paykeHHAX. lIpm mpomy Hakia-
JIAIOTHCS BUMOTH JIO BEJIUKOTI'O OOCATY OOYMCJIIOBAJILHUX PECYPCIB JI HABYAHHSA a
TAKOK MPUCYTHS 3aJIEZKHICTD BiJ| IKiCHOrO 300py TPUILIETIB JIJIsi HABYAHHS, [0 MO-
JKe OyTH 00YNC/TIOBATILHO 3aTPATHIM [5.

Face-++ rpynryerncs va 3acrocyBarai DCNN ta PCA my1st posmnisraBanHs 0010,
Ioro ocobsuBicTio € Te, 10 BiH BUKOPHCTOBYE iHHOBamiitHi mimxomm, Taki sk PCA
ta DCNN, s migBuiienas Toanocti. Meros goOpe mpalifoe Ha PiSHOMAHITHUX Ha-
bopax JIaHUX 3aBJIIKU IHYYKOCTI apXiTeKTypH, ajie MOXKJIUBI IpoOJIeMu 3 y3arab-
HEHHsIM Ha HOBI TN 300pakeHb abo Hesigomi obmdaas [6].

VGG Face € ogauM 3 HaKpaIimx MeTO/IB PO3Mi3HABAHHS 001U, 10 0a3ye€ThCs
Ha IIMOOKMX HEHPOHHUX MepexKaxX 1 Ma€ BUCOKY TOYHICTb PO3Ii3HABAHHA OOJINY
Ha pi3HUX Habopax JaHuX. MeTos BHKOPHUCTOBYE BEJIMKY apxXiTEKTypy 3 OararbMa
mapami, o J03B0oJIgE HOMy JocsraTi BUCOKOI TOUHOCTI [7].

[HcrpymenTapiit 3 Binkpurum Buximamm kogoM OpenFace s posmisHaBaHHS
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00JINY CTaB TOMYJIAPHUM 3aBJIAKH CBOIN JIETKiifl apXiTeKTypi Ta JOCTYITHOCTI JIJTs
JIOCJIITHUKIB Ta PO3pOoOHUKIB. Bin BUKOopucTOBY€E rMTMOOKI HABYAJIBHI MOJIEI, aJie IIpH
[IbOMY 3aJIIIAETHCS JIETKAM y peasiizarii [8].

3. ®opmautizariig 3azadi. Y OaraTrboxX HPUKJIAJIHAX 3ajladax, [TOB d3aHUX i3
aBreHTH(dIKAIEI0 TUPPOBUX 00’€KTIB, BUHUKAE HEOOXITHICTH MOPIBHAHHS JIBOX 30-
OpakeHb JIJ1sl BUBHa4YeHH 1X BijnoBigHocTi. HaitgacTinre Taki 3aBjaHHsT CTOCYIOThHCS
po3Mi3HABAHHSA 00JIMY JIIOJIEl, OCKIJILKU I TEXHOJIOTisd MA€ IMIMPOKHIl CIIEKTP 3aCTO-
cyBaHb y pi3HHX rajy3sax. Hampukiia i, BoHa BUKOPUCTOBYEThCA B CUCTEMAaX OE3MeKn
JIJISE KOHTPOJIIO JIOCTYIYy JIO HPUMIIeHb un iH(OpMaIiiiHuX cucTeM, y MOOIIbHUX
[IPUCTPOAX JJIsi PO30JIOKYBaAHHS 3a JOIOMOIOI0 OOJIMYUs, a TaKOXK y Bieocrocrepe-
JKeHH] Jitst imerTudikarii ocidb y peajgbaomy 1aci. OKpiM TOro, HOPiBHAHHS 00U €
BasKJIMBUM Y TaknX cdepax, K pinaHcoBi mocayru jijid Bepudikalil KIieHTiB, Me-
JIMIIHA JI7I8 aHa 13y (Bi3io/IOriYHuX 3MiH, Ta PO3Bary, Jie TeXHOJIOrT aBTeHTudIiKaIil
iHTEerpyIoThCst B irpn abo coriaibHi Meperki. ABToMaTU4IHe MOPIBHSIHHS O0JIMY 3a-
Oesredye BUCOKY TOYHICTH 1 HMIBHIKICTH IIPOIECY, IO POOUTH IIi METOIU KPUTHIHO
BasKJIMBUMHU JIJId CYH9aCHUX CHCTEM, OCOOJIMBO B yMOBaX 3POCTAIOYUX OOCHATIB JAHUX
Ta moTpedu B 006poOIii indopMmarliil B peajbHOMY |aci. PO3BUTOK TaKux TeXHOJIOTii
CIpUsI€E TIiJIBUINECHHIO OE3MEeKU, 3PYyIHOCTI KOPUCTYyBaHHs Ta €(PEeKTUBHOCTI PoOOTHU
OaraTboOX CHUCTEM.

JIst ABOX BXiTHUX 300pazkeHb 00JIMY BUBHAYUTH, U1 € BOHU 300PazKeHHAME OJTHi-
€1 1 Tiel x ocobu, MOBEPHYBIIHN pPillleHHsT y BUIsA GiHapHoro pesysbrary: true(l)
abo false(0). Bximaumn qasumu jist 1aHol 3a/1a4i € 1Ba 300parkKeHHs 00JInd: T1 Ta
Zo. 300pazKkeHHs T1 Ta Ty € RI*W*C e H — Bucora 300paskenHs B mikcessax, W —
mupuna, C' — KiJIbKICTb KOJIbOPOBUX KaHaIB. [Ij1g cTaHapTHOTO KOLyBaHHs 300pa-
xkerab RGB kinbkicTh kanasiiB piHa 3. Ham morpidno mobymayBaru Taky QyHKIIO
f(z1,22) — {0,1} gxa mixiMizye KiIbKICTH IMOMUJIKOBHX DillleHb NPH BH3HAYCHHI
BIJIITOBITHOCTI 00JIMY Ta TOBEPTA€ 3HAUEHHsI 1, SIKINO Ha 300pasKeHHSIX OJiHa ocoba,
abo 0 — gximo pizHi ocodu.

Hapua/ibHOIO MHOZKMHOIO JIJIst JTaHOI 3a1a4i € Muokuua D = { (14, T, y%')}zN:p ne
y; € {0,1}. HaBuajbHO0O MHOXKUHOIO 7T 381841 aBreHTudikarii mudpoux o6’ ekTin
€ Habip 300pazkeHb, SIKUil BUKOPUCTOBYETHCs JIJI HABYAHHSI aJITOPUTMY PO3IIi3HABA-
nud. [leit Habip MicTuTh napHi 300pazkeHHs, Jie KOyKHa Iapa M03HaYeHa BiJIIOBIIHOIO
MiTKOIO: 1 JiUId map, 10 HaJiexKaTh OAHii ocobi, 1 0 /s map, 1o IpeIcTaBiIsiiOTh
pisHux ocib. MeToro BUKOPUCTAHHSA TaKOl MHOXKUHU € 3a0e3I1e9eHHs aJrOPUTMY J10-
CTATHLOI KIJIBKOCTI JaHUX I HABYAHHS MOJIE/I PO3Ii3HABAHHSA. 3aBISIKU IIHLOMY
AJITOPUTM 3/IaT€H HABUUTHUCA BUJIJISTHA KJIOYOBI O3HAKU OOJIMYUsI, BUBHATATH CXO-
JKOCTI ¥ BIJIMIHHOCTI MiXK 300parkKeHHAMHU, a TaKOXK aJIalTyBaTUCA JO PIZHUX yMOB
OCBITJIEHHSI, paKypCiB Ta sIKOCTi 300pakeHb. HapuajibHa MHOXKMHA € KPUTUIHO Ba-
JKJIMBOIO, OCKLIBKM SKICTh 1 PO3MAITTd JaHWX Yy Hill 3HAYHOIO MipOIO BILIMBAIOTH
Ha TOYHICTH 1 HaJIfiHICTH POOOTH MOJE/i B peajbHUX yMoBaxX. BoHa j103BoJIsI€ Mi-
HIMI3yBaTH IMOMUIJIKH PO3IN3HABAHHSA, IO € KJIIOYOBUM (PaKTOPOM JIJI YCIIIIHOIO
3aCTOCYBAHHS aJTOPUTMY y MPAKTUYHUX 3aBJIAHHIX.

g po3paxyHKy MOXHOKU MeTojly OyJIeMO KOPHCTYBaTHCh (POPMYJIOIO:

A= (m-—r)/m,

Jie T — KUIbKICTh KOPEKTHHX aBTeHTHdIKaIliil, m — 3arajbHa KUIbKICTb aBTEHTH-
dikamiit. [Ipu nopisusaHi dyHKIIH aBrenTudikarii nupu dikcoBaniit Muoxkuni D,
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Kparioo € Ta (YHKII, dka 3abe3ledye MaKCUMaJbHy TOYHICTH, TOOTO MiHIMi3ye
noxuOKy. [Ipu po3B’sg3yBaHHI MPAKTUIHUX 33,184 Ha 00YMC/IeHHS (DYHKIIT ayTeHTH-
dikarriil j1ie 0OMeKeHHS 110 Yacy.

4. IlopiBHsUIbHA XapaKTEePUCTUKA METO/IiB PO3IIi3HABAHHS OOJJIMYYH.
Deep Convolutional Neural Networks (DCNN) e ocHOBHOIO apxiTeKTypow Heiipo-
MepeK, 10 BUKOPUCTOBYIOTHCS JIJI 3aBJIaHb PO3II3HABAHHS OOJIMY 3aBJIsAKA CBOII
BUCOKIiil TOYHOCTI Ta MOXKJIMBOCTSIM T'eHepaJiizaliii. B radbauii 1 HaBemeHO MOpiBHAIb-
HY XapaKTEePUCTUKY TOYHOCTI METOJIB Ta IX 0COOJIUBOCTI.

Tabaruus 1.
[TopiBusiibHUI aHa/II3 METO/IIB PO3I3HABAHHS 00U
Mertop, Ocobausocrti Tounicrs (%)
XapakTepusyeTbcs BUKOpUCTaHHAM 3D-Mo/iesnoBanHs
06J-II/Iq JId  TIOKpAaIlleHHsA BHUABJICHHA IIPOCTOPOBUX
DeepFace osHak, 3acrocyBaHHsaM DCNN 1y1s1 eKCcTpakiiil BEKTO- 97.35+0.25
piB oO3HakK, 3 QYHKI€n BTpaT, ska 0a3yeTbCs HAa
softmax.

3acrocoBye Meros rosoBuux KommonenT (PCA)
7151 3MEHIIEHHs PO3MIPDHOCTI O3HaK, BHKOPHUCTOBYE
DeeplD softmax dyHKIit0 BTpaT Ajis1 Kiaacudikarlil, BUpi3Hsie- 97.45 + 0.26
ThCs PI3HOMAHITHICTIO B apXiTEeKTYyPHHUX MiAXOmaxX IJIs
MiJIBUIIIEHHST TOYHOCTI.

TToninmena Bepcisi DeeplD, noennye Kinbka dyHKINT
BTPAT, 3aCTOCOBaHUX Ha pizHux piBHax DCNN.
ITokpamena Bepcisi DeeplD2, sika BK/IrO4ae 101aTKOBI
BJOCKOHAJICHHSI apXiTEKTYPH, TakKi sIK BUKOPHUCTAHHS
DeepID2+ Pi3HOMAHITHUX BEKTOPIB O3HAK, OTPUMAHUX HA PIZHUX 99.47 £+ 0.12
piBHSIX Mepexki, Imo 3abe3mnedye OLIBbII TOBHUI OIUC
o6y Ys.

DeepID2 99.15 £ 0.15

XapaKTepu3yeTbCsl BUKOPUCTAHHAM TPIIJIETHOI dyH-
KIil BTpaT JjIs HaBYaHHS MOJEJI, IO JTO3BOJISIE MiHi-
Mi3yBaTH BificTaHb Mi>K BOYJOBYBaHHSIMU OOJINY OJIHI-
FaceNet €l ocobu Ta MaKCHMI3yBaTH BiJICTaHb MiXK BOYIOBY- 99.63 + 0.09
BaHHAMHU PI3HUX 0Ci6. BUKOpUCTOBYETHCST €BKIIiIOBUIA
pocTip, Je 6IU3bKICTh BEKTOPIB BIIIOBIJa€ CXOXKOCTI
o0 .

XapakTrepusyerbcsi BukopuctanisiMm DCNN st exc-
Tpakmil 03HaK 00JIMY, 3aCTOCYBAaHHSM METOIY IOJIOB-
Hux komroHeHT (PCA) st 3MeHIIeHHST pO3MipHOCTI,
a TaKOXK BITPOBA/I?KEHHAM IHINUX IHHOBAIIMHUX ITiJ1X0-
B JIJIsl TIOKPAIIEeHHsI TOYHOCTI Ta e(peKTUBHOCTI pO3-
Mi3HaBaHHS OOJIMY.

Binznauaernca BuxopucranusM DCNN 3 Besmkoro
KIJIBKICTIO IIapiB, 110 JO3BOJISE MO e(PEKTUBHO BU-
VGG Face BYaTU CKJAJHI O3HaKu objm4vdsi. Taka apxiTekTypa 98.95
CIIpUsI€ JOCATHEHHIO BHCOKOI TOYHOCTI B 3ajiladax po3-
mi3HaBaHHs Ta Bepudikallil obud.
XapaKTepu3yeThCsl sIK JIErKa MOJENb, [0 OIITUMI30Ba-
Ha 1 poboTu Ha MOGIMbHEX mIaTdopmax. 3abesrre-
OpenFace 4qye edpeKTUBHE PO3Ii3HABAHHS OOJIUY IPU 30eperKeH- 92.92
Hi BHCOKOI IDOAYKTHBHOCTi, HaBiTb Ha IPUCTPOAX 3
OOMEKEHUMU O0YUCTIOBAJILHUME PECYPCaMU.

Face++ 99.50 £ 0.36

TectyBannug jjs HUX HpoBOAUIoCcs Ha Habopi ganux Labelled Faces in the Wi-
Id (LFW ) ta YouTube Faces (FaceNet), siki crasm crammapramn jiis TeCTyBaHHS
aJITOPUTMIB PO3ITi3HaBaHH«A. PiBeHb TOYHOCTI, JIOCATHYTHUI JIIOJIMHOIO Y 3aJ1a91 PO3ITi-
3HABaHH: 00JIMY Ha 1boMY Habopi nanux ckiaagae 97.53% [5]. Haiikpari pesyibraru
[TOKa3aJ/I1 METO/IU, 10 BUKOPUCTOBYIOTH IJIMOOKI 3rOPTKOBI HEHPOHHI MepeKi B I10-
€JTHAaHHI 3 (DYHKIIAMHI BTPAT, CIEIIaIbHO PO3POOJIEHUME I 3a/1a4i pO3Ii3HABAHHS
obJind, sIK-oT TpuiietHa ¢pyHkiisg Brpar y FaceNet. IIpu npomy Ha 6i1bmIicTs Me-
TOMIB HAKJIAJAIOTHCI BUMOTHU JI0 BEJIUKOrO 00CATY OOUMCTIOBAJIBHUX PECYPCIB JIJIst
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HaBYaHHs Ta 0OPOOKM BEJMKOI KiJTBKOCTI 300paKeHb.

5. BUCHOBKHM Ta MepCHeKTUBHU IOJAAJIBINUX JOCJiI>XKeHb. AKTya/lbHICTDH
zajadi Kiaacudikaliil 300paxkenb 0OyMoOBJIeHa 11 BaXK/JIMUBICTIO Ji/Isd OaraTtbox cdep
KUTTS Ta 6i3Hecy, HEOOXI/IHICTIO OOPOOKM BEJIMKHUX OOCATIB JIAHUX, IMIBUJIKUM PO3-
BUTKOM TEXHOJIOTINl Ta BEJUKUM IIOTEHINAJOM IJId iHHOBAIlii. ¥ OaHiil cTarTi Mu
PO3IJIAHYIN Pi3HI MeTo/n KJiacudikallil 300pakeHb 3 BUKOPUCTAHHIM HEMPOHHUX
MeperK, IX mepeBaru Ta Henoiku. OCHOBHUMU KPUTEPiSMU TOPIBHIHHSA OYy/Id TO-
YHICTh, MIBUJIKICTH OOPOOKM, BUMOTH JI0 OOYUCTIOBAIBHIX PECYPCIB Ta CTIHKICTH J10
Bapiariiit 300pazkenb. /Iyt 6ibI1OCTI METO/IIB HEBPaXOBaHUMU (DAKTOPAMU 3aJIUIIA-
IOThCS TaKi XapaKTEPUCTUKM SK MEPEKPUTTs OOJIMYIYsd, eTHIYHA DPI3HOMAHITHICTD,
SKICTh 300pazkKeHHS Ta YyTJIUBICTH JIO 3MIHU OCBITJIEHHS.

Hespaxkatoun na JIOCATHYTI YCITIXU, METOJIA BCE ITE MAIOTH ITPOCTIP JjId TOKpaIe-
HHs. [loganbii mocaiKeHHs MOXKYTh OyTH CIIPsIMOBaHI Ha BJIOCKOHAJIEHHS aJrOpU-
TMIB JIJIsI KPaIIlol TeHepaJiizallil Ha HOBUX HabOopax JaHuX, IiIBUAIIEHHS CTIHKOCTI /10
3MiH OCBITJIEHHSI, BUPA3iB 00/ Ta no3ulliii. TakoXK BayK/JIMBUM HAIPIMKOM € PO3-
pobKa OLibIn ebeKTUBHUX Mojeseil, gki 6 BiAIOBIIaIN BUMOraM PEAJIHLHOTO Yacy,
0Cco0/IMBO B yMOBax obOMekeHuX pecypciB. [li HaIpaMKM MOXKYTh 3HAYHO BILIMHYTU
Ha pi3HI acmeKT! HAIOTO KUTTs, JOIMOMOITH YCYHYTH HasgBHI HEJIOIKN Ta PO3IIN-
PUTH MOXKJIMBOCTI 3aCTOCYBAHHS IIUX TEXHOJIOTIH B peajlbHUX YMOBaX.
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Shkiria S. V., Kornyk O. V. Analysis of digital object authentication methods.

The article addresses the problem of digital object authentication, which is of great
importance for many modern technologies and studies, particularly in image recognition
and processing. It describes the challenges associated with image analysis and classification
in the context of increasing volumes of digital data, as well as the need to develop efficient
methods capable of operating in real-time.

Modern technologies, such as deep learning and neural networks, have opened new
opportunities for solving these tasks, providing high accuracy and performance. However,
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unresolved issues remain, including image processing under poor lighting conditions, object
diversity, the need for large training datasets, and high computational complexity.

The article analyzes contemporary face recognition methods, including DeepFace, DeeplD,
FaceNet, VGG Face, and OpenFace. A comparative analysis of their accuracy, features,
and computational resource requirements is provided. Particular attention is given to the
use of deep convolutional neural networks (DCNN) in combination with specialized loss
functions, which ensure high recognition accuracy.

The proposed directions can significantly expand the applicability of these technologies in
applied problems.

Keywords: Digital object authentication, Image recognition, Deep learning, Neural net-
works, Face recognition methods.
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ITPABIJIA J1JId ABTOPIB

[Tpu miarorosii pykonucy HeOOXiTHO TOTPUMYBATHUCS TAKUX ITPABUIL:

1)

10)

CraTTsl IOBUHHA MICTHTH KOPOTKHUH BCTYM, aHAI3 OCTAHHIX JOCTIIKEHDb 1 myOITi-
KaIliff Ha K1 COUPAeThbCs aBTODP; BUJJIEHHS HEBUPINIEHWX PAaHillle JACTUH 3arajb-
HOI TIPOOJIEMHU, SIKUM IIPUCBAIYETHCS CTATTsI, [IOCTAHOBKY 3aJia4di Ta (popMyTIOBaHHS
OJlep2KaHNX aBTOPOM HOBHUX Pe3YJIbTATIB i MOBHE X IOBEJEeHHS, BUCHOBKHU 3 JTAHOTO
JOCJTIZKEHHST 1 MePCIeKTUBU MONAJIbINX PO3BiIoK v 1boMy Hampsimi. He momyckae-
ThCsI POOUTH BEJIUKI OTJISIAN B2Ke OIyOJIIKOBaHUX CTaTell i pe3y/IbTarTiB, IepeKa3yBaTh
Bimomi daxTy, HABOIUTH (DOPMYJIIOBAHHS OIYOJIKOBAHUX TEOPEM, JIEM, TTOCUJIAHHS
Ha HeoIyO/IiKoBaHi poboTH.

Temaruka KypHaJIy OXOILIIOE BUCBIT/IEHHS OPUTIHAJBHUX PE3Y/IbTATIB 3 TEOPETHU-
YHUAX 1 TPUKJIAIHAX [PODJEM MATEMATHIHOIO MOJIEJTIOBAHHS, OOYUCIIIOBAIBHOI Ma-
TEMATUKM Ta iHPOPMAIIMHIX TEXHOJIOTI.

Tekcr Bifnosiae BuMoraMm jJ0 cTustictuku Ta 6ibsmiorpadii, Bukimajgeraum y Kepisau-
urBi Jyist apropiB posmaity "Ilpo xypran". Ilpu odopmiensi caiiny momanus Oyin
BUKOHAaHI iHCTPYKIIl o0 ['apanTiit ciinoro peren3yBaHH.

OdopmitenHst cTaTi MOBUHHO BiAIOBIIaTH BUMOTaM PeIaKIiiiHOTO 0hOpM/IEHHS Ha-
YKOBUX (PaxOBUX BUJIAHHS 3TiTHO 3 JAEP2KABHUMU CTaHIApPTAMU Y KPaiHU Ta MiXKHa-
POTHUM CTaHIAPTaM.

Enexrponna xomist pykorucy y Burisiii LATEX-daitny abo WORD-daitny mosae-
ThCS J0 peJakiil NLIAXOM 3alloBHeHHs (opMu mojadi myosikarmil Ha caifTi
http://visnyk-math.uzhnu.edu.ua/submission/wizard.

st momadi crarti BukopuctoByiiTe mabaon WORD a6o LATEX. Akryanbiy Bepcito
mabJIOHIB Ta TeXHIYHI BUMOI'H JIO CTATTI MOXKHA 3HAWTU Ha, caiiTi, po3ain "[logamms"
http://visnyk-math.uzhnu.edu.ua/about/submissions.

Mosga, sik010 0DOPMIIIETHCS CTATTS, TOBUHHA, OyTH YKPalHCHKOIO ab0 aHIHCHKOIO.
Penaxkrmiiina koJieris Mozke 37ifiCHIOBATH HayKOBE 1 JiTepaTypHe pelaryBaHHs CTaTTi,
ITOTO/PKYIOYH BiJipeJaroBaHuil BapianT i3 aBTOPOM, KU HAJIAE JIO3BL Ha JPYK IILJIs-
XOM MiIMICAaHHSA aBTOPChbKOI yroau. llinnucana aBTropcbka yroma Moye HaICUIATUCS
JI0 PeJAKIfl KypHAJIY HOIITOI0 ab0 cynposimuuM daitiom (boToKorist).

DopmMmyin, siki HyMepYIOThCs, 00OB’SI3KOBO BUKJIIOUATU B OKpeMmuii psanok. Hymepy-
BaTU TUILKK Ti (POPMYJIH, HA SIKi € TOCUJIAHHSI.

Anoranisi (Abstract) nosunza GyTH CKiIaJeHA BIANOBIAHO JI0 BUMOI MizKHAPOJIHUX
HAyKOMETPHYHUX 6a3 1 Oyru: iHDOpMATHBHOKW (HE MICTUTH 3arajbHUX CJIB); OpHU-
PiHAJIBHOIO; 3MICTOBHOKO (BiIOOparkKaTu OCHOBHUI 3MiCT CTATTi 1 pe3yabraTu JOCi-
JIKEHb ); CTPYKTYPOBAHOIO (CJIyBATH JIOTIIl ONUCY PEe3yJIbTaTiB B CTATTI).

[ocunanns Ha JKepesia BUKOPUCTAHUX MaTepiajiB, PaKTUYHUX Ta CTATUCTUYHUX
JIAHUX € OOOB’SI3KOBUMHU (TIOJIAIOTHCSI B TEKCTI Y XPOHOJIOTIYHOMY MOPsIKY (He 3a
aberkor0) 1udpor y KBaIPATHUX Jy?KKaX 1 PO3MIIILYIOTHCS B IIOPSJIKY [UTYBAHHSI
9u 3rajlyBaHHs. Y TEKCTI CTaTTi HMOCUJIAHHS [MO3HAYAIOTHCH Y KBaJPATHUX JIYKKAX,
HAIIPUKJIAJ, [2]; HOMep CTOPIHKU BUJILISETHCS JIBOKPAIKOIO, Haupukia, [6: 37]. Ca-
MoIuUTyBaHHs He NoBUHHO nepesuiyBatu 30 %. Koxkna crarTss HOBUHHA MICTUTH
CIIMCOK BUKOPHUCTAHOI JiiTepaTypu odOpMIEHUN 3TigHO 3 HAIIOHAJLHUMU CTAHIAP-
ramu (JICTY 8302:2015) Ta cnucok BUKOPHUCTAHOI JiTepaTypH, 0OPMICHHI 3TiTHO
3 MizkHapogHuMHu crangapramu (APA).

3pasku 6i0siorpadidHOro OMMCy KHUTH, CTATTi, JEIMMOHOBAHOIO PYKOINCY, TE3UCIB
JIOTIOBi el KoHdepeHIiii:
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The article should contain a brief introduction, an analysis of recent research and
publications that the author relies on; highlighting the previously unsolved parts
of the general problem, which is devoted to the article, problem statement and
formulation of new results obtained by the author and their complete presentation,
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Formulas that are numbered must be excluded in a separate line. Only the formulas
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Abstract should be prepared in accordance with the requirements of international
scientometric bases and be: informative (do not contain common words); the original,
meaningful (reflect the main content of the article and research findings); structured
(follow the logic of describing the results in the article). Annotation volume of at
least 1800 characters.
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