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ÃÓÑÀÊ ÄÌÈÒÐÎ ÂÀÑÈËÜÎÂÈ× . . . 7

ÓÄÊ 512

Ì. Ñ. Ãåðè÷ (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÃÓÑÀÊ ÄÌÈÒÐÎ ÂÀÑÈËÜÎÂÈ× � ÄÎ 80-ÒÈ ÐI××ß ÂIÄ ÄÍß
ÍÀÐÎÄÆÅÍÍß

It is given a short scientific biography of Professor Dmytro V. Husak.

Ó ñòàòòi ïðèâîäèòüñÿ êîðîòêà íàóêîâà áiîãðàôiÿ ïðîôåñîðà Äìèòðà Âàñèëüîâè÷à Ãóñàêà.

Äìèòðî Âàñèëüîâè÷ Ãóñàê

3 òðàâíÿ 2017 ðîêó âiäñâÿòêóâàâ ñâié 80-èé äåíü íàðîäæåííÿ ïðîâiäíèé íàóêî-
âèé ñïiâðîáiòíèê Iíñòèòóòó ìàòåìàòèêè ÍÀÍÓêðà¨íè, äîêòîð ôiçèêî-ìàòåìàòè-
÷íèõ íàóê, ïðîôåñîð Ãóñàê Äìèòðî Âàñèëüîâè÷.

Íàðîäèâñÿ Ä. Â. Ãóñàê â ñåëi Âåëÿòèíî (òîäi ùå ×åõîñëîâà÷÷èíà) Õóñò-
ñüêîãî ðàéîíó Çàêàðïàòñüêî¨ îáëàñòi â áàãàòîäiòíié ñiì'¨ ñåëÿíèíà. Äèòèíñòâî
Ä. Â. Ãóñàêà ïðèïàëî íà òÿæêi âî¹ííi òà ïåðøi ïiñëÿâî¹ííi ðîêè. Òîìó ç ðàí-
íiõ ðîêiâ âií ïðèâ÷åíèé äî íåëåãêî¨ ñåëÿíñüêî¨ ïðàöi, âiäïîâiäàëüíîñòi çà ñåáå
i çà ðîäèíó. Ó 1951 ð. çàêií÷èâ Âåëÿòèíñüêó ñåìèði÷íó øêîëó é ïðîäîâæèâ
íàâ÷àííÿ â Õóñòñüêié ñåðåäíié øêîëi � 1 (áóâøà ãiìíàçiÿ), ÿêà ìàëà íà òîé
÷àñ êðàùó íàâ÷àëüíó áàçó, îñîáëèâî ç ìàòåìàòèêè, ôiçèêè, õiìi¨. Òà é âåëè öi
ïðåäìåòè äîñâiä÷åíi é òàëàíîâèòi ïåäàãîãè. Ó÷èòåëåì ìàòåìàòèêè áóâ ñèí òàëà-
íîâèòîãî îñâiòÿíèíà, ôîëüêëîðèñòà é ïèñüìåííèêà Çàêàðïàòòÿ Î. I. Ìàðêóøà
- Îëåêñàíäð Îëåêñàíäðîâè÷ Ìàðêóø. Ñàìå âîíè âèÿâèëè íåàáèÿêi çäiáíîñòi
þíàêà, êìiòëèâiñòü, äîïèòëèâèé ðîçóì, ïðèâèëè éîìó ëþáîâ äî öàðèöi íàóê �
ìàòåìàòèêè, ÿêà ñòàëà ñïðàâîþ âñüîãî éîãî æèòòÿ.

Ïiñëÿ çàêií÷åííÿ äåñÿòèði÷êè â 1954 ðîöi Ä. Â. Ãóñàê ïîñòóïèâ íà ìàòåìàòè-
÷íå âiääiëåííÿ ôiçèêî-ìàòåìàòè÷íîãî ôàêóëüòåòó Óæãîðîäñüêîãî äåðæàâíîãî

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �1 (30)



8 Ì. Ñ. ÃÅÐÈ×

óíiâåðñèòåòó. Âæå â ñòóäåíòñüêi ðîêè ïiä êåðiâíèöòâîì íàäçâè÷àéíî òàëàíîâè-
òîãî âèêëàäà÷à Þðiÿ Ïåòðîâè÷à Ñòóäí¹âà âií îäåðæàâ ñâî¨ ïåðøi íàóêîâi ðå-
çóëüòàòè. Ïiñëÿ çàêií÷åííÿ ó 1959 ðîöi ôiçèêî-ìàòåìàòè÷îãî ôàêóëüòåòó Óæãî-
ðîäñüêîãî äåðæóíiâåðñèòåòó ïðàöþâàâ ó÷èòåëåì ìàòåìàòèêè é ôiçèêè ñïî÷àòêó
â Äðàãiâñüêié ñåðåäíié øêîëi, à ç 1960 ðîêó � ó ñâî¹ìó ðiäíîìó ñåëi. Òîãî æ ðîêó
âñòóïèâ äî àñïiðàíòóðè Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, äî òàëàíîâèòîãî
â÷åíîãî éìîâiðíiñíèêà Âîëîäèìèðà Ñåìåíîâè÷à Êîðîëþêà, ÿêó çàêií÷èâ 1963
ðîêó. Â 1964 ðîöi, ïiä íàóêîâèì êåðiâíèöòâîì Â.Ñ. Êîðîëþêà, çàõèñòèâ êàíäè-
äàòñüêó äèñåðòàöiþ íà òåìó "Äî àñèìïòîòèêè ÷àñó ïåðøîãî âèõîäó îäíîðiäíîãî
ïðîöåñó ç íåçàëåæíèìè ïðèðîñòàìè" i ç öüîãî ÷àñó ïîñòiéíî ïðàöþ¹ â Iíñòèòóòi
ìàòåìàòèêè. Ñïî÷àòêó íà ïîñàäi ìîëîäøîãî, à ïîòiì ñòàðøîãî íàóêîâîãî ñïiâðî-
áiòíèêà, çãîäîì ç 1985 ðîêó � ïðîâiäíîãî íàóêîâîãî ñïiâðîáiòíèêà. Äèñåðòàöiþ
íà ñòóïiíü äîêòîðà ôiçèêî-ìàòåìàòè÷íèõ íàóê íà òåìó "Ìåòîä ôàêòîðèçàöi¨
â ãðàíè÷íèõ çàäà÷àõ äëÿ îäíîãî êëàñó âèïàäêîâèõ ïðîöåñiâ" çàõèñòèâ ó 1980
ðîöi ïiä íàóêîâèì êåðiâíèöòâîì Â.Ñ. Êîðîëþêà (âæå íà òîé ÷àñ àêàäåìiê ÀÍ
ÓÐÑÐ). Çâàííÿ ïðîôåñîðà ïðèñâî¹íî â 1991 ðîöi. Ãóñàê Ä. Â. � âiäîìèé â÷å-
íèé â ãàëóçi òåîði¨ éìîâiðíîñòåé òà òåîði¨ ðèçèêó. Êîëî éîãî íàóêîâèõ iíòåðåñiâ
ôîðìóâàëîñÿ ïiä âïëèâîì éîãî íàóêîâîãî êåðiâíèêà àêàäåìiêà ÍÀÍ Óêðà¨íè
Â.Ñ. Êîðîëþêà òà àêàäåìiêà ÍÀÍ Óêðà¨íè À.Â. Ñêîðîõîäà. Ó 1965 - 1969 ðîêàõ
çà ñóìiñíèöòâîì ïðàöþâàâ ó ÊÄÓ iì. Ò. Øåâ÷åíêà. Íà âå÷iðíüîìó âiääiëåííi
ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó âií ÷èòà¹ êóðñ ç ìàòåìàòè÷íîãî àíàëiçó òà
íà ñòàöiîíàðíîìó âiääiëåííi � ñïåöêóðñ ç òåîði¨ ïðîöåñiâ ç íåçàëåæíèìè ïðèðî-
ñòàìè. Ó 1981-1988 ðîêàõ ïðàöþ¹ íà ïîñàäi ïðîôåñîðà êàôåäðè âèùî¨ ìàòåìà-
òèêè â Êè¨âñüêîìó Iíñòèòóòi iíæåíåðiâ öèâiëüíî¨ àâiàöi¨ (ÊIIÖÀ). Ó 1993 - 1998
ðîêàõ î÷îëþ¹ êàôåäðó âèùî¨ ìàòåìàòèêè â âèùîìó åêîíîìi÷íîìó êîëåäæi iì.
Â.ßêóáà i ÷èòà¹ ëåêöi¨ ç âèùî¨ ìàòåìàòèêè òà ëiíiéíîãî ïðîãðàìóâàííÿ. Ç 2000
ðîêó çàðàõîâàíèé íà 0,25 ñòàâêè ïðîôåñîðà êàôåäðè òåîði¨ éìîâiðíîñòåé i ìàòå-
ìàòè÷íîãî àíàëiçó i âåäå ñïåöêóðñè ïî ðîçïîäiëó ãðàíè÷íèõ ôóíêöiîíàëiâ äëÿ
ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè íà 4-5 êóðñàõ ìàòåìàòè÷íîãî ôàêóëüòåòó
Óæãîðîäñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó. Ó 1999 - 2014 ðîêàõ íà ïîñàäi ïðî-
ôåñîðà êàôåäðè òåîði¨ éìîâiðíîñòåé i ìàòåìàòè÷íî¨ ñòàòèñòèêè â Êè¨âñüêîìó
íàöiîíàëüíîìó óíiâåðñèòåòi iì. Ò. Øåâ÷åíêà ÷èòà¹ ñïåöêóðñè ç òåîði¨ âèïàäêî-
âèõ ïðîöåñiâ òà ç ãðàíè÷íèõ çàäà÷ äëÿ ïðîöåñiâ Ëåâi iç çàñòîñóâàííÿì ¨õ â òåîði¨
ðèçèêó.

Ïåðøi íàóêîâi ðåçóëüòàòè áóëè îäåðæàíi â äèïëîìíié ðîáîòi (íàóêîâèé êå-
ðiâíèê Þðié Ïåòðîâè÷ Ñòóäí¹â) i ïðîöèòîâàíi â éîãî (Þ.Ï. Ñòóäí¹âà) ñòàòòi
"Ê âîïðîñó î ïðèáëèæåíèè ñóìì íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí íåîãðàíè-
÷åííî äåëèìûìè ðàñïðåäåëåíèÿìè" â æóðíàëi "Òåîðèÿ âåðîÿòíîñòåé è å¼ ïðè-
ìåíåíèÿ"(1960, ò. V, � 4). Ç 1961 ïî 1964 ðîêè Ä. Â. Ãóñàê (çãiäíî ç òåìîþ
êàíäèäàòñüêî¨ äèñåðòàöi¨) âèâ÷àâ àñèìïòîòèêó ðîçïîäiëó åêñòðåìóìiâ ïðîöåñiâ
ç íåçàëåæíèìè ïðèðîñòàìè. Ç 1965 ð. çàéìà¹òüñÿ âèâ÷åííÿì ðîçïîäiëó ãðà-
íè÷íèõ ôóíêöiîíàëiâ äëÿ çâè÷àéíèõ ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè, à ç
1970 ð. äëÿ ïðîöåñiâ íà ñêií÷åííèõ ëàíöþãàõ Ìàðêîâà. Ó ñâî¨õ ðîáîòàõ ðîç-
âèíóâ ôàêòîðèçàöiéíî-ïðîåêöiéíèé ìåòîä äîñëiäæåííÿ ãðàíè÷íèõ çàäà÷ äëÿ
ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè i äëÿ íàïiâìàðêîâñüêèõ ïðîöåñiâ, à òàêîæ
ìåòîä ìàòðè÷íî¨ ôàêòîðèçàöi¨ äëÿ ïðîöåñiâ íà ëàíöþãàõ Ìàðêîâà. Äåÿêi ðî-
áîòè ïðèñâÿ÷åíi âèâ÷åííþ îñöèëþþ÷èõ âèïàäêîâèõ áëóêàíü òà ïðîöåñiâ, ïðî-
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öåñiâ ç îäíîñòîðîííiì òà äâîñòîðîííiì âiäáèòòÿì, âñòàíîâëåííþ ñïiââiäíîøåíü
äëÿ äîãðàíè÷íèõ òà ãðàíè÷íèõ ðîçïîäiëiâ öèõ áëóêàíü òà ïðîöåñiâ. Ç 1998 ð.
çàéìà¹òüñÿ äîñëiäæåííÿì ãðàíè÷íèõ çàäà÷ äëÿ ïðîöåñiâ ðèçèêó i çàñòîñóâà-
ííÿì ðåçóëüòàòiâ âèâ÷åííÿ ðîçïîäiëó ãðàíè÷íèõ ôóíêöiîíàëiâ äëÿ ïðîöåñiâ ç
íåçàëåæíèìè ïðèðîñòàìè â òåîði¨ ðèçèêó. Ëåêöi¨ çi ñïåöêóðñó ïî ïðîöåñàõ ç
íåçàëåæíèìè ïðèðîñòàìè (í.ï.) ïðî÷èòàíi â ÊÄÓ iì. Ò. Øåâ÷åíêà íà ìåõàíiêî-
ìàòåìàòè÷íîìó ôàêóëüòåòi â 1965-1969 ðð. äîïîâíåíi ðåçóëüòàòàìè äîêòîðñüêî¨
äèñåðòàöi¨ ïîñëóæèëè ìàòåðiàëîì äëÿ ñïåöêóðñiâ ïðî÷èòàíèõ â Óæãîðîäñüêîìó
äåðæàâíîìó óíiâåðñèòåòi íà ìàòåìàòè÷íîìó ôàêóëüòåòi ó 80-õ ðîêàõ ìèíóëî-
ãî ñòîëiòòÿ. Öi ðåçóëüòàòè ÷àñòêîâî óâiéøëè äî ñïiëüíî¨ ç Ì.Ñ. Áðàòié÷óêîì
ìîíîãðàôi¨ [1, 1990]. Â 90-õ ðîêàõ Ä. Â. Ãóñàê ïðîäîâæèâ ÷èòàííÿ ñïåöêóðñiâ
â Óæãîðîäñüêîìó äåðæàâíîìó óíiâåðñèòåòi, ïðèñâÿ÷åíèõ ðîçâèòêó ìåòîäà ôà-
êòîðèçàöi¨ â ãðàíè÷íèõ çàäà÷àõ äëÿ ïðîöåñiâ Ëåâi (îäíîðiäíèõ ïðîöåñiâ ç í.ï.)
òà óçàãàëüíåííþ ìåòîäà ôàêòîðèçàöi¨ äëÿ ïðîöåñiâ Ëåâi íà Ëàíöþãàõ Ìàðêîâà
(ËÌ). Ëåêöi¨ ïî çàñòîñóâàííþ ìàòðè÷íî¨ ôàêòîðèçàöi¨ â ãðàíè÷íèõ çàäà÷àõ äëÿ
ïðîöåñiâ Ëåâi íà ËÌ ñêëàëè îñíîâó ìîíîãðàôi¨ [2, 1998]. Â 2000-2009 ðîêàõ Ä. Â.
Ãóñàê, ïðàöþþ÷è çà ñóìiñíèöòâîì â Óæãîðîäñüêîìó íàöiîíàëüíîìó óíiâåðñèòå-
òi íà ïîñàäi ïðîôåñîðà (0,25 ñò.) êàôåäðè òåîði¨ éìîâiðíîñòåé i ìàòåìàòè÷íîãî
àíàëiçó, ïðîäîâæèâ ÷èòàííÿ ñïåöêóðñiâ ç òåîði¨ ïðîöåñiâ Ëåâi. Öi ñïåöêóðñè
ïðèñâÿ÷åíi äîñëiäæåííþ êîìïîíåíò îñíîâíî¨ ôàêòîðèçàöiéíî¨ òîòîæíîñòi äëÿ
íàïiâíåïåðåðâíèõ òà ìàéæå íàïiâíåïåðåðâíèõ ïðîöåñiâ Ëåâi é çàñòîñóâàííþ öèõ
ïðîöåñiâ ó òåîði¨ ðèçèêó òà â òåîði¨ ñèñòåì ìàñîâîãî îáñëóãîâóâàííÿ. Ìàòåði-
àëè ïðî÷èòàíèõ ëåêöié ç 2000 ðîêó â ÓæÍÓ ÷àñòêîâî óâiéøëè äî ìîíîãðàôié
[3, 2007], [4, 2011] òà äî íàâ÷àëüíèõ ïîñiáíèêiâ [5, 2008], [6, 2009], à òàêîæ äî
âèäàíèõ àíãëîìîâíèõ ìîíîãðàôié [7, 2010], [8, 2014].

Ïåðøîþ ñõîäèíêîþ ó÷àñòi Ãóñàêà Ä. Â. â øèðîêîïëàíîâèõ íàóêîâèõ çiáðà-
ííÿõ áóëà ó÷àñòü ó Âñåñîþçíié çèìîâié øêîëi ç òåîði¨ éìîâiðíîñòåé òà ìàòåìà-
òè÷íî¨ ñòàòèñòèêè (Óæãîðîä, 1964 ð., ãîëîâà îðãêîìiòåòó øêîëè Â.Ñ. Êîðîëþê,
çàñòóïíèê i âiäïîâiäàëüíèé îðãàíiçàòîð âiä Óæãîðîäñüêîãî äåðæóíiâåðñèòåòó
� Þ.Ï. Ñòóäí¹â). Ïîòiì Ãóñàê Ä. Â. áóâ íåîäíîðàçîâèì ó÷àñíèêîì Âiëüíþ-
ñüêèõ Ìiæíàðîäíèõ êîíôåðåíöié ç òåîði¨ éìîâiðíîñòåé òà ìàòåìàòè÷íî¨ ñòàòè-
ñòèêè (I-VIII, Ëèòâà), Ðàäÿíñüêî-ßïîíñüêèõ ñèìïîçióìiâ (Õàáàðîâñüê, Òàøêåíò,
Òáiëiñi, Êiîòî, Êè¨â), Ïðàçüêèõ Ìiæíàðîäíèõ êîíôåðåíöié ç òåîði¨ iíôîðìàöi¨
(VI-VIII, ×åõîñëîâà÷÷èíà), Âñåñâiòíüîãî êîíãðåñó òîâàðèñòâà Áåðíóëëi ïî òåîði¨
éìîâiðíîñòåé òà ìàòåìàòè÷íié ñòàòèñòèöi (Òàøêåíò), Ìiæíàðîäíî¨ øêîëè ç òå-
îði¨ ìàñîâîãî îáñëóãîâóâàííÿ (Çàêîïàíå, Ïîëüùà), Âñåñîþçíî¨ øêîëè ïî òåîði¨
ìàñîâîãî îáñëóãîâóâàííÿ (Áàêó, Àçåðáàéäæàí; Äèëiæàí, Âiðìåíiÿ), Âñåñîþçíèõ
íàðàä i êîëîêâióìiâ ç òåîði¨ éìîâiðíîñòåé òà ìàòåìàòè÷íî¨ ñòàòèñòèêè (Òàøêåíò,
Ôåðãàíà, Óçáåêèñòàí), VI Áàëêàíñüêîãî ìàòåìàòè÷íîãî êîíãðåñó (Âàðíà, Áîë-
ãàðiÿ), V Ìiæíàðîäíî¨ ëiòíüî¨ øêîëè ç òåîði¨ éìîâiðíîñòåé òà ìàòåìàòè÷íî¨
ñòàòèñòèêè (Âàðíà, Áîëãàðiÿ), Second European congress of mathematics (Áó-
äàïåøò, Óãîðùèíà), Óêðà¨íñüêî-óãîðñüêèõ êîíôåðåíöié (Ìóêà÷åâî, Óæãîðîä),
Óêðà¨íñüêî-ñêàíäèíàâñüêèõ êîíôåðåíöié ç òåîði¨ éìîâiðíîñòåé òà ìàòåìàòè÷íî¨
ñòàòèñòèêè (Êè¨â; Óæãîðîä; Óìåà, Øâåöiÿ), Ìiæíàðîäíî¨ øêîëè ç ìàòåìàòè-
÷íèõ òà ñòàòèñòè÷íèõ çàñòîñóâàíü â åêîíîìiöi (Âàñòåðàñ, Øâåöiÿ), Ìiæíàðîäíî¨
êîíôåðåíöi¨ "Ñòîõàñòè÷íèé àíàëiç i éîãî çàñòîñóâàííÿ "(Ëüâiâ, ×åðíiâöi), Ìiæ-
íàðîäíî¨ êîíôåðåíöi¨ "Stochastic analysis and random dynamic"(Ëüâiâ), Ìiæíà-
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ðîäíî¨ êîíôåðåíöi¨ ïðèñâÿ÷åíié 90-ði÷÷þ Á.Â. Ãíåäåíêà (2008 ð., Êè¨â), Ìiæ-
íàðîäíîãî ëiòíüîãî ñåìiíàðó "Ñòîõàñòè÷íi äèíàìi÷íi ñèñòåìè "(Ñóäàê, Êðèì),
Ìiæíàðîäíèõ êîíôåðåíöié "Modern Stochastics: Theory and Applications"(I, II,
III, Êè¨â), Ìiæíàðîäíèõ ñèìïîçióìiâ "Ïèòàííÿ îïòèìiçàöi¨ îá÷èñëåíü "(Îäåñà,
Êàðàáàõ, Êàöèâåëi, Êðèì).

Ïëiäíó íàóêîâó ïðàöþ â÷åíèé ïî¹äíó¹ ç ïåäàãîãi÷íîþ äiÿëüíiñòþ, ñïðÿìîâà-
íîþ íà ïîøóêè òàëàíîâèòî¨ ìîëîäi ç ìåòîþ ¨¨ çàëó÷åííÿ äî íàóêîâî¨ ðîáîòè. Ïiä
êåðiâíèöòâîì ïðîôåñîðà Ä. Â.Ãóñàêà 6 àñïiðàíòiâ çàõèñòèëè êàíäèäàòñüêi äè-
ñåðòàöi¨. ×èìàëî ñèë i åíåðãi¨ Ä. Â. Ãóñàê âiääàâ íàóêîâî-îðãàíiçàöiéíié ðîáîòi:
âií áóâ ÷ëåíîì Â÷åíî¨ ðàäè ïî çàõèñòó äèñåðòàöié â Êè¨âñüêîìó Íàöiîíàëüíî-
ìó óíiâåðñèòåòi iì. Òàðàñà Øåâ÷åíêà, áóâ îïîíåíòîì òà ðåöåíçåíòîì áàãàòüîõ
äîêòîðñüêèõ òà êàíäèäàòñüêèõ äèñåðòàöié, îðãàíiçàòîðîì ðÿäó êîíôåðåíöié òà
ñåìiíàðiâ.

Çà 55 ðîêiâ íàóêîâî-ïåäàãîãi÷íî¨ äiÿëüíîñòi, ñïèñîê íàóêîâèõ ðîáiò Ä. Â. Ãó-
ñàêà íàðàõîâó¹ 180 íàéìåíóâàíü. Ç íèõ íèæ÷å íàâåäåìî ëèøå ñïèñîê íàóêîâèõ
ìîíîãðàôié.

1. Ãóñàê Ä. Â., Áðàòèé÷óê Í.Ñ. Ãðàíè÷íûå çàäà÷è äëÿ ïðîöåññîâ ñ íåçàâè-
ñèìûìè ïðèðàùåíèÿìè. - Ê.: Íàóêîâà äóìêà, 1990. -264 ñ.

2. Ãóñàê Ä. Â. Ãðàíè÷íi çàäà÷i äëÿ ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè íà
ñêií÷åííèõ ëàíöþãàõ Ìàðêîâà òà äëÿ íàïiâìàðêîâñüêèõ ïðîöåñiâ. - Ê.: Ïðàöi
ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ò.18, 1998.- 320 ñ.

3. Ãóñàê Ä. Â. Ãðàíè÷íi çàäà÷i äëÿ ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè â
òåîði¨ ðèçèêó. - Ê.: Ïðàöi ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ò. 65, 2007. - 459 ñ.

4. Ãóñàê Ä. Â. Ïðîöåñè ç íåçàëåæíèìè ïðèðîñòàìè â òåîði¨ ðèçèêó. - Ê.:
Ïðàöi ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ò. 88, 2011. - 544 ñ.

5. Ãóñàê Ä. Â., Êóëèê Î.Ì. òà iíøi. Çáiðíèê çàäà÷ ç òåîði¨ âèïàäêîâèõ ïðîöå-
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ÓÄÊ 512.643.8

Â. Ì. Áîíäàðåíêî, Ì. Þ. Áîðòîø (Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè)

ÄÎÑÒÀÒÍI ÓÌÎÂÈ ÇÂIÄÍÎÑÒI Â ÊÀÒÅÃÎÐI�
ÌÎÍÎÌIÀËÜÍÈÕ ÌÀÒÐÈÖÜ ÍÀÄ ÊÎÌÓÒÀÒÈÂÍÈÌ
ËÎÊÀËÜÍÈÌ ÊIËÜÖÅÌ

It is proved the reducibility of cyclic monomial matrices over a commutative local ring in the case
when their defining sequences contain subsequences of a fixed form.

Äîâåäåíà çâiäíiñòü öèêëi÷íèõ ìîíîìiàëüíèõ ìàòðèöü íàä êîìóòàòèâíèì ëîêàëüíèì êiëüöåì
ó âèïàäêó, êîëè ¨õ âèçíà÷àëüíi ïîñëiäîâíîñòi ìiñòÿòü â ñîái ïiäïîñëiäîâíîñòi ôiêñîâàíîãî
âèãëÿäó.

1. Âñòóï. ÍåõàéK � êîìóòàòèâíå êiëüöå ç îäèíèöåþ. Ïiä ìîíîìiàëüíîþ ìàò-
ðèöåþ M = (mij) íàä K áóäåìî ðîçóìiòè ìàòðèöþ ïîðÿäêó n (òîáòî, ðîçìiðó
n×n), â êîæíîìó ðÿäêó i â êîæíîìó ñòîâïöi ÿêî¨ ñòî¨òü íå áiëüøå îäíîãî íåíó-
ëüîâîãî åëåìåíòà Òàêié ìàòðèöi ìîæíà ïðèðîäíiì ÷èíîì çiñòàâèòè îðiíòîâàíèé
ãðàô Γ(M) ç âåðøèíàìè 1, . . . , n, i ñòðiëêàìè i→ j äëÿ âñiõ mij ̸= 0. Î÷åâèäíî,
ùî Γ(M) ¹ íåïåðåòèííèì îá'¹äíàííÿì ëàíöþãiâ i öèêëiâ (êîæíèé ç ÿêèõ ìà¹
îäíàêîâèé íàïðÿìîê ñòðiëîê). Äî òîãî æ òàêà ìàòðèöÿ ïåðåñòàíîâî÷íî ïîäiáíà
ïðÿìié ñóìi ìîíîìiàëüíèõ ìàòðèöü, ÿêèì âiäïîâiäàþòü ëàíöþãè i öèêëè ãðàôà
Γ(M). ßêùî ëàíöþã (âiäïîâiäíî öèêë) ëèøå îäèí, òî ìîíîìiàëüíó ìàòðèöþ
áóäåìî íàçèâàòè ëàíöþãîâîþ (âiäïîâiäíî öèêëi÷íîþ).

Ìîíîìiàëüíi ìàòðèöi íàä K óòâîðþþòü êàòåãîðiþ, ÿêùî ìîðôiçìîì iç A â
B ââàæàòè äîâiëüíó ìàòðèöþ X òàêó, ùî AX = XB. Íàçèâàòèìåìî ¨¨ êàòåãî-
ði¹þ ìîíîìiàëüíèõ ìàòðèöü íàä K. Içîìîðôiçìè öi¹¨ êàòåãîði¨ � öå, íà ìàòðè-
÷íié ìîâi, ìàòðèöi, ùî çäiéñíþþòü ïîäiáíiñòü. Ìàòðèöþ A íàä êiëüöåì K (ÿê
îá'¹êò öi¹¨ êàòåãîði¨) íàçèâà¹òüñÿ çâiäíîþ, ÿêùî âîíà ïîäiáíà ìàòðèöi âèãëÿäó(
A11 A12

0 A22

)
, äå A11 i A22 � ìàòðèöi ïîðÿäêó p ≥ 1 i q ≥ 1 âiäïîâiäíî. Òà-

êó ìàòðèöþ A íàçèâàòèìåìî òàêîæ (p, q)-çâiäíîþ àáî (∗, q)-çâiäíîþ, ÿêùî íàñ
íå öiêàâèòü ÷èñëî. p. Î÷åâèäíî, ùî ïðè n > 1 íåçâiäíèìè ìîæóòü áóòè ëèøå
öèêëi÷íi ìàòðèöi. Ó öié ñòàòòi âèâ÷àþòüñÿ íåçâiäíi îá'¹êòè âêàçàíî¨ êàòåãîði¨.

Áóäü-ÿêà öèêëi÷íà ìàòðèöÿ ïîðÿäêó n ïåðåñòàíîâî÷íî ïîäiáíà ìàòðèöi âèã-
ëÿäó

A =Mt(a) =


0 . . . 0 an
a1 . . . 0 0
...

. . .
...

...
0 . . . an−1 0

 ,

äå a = (a1, . . . , an−1, an). Òàêà ìàòðèöÿ A íàçèâà¹òüñÿ êàíîíi÷íî öèêëi÷íîþ, à
ïîñëiäîâíiñòü a � ¨¨ âèçíà÷àëüíîþ ïîñëiäîâíiñòþ. Ó âèïàäêó, êîëè âñi íåíóëüî-
âi åëåìåíòè ai ìàþòü âèãëÿä tsi , äå t � çàôiêñîâàíèé åëåìåíò iç K (si ≥ 0),
ìàòðèöÿ A íàçèâà¹òüñÿ êàíîíi÷íî t-öèêëi÷íîþ. Â öüîìó âèïàäêó ïèøóòü òà-
êîæ A = Mt(a). ×èñëî si íàçèâà¹òüñÿ âàãîþ åëåìåíòà tsi , à ïîñëiäîâíiñòü w =
(s1, . . . , sn−1, sn) � âàãîâîþ ïîñëiäîâíiñòþ ìàòðèöi A.

Êàíîíi÷íî t-öèêëi÷íi ìàòðèöi âèâ÷àëèñÿ â áàãàòüîõ ðîáîòàõ (äèâ., íàïðèê-
ëàä, [1]� [4]. Âiäíîñíî âèùåïðèâåäåíèõ îçíà÷åíü i ïîçíà÷åíü äèâ., íàïðèêëàä, [4].
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2. Òåîðåìè ïðî (∗, 3)(∗, 3)(∗, 3)-çâiäíiñòü. Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå
ç ðàäèêàëîì R ̸= 0 i t � íåíóëüîâèé åëåìåíò iç R òàêèé, ùî t2 = 0.

Òåîðåìà 1. Êàíîíi÷íî t-öèêëi÷íà ìàòðèöÿ ïîðÿäêó n ≥ 9 ç âàãîâîþ ïîñëi-
äîâíiñòþ (0, 1, 0, 1, 0, p1, . . . , ps, 1, 1, 1, 1) ¹ (n− 3, 3) çâiäíîþ.

Òåîðåìà 2. Êàíîíi÷íî t-öèêëi÷íà ìàòðèöÿ ïîðÿäêó n ≥ 9 ç âàãîâîþ ïîñëi-
äîâíiñòþ (0, 0, 0, 0, 0, p1, . . . , ps, 1, 1, 0, 1) ¹ (n− 3, 3) çâiäíîþ.

Òåîðåìà 3. Êàíîíi÷íî t-öèêëi÷íà ìàòðèöÿ ïîðÿäêó n ≥ 12 ç âàãîâîþ ïî-
ñëiäîâíiñòþ (0, 1, 1, 0, 1, 0, 1, 0, p1, . . . , ps, 1, 1, 1, 1) ¹ (n− 3, 3) çâiäíîþ.

Â óìîâàõ óñiõ òåîðåì s ≥ 0.
3. Äîâåäåííÿ òåîðåìè 1. Ñïî÷àòêó ââåäåìî äåÿêi ïîçíà÷åííÿ äëÿ ïåðåò-

âîðåíü äîâiëüíî¨ êâàäðàòíî¨ ìàòðèöi íàä êiëüöåì K. Pij(a) ïîçíà÷à¹ äîäàâàííÿ
i-ãî ðÿäêà, ïîìíîæåíîãî íà åëåìåíò a ∈ K, äî j-ãî ðÿäêà. Qij(a) ïîçíà÷à¹ àíàëî-
ãi÷íå ïåðåòâîðåííÿ äëÿ ñòîâïöiâ. ×åðåç [m

a→ s]+ ïîçíà÷èìî ïåðåòâîðåííÿ ïî-
äiáíîñòi, ÿêå ïîëÿãà¹ â òîìó, ùî ñïî÷àòêó çàñòîñîâó¹òüñÿ ïåðåòâîðåííÿ Pms(a),
à ïîòiì îáåðíåíå äî íüîãî ïåðåòâîðåííÿ Qsm(−a), à ÷åðåç [m

a→ s]− � ïåðåòâî-
ðåííÿ ïîäiáíîñòi, ÿêå ïîëÿãà¹ â òîìó, ùî ñïî÷àòêó çàñòîñîâó¹òüñÿ ïåðåòâîðåííÿ
Qms(a), à ïîòiì îáåðíåíå äî íüîãî ïåðåòâîðåííÿ Psm(−a).

Çàâæäè ââàæà¹ìî, ùî αi ïîçíà÷à¹ åëåìåíò tpi ∈ R.
Ìà¹ìî Mt(1, t, 1, t, 1, α1, . . . , αs, t, t, t, t) =

=



0 0 0 0 0 0 . . . 0 0 0 0 t
1 0 0 0 0 0 . . . 0 0 0 0 0
0 t 0 0 0 0 . . . 0 0 0 0 0
0 0 1 0 0 0 . . . 0 0 0 0 0
0 0 0 t 0 0 . . . 0 0 0 0 0
0 0 0 0 1 0 . . . 0 0 0 0 0
0 0 0 0 0 α1 . . . 0 0 0 0 0
...

...
...

...
...

...
. . .

...
...

...
...

...
0 0 0 0 0 0 . . . αs 0 0 0 0
0 0 0 0 0 0 . . . 0 t 0 0 0
0 0 0 0 0 0 . . . 0 0 t 0 0
0 0 0 0 0 0 . . . 0 0 0 t 0



.

Ðîçãëÿíåìî (n− 3, 3)-çâiäíó ìàòðèöþ

N =



0 0 0 0 0 . . . 0 0 −t 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 0 1 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.
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Ïîêàæåìî, ùî N ïîäiáíà ìàòðèöi Mt(1, t, 1, t, 1, α1, . . . , αs, t, t, t, t).

Íà 1-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N ïåðåòâîðåííÿ [n− 2
t→ n− 3]−:

N1 =



0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 1 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 2-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N1 ïåðåòâîðåííÿ [1
−1→ n− 1]+:

N2 =



0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
t 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 3-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N2 ïåðåòâîðåííÿ [2
−1→ n]+:

N3 =



0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 t 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.
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Íà 4-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N3 ïåðåòâîðåííÿ [3
−t→ n− 2]+:

N4 =



0 0 t 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 5-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N4 ïåðåòâîðåííÿ [4
−1→ 1]+:

N5 =



0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 t 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 6-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N5 ïåðåòâîðåííÿ [5
−t→ 2]+:

N6 =



0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 t 0



.

ÌàòðèöÿN6 îäíàêîâîþ ïåðåñòàíîâêîþ (÷è, iíøèìè ñëîâàìè, ïåðåñòàíîâêîþ)
ðÿäêiâ i ñòîâïöiâ ïðèâîäèòüñÿ äî ìàòðèöi Mt(1, t, 1, t, 1, α1, . . . , αs, t, t, t, t).
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4. Äîâåäåííÿ òåîðåìè 2. Äîâåäåííÿ ïðîâîäèìî ïî òié æå ñõåìi, ùî i
äîâåäåííÿ òåîðåìè 1.

Ìà¹ìî Mt(1, 1, 1, 1, 1, α1, . . . , αs, t, t, 1, t) =

=



0 0 0 0 0 0 . . . 0 0 0 0 t
1 0 0 0 0 0 . . . 0 0 0 0 0
0 1 0 0 0 0 . . . 0 0 0 0 0
0 0 1 0 0 0 . . . 0 0 0 0 0
0 0 0 1 0 0 . . . 0 0 0 0 0
0 0 0 0 1 0 . . . 0 0 0 0 0
0 0 0 0 0 α1 . . . 0 0 0 0 0
...

...
...

...
...

...
. . .

...
...

...
...

...
0 0 0 0 0 0 . . . αs 0 0 0 0
0 0 0 0 0 0 . . . 0 t 0 0 0
0 0 0 0 0 0 . . . 0 0 t 0 0
0 0 0 0 0 0 . . . 0 0 0 1 0



.

Ðîçãëÿíåìî (n− 3, 3)-çâiäíó ìàòðèöþ

N =



0 0 0 0 0 . . . 0 0 −t 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 0 1 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.

Ïîêàæåìî, ùî N ïîäiáíà ìàòðèöi Mt(1, 1, 1, 1, 1, α1, . . . , αs, t, t, 1, t).

Íà 1-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N ïåðåòâîðåííÿ [n− 2
t→ n− 3]−:

N1 =



0 0 0 0 0 . . . 0 0 0 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 1 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.
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Íà 2-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N1 ïåðåòâîðåííÿ [1
−1→ n− 1]+:

N2 =



0 0 0 0 0 . . . 0 0 0 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
1 0 0 0 0 . . . 0 0 0 0 1 0



.

Íà 3-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N2 ïåðåòâîðåííÿ [2
−1→ n]+:

N3 =



0 0 0 0 0 . . . 0 0 0 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 t 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.

Íà 4-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N3 ïåðåòâîðåííÿ [3
−t→ n− 2]+:

N4 =



0 0 t 0 0 . . . 0 0 0 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.
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Íà 5-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N4 ïåðåòâîðåííÿ [4
−t→ 1]+:

N5 =



0 0 0 0 0 . . . 0 0 0 1 0 0
1 0 0 t 0 . . . 0 0 0 0 0 0
0 1 0 0 −t . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.

Íà 6-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N5 ïåðåòâîðåííÿ [5
−t→ 2]+:

N6 =



0 0 0 0 0 . . . 0 0 0 1 0 0
1 0 0 0 0 . . . 0 0 0 0 0 0
0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 . . . 0 0 0 0 0 0
0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 . . . 0 0 0 0 1 0



.

ÌàòðèöÿN6 îäíàêîâîþ ïåðåñòàíîâêîþ ðÿäêiâ i ñòîâïöiâ ïðèâîäèòüñÿ äî ìàò-
ðèöi Mt(1, 1, 1, 1, 1, α1, . . . , αs, t, t, 1, t).

5. Äîâåäåííÿ òåîðåìè 3. Äîâåäåííÿ ïðîâîäèìî ïî òié æå ñõåìi, ùî i
äîâåäåííÿ òåîðåìè 1.
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Ìà¹ìî Mt(1, t, t, 1, t, 1, t, 1, α1, . . . , αs, t, t, t, t) =

=



0 0 0 0 0 0 0 0 0 . . . 0 0 0 0 t
1 0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 t 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 t 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 1 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 t 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 1 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 0 t 0 0 . . . 0 0 0 0 0
0 0 0 0 0 0 0 1 0 . . . 0 0 0 0 0
0 0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0
...

...
...

...
...

...
...

...
...

. . .
...

...
...

...
...

0 0 0 0 0 0 0 0 0 . . . αs 0 0 0 0
0 0 0 0 0 0 0 0 0 . . . 0 t 0 0 0
0 0 0 0 0 0 0 0 0 . . . 0 0 t 0 0
0 0 0 0 0 0 0 0 0 . . . 0 0 0 t 0



.

Ðîçãëÿíåìî (n− 3, 3)-çâiäíó ìàòðèöþ

N =



0 0 0 0 0 0 0 0 . . . 0 0 −t 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Ïîêàæåìî, ùî N ïîäiáíà Mt(1, t, t, 1, t, 1, t, 1, α1, . . . , αs, t, t, t, t).
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Íà 1-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N ïåðåòâîðåííÿ [n− 2
t→ n− 3]−:

N1 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 1 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 2-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N1 ïåðåòâîðåííÿ [1
−1→ n− 1]+:

N2 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 3-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N2 ïåðåòâîðåííÿ [2
−1→ n]+:
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N3 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 4-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N3 ïåðåòâîðåííÿ [3
−1→ n− 2]+:

N4 =



0 0 1 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 5-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N4 ïåðåòâîðåííÿ [4
−1→ 1]+:
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N5 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 6-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N5 ïåðåòâîðåííÿ [5
−1→ 2]+:

N6 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 t 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 −t 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

Íà 7-ìó êðîöi çàñòîñó¹ìî äî ìàòðèöi N6 ïåðåòâîðåííÿ [6
−t→ 3]+:
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N7 =



0 0 0 0 0 0 0 0 . . . 0 0 0 1 0 0
t 0 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 t 0 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 1 0 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 t 0 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 1 0 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 t 0 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 1 0 . . . 0 0 0 0 0 0
0 0 0 0 0 0 0 α1 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 0 0 . . . αs 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 t 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0 t
0 0 0 0 0 0 0 0 . . . 0 0 t 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 t 0



.

ÌàòðèöÿN7 îäíàêîâîþ ïåðåñòàíîâêîþ ðÿäêiâ i ñòîâïöiâ ïðèâîäèòüñÿ äî ìàò-
ðèöi Mt(1, t, t, 1, t, 1, t, 1, α1, . . . , αs, t, t, t, t).

6. Òåîðåìè ïðî 2-ñïàäêîâó çâiäíiñòü (ôîðìóëþâàííÿ i äîâåäåííÿ).
Êàíîíi÷íî öèêëi÷íó ìàòðèöþ A íàçâåìî 2-ñïàäêîâî çâiäíîþ àáî ñïàäêîâî çâiä-
íîþ äîâæèíè 2, ÿêùî ó ïðèâåäåíîìó âèùå îçíà÷åííi çâiäíî¨ ìàòðèöi äiàãîíàëü-
íi áëîêè A11 i A22 ¹ òàêîæ êàíîíi÷íî öèêëi÷íèìè.

ßê i äëÿ ïîïåðåäíiõ òåîðåì, ââàæà¹ìî, ùîK � êîìóòàòèâíå ëîêàëüíå êiëüöå
ç ðàäèêàëîì R ̸= 0 i t � íåíóëüîâèé åëåìåíò iç R òàêèé, ùî t2 = 0.

Ïiä ïiäïîñëiäîâíiñòþ ïîñëiäîâíîñòi çàâæäè ðîçóìi¹ìî çâ'ÿçíó (ç òî÷íiñòþ
äî öèêëi÷íî¨ ïåðåñòàíîâêè ïîñëiäîâíîñòi) ïiäïîñëiäîâíiñòü.

Òåîðåìà 4. Êàíîíi÷íî t-öèêëi÷íà ìàòðèöÿ 2-ñïàäêîâî çâiäíà, ÿêùî ¨¨ âà-
ãîâà ïîñëiäîâíiñòü ìiñòèòü ïiäïîñëiäîâíîñòi (0, 0) i (1, 1, 1, 1).

Äîâåäåííÿ ïðîâîäèòüñÿ çà òi¹þ æ ñõåìîþ, ùî i äîâåäåííÿ òåîðåì 1�3. Çàñòî-
ñóâàâøè äî çâiäíî¨ ìàòðèöi (ç êàíîíi÷íî öèêëi÷íèìè äiàãîíàëüíèìè áëîêàìè)

N =



0 0 . . . 0 0 0 −1 1 0 0 0 . . . 0 0
α1 0 . . . 0 0 0 0 0 0 0 0 . . . 0 0
0 α2 . . . 0 0 0 0 0 0 0 0 . . . 0 0
...

...
. . .

...
...

...
...

...
...

...
...

. . .
...

...
0 0 . . . αr 0 0 0 0 0 0 0 . . . 0 0
0 0 . . . 0 t 0 0 0 0 0 0 . . . 0 0
0 0 . . . 0 0 t 0 0 0 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 0 0 . . . 0 1
0 0 . . . 0 0 0 0 t 0 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 t 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 αr+1 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 0 αr+2 . . . 0 0
...

...
. . .

...
...

...
...

...
...

...
...

. . .
...

...
0 0 . . . 0 0 0 0 0 0 0 0 . . . αs 0


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ïåðåòâîðåííÿ [r + 4
1→ r + 3]−, [1

−t→ r + 5]+, [n
t→ r + 2]−, ìà¹ìî ìàòðèöþ

N3 =



0 0 . . . 0 0 0 0 1 0 0 0 . . . 0 0
α1 0 . . . 0 0 0 0 0 0 0 0 . . . 0 0
0 α2 . . . 0 0 0 0 0 0 0 0 . . . 0 0
...

...
. . .

...
...

...
...

...
...

...
...

. . .
...

...
0 0 . . . αr 0 0 0 0 0 0 0 . . . 0 0
0 0 . . . 0 t 0 0 0 0 0 0 . . . 0 0
0 0 . . . 0 0 t 0 0 0 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 0 0 . . . 0 1
0 0 . . . 0 0 0 t 0 0 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 t 0 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 αr+1 0 . . . 0 0
0 0 . . . 0 0 0 0 0 0 0 αr+2 . . . 0 0
...

...
. . .

...
...

...
...

...
...

...
...

. . .
...

...
0 0 . . . 0 0 0 0 0 0 0 0 . . . αs 0



,

ÿêà îäíàêîâîþ ïåðåñòàíîâêîþ ðÿäêiâ i ñòîâïöiâ ìîæå áóòè ïðèâåäåíà äî âèãëÿäó
M(1, 1, α1, α2, . . . , αr, t, t, t, t, αr+1, αr+2, . . . , αs).

Òåîðåìà 5. Êàíîíi÷íî t-öèêëi÷íà ìàòðèöÿ 2-ñïàäêîâî çâiäíà, ÿêùî ¨¨ âà-
ãîâà ïîñëiäîâíiñòü ìiñòèòü ïiäïîñëiäîâíîñòi (0, 0, 0) i (1, 1, 0, 1, 1).

Äîâåäåííÿ ïðîâîäèòüñÿ çà òi¹þ æ ñõåìîþ, ùî i äîâåäåííÿ òåîðåì 1�3. Çàñòî-
ñóâàâøè äî çâiäíî¨ ìàòðèöi (ç êàíîíi÷íî öèêëi÷íèìè äiàãîíàëüíèìè áëîêàìè)

N =



0 0 0 . . . 0 0 0 −1 1 0 0 0 0 . . . 0 0
1 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
0 α1 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
0 0 α2 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
...

...
...

. . .
...

...
...

...
...

...
...

...
...

. . .
...

...
0 0 0 . . . αr 0 0 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 t 0 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 t 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 1
0 0 0 . . . 0 0 0 0 1 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 t 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 t 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 αr+1 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 0 αr+2 . . . 0 0
...

...
...

. . .
...

...
...

...
...

...
...

...
...

. . .
...

...
0 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . αs 0



ïåðåòâîðåííÿ [r + 5
1→ r + 4]−, [1

−1→ r + 6]+, [2
−t→ r + 7]+, [n

t→ r + 3]−, ìà¹ìî
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ìàòðèöþ

N4 =



0 0 0 . . . 0 0 0 0 1 0 0 0 0 . . . 0 0
1 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
0 α1 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
0 0 α2 . . . 0 0 0 0 0 0 0 0 0 . . . 0 0
...

...
...

. . .
...

...
...

...
...

...
...

...
...

. . .
...

...
0 0 0 . . . αr 0 0 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 t 0 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 t 0 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . 0 1
0 0 0 . . . 0 0 0 1 0 0 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 t 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 t 0 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 αr+1 0 . . . 0 0
0 0 0 . . . 0 0 0 0 0 0 0 0 αr+2 . . . 0 0
...

...
...

. . .
...

...
...

...
...

...
...

...
...

. . .
...

...
0 0 0 . . . 0 0 0 0 0 0 0 0 0 . . . αs 0



,

ÿêà îäíàêîâîþ ïåðåñòàíîâêîþ ðÿäêiâ i ñòîâïöiâ ìîæå áóòè ïðèâåäåíà äî âèãëÿäó
M(1, 1, 1, α1, α2, . . . , αr, t, t, 1, t, t, αr+1, αr+2, . . . , αs).
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ÓÄÊ 512.53

Â. Ì. Áîíäàðåíêî, ß. Â. Çàöiõà (Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè)

ÏÐÎ ÊÎÌÁIÍÀÒÎÐÍI ÂËÀÑÒÈÂÎÑÒI ÍÀÏIÂÃÐÓÏ
×ÅÒÂÅÐÒÎÃÎ ÏÎÐßÄÊÓ

In this paper we study combinatorial semigroups of order 4 (up to isomorphism and duality, their
number is 126).

Ó öié ðîáîòi âèâ÷àþòüñÿ êîìáiíàòîðíi âëàñòèâîñòi íàïiâãðóï ïîðÿäêó 4 (ç òî÷íiñòþ äî içî-
ìîðôiçìó òà äóàëüíîñòi, ¨õ ÷èñëî äîðiâíþ¹ 126).

Ãðóïàì ìàëèõ ïîðÿäêiâ ïðèñâÿ÷åíî áàãàòî ðîáiò i âîíè äîñèòü äîáðå âèâ÷åíi
(äèâ., íàïð., [1]). Íàïiâãðóïè ìàëèõ ïîðÿäêiâ âèâ÷åíi íå â òàêié ìiði i öå ïî-
â'ÿçàíî ç òèì, ùî ÷èñëî íàïiâãðóï êîíêðåòíîãî ïîðÿäêó íàáàãàòî áiëüøå, íiæ
ãðóï (íàïðèêëàä, ÷èñëî íàïiâãðóïï ïîðÿäêiâ 5, 6, 7 äîðiâíþ¹ âiäïîâiäíî 1160,
15973, 836021). Áiëüøiñòü çàäà÷ ïðî ïîâíèé îïèñ íàïiâãðóï ôiêñîâàíîãî ïîðÿäêó
îòðèìàíî ç âèêîðèñòàííÿì êîìï'þòåðíèõ ïðîãðàì. Çàóâàæèìî, ùî ïiä îïèñîì
òðàäèöiéíî ìà¹òüñÿ íà óâàçi îïèñ ç òî÷íiñòþ äî içîìîðôiçìó òà äóàëüíîñòi. Íà-
ïiâãðóïè, ùî ðîçãëÿäàþòüñÿ ç òàêîþ òî÷íiñòþ, íàçèâàþòüñÿ ðiçíèìè.

Íàïiâãðóïè ïîðÿäêó n < 4 âèâ÷åíi äîñèòü äåòàëüíî. Âèïàäêè n = 1, 2 òðè-
âiàëüíi (÷èñëî ðiçíèõ íàïiâãðóï âiäïîâiäíî 1 i 4). Íàïiâãðóïè ïîðÿäêó n = 3
îïèñàâ Ò. Òàìóðà, ó âèãëÿäi òàáëèöü Êåëi, ùå â 1953 ð. (äèâ. ðîáîòó [2]). Âîíè
âèâ÷àëèñÿ, çîêðåìà, â [3] � [5].

Íàïiâãðóïè ïîðÿäêó 4 îïèñàâ Ò. Òàìóðà â 1954 ð. (äèâ. [6]), à â 1955 ð.
� Ã. Å. Ôîðñàéò (äèâ. [7]); äðóãà ðîáîòà âèêîíàíà çà äîïîìîãîþ êîìï'þòåðíî¨
ïðîãðàìè. Âêàæåìî òàáëèöi Êåëi âñiõ òàêèõ (ïîïàðíî ðiçíèõ) íàïiâãðóï, ÷èñëî
ÿêèõ äîðiâíþ¹ 126; åëåìåíòè êîæíî¨ íàïiâãðóïè ïîçíà÷åíi ÷èñëàìè 0, 1, 2, 3.

1− 5

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 3

0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0

0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 1

6− 10

0 0 0 0
0 0 0 0
0 0 0 0
0 0 2 3

0 0 0 0
0 0 0 0
0 0 0 0
0 1 1 3

0 0 0 0
0 0 0 0
0 0 0 0
0 1 2 3

0 0 0 0
0 0 0 0
0 0 0 0
3 3 3 3

0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

11− 15

0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 1

0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 2

0 0 0 0
0 0 0 0
0 0 0 2
0 0 2 3

0 0 0 0
0 0 0 0
0 0 0 2
0 1 0 3

0 0 0 0
0 0 0 0
0 0 0 2
0 1 2 3

16− 20

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 3

0 0 0 0
0 0 0 0
0 0 1 0
0 0 1 1

0 0 0 0
0 0 0 0
0 0 1 0
3 3 3 3

0 0 0 0
0 0 0 0
0 0 1 1
0 0 1 1

21− 25

0 0 0 0
0 0 0 0
0 0 2 0
0 0 0 3

0 0 0 0
0 0 0 0
0 0 2 0
0 1 0 3

0 0 0 0
0 0 0 0
0 0 2 0
3 3 3 3

0 0 0 0
0 0 0 0
0 0 2 2
0 0 2 2

0 0 0 0
0 0 0 0
0 0 2 2
0 0 2 3
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26− 30

0 0 0 0
0 0 0 0
0 0 2 2
0 0 3 3

0 0 0 0
0 0 0 0
0 0 2 2
0 1 2 3

0 0 0 0
0 0 0 0
0 0 2 3
0 0 3 2

0 0 0 0
0 0 0 0
0 0 2 3
3 3 3 3

0 0 0 0
0 0 0 0
0 1 2 0
3 3 3 3

31− 35

0 0 0 0
0 0 0 0
0 1 2 2
0 1 2 2

0 0 0 0
0 0 0 0
0 1 2 2
0 1 2 3

0 0 0 0
0 0 0 0
0 1 2 2
0 1 3 3

0 0 0 0
0 0 0 0
0 1 2 3
0 1 2 3

0 0 0 0
0 0 0 0
0 1 2 3
0 1 3 2

36− 40

0 0 0 0
0 0 0 0
0 1 2 3
3 3 3 3

0 0 0 0
0 0 0 0
2 2 2 2
2 2 2 2

0 0 0 0
0 0 0 0
2 2 2 2
2 2 2 3

0 0 0 0
0 0 0 0
2 2 2 2
3 3 3 3

0 0 0 0
0 0 0 1
0 0 0 1
0 1 1 3

41− 45

0 0 0 0
0 0 0 1
0 0 0 1
0 1 2 3

0 0 0 0
0 0 0 1
0 0 0 2
0 1 2 3

0 0 0 0
0 0 0 1
0 0 1 2
0 1 2 3

0 0 0 0
0 0 0 1
0 0 2 0
0 1 0 3

0 0 0 0
0 0 0 1
0 0 2 2
0 1 2 3

46− 50

0 0 0 0
0 0 0 1
0 1 2 0
0 0 0 3

0 0 0 0
0 0 0 1
0 1 2 1
0 0 0 3

0 0 0 0
0 0 0 1
0 1 2 2
0 1 2 3

0 0 0 0
0 0 0 1
2 2 2 2
0 0 0 3

0 0 0 0
0 0 0 1
2 2 2 2
0 0 2 3

51− 55

0 0 0 0
0 0 0 1
2 2 2 2
0 1 0 3

0 0 0 0
0 0 0 1
2 2 2 2
0 1 2 3

0 0 0 0
0 0 0 1
2 2 2 2
2 2 2 3

0 0 0 0
0 0 0 2
2 2 2 2
3 3 3 3

0 0 0 0
0 0 1 1
0 1 2 2
0 1 2 2

56− 60

0 0 0 0
0 0 1 1
0 1 2 2
0 1 2 3

0 0 0 0
0 0 1 1
0 1 2 2
0 1 3 3

0 0 0 0
0 0 1 1
0 1 2 3
0 1 3 2

0 0 0 0
0 1 0 0
0 0 2 0
0 0 0 3

0 0 0 0
0 1 0 0
0 0 2 0
3 3 3 3

61− 65

0 0 0 0
0 1 0 0
0 0 2 2
0 0 2 2

0 0 0 0
0 1 0 0
0 0 2 2
0 0 2 3

0 0 0 0
0 1 0 0
0 0 2 2
0 0 3 3

0 0 0 0
0 1 0 0
0 0 2 3
0 0 3 2

0 0 0 0
0 1 0 0
0 0 2 3
3 3 3 3

66− 70

0 0 0 0
0 1 0 0
2 2 2 2
2 2 2 3

0 0 0 0
0 1 0 0
2 2 2 2
3 3 3 3

0 0 0 0
0 1 0 1
0 0 2 2
0 1 2 3

0 0 0 0
0 1 0 1
2 2 2 2
0 1 0 1

0 0 0 0
0 1 0 1
2 2 2 2
0 1 0 3

71− 75

0 0 0 0
0 1 0 1
2 2 2 2
0 1 2 3

0 0 0 0
0 1 0 1
2 2 2 2
0 3 0 3

0 0 0 0
0 1 0 1
2 2 2 2
2 3 2 3

0 0 0 0
0 1 0 3
2 2 2 2
0 1 0 3

0 0 0 0
0 1 0 3
2 2 2 2
0 3 0 1

76− 80

0 0 0 0
0 1 0 3
2 2 2 2
3 3 3 3

0 0 0 0
0 1 1 1
0 1 1 1
0 1 1 1

0 0 0 0
0 1 1 1
0 1 1 1
0 1 1 2

0 0 0 0
0 1 1 1
0 1 1 1
0 1 1 3

0 0 0 0
0 1 1 1
0 1 1 1
0 1 2 3

81− 85

0 0 0 0
0 1 1 1
0 1 1 1
0 3 3 3

0 0 0 0
0 1 1 1
0 1 1 2
0 1 2 3

0 0 0 0
0 1 1 1
0 1 2 1
0 1 1 3

0 0 0 0
0 1 1 1
0 1 2 1
0 3 3 3

0 0 0 0
0 1 1 1
0 1 2 2
0 1 2 2
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86− 90

0 0 0 0
0 1 1 1
0 1 2 2
0 1 2 3

0 0 0 0
0 1 1 1
0 1 2 2
0 1 3 3

0 0 0 0
0 1 1 1
0 1 2 3
0 1 3 2

0 0 0 0
0 1 1 1
0 1 2 3
0 3 3 3

0 0 0 0
0 1 1 1
0 2 2 2
0 3 3 3

91− 95

0 0 0 0
0 1 1 3
0 1 1 3
0 3 3 1

0 0 0 0
0 1 1 3
0 1 1 3
3 3 3 3

0 0 0 0
0 1 1 3
0 1 2 3
0 3 3 1

0 0 0 0
0 1 1 3
0 1 2 3
3 3 3 3

0 0 0 0
0 1 1 3
0 2 2 3
3 3 3 3

96− 100

0 0 0 0
0 1 2 2
0 2 1 1
0 2 1 1

0 0 0 0
0 1 2 3
0 1 2 3
3 3 3 3

0 0 0 0
0 1 2 3
0 2 1 3
3 3 3 3

0 0 0 0
0 1 2 3
0 2 3 1
0 3 1 2

0 0 0 0
0 1 2 3
2 2 2 2
2 3 0 1

101− 105

0 0 0 0
0 1 2 3
2 2 2 2
3 3 3 3

0 0 0 0
1 1 1 1
2 2 2 2
3 3 3 3

0 0 0 3
0 0 0 3
0 0 0 3
3 3 3 0

0 0 0 3
0 0 0 3
0 0 1 3
3 3 3 0

0 0 0 3
0 0 0 3
0 0 2 3
3 3 3 0

106− 110

0 0 0 3
0 0 0 3
0 1 2 3
3 3 3 0

0 0 0 3
0 0 1 3
0 1 2 3
3 3 3 0

0 0 0 3
0 1 0 3
0 0 2 3
3 3 3 0

0 0 0 3
0 1 1 3
0 1 1 3
3 3 3 0

0 0 0 3
0 1 1 3
0 1 2 3
3 3 3 0

111− 115

0 0 0 3
0 1 1 3
0 2 2 3
3 3 3 0

0 0 0 3
0 1 2 3
0 2 1 3
3 3 3 0

0 0 2 2
0 0 2 2
2 2 0 0
2 2 0 0

0 0 2 2
0 0 2 2
2 2 0 0
2 2 0 1

0 0 2 2
0 1 2 2
2 2 0 0
2 2 0 0

116− 120

0 0 2 2
0 1 2 2
2 2 0 0
2 3 0 0

0 0 2 2
0 1 2 3
2 2 0 0
2 3 0 0

0 0 2 2
0 1 2 3
2 2 0 0
2 3 0 1

0 0 2 2
1 1 3 3
0 0 2 2
1 1 3 3

0 0 2 2
1 1 3 3
2 2 0 0
3 3 1 1

121− 125

0 0 2 3
0 0 2 3
2 2 3 0
3 3 0 2

0 0 2 3
0 1 2 3
2 2 3 0
3 3 0 2

0 1 1 1
1 0 0 0
1 0 0 0
1 0 0 0

0 1 1 3
1 3 3 0
1 3 3 0
3 0 0 1

0 1 2 3
1 0 3 2
2 3 0 1
3 2 1 0

126

0 1 2 3
1 0 3 2
2 3 1 0
3 2 0 1

Ìåòîþ öi¹¨ ñòàòòi ¹ îïèñ äëÿ âñiõ íàïiâãðóï 4-ãî ïîðÿäêó îñíîâíèõ ÷èñëîâèõ
õàðàêòåðèñòèê. Ìè ðîçãëÿäà¹ìî íàñòóïíi âëàñòèâîñòi íàïiâãðóï.

C: êîìóòàòèâíiñòü;
NC: íåêîìóòàòèâíiñòü;
P (1): iñíóâàííÿ îäèíè÷íîãî åëåìåíòà;
P (0): iñíóâàííÿ íóëüîâîãî åëåìåíòà;
P+(1): iñíóâàííÿ ïðè¹äíàíîãî îäèíè÷íîãî åëåìåíòà;
P+(0): iñíóâàííÿ ïðè¹äíàíîãî íóëüîâîãî åëåìåíòà;
nid: ÷èñëî iäåìïîòåíòiâ;
ngen: íàéìåíøå ÷èñëî òâiðíèõ;
ns(m): ÷èñëî íàïiâãðóï ïîðÿäêó m.
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Ñôîðìóëþ¹ìî îñíîâíèé ðåçóëüòàò öi¹¨ ñòàòòi, ÿêèé îïèñó¹ âêàçàíi âëàñòè-
âîñòi äëÿ âñiõ íàïiâãðóï 4-ãî ïîðÿäêó.

Òåîðåìà. Íàïiâãðóïè 1�126 ìàþòü íàñòóïíi âëàñòèâîñòi:

� C NC P(1) P(0) P+(1) P+(0) nid ngen ns(1) ns(2) ns(3)
1 + - - + - - 1 3 1 3 3
2 + - - + - - 1 2 1 2 2
3 + - - + - - 2 3 2 3 3
4 - + - + - - 1 2 1 3 2
5 - + - + - - 1 2 1 2 2
6 - + - + - - 2 3 2 3 3
7 - + - + - - 2 2 2 3 2
8 - + - + - - 2 3 2 3 3
9 - + - - - - 2 3 2 3 3
10 + - - + - - 1 2 1 3 2
11 + - - + - - 1 2 1 2 2
12 + - - + - - 1 1 1 2 1
13 + - - + - - 2 3 2 3 3
14 - + - + - - 2 3 2 3 3
15 - + - + - - 2 3 2 3 3
16 + - - + - - 1 2 1 1 2
17 + - - + - - 2 2 2 2 2
18 - + - + - - 1 2 1 1 2
19 - + - - - - 2 2 2 2 2
20 + - - + - - 1 2 1 1 2
21 + - - + - - 3 3 3 3 3
22 - + - + - - 3 3 3 3 3
23 - + - - - - 3 3 3 3 3
24 + - - + - - 2 2 2 3 2
25 + - - + - - 3 3 3 4 3
26 - + - + - - 3 3 3 4 3
27 - + - + - - 3 3 3 4 3
28 + - - + - - 2 2 2 3 2
29 - + - - - - 3 3 3 4 3
30 - + - - - - 3 3 3 3 3
31 - + - + - - 2 2 2 3 2
32 - + - + - - 3 3 3 4 3
33 - + - + - - 3 3 3 4 3
34 - + - + - - 3 3 3 4 3
35 - + - + - - 2 2 2 3 2
36 - + - - - - 3 3 3 4 3
37 - + - - - - 2 2 2 3 2
38 - + - - - - 3 2 3 3 2
39 - + - - - - 3 3 3 4 3
40 + - - + - - 2 2 2 3 2
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� C NC P(1) P(0) P+(1) P+(0) nid ngen ns(1) ns(2) ns(3)
41 - + - + - - 2 2 2 3 2
42 + - + + + - 2 3 2 3 3
43 + - + + + - 2 2 2 2 2
44 + - - + - - 3 3 3 3 3
45 + - + + + - 3 3 3 4 3
46 - + - + - - 3 3 3 3 3
47 - + - + - - 3 2 3 3 2
48 - + + + + - 3 3 3 4 3
49 - + - - - - 3 3 3 3 3
50 - + - - - - 3 3 3 4 3
51 - + - - - - 3 3 3 3 3
52 - + + - + - 3 3 3 4 3
53 - + - - - - 3 2 3 3 2
54 - + - - - - 3 2 3 4 2
55 + - - + - - 2 2 2 3 2
56 + - + + + - 3 3 3 4 3
57 - + - + - - 3 3 3 4 3
58 + - + + - - 2 2 2 3 2
59 + - - + - - 4 3 4 3 3
60 - + - - - - 4 3 4 3 3
61 + - - + - - 3 3 3 3 2
62 + - - + - - 4 3 4 4 3
63 - + - + - - 4 3 4 4 3
64 + - - + - - 3 2 3 3 2
65 - + - - - - 4 3 4 4 3
66 - + - - - - 4 2 4 3 2
67 - + - - - - 4 3 4 4 3
68 + - + + + - 4 3 4 5 3
69 - + - - - - 3 2 3 3 2
70 - + - - - - 4 3 4 4 3
71 - + + - + - 4 3 4 5 3
72 - + - - - - 4 3 4 4 3
73 - + - - - - 4 3 4 4 2
74 - + - - - - 4 3 4 4 3
75 - + - - - - 3 3 3 3 2
76 - + - - - - 4 3 4 5 3
77 + - - + - + 2 3 2 3 3
78 + - - + - + 2 2 2 2 2
79 + - - + - + 3 3 3 4 3
80 - + - + - + 3 3 3 4 3
81 - + - + - + 3 3 3 4 3
82 + - + + + + 3 3 3 4 3
83 + - - + - + 4 3 4 5 3
84 - + - + - + 4 3 4 5 3
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� C NC P(1) P(0) P+(1) P+(0) nid ngen ns(1) ns(2) ns(3)
85 + - - + - + 3 3 3 4 3
86 + - + + + + 4 4 4 6 4
87 - + - + - + 4 4 4 6 4
88 + - + + - + 3 3 3 4 3
89 - + + + + + 4 4 4 6 4
90 - + - + - + 4 4 4 6 4
91 + - - + - + 2 3 2 3 3
92 - + - - - - 3 3 3 4 3
93 + - + + + + 3 3 3 4 3
94 - + + - + - 4 4 4 6 4
95 - + - - - - 4 4 4 6 4
96 + - - + - + 2 2 2 2 2
97 - + - - - - 4 4 4 6 4
98 - + + - - - 3 3 3 4 3
99 + - + + - + 2 2 2 1 1
100 - + + - - - 3 2 3 4 1
101 - + + - + - 4 4 4 6 4
102 - + - - - - 4 4 4 6 4
103 + - - - - - 1 3 1 3 3
104 + - - - - - 1 2 1 2 2
105 + - - - - - 2 3 2 3 3
106 - + - - - - 2 3 2 3 3
107 + - + - + - 2 3 2 3 3
108 + - - - - - 3 3 3 3 3
109 + - - - - - 2 2 2 3 2
110 + - + - + - 3 3 3 4 3
111 - + - - - - 3 3 3 4 3
112 + - + - - - 2 2 2 3 2
113 + - - - - - 1 2 1 2 2
114 + - - - - - 1 1 1 2 1
115 + - - - - - 2 2 2 2 2
116 - + - - - - 2 2 2 2 2
117 + - + - + - 2 2 2 2 2
118 + - + - - - 2 2 2 3 1
119 - + - - - - 4 2 4 4 0
120 - + - - - - 2 2 2 3 0
121 + - - - - - 1 2 1 1 1
122 + - + - + - 2 2 2 1 1
123 + - - - - - 1 2 1 1 2
124 + - - - - - 1 1 1 0 1
125 + - + - - - 1 2 1 3 0
126 + - + - - - 1 1 1 1 0

Äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ êîìáiíàòîðíèì ìåòîäîì: äëÿ êîæíî¨ íà-
ïiâãðóïè îïèñóþòüñÿ âñi ¨¨ ïiäíàïiâãðóïè, ïîðîäæåíi îäíèì, äâîìà òà òðüîìà
åëåìåíòàìè, ç ïîñëiäóþ÷èì àíàëiçîì îòðèìàíèõ äàíèõ.
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Ï. Â. Ñëþñàð÷óê (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÄÅßÊI ÓÇÀÃÀËÜÍÅÍÍß ÎÖIÍÎÊ ÇÎËÎÒÀÐÜÎÂÀ ÄËß
ÏÎÑËIÄÎÂÍÎÑÒI ÑÅÐIÉ

Estimates of Zolotarev in the central limit theorem generalized for sequences series random vari-
ables.

Îöiíêè Çîëîòàðüîâà â öåíòðàëüíié ãðàíè÷íié òåîðåìi óçàãàëüíþþòüñÿ äëÿ ïîñëiäîâíîñòi ñåðié
âèïàäêîâèõ âåëè÷èí.

Ó äàíié ðîáîòi ðåçóëüòàòè ðîáîòè [1] óçàãàëüíþþòüñÿ íà âèïàäîê ïîñëiäîâíîñòi
ñåðié âèïàäêîâèõ âåëè÷èí.

Íåõàé ξn1, . . . , ξnn � ïîñëiäîâíiñòü ñåðié íåçàëåæíèõ i îäíàêîâî ðîçïîäiëå-
íèõ â êîæíié ñåði¨ âèïàäêîâèõ âåëè÷èí, Fn (x)− ôóíêöiÿ ðîçïîäiëó ξni, fn (t)−
õàðàêòåðèñòè÷íà ôóíêöiÿ ξni , Mξni = 0; Dξni =

1
n
.

Ïîçíà÷èìî: Sn = ξn1+ · · ·+ ξnn, Φn (x)− ôóíêöiÿ ðîçïîäiëó Sn, Φ (x)− ôóí-
êöiÿ ðîçïîäiëó ñòàíäàðòíîãî íîðìàëüíîãî çàêîíó, ρn = supx |Φn (x)− Φ (x)| ,
Hn (x) = Fn

(
x√
n

)
− Φ (x).

Ââåäåìî ïñåâäîìîìåíòè òàêîãî âèãëÿäó:

κn = 3

∫ +∞

−∞
x2 |Hn (x)| dx, κn0 =

∫ +∞

−∞
max

(
1, 3x2

)
|Hn (x)| dx.

Òåîðåìà 1. Äëÿ âñiõ n ≥ 1 ñïðàâåäëèâi íåðiâíîñòi:

ρn ≤ C1

max
{
κn0, (κn0)

n
n+1

}
√
n

, ρn ≤ C2

max
{
κn, (κn)

n
3n+1

}
√
n

,

äå C1, C2 � äåÿêi àáñîëþòíi ñòàëi.

Äëÿ äîâiëüíîãî y > 0 ïîçíà÷èìî

ν
(1)
n0 (y) =

∫
|x|≤y

max
(
1, |x|3

)
|dHn (x)|, ν

(2)
n0 (y) =

∫
|x|>y

max
(
1, x2

)
|dHn (x)|.

Òåîðåìà 2. Äëÿ âñiõ n ≥ 1 ñïðàâåäëèâà íåðiâíiñòü

ρn ≤ C3 inf
y>0

{
ν
(1)
n0 (y)√
n

+ ν
(2)
n0 (y)

}
,

äå C3 � àáñîëþòíà ñòàëà.

Íàñëiäîê. Äëÿ âñiõ n ≥ 1

ρn ≤ C3
νn0√
n
,
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äå νn0 (y) =
∫ +∞
−∞ max

(
1, |x|3

)
|dHn (x)| .

Íåõàé ξ1, . . . , ξn, . . . - ïîñëiäîâíiñòü íåçàëåæíèõ îäíàêîâî ðîçïîäiëåíèõ âè-
ïàäêîâèõ âåëè÷èí ç ôóíêöi¹þ ðîçïîäiëó F (x), Mξi = 0, Dξi = 1. ßêùî ïîêëà-

äåìî ξni = ξi/
√
n , òî Fn

(
x√
n

)
= F (x). Òîäi iç òåîðåìè 1 i íàñëiäêó îäåðæó¹ìî

ðåçóëüòàòè ðîáîòè [1].
Äëÿ äîâåäåííÿ òåîðåìè íåîáõiäíi íàñòóïíi ëåìè.

Ëåìà 1. Íåõàé ωn (t) =
∣∣∣fn (t√n)− e−

t2

2

∣∣∣ .Òîäi äëÿ âñiõ t ∈ R ìàþòü ìiñöå

íàñòóïíi íåðiâíîñòi :

ωn (t) ≤ κn
|t|3

6
, (1)

ωn (t) ≤ κn0min
(
|t| , t

3

6

)
≤ κn0

t2√
6
, (2)

ωn (t) ≤ ν
(1)
n0 (y) + ν

(2)
n0 (y) , (3)

ωn (t) ≤
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y) , (4)

ωn (t) ≤
1

2
t2
(
ν
(1)
n0 (y) + ν

(2)
n0 (y)

)
. (5)

Äîâåäåííÿ. Iç óìîâ Mξnk = 0 , Dξnk =
1
n
, îäåðæó¹ìî

ωn (t) =
∣∣∣fn (t√n)− e−

t2

2

∣∣∣ = ∣∣∣∣∫ +∞

−∞
eitx

√
ndFn (x)−

∫ +∞

−∞
eitxdΦ (x)

∣∣∣∣ =
=

∣∣∣∣∫ +∞

−∞
eitxd

(
Fn

(
x√
n

)
− Φ (x)

)∣∣∣∣ =
=

∣∣∣∣∣
∫ +∞

−∞

(
eitx − 1− it− (itx)2

2

)
d

(
Fn

(
x√
n

)
− Φ (x)

)∣∣∣∣∣ =
=

∣∣∣∣t ∫ +∞

−∞

(
Fn

(
x√
n

)
− Φ (x)

)
eitxdx

∣∣∣∣ =
=

∣∣∣∣t ∫ +∞

−∞

(
eitx − 1− itx

)(
Fn

(
x√
n

)
− Φ (x)

)
dx

∣∣∣∣ . (6)

Iç íåðiâíîñòi ( [1], ñò.372)∣∣∣∣∣eiz −
m∑
j=0

(iz)j

j!

∣∣∣∣∣ ≤ 21−γ|z|m+γ

m!(m+ 1)γ
, 0 ≤ γ ≤ 1, (7)

îäåðæó¹ìî

ωn (t) =

∣∣∣∣t ∫ +∞

−∞

(
eitx − 1− itx

)(
Fn

(
x√
n

)
− Φ (x)

)
dx

∣∣∣∣ ≤
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≤ |t|
∫ +∞

−∞

∣∣eitx − 1− itx
∣∣ ∣∣∣∣Fn( x√

n

)
− Φ (x)

∣∣∣∣dx ≤

≤ |t|3

2

∫ +∞

−∞
x2
∣∣∣∣Fn( x√

n

)
− Φ (x)

∣∣∣∣dx =
|t|3

6
κn.

Îòæå, íåðiâíiñòü (1) ëåìè 1 äîâåäåíà. Çà ùîéíî äîâåäåíîþ íåðiâíiñòþ ìà¹ìî:

ωn (t) ≤
|t|3

6

∫ +∞

−∞
3x2

∣∣∣∣Fn( x√
n

)
− Φ (x)

∣∣∣∣ dx ≤

≤ |t|3

6

∫ +∞

−∞
max

(
1, 3x2

) ∣∣∣∣Fn( x√
n

)
− Φ (x)

∣∣∣∣ dx =
|t|3

6
κn0.

Iç ðiâíîñòi (6)

ωn (t) =

∣∣∣∣t ∫ +∞

−∞

(
Fn

(
x√
n

)
− Φ (x)

)
eitxdx

∣∣∣∣ ≤ |t|
∫ +∞

−∞

∣∣∣∣Fn( x√
n

)
− Φ (x)

∣∣∣∣ dx ≤

≤ |t|
∫ +∞

−∞
max

(
1, 3x2

) ∣∣∣∣Fn( x√
n

)
− Φ (x)

∣∣∣∣ dx = |t|κn0.

Îñêiëüêè, ωn (t) ≤ |t|κn0 i ωn (t) ≤ |t|3
6
κn0, òî

ωn (t) ≤ min

(
|t|3

6
κn0, |t|κn0

)
= κn0min

(
|t|3

6
, |t|

)
.

Ïåðøà ÷àñòèíà íåðiâíîñòi (2) ëåìè 1 äîâåäåíà.

Íåõàé min
(
|t| , |t|

3

6

)
= |t| , òîäi |t| ≤ |t|3

6
, 1 ≤ t2

6
, |t|√

6
≥ 1. Òîìó

min

(
|t| , |t|

3

6

)
= |t| ≤ |t| |t|√

6
=

t2√
6
.

ßêùî æ min
(
|t| , |t|

3

6

)
= |t|3

6
, òî |t|√

6
≤ 1 , òîìó

min

(
|t| , |t|

3

6

)
=

|t|3

6
=

t2√
6

|t|√
6
≤ t2√

6
.

Íåðiâíiñòü (2) äîâåäåíà.

ωn (t) =
∣∣∣fn (t√n)− e−

t2

2

∣∣∣ = ∫ +∞

−∞
eitxd

(
Fn

(
x√
n

)
− Φ (x)

)
.

Iç (6) i (7) äëÿ äîâiëüíîãî y > 0

ωn (t) ≤
∫ +∞

−∞

∣∣∣∣d(Fn( x√
n

)
− Φ (x)

)∣∣∣∣ ≤
≤
∫
|x|≤y

max
(
1, |x|3

) ∣∣∣∣d(Fn( x√
n

)
− Φ (x)

)∣∣∣∣+
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+

∫
|x|>y

max
(
1, x2

) ∣∣∣∣d(Fn( x√
n

)
− Φ (x)

)∣∣∣∣ = ν
(1)
n0 (y) + ν

(2)
n0 (y) ,

ωn (t) =

∣∣∣∣∣
∫ +∞

−∞

(
eitx − 1− it− (itx)2

2

)
d

(
Fn

(
x√
n

)
− Φ (x)

)∣∣∣∣∣ ≤
≤
∫
|x|≤y

∣∣∣∣∣
(
eitx − 1− it− (itx)2

2

)∣∣∣∣∣
∣∣∣∣d(Fn( x√

n

)
− Φ (x)

)∣∣∣∣+
+

∫
|x|>y

∣∣∣∣∣
(
eitx − 1− it− (itx)2

2

)∣∣∣∣∣
∣∣∣∣d(Fn( x√

n

)
− Φ (x)

)∣∣∣∣ ≤
≤ |t|3

6

∫
|x|≤y

|x|3
∣∣∣∣d(Fn( x√

n

)
− Φ (x)

)∣∣∣∣+ t2
∫
|x|>y

x2
∣∣∣∣d(Fn( x√

n

)
− Φ (x)

)∣∣∣∣ ≤
≤ |t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y) .

Êðiì òîãî,

ωn (t) =

∣∣∣∣∫ +∞

−∞

(
eitx − 1− it

)
d

(
Fn

(
x√
n

)
− Φ (x)

)∣∣∣∣ ≤
ωn (t) ≤

1

2
t2
∫ +∞

−∞
x2
∣∣∣∣d(Fn( x√

n

)
− Φ (x)

)∣∣∣∣ ≤1

2
t2
(
ν
(1)
n0 (y) + ν

(2)
n0 (y)

)
.

Ëåìà 1 äîâåäåíà.
Ëåìà 2.1 Íåõàé cϵ (0, 2−1) . ßêùî κn0 ≤ c i |t| ≤ T11 =

√
−2lnκn0 , òî∣∣fn (t√n)∣∣ ≤ e−c11t

2

, (8)

äå c11 =
1
2
− 1√

6
> 0,

à ÿêùî κn0 ≤ c i |t| > T11, òî∣∣fn (t√n)∣∣ ≤ 2κn0 |t| . (9)

ßêùî æ κn0 > c, òî ïðè |t| ≤ T12 =
c

κn0
,∣∣fn (t√n)∣∣ ≤ e−c12t

2

, (10)

äå c12 = 1
2
− 1

6
c
√
e > 0.

Äîâåäåííÿ. Áóäåìî âèêîðèñòîâóâàòè íåðiâíiñòü∣∣fn (t√n)∣∣ = ∣∣∣fn (t√n)− e
−t2

2 + e
−t2

2

∣∣∣ ≤ e
−t2

2 + ωn (t) . (11)

Íåõàé κn0 ≤ c i |t| ≤ T11.

Iç (11), íåðiâíîñòi (2) ëåìè 1, âèçíà÷åííÿ T11 (e
(T11)

2

2 = (κn0)−1 ) i íåðiâíîñòi
1 + x ≤ ex ∣∣fn (t√n)∣∣ ≤ e−

t2

2 + κn0
t2√
6
= e−

t2

2

(
1 + e

t2

2 κn0
t2√
6

)
≤
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≤ e−
t2

2

(
1 + e

(T11)
2

2 κn0
t2√
6

)
= e−

t2

2

(
1 +

t2√
6

)
≤ e−

t2

2 e
t2√
6 = e

−t2
(

1
2
− 1√

6

)
.

Íåõàé κn0 ≤ c, |t| > T11.∣∣fn (t√n)∣∣ ≤ e
−t2

2 + ωn (t) ≤ e−
(T11)

2

2 + κn0 |t| .

Îñêiëüêè, e−
(T11)

2

2 = κn0, κn0 ≤ c < 2−1 , à

T11 =
√

−2lnκn0 ≥
√
−2lnc >

√
−2ln2−1 =

√
ln4 > 1,

òî ìè îòðèìà¹ìî íàñòóïíå:∣∣fn (t√n)∣∣ ≤ κn0 (1 + |t|) ≤ 2κn0 |t| .

Ðîçãëÿíåìî íàñòóïíèé âèïàäîê: κn0 > c, |t| ≤ T21, äå T21 = c
κn0

.
Çà óìîâîþ T12 < 1. Iç (11) i (2)

∣∣fn (t√n)∣∣ ≤ e−
t2

2

(
1 + e

t2

2 ωn (t)
)
≤ e−

t2

2

(
1 + e

t2

2 κn0
|t|3

6

)
≤

≤ e−
t2

2

(
1 + e

(T12)
2

2 κn0 T12
t2

6

)
≤ e−

t2

2

(
1 +

√
e κn0

c

κn0
t2√
6

)
≤ e−

t2

2 e
t2c

√
e

6 =

= e−t
2c12 .

Ëåìà 2 äîâåäåíà.
Ëåìà 2.2. Íåõàé c ∈ (0, e−1) .
ßêùî κn ≤ ci |t| ≤ T21 =

√
−2lnκn , òî∣∣fn (t√n)∣∣ ≤ e−t

2c21 , (12)

äå c21 =
1
4
− 1

6

√
−2c lnc > 0;

ßêùî κn ≤ c i |t| > T21, òî∣∣fn (t√n)∣∣ ≤ κn|t|3
(

1

2
√
2
+

1

6

)
. (13)

ßêùî κn > c i |t| ≤ T22 =
c
κn

, òî∣∣fn (t√n)∣∣ ≤ e−t
2c22 , (14)

äå c22 = 1−
√
e
6
c.

Äîâåäåííÿ. Íåõàé κn ≤ c, Iç (11) i íåðiâíîñòi (1) ëåìè 1∣∣fn (t√n)∣∣ ≤ e
−t2

2 + ωn (t) ≤ e
−t2

4

(
e

−t2

4 + e
t2

4 ωn (t)
)
≤

≤ e
−t2

4

(
1 + (κn)−

1
2κn

t2

6
T21

)
= e

−t2

4

(
1 + t2

1

6

√
−2κnlnκn

)
.
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Îñêiëüêè, xlnx ñïàäà¹ íà (0, e−1], à 0 < κn ≤ c < e−1, òî

∣∣fn (t√n)∣∣ ≤ e
−t2

4

(
1 + t2

1

6

√
−2clnc

)
≤ e−t

2( 1
4
− 1

6

√
−2clnc ) = ec21t

2

.

Iç óìîâè 0 < c ≤ e−1 i òîãî, ùî xlnx ñïàäà¹ íà (0, e−1], âèïëèâà¹√
−2clnc ≤

√
2e−1. Òîìó c21 = 1

4
− 1

6

√
−2clnc ≥ 1

4
− 1

6

√
2e−1 > 0.

Íåõàé κn ≤ c, |t| > T21. Îñêiëüêè κn ≤ c ≤ e−1, lnκn ≤ lnc ≤ −1, òî

T21 =
√

−2lnκn ≥
√
2.

Iç (11) i (1)

∣∣fn (t√n)∣∣ ≤ e
−t2

2 + ωn (t) ≤ e
−t2

2 + κn
|t|3

6
≤ e−

(T21)
2

2 + κn
|t|3

6
=

= κn

(
1 +

|t|3

6

)
≤ κn|t|3

(
1

2
√
2
+

1

6

)
.

Íåõàé κn > c, |t| ≤ T22, òîäi iç (11) i (1) ëåìè 1 (T22 < 1)

∣∣fn (t√n)∣∣ ≤ e
−t2

2 +
|t|3

6
κn = e

−t2

2

(
1 + e

t2

2
|t|3

6
κn

)
≤

≤ e
−t2

2

(
1 + t2e

(T22)
2

2
T22
6

κn
)

≤ e
−t2

2

(
1 + t2

√
e

6
c

)
≤ ec22t

2

.

Ëåìà äîâåäåíà.

Ëåìà 2.3. Íåõàé c ∈ (0, 2−4) , ν
(2)
n0 ≤ c, νn0 (y) = max

{
ν
(1)
n0 (y) ; ν

(2)
n0 (y)

}
.

ßêùî νn0 (y) ≤ c i |t| ≤ X1 =
√

−2lnνn0 (y), äå∣∣fn (t√n)∣∣ ≤ e−c1t
2

, (15)

äå c1 =
1
4
−

√
c > 0, à ïðè νn0 (y) ≤ c i |t| > X1, òî∣∣fn (t√n)∣∣ ≤ 3νn0 (y) , (16)

ÿêùî æ νn0 (y) > c, òî ïðè |t| ≤ X2 =
c

ν
(1)
n0 (y)

, òî

∣∣fn (t√n)∣∣ ≤ e−c2t
2

, (17)

äå c2 =
1
2
− 7

6
c
√
e > 0.

Äîâåäåííÿ. Íåõàé νn0 (y) ≤ c, |t| ≤ X1. Òîäi iç (11) i (5) ëåìè 1∣∣fn (t√n)∣∣ ≤ e−
t2

4

(
e−

t2

4 + e
t2

4 ωn (t)
)
≤ e−

t2

4

(
1 + e

t2

4
t2

2

(
ν
(1)
n0 (y) + ν

(2)
n0 (y)

))
≤

≤ e−
t2

4

(
1 + e

X1
2

4 t2νn0 (y)

)
= e−

t2

4

(
1 + t2

√
νn0 (y)

)
≤
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≤ e−
t2

4

(
1 + t2

√
c
)
≤ e−c1t

2

.

ßêùî νn0 (y) ≤ c i |t| > X1, òî iç (11) i (3) ëåìè 1∣∣fn (t√n)∣∣ ≤ e−
X1

2

2 + ν
(1)
n0 (y) + ν

(2)
n0 (y) ≤ 3νn0 (y) .

Ó âèïàäêó νn0 (y) > c iç óìîâ ëåìè 2.3 âèïëèâà¹, ùî ν(1)n0 (y) > c. Iç (4) ëåìè
1 i (11) ïðè |t| ≤ X2 (X2 < 1)∣∣fn (t√n)∣∣ ≤ e−

t2

2

(
1 + e

t2

2 ωn (t)
)
≤

≤ e−
t2

2

(
1 +

√
e

(
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y)

))
≤ e−c2t

2

.

≤ e−
t2

2

(
1 +

√
e

(
c

ν
(1)
n0 (y)

t2

6
ν
(1)
n0 (y) + t2c

))
≤ e−c2t

2

.

Ëåìà äîâåäåíà.
Äîâåäåííÿ òåîðåìè 1. Âèêîðèñòà¹ìî íåðiâíiñòü ( [3], ñò.299):

sup
x

|F (x)−G(x)| ≤ 2

π

∫ T

0

|f (t)− g(t)| dt
t
+

24

πT

∣∣∣∣sup
x
G′(x)

∣∣∣∣ . (18)

Ïîêëàäåìî â äàíié íåðiâíîñòi

F (x) = Ôn (x) ; G (x) = Φ (x) ; f (t) = (fn (t))
n; g (t) = e

−t2

2 .

Òîäi

ρn = sup
x

|Φn (x)− Φ(x)| ≤ 2

π

∫ T

0

∣∣∣fnn (t)− e
−t2

2

∣∣∣ dt
t
+

24

π
√
2πT

.

Çðîáèìî çàìiíó t = z
√
n â iíòåãðàëi iç ïðàâî¨ ÷àñòèíè íåðiâíîñòi, òîäi

ρn≤
2

π

∫ T√
n

0

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣ dt
t
+

24

π
√
2πT

. (19)

Âèêîðèñòà¹ìî ðiâíiñòü

an − bn = (a− b)
n∑
k=1

an−kbk−1,

äå ïîêëàäåìî a = fn (t
√
n) , b = e

−t2

2 , òîäi∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣ ≤ ωn (t)

n∑
k=1

∣∣fn (t√n)∣∣n−k · e−t2

2
(k−1). (20)
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Iç (2) ëåìè 1 i (8), (10) ëåìè 2.1 ïðè |t| ≤ T1m (m = 1 ïðè κn0 ≤ c i m = 2
ïðè κn0 > c)

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣ ≤ |t|3

6
κn0

n∑
k=1

e−c1mt
2(n−k)e

−t2

2
(k−1) ≤ (21)

≤ |t|3

6
κn0 · ne−c1mt

2(n−1).

Ìè âèêîðèñòàëè, ùî c1m ≤ 1
2
.

Íåõàé n ≥ 2, κn0 > c. Ó (19) ïîêëàäåìî T = T12
√
n, à â íåðiâíîñòi (21)

m = 2, òîäi îäåðæèìî òàêó îöiíêó:

I =

∫ T12

0

∣∣∣fnn (z√n)− e
−z2

2
n
∣∣∣dt
t
≤ κn0n

6

∫ T12

0

t2e−c12t
2(n−1)dt ≤

≤ κn0
n

12[c12 (n− 1)]3/2

∫ ∞

0

z1/2e−zdz ≤ κn0√
n
·

√
2

6
√
c312

Γ

(
3

2

)
. (22)

Òîäi iç (19) äëÿ n ≥ 2 îäåðæèìî

ρn ≤ κn0√
n
C4,

C4 =

√
2

6
√
πc312

+
24

π
√
2πc

.

Íåõàé n ≥ 2 , κn0 ≤ c, X = κ
− n

n+1

n0 c, T
′
= min (T11, X) . Ïîêëàäåìî â (19)

T = X
√
n. Òîäi

I =

∫ X

0

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣dt
t
=

=

∫ T
′

0

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣dt
t
+

∫ X

T ′

∣∣fnn (t√n)∣∣ dtt +

∫ X

T ′
e

−t2

2
ndt

t
= I1+I2+I3. (23)

Áóäåìî ðîçãëÿäàòè âèïàäîê T
′
= T11, áî iíàêøå I2 = 0, I3 = 0 i äîâåäåííÿ

ñòà¹ î÷åâèäíèì. Iç íåðiâíîñòi (21), àíàëîãi÷íî äî (22),

I1 ≤
κn0√
n
C5, (24)

äå C5 =
1
12

√
2π
c311
.

Îöiíèìî ñïî÷àòêó iíòåãðàë I2 =
∫ X
T ′ |fnn (t

√
n)|dt

t
.

Iç íåðiâíîñòi (2) ëåìè 1 i íåðiâíîñòi (9) ëåìè 2.1 ïðè n ≥ 2

I2 ≤ (2κn0)
n

∫ X

T11

tn
dt

t
≤ (2κn0)

nX
n

n
=

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �1 (30)



40 Ò. Â. ÁÎßÐÈÙÅÂÀ, Ì. Â. ÄÀËÅÊÎÐÅÉ, Ì. Ì. ÌÈÕÀÑÞÊ, I. É. ÏÎËßÊ,. . .

=
1

n
(2c)nκ

n
n+1

n0 ≤ (κn0)
n

n+1

√
n

(2c)2√
2
. (25)

Çàëèøèëîñü îöiíèòè I3. Âðàõîâó¹ìî, ùî T11 > 1. Òîäi

I3 =

∫ X

T11

e−
t2

2
ndt

t
≤
∫ ∞

T11

e−
t2

2
ndt

t
=

∫ ∞

T11
√
n

e−
t2

2
dt

t
≤

≤ 1

(T11
√
n)

2 e
− 1

2(T11
√
n)

2

≤ (κn0)n

n
≤ κn0√

n

c√
2
. (26)

Iç (19), (23)�(26) âèïëèâà¹ ñïðàâåäëèâiñòü ïåðøîãî òâåðäæåííÿ òåîðåìè ó
âèïàäêó κn0 ≤ c, n > 1.

Íåõàé n = 1. ßêùî κn0 > c, òî ρ1 ≤ 1 ≤ κn0

ñ
.

ßêùî κn0 ≤ c. Òîäi iç (2) ëåìè 1, íåðiâíîñòi (19), ó ÿêié ïîêëàäåìî T = X,

ρ1 = sup |Φ1 (x)− Φ (x)| ≤ 2

π

∫ T

0

∣∣∣f1 (t)− e−
t2

2

∣∣∣dt
t
+

24

π
√
2πT

≤

≤ 2

π

∫ X

0

κ10t
dt

t
+

24

π
√
2π

(κ10)
1
2

c
=

2

π
κ10X +

24

π
√
2π

(κ10)
1
2

c
=

=
2

π
κ10κ

− 1
2

10 c+
24

π
√
2π

(κ10)
1
2

c
= (κ10)

1
2

(
2

π
c+

24

π
√
2πc

)
.

Ïåðøå òâåðäæåííÿ òåîðåìè ïîâíiñòþ äîâåäåíå.
Äðóãå òâåðäæåííÿ òåîðåìè äîâîäèòüñÿ ïîâíiñòþ àíàëîãi÷íî. Ëèøå âiäçíà-

÷èìî, ùî ó âèïàäêó n ≥ 2 , κn ≤ c ó (19) âèáèðà¹ìî T = X
√
n, äå X =

c(κn)−
n

3n+1 , T
′
= min (T21, X) .

Äîâåäåííÿ òåîðåìè 2. Áóäåìî ââàæàòè, ùî ν
(2)
n0 (y) ≤ c, áî ó âèïàäêó

ν
(2)
n0 (y) > c

ρn ≤ 1 ≤ ν
(2)
n0 (y)

c
i òåîðåìà 2 ñòà¹ î÷åâèäíîþ.
Iç ëåì 1 i 2.3, íåðiâíîñòi (4). (15), (17), ïðè |t| ≤ Xm (m = 1 ïðè νn0 (y) ≤ c i

m = 2 ïðè νn0 (y) > c) îäåðæèìî∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ ≤ ωn (t)

n∑
k=1

∣∣fn (t√n)∣∣n−k · e−t2

2
(k−1) ≤

≤

(
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y)

)
n∑
k=1

e−cmt
2(n−k)e

−t2

2
(k−1) ≤

≤ n

(
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y)

)
e−cmt

2(n−1). (27)

Íåõàé n ≥ 2, νn0 (y) > c. Òîäi â (19) ïîêëàäåìî T = X2

√
n, à â îñòàííié

íåðiâíîñòi m = 2, òîäi çi (27) îäåðæèìî

ρn ≤ 2

π

∫ X2

0

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣dt
t
+

24

π
√
2πc

ν
(1)
n0 (y)√
n

≤
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≤ 2

π
n

∫ X2

0

(
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y)

)
e−c2t

2(n−1)dt

t
+

24

π
√
2πc

ν
(1)
n0 (y)√
n

≤

≤ n

3π
ν
(1)
n0 (y)

∫ ∞

0

t2e−c2t
2(n−1)dt+

2n

π
ν
(2)
n0 (y)

∫ ∞

0

te−c2t
2(n−1)dt+

+
24

π
√
2πc

ν
(1)
n0 (y)√
n

= ν
(1)
n0 (y)

n

3π
· 1

2 [c2 (n− 1)]3/2

∫ ∞

0

z1/2e−zdz+

+ν
(2)
n0 (y)

n

π
· 1

c2 (n− 1)
+

24

π
√
2πc

ν
(1)
n0 (y)√
n

≤

≤ C6
ν
(1)
n0 (y)√
n

+ C7ν
(2)
n0 (y) , (28)

äå C6 =
√
2

6
√
πc32

+ 24
π
√
2πc
, C7 =

2
c2
.

Ïðè n = 1i νn0 (y) > c

ρn ≤ 1 ≤ ν
(2)
n0 (y)

c
≤ 1

c

(
ν
(1)
n0 (y) + ν

(2)
n0 (y)

)
.

Îòæå, ó âèïàäêó νn0 (y) > c, òåîðåìà 2 äîâåäåíà.
Íåõàé n ≥ 2, νn0 (y) ≤ c, òîäi â (26) ïîêëàäåìî T = Y

√
n, Y = c

νn0(y)
i

X
′
= min {X1, Y } . Iíòåãðàë ó (19)

I =

∫ T√
n

0

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣dt
t
≤
∫ X

′

0

∣∣∣fnn (t√n)− e
−t2

2
n
∣∣∣ dt
t
+

+
2

π

∫ Y

X
′

∣∣fn (t√n)∣∣ndt
t
+

∫ Y

X
′
e

−t2

2
n dt

t
=J1 + J2 + J3. (29)

Äëÿ îöiíêè iíòåãðàëà J1, àíàëîãi÷íî äî (28), iç (27) (m = 1) îäåðæèìî

J1 ≤
2

π
n

∫ X
′

0

(
|t|3

6
ν
(1)
n0 (y) + t2ν

(2)
n0 (y)

)
e−c1t

2(n−1)dt

t
≤

≤ C8
ν
(1)
n0 (y)√
n

+ C9ν
(2)
n0 (y) , (30)

äå C8 =
√
2

6
√
πc31
, C9 =

2
c1
.

Áóäåìî ââàæàòè, ùî X
′
= X1, áî iíàêøå J2 = 0, J3 = 0 i (??) äëÿ n ≥ 2 ¹

î÷åâèäíîþ.
Iç ëåìè 2.2, íåðiâíiñòü (??), îäåðæèìî

J2 =
2

π

∫ Y

X′

∣∣fn (t√n)∣∣ndt
t
≤ 2

π
(3νn0 (y))

n

∫ Y

X′

dt

t
≤ 2

π
(3νn0 (y))

n Y

X ′ .
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Îñêiëüêè, νn0 (y) ≤ c < 1
16
, òî X1 =

√
−2lnνn0 (y) ≥

√
−2lnc > 2.

Òîìó,

J2 ≤
2

π
(3νn0 (y))

n−1 · 3c
2

≤ 3νn0 (y) ·
3c

π
· (3c)n−2 ≤

≤

(
ν
(1)
n0 (y)√
n

+ ν
(2)
n0 (y)

)
1

πc

√
n(3c)n.

Ïðè n ≥ 2, âèðàç
√
n(3c)n ¹ îáìåæåíèì, òîìó iñíó¹ òàêà ñòàëà C10, ùî

J2 ≤ C10

(
ν
(1)
n0 (y)√
n

+ ν
(2)
n0 (y)

)
. (31)

Îöiíèìî J3 íàñòóïíèì ÷èíîì,

J3 =
2

π

∫ Y

X
′
e

−t2

2
n dt

t
≤ 2

π

∫ ∞

X1
2n
2

e−u
du

u
≤ 1

π

(
X1

2n

2

)−1

· e−
X1

2n
2 ≤

≤ 1

2πn
(νn0 (y))

n ≤ νn0 (y)√
n

· c

2π
≤ c8

(
ν
(1)
n0 (y)√
n

+ ν
(2)
n0 (y)

)
. (32)

Iç (19), (29)�(??) îäåðæó¹ìî ñïðàâåäëèâiñòü òåîðåìè 2 ïðè n ≥ 2 ó âèïàäêó
νn0 (y) ≤ c. Íåõàé n = 1, òîäi

ρ1 = sup
x

|Φ1 (x)− Φ (x)| = sup
x

|H1 (x)| ≤
∫ ∞

−∞
|dH1 (x)| =

=

∫
|x|≤y

|dH1 (x)|+
∫
|x|>y

|dH1 (x)| ≤ ν
(1)
10 (y) + ν

(2)
20 (y) .

Òåîðåìà 2 äîâåäåíà.
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ÓÄÊ 519.8

À. Þ. Áðèëà, Â. I. Ãðåíäæà (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÄÎÑßÆÍIÑÒÜ ÎÏÒÈÌÀËÜÍÈÕ ÐÎÇÂ'ßÇÊIÂ
ËÅÊÑÈÊÎÃÐÀÔI×ÍÎ� ÇÀÄÀ×I ÏÐÎ ÐÀÍÅÖÜ Ç
ÀËÜÒÅÐÍÀÒÈÂÍÈÌÈ ÊÐÈÒÅÐIßÌÈ

The method of finding of attainable optimum solutions of lexicographic knapsack problem with
alternative criteria by reducing it to the problem of onecriterion optimization with a scalar objective
function is considered.

Ðîçãëÿäà¹òüñÿ ìåòîä çíàõîäæåííÿ äîñÿæíèõ îïòèìàëüíèõ ðîçâ'ÿçêiâ çàäà÷i ëåêñèêîãðàôi÷íî¨
îïòèìiçàöi¨ ïðî ðàíåöü ç àëüòåðíàòèâíèìè êðèòåðiÿìè øëÿõîì çâåäåííÿ ¨¨ äî îäíîêðèòåði-
àëüíî¨ çàäà÷i ç ñêàëÿðíîþ öiëüîâîþ ôóíêöi¹þ.

Âñòóï. Ïðèêëàäíi çàäà÷i ëåêñèêîãðàôi÷íî¨ îïòèìiçàöi¨ ïðî ðàíåöü âèíèêàþòü
ó âèïàäêó, êîëè îïòèìàëüíèé íàáið ó êëàñè÷íié çàäà÷i ïðî ðàíåöü íåîáõiäíî
çíàéòè íà îñíîâi áàãàòüîõ êðèòåði¨â, ÿêi ñòðîãî ðàíæèðîâàíi çà âàæëèâiñòþ.
Äëÿ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i â [1, 4] çàïðîïîíîâàíî ïiäõiä, ùî  ðóíòó¹òüñÿ íà
âèêîðèñòàííi ñõåìè ñêàëÿðèçàöi¨. Òàêèé ïiäõiä äëÿ çàäà÷i ïðî ðàíåöü ìà¹ ñóò-
ò¹âèé íåäîëiê, îñêiëüêè íà ïåðøîìó êðîöi ðîçâ'ÿçó¹òüñÿ êëàñè÷íà çàäà÷à ïðî
ðàíåöü ç îäíèì (ïåðøèì) êðèòåði¹ì, àëå íà óñiõ íàñòóïíèõ íà ìíîæèíó äîïóñòè-
ìèõ ðîçâ'ÿçêiâ íàêëàäà¹òüñÿ äîäàòêîâå îáìåæåííÿ, ÿêå íå äîçâîëÿ¹ çàñòîñóâà-
òè íà öèõ êðîêàõ êëàñè÷íi ìåòîäè ðîçâ'ÿçàííÿ çàäà÷i ïðî ðàíåöü. Çíàõîäæåííÿ
äîñÿæíèõ îïòèìàëüíèõ ðîçâ'ÿçêiâ ëåêñèêîãðàôi÷íî¨ çàäà÷i ïðî ðàíåöü øëÿõîì
ïîáóäîâè ôóíêöiîíàëó, ùî ïðåäñòàâëÿ¹ ëåêñèêîãðàôi÷íèé ïîðÿäîê âiääà÷i ïå-
ðåâàãè íà ìíîæèíi äîïóñòèìèõ ðîçâ'ÿçêiâ ðîçãëÿíóòî ó [2, 5].

Ó äàíié ñòàòòi ðîçãëÿíóòî çàäà÷ó çíàõîäæåííÿ äîñÿæíèõ îïòèìàëüíèõ ðîçâ'ÿç-
êiâ ëåêñèêîãðàôi÷íî¨ çàäà÷i ïðî ðàíåöü, ó ÿêié íà äåÿêi iç êðèòåði¨â íàêëàäåíî
óìîâè äîïóñòèìîñòi [3]. ßêùî äëÿ äåÿêîãî iç òàêèõ êðèòåði¨â óìîâè äîïóñòèìî-
ñòi íå âèêîíóþòüñÿ, òî öåé êðèòåðié ïîâèíåí áóòè âèêëþ÷åíèé iç ïîäàëüøîãî
ðîçãëÿäó. Äëÿ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i çàïðîïîíîâàíî ïiäõiä, ùî äîçâîëÿ¹ çâåñòè
äàíó çàäà÷ó äî çàäà÷i îäíîêðèòåðiàëüíî¨ îïòèìiçàöi¨.

Ðîçãëÿäà¹òüñÿ òàêîæ çàäà÷à ëåêñèêîãðàôi÷íî¨ îïòèìiçàöi¨ ç àëüòåðíàòèâíè-
ìè çàëåæíèìè êðèòåðiÿìè. Òàêi çàäà÷i âèíèêàþòü ó âèïàäêó, êîëè äîïóñòèìiñòü
îäíîãî iç êðèòåði¨â çàëåæèòü âiä äîïóñòèìîñòi iíøèõ, ïîâ'ÿçàíèõ iç äàíèì êðè-
òåði¹ì.

1. Çíàõîäæåííÿ äîñÿæíèõ îïòèìàëüíèõ ðîçâ'ÿçêiâ ëåêñèêîãðàôi-
÷íî¨ çàäà÷i ïðî ðàíåöü ç àëüòåðíàòèâíèìè êðèòåðiÿìè. Ðîçãëÿäà¹òüñÿ
çàäà÷à

maxLc̄ (x) , x ∈ X, (1)

äå ìíîæèíà äîïóñòèìèõ ðîçâ'ÿçêiâ X çàäà¹òüñÿ îáìåæåííÿìè

n∑
j=1

wjxj ≤ C,

xj ∈ Z, j = 1, n.
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Öiëüîâà ôóíêöiÿ c̄ (x) = (c1 (x) , c2 (x) , ....., cq (x)), çà ÿêîþ ïîðiâíþþòüñÿ
äîïóñòèìi àëüòåðíàòèâè, ¹ âåêòîðíîþ çãîðòêîþ êðèòåði¨â ck (x) , k = 1, 2, ..., q ó
ñóáîðäèíàöi¨ ñòðîãîãî ðàíæèðóâàííÿ Rg (1, 2, ..., q), à êîæåí ç êðèòåði¨â ck (x)�
ëiíiéíà ñêàëÿðíà ôóíêöiÿ n çìiííèõ:

ck (x) =
n∑
j=1

ckjxj, 1 ≤ k ≤ q.

Öÿ ôóíêöiÿ ¹ îäíi¹þ iç ÷èñëîâèõ îöiíîê äîïóñòèìèõ àëüòåðíàòèâ.
Íåõàé αq > 0 � äåÿêå äîäàòíå ÷èñëî, à iíøi äîäàòíi ÷èñëà αq−1, αq−2, ..., α1

ïîñòóïîâî çíàõîäÿòüñÿ ç óìîâè

αr >
1

µr

q∑
k=r+1

αkMk, r = q − 1, q − 2, ..., 1,

äå 0 < µr ≤ min
i,j∈{1,2,...,n},cri ̸=crj

|cri − crj| ,

Mk ≥
(
max
j
ckj

) C

min
j
wj

−
(
min
j
ckj

) C

max
j
wj

 ,
( [ ] � öiëà ÷àñòèíà ÷èñëà).

Ó [2] ïîêàçàíî, ùî îäåðæàíi òàêèì ÷èíîì êîåôiöi¹íòè ìîæóòü áóòè âèêîðè-
ñòàíi äëÿ çíàõîäæåííÿ äîñÿæíèõ îïòèìàëüíèõ ðîçâ'ÿçêiâ øëÿõîì ðîçâ'ÿçàííÿ
çàäà÷i

max L (x) =

q∑
k=1

αkck (x), x ∈ X. (2)

Íà îñíîâi çàäà÷ (1), (2) ðîçãëÿíåìî çàäà÷ó, â ÿêié îïòèìàëüíèé ðîçâ'ÿçîê
íåîáõiäíî çíàéòè, âðàõîâóþ÷è òiëüêè îäèí êðèòåðié ÿêíàéâèùîãî ðàíãó ç ãðóïè
êðèòåði¨â ÿêíàéâèùîãî ðàíãó, äëÿ ÿêîãî âèêîíó¹òüñÿ óìîâà

ck (x) ≥ mk, mk ∈ R, k ∈ {1, 2, ..., q} . (3)

Òàêèé êðèòåðié ¹ äîïóñòèìèì, à äàíà çàäà÷à ¹ çàäà÷åþ ëåêñèêîãðàôi÷íî¨
îïòèìiçàöi¨ ç àëüòåðíàòèâíèìè êðèòåðiÿìè.

Ðîçãëÿíåìî çàäà÷ó çíàõîäæåííÿ ìàêñèìóìó ôóíêöiîíàëó

L (x) =

q∑
k=1

ᾱkck (x) (4)

íà äîïóñòèìié ìíîæèíi, ùî çàäà¹òüñÿ îáìåæåííÿìè

n∑
j=1

wjxj ≤ C, (5)

xj ∈ Z, j = 1, n, (6)

ck (x) ≥ mkyk, k = 1, 2, ..., q, (7)
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ᾱk = αkyk, k = 1, 2, ..., q, (8)

q∑
k=1

yk = 1, (9)

yk ∈ {0, 1} , k = 1, 2, ..., q. (10)

Íåõàé
(
⌢
x,

⌢
y,

⌢
α
)
=
(
⌢
x1,

⌢
x2, ...,

⌢
xn,

⌢
y1,

⌢
y2, ...,

⌢
yq,

⌢
α1,

⌢
α2, ...,

⌢
αq
)
¹ îïòèìàëüíèì ðîç-

â'ÿçêîì öi¹¨ çàäà÷i .

Òåîðåìà 1. Âåêòîð ⌢
x ¹ ðîçâ'ÿçêîì çàäà÷i ëåêñèêîãðàôi÷íî¨ îïòèìiçàöi¨ ïðî

ðàíåöü ç àëüòåðíàòèâíèìè êðèòåðiÿìè.

Äîâåäåííÿ òåîðåìè ëåãêî îòðèìàòè, âðàõîâóþ÷è âèáið êîåôiöi¹íòiâ αk.
Î÷åâèäíî, ÿêùî îïòèìàëüíèé ðîçâ'ÿçîê íåîáõiäíî çíàéòè â çàëåæíîñòi âiä

âèáîðó d, d ≥ 1 äîïóñòèìèõ êðèòåði¨â, òî îáìåæåííÿ (9) íåîáõiäíî çàìiíèòè
îáìåæåííÿì

q∑
k=1

yk = d.

2. Çíàõîäæåííÿ äîñÿæíèõ îïòèìàëüíèõ ðîçâ'ÿçêiâ ëåêñèêîãðàôi-
÷íî¨ çàäà÷i ïðî ðàíåöü ç àëüòåðíàòèâíèìè çàëåæíèìè êðèòåðiÿìè.
Ðîçãëÿíåìî âèïàäîê, êîëè ó çàäà÷i ëåêñèêîãðàôi÷íî¨ îïòèìiçàöi¨ ïðî ðàíåöü
ç àëüòåðíàòèâíèìè êðèòåðiÿìè äëÿ äîïóñòèìîñòi êðèòåðiþ ck (x) , k ∈ D ⊂
{1, 2, ..., q}, êðiì âèêîíàííÿ óìîâè (3), äîäàòêîâî âèìàãà¹òüñÿ, ùîá òàêà óìîâà
âèêîíóâàëàñü õî÷à á äëÿ îäíîãî iç êðèòåði¨â ci (x) , i ∈ Ik ⊂ {1, 2, ..., q}. Çàäà÷à
çíàõîäæåííÿ îïòèìàëüíîãî ðîçâ'ÿçêó â çàëåæíîñòi âiä âèáîðó p(p > 1) äîïóñòè-
ìèõ êðèòåði¨â ÿêíàéâèùîãî ðàíãó ¹ çàäà÷åþ ëåêñèêîãðàôi÷íî¨ îïòèìiçàöi¨ ïðî
ðàíåöü ç àëüòåðíàòèâíèìè çàëåæíèìè êðèòåðiÿìè.

Íåõàé (x̃, ỹ, α̃) = (x̃1, x̃2, ..., x̃n, ỹ1, ỹ2, ..., ỹq, α̃1, α̃2, ..., α̃q) ¹ îïòèìàëüíèì ðîç-
â'ÿçêîì çàäà÷i

L (x) =

q∑
k=1

ᾱkck (x)

íà äîïóñòèìié ìíîæèíi, ùî çàäà¹òüñÿ îáìåæåííÿìè

n∑
j=1

wjxj ≤ C,

xj ∈ Z, j = 1, n,

ck (x) ≥ mkyk, k = 1, 2, ..., q,

ᾱk = αkyk, k = 1, 2, ..., q,
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q∑
k=1

yk = p,

∑
j∈Ik

yj ≥ yk, k ∈ D,

yk ∈ {0, 1} , k = 1, 2, ..., q.

Òåîðåìà 2. Âåêòîð x̃ ¹ ðîçâ'ÿçêîì ëåêñèêîãðàôi÷íî¨ çàäà÷i ïðî ðàíåöü ç
àëüòåðíàòèâíèìè çàëåæíèìè êðèòåðiÿìè.

Äîâåäåííÿ òåîðåìè ëåãêî îòðèìàòè, âðàõîâóþ÷è âèáið êîåôiöi¹íòiâ αk.
Âèñíîâêè. Ðîçãëÿíóòi ó ðîáîòi ïiäõîäè äîçâîëÿþòü çâåñòè çàäà÷i ëåêñèêî-

ãðàôi÷íî¨ îïòèìiçàöi¨ ïðî ðàíåöü ç àëüòåðíàòèâíèìè i àëüòåðíàòèâíèìè çàëå-
æíèìè êðèòåðiÿìè äî çàäà÷ îäíîêðèòåðiàëüíî¨ îïòèìiçàöi¨. Â öüîìó i ¹ ïåðåâàãà
çàïðîïîíîâàíèõ ïiäõîäiâ, îñêiëüêè âîíè äîçâîëÿþòü äëÿ çíàõîäæåííÿ äîñÿæíèõ
îïòèìàëüíèõ ðîçâ'ÿçêiâ çàñòîñóâàòè êëàñè÷íi ìåòîäè îäíîêðèòåðiàëüíî¨ îïòè-
ìiçàöi¨.
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ÓÄÊ 519.21

Î. Ì. Ãîïêàëî (Êè¨âñüêèé íàö. óí-ò iì. Ò. Øåâ÷åíêà)

ÓÇÀÃÀËÜÍÅÍI ÒÅÎÐÅÌÈ ËÅÂI-ÁÀÊÑÒÅÐÀ ÄËß
ÏÑÅÂÄÎÃÀÓÑÎÂÈÕ ÂÈÏÀÄÊÎÂÈÕ ÂÅÊÒÎÐIÂ

This paper is devoted pseudo-Gaussian random vectors that are both sub-Gaussian and super-
Gaussian. For these vectors prove theorem generalized Levy-Baxter.

Ðîáîòà ïðèñâÿ÷åíà ïñåâäîãàóñîâèì âèïàäêîâèì âåêòîðàì, ÿêi ¹ îäíî÷àñíî ñóáãàóñîâèìè òà
ñóïåðãàóñîâèìè. Äëÿ òàêèõ âåêòîðiâ äîâåäåíî óçàãàëüíåíó òåîðåìó Ëåâi-Áàêñòåðà.

1. Âñòóï.Íåõàé (Ω, F, P )� ñòàíäàðòíèé éìîâiðíiñíèé ïðîñòið, (ξn,k, k = 1, . . . , pn)
� ïîñëiäîâíiñòü ñåðié öåíòðîâàíèõ âèïàäêîâèõ âåëè÷èí, äå (pn, n ≥ 1) � ïîñëi-
äîâíiñòü íàòóðàëüíèõ ÷èñåë, òàêà ùî:

pn → ∞, ïðè n→ ∞.

Êëàñè÷íi òåîðåìè Ëåâi-Áàêñòåðà � öå òâåðäæåííÿ ïðî àñèìïòîòè÷íó ïîâå-
äiíêó ñóì

S(2)
n =

pn∑
k=1

ξ2n,k, n ≥ 1.

Öiêàâèìè ¹ óìîâè, çà ÿêèõ

E
(
S(2)
n − ES(2)

n

)2 → 0, n→ ∞.

Íàéöiêàâiøèì ¹ âèïàäîê, êîëè S(2)
n → const ïðè n→ ∞.

Òåîðåìàì Ëåâi-Áàêñòåðà ïðèñâÿ÷åíî áàãàòî ðîáiò, çîêðåìà ðîáîòè [1] - [3].
Â îñíîâíîìó â öèõ ðîáîòàõ âèâ÷àëèñÿ óìîâè çáiæíîñòi äî íóëÿ â ñåðåäíüîìó
êâàäðàòè÷íîìó àáî ç éìîâiðíiñòþ 1.

Ó äàíié ðîáîòi ðîçãÿäàþòüñÿ óçàãàëüíåíi òåîðåìè Ëåâi-Áàêñòåðà, â ÿêèõ äî-
ñëiäæó¹òüñÿ ïîâåäiíêà ðiçíèöi ñóì êâàäðàòiâ ïñåâäîãàóñîâèõ âèïàäêîâèõ âåêòî-
ðiâ:

∑
n ξ

2
k −

∑
m ξ

2
k.

Êðiì öüîãî íàâîäèòüñÿ îöiíêà ðîçïîäiëó äëÿ êâàäðàòè÷íî¨ ôîðìè ïñåâäîãà-
óñîâîãî âèïàäêîâîãî âåêòîðà.

2. Áàçîâi âèçíà÷åííÿ. Ó öüîìó ðîçäiëi íàâåäåìî êiëüêà îçíà÷åíü, ÿêi
áóäóòü âèêîðèñòàíi ïðè äîâåäåííi îñíîâíèõ ðåçóëüòàòiâ.

Îçíà÷åííÿ 1 (äèâ. [1]). Âèïàäêîâó âåëè÷èíó ξ,Eξ = 0, áóäåìî íàçèâàòè
ñóáãàóñîâîþ, ÿêùî iñíó¹ òàêå a ≥ 0, ùî ∀λ ∈ R:

E exp{λξ} ≤ exp

{
a2λ2

2

}
.

Êëàñ ñóáãàóñîâèõ âèïàäêîâèõ âåëè÷èí ïîçíà÷àòèìåìî Sub(Ω).

×èñëîâà õàðàêòåðèñòèêà τ(ξ) = inf
{
a ≥ 0 : E exp{λξ} ≤ exp

{
λ2a2

2

}
;λ ∈ R

}
íàçèâà¹òüñÿ ñóáãàóñîâñüêèì ñòàíäàðòîì âèïàäêîâî¨ âåëè÷èíè.
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Îçíà÷åííÿ 2 (äèâ. [1]). Öåíòîðîâàíèé âèïàäêîâèé âåêòîð ξ⃗ ∈ Rn, n ≥ 1
íàçèâà¹òüñÿ ñóáãàóñîâèì, ÿêùî iñíó¹ ñèìåòðè÷íèé íåâiä'¹ìíî âèçíà÷åíèé îïå-
ðàòîð B : Rn → Rn, òàêèé ùî

E exp{(u⃗; ξ⃗)} ≤ exp

{
1

2
(Bu⃗; u⃗)

}
, u ∈ Rn.

Áóäåìî íàçèâàòè Â îïåðàòîðîì, ùî ñóïðîâîäæó¹ ñóáãàóñîâèé âåêòîð ξ⃗.

Îçíà÷åííÿ 3 (äèâ. [2]). Öåíòðîâàíà âèïàäêîâà âåëè÷èíà ξ íàçèâà¹òüñÿ
ñóïåðãàóñîâîþ, ÿêùî iñíó¹ òàêå r > 0, ùî ∀λ ∈ R∣∣E exp{iλξ}

∣∣ ≤ exp

{
−r

2λ2

2

}
.

Êëàñ ñóïåðãàóñîâèõ âèïàäêîâèõ âåëè÷èí ïîçíà÷àòèìåìî: Super(Ω).

Ôóíêöiîíàë r(ξ) = sup
{
r > 0 :

∣∣E exp{iλξ}
∣∣ ≤ exp

{
− r2λ2

2

}
;λ ∈ R

}
íàçèâà¹-

òüñÿ ñóïåðãàóñîâèì ñòàíäàðòîì âèïàäêîâî¨ âåëè÷èíè.

Îçíà÷åííÿ 4 (äèâ. [2]). Öåíòðîâàíèé âèïàäêîâèé âåêòîð ξ⃗ ∈ Rn, n ≥ 1 íà-
çèâà¹òüñÿ ñóïåðãàóñîâèì, ÿêùî iñíó¹ ñèìåòðè÷íèé äîäàòíüî âèçíà÷åíèé îïå-
ðàòîð R : Rn → Rn, òàêèé ùî:∣∣E exp{i(λ⃗; ξ⃗)}∣∣ ≤ exp

{
−1

2
(Rλ⃗; λ⃗)

}
, λ ∈ Rn.

Áóäåìî íàçèâàòè R îïåðàòîðîì, ùî ñóïðîâîäæó¹ ñóïåðãàóñîâèé âåêòîð ξ⃗.

Îçíà÷åííÿ 5 (äèâ. [1]). Íåõàé ξ⃗ � n-âèìiðíèé âèïàäêîâèé âåêòîð, n ≥ 1.

ßêùî ξ⃗ ¹ îäíî÷àñíî ñóáãàóñîâèì òà ñóïåðãàóñîâèì âèïàäêîâèì âåêòîðîì, òî ξ⃗
íàçèâà¹òüñÿ ïñåâäîãàóñîâèì. Ïðè n = 1, ξ � ïñåâäîãàóñîâà âèïàäêîâà âåëè÷èíà.

Êëàñ ïñåâäîãàóñîâèõ âèïàäêîâèõ âåêòîðiâ ïîçíà÷àòèìåìî Psg(Ω,Rn) =
= Sub(Ω,Rn)

∩
Super(Ω,Rn). Çà îçíà÷åííÿì iñíó¹ ñèìåòðè÷íèé íåâiä'¹ìíî âè-

çíà÷åíèé îïåðàòîð B : Rn → Rn òà iñíó¹ ñèìåòðè÷íèé äîäàòíüî âèçíà÷åíèé
îïåðàòîð R : Rn → Rn, òàêi ùî ∀λ ∈ Rn:∣∣E exp{(λ⃗; ξ⃗)}∣∣ ≤ exp

{
1

2
(Bλ⃗; λ⃗)

}
,

∣∣E exp{i(λ⃗; ξ⃗)}
∣∣ ≤ exp

{
−1

2
(Rλ⃗; λ⃗)

}
.

Îïåðàòîðè (ìàòðèöi) B òà R íàçèâàþòüñÿ îïåðàòîðàìè (ìàòðèöÿìè), ùî ñó-

ïðîâîäæóþòü ïñåâäîãàóñîâèé âåêòîð ξ⃗.
Ïîçíà÷èìî B � sub-îïåðàòîð, R � super-îïåðàòîð.

Òåîðåìà 1 (äèâ. [1]). Íåõàé ξ⃗ ∈ Psg ( Ω,Rn), R = (rij)
n
i,j=1, B = (bij)

n
i,j=1 �

ìàòðèöi, ùî ñóïðîâîäæóþòü âåêòîð ξ⃗. Òîäi ∀s ∈ (0, 1):

Eexp

{
s

2D̂n

n∑
k=1

(ξ2k − bkk)

}
≤ exp

{
−s
2

} 1√
1− s

,
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Eexp

{
s

2Ďn

n∑
k=1

(rkk − ξ2k)

}
≤ exp

{
s2

4

}
,

äå D̂n =
(∑n

i,j=1(bij)
2
) 1

2
, Ďn =

(∑n
i,j=1(rij)

2
) 1

2
.

3. Òåîðåìè ïðî ïñåâäîãàóñîâi âèïàäêîâi âåêòîðè.

Òåîðåìà 2. Íåõàé (ξ1, . . . , ξn, ξn+1, . . . , ξn+m)
T � ïñåâäîãàóñîâèé âèïàäêîâèé

âåêòîð, n,m ≥ 1, òàêèé ùî ∀λ⃗ ∈ Rn+m âèêîíó¹òüñÿ íàñòóïíå:

∣∣E exp{i(λ⃗; ξ⃗)}
∣∣ ≤ exp

{
−1

2
(Rλ⃗; λ⃗)

}
,

äå R = (rij)
n+m
i,j=1 � super-îïåðàòîð (ñèìåòðè÷íà äîäàòíüî âèçíà÷åíà ìàòðèöÿ),

òà ∣∣E exp{(λ⃗; ξ⃗)}∣∣ ≤ exp

{
1

2
(Bλ⃗; λ⃗)

}
,

äå B = (bij)
n+m
i,j=1 � sub-îïåðàòîð (ñèìåòðè÷íà íåâiä'¹ìíî âèçíà÷åíà ìàòðèöÿ),

ïðè÷îìó B = κR,κ ≥ 1.
Ðîçãëÿíåìî

In,m(s) = Eexp

{
s

2(Gn+m)1/2

n∑
k=1

(ξ2k − κrkk) +
n+m∑
k=n+1

(rkk − ξ2k)

}
,

äå Gn+m =
∑n+m

k,j=1 r
2
kj. Òîäi

In,m(s) ≤ exp
{
−sκ

2

}
(1− 2sκ)−1/4 ,

äå s < 1
2κ .

Äîâåäåííÿ. Äîâåäåìî îáìåæåííÿ íà In,m(s):

In,m(s) = Eexp

{
s

2(Gn+m)1/2

(
n∑
k=1

(ξ2k − κrkk) +
n+m∑
k=n+1

(rkk − ξ2k)

)}
=

= Eexp

{
s

2(Gn+m)1/2

n∑
k=1

(ξ2k − κrkk) +
s

2(Gn+m)1/2

n+m∑
k=n+1

(rkk − ξ2k)

}
≤

≤

(
Eexp

{
2s

2(Gn+m)1/2

n∑
k=1

(ξ2k − κrkk)

})1/2

×

×

(
Eexp

{
2s

2(Gn+m)1/2

n+m∑
k=n+1

(rkk − ξ2k)

})1/2

.

Ïîçíà÷èìî Rn, Rn+m � ìàòðèöi, òàêi ùî Rn = (rik)
n
i,k=1;Rn+m = (rik)

n+m
i,k=n+1.

Êðiì òîãî, Bn = κRn, gn =
∑n

k,j=1 r
2
kj, gn+m =

∑n+m
k,j=n+1 r

2
kj.

Ç òåîðåìè 1 ìà¹ìî:

Eexp

{
2s

2(Gn+m)1/2
κ(gn)1/2

κ(gn)1/2
n∑
k=1

(ξ2k − κrkk)

}
≤ exp

{
−2unκ

2

}
1√

1− 2unκ
,
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ÿêùî ïîçíà÷èòè un = s(gn)1/2

(Gn+m)1/2
, òà ïðè unκ ∗ 2 < 1.

Òàêîæ, ç òåîðåìè 1, ìà¹ìî:

Eexp

{
2s

2(Gn+m)1/2
(gn+m)

1/2

(gn+m)1/2

n+m∑
k=n+1

(rkk − ξ2k)

}
≤ exp

{
(2vn)

2

4

}
,

ÿêùî ïîçíà÷èòè vn = s(gn+m)1/2

(Gn+m)1/2
, òà ïðè 2vn < 1.

Îòæå,

In,m(s) ≤ exp
{
−unκ

2

} 1

(1− 2unκ)1/4
exp

{
2v2n
4

}
=

= exp

{
− sκ(gn)1/2

2(Gn+m)1/2
+

2s2gn+m
4Gn+m

}(
1− 2sκ(gn)1/2

(Gn+m)1/2

)− 1
4

.

Îñêiëüêè gn + gn+m ≤ Gn+m, òî gn+m ≤ Gn+m − gn. Çâiäñè ìà¹ìî íàñòóïíå:

gn+m
Gn+m

≤ Gn+m − gn
Gn+m

= 1− gn
Gn+m

.

Ïîçíà÷èìî fn =
(

gn
Gn+m

)1/2
, fn ≤ 1.

Òîäi

In,m(s) ≤ exp

{
−sκfn

2
+
s2

2
(1− f 2

n)

}
(1− 2sfnκ)−

1
4 =

= exp

{
s2

2

}
exp

{
−sfnκ

2
− s2f 2

n

2

}
(1− 2sfnκ)−

1
4 .

Ïîçíà÷èìî L(u) = exp
{
−uκ

2
− u2

2

}
(1− 2uκ)−

1
4 .

Ëåãêî áà÷èòè, ùî ìàêñèìóì öi¹¨ ôóíêöi¨ äîñÿãà¹òüñÿ â òî÷öi u = 1
2κ .

Ïiäñòàâèìî öå çíà÷åííÿ ó íåðiâíiñòü âèùå òà îòðèìà¹ìî íàñòóïíå:

In,m(s) ≤ exp

{
s2

2

}
exp

{
−sκ

2
− s2

2

}
(1− 2sκ)−

1
4 =

= exp
{
−sκ

2

}
(1− 2sκ)−

1
4 ,

äå s < 1
2κ .

Íàñòóïíà òåîðåìà âèïëèâà¹ ç òåîðåìè 2. Îñêiëüêè, ÿêùî ïåðåíîìåðóâàòè
âåëè÷èíè ξi âèïàäêîâîãî âåêòîðà ξ⃗, òî òâåðäæåííÿ òåîðåìè 2 íå çìiíèòüñÿ.

Òåîðåìà 3. Íåõàé ξ⃗ = (ξ1, . . . , ξN) � ïñåâäîãàóñîâèé âèïàäêîâèé âåêòîð,
N ≥ 1, iç ñóïðîâîäæóþ÷èìè ìàòðèöÿìè RN� ñóïåðãàóñîâà, BN� ñóáãàóñîâà:
BN = κNRN , äå κN ≥ 1, GN =

∑N
j,k=1(r

(N)
kj )2, äå r

(N)
k,j � åëåìåíòè ìàòðèöi RN .

Ïîçíà÷èìî

IZ+,Z−(s) = E exp

{
s

2(GN)1/2
YZ+,Z−

}
,
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äå YZ+,Z− =
∑

k∈Z+(ξ2k − κNr(N)
kk ) +

∑
k∈Z−(r

(N)
kk − ξ2k); òóò Z+, Z− � ìíîæèíè

öiëèõ ÷èñåë âiä 1 äî N òàêi, ùî Z+
∩
Z− = ∅, Z+

∪
Z− = (1, . . . , N).

Òîäi ïðè 0 ≤ s < 1
2κN

òà ∀Z−, Z+ ìà¹ìî:

IZ+,Z−(s) ≤ exp
{
−sκN

2

}
(1− 2sκN)−

1
4 . (1)

Íàñëiäîê 1. Ïîçíà÷èìî

ÎZ+,Z−(s) = E exp

{
s

2(GN)1/2
|YZ+,Z−|

}
.

Òîäi ïðè 0 ≤ s < 1
2κN

, ìà¹ ìiñöå íåðiâíiñòü:

ÎZ+,Z−(s) ≤ 2 exp
{
−sκN

2

}
(1− 2sκN)−

1
4 .

Äîâåäåííÿ. Äîâåäåìî òâåðäæåííÿ íàñëiäêó. Ìà¹ìî íàñòóïíå:

ÎZ+,Z−(s) = E exp

{
s

2(GN)1/2
|YZ+,Z−|

}
≤

≤ E exp

{
s

2(GN)1/2
YZ+,Z−

}
+ E exp

{
s

2(GN)1/2
(−YZ+,Z−)

}
.

Äëÿ ïåðøîãî äîäàíêó ñïðàâåäëèâà íåðiâíiñòü (1). Äëÿ äðóãîãî òàêîæ ñïðàâ-
äæó¹òüñÿ öÿ íåðiâíiñòü, îñêiëüêè âîíà íå çàëåæèòü âiä Z+, Z−.

Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3. Òîäi ∀x > 0 ñïðàâäæó-
¹òüñÿ íåðiâíiñòü:

P

{
s

2(GN)1/2
|YZ+,Z−| > x

}
≤ 2 exp

{
−xκN

2

}
(1− 2κNx)

1
4 .

Äîâåäåííÿ. Ç íåðiâíîñòi ×åáèøåâà ïðè x > 0, s > 0 âèïëèâà¹ íàñòóïíå:

P

{
1

2(GN)1/2
|YZ+,Z−| > x

}
=

= P

{
s

2(GN)1/2
|YZ+,Z−| > sx

}
≤

E exp
{

s
2(GN )1/2

|YZ+,Z−|
}

E exp{sx}
.

Ç òåîðåìè 3 ìà¹ìî:

P

{
s

2(GN)1/2
|YZ+,Z−| > x

}
≤ 2 exp

{
−(
sκN
2

+ sx)
}
(1− 2sκN)−

1
4 . (2)

Ìiíiìóì ïðàâî¨ ÷àñòèíè äîñÿãà¹òüñÿ ïðè s = κ2
Nx

1+2κNx
.

Ëåãêî áà÷èòè, ùî òóò s < 1
2κN

.
Ïiäñòàâèìî öå çíà÷åííÿ â (2) òà îòðèìà¹ìî òâåðäæåííÿ òåîðåìè.
4. Óçàãàëüíåíi òåîðåìè Ëåâi-Áàêñòåðà äëÿ ïñåâäîãàóñîâèõ âèïàä-

êîâèõ âåêòîðiâ.
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Òåîðåìà 5. Íåõàé ξ⃗N� ïîñëiäîâíiñòü ïñåâäîãàóñîâèõ âèïàäêîâèõ âåêòîðiâ,
N ≥ 1, äëÿ êîæíîãî ç ÿêèõ âèêîíóþòüñÿ óìîâè òåîðåìè 3.

Íåõàé iñíó¹ êîíñòàíòà c, òàêà ùî
∑

k∈Z+ κNr(N)
kk −

∑
k∈Z− r

(N)
kk → c, ïðè

N → ∞.
Ââåäåìî íàñòóïíi ïîçíà÷åííÿ: IZ+,Z−,N =

∑
k∈Z+ ξ2k −

∑
k∈Z− ξ2k òà FN =∑

k∈Z+ κNr(N)
kk −

∑
k∈Z− r

(N)
kk − c, äå r

(N)
kj � åëåìåíòè ìàòðèöi RN .

Òîäi
IZ+,Z−,N → c

çà éìîâiðíiñòþ, ÿêùî GN → 0, ïðè N → ∞, òà ñïðàâäæó¹òüñÿ íàñòóïíà
íåðiâíiñòü ïðè y > FN :

P

{∣∣∣∣∣∑
k∈Z+

ξ2k −
∑
k∈Z−

ξ2k − c

∣∣∣∣∣ > y

}
≤ 2 exp

{
−(y − FN)κN

8(GN)1/2

}(
1 +

2κN(y − FN)

(GN)1/2

) 1
4

,

äå GN =
∑N

j,k=1(r
(N)
kj )2.

Äîâåäåííÿ. Ç òåîðåìè 4 âèïëèâà¹, ùî

P

{∣∣∣∣∣∑
k∈Z+

ξ2k −
∑
k∈Z−

ξ2k − c

∣∣∣∣∣ > y

}
=

= P

{∑
k∈Z+ ξ2k −

∑
k∈Z− ξ2k − (

∑
k∈Z+ κNr(N)

kk −
∑

k∈Z− r
(N)
kk ) + FN

4(GN)1/2
>

>
y

4(GN)1/2

}
=

= P

{∑
k∈Z+ ξ2k −

∑
k∈Z− ξ2k − (

∑
k∈Z+ κNr(N)

kk −
∑

k∈Z− r
(N)
kk )

4(GN)1/2
>

>
y − FN
4(GN)1/2

}
≤

≤ 2 exp

{
−(y − FN)κN

8(GN)1/2

}(
1 + 2κN

(y − FN)

4(GN)1/2

) 1
4

.

Ç öi¹¨ íåðiâíîñòi âèïëèâà¹ òâåðäæåííÿ òåîðåìè.

Çàóâàæåííÿ 1. Óçàãàëüíåíà òåîðåìà Ëåâi-Áàêñòåðà ïðè Z− = ∅ íàáóâà¹
âèãëÿäó òåîðåìè Ëåâi-Áàêñòåðà.
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Å. Ì. Êîñòèøèí (Êè¨âñüêèé íàö. óí-ò iì. Ò. Øåâ÷åíêà)

ÀËÃÅÁÐÀ ÀÓÑËÅÍÄÅÐÀ ÄËß ÍÀÏIÂÃÐÓÏÈ ÂÑIÕ
ÏÅÐÅÒÂÎÐÅÍÜ ÄÂÎÅËÅÌÅÍÒÍÎ� ÌÍÎÆÈÍÈ

It is described the Auslander algebra for the matrix representations of the semigroup of all
transformations of the two elements set over a �eld of any characteristic.

Îïèñàíà àëãåáðà Àóñëåíäåðà äëÿ ìàòðè÷íèõ çîáðàæåíü íàïiâãðóïè âñiõ ïåðåòâîðåíü äâîåëå-
ìåíòíî¨ ìíîæèíè íàä ïîëåì äîâiëüíî¨ õàðàêòåðèñòèêè.

Ìàòðè÷íi çîáðàæåííÿ ñêií÷åííèõ ãðóï íàä ïîëÿìè âèâ÷åíi äîñòàòíüî äîáðå. Ó
êëàñè÷íîìó âèïàäêó (êîëè õàðàêòåðèñòèêà p ïîëÿ K íå äiëèòü ïîðÿäêó ñêií-
÷åííî¨ ãðóïè), ãðóïà ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèï; áiëüø òîãî, ó öüî-
ìó âèïàäêó êîæíå íåðîçêëàäíå çîáðàæåííÿ ¹ íåçâiäíèì i âñi âîíè âè÷åðïó-
þòüñÿ ïðÿìèìè äîäàíêàìè ðåãóëÿðíîãî çîáðàæåííÿ. Ó ìîäóëÿðíîìó âèïàäêó
(êîëè õàðàêòåðèñòèêà p äiëèòü ïîðÿäîê ãðóïè), ãðóïà ìà¹ ñêií÷åííèé çîáðà-
æóâàëüíèé òèï òîäi i ëèøå òîäi, êîëè ¨¨ ñèëiâñüêà p-ïiäãðóïà ¹ öèêëi÷íîþ.
Ó ìîäóëÿðíîìó âèïàäêó áiëüøiñòü ñêií÷åííèõ ãðóï ¹ äèêèìè, òîáòî çàäà÷à ïðî
îïèñ ¨õ çîáðàæåíü âêëþ÷à¹ â ñåáå çàäà÷ó ïðî êëàñèôiêàöiþ ïàð ìàòðèöü ç òî÷-
íiñòþ äî ïîäiáíîñòi; òî÷íi îçíà÷åííÿ ðó÷íèõ òà äèêèõ çàäà÷ äèâ. â [1]. Ðó÷íi òà
äèêi ãðóïè äëÿ öüîãî âèïàäêó ïîâíiñòþ îïèñàíi â ðîáîòi [2].

Ìàòðè÷íi çîáðàæåííÿ íàïiâãðóï íàä ïîëÿìè âèâ÷åíi íå â òàêié ìiði, ÿê çîá-
ðàæåííÿ ãðóï. Íàéáiëüøå ðîáiò ïðèñâÿ÷åíà âèâ÷åííþ íåçâiäíèõ çîáðàæåíü òà
êëàñiâ íàïiâãðóï, âñi íåðîçêëàäíi çîáðàæåííÿ ÿêèõ ¹ íåçâiäíèìè (äèâ., íàïð.,
ìîíîãðàôi¨ [3,4]), òîùî. Ñåðåä iíøèõ âèïàäêiâ âèäiëèìî âiäîìi ðåçóëüòàòè ç òåî-
ði¨ çîáðàæåíü àëãåáð, ÿêi ëåãêî ïåðåôîðìóëþâàòè â òåðìiíàõ çîáðàæåíü íàïiâ-
ãðóï (íàïðèêëàä, îïèñ çîáðàæåíü àëãåáðè < a, b | ab = ba = 0 > [5,6] ÷è àëãåáðè
< a, b | a2 = b2 = 0 > [7, 8]) i äåÿêi ðåçóëüòàòè ïðî íàïiâãðóïè ñêií÷åííîãî çîá-
ðàæóâàëüíîãî òèïó: âèïàäîê ñêií÷åííî¨ öiëêîì ïðîñòî¨ íàïiâãðóïè [9] òà äåÿêi
íåìîäóëÿðíi âèïàäêè íàïiâãðóï âñiõ ïåðåòâîðåíü ñêií÷åííî¨ ìíîæèíè [10,11].

Ó öié ñòàòòi ìè îïèñó¹ìî àëãåáðó Àóñëåíäåðà äëÿ ìàòðè÷íèõ çîáðàæåíü
íàïiâãðóïè T2 âñiõ ïåðåòâîðåíü ìíîæèíè iç äâîõ åëåìåíòiâ, ÿê ó çâè÷àéíîìó
âèïàäêó, êîëè õàðàêòåðèñòèêà ïîëÿ íå äîðiâíþ¹ 2, òàê i â ìîäóëÿðíîìó âèïàäêó,
êîëè õàðàêòåðèñòèêà ïîëÿ äîðiâíþ¹ 2. Íåðîçêëàäíi çîáðàæåííÿ ó öèõ âèïàäêàõ
îïèñàíî âiäïîâiäíî â ðîáîòàõ [10] i [12] (äèâ. íèæ÷å ïóíêò 2).

1. Íàïiâãðóïà representation type of the full transformation T2T2T2.
Íàïiâãðóïà âñiõ ïåðåòâîðåíü (âiäîáðàæåíü â ñåáå) äâîåëåìåíòíî¨ ìíîæèíè {1, 2}
ïîçíà÷à¹òüñÿ íàìè ÷åðåç T2. Âîíà ñêëàäà¹òüñÿ iç ÷îòèðüîõ åëåìåíòiâ e, a, b, c:

e(1) = 1, e(2) = 2; a(1) = 2, a(2) = 1;

b(1) = 2, b(2) = 2; c(1) = 1, c(2) = 1.

Îñêiëüêè e � îäèíè÷íèé åëåìåíò íàïiãðóïè i a2 = e, b2 = b, ab = b, ba = c,
c2 = c, ac = c, bc = c, ca = b, cb = b, òî e, a, b óòâîðþþòü ñèñòåìó òâiðíèõ iç
íàñòóïíèìè âèçíà÷àëüíèìè ñïiââiäíîøåííÿìè:
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1) e2 = e, ea = ae = a, eb = be = b;
2) a2 = e, b2 = b;
3) ab = b.
Ìàòðè÷íå çîáðàæåííÿ ðîçìiðíîñòi n íàïiâãðóïè T = T2 íàä ïîëåì K � öå

(çãiäíî çàãàëüíîãî îçíà÷åííÿ ìàòðè÷íîãî çîáðàæåííÿ íàïiâãðóïè) äîâiëüíèé
ãîìîìîðôiçì X : T → Mn(K) íàïiâãðóïè T â íàïiâãðóïó Mn(K) âñiõ êâàäðàò-
íèõ ìàòðèöü ðîçìiðó n × n íàä ïîëåì K (n � íàòóðàëüíå ÷èñëî). Çàóâàæèìî,
ùî â çàãàëüíîìó îçíà÷åííi íi÷îãî íå ãîâîðèòüñÿ ïðî îäèíè÷íèé åëåìåíò íàïiâ-
ãðóïè (áî éîãî ìîæå i íå áóòè), àëå ó âèïàäêó, êîëè îäèíèöÿ â íàïiâãðóïi ¹,
ïðàêòè÷íî ìîæíà ââàæàòè, ùî ãîìîìîðôiçì ïåðåâîäèòü ¨¨ ó îäèíè÷íó ìàòðèöþ
(äèâ. íèæ÷å); ìè áóäåìî ðîçãëÿäàòè ëèøå òàêi çîáðàæåííÿ). Òîäi çîáðàæåííÿ
X : T2 →Mn(K) íàïiâãðóïè T = T2 îäíîçíà÷íî çàäà¹òüñÿ ïàðîþ ìàòðèöü

R = {A = X(a), B = X(b)},

ùî çàäîâîëüíÿþòü íàñòóïíi ðiâíîñòi: A2 = E, B2 = B, AB = B.
Åêâiâàëåíòíiñòü ìàòðè÷íèõ çîáðàæåíüR = {A,B} i R′ = {A′, B′} íàïiâãðóïè

T2 îçíà÷à¹ iñíóâàííÿ îáîðîòíî¨ ìàòðèöi C òàêî¨, ùî A′ = CAC−1 i B′ = CBC−1

(àáî, ùî òå æ ñàìå, A′C = CA i B′C = CB, ùî ïðàêòè÷íî áiëüø çðó÷íiøå, áî
ìà¹ìî ëiíiéíi âiäíîñíî C ðiâíîñòi).

Ïðÿìà ñóìà ìàòðè÷íèõ çîáðàæåíü R = {A,B} i R′ = {A′, B′} íàïiâãðóïè T2
� öå ìàòðè÷íå çîáðàæåííÿ R⊕R′ = {A⊕ A′, B ⊕B′}, äå

A⊕ A′ =

(
A 0
0 A′

)
, B ⊕B′ =

(
B 0
0 B′

)
.

Çîáðàæåííÿ R íàçèâà¹òüñÿ ðîçêëàäíèì, ÿêùî âîíî åêâiâàëåíòíå ïðÿìié ñó-
ìi äâîõ çîáðàæåíü, i íåðîçêëàäíèì â iíøîìó ðàçi. Äëÿ ìàòðè÷íèõ çîáðàæåíü
íàïiâãðóïè T = T2 (ÿê i äëÿ áóäü-ÿêî¨ ñêií÷åííîâèìiðíî¨ àëãåáðè) ìà¹ ìiñöå
òåîðåìà Êðóëëÿ-Øìiäòà ïðî îäíîçíà÷íiñòü ðîçêëàäó äîâiëüíîãî ìàòðè÷íîãî
çîáðàæåííÿ â ïðÿìó ñóìó íåðîçêëàäíèõ.

Ìàòðè÷íå çîáðàæåííÿ íàïiãðóïè T = T2 íàçèâà¹òüñÿ ìîäóëÿðíèì, ÿêùî õà-
ðàêòåðèñòèêà ïîëÿ K, íàä ÿêèì âîíî ðîçãëÿäà¹òüñÿ, äîðiâíþ¹ 2 (áî íàïiâãðóïà
T2 ìà¹ ¹äèíó íåòðèâiàëüíó ïiäãðóïó, ïîðîäæåíó åëåìåíòîì a ïîðÿäêó 2).

Âèùå ìè ãîâîðèëè, ùî ó âèïàäêó, êîëè íàïiâãðóïà ìà¹ îäèíè÷íèé åëåìåíò,
ïðàêòè÷íî ìîæíà ââàæàòè, ùî ìàòðè÷íå çîáðàæåííÿ çiñòàâëÿ¹ éîìó îäèíè÷íó
ìàòðèöþ.

Áiëüø òî÷íî, ìà¹ ìiñöå íàñòóïíèé ôàêò.
ßêùî X : S → Mn(K) � ìàòðè÷íå çîáðàæåííÿ äåÿêî¨ íàïiâãðóïè S (äèâ.

âèùå âiäïîâiäíi ïîçíà÷åííÿ) i S ìiñòèòü îäèíè÷íèé åëåìåíò e, òî çîáðàæåííÿ
X åêâiâàëåíòíå ïðÿìié ñóìi çîáðàæåíü X1 i X2, òàêèõ ùî X1(e) � îäèíè÷íà
ìàòðèöÿ i X2(s) = 0 äëÿ äîâiëüíîãî s ∈ S. Iíøèìè ñëîâàìè, ÿêùî â îçíà÷åííi
ìàòðè÷íîãî çîáðàæåííÿ íàïiãðóïè ç îäèíèöåþ ìè äîäàòêîâî áóäåìî âèìàãà-
òè, ùîá îäèíè÷íîìó åëåìåíòó âiäïîâiäàëà îäèíè÷íà ìàòðèöÿ, òî ìè âòðàòèìî
ëèøå îäíå íåðîçêëàäíå çîáðàæåííÿ, à ñàìå çîáðàæåííÿ, âñi ìàòðèöi ÿêîãî ¹
íóëüîâèìè ïîðÿäêó 1.

Äiéñíî, îñêiëüêè ìàòðèöÿ Q = X1(e) iäåìïîòåíòíà, òî iç äîáðå âiäîìî¨ òåîðå-
ìè ïðî êàíîíi÷íó ôîðìó Æîðäàíà áåçïîñåðåäíüî âèïëèâà¹, ùî iñíó¹ îáîðîòíà
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ìàòðèöÿ C òàêà, ùî Q = CQ0C
−1, äå

Q0 =

(
E 0
0 0

)
;

òóò i íàäàëi E ïîçíà÷à¹ îäèíè÷íó ìàòðèöþ (äîâiëüíîãî ïîðÿäêó m ≥ 0).
Ðîçãëÿíåìî ìàòðè÷íå çîáðàæåííÿ X̂ : s → C−1X(s)C (åêâiâàëåíòíå çîáðà-

æåííþ X), ÿêå çiñòàâëÿ¹ îäèíè÷íîìó åëåìåíòó e ìàòðèöþ Q0. Iç ðiâíîñòåé
X̂(e)X̂(s) = X̂(s)X̂(e) = X̂(s) (äëÿ äîâiëüíîãî s ∈ S) i X̂(e) = Q0, âèïëèâà¹, ùî
â ìàòðèöi

X̂(s) =

(
X̂(s)11 X̂(s)12
X̂(s)21 X̂(s)22

)

(ðîçáèòî¨ íà ãîðèçîíòàëüíi òà âåðòèêàëüíi ñìóãè òàêèì æå ÷èíîì, ÿê i ìàòðèöÿ
Q0) áëîêè X̂(s)12, X̂(s)21, X̂(s)22 ¹ íóëüîâèìè, çâiäêè ìà¹ìî, ùî çîáðàæåííÿ
X̂(s) ¹ ïðÿìîþ ñóìîþ çîáðàæåííÿ X1 : s → X̂(s)11, ÿêå çiñòàâëÿ¹ îäèíè÷íîìó
åëåìåíòó e îäèíè÷íó ìàòðèöþ X̂(e)11, òà çîáðàæåííÿX2 : s→ X̂(s)22, äëÿ ÿêîãî
âñi ìàòðèöi X̂(s)22 ¹ íóëüîâèìè.

2. Îïèñ ìàòðè÷íèõ çîáðàæåíü íàïiâãðóïè T2T2T2. Ñêií÷åííîâèìiðíi íå-
ðîçêëàäíi ìîäóëi íàä íàïiâãðóïîâîþ àëãåáðîþ KT2 ó íåìîäóëÿðíîìó âèïàäêó
îïèñàíi (ç òî÷íiñòþ äî içîìîðôiçìó) â ðîáîòi [10]. Ïåðåôîðìóëþ¹ìî öåé ðåçóëü-
òàò íà ìîâi ìàòðè÷íèõ çîáðàæåíü ñàìî¨ íàïiâãðóïè T2.

Òåîðåìà 1. Íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ íàïiâãðóïè T2 íàä ïîëåì
K õàðàêòåðèñòèêè p ̸= 2 âè÷åðïóþòüñÿ, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi,
íàñòóïíèìè (ïîïàðíî íååêâiâàëåíòíèìè) çîáðàæåííÿìè:

1) a→ 1, b→ 0;

2) a→ −1, b→ 0;

3) a→ 1, b→ 1;

4) a→
(

1 0
0 −1

)
, b→

(
1 1
0 0

)
.

Íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ íàïiâãðóïè T2 ó ìîäóëÿðíîìó âèïàäêó
îïèñàíi â ðîáîòi [12].

Òåîðåìà 2. Íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ íàïiâãðóïè T2 íàä ïîëåì K
õàðàêòåðèñòèêè 2 âè÷åðïóþòüñÿ, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi, íàñòóïíè-
ìè (ïîïàðíî íååêâiâàëåíòíèìè) çîáðàæåííÿìè:

1) a→ 1, b→ 0;

2) a→ 1, b→ 1;

3) a→
(

1 1
0 1

)
, b→

(
0 0
0 0

)
;

4) a→
(

1 1
0 1

)
, b→

(
1 0
0 0

)
;
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5) a→

 1 0 1
0 1 1
0 0 1

, b→

 1 0 0
0 0 0
0 0 0

.
3. Ôîðìóëþâàííÿ îñíîâíèõ òåîðåì. Àëãåáðîþ Àóñëåíäåðà àëãåáðè

ñêií÷åííîãî çîáðàæóâàëüíîãî òèïó (òîáòî, ÿêà ìà¹ ñêií÷åííå ÷èñëî êëàñiâ åêâi-
âàëåíòíîñòi íåðîçêëàäíèõ çîáðàæåíü) íàçèâà¹òüñÿ àëãåáðà åíäîìîðôiçìiâ ïðÿ-
ìî¨ ñóìè âñiõ íåðîçêëàäíèõ çîáðàæåíü (iç êîæíîãî êëàñó åêâiâàëåíòíîñòi íåðîç-
êëàäíèõ çîáðàæåíü òðåáà âçÿòè îäèí ïðåäñòàâíèê). ßêùî çîáðàæåííÿ ðîçãëÿ-
äàòè â ìàòðè÷íîìó âèãëÿäi, òî àëãåáðà Àóñëåíäåðà áóäå ðåàëiçîâóâàòèñü òàêîæ
â ìàòðè÷íîìó âèãëÿäi i â öüîìó âèïàäêó ïðèðîäíî íàçèâàòè ¨¨ ìàòðè÷íîþ àë-
ãåáðîþ Àóñëåíäåðà.

Íàãàäà¹ìî, ùî åíäîìîðôiçì ìàòðè÷íîãî çîáðàæåííÿ T àëãåáðû Λ � öå äî-
âiëüíà ìàòðèöÿ X òàêà, ùî T (y)X = XT (y) äëÿ áóäü-ÿêîãî y ∈ Λ.

Î÷åâèäíî, ùî ìàòðè÷íà àëãåáðà Àóñëåíäåðà íå çàëåæèòü âiä âèáîðó ïðåä-
ñòàâíèêiâ â êëàññàõ åêâiâàëåíòíîñòi ó òîìó ñåíñi, ùî âñi îòðèìàíi òàêèì ÷èíîì
àëãåáðè áóäóòü ñïðÿæåíi ÿê ïiäàëãåáðè âiäïîâiäíî¨ ïîâíî¨ ìàòðè÷íî¨ àëãåáðè.

Îñêiëüêè ìiæ çîáðàæåííÿìè íàïiâãðóïè òà çîáðàæåííÿìè ¨¨ íàïiâãðóïîâî¨
àëãåáðè iñíó¹ ïðèðîäíà âçà¹ìíî îäíîçíà÷íà âiäïîâiäíiñòü, òî ìîæíà ãîâîðèòè
ïðî àëãåáðó Àóñëåíäåðà íàïiâãðóï.

Ñôîðìóëþ¹ìî îñíîâíi ðåçóëüòàòè öi¹¨ ñòàòòi.

Òåîðåìà 3. ßêùî K � ïîëå õàðàêòåðèñòèêè p ̸= 2, òî ìàòðè÷íà àëãåáðà
Àóñëåíäåðà äëÿ íàïiâãðóïè T2 ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü âèãëÿäó

X =


x11 0 x13 0 0
0 x11 0 0 0
0 0 x33 0 0
0 0 0 x44 0
0 x52 0 0 x55

 ,

äå xij− åëåìåíòè ïîëÿ K.

Òåîðåìà 4. ßêùî K � ïîëå õàðàêòåðèñòèêè 2, òî ìàòðè÷íà àëãåáðà
Àóñëåíäåðà äëÿ íàïiâãðóïè T2 ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü âèãëÿäó

X =



x11 0 0 0 0 0 0 x18 0
0 x11 x23 0 x25 0 x27 0 x29
0 0 x11 0 0 0 0 0 0
x41 0 0 x44 0 0 0 x48 0
0 0 x41 0 x44 0 0 0 0
0 x62 x63 0 x65 x66 x67 0 x69
0 0 x62 0 0 0 x66 0 0
0 0 0 0 0 0 0 x88 0
0 0 x93 0 x95 0 x97 0 x99


,

äå xij− åëåìåíòè ïîëÿ K.
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4. Äîâåäåííÿ òåîðåìè 3. Ðîçãëÿíåìî íàñòóïíó ïðÿìó ñóìó íåðîçêëàäíèõ
çîáðàæåíü, âêàçàíèõ â òåîðåìi 1:

a→ A0 =


1 0 0 0 0
0 −1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 −1

 ,

b→ B0 =


1 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0

 .

Íåõàé X− åëåìåíò ìàòðè÷íî¨ àëãåáðè Àóñëåíäåðà, òîáòî ìàòðèöÿ

X =


x11 x12 x13 x14 x15
x21 x22 x23 x24 x25
x31 x32 x33 x34 x35
x41 x42 x43 x44 x45
x51 x52 x53 x54 x55


òàêà, ùî A0X = XA0, B0X = XB0. Ñêàëÿðíi ðiâíîñòi âèãëÿäó (A0X)ij =
(XA0)ij i (B0X)ij = (XB0)ij áóäåìî ïîçíà÷àòè âiäïîâiäíî (1; i, j) i (2; i, j).

Ðîçãëÿíåìî ñïî÷àòêó ðiâíiñòü A0X = XA0. Âîíà åêâiâàëåíòíà íàñòóïíèì
ñêàëÿðíèì ðiâíîñòÿì:

(1; 1, 2) : x12 = −x12, (1; 2, 4) : −x24 = x24, (1; 4, 5) : x45 = −x45,
(1; 1, 5) : x15 = −x15, (1; 3, 2) : x32 = −x32, (1; 5, 1) : −x51 = x51,
(1; 2, 1) : −x21 = x21, (1; 3, 5) : x35 = −x35, (1; 5, 3) : −x53 = x53,
(1; 2, 3) : −x23 = x23, (1; 4, 2) : x42 = −x42, (1; 5, 4) : −x54 = x54.

Îòæå, ìàòðèöÿ X ìà¹ âèãëÿä

X =


x11 0 x13 x14 0
0 x22 0 0 x25
x31 0 x33 x34 0
x41 0 x43 x44 0
0 x52 0 0 x55

 .

Òåïåð âèêîðèñòà¹ìî ðiâíiñòü B0X = XB0:

(2; 1, 2) : x22 = x11, (2; 3, 2) : 0 = x31, (2; 4, 1) : 0 = x41,
(2; 1, 4) : x14 = 0, (2; 3, 4) : x34 = 0, (2; 4, 3) : 0 = x43,
(2; 1, 5) : x25 = 0.
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Çâiäñè ìà¹ìî, ùî

X =


x11 0 x13 0 0
0 x11 0 0 0
0 0 x33 0 0
0 0 0 x44 0
0 x52 0 0 x55

 .

Òåîðåìà äîâåäåíà.

5. Äîâåäåííÿ òåîðåìè 4. Äîâåäåííÿ ïðîâîäèòüñÿ ïî òié æå ñõåìi, ùî i
äîâåäåííÿ ïîïåðåäíüî¨ òåîðåìè.

Ðîçãëÿíåìî íàñòóïíó ïðÿìó ñóìó íåðîçêëàäíèõ çîáðàæåíü, âêàçàíèõ â òåî-
ðåìi 2:

a→ A0 =



1 0 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1


,

b→ B0 =



1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0


.

Íåõàé X− åëåìåíò ìàòðè÷íî¨ àëãåáðè Àóñëåíäåðà, òîáòî ìàòðèöÿ

X =



x11 x12 x13 x14 x15 x16 x17 x18 x19
x21 x22 x23 x24 x25 x26 x27 x28 x29
x31 x32 x33 x34 x35 x36 x37 x38 x39
x41 x42 x43 x44 x45 x46 x47 x48 x49
x51 x52 x53 x54 x55 x56 x57 x58 x59
x61 x62 x63 x64 x65 x66 x67 x68 x69
x71 x72 x73 x74 x75 x76 x77 x78 x79
x81 x82 x83 x84 x85 x86 x87 x88 x89
x91 x92 x93 x94 x95 x96 x97 x98 x99


òàêà, ùî A0X = XA0, B0X = XB0. Ñêàëÿðíi ðiâíîñòi âèãëÿäó (A0X)ij =
(XA0)ij i (B0X)ij = (XB0)ij áóäåìî ïîçíà÷àòè âiäïîâiäíî (3; i, j) i (4; i, j).
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Ðîçãëÿíåìî ñïî÷àòêó ìàòðè÷íó ðiâíiñòü B0X = XB0. Âîíà åêâiâàëåíòíà
íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

(3; 1, 2) : x12 = 0, (3; 3, 1) : 0 = x31, (3; 5, 1) : 0 = x31, (3; 8, 2) : x82 = 0,
(3; 1, 3) : x13 = 0, (3; 3, 4) : 0 = x34, (3; 5, 4) : 0 = x34, (3; 8, 3) : x83 = 0,
(3; 1, 5) : x15 = 0, (3; 3, 8) : 0 = x38, (3; 5, 8) : 0 = x38, (3; 8, 5) : x85 = 0,
(3; 1, 6) : x16 = 0, (3; 4, 2) : x42 = 0, (3; 6, 1) : 0 = x61, (3; 8, 6) : x86 = 0,
(3; 1, 7) : x17 = 0, (3; 4, 3) : x43 = 0, (3; 6, 4) : 0 = x64, (3; 8, 7) : x87 = 0,
(3; 1, 9) : x19 = 0, (3; 4, 5) : x45 = 0, (3; 6, 8) : 0 = x68, (3; 8, 9) : x89 = 0,
(3; 2, 1) : 0 = x21, (3; 4, 6) : x46 = 0, (3; 7, 1) : 0 = x71, (3; 9, 1) : 0 = x91,
(3; 2, 4) : 0 = x24, (3; 4, 7) : x47 = 0, (3; 7, 4) : 0 = x74, (3; 9, 4) : 0 = x94,
(3; 2, 8) : 0 = x28, (3; 4, 9) : x49 = 0, (3; 7, 8) : 0 = x78, (3; 9, 8) : 0 = x98.

Îòæå, ìàòðèöÿ X ìà¹ íàñòóïíèé âèãëÿä:

X =



x11 0 0 x14 0 0 0 x18 0
0 x22 x23 0 x25 x26 x27 0 x29
0 x32 x33 0 x35 x36 x37 0 x39
x41 0 0 x44 0 0 0 x48 0
0 x52 x53 0 x55 x56 x57 0 x59
0 x62 x63 0 x65 x66 x67 0 x69
0 x72 x73 0 x75 x76 x77 0 x79
x81 0 0 x84 0 0 0 x88 0
0 x92 x93 0 x95 x96 x97 0 x99


.

Òåïåð âèêîðèñòà¹ìî ðiâíiñòü A0X = XA0:

(4; 1, 2) : x32 = 0, (4; 4, 2) : x52 = 0, (4; 6, 5) : x75 = 0,
(4; 1, 3) : x33 = x11, (4; 4, 3) : x53 = x41, (4; 6, 6) : x76 = 0,
(4; 1, 5) : x35 = x14, (4; 4, 5) : x55 = x44, (4; 6, 7) : x77 = x66,
(4; 1, 6) : x36 = 0, (4; 4, 6) : x56 = 0, (4; 6, 9) : x79 = 0,
(4; 1, 7) : x37 = 0, (4; 4, 7) : x57 = 0, (4; 8, 3) : 0 = x81,
(4; 1, 9) : x39 = 0, (4; 4, 9) : x59 = 0, (4; 8, 5) : 0 = x84,
(4; 2, 3) : x33 = x22, (4; 6, 2) : x72 = 0, (4; 9, 3) : 0 = x92,
(4; 2, 5) : x35 = 0, (4; 6, 3) : x73 = x62, (4; 9, 7) : 0 = x96,
(4; 2, 7) : x37 = x26.

Çâiäñè ìà¹ìî, ùî

X =



x11 0 0 0 0 0 0 x18 0
0 x11 x23 0 x25 0 x27 0 x29
0 0 x11 0 0 0 0 0 0
x41 0 0 x44 0 0 0 x48 0
0 0 x41 0 x44 0 0 0 0
0 x62 x63 0 x65 x66 x67 0 x69
0 0 x62 0 0 0 x66 0 0
0 0 0 0 0 0 0 x88 0
0 0 x93 0 x95 0 x97 0 x99


.

Òåîðåìà äîâåäåíà.
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ÏÐÎ ÅÊÂIÂÀËÅÍÒÍIÑÒÜ ÑÒÎÕÀÑÒÈ×ÍÎ� ÑÒIÉÊÎÑÒI ÒÀ
ÅÊÑÏÎÍÅÍÖIÀËÜÍÎ� ÑÒIÉÊÎÑÒI Â l.i.m. ÄËß
ÑÒÎÕÀÑÒÈ×ÍÎ� ÄÈÍÀÌI×ÍÎ� ÑÈÑÒÅÌÈ Ç
ÌÀÐÊÎÂÑÜÊÈÌÈ ÏÀÐÀÌÅÒÐÀÌÈ I ÏÅÐÅÌÈÊÀÍÍßÌÈ

Sufficient conditions equivalent concepts of stochastic stability and exponential stability in the
mean square for stochastic dynamic systems random structure with Markov switching are obtained.

Âñòàíîâëåíî äîñòàòíi óìîâè åêâiâàëåíòíîñòi êîíöåïöié ñòîõàñòè÷íî¨ ñòiéêîñòi òà åêñïîíåíöi-
àëüíî¨ ñòiéêîñòi â ñåðåäíüîìó êâàäðàòè÷íîìó äëÿ ñòîõàñòè÷íî¨ äèíàìi÷íî¨ ñèñòåìè âèïàäêîâî¨
ñòðóêòóðè ç ìàðêîâñüêèìè ïåðåìèêàííÿìè.

1. Âñòóï. Ó çàäà÷àõ ñòàáiëiçàöi¨ äëÿ ñòîõàñòè÷íèõ ñèñòåì êîíöåïöi¨ ñòîõàñòè-
÷íî¨ ñòiéêîñòi òà åêñïîíåíöiàëüíî¨ ñòiéêîñòi ó l.i.m. ñòîÿòü ïîðó÷. Òàê, ðîçâ'ÿ-
çàííÿ çàäà÷i ñòàáiëiçàöi¨ äëÿ òàêèõ ñèñòåì ïåðåäáà÷à¹ ïîáóäîâó îïòèìàëüíîãî
êåðóâàííÿ, ÿêå, îêðiì ìiíiìiçàöi¨ âàðòîñòi êåðóâàííÿ, ñòàáiëiçó¹ ñèñòåìó äî ñòî-
õàñòè÷íî ñòiéêî¨ [1]� [4], ó òîé æå ÷àñ, êîëè äîïóñòèìèì ¹ òàêå êåðóâàííÿ, ïðè
ÿêîìó ñèñòåìà ¹ åêñïîíåíöiàëüíî ñòiéêîþ â ñåðåäíüîìó êâàäðàòè÷íîìó [1]� [5].
Âðàõîâóþ÷è òå, ùî îïòèìàëüíå êåðóâàííÿ ¹ îäíî÷àñíî äîïóñòèìèì, î÷åâèäíîþ
¹ ïðàêòè÷íà ïîòðåáà ÷iòêî îêðåñëèòè êëàñ äîïóñòèìèõ êåðóâàíü, äëÿ ÿêèõ îêðiì
êîíöåïöi¨ åêñïîíåíöiàëüíî¨ ñòiéêîñòi â ñåðåäíüîìó êâàäðàòè÷íîìó âëàñòèâà êîí-
öåïöiÿ ñòîõàñòè÷íî¨ ñòiéêîñòi.

Äëÿ ëiíiéíèõ ñèñòåì ç ìàðêîâñüêèìè ïàðàìåòðàìè ç íåïåðåðâíèì àáî äèñ-
êðåòíèì ÷àñîì åêâiâàëåíòíiñòü âêàçàíèõ êîíöåïöié ñòiéêîñòi äîâåäåíà â [6]. Â
äàíié ðîáîòi çà ñõîæîþ ìåòîäèêîþ âñòàíîâëåíî äîñòàòíi óìîâè åêâiâàëåíòíî-
ñòi êîíöåïöié ñòîõàñòè÷íî¨ ñòàéêîñòi é åêñïîíåíöiàëüíî¨ ñòiéêîñòi â ñåðåäíüîìó
êâàäðàòè÷íîìó äëÿ ñòîõàñòè÷íèõ äèíàìi÷íèõ ñèñòåì âèïàäêîâî¨ ñòðóêòóðè ç
ìàðêîâñüêèìè ïåðåìèêàííÿìè.

2. Ïîñòàíîâêà çàäà÷i òà îçíà÷åííÿ. Íà éìîâiðíiñíîìó áàçèñi (Ω,F,F :=
{Ft, t ≥ 0},P) [7] ðîçãëÿäà¹òüñÿ ñòîõàñòè÷íà äèíàìi÷íà ñèñòåìà âèïàäêîâî¨ ñòðó-
êòóðè, ÿêà îïèñó¹òüñÿ ñòîõàñòè÷íèì äèôåðåíöiàëüíèì ðiâíÿííÿì

dx(t) = a(t, x(t), ξ(t))dt+ b(t, x(t), ξ(t))dw(t), t ∈ R+\T, (1)

ç ìàðêîâñüêèìè ïåðåìèêàííÿìè

∆x(t)|t=tk = x(tk)− x(tk−) = g(tk−, x(tk−), ξ(tk−), ηk),

tk ∈ T := {tk ↑, k = 0, 1, 2, . . .}, lim
k→∞

tk = +∞, (2)

i ïî÷àòêîâèìè óìîâàìè

x(0) = x0 ∈ Rm, ξ(0) = y ∈ Y, η0 = h ∈ H. (3)

Òóò x(t), t ≥ 0 � âåêòîð ñòàíó ñèñòåìè, ξ(t), t ≥ 0 � ìàðêîâñüêèé ïðîöåñ iç
çíà÷åííÿìè ó âèìiðíîìó ïðîñòîði Y; ηk, k ≥ 0 � ëàíöþã Ìàðêîâà iç çíà÷åííÿìè
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ó âèìiðíîìó ïðîñòîði H, w(t), t ≥ 0� ñòàíäàðòíèé îäíîâèìiðíèé âiíåðiâ ïðîöåñ;
ïðîöåñè ξ, η òà w � Ft-âèìiðíi i íåçàëåæíi â ñóêóïíîñòi [7], [8].

Ïðèïóñêà¹òüñÿ, ùî âèìiðíi çà ñóêóïíiñòþ çìiííèõ âiäîáðàæåííÿ a : R+ ×
Rm×Y → Rm, b : R+×Rm×Y → Rm i g : R+×Rm×Y×H → Rm çàäîâîëüíÿþòü
çà äðóãèì àðãóìåíòîì óìîâó Ëiïøèöÿ ðiâíîìiðíî çà âñiìà iíøèìè àðãóìåíòàìè

|a(t, x1, y)− a(t, x2, y)|2 + |b(t, x1, y)− b(t, x2, y)|2+

+|g(t, x1, y, h)− g(t, x2, y, h)|2 ≤ L|x1 − x2|2, L > 0, (4)

∀t ≥ 0, y ∈ Y, h ∈ H, x1, x2 ∈ Rm, i óìîâó îáìåæåíîñòi

sup
t≥0, y∈Y, h∈H

(|a(t, 0, y)|+ |b(t, 0, y)|+ |g(t, 0, y, h)|) = c <∞, (5)

i, êðiì òîãî, ∀ T <∞

sup
y∈Y, x∈Rm

T∫
0

|b(t, x, y)|2dt < +∞. (6)

Çðîçóìiëî, ùî âèêîíàííÿ óìîâ (4)�(6) ãàðàíòó¹ iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó
(1)�(3) [9].

Ìîæíà äîâåñòè, ùî òðiéêà {x(t), ξ(t), η(t)}, äå η(t) = ηk, tk ≤ t < tk+1, k ≥ 0,
ÿâëÿ¹ ñîáîþ ôåëëåðiâñüêèé ìàðêîâñüêèé ïðîöåñ i ðîçãëÿíóòè îïåðàòîð Ëÿïóíî-
âà íà âèìiðíèõ ôóíêöiÿõ v(x, y, h) : Rm×Y×H → R1, ÿêèé çàäàíèé ðiâíiñòþ [8]

Lv(x, y, h) := lim
∆t↓0

1

∆t

[
E(t)
y,h,x{v(x(t+∆t), ξ(t+∆t), η(t+∆t))} − v(x, y, h)

]
, (7)

äå E(t)
y,h,xv := E{v/x(t) = x, ξ(t) = y, η(t) = h}.
Îçíà÷åííÿ 1. Ôóíêöi¹þ Ëÿïóíîâà äëÿ ñèñòåìè âèïàäêîâî¨ ñòðóêòóðè (1)-

(3) íàçâåìî íåâiä'¹ìíó ôóíêöiþ v(x, y, h), äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè:
� ïðè âñiõ y ∈ Y, h ∈ H, x ∈ Rm âèçíà÷åíèé îïåðàòîð Ëÿïóíîâà (7);
� ïðè r → ∞ v(r) := inf

y∈Y, h∈H, |x|≥r
v(x, y, h) → ∞;

� ïðè r → 0 v(r) := sup
y∈Y, h∈H, |x|≤r

v(x, y, h) → 0;

� v(r) i v(r) íåïåðåðâíi i ìîíîòîííi.
Îñêiëüêè ñèëüíèé ðîçâ'ÿçîê x(t), t ≥ 0, ðiâíÿííÿ (1) ç ìàðêîâñüêèìè ïå-

ðåìèêàííÿìè (2) îäíîçíà÷íî âèçíà÷à¹òüñÿ ïî÷àòêîâèìè óìîâàìè (3), òî äàëi
ïîçíà÷àòèìåìî éîãî x(t, x0, y, h).

Îçíà÷åííÿ 2. Äëÿ ñèñòåìè (1)�(3) òî÷êà ðiâíîâàãè 0 ¹
� ñòîõàñòè÷íî ñòiéêîþ, ÿêùî äëÿ êîæíîãî ïî÷àòêîâîãî ñòàíó x0 ∈ Rm i ïî-

÷àòêîâèõ ñòàíiâ y äëÿ ξ òà h äëÿ η

E
{ ∞∫

0

|x(t, x0, y, h)|2dt
}
<∞;

� åêñïîíåíöiàëüíî ñòiéêîþ â ñåðåäíüîìó êâàäðàòè÷íîìó, ÿêùî äëÿ êîæíîãî
ïî÷àòêîâîãî ñòàíó x0 ∈ Rm i ïî÷àòêîâèõ ñòàíiâ y äëÿ ξ òà h äëÿ η iñíóþòü
êîíñòàíòè α > 0, β > 0 òàêi, ùî

E|x(t, x0, y, h)|2 ≤ α|x0|2e−βt,∀t ≥ 0.
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3. Îñíîâíèé ðåçóëüòàò. Ìà¹ ìiñöå òâåðäæåííÿ.
Òåîðåìà 1. Äîñòàòíüîþ óìîâîþ ñòîõàñòè÷íî¨ ñòiéêîñòi é åêñïîíåíöàëüíî¨

ñòiéêîñòi â ñåðåäíüîìó êâàäðàòè÷íîìó äëÿ ñèñòåìè (1)�(3) ¹ iñíóâàííÿ ïîñëi-
äîâíîñòi ôóíêöié Ëÿïóíîâà vk(x, y, h), k ≥ 0, òà ñòðîãî çðîñòàþ÷èõ äîäàòíèõ
ôóíêöié c(·), f(·) òà z(·), c(0) = 0, f(0) = 0, z(0) = 0, òàêèõ, ùî çà óìîâè

f(|x(t, x0, y, h)|2) ≤ vk(x, y, h) ≤ z(|x(t, x0, y, h)|2) (8)

ìà¹ ìiñöå íåðiâíiñòü

Lvk(x, y, h) ≤ −c(|x(t, x0, y, h)|), (9)

äëÿ t ∈ [tk, tk+1), k ≥ 0, i

kNT+n−1∑
j=kNT

E{vj(x, ξ(tj), ηj)} ≤ χk(vk(x(tk−), ξ(tk−), ηk)), (10)

äëÿ äåÿêîãî öiëîãî NT ≥ 0, k ≥ 0, n = 1, 2, ..., NT , äå χk : R+ → R+ ¹ íåñïàäíîþ
ôóíêöi¹þ i χk(s) ≤ s.

Çàóâàæåííÿ. Óìîâè (9), (10) ¹ ïîñëàáëåííÿì êëàñè÷íèõ óìîâ åêñïîíåíöi-
àëüíî¨ ñòiéêîñòi äëÿ ñèñòåìè (1)�(3) [10].

Äîâåäåííÿ. Íà iíòåðâàëi [tk, tk+1), k ≥ 0, ðîçãëÿíåìî ñëàáêèé iíôiíiòåçè-
ìàëüíèé îïåðàòîð íà ôóíêöi¨ Ëÿïóíîâà vk(x, y, h). Íà îñíîâi (9) ìà¹ìî

Lvk(x, y, h) ≤ −c(|x(t, x0, y, h)|) = −c(|x(t, x0, y, h)|)
vk(x, y, h)

· vk(x, y, h) ≤ −αvk(x, y, h),

äå ñêàëÿð α > 0 âèçíà÷à¹òüñÿ ÿê

α = min
x

c(|x(t, x0, y, h)|)
z(|x(t, x0, y, h)|)

.

Çà ôîðìóëîþ Äèíêiíà [8] äëÿ áóäü-ÿêîãî t ∈ [tk, tk+1), i äåÿêîãî k ≥ 0

E


k−1∑
j=0

tj+1∫
tj

Lvj(x(s), y, h)ds+

t∫
tk

Lvk(x(s), Y, h)ds

 =

=
k−1∑
j=0

E{vj+1(x(tj+1−), ξ(tj+1−), η(tj+1−))} − vj(x(tj), ξ(tj), η(tj))+

+Evk(x(tk), ξ(tk), η(tk))− vk(x, y, h) =

E{vk(x(tk), ξ(tk), η(tk))} − v0(x0, y, h)+[
k

NT

]
−1∑

k=0

(k+1)NT−1∑
j=kNT

E{vj(x(tj−), ξ(tj−), η(tj−))} − vj(x(tj), ξ(tj), η(tj))+
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+
k∑

j=
[

k
NT

]
NT

E{vj(x(tj−), ξ(tj−), η(tj−))} − vj(x(tj), ξ(tj), η(tj)).

Òîäi ç (10) îòðèìó¹ìî, ùî

E{vk(x(tk), ξ(tk), η(tk))} − v0(x0, y, h) ≤

≤ E


k−1∑
j=0

tj+1∫
tj

Lvj(x(s), ξ(tj), η(tj))ds+

t∫
tk

Lvk(x(s), ξ(tk), η(tk))ds

 ≤

≤ −αE


k−1∑
j=0

tj+1∫
tj

vj(x(s), ξ(tj), η(tj))ds+

t∫
tk

vk(x(s), ξ(tk), η(tk))ds

 =

= −αE


t∫

0

vk(x(s), ξ(tk), η(tk))ds

 .

Ç îñòàííüî¨ íåðiâíîñòi âèïëèâà¹, ùî

d

dt
E{vk(x, ξ(tk), ηk)} ≤ −α d

dt

t∫
0

E{vk(x(s), ξ(tk), ηk)}ds = −αE{vk(x, y, h)},

òîáòî, çãiäíî ç ëåìîþ Ãðîíóîëëà-Áåëëìàíà

E{vk(x, y, h)} ≤ v0(x0, y, h)e
−αt.

Ç îñòàííüî¨ íåðiâíîñòi i (8) âèïëèâà¹, ùî ñèñòåìà (1)�(3) åêñïîíåíiàëüíî ñòié-
êà â ñåðåäíüîìó êâàäðàòè÷íîìó i òîìó ¹ ñòîõàñòè÷íî ñòiéêîþ. Òåîðåìà äîâåäåíà.

4. Âèíîâêè. Ó äàíié ðîáîòi âñòàíîâëåíî äîñòàòíi óìîâè åêâiâàëåíòíîñòi
êîíöåïöié ñòîõàñòè÷íî¨ ñòiéêîñòi òà åêñïîíåíöiàëüíî¨ ñòiéêîñòi â ñåðåäíüîìó
êâàäðàòè÷íîìó äëÿ ñòîõàñòè÷íî¨ äèíàìi÷íî¨ ñèñòåìè ç ìàðêîâñüêèìè ïàðàìå-
òðàìè i ïåðåìèêàííÿìè, òîáòî âäàëîñÿ ïîñëàáèòè êëàñè÷íi óìîâè åêñïîíåíöi-
àëüíî¨ ñòiéêîñòi äëÿ ñèñòåìè (1)�(3). Ïðàêòè÷íå çíà÷åííÿ îòðèìàíîãî ðåçóëü-
òàòó äèêòó¹òüñÿ íåîáõiäíiñòþ ÿêíàéòî÷íiøîãî îêðåñëåííÿ êëàñó äîïóñòèìèõ
ðîçâ'ÿçêiâ äëÿ çàäà÷i îïòèìàëüíî¨ ñòàáiëiçàöi¨ äëÿ âêàçàíèõ ñèñòåì, i, ÿê íàñëi-
äîê, åêîíîìi¨ çàòðàò (íàïðèêëàä, ÷àñó) ïðè âèáîði îïòèìàëüíîãî êåðóâàííÿ.
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ÓÄÊ 517.9

Ê. Â. Ìàðèíåöü, Î. Ò. Ìàóðèö (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÄÎÑËIÄÆÅÍÍß ÐÎÇÂ'ßÇÍÎÑÒI ÍÅËIÍIÉÍÈÕ
ÄÂÎÒÎ×ÊÎÂÈÕ ÊÐÀÉÎÂÈÕ ÇÀÄÀ× ÇÀ ÄÎÏÎÌÎÃÎÞ
ÒÎÏÎËÎÃI×ÍÈÕ IÍÄÅÊÑIÂ

We give new existence results of the boundary–value problem investigation, in the case of two–
point non–linear boundary conditions, that base upon the theory of topological indexes, i. e. the
Brauwer topological index.

Ó ðîáîòi íàâåäåíî íîâi ðåçóëüòàòè äîñëiäæåííÿ iñíóâàííÿ ðîçâ'ÿçêiâ íåëiíiéíèõ äâîòî÷êî-
âèõ êðàéîâèõ çàäà÷, ÿêi áàçóþòüñÿ íà âèêîðèñòàííi òåîði¨ òîïîëîãi÷íèõ iíäåêñiâ, à ñàìå �
òîïîëîãi÷íîãî iíäåêñó Áðàóåðà.

1. Âñòóï. Ðåçóëüòàòè, ÿêi íàâåäåíî ó äàíié ðîáîòi, ¹ íîâèìè òà áàçóþòüñÿ íà
îäåðæàíèõ ðàíiøå ðåçóëüòàòàõ äîñëiäæåííÿ íåëiíiéíèõ áàãàòîòî÷êîâèõ òà ií-
òåãðàëüíèõ êðàéîâèõ çàäà÷ [1�7], òà ¹ ïðîäîâæåííÿì ðîáîòè [3].
2. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî êðàéîâó çàäà÷ó äëÿ ñèñòåìè íåëiíiéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü ç íåëiíiéíèìè äâîòî÷êîâèìè ãðàíè÷íèìè óìîâàìè âè-
ãëÿäó:

dx (t)

dt
= f (t, x (t)) , t ∈ [0, T ] , x, f ∈ Rn, (1)

g (x (0) , x (T )) = 0, (2)

äå ôóíêöi¨ f : [0, T ]×D → Rn òà g : D×D → Rn (n ≥ 2) íåïåðåðâíi, à ìíîæèíà
D ⊂ Rn � çàìêíåíà îáìåæåíà îáëàñòü.

Çàäà÷à ïîëÿãà¹ ó âñòàíîâëåííi íåîáõiäíèõ òà äîñòàòíiõ óìîâ iñíóâàííÿ ðîç-
â'ÿçêiâ êðàéîâî¨ çàäà÷i (1), (2) ó êëàñi íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié
x : [0, T ]×D.
3. Ïîáóäîâà íàáëèæåíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (2). Ó íàóêîâié
ñòàòòi [3] îáãðóíòîâàíî, ùî äîöiëüíî, çàìiñòü êðàéîâî¨ çàäà÷i (1), (2) ç íåëiíié-
íèìè êðàéîâèìè óìîâàìè, äîñëiäæóâàòè çàäà÷ó ç äåÿêèìè ïàðàìåòðèçîâàíèìè
ëiíiéíèìè óìîâàìè. Òàêèì ÷èíîì, çà äîïîìîãîþ ïàðàìåòðèçàöi¨ âèãëÿäó:

z := x(0), λ := x(T ). (3)

îäåðæèìî êðàéîâó çàäà÷ó ç ëiíiéíèìè ðîçäiëåíèìè êðàéîâèìè óìîâàìè:

x(0) = z, x(T ) = d(z, λ), (4)

äå d(z, λ) := λ+ g (z, λ).

Çàóâàæåííÿ 1. Ìíîæèíà ðîçâ'ÿçêiâ íåëiíiéíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çàäà-
÷i (1), (2) ñïiâïàäà¹ ç ìíîæèíîþ òèõ ðîçâ'ÿçêiâ çàäà÷i (1), (4), ÿêi çàäîâîëü-
íÿþòü äîäàòêîâèì óìîâàì (3).

Ïðèïóñòèìî, ùî êðàéîâà çàäà÷à (1), (4) çàäîâîëüíÿ¹ íàñòóïíi óìîâè:

1) Ôóíêöiÿ f íåïåðåðâíà â îáëàñòi [0, T ]×D òà çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ:

|f(t, u)− f(t, v)| ≤ K |u− v| , (5)

äëÿ âñiõ t ∈ [0, T ] , {u, v} ⊂ D, äå K = (kij)
n
i,j=1 � äåÿêà ñòàëà ìàòðèöÿ ç

íåâiä'¹ìíèìè êîìïîíåíòàìè.
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2) ìíîæèíà

Dβ :=

{
z ∈ D : B

(
z +

t

T
[d(z, λ)− z] ,

T

2
δD(f)

)
⊂ D, ∀λ ∈ D

}
¹ íåïîðîæíüîþ, òîáòî

Dβ ̸= ∅, (6)

äå

δD(f) :=
1

2

[
max

(t,x)∈[0,T ]×D
f(t, x)− min

(t,x)∈[0,T ]×D
f(t, x)

]
. (7)

3) Ñïåêòðàëüíèé ðàäióñ ìàòðèöi

Q :=
3T

10
K (8)

çàäîâîëüíÿ¹ íåðiâíiñòü:
r(Q) < 1. (9)

Äëÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1), (4) áóäó-
¹ìî ïîñëiäîâíiñòü ôóíêöié {xm}, ùî âèçíà÷à¹òüñÿ ðåêóðåíòíèì ñïiââiäíîøåí-
íÿì [3]:

xm(t, z, λ) := z +

∫ t

0

f(s, xm−1(s, z, λ))ds−

− t

T

∫ T

0

f(s, xm−1(s, z, λ))ds+
t

T
[d (z, λ)− z] , (10)

äå m = 1 , 2 , 3 , . . . , z ∈ Dβ, λ ∈ D, à â ÿêîñòi ïî÷àòêîâîãî íàáëèæåííÿ ðîçãëÿ-
äà¹òüñÿ ôóíêöiÿ:

x0(t, z, λ) = z +
t

T
[d (z, λ)− z] ∈ Dβ,

Äëÿ äîâåäåííÿ íåîáõiäíèõ òà äîñòàòíiõ óìîâ iñíóâàííÿ ðîçâ'ÿçêiâ êðàéîâî¨
çàäà÷i (1), (4) íàâåäåìî îñíîâíi òåîðåìè.

Òåîðåìà 1. [3] Íåõàé ôóíêöiÿ f : [0, T ]×D → Rn ó ïðàâié ÷àñòèíi ñèñòå-
ìè äèôåðåíöiàëüíèõ ðiâíÿíü (1), à òàêîæ ïàðàìåòðèçîâàíi ðîçäiëåíi êðàéîâi
óìîâè (4) çàäîâîëüíÿþòü óìîâè (5), (6), (9).

Òîäi ïðè âñiõ ôiêñîâàíèõ λ ∈ D, z ∈ Dβ:

1) Óñi ôóíêöi¨ ïîñëiäîâíîñòi (10) íåïåðåðâíî äèôåðåíöiéîâíi i çàäîâîëüíÿ-
þòü ïàðàìåòðèçîâàíi êðàéîâi óìîâè:

xm(0, z, λ) = z, xm(T, z, λ) = d (z, λ) ,

m=1,2,3,. . . .

2) Ïîñëiäîâíiñòü ôóíêöié (10) ðiâíîìiðíî çáiãà¹òüñÿ âiäíîñíî t ∈ [0, T ] ïðè
m→ ∞ äî ãðàíè÷íî¨ ôóíêöi¨

x∞(t, z, λ) = lim
m→∞

xm(t, z, λ). (11)
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3) Ãðàíè÷íà ôóíêöiÿ x∞ çàäîâîëüíÿ¹ ïàðàìåòðèçîâàíi ëiíiéíi ãðàíè÷íi óìî-
âè:

x∞(0, z, λ) = z, x∞(T, z, λ) = d(z, λ).

4) Ãðàíè÷íà ôóíêöiÿ (11) äëÿ âñiõ t ∈ [0, T ] ¹ ¹äèíèì íåïåðåðâíî äèôåðåíöi-
éîâíèì ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ:

x(t) = z +

∫ t

0

f(s, x(s))ds− t

T

∫ T

0

f(s, x(s))ds+
t

T
[d (z, λ)− z] ,

àáî åêâiâàëåíòíî¨ éîìó çàäà÷i Êîøi äëÿ ìîäèôiêîâàíî¨ ñèñòåìè äèôåðåí-
öiàëüíèõ ðiâíÿíü âèãëÿäó:

dx

dt
= f(t, x) + ∆(z, λ),

x(0) = z, (12)

äå

∆(z, λ) :=
1

T
[d (z, λ)− z]− 1

T

∫ T

0

f(s, x(s))ds. (13)

5) Ìà¹ ìiñöå îöiíêà âiäõèëåííÿ xm âiä ¨¨ ãðàíè÷íî¨ ôóíêöi¨:

|x∞(t, z, λ)− xm(t, z, λ)| ≤
20

9
t

(
1− t

T

)
Qm(In −Q)−1δD(f), (14)

äå In � îäèíè÷íà n�âèìiðíà ìàòðèöÿ, K,Q, δD(f) çàäàþòüñÿ ñïiââiäíîøåííÿ-
ìè (5), (8) òà (7) âiäïîâiäíî.

Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç ïîñòiéíèì
çáóðåííÿì ó ïðàâié ÷àñòèíi:

dx

dt
= f(t, x) + µ, t ∈ [0, T ] (15)

ç ïî÷àòêîâèìè óìîâàìè (12), äå µ = col(µ1, . . . , µn) ¹ êåðóþ÷èì ïàðàìåòðîì.

Òåîðåìà 2. [3] Íåõàé z ∈ Dβ, λ ∈ D òà µ ∈ Rn � äîâiëüíî çàäàíi âåêòîðè.
Ïðèïóñòèìî, ùî äëÿ ñèñòåìè (1) âèêîíóþòüñÿ âñi óìîâè Òåîðåìè 1.

Òîäi äëÿ òîãî, ùîá ðîçâ'ÿçîê çàäà÷i Êîøi (15), (12) çàäîâîëüíÿâ òàêîæ
i äâîòî÷êîâi ïàðàìåòðèçîâàíi êðàéîâi óìîâè (4), íåîáõiäíî i äîñòàòíüî, ùîá
ïàðàìåòð µ â (15) áóâ çàäàíèé ðiâíiñòþ:

µ = µz,λ =
1

T
[d(z, λ)− z]− 1

T

∫ T

0

f(s, x∞(s, z, λ))ds.

äå x∞ ìà¹ âèãëÿä (10).

Òåîðåìà 3. [3] Íåõàé äëÿ êðàéîâî¨ çàäà÷i (1), (2) âèêîíóþòüñÿ óìîâè (5),
(6), (9).
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Òîäi ïàðà (x∞(·, z∗, λ∗), λ∗) ¹ ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i
(1), (4) òîäi i òiëüêè òîäi, êîëè z∗ = (z∗1 , z

∗
2 , . . . , z

∗
n), λ

∗ = (λ∗1, λ
∗
2, . . . , λ

∗
n) çàäî-

âîëüíÿòèìóòü ñèñòåìó âèçíà÷àëüíèõ àëãåáðà¨÷íèõ ðiâíÿíü:

∆(z, λ) =
1

T
[d(z, λ)− z]− 1

T

∫ T

0

f(s, x∞(s, z, λ))ds = 0, (16)

x∞ (T, z, λ) = λ. (17)

Çàóâàæåííÿ 2. Ïðè äåÿêîìó m ≥ 1 âèçíà÷èìî ôóíêöiþ ∆m : Dβ×D → Rn

çãiäíî ôîðìóëè:

∆m (z, λ) :=
1

T
[d(z, λ)− z]− 1

T

∫ T

0

f(s, xm(s, z, λ))ds, (18)

äå z òà λ çàäàþòüñÿ ñïiââiäíîøåííÿìè (3). Äëÿ äîñëiäæåííÿ ðîçâ'ÿçíîñòi
ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1), (4) ðîçãëÿäàòèìåìî íàáëèæåíó âèçíà-
÷àëüíó ñèñòåìó àëãåáðà¨÷íèõ ðiâíÿíü, ùî ìà¹ âèãëÿä:

∆m(z, λ) =
1

T
[d(z, λ)− z]− 1

T

∫ T

0

f(s, xm(s, z, λ))ds = 0, (19)

xm (T, z, λ) = λ, (20)

äå xm (·, z, λ) âåêòîð�ôóíêöiÿ, çàäàíà ðåêóðåíòíèì ñïiââiäíîøåííÿì (10).
Ïðè çðîñòàííi m ñèñòåìè (16), (17) i (19), (20) äîñèòü áëèçüêi, ùîá çà-

áåçïå÷èòè íåîáõiäíó òî÷íiñòü çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó âèõiäíî¨
êðàéîâî¨ çàäà÷i (1), (2).

4. Äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i

Îçíà÷åííÿ 1. [4] Äëÿ âñiõ iíäåêñiâ i1 òà i2, ùî ïðèéìàþòü çíà÷åííÿ âiä 1
äî n, âèçíà÷èìî ìàòðèöþ Ji1,i2 ðîçìiðíîñòi (i2− i1+1)×n íàñòóïíèì ÷èíîì:

Ji1,i2 := (Oi2−i1+1,i1−1, Ii2−i1+1, Oi2−i1+1,n−i2) .

Òàêèì ÷èíîì, ìíîæåííÿ çëiâà äåÿêîãî âåêòîðà ìàòðèöåþ Ji1,i2 åêâiâàëåíòíî
âèáîðó éîãî êîìïîíåíò ç íîìåðàìè âiä i1 äî i2.

Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.
Òîäi äëÿ êîæíîãî m ≥ 1 òà z, λ âèãëÿäó (3) äëÿ òî÷íî¨ òà íàáëèæåíî¨

âèçíà÷àëüíèõ ôóíêöié
∆ : Dβ ×D → Rn,
∆m : Dβ ×D → Rn

âèçíà÷åíèõ çãiäíî ç (13) òà (18), âèïëèâà¹ îöiíêà:

|∆(z, λ)−∆m(z, λ)| ≤
10T

27
KQm(In −Q)−1δD(f), (21)

äå K,Q, δD(f) çàäàþòüñÿ ñïiââiäíîøåííÿìè (5), (8) òà (7) âiäïîâiäíî.
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Äîâåäåííÿ. Çàôiêñó¹ìî ïàðàìåòðè z, λ âèãëÿäó (3). Ç óðàõóâàííÿì óìîâè
Ëiïøèöÿ (5), îöiíêè (14) òà ðiâíîñòi∫ T

0

α1(t)dt =
T 2

3
,

ìà¹ìî:
|∆(z, λ)−∆m(z, λ)| =

=

∣∣∣∣ 1T
∫ T

0

f (s, x∞(s, z, λ)) ds− 1

T

∫ T

0

f (s, xm(s, z, λ)) ds

∣∣∣∣ ≤
≤ 1

T

∫ T

0

K |x∞(s, z, λ)− xm(s, z, λ)| ds ≤
1

T
K

∫ T

0

10

9
α1(s)Q

m (In −Q)−1 δD(f)ds =

=
10

9T
KQm (In −Q)−1 δD(f)

∫ T

0

α1(s)ds =
10T

27
KQm (In −Q)−1 δD(f),

ùî i äîâîäèòü ëåìó.
Íà îñíîâi ñèñòåì âèçíà÷àëüíèõ ðiâíÿíü (16), (17) òà (19), (20) ââåäåìî â

ðîçãëÿä íàñòóïíi âiäîáðàæåííÿ:

Φ : Dβ ×D → R2n,
Φm : Dβ ×D → R2n,

ÿêi äëÿ âñiõ z, λ ç (3) ìàþòü âèãëÿä:

Φ(z, λ) :=

(
1
T
[d(z, λ)− z]− 1

T

∫ T
0
f(s, x∞(s, z, λ))ds

x∞(T, z, λ)− λ

)
, (22)

Φm(z, λ) :=

(
1
T
[d(z, λ)− z]− 1

T

∫ T
0
f(s, xm(s, z, λ))ds

xm(T, z, λ)− λ

)
. (23)

Îçíà÷åííÿ 2. [4] Íåõàé H ⊂ R2n äåÿêà íåïîðîæíÿ ìíîæèíà. Äëÿ âñÿêî¨
ïàðè ôóíêöié

fj = col (fj1(x), . . . , fj,2n(x)) : H → R2n, j = 1, 2

ìà¹ ìiñöå çàïèñ:
f1 ◃H f2

òîäi i òiëüêè òîäi, êîëè iñíó¹ ôóíêöiÿ

g : H → {1, 2, . . . , 2n}

òàêà, ùî
f1,g(x) > f2,g(x)

äëÿ âñiõ x ∈ H, öå îçíà÷à¹, ùî â êîæíié òî÷öi x ∈ H ïðèíàéìíi îäíà ç
êîìïîíåíò âåêòîðà f1(x) áiëüøà, íiæ âiäïîâiäíà ¨é êîìïîíåíòà âåêòîðà f2(x).

Ðîçãëÿíåìî ìíîæèíó:
Ω = D1 × Λ1, (24)

äå D1 ⊂ Dβ, Λ1 ⊂ D0 � äåÿêi âiäêðèòi ìíîæèíè.
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Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1 i ìîæíà âêàçàòè äåÿêå
m ≥ 1 òà ìíîæèíó Ω ⊂ R2n âèãëÿäó (24) òàêi, ùî ìà¹ ìiñöå ñïiââiäíîøåííÿ:

|Φm| ◃∂Ω
(

10T
27
KQm(In −Q)−1δD(f)

20
9
t(1− t

T
)Qm(In −Q)−1δD(f)

)
, (25)

.
Êðiì òîãî, ÿêùî iíäåêñ Áðàóåðà âåêòîðíîãî ïîëÿ Φm íà ìíîæèíi Ω âiäíîñíî

íóëÿ çàäîâîëüíÿ¹ íåðiâíiñòü:

deg (Φm,Ω, 0) ̸= 0, (26)

òîäi iñíó¹ ïàðà (z∗, λ∗) ∈ Ω òàêà, ùî

x∞(t) = x∞ (t, z∗, λ∗) = lim
m→∞

xm (t, z∗, λ∗) (27)

¹ ðîçâ'ÿçêîì íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1), (2) ç ïî÷àòêîâîþ óìîâîþ

x∞(0) = z∗. (28)

Äîâåäåííÿ. Äîâåäåìî, ùî âåêòîðíi ïîëÿ Φ òà Φm ãîìîòîïíi. Äëÿ öüîãî
ââåäåìî â ðîçãëÿä ñiì'þ âåêòîðíèõ âiäîáðàæåíü:

P(θ, z, λ) := Φm(z, λ) + θ [Φ(z, λ)− Φm(z, λ)] , (29)

äå (z, λ) ∈ ∂Ω, θ ∈ [0, 1].
Î÷åâèäíî, ùî P (θ, ·, ·) � íåïåðåðâíå íà ∂Ω äëÿ êîæíîãî θ ∈ [0, 1]. Êðiì òîãî,

P(0, z, λ) = Φm(z, λ),P(1, z, λ) = Φ(z, λ)

äëÿ âñiõ (z, λ) ∈ ∂Ω.
Äëÿ äîâiëüíî¨ ïàðè (z, λ) ∈ ∂Ω, ç óðàõóâàííÿì (29), ìà¹ìî

|P (θ, z, λ)| = |Φm(z, λ) + θ [Φ(z, λ)− Φm(z, λ]| ≥

≥ |Φm(z, λ)| − |Φ(z, λ)− Φm(z, λ)| . (30)

Ç iíøîãî áîêó, íà îñíîâi ïîçíà÷åííü (22), (23), ç âèêîðèñòàííÿì àïðîêñèìàöi¨
(10) òà îöiíêè (21), îäåðæèìî ïîêîìïîíåíòíi íåðiâíîñòi:

|Φ(z, λ)− Φm(z, λ)| ≤
(

10T
27
KQm(In −Q)−1δD(f)

20
9
t(1− t

T
)Qm(In −Q)−1δD(f)

)
, (31)

çâiäêè, íà îñíîâi ñïiââiäíîøåíü (25), (30), (31), âèïëèâà¹, ùî:

|P (θ, ·, ·)| ◃∂Ω 0, θ ∈ [0, 1]. (32)

Âèðàç (32) çîêðåìà ïîêàçó¹, ùî P (θ, ·, ·) íå ïåðåòâîðþ¹òüñÿ â 0, äëÿ æîäíîãî
çíà÷åííÿ θ ∈ [0, 1], òîáòî çáóðåííÿ (29) íåâèðîäæåíå, à îòæå, âåêòîðíi ïîëÿ, Φm

òà Φ ãîìîòîïíi..
Áåðó÷è äî óâàãè ñïiââiäíîøåííÿ (26) òà âëàñòèâiñòü iíâàðiàíòíîñòi iíäåêñó

Áðàóåðà âiäíîñíî ãîìîòîïi¨, ìîæåìî çðîáèòè âèñíîâîê, ùî

deg (Φ(z, λ),Ω, 0) = deg (Φ(z, λ),Ω, 0) ̸= 0.
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Êëàñè÷íèé òîïîëîãi÷íèé ðåçóëüòàò ãàðàíòó¹ iñíóâàííÿ ïàðè:

(z∗, λ∗) ∈ Ω

òàêî¨, ùî
Φ (z∗, λ∗) = 0.

Òîìó ïàðà (z∗, λ∗) çàäîâîëüíÿ¹ ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü (15), (16).
Áåðó÷è äî óâàãè óìîâè Òåîðåìè 3, ïðèõîäèìî äî âèñíîâêó, ùî ôóíêöiÿ (27) ¹

ðîçâ'ÿçêîì âèõiäíî¨ íåëiíiéíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i (1), (2) ç ïî÷àòêîâîþ
óìîâîþ (28).

Çàóâàæåííÿ 3. Äëÿ ïåðåâiðêè óìîâè (25) Òåîðåìè 4 íà êîíêðåòíèõ ïðèê-
ëàäàõ, ïîòðiáíî âèêîðèñòàòè ðåêóðåíòíó ôîðìóëó (10), ùîá îá÷èñëèòè çíà-
÷åííÿ ôóíêöi¨ xm(·, z, λ), ÿêà çàëåæèòü âiä ïàðàìåòðiâ z ∈ Dβ, λ ∈ D òà
âñòàíîâèòè ÷è ïðèíàéìíi îäíà ç êîìïîíåíò âåêòîðà Φm ó ëiâié ÷àñòèíi ñïiâ-
âiäíîøåííÿ (25) áiëüøà íiæ âiäïîâiäíà ¨é êîìïîíåíòà âåêòîðà ó ïðàâié ÷àñ-
òèíi éîãî ó êîæíié òî÷öi ãðàíèöi ∂Ω.

Ïiñëÿ öüîãî âñòàíîâèòè, çãiäíî ç (26), ÷è òîïîëîãi÷íèé iíäåêñ âiäîáðàæåí-
íÿ Φm âiäìiííèé âiä íóëÿ. Ó çàãàëüíîìó öå ¹ äîñèòü ñêëàäíîþ çàäà÷åþ, àëå â
ðÿäi âèïàäêiâ ìîæíà çàñòîñóâàòè äîäàòêîâi êðèòåði¨ äëÿ äîñëiäæåííÿ öüîãî
ïèòàííÿ.

Çîêðåìà, êîëè Φm íå ïàðíå âiäîáðàæåííÿ, òîáòî

Φm(−z,−λ) = −Φm(z, λ),

òîäi çãiäíî ç òåîðåìîþ Áîðñóêà iíäåêñ Áðàóåðà ¹ íåïàðíèì ÷èñëîì, à îòæå
âiäìiííèì âiä íóëÿ.

Çàóâàæåííÿ 4. Áåçïîñåðåäíüî ç âèçíà÷åííÿ òîïîëîãi÷íîãî iíäåêñó âèïëè-
âà¹, ùî ÿêùî ÿêîáiàí ôóíêöi¨ Φm âèãëÿäó (23) âèðîäæåíèé â içîëüîâàíîìó íóëi

z = zm,0, λ = λm,0,

òîáòî

det
∂

∂(z, λ)
Φm(zm,0, λm,0) ̸= 0,

òîäi íåðiâíiñòü (26) ìà¹ ìiñöå.

5. Íåîáõiäíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ. Ââåäåìî ó ðîçãëÿä ìàòðèöþ

R := sup
t∈[0,T ]

∣∣∣∣1− t

T

∣∣∣∣ In (33)

òà âåêòîð
ρ(z0, z1, λ0, λ1) = d(z0, λ0)− d(z1, λ1). (34)

Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.
Òîäi ãðàíè÷íà ôóíêöiÿ (11) âiäíîñíî çìiííèõ z òà λ çàäîâîëüíÿ¹ óìîâó ëiï-

øèöåâîãî òèïó íàñòóïíîãî âèãëÿäó:∣∣x∞ (t, z0, λ0)− x∞
(
t, z1, λ1

)∣∣ ≤
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≤
[
R +

10

9
K (In −Q)−1Rα1(t)

] ∣∣z0 − z1
∣∣+

+

[
In +

10

9
K (In −Q)−1 α1(t)

] ∣∣ρ (z0, λ0, z1, λ1)∣∣ , (35)

äå zj ∈ Dβ, λ
j ∈ D0, j = 0, 1, t ∈ [0, T ].

Äîâåäåííÿ. Ç âèðàçó (10) ïðè m = 1 âèïëèâà¹

x1
(
t, z0, λ0

)
− x1

(
t, z1, λ1

)
=
(
z0 − z1

)
+

+

∫ t

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds− t

T

∫ T

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds+

+
t

T

[
d(z0, λ)− z0 − d(z1, λ) + z1]

]
=

=

(
1− t

T

)
In
(
z0 − z1

)
+

(
1− t

T

)∫ t

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds−

− t

T

∫ T

t

[
f
(
s, z0

)
− f

(
s, z1

)]
ds− t

T

[
d(z0, λ)− d(z1, λ)

]
=

=

(
1− t

T

)
In
(
z0 − z1

)
+

(
1− t

T

)∫ t

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds−

− t

T

∫ T

t

[
f
(
s, z0

)
− f

(
s, z1

)]
ds− t

T
ρ(z0, z1, λ0, λ1),

äå ρ(z0, z1, λ0, λ1) âèçíà÷åíà çãiäíî ç (34).
Âèêîðèñòîâóþ÷è ðåêóðåíòíó ôîðìóëó (10) òà áåðó÷è äî óâàãè ñïiââiäíîøåí-

íÿ (5), (33), (34) îäåðæèìî:∣∣x1 (t, z0, λ0)− x1
(
t, z1, λ1

)∣∣ ≤
≤ R

∣∣z0 − z1
∣∣+K

[(
1− t

T

)∫ t

0

ds+
t

T

∫ T

t

ds

] ∣∣z0 − z1
∣∣+ t

T
|ρ(z0, z1, λ0, λ1)| ≤

= [R + α1(t)K]
∣∣z0 − z1

∣∣+ |ρ(z0, z1, λ0, λ1)|, (36)

äëÿ âñiõ t ∈ [0, T ].
Àíàëîãi÷íî, âðàõîâóþ÷è âèðàçè (10), (5) òà (36), ïðè m = 2 ìà¹ìî:∣∣x2 (t, z0, λ0)− x2

(
t, z1, λ1

)∣∣ ≤
≤ R

∣∣z0 − z1
∣∣+K

[(
1− t

T

)∫ t

0

[
(R +Kα1(s))

∣∣z0 − z1
∣∣+ |ρ(z0, z1, λ0, λ1)|

]
ds+

+
t

T

∫ T

t

[
(R +Kα1(s))

∣∣z0 − z1
∣∣+ |ρ(z0, z1, λ0, λ1)|

]
ds

]
+ |ρ(z0, z1, λ0, λ1)| =

= (R +KRα1(t) +K2α2(t))|z0 − z1|+Kα1(t)|ρ(z0, z1, λ0, λ1)|+

+|ρ(z0, z1, λ0, λ1)|. (37)
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Çà iíäóêöi¹þ, íà îñíîâi îöiíîê, îäåðæàíèõ ó (36), (37), ìîæíà ïîêàçàòè, ùî:∣∣xm (t, z0, λ0)− xm
(
t, z1, λ1

)∣∣ ≤
≤

[
R +

m−1∑
i=1

KiRαi(t) +Kmαm(t)

] ∣∣z0 − z1
∣∣+ m−1∑

i=0

Kiαi(t)|ρ(z0, z1, λ0, λ1)|. (38)

Ç íåðiâíîñòi (38) îòðèìà¹ìî:∣∣xm (t, z0, λ0)− xm
(
t, z1, λ1

)∣∣ ≤
≤

[
R +

10

9
K

m−2∑
i=1

QiRα1(t) +
10

9
KQm−1α1(t)

] ∣∣z0 − z1
∣∣+

+

[
In +

10

9
Kα1(t)

m−2∑
i=1

Qi

] ∣∣ρ (z0, λ0, z1, λ1)∣∣ . (39)

Ïðè ïåðåõîäi â îöiíöi (39) äî ãðàíèöi ïðè m→ ∞, îäåðæèìî:∣∣x∞ (t, z0, λ0)− x∞
(
t, z1, λ1

)∣∣ ≤
≤
[
R +

10

9
K (In −Q)−1Rα1(t)

] ∣∣z0 − z1
∣∣+

+

[
In +

10

9
K (In −Q)−1 α1(t)

] ∣∣ρ (z0, λ0, z1, λ1)∣∣ .
Ëåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.
Òîäi äëÿ ôóíêöi¨ ∆ : Dβ×D0 → Rn ñèñòåìè âèçíà÷àëüíèõ ðiâíÿíü (16),(17)

ñïðàâåäëèâà îöiíêà: ∣∣∆ (z0, λ0)−∆
(
z1, λ1

)∣∣ ≤
≤ KR

[
In +

10T

27
K(In −Q)−1

]
|z0 − z1|+

+K

[
In +

10T

27
K(In −Q)−1

]
|ρ(z0, z1, λ0, λ1)|+ 1

T
|ρ(z0, z1, λ0, λ1)|. (40)

äå zj ∈ Dβ, λ
j ∈ D, j=0,1.

Äîâåäåííÿ. Çãiäíî iç ñïiââiäíîøåííÿìè (13) ìà¹ìî:

∆
(
z0, λ0

)
−∆

(
z1, λ1

)
=

= − 1

T

∫ T

0

[
f
(
s, x∞

(
s, z1, λ1

))
− f

(
s, x∞

(
s, z0, λ0

))]
ds+

+
1

T

[
d(z0, λ0)− d(z1, λ1)− z0 + z1

]
. (41)

À òîäi, ç óðàõóâàííÿì (5), (33) � (35), iç (41) îòðèìà¹ìî:∣∣∆ (z0, λ0)−∆
(
z1, λ1

)∣∣ ≤
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≤ 1

T

∣∣z0 − z1
∣∣+ 1

T

∫ T

0

K
∣∣x∞ (s, z1, λ1)− x∞

(
s, z0, λ0

)∣∣ ds+ 1

T
|ρ(z0, z1, λ0, λ1)| ≤

≤ 1

T

∣∣z0 − z1
∣∣+ 1

T
K

∫ T

0

{
R +

10

9
K(In −Q)−1Rα1(s)

}
ds|z0 − z1|+

+
1

T
K

∫ T

0

{
In +

10

9
K(In −Q)−1α1(s)

}
ds|ρ(z0, z1, λ0, λ1)|+ 1

T
|ρ(z0, z1, λ0, λ1)| =

= KR

[
In +

10T

27
K(In −Q)−1

]
|z0−z1|+K

(
In +

10T

27
K(In −Q)−1

)
|ρ(z0, z1, λ0, λ1)|+

+
1

T
|ρ(z0, z1, λ0, λ1)|,

ùî i äîâîäèòü ñïðàâåäëèâiñòü îöiíêè (40).

Òåîðåìà 5. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1. Êðiì òîãî, íåõàé iñíó-
þòü äåÿêèé íîìåð m ∈ N i ïàðà (

z̄, λ̄
)
∈ Ω,

äå ìíîæèíà Ω ìà¹ âèãëÿä (24), òàêi, ùî ïîêîìïîíåíòíà íåðiâíiñòü:∣∣∆m

(
z̄, λ̄
)∣∣ ≤

≤ sup
z∈D

{
R

[
In +

10T

27
K(In −Q)−1

]
|z − z|

}
+

+ sup
(z,λ)∈Ω

{
K

[
In +

10T

27
K(In −Q)−1

]
|ρ(z, z, λ, λ)|+ 1

T
|ρ(z, z, λ, λ)|

}
+

+
10T

27
KQm (In −Q)−1 δD(f), (42)

íå ñïðàâäæó¹òüñÿ, äå âåêòîð δD(f) ìà¹ âèãëÿä (7) i ìàòðèöi K,Q,R òà âåê-
òîð ρ âèçíà÷åíi çãiäíî ç (5), (8), (33) òà (34) âiäïîâiäíî.

Òîäi íå iñíó¹ ïàðè (z∗, λ∗) ∈ Ω, äëÿ ÿêî¨ âèõiäíà äâîòî÷êîâà êðàéîâà çàäà÷à
(1), (2) ìàòèìå ðîçâ'ÿçîê x = x(t) òàêèé, ùî:

x(0) = z∗,

x(T ) = λ∗.

Äîâåäåííÿ.

Íåõàé m ∈ N òà
(
z̄, λ̄
)
∈ D × Λ � äîâiëüíi. Ïîêàæåìî, ùî ïðè çðîáëåíèõ

ïðèïóùåííÿõ ñèñòåìà âèçíà÷àëüíèõ ðiâíÿíü (16), (17) íå ìà¹ íà ìíîæèíi Ω
æîäíîãî ðîçâ'ÿçêó. Äîâåäåìî öå âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ïàðà

(
z̄, λ̄
)

¹ ðîçâ'ÿçêîì (16), (17). Çãiäíî ç Òåîðåìîþ 4 ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (4)
çàäà¹òüñÿ ôîðìóëîþ (27). Âèêîðèñòà¹ìî îöiíêó (40), ïîêëàäàþ÷è(

z0, λ0
)
= (z∗, λ∗) ,

(
z1, λ1

)
=
(
z̄, λ̄
)
,
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Òîäi ç (40) âèïëèâà¹:∣∣∆ (z̄, λ̄)∣∣ ≤ KR

[
In +

10T

27
K(In −Q)−1

]
|z∗ − z|+

+K

[
In +

10T

27
K(In −Q)−1

]
|ρ(z∗, z, λ∗, λ)|+ 1

T
|ρ(z∗, z, λ∗, λ)|. (43)

Ç óðàõóâàííÿì íåðiâíîñòi (21) Ëåìè 1, ìàòèìåìî:∣∣∆m

(
z̄, λ̄
)∣∣ ≤ ∣∣∆ (z̄, λ̄)∣∣+ ∣∣∆m

(
z̄, λ̄
)
−∆

(
z̄, λ̄
)∣∣ ≤

≤
∣∣∆ (z̄, λ̄)∣∣+ 10T

27
KQm(In −Q)−1δD(f). (44)

Ïî¹äíóþ÷è íåðiâíîñòi (43) òà (44), ìîæåìî çàïèñàòè, ùî:∣∣∆m

(
z̄, λ̄
)∣∣ ≤

≤ R

[
In +

10T

27
K(In −Q)−1

]
|z∗ − z|+

+K

[
In +

10T

27
K(In −Q)−1

]
|ρ(z∗, z, λ∗, λ)|+ 1

T
|ρ(z∗, z, λ∗, λ)|+

+
10T

27
KQm (In −Q)−1 δD(f) (45)

àáî ∣∣∆m

(
z̄, λ̄
)∣∣ ≤

≤ sup
z∈D

{
R

[
In +

10T

27
K(In −Q)−1

]
|z − z|

}
+

+ sup
(z,λ)∈Ω

{
K

[
In +

10T

27
K(In −Q)−1

]
|ρ(z, z, λ, λ)|+ 1

T
|ρ(z, z, λ, λ)|

}
+

+
10T

27
KQm (In −Q)−1 δD(f),

òîáòî îòðèìàëè íåðiâíiñòü, ÿêà ñïiâïàäà¹ ç (42). Àëå, çà ïðèïóùåííÿì òåîðåìè,
äëÿ ïàðè (z̄, λ̄) ïîêîìïîíåíòíà íåðiâíiñòü (42) íå âèêîíó¹òüñÿ. Îòðèìàëè ïðî-
òèði÷÷ÿ, ÿêå îçíà÷à¹, ùî âèçíà÷àëüíà ñèñòåìà (16), (17) íå ìà¹ ðîçâ'ÿçêiâ íà
ìíîæèíi Ω. Òîìó, íà îñíîâi Òåîðåìè 3, ôóíêöiÿ x∞, ùî âèçíà÷åíà ôîðìóëîþ
(11), íå ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1), (4) ïðè áóäü�ÿêîìó âèáîði ïàðè (z̄, λ̄) ç
îáëàñòi Ω. Òîìó, çãiäíî ç Òåîðåìîþ 4, öå îçíà÷à¹, ùî íåëiíiéíà êðàéîâà çàäà÷à
(1), (2) íå ìà¹ æîäíîãî ðîçâ'ÿçêó x(·), äëÿ ÿêîãî ïàðà (x(0), x(T )) íàëåæèòü
îáëàñòi Ω.

Çàóâàæåííÿ 5. Íà îñíîâi Òåîðåìè 5 ìîæåìî çàäàòè àëãîðèòì äëÿ íàáëè-
æåíîãî âiäøóêàííÿ ïàðè (z∗, λ∗), ÿêà âèçíà÷à¹ ðîçâ'ÿçîê (27) âèõiäíî¨ êðàéîâî¨
çàäà÷i (1), (2). Äëÿ öüîãî ïðåäñòàâèìî ìíîæèíó Ω âèãëÿäó (24) ÿê îá'¹äíàííÿ
ñêií÷åíî¨ êiëüêîñòi ïiäìíîæèí:

Ω :=
N
∪
i=1

Ωi = Di × Λi. (46)
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Ó êîæíié ïiäìíîæèíi Ωi ç (46) âèáèðà¹ìî äîâiëüíó òî÷êó(
z̄i, λ̄i

)
∈ Ωi, (47)

òà äëÿ äåÿêîãî m îá÷èñëþ¹ìî m�âå íàáëèæåííÿ xm
(
t, z̄i, λ̄i

)
, êîðèñòóþ÷èñü

ðåêóðåíòíèì ñïiââiäíîøåííÿì (10), à òîäi çíàõîäèìî çíà÷åííÿ �âèçíà÷àëüíî¨
ôóíêöi¨� ∆m

(
z̄i, λ̄i

)
çãiäíî ç ôîðìóëîþ (19). Âèêëþ÷à¹ìî ç ìíîæèíè (46) òi

ïiäìíîæèíè Ωi , äëÿ ÿêèõ íåðiâíiñòü íå âèêîíó¹òüñÿ.
Öå îáóìîâëþ¹òüñÿ òèì, ùî, çà Òåîðåìîþ 5, âîíè íå ìîæóòü ìiñòèòè

ïàðó (z∗, λ∗), ÿêà âèçíà÷à¹ ðîçâ'ÿçîê (27) êðàéîâî¨ çàäà÷i (1), (2).
Ðåøòà ïiäìíîæèí

Ωi1 ,Ωi2 , . . . ,Ωis

óòâîðþþòü äåÿêó ìíîæèíó

Ωm,N = Dm,N × Λm,N (48)

òàêó, ùî òiëüêè
(
z̃, λ̃
)
∈ Ωm,N ìîæå âèçíà÷èòè ðîçâ'ÿçîê (27).

Êîëè N òà m ïðÿìóþòü äî ∞, Ωm,N �ïðÿìó¹� äî ìíîæèíè

Ω∗ = D∗ × Λ∗, (49)

ÿêà ìîæå ìiñòèòè çíà÷åííÿ (z∗, λ∗) , ùî âèçíà÷à¹ ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i
(1), (2) ó âèãëÿäi (27).

Êîæíó ïàðó
(
z̃, λ̃
)

∈ Ωm,N ìîæíà ðîçãëÿäàòè ÿê íàáëèæåííÿ äî ïàðè

(z∗, λ∗), ÿêà âèçíà÷à¹ ðîçâ'ÿçîê âèõiäíî¨ êðàéîâî¨ çàäà÷i (1), (2).
Ó öüîìó âèïàäêó î÷åâèäíî, ùî

|z̃ − z∗| ≤ sup
z∈Dm,N

|z̃ − z| ,
∣∣∣λ̃− λ∗

∣∣∣ ≤ sup
λ∈Λm,N

∣∣∣λ̃− λ
∣∣∣ ,

à çíà÷åííÿ ôóíêöi¨ xm

(
t, z̃, λ̃

)
, ùî îá÷èñëþ¹òüñÿ çãiäíî ç ðåêóðñèâíèì ñïiâ-

âiäíîøåííÿì (10), ìîæå áóòè âçÿòå â ÿêîñòi íàáëèæåíîãî ðîçâ'ÿçêó êðàéîâî¨
çàäà÷i (1), (2).

Òåîðåìà 6. Íåõàé ìàþòü ìiñöå óìîâè Òåîðåìè 1. Êðiì òîãî, ïàðà (z∗, λ∗),
âèçíà÷åíà íà ìíîæèíi (49) ¹ ðîçâ'ÿçêîì òî÷íî¨ ñèñòåìè âèçíà÷àëüíèõ ðiâ-

íÿíü (16), (17), òà
(
z̃, λ̃
)
� äîâiëüíà ïàðà ç ìíîæèíè Ωm,N âèãëÿäó (48).

Òîäi ñïðàâåäëèâà íàñòóïíà îöiíêà:∣∣∣x∞ (t, z∗, λ∗)− xm

(
t, z̃, λ̃

)∣∣∣ ≤
≤ 10

9
α1(t)Q

m (In −Q)−1 sup
(z,λ)∈Ωm,N

δD(f)+

+ sup
z∈Dm,N

[
R +

10

9
Kα1(t) (In −Q)−1Rα1(t)

]
|z − z̃| . (50)
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Äîâåäåííÿ. Âèêîðèñòà¹ìî íåðiâíiñòü:∣∣∣x∞ (t, z∗, λ∗)− xm

(
t, z̃, λ̃

)∣∣∣ ≤ |x∞ (t, z∗, λ∗)− xm (t, z∗, λ∗)|+

+
∣∣∣xm (t, z∗, λ∗)− xm

(
t, z̃, λ̃

)∣∣∣ . (51)

Îöiíèìî ïåðøèé äîäàíîê ó ïðàâié ÷àñòèíi (51) íåðiâíiñòþ (14).
Ç âèêîðèñòàííÿì (38), äðóãèé äîäàíîê íåðiâíîñòi (51) áóäåìî îöiíþâàòè íà-

ñòóïíèì ÷èíîì: ∣∣∣xm (t, z∗, λ∗)− xm

(
t, z̃, λ̃

)∣∣∣ ≤
≤

[
R +

10

9
K

m−2∑
i=1

QiRα1(t) +
10

9
KQm−1α1(t)

]
|z∗ − z̃|+

+

[
In +

10

9
Kα1(t)

m−2∑
i=1

Qi

] ∣∣∣ρ(z∗, λ∗, z̃, λ̃)∣∣∣ ≤
≤ sup

z∈Dm,N

[
R +

10

9
K

m−2∑
i=1

QiRα1(t) +
10

9
KQm−1α1(t)

]
|z − z̃|+

+ sup
(z,λ)∈Ωm,N

[
In +

10

9
Kα1(t)

m−2∑
i=1

Qi

] ∣∣∣ρ(z, λ, z̃, λ̃)∣∣∣ (52)

Îá'¹äíóþ÷è (14) òà (52), îòðèìó¹ìî îöiíêó (50), ùî é äîâîäèòü òåîðåìó.
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ÏÎÂÍI ÑÈÑÒÅÌÈ ÒÎÒÎÆÍÎÑÒÅÉ Â ÎÄÍÎÌÓ ÊËÀÑI
ÀËÃÅÁÐ

The class of universal algebras, which are defined under binary square matrices of order n is
considered. The algebra’s signature consists of two binary operations and a set of unary operations
which determines the rotation of matrix elements. In this class the standard canonical forms based
on complete identities systems were created.

Ó ðîáîòi ðîçãëÿäà¹òüñÿ êëàñ óíiâåðñàëüíèõ àëãåáð, ÿêi çàäàíi íàä áiíàðíèìè êâàäðàòíèìè
ìàòðèöÿìè ïîðÿäêó n i ñèãíàòóðîþ, ùî ñêëàäà¹òüñÿ ç äâîõ áiíàðíèõ îïåðàöié max, min i
ìíîæèíè óíàðíèõ îïåðàöié Ti, i = 1, 2, . . . , 8, ÿêi çàäàþòü ïîâîðîò åëåìåíòiâ ìàòðèöi, êðà-
òíèõ 90◦ âiäíîñíî îñåé àáî öåíòðà ñèìåòði¨. Ó äàíîìó êëàñi àëãåáð îïèñàíi ïîâíi ñèñòåìè
òîòîæíîñòåé, íà îñíîâi ÿêèõ ïîáóäîâàíi ñòàíäàðòíi êàíîíi÷íi ôîðìè.

1. Âñòóï. Ó ðîáîòàõ [1,2] àëãåáðó U âèçíà÷àþòü ÿê âïîðÿäêîâàíó ïàðó ìíîæèí
(A, Ω), äå A � äåÿêà ìíîæèíà, íà ÿêié çàäàíi îïåðàöi¨ ç Ω.

Íåõàé U � äåÿêà àëãåáðà, à T (U)� ìíîæèíà âñiõ ¨¨ òîòîæíîñòåé. Ïîçíà÷èìî
÷åðåç S (H) ñèñòåìó âñiõ òîòîæíîñòåé, ÿêi îòðèìó¹ìî ç H ⊂ T (U) íà îñíîâi
òàêèõ ïðàâèë âèâîäó [3]: Π1 :

∅
χi=χi

, äå ∅ � ïîðîæíÿ ìíîæèíà, Π2 :
ϕ(η1)=ψ; η1=η2

ϕ(η2)=ψ
,

Π3 :
ϕ(...χi...)=ψ(...χi...)
ϕ(...ηi...)=ψ(...ηi...)

.

Ñèñòåìà òîòîæíîñòåé H íàçèâà¹òüñÿ ïîâíîþ â àëãåáði U , ÿêùî S (H) =
T (U). Äâi îäíîòèïíi àëãåáðè U1 i U2 íàçèâàþòüñÿ åêâàöiîíàëüíî åêâiâàëåíòíè-
ìè, ÿêùî T (U1) = T (U2) (äèâ. [3]).

Àëãåáðà U íàçèâà¹òüñÿ åêâàöiîíàëüíî ïîâíîþ â êëàñi àëãåáð M, ÿêùî äëÿ
âñÿêî¨ àëãåáðè Ui ∈ M, i = 1, 2, . . . , n, T (U) ̸= T (Ui) ⇔ T (U) ⊂ T (Ui) (äèâ.
[3]).

Àëãåáðà U íàçèâà¹òüñÿ ôóíêöiîíàëüíî ïîâíîþ, ÿêùî ìíîæèíà ¨¨ îïåðàöié
óòâîðþ¹ ôóíêöiîíàëüíî ïîâíó ñèñòåìó ôóíêöié. Ïðîáëåìà îïèñàííÿ åêâàöiî-
íàëüíèõ ïiäêëàñiâ àëãåáð ÷àñòî çâîäèòüñÿ äî çàäà÷i çíàõîäæåííÿ ñêií÷åííèõ
ïîâíèõ ñèñòåì òîòîæíîñòåé. Ïèòàííÿ ÷è ìà¹ àëãåáðà ñêií÷åííi ïîâíi ñèñòåìè
òîòîæíîñòåé, çàëèøà¹òüñÿ âiäêðèòèì íàâiòü äëÿ ñêií÷åííèõ àëãåáð. Â [4] Ëií-
äîí ïîêàçàâ, ùî âñi äâîçíà÷íi àëãåáðè ìàþòü ñêií÷åííi ïîâíi ñèñòåìè òîòîæíî-
ñòåé. Ìóðñüêèé [5, 6] ïîáóäóâàâ 3-çíà÷íó ëîãiêó, ÿêà íå ìà¹ ñêií÷åííèõ ïîâíèõ
ñèñòåì òîòîæíîñòåé, òà äîâiâ, ùî �ìàéæå âñi� ñêií÷åííi àëãåáðè ìàþòü ñêií-
÷åííi ïîâíi ñèñòåìè òîòîæíîñòåé. Ñêií÷åííi ïîâíi ñèñòåìè òîòîæíîñòåé ìîæíà
ïîáóäóâàòè â àëãåáðàõ, ôîðìóëè ÿêèõ ìîæåìî ïðèâåñòè äî êàíîíi÷íîãî âèãëÿ-
äó, àíàëîãi÷íîìó äîñêîíàëié äèç'þíêòèâíié (êîí'þíêòèâíié) íîðìàëüíié ôîðìi
áóëåâî¨ àëãåáðè [7], àáî ÿêi â ñâî¹ìó ñêëàäi ìiñòÿòü õàðàêòåðèñòè÷íi ôóíêöi¨ [8].

Íà ïî÷àòêó 70-èõ ðîêiâ XX ñò. I.Â.Âiòåíüêîì áóëà ïîñòàâëåíà çàäà÷à åêâà-
öiîíàëüíîãî îïèñàííÿ àëãåáðè äå Ìîðãàíà, ÿêà áóëà ðîçâ'ÿçàíà äëÿ äåÿêèõ êëà-
ñiâ [9].

2. Ïîâíi ñèñòåìè òîòîæíîñòåé òà çàìêíåíi êëàñè îïåðàöié ïîâîðî-
òiâ â àëãåáði Ð. Âèçíà÷èìî êëàñ àëãåáð P = {Un = (An, Ω)}, äå An � ìíîæèíà
âñiõ áiíàðíèõ êâàäðàòíèõ ìàòðèöü ïîðÿäêó n, Ω = {∨, ∧, Ti, i = 1, 2, . . . , k},
X ∨ Y = max (X, Y ), X ∧ Y = min (X, Y ), Ti � ìíîæèíà óíàðíèõ îïåðàöié,
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ÿêi â äàíié ðîáîòi çàäàþòü ïåðåñòàíîâêó åëåìåíòiâ ìàòðèöi, ùî åêâiâàëåíòíî
ïîâîðîòàì êðàòíèì 90◦ âiäíîñíî îñåé àáî öåíòðà ñèìåòði¨ êâàäðàòà.

Ðîçãëÿíåìî àëãåáðó U4 = (A4, Ω) ∈ P. Áiíàðíi ìàòðèöi A4 ïðåäñòàâëÿþòü ñî-
áîþ áóëåâi çîáðàæåííÿ, ÿêi çðó÷íî ðîçãëÿäàòè íà ìíîæèíi ïiêñåëiâ (êëiòèíîê),
ÿêi ìàþòü òàêó íóìåðàöiþ

T0 =

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

Ó áiíàðíîìó çîáðàæåííi çíàêîì ïîçíà÷åíi ïiêñåëi, â ÿêèõ çíà÷åííÿ âiäïî-
âiäíî¨ êëiòèíè áiíàðíî¨ ìàòðèöi ðiâíå îäèíèöi i ïîðîæíi êëiòèíêè � ó ïðîòè-
ëåæíîìó âèïàäêó. Îïåðàöi¨ äèç'þíêöi¨ i êîí'þíêöi¨ íà áiíàðíèõ çîáðàæåííÿõ â
àëãåáðàõ êëàñó P åêâiâàëåíòíi îïåðàöiÿì ïåðåòèíó i îá'¹äíàííÿ.

Íàïðèêëàä, ÿêùî

, ,

òî

A1 ∨ A2 = , A1 ∧ A2 = .

Óíàðíi îïåðàöi¨ Ti, i = 1, 2, . . . , 8, ÿêi âèêîíóþòü ïîâîðîò çîáðàæåííÿ A,
áóäåìî ïîçíà÷àòè ÷åðåç ATi . Âèçíà÷èìî öi îïåðàöi¨ íàñòóïíèì ÷èíîì.

1. Îïåðàöiÿ T1 çàäà¹ ïîâîðîòAT0 íà 180◦ íàâêîëî ãîëîâíî¨ äiàãîíàëi êâàäðàòà
(îïåðàöiÿ òðàíñïîíóâàííÿ): ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â ïåðøèé ñòîâï÷èê
AT1 ; äðóãèé ðÿäîê � â äðóãèé ñòîâï÷èê i ò.ä. Íàïðèêëàä, ÿêùî

.

2. Îïåðàöiÿ T2 çàäà¹ ïîâîðîò AT0 íà 90◦ çà ãîäèííèêîâîþ ñòðiëêîþ âiäíîñíî
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öåíòðà ñèìåòði¨ êâàäðàòà: ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â îñòàííié ñòîâï÷èê
AT2 , äðóãèé � â ïåðåäîñòàííié i ò.ä.

3. Îïåðàöiÿ T3 çàäà¹ ïîâîðîò AT0 íà 90◦ ïðîòè ãîäèííèêîâî¨ ñòðiëêè âiäíîñíî
öåíòðà ñèìåòði¨ êâàäðàòà: ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ ó ïåðøèé ñòîâï÷èê
AT3 ó çâîðîòíîìó ïîðÿäêó; äðóãèé ðÿäîê � ó äðóãèé ñòîâï÷èê ó çâîðîòíîìó
ïîðÿäêó i ò.ä.

4. Îïåðàöiÿ T4 çàäà¹ ïîâîðîò AT0 íà 180◦ âiäíîñíî äîïîìiæíî¨ äiàãîíàëi
êâàäðàòà: ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â îñòàííié ñòîâï÷èê AT4 iç çâîðîòíiì
çàïèñîì åëåìåíòiâ i ò.ä.

5. Îïåðàöiÿ T5 çàäà¹ ïîâîðîò AT0 íà 180◦ âiäíîñíî îñi ñèìåòði¨ êâàäðàòà
ïàðàëåëüíî îñi OX : ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â îñòàííié ðÿäîê AT5 i ò.ä.

6. Îïåðàöiÿ T6 çàäà¹ ïîâîðîò AT0 íà 180◦ âiäíîñíî îñi ñèìåòði¨ êâàäðàòà
ïàðàëåëüíî îñi OY : ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ ÿê ïåðøèé ðÿäîê AT6 ó
çâîðîòíîìó ïîðÿäêó i ò.ä.

7. Îïåðàöiÿ T7 çàäà¹ ïîâîðîò AT0 íà 180◦ âiäíîñíî öåíòðà ñèìåòði¨ êâàäðàòà:
ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â îñòàííié ðÿäîê AT7 ó çâîðîòíîìó ïîðÿäêó i ò.ä.

8. Îïåðàöiÿ T8 : ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â ïåðøèé ñòîâï÷èê AT8 ç
iíâåðñi¹þ i ò.ä. Î÷åâèäíî, ùî T8 = T7.

Îïåðàöi¨ T1−T7 âèçíà÷åíi òàêèì ÷èíîì, ùîá çáåðiãàëàñü ñòðóêòóðà çîáðàæå-
ííÿ A. Íà ðèñ. 1 ïîêàçàíî âèêîíàííÿ îïåðàöié Ti, i = 1, 2, . . . , 8 çà äîïîìîãîþ
ìàòðèöü ïåðåòâîðåíü, à íà ðèñ. 2 � çàñòîñóâàííÿ öèõ îïåðàöié äî çàäàíîãî
çîáðàæåííÿ A.

Ó ïîäàëüøîìó âèêîðèñòà¹ìî ïîçíà÷åííÿ Zk = {0, 1, . . . , k − 1}, k > 2,
çîêðåìà Z8 = {0, 1, . . . , 7}. Ñóïåðïîçèöiþ ïîâîðîòiâ Ti i Tk, i, k ∈ Z8, áóäå-
ìî ïîçíà÷àòè ÿê TiTk, i ATiTk =

(
ATi
)Tk .

Òåîðåìà 1. Ñóïåðïîçèöi¹þ äâîõ îïåðàöié ïîâîðîòó Ti i Tk, i, k ∈ Z8, ¹
îïåðàöiÿ Tj, j ∈ Z8, òîáòî äëÿ ∀ i, k ∈ Z8, ∃ j ∈ Z8 òàêå, ùî TiTk = Tj.

Äîâåäåííÿ. Ðîçãëÿíóâøè ñóïåðïîçèöiþ îïåðàöié ïîâîðîòiâ Ti i Tk, äëÿ âñiõ
i, k ∈ Z8, îòðèìà¹ìî ðiâíîñòi, ÿêi ïðåäñòàâèìî çà äîïîìîãîþ òàáë. 1.

Òàáëèöÿ 1

T0 T1 T2 T3 T4 T5 T6 T7

T0 T0 T1 T2 T3 T4 T5 T6 T7
T1 T1 T0 T6 T5 T7 T3 T2 T4
T2 T2 T5 T7 T0 T6 T4 T1 T3
T3 T3 T6 T0 T7 T5 T1 T4 T2
T4 T4 T7 T5 T6 T0 T2 T3 T1
T5 T5 T2 T1 T4 T3 T0 T7 T6
T6 T6 T3 T4 T1 T2 T7 T0 T5
T7 T7 T4 T3 T2 T1 T6 T5 T0

Òàáë. 1 äîâîäèòü ñïðàâåäëèâiñòü òåîðåìè, îñêiëüêè çàäà¹ 64 ðiâíîñòåé òèïó
TiTk = Tj äëÿ ∀ i, k, j ∈ Z8. Òåîðåìà äîâåäåíà.

Ó êîæíîìó ðÿäêó àáî ñòîâïöi òàáë. 1 îïåðàöiÿ Ti, i ∈ Z8 çóñòði÷à¹òüñÿ òiëüêè
îäèí ðàç. Êîæíó ç öèõ ñåìè îïåðàöié ìîæíà ðåàëiçóâàòè ÿê ñóïåðïîçèöiþ äâîõ
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Ðèñ. 1. Ìàòðèöi îïåðàöié ïîâîðîòó Ti, i = 0, 1, 2, . . . , 8

ïîâîðîòiâ ðiçíèìè ñïîñîáàìè. Íàïðèêëàä:

1) T1 = T3 T5 ; T1 = T4T7 ; T1 = T5 T2 ; T1 = T6 T3 ; T1 = T7T4.

2) T2 = T1 T6 ; T2 = T3 T7 ; T2 = T4 T5 ; T2 = T5 T1 ; T2 = T6 T4 ; T2 = T7 T3 i
ò.ä.

Êðiì òîãî, ìàþòü ìiñöå òàêi ðiâíîñòi:

1) T 2
1 = T0;

2) T1T2 = T6; T2T1 = T5; T2T5 = T4; T1T5 = T3; T
2
2 = T7;

3) T2 (T2T1) = T1 (T2T1).

Âèêîðèñòîâóþ÷è ñóïåðïîçèöiþ îïåðàöié T1 i T2 ìîæåìî ðåàëiçóâàòè äîâiëüíó
îïåðàöiþ Ti, i ∈ Z8. Íåõàé T = {T0, T1, . . . , T7}.

Îçíà÷åííÿ 1. Ìíîæèíó îïåðàöié ïîâîðîòó Mk = {Tj1 , Tj2 , . . . , Tjk} ⊂ T,
j1, j2, . . . , jk ∈ Z8 áóäåìî íàçèâàòè ïîâíîþ, ÿêùî â ðåçóëüòàòi ñóïåðïîçèöi¨
îïåðàöié öi¹¨ ìíîæèíè ìîæåìî îòðèìàòè âñi îïåðàöi¨ T .

Òîòîæíîñòi T 2
1 = T 2

4 = T 2
6 = T 2

7 = T0; T 2
2 = T7; T 3

2 = T3; T 4
2 = T0; T 2

3 = T7;
T 3
3 = T2; T 4

3 = T0 âêàçóþòü íà òå, ùî ñèñòåìè, ÿêi ñêëàäàþòüñÿ ç îäíi¹¨ óíàðíî¨
îïåðàöi¨ Ti, i ∈ Z8 íå óòâîðþþòü ïîâíó ñèñòåìó.
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Ðèñ. 2. Ïðèêëàä ïîâîðîòó ATi , i = 0, 1, 2, . . . , 8

Òâåðäæåííÿ 1. Ìíîæèíè îïåðàöié {T1, T2}, {T1, T6}, {T2, T6}, {T2, T4},{T2, T5},
{T4, T5}, {T3, T4}, {T3, T6}, {T4, T6},{T1, T3}, {T3, T5}, {T1, T5} ¹ ïîâíèìè.

Äîâåäåííÿ. Ðîçãëÿíåìî êîæíèé âèïàäîê îêðåìî.

1) Ïîâíîòà ñèñòåìè îïåðàöié {T1, T2} âèïëèâà¹ ç ðiâíîñòåé, ÿêi âêàçóþòü ÿê ç
T1 i T2 ìîæíà îòðèìàòè âñi îïåðàöi¨ Ti, i ∈ Z8: T1T2 = T6; T2T1 = T5; T

2
2 =

T7;T2T5 = T4; T1T5 = T3;T
2
1 = T0.

2) Çãiäíî ïóíêòó 1 ìíîæèíà îïåðàöié {T1, T2} ïîâíà. Íà îñíîâi òîòîæíîñòi
T1T6 = T2 îòðèìà¹ìî ïîâíîòó ìíîæèíè {T1, T6}.

3) Ìíîæèíà îïåðàöié {T2, T6} ïîâíà. Ðiâíiñòü T2T6 = T1 çâîäèòü ïîâíîòó öi¹¨
ìíîæèíè äî ïîïåðåäíüîãî âèïàäêó.

4) Ðiâíiñòü T2T4 = T6 çâîäèòü ïîâíîòó ìíîæèíè {T2, T4} äî ïîâíîòè ìíîæèíè
{T2, T6}.

5) Àíàëîãi÷íî ðiâíiñòü T2T5 = T4 çâîäèòü ïîâíîòó ñèñòåìè {T2, T5} äî ïîâíî-
òè {T2, T4}.

6) Ç ïîâíîòè ñèñòåìè {T4, T5} íà îñíîâi ðiâíîñòi T4T5 = T2 îòðèìà¹ìî ïîâíîòó
ñèñòåìè {T2, T5}.

7) Àíàëîãi÷íî, ç ïîâíîòè ìíîæèíè {T3, T4} íà îñíîâi ðiâíîñòi T3T4 = T5 îòðè-
ìà¹ìî ïîâíîòó ñèñòåìè {T4, T5}.
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8) Ðiâíiñòü T3T6 = T4 çâîäèòü ïîâíîòó ñèñòåìè {T3, T6} äî ïîâíîòè {T3, T4}.

9) Àíàëîãi÷íî, íà îñíîâi ðiâíîñòi T4T6 = T3 ç ïîâíîòè ñèñòåìè {T4, T6} îòðè-
ìà¹ìî ïîâíîòó ñèñòåìè {T3, T4}.

10) Ç ïîâíîòè ìíîæèíè {T1, T3} íà îñíîâi ðiâíîñòi T3T1 = T6 îòðèìà¹ìî ïîâ-
íîòó {T3, T6}.

11) Àíàëîãi÷íî, ðiâíiñòü T3T5 = T1 çâîäèòü ïîâíîòó ìíîæèíè îïåðàöié {T3, T5}
äî ïîâíîòè ìíîæèíè {T1, T3}.

12) I íà êiíåöü, ïîâíîòà ñèñòåìè {T1, T5} íà îñíîâi ðiâíîñòi T1T5 = T3 äîâîäèòü
ïîâíîòó ñèñòåìè {T1, T3}.

Òâåðäæåííÿ 2. ßêùî äî êëàñiâ ôîðìóë {T1, T4, T7}, {T2, T3, T7}, {T5, T6, T7}
äîäàòè äîâiëüíó ôîðìóëó Ti, i = 1, ..., 7, ÿêà éîìó íå íàëåæèòü, òî îòðèìà-
íèé êëàñ ôîðìóë áóäå ïîâíèì.

Ñïðàâåäëèâiñòü òâåðäæåííÿ âèïëèâà¹ ç òàáë. 1 òà òâåðäæåííÿ 1.

Òåîðåìà 2. 1) Äëÿ îïåðàöié ïîâîðîòó Ti, i ∈ Z8 íå iñíó¹ ïîâíî¨ ñèñòåìè,
ÿêà ñêëàäà¹òüñÿ ç îäíi¹¨ îïåðàöi¨.

2) Iñíó¹ 12 ïàð ïîâíèõ ñèñòåì îïåðàöié ïîâîðîòó {T1, T2}, {T1, T3}, {T1, T5},
{T1, T6}, {T2, T4}, {T2, T5}, {T2, T6}, {T3, T4}, {T3, T5},{T3, T6}, {T4, T5},{T4, T6}.

3) Iñíó¹ òiëüêè òðè íå ïîâíèõ ñèñòåìè, ÿêi ñêëàäàþòüñÿ ç òðüîõ îïåðàöié
ïîâîðîòó: {T1, T4, T7}, {T2, T3, T7}, {T5, T6, T7}.

Äîâåäåííÿ òåîðåìè âèïëèâà¹ ç íàâåäåíèõ âèùå òîòîæíîñòåé òà òâåðäæåíü
1, 2.

Òåîðåìà 3. ×èñëî ïîâíèõ ñèñòåì îïåðàöié ïîâîðîòó Ti, i ∈ Z8 ðiâíå 108.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ïóíêòè 2, 3 òåîðåìè 2, îòðèìà¹ìî

12 +
(
C3

7 − 3
)
+ C4

7 + C5
7 + C6

7 + C7
7 = 12 + (35− 3) + 35 + 21 + 7 + 1 = 108,

ùî äîâîäèòü ñïðàâåäëèâiñòü òåîðåìè.

Îçíà÷åííÿ 2. Ìíîæèíó îïåðàöiéMk = {Tj1 , Tj2 , . . . , Tjk} ⊂ T, j1, j2, . . . , jk ∈
Z8 áóäåìî íàçèâàòè çàìêíåíîþ, ÿêùî â ðåçóëüòàòi ñóïåðïîçèöi¨ îïåðàöié öi¹¨
ìíîæèíè îòðèìó¹ìî òiëüêè îïåðàöi¨ ìíîæèíè Mk.

Ðîçãëÿíåìî çàìêíåíi êëàñè ôîðìóë âiäíîñíî îïåðàöi¨ ñóïåðïîçèöi¨, ÿêi çà-
äàþòüñÿ äâîìà îïåðàöiÿìè Ti, Tj, i, j ∈ Z8.

Òâåðäæåííÿ 3. 1) Ìíîæèíè îïåðàöié {T1, T7}, {T1, T4}, {T4, T7} âiäíî-
ñíî ñóïåðïîçèöi¨ îïåðàöié T1, T4, T7 óòâîðþþòü çàìêíåíèé êëàñ {T1, T4, T7};

2) Ìíîæèíè îïåðàöié {T2, T3}, {T2, T7}, {T3, T7} âiäíîñíî ñóïåðïîçèöi¨ îïå-
ðàöié T2, T3, T7 óòâîðþþòü çàìêíåíèé êëàñ {T2, T3, T7};

3) Ìíîæèíè îïåðàöié {T5, T6}, {T5, T7}, {T6, T7} âiäíîñíî ñóïåðïîçèöi¨ îïå-
ðàöié T5, T6, T7 óòâîðþþòü çàìêíåíèé êëàñ {T5, T6, T7}.
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Äîâåäåííÿ. Ñïðàâåäëèâiñòü òâåðäæåííÿ 3 âèïëèâà¹ ç òîòîæíîñòåé:

1) T1T7 = T7T1 = T4, T1T4 = T4T1 = T7, T4T7 = T7T4 = T1,

2) T2T3 = T3T2 = T0, T 2
2 = T7, T2T7 = T7T2 = T3, T3T7 = T7T3 = T2,

3) T5T6 = T6T5 = T7, T5T7 = T7T5 = T6, T6T7 = T7T6 = T5.

Òåîðåìà 4. Âiäíîñíî îïåðàöié ïîâîðîòó Ti, i ∈ Z8 iñíóþòü òàêi çàìêíå-
íi êëàñè ôîðìóë: {T0, T1}, {T0, T4}, {T1, T2}, {T0, T6}, {T0, T7}, {T0, T2, T3, T7},
{T0, T1, T4, T7}, {T0, T5, T6, T7}, {T0, T1, T2, T3, T4, T5, T6, T7}.

Ñïðàâåäëèâiñòü òåîðåìè áåçïîñåðåäíüî âèïëèâà¹ ç îçíà÷åííÿ 2 òà òâåðäæå-
ííÿ 3.

3. Ñòàíäàðòíi ôîðìè ôîðìóë àëãåáðè P. Íåõàé A, B, C � ôîðìóëè
àëãåáðè P. Òîäi:

1) ATi , i ∈ Z8 � ôîðìóëà;

2) A ∨B � ôîðìóëà;

3) A ∧B � ôîðìóëà.

Ôîðìóëè àëãåáðè P çàäîâîëüíÿþòü òàêi òîòîæíîñòi:

1) A ∧ A = A; A ∨ A = A.

2) A ∧B = B ∧ A; A ∨B = B ∨ A.

3) (A ∧B) ∧ C = A ∧ (B ∧ C) ; (A ∨B) ∨ C = A ∨ (B ∨ C) .

4) A ∧ (B ∨ C) = A ∧B ∨ A ∧ C; A ∨B ∧ C = (A ∨B) ∧ (A ∨ C) .

5) A ∨B ∧ A = A; A ∧ (B ∨ A) = A.

6) ATiTj = ATk , i, j, k ∈ Z8 (òîòîæíîñòi, ùî çàäàþòüñÿ òàáë.1).

7) (A ∨B)Ti = ATi ∨BTi , i ∈ Z8.

8) (A ∧B)Ti = ATi ∧BTi , i ∈ Z8.

Åëåìåíòàðíîþ ôîðìóëîþ áóäåìî íàçèâàòè ôîðìóëè òèïó ATi , i ∈ Z8.
Êîí'þíêöiþ äîâiëüíîãî ÷èñëà åëåìåíòàðíèõ ôîðìóë áóäåìî íàçèâàòè åëå-

ìåíòàðíèì ïåðåòèíîì.
Äèç'þíêöiþ äîâiëüíîãî ÷èñëà åëåìåíòàðíèõ ïåðåòèíiâ áóäåìî íàçèâàòè ñòàí-

äàðòíèì îá'¹äíàííÿì.

Îçíà÷åííÿ 3. Ñòàíäàðòíå îá'¹äíàííÿ íàçèâà¹òüñÿ êàíîíi÷íèì, ÿêùî:

1) êîæíèé åëåìåíòàðíèé ïåðåòèí íå ìà¹ îäíàêîâèõ åëåìåíòàðíèõ ôîðìóë;

2) íiÿêèé åëåìåíòàðíèé ïåðåòèí íå ¹ ïiäôîðìóëîþ iíøîãî.

Ïîáóäó¹ìî àëãîðèòì çâåäåííÿ äîâiëüíî¨ ôîðìóëè äî êàíîíi÷íîãî âèãëÿäó.
Íåõàé çàäàíà äåÿêà ôîðìóëà φ (A1, A2, . . . , Ak) àëãåáðè P.
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1) Âèêîðèñòîâóþ÷è ôîðìóëè 7 i 8 äîñÿãà¹ìî òîãî, ùî îïåðàöi¨ ïîâîðîòó Ti,
i ∈ Z8 áóäóòü çíàõîäèòèñü òiëüêè íàä çîáðàæåííÿì Aj, j ∈ Z8.

2) Âèêîðèñòîâóþ÷è ðiâíîñòi 6, íàä êîæíîþ åëåìåíòàðíîþ ôîðìóëîþ îòðè-
ìà¹ìî íå áiëüøå îäíi¹¨ îïåðàöi¨ ïîâîðîòó.

3) Çà äîïîìîãîþ ôîðìóë 4 ðîçêðèâà¹ìî äóæêè.

4) Íà îñíîâi ðiâíîñòåé 5 âèêîíó¹ìî ïîãëèíàííÿ íàäëèøêiâ ôîðìóë.

Ó ðåçóëüòàòi âèêîíàííÿ öüîãî àëãîðèòìó îòðèìà¹ìî êàíîíi÷íó ôîðìó ôîð-
ìóëè φ (A1, A2, . . . , Ak).

Ðîçãëÿíåìî ïðèêëàäè ïîáóäîâè êàíîíi÷íèõ îá'¹äíàíü ôîðìóë àëãåáðè P .

Ïðèêëàä 1.
((
AT2 ∧BT1

)T3T2 ∨ CT1

)T4
=
((
AT2 ∧BT1

)E ∨ CT1

)T4
=

=
(
AT2 ∧BT1 ∨ CT1

)T4
= AT2T4 ∧BT1T4 ∨ CT1T4 = AT6 ∧BT7 ∨ CT7 .

Ïðèêëàä 2.
(((

AT1 ∨BT2
)T6 ∧ AT3T4)T2 ∨ (BT3 ∧ AT1

)T3)T1 =
=
(
AT1T6 ∨BT2T6

)T2 ∧ AT3T4T2 ∨ (BT 2
3 T1 ∧ AT 2

1 T3
)
=

=
(
AT2T2 ∨BT1T2

)
∧ AT 2

5 ∨BT7T1 ∧ AT2 =

=
(
AT7 ∨BT6

)
∧ AT1 ∨BT4 ∧ AT2 = AT1 ∧ AT7 ∨ AT1 ∧BT6 ∨ AT2 ∧BT4 .

Íà îñíîâi îòðèìàíèõ ðåçóëüòàòiâ áóäóþòüñÿ äîñêîíàëi êàíîíi÷íi ôîðìè àë-
ãåáðè Ð.
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FIXED AND RESIDUAL MODULES

The article deals with the properties of fixed and residual endomorphism submodules of modules
over arbitrary associative rings with 1. It is shown how they can be used to represent formal
matrices images of group homomorphisms generated by elementary transvections when 2 or 3
elements are circulating in the ring. The homomorphisms with condition (*) are described with
the help of this approach.

Ó ðîáîòi ðîçãëÿäàþòüñÿ âëàñòèâîñòi íåðóõîìèõ òà ëèøêîâèõ ïiäìîäóëiâ åíäîìîðôiçìiâ ìîäó-
ëiâ íàä äîâiëüíèìè àñîöiàòèâíèìè êiëüöÿìè ç îäèíèöåþ. Ïîêîçàíî ÿê ç ¨õ äîïîìîãîþ ìîæíà
çîáðàæàòè ôîðìàëüíèìè ìàòðèöÿìè ãîìîìîðôíi îáðàçè ãðóï ïîðîäæåíèõ åëåìåíòàðíèìè
òðàíñâåêöiÿìè ó âèïàäêàõ êîëè åëåìåíòè 2 àáî 3 ¹ îáîðîòíèìè â êiëüöi. Çà äîïîìîãîþ öüîãî
ïiäõîäó îïèñàíi ãîìîìîðôiçìè ç óìîâîþ (*).

Introduction. Let R and K be associative ring with 1. E (n,R) is the subgroup
of GL (n,R) , generated by all elementary transvections tij(r) = 1 + reij, r ∈ R,
1 ≤ i ̸= j ≤ n, tij = tij (−1) tji (1) tij (−1) .

The group homomorphisms of Λ : G→ GL (W ) , E (n,R) ⊆ G ⊆ GL (n,R) , n ≥
4 described in [1], if W is its left K-module of finite dimension, Λ is an isomorphism,
G = GL (n,R) and [2, 3], if W is an arbitrary (not necessarily free) left K-module
and Λ is an homomorphism with condition (*).

Recall that a homomorphism Λ satisfies the condition (*) if for any nonzero
nilpotent element m ∈ EndW, m2 = 0 there are natural numbers s1 and, which are
working in K and h ∈ G such that Λh = 1+ s1m and of equality Λh ·Λg = Λg ·Λh,
g ∈ G it follows that hs2g = ghs2 .

It turns out that while describing homomorphism with the condition (*) among
which are isomorphisms, key role is played by fixed and residual submodules and
modules that they generate. Since the possibility of such an approach is seen endless,
it is justified to have a more thorough study of the properties of fixed and residual
submodules. The article reflects the efforts of the authors on the above-mentioned
direction.

1. General properties of fixed and residual submodules. Let V be
arbitrary R-module over the associative ring R with 1, σ an arbitrary endomorphism
of module V.

Residual and fixed submodules of V module endomorphism σ will be called
submodules R (σ) = (σ − 1)V and P (σ) = ker (σ − 1) respectively. Then R (σ) =
{(σ − 1) v | v ∈ V } and P (σ) = {v ∈ V | σv = v} , also R (1− σ) = σV and P (1−
σ) = kerσ.

It is easy to see that if σ is an automorphism of module V, then with the equality
σ−1 − 1 = (σ − 1) (−σ−1) it follows that

R (σ−1) = R (σ) and P (σ−1) = P (σ) .
Then σV0 = (σ−1+1)V0 ⊆ R(σ)+V0 , σ

−1V0 = (σ−1−1+1)V0 ⊆ R(σ−1)+V0 =
R(σ) + V0 , if V0 is a submodule of V. In particular if R (σ) ⊆ V0 then σ±1V0 ⊆ V0
and σV0 = V0.

If g is an arbitrary endomorphism of module V such that gσ = σ±1g, then
g (σ − 1) = (σ±1 − 1) g and (σ − 1) g = g (σ±1 − 1) . That is why
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gR (σ) ⊆ R (σ±1) = R (σ) and gP (σ) ⊆ P (σ±1) = P (σ) .
It is followed that if g is an automorphism of module V such that gσg−1 = σ±1,

then
gR (σ) = R (σ) and gP (σ) = P (σ) .

This statement also follows from the general formulas
gR (σ) = R (gσg−1) and gP (σ) = P (gσg−1) ,

which due to the equality gσg−1 − 1 = g (σ − 1) g−1 is true for any endomorphism
σ of module V and any isomorphism g of module V.

There are the obvious inclusions
R (σ1σ2) ⊆ R (σ1) +R (σ2) , P (σ1σ2) ⊇ P (σ1)

∩
P (σ2) ,

arising from the equalities σ1σ2 − 1 = (σ1 − 1)σ2 + σ2 − 1 = σ1 (σ2 − 1) + σ1 − 1.
In particular if [σ1,σ2] = σ1σ2σ

−1
1 σ−1

2 , then

R([σ1,σ2]) = R (σ1) +R(σ2σ1σ
−1
2 ) ⊆ R (σ1) + σ2R(σ1) ⊆ R (σ1) +R(σ2),

P ([σ1,σ2]) ⊇ P (σ1)
∩

P (σ2).

It is obviously that (σ1− 1)(σ2− 1) = (σ2− 1)(σ1− 1) if and only if σ1σ2 = σ2σ1

and (σ1 − 1)(σ2 − 1) = (σ2 − 1)(σ1 − 1) = 0 if and only if

{
R (σ1) ⊆ P (σ2);
R (σ2) ⊆ P (σ1).

Then, if

{
R (σ1) ⊆ P (σ2);
R (σ2) ⊆ P (σ1),

then σ1σ2 = σ2σ1 .

If σ1σ2 = σ2σ1 , then (σ1 − 1)(σ2 − 1)V = (σ2 − 1)(σ1 − 1)V ⊆ R (σ1)
∩

R(σ2) ,

(σ1 − 1)(σ2 − 1)(P (σ1) + P (σ2)) = (σ2 − 1)(σ1 − 1)(P (σ1) + P (σ2)) = 0. Then, if{
σ1σ2 = σ2σ1;
R (σ1)

∩
R(σ2) = 0 or P (σ1) + P (σ2) = V ,

then (σ1−1)(σ2−1) = (σ2−1)(σ1−

1) = 0 . Then

{
R (σ1) ⊆ P (σ2)
R (σ2) ⊆ P (σ1)

. It is easy to see that σ2 = 1 if and only if

σ(σ− 1) = −(σ− 1) if and only if σ
∣∣
R(σ) = −1. It turns out that fixed and residual

submodules of finite order, which is reversible in the ring are matched with the
Peirce decomposition of idempotents which they defined.

Lemma 1. Let R be an associative ring with 1, V is left R- module (not necessar-
ily free), σ ∈ GL (V ) , σm = 1 , m ∈ R∗ , e = (1 + σ + · · ·+ σm−1)m−1 . Then e2 =
e is an idempotent, V = R (σ)⊕P (σ) , where P (σ) = {v ∈ V |(σ − 1) v = 0} = eV
and

R (σ) = {v ∈ V |(1 + σ + · · ·+ σm−1) v = 0} = (1− e)V.

Proof. Because eσi = σie = e to all i ≥ 0 , then
e2 = e (1 + σ + · · ·+ σm−1)m−1 = e

is an idempotent and the Peirce decomposition is used V = eV ⊕ (1− e)V , where
v = ev + (1− e) v, v ∈ V. It is clear that

eV = {v ∈ V |(1− e) v = 0} = ker (1− e)
and (1− e)V = {v ∈ V |ev = 0} = ker e . Because e (1− σ) = (1− σ) e = 0
and 1 − e = (1− σ) t , where t ∈ EndV and σt = tσ, then eV ⊆ P (σ) ⊆
ker (1− e) = eV and (1− e)V ⊆ R (σ) ⊆ ker e = (1− e)V . Thus it is proved
that P (σ) = eV = ker (1− e) = {v ∈ V |(σ − 1) v = 0} , R (σ) = (1− e)V =
ker e =

{
v ∈ V

∣∣(1 + σ + · · ·+ σm−1
)
v = 0

}
.
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Note that σ−1 is a reversible element to R (σ) . Indeed, e−1 = (σm−1 − 1 + · · ·
+σ − 1)m−1 , eR (σ) = 0 , σm−1 − 1 + · · · + σ − 1 = −mE to R (σ) . Similarly,
σ−1 − 1 is a reversible element to R (σ−1) = R (σ) .

In particular, ifm = 2 ∈ K∗, then P (σ) = {v ∈ V |σv = v} , R (σ) = {v ∈ V |σv
= −v} .

If m = 3 ∈ K∗ , then σ3 = 1 , P (σ) = {v ∈ V |σv = v} , R (σ) = {v ∈ V |(1 + σ
+σ2) v = 0} .

Lemma 2. Let K be an associative ring with 1, m ∈ K∗, a, b ∈ EndV, am =
bm = 1, ab = ba. Then

P (a)
∩

P (ab) = P (a)
∩

P (b) = P (b)
∩

P (ab) ,

P (a)
∩
R (ab) = P (a)

∩
R (b) , P (b)

∩
R (ab) = P (b)

∩
R (a) ,

R (a)
∩
P (ab) ⊆ R (a)

∩
R (b) , R (b)

∩
P (ab) ⊆ R (b)

∩
R (a) .

Proof. From the properties of fixed and residual submodules of the elements of
finite order, which are described in Lemma 1 the equalities arise,{

P (a)
∩
P (ab) = P (a)

∩
P (b);

P (b)
∩
P (ab) = P (a)

∩
P (b),

{
P (a)

∩
R (ab) = P (a)

∩
R (b);

P (b)
∩
R (ab) = P (b)

∩
R (a).

Let v ∈ P (ab) be. Then abv = v and av = b−1v , bv = a−1v . By induction
alv = b−lv , blv = a−lv to all l ≥ 0 . That is why R (a)

∩
P (ab) ⊆ R (a)

∩
R (b) ,

R (b)
∩
P (ab) ⊆ R (b)

∩
R (a) .

Corollary 1. Let K be an associative ring with 1, m ∈ K∗, a, b ∈ EndV,
am = bm = 1, ab = ba. If m = 2 ∈ K∗, then R (a)

∩
R (b) = R (a)

∩
P (ab) =

R (b)
∩
P (ab) . If m = 3 ∈ K∗, then b = a on R (a)

∩
R (b)

∩
R (ab) and b = a2 on

R (a)
∩
R (b)

∩
P (ab) .

Proof. In the case of m = 2 ∈ K∗ the inclusions of Lemma 2 are converted
to equality. Indeed, in this case, R (a)

∩
R (b) = {v ∈ V |av = −v, bv = −v} ⊆

{v ∈ V |abv = v} ⊆ P (ab) . That is why R (a)
∩
R (b) = R (a)

∩
P (ab) = R (b)

∩
P (ab) . In particular,

R (a)
∩
R (b)

∩
R (ab) = 0 , R (a)

∩
R (b)

∩
P (ab) = R (a)

∩
R (b) .

In the case of m = 3 it is revealed (b− a) ν = 0 , if ν ∈ R (a)
∩
R (b)

∩
R (ab) and

(b− a2) ν = 0 , if ν ∈ R (a)
∩
R (b)

∩
P (ab) . Indeed, if ν ∈ R (a)

∩
R (b)

∩
R (ab) ,

then (
a2 + a+ 1

)
ν =

(
b2 + b+ 1

)
ν =

(
(ab)2 + ab+ 1

)
ν = 0

So, (ab− 1) (a− b) ν = (a2 + ab + a)(a − b)ν = a (a+ b+ 1) (a− b) ν = a
(
a2 − b2

+a− b) ν = 0 . Consequently there is the equality
0 =

(
(ab)2 + ab+ 1

)
(a− b) ν = 3 (a− b) ν.

Thus it is proved that (a− b) ν = 0 for ν ∈ R (a)
∩
R (b)

∩
R (ab) .

Obviously, if ν ∈ R (a)
∩
R (b)

∩
P (ab) , then abν = ν and (b− a2) ν = 0 .

Lemma 3. Let a, b be some elements of associative ring K with 1, 3 ∈ K∗ such
that b2 = 1, a2 + a + 1 = 0, bab−1 = a2, e = (1− a) (1− b) 3−1. Then e2 = e,
eae = (1− e) a2 (1− e) = 0.

Proof. It is hard not to see that b (1− b) = − (1− b) and (1− b) (1− a)
(1− b) = (1− a− b+ ba) (1− b) = (1− a+ 1− a2) (1− b) = 3 (1− b) . That is
why (3e)2 = (1− a) 3 (1− b) = 9e and e2 = e . Similarly, it can be proved that
(1− b) a (1− a) (1− b) = (a− a2 − ba+ ba2) (1− b) = (a− a2 + a2 − a) (1− b) =
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0 . That is why 9eae = (1− a) (1− b) a (1− a) (1− b) = 0 and eae = 0 . So,
ea2e = e (−1− a) e = −e . It is easy to see that (1− b) a2 + a2 (1− b) = 2a2 −
(a+ a2) b = 2a2 + b . That is why 3 (ea2 + a2e) = (1− a) ((1− b) a2 + a2 (1− b)) =
(1− a) (2a2 + b) . Thus it is proved that

3 (1− e) a2 (1− e) = 3a2 − 3 (ea2 + a2e) + 3ea2e = 3a2 − (1− a) (2a2 + b)− 3e =
= 3a2 − (1− a) (2a2 + b+ 1− b) = 3a2 − (1− a) (2a2 + 1) = 0

and (1− e) a2 (1− e) = 0.
Lemma 3 implies that ae = (1− e) ae and a2 (1− e) = ea2 (1− e) . It is possible

to convince that e1 = e − ab is also an idempotent which satisfies the equality
e1ae1 = (1− e1)a

2(1− e1) = 0 . Besides that (a2b− 1)e1 = 0 . It can be proved that
e1 is unambiguously certain idempotent which is a linear combination of elements
of group ⟨a, b⟩ with the whole coefficients and satisfies above-mentioned equalities.

2. Image of endomorphism by formal matrices.

Lemma 4. Let K be an associative ring with 1, 3 ∈ K⋆, W be left K-module, a, b
be elements GL(W ) such that a3 = b2 = 1, bab−1 = a−1. Then there are isomorphism
modules g : W −→ Wg, which induces isomorphism Λg : GL(W ) −→ GL(Wg) so
that the elements Λga, Λgb can be represented by formal matrices

Λga = diag

((
0 −1
1 −1

)
, 1

)
, Λgb = diag

((
α β

α + β −α

)
, γ

)
.

where α, β ∈ EndL, γ ∈ EndP , αβ = βα, α2+αβ+β2 = 1, γ2 = 1, Wg = L⊕L⊕P .
In particular, if W = R(a), then

Λga =

(
0 −1
1 −1

)
, Λgb =

(
α β

α + β −α

)
.

Proof. Let R(a) = (a − 1)W and P (a) = ker(a − 1). Submodule R(a) and
P (a) is relatively invariant a and b, a2 + a + 1 = 0 for submodules R(a) and a = 1
for submodules P (a). Let e = (1 − a)(1 − b)3−1, where 1 means a unit of GL(W ).
Obviously, submodules R(a) and P (a) are relatively invariant e. Narrowing items
a, b, e for submodules R(a) satisfying lemma 4. Because eP (a) ⊆ (1 − a)P (a) = 0,
then e2 = e = 0 on P (a). Therefore e2 = e – idempotent on R(a). This means that
e2 = e – idempotent rings EndW , which defines the schedule module W ,

W = R(a)⊕ P (a) = eR(a)⊕ (1− e)R(a)⊕ P (a), where
R(a) = eR(a)⊕ (1− e)R(a).

Let L = eR(a), P = P (a). Since a ̸= 1, then R(a) ̸= 0. Under the lemma 4
aeR(a) ⊆ (1 − e)R(a) and a2(1 − e)R(a) ⊆ eR(a), (1 − e)R(a) ⊆ aeR(a). So,
(1 − e)R(a) = aeR(a) = aL. Thus it is proved that R(a) = L ⊕ aL, L ̸= 0,
W = L ⊕ aL ⊕ P . Let Wg = L ⊕ L ⊕ P and g : W −→ Wg be an isomorphism of
modules, which is defined by the rules g(l1 + al2 + p) = l1 + l2 + p, where l1 ∈ L,
1 ≤ i ≤ 2, p ∈ P , and Λg : GL(W ) −→ GL(Wg) – induced g group isomorphism.
This means that the elements of the ring End(Wg) can be represented by formal
3× 3 matrices

Λga = diag

((
0 a1
1 a2

)
, 1

)
, Λgb = diag

((
b1 b2
b3 b4

)
, γ

)
.

Given equality (1+a+a2)R(a) = 0 get that a1 = a2 = −1. With equality ba = a−1b
it follows that b3 = b2, b4 = −b1 and with equality b2 = 1 get that b1b2 = b2b1,
b21 + b1b2 + b22 = 1. Let α = b1 and β = b2. Then
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Λga = diag

((
0 −1
1 −1

)
, 1

)
, Λgb = diag

((
α β

α + β −α

)
, γ

)
where α, β ∈ EndL, γ ∈ EndP , αβ = βα, α2 + αβ + β2 = 1. γ2 = 1.

If instead of the idempotent e we choose the idempotent e1 = e−ab it is possible
to prove that α = 0 as β = 1 .

Lemma 5. Let K be an associative ring with 1, 3 ∈ K∗ , V be a left K-module,
a, b ∈ GL (V ) , a3 = b3 = 1 , ab = ba . Then a and b can be represented by the formal
matrices a = diag (z, E, x, y, E) , b = diag (E, z1, x, y

2, E) , where x2 + x + 1 = 0 ,
y2 + y + 1 = 0 , z2 + z + 1 = 0 , z21 + z + 1 = 0 .

Proof. Submodules R (a) , R (b) , P (a) , P (b) are invariant relatively to
the elements a and b and there are decompositions V = R (a) ⊕ P (a) , R (a) =
R (a)

∩
R (b) ⊕ R (a)

∩
P (b) , P (a) = P (a)

∩
R (b) ⊕ P (a)

∩
P (b) Because of

(ab)3 = 1 , the decompositions is also occured

R (a)
∩

R (b) = R (a)
∩

R (b)
∩

R (ab)⊕R (a)
∩

R (b)
∩

P (ab)

This means that there is a decomposition of the module V in to the direct sum of
modules (some of which may be zero)

V = R (a)
∩
P (b)⊕ P (a)

∩
R (b)⊕R (a)

∩
R (b)

∩
R (ab)⊕

⊕R (a)
∩
R (b)

∩
P (ab)⊕ P (a)

∩
P (b)

Thus it is proved that the elements a and b have a image which is shown in Lemma
5. Because of (x− 1) (x+ 2) = −3 = (x2 − 1) (x+ 1) , then x − 1 , x2 − 1 and
similarly y − 1 , y2 − 1 , z − 1 , z2 − 1 , z1 − 1 , z21 − 1 are circulating on the
respective non-zero submodules. It is followed from Lemma 5 that if such an element
t ∈ EndV commutes with the product ab = diag (z, z1, x

2, E, E) then t has a form
of t = diag (t1, t2) , where t1 commutes with diag (z, z1, x

2) . In particular if t ∈
GL (V ) , R (a)

∩
P (b) = R (b)

∩
P (a) = 0, then V = R (a)

∩
R (b)⊕P (a)

∩
P (b) ,

ab = diag (x2, E,E) , ab2 = diag (E, y2, E) , t1 commute with x2 and as it followed
that with x = −x2 + 1 , [a, t] = diag (E, ∗) , [b, t] = diag (E, ∗) . In this case the
elements in the form of diag (T, 0, 0) commute with the elements ab2 , [a, t] , [b, t]
for any T ∈ End (R (a)

∩
R (b)

∩
R (ab)) .

Lemma 6. Let K be an associative ring with 1, 3 ∈ K∗ , V be a left K-module,
a, b, c, d, t ∈ GL (V ) , a3 = b3 = 1 , ab = ba , b ̸= a2 , cac−1 = a2, cbc−1 = b2,
c2 = 1, dad−1 = b , d2 = 1 , tab = abt . Let to any m ∈ EndV , m2 = 0 in condition
of m commutes with ab2 , [a, t] , [b, t] it is followed that m commutes with a. Then
R (a)

∩
P (b) ̸= 0 .

Proof. Let R (a)
∩
P (b) = 0. Then R (b)

∩
P (a) = d (R (a)

∩
P (b)) = 0, V =

R (a)
∩

R (b)
∩

R (ab) ⊕ R (a)
∩

R (b)
∩

P (ab) ⊕ P (a)
∩

P (b) , a = diag (x, y,

E) , b = diag (x, y2, E) , where x2 + x + 1 = 0, y2 + y + 1 = 0. Because of b ̸=
a2, then R (a)

∩
R (b)

∩
R (ab) ̸= 0. According to Lemma 4 we can assume that

x =

(
0 −1
1 −1

)
. Let m = diag

((
0 1
0 0

)
, 0, 0

)
. As noted above, m commutes

with ab2 , [a, t] , [b, t]. According to the condition m commutes with a. However,
according to the form m does not commutes with a. From this contradiction it is
followed that R (a)

∩
P (b) ̸= 0 .
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Theorem 1. Let K be an associative ring with 1, 2 ∈ K∗ , W be left K-module,
a,b,c,d be the elements of group GL (W ) such that a2 = b2 = 1, ab = ba, ca =
ac, cbc−1 = ab, db = bd, dad−1 = ab, a ̸= 1. Then there is the isomorphism of
modules g : W → Wg, which induces isomorphism Λg : GL (W ) → GL (Wg) so
that the elements Λga, Λgb, Λgc, Λgd can be represented by formal matrices Λga =

diag (−1,−1, 1, 1) , Λgb = diag (1,−1,−1, 1) , Λgc = diag

((
0 α
1 0

)
, β, γ

)
, Λgd =

diag

(
β1,

(
0 α1

1 0

)
, γ1

)
, where α, β, α1, β1 ∈ EndL, γ, γ1 ∈ EndP, Wg = L⊕L⊕

L⊕ P.

Proof. By condition R (a) ̸= 0, bR (a) = R (a) , bP (a) = P (a) . Therefore, there

is a decomposition W = R (a) ⊕ P (a) = R (a)
∩

R (b) ⊕ R (a)
∩

P (b) ⊕ P (a)
∩

R (b) ⊕ P (a)
∩
P (b) . Let L = R (a)

∩
P (b) , P = P (a)

∩
P (b) . Then cL =

R (a)
∩
P (ab) = R (a)

∩
R (b) and dcL = R (ab)

∩
R (b) = P (a)

∩
R (b) . Because of

R (a) = L⊕cL ̸= 0, than L ̸= 0 andW = L⊕cL⊕dcL⊕P, whereWg = L⊕L⊕L⊕P.
Let us consider the isomorphism of the modules g : W → Wg, which is defined by the
rule g (l1 + cl2 + dcl3 + p) = l1+ l2+ l3+p, where li ∈ L, 1 ≤ i ≤ 3, p ∈ P and group
homomorphism Λg : GL (W ) → GL (Wg) which is induced by the isomorphism of
the modules g : W → Wg, where Λgσ = gσg−1 for all. We represent the elements of
the ring by formal matrices. In particular, we find that Λga = diag (−1,−1, 1, 1) ,
Λgb = diag (1,−1,−1, 1) , where 1 is a unit of EndL or EndP a ring respectively.
Beside this,

c2L = cR(a) ∩ P (b) = R(a) ∩ P (ab) = L,
cdcL = cdR(a) ∩R(b) = P (a) ∩R(ab) = cL,

cP = P (a) ∩ P (ab) = P .
Therefore

Λgc = diag

((
0 α
1 0

)
, β, γ

)
,

where α, β ∈ EndL, γ ∈ EndP . Similarly proved that dcL = cL, d2L = L, dP = P
and

Λgd = diag

(
β1,

(
0 α1

1 0

)
, γ1

)
,

where α1, β1 ∈ EndL, γ1 ∈ EndP .
In particular, if c2 = a, then α = −1, β2 = 1, γ2 = 1. If c2 = 1, then α = 1,

β2 = 1, γ2 = 1. Thus, Theorem 1 is proved.

Remark 1. If G be a group such that E(n,R) ⊆ G ⊆ GL(n,R), where R is
an associative ring with 1, n ≥ 3 and Λ : G −→ GL(W ) is non-trivial arbitrary
homomorphism, who in the group GL(W ) as elements a, b, c, d, appearing in the
Theorem 1, provided Λtij(2) ̸= 1 you can choose

a = Λdiag (−1,−1, 1, . . . , 1), b = Λdiag (1,−1,−1, 1, . . . , 1),

c = Λdiag

((
0 −1
1 0

)
, 1, . . . , 1

)
, d = Λdiag

(
1,

(
0 −1
1 0

)
, 1, . . . , 1

)
.

This c2 = a, d2 = b. If Λtij(2) ̸= 1 for some, and hence for all 1 ≤ i ̸= j ≤ n, then
as elements a, b, c, d elements can be selected a = Λt12(1), b = Λt13(1), c = Λt32(−1),
d = Λt23(−1).

In fact, according to the formula [tij, tjk (1) , tij (r)] = tik (−r) , where 1 ≤
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i, j, k ≤ n are pairly different numbers, there is an inequality a ̸= 1 .

Theorem 2. Let K be an associative ring with 1, 3 ∈ K∗ , W be a left K-
module, a,b,c,d are the elements of group GL (W ) such that a3 = b3 = 1, ab = ba,
cac−1 = a−1, cbc−1 = b−1, c2 = 1, dad−1 = b, d2 = 1, dc = cd, R (a)

∩
P (b) ̸=

0. Then there is the isomorphism of modules g : W → Wg, which induces the
isomorphism of group Λg : GL (W ) → GL (Wg) so that the elements Λga, Λgb,

Λgc, Λgd can be represented by formal matrices Λga = diag

((
0 −1
1 −1

)
, 1, 1, α

)
,

Λgb = diag

(
1, 1,

(
0 −1
1 −1

)
, β

)
, Λgc = diag

((
0 1
1 0

)
,

(
0 1
1 0

)
, γ

)
, Λgd =

diag

((
0 E
E 0

)
, δ

)
where α, β, γ, δ ∈ EndP, α2 = β2 = 1, γ2 = δ2 = 1, αβ = βα,

γα = α2γ, δα = βδ, E = diag (1, 1) , 1 is a unit EndL or EndP respectively.

Proof. Let e = (1− a) (1− c) 3−1, f = (1− b) (1− c) 3−1 as in the Lemma
4. Then e2 = e, eae = 0, f 2 = f, fbf = 0, ded−1 = f, dfd−1 = e. W =

R (a)
∩

P (b) ⊕ R (b)
∩

P (a) ⊕ R (a)
∩

R (b) ⊕ P (a)
∩

P (b) , R (a) = eR (a) ⊕
(1− e)R (a) , R (b) = fR (b) ⊕ (1− e)R (b) As in the Lemma 4 we have ceR (a) =
(1− e)R (a) , cfR (b) = (1− f)R (b) . Under the condition dR (a)

∩
P (b) = R (b)

∩
P (a) . Let L = eR (a)

∩
P (b) , P = R (a)

∩
R (b)⊕P (a)

∩
P (b) . Then R (a)

∩
P (b)

= L⊕ cL, L ̸= 0, dL = fR (b)
∩
P (a) , R (b)

∩
P (a) = dL⊕ dcL. Thus it is proved

that W = L⊕ cL⊕ dL⊕ dcL⊕P. Let Wg = L⊕L⊕L⊕L⊕P, g : W → Wg be an
isomorphism of modules, which is defined by the rule g (l1 + cl2 + dl3 + dcl4 + p) =
l1 + l2 + l3 + l4 + p, where li ∈ L, 1 ≤ i ≤ 4, p ∈ P and Λg : GL (W ) →
GL (Wg) is an induced group homomorphism. Represent the elements of the ring

End (Wg) by formal 5 × 5 matrices Λga = diag

((
0 −1
1 −1

)
, 1, 1, α

)
, Λgb =

diag

(
1, 1,

(
0 −1
1 −1

)
, β

)
, Λgc = diag

((
0 1
1 0

)
,

(
0 1
1 0

)
, γ

)
, Λgd = diag((

0 A−1

A 0

)
, δ

)
where α, β, γ, δ ∈ EndP and A ∈ (EndL)2 are formal 2 × 2

matrix that commute with formal 2× 2 matrices

(
0 −1
1 −1

)
and

(
0 1
1 0

)
, where

1 ∈ EndL. Therefore, up to conjugation, in the formal matrix diag (A, 1, 1) we can
assume that A = 1. Thus, Theorem 2 is proved.

Remark 2. If G is a group such that E (n,R) ⊆ G ⊆ GL (n,R) , where R is
an associative ring with 1, n ≥ 4 , and Λ : G→ GL (W ) is an arbitrary non-trivial
homomorphism with condition (*) on E (n,R) , then the elements a,b,c,d, which

appear in the theorem 2 in group you can choose a = Λdiag

((
0 −1
1 −1

)
, 1, ..., 1

)
,

b = Λdiag

(
1, 1,

(
0 −1
1 −1

)
, 1, ..., 1

)
, c = Λdiag

((
0 1
1 0

)
,

(
0 1
1 0

)
, 1, ..., 1

)
,

d = Λdiag

((
0 E
E 0

)
, 1, ...., 1

)
, where E = diag (1, 1) is a single 2× 2 matrix.

In fact, according to the formula [tijtij (−1) , tjk (1) , tji (r)] = tik (−r) , where
1 ≤ i, j, k ≤ n are pairly different numbers, there is an inequality a ̸= b2. As Λ is a
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homomorphism with the condition (*), so all the other conditions of Lemma 6 are

fulfilled. Therefore, if you put t = Λdiag

((
E E
0 E

)
, E

)
in Lemma 6, then t com-

mutes with ab, where a = Λdiag (A,E,E) , b = Λdiag (E,A,E) , A =

(
0 −1
1 −1

)
∈

GL (2, R) . Let m be an arbitrary element of the ring EndW , m2 = 0, which com-
mutes with ab2 , [a, t] , [b, t] . It can be considered that m ̸= 0. Under condition (*)
there is an element h ∈ GL (n,R) such that Λh = 1 + s1m and hs2 commutes

with diag (A,A2, E) , diag

((
E A− E
0 E

)
, E

)
, diag

((
E 0

A− E E

)
, E

)
. In

this case, as the test shows, hs2 commutes with diag (A,E,E) . That is why the
element Λhs2 = 1 + s1s2m and, consequently, the element mcommute with a. Ac-
cording to the Lemma 6 R (a)

∩
P (b) ̸= 0 . Therefore the above mentioned elements

a, b, c, d satisfy the conditions of the theorem 2.
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ON COHOMOLOGIES OF THE KLEIN FOUR-GROUP

A free resolution of the trivial G-module Z, where G is the Klein four-group, is constructed.
Its relation with the standard resolution is established. Also H2(G,M) for some modules M is
calculated.

Ìè áóäó¹ìî âiëüíó ðåçîëüâåíòó òðèâiàëüíîãî G-ìîäóëÿ Z, äå G � ÷åòâåðíà ãðóïà Êëåéíà,
âñòàíîâëþ¹ìî çâ'ÿçîê iç ñòàíäàðòíîþ ðåçîëüâåíòîþ òà îá÷èñëþ¹ìî H2(G,M) äëÿ äåÿêèõ
ìîäóëiâ M .

Theory of group cohomology is widely used in the theory of representations and the
theory of groups, in particular, for the description of special classes of groups. Thus
group cohomology plays an important role in the study of group extensions, for
instance, in the study of Chernikov groups [1]. In the last case the corresponding
G-modules are just dual to integral representations. The usual way to calculate
cohomologies is by the standard resolution [2, 3]. Nevertheless, sometimes it is
convenient to simplify this resolution. We propose a simplified resolution for the
Klein four-group and use it to calculate cohomologies for duals of indecomposable
integral representations with at most 3 irreducible components.

Let G = ⟨a, b | a2 = b2 = (ab)2 = 1⟩ be the Klein four-group. We construct a free
resolution of the trivial ZG-module Z, which can be used to calculate cohomologies
of this group.

A resolution of Z for the cyclic group C2 = ⟨a⟩ is well-known:

PA : . . .
a−1−−→ ZC2

a+1−→ ZC2
a−1−→ ZC2 −→ . . .

From the Künneth formulas [3] it follows that a resolution for G ∼= ⟨a⟩ × ⟨b⟩ can be
constructed as P = PA ⊗Z PB, where PA is a resolution for the first factor and PB
is a resolution for the second factor. We write the resolution PA for the first factor
C2 as

. . . −→ Rx3 −→ Rx2 −→ Rx −→ R

with the differential dxk = (a + (−1)k)xk−1, and the resolution PB for the second
factor as

. . . −→ Ry3 −→ Ry2 −→ Ry −→ R

with the differential dyk = (b+ (−1)k)yk−1. Then the n-th component

Pn =
⊕
i+j=n

PA,i ⊗ PB,j

can be considered as the module of homogeneous polynomials of degree n from
R[x, y], where R = ZG and

d(xiyj) = (a+ (−1)i)xi−1yj + (−1)i(b+ (−1)j)xiyj−1.
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So we can write the matrix defining this differential as
a+ 1 1− b 0 0 . . .
0 a− 1 b+ 1 0 . . .
0 0 a+ 1 1− b . . .
...

...
...

...
. . .


if n is even and as 

a− 1 −(b+ 1) 0 0 . . .
0 a+ 1 b− 1 0 . . .
0 0 a− 1 −(b+ 1) . . .
...

...
...

...
. . .


if n is odd. Note that for n = 2 this results was obtained in [4].

Recall that in the standard resolution

F : . . . −→ F2 −→ F1 −→ F0 −→ Z −→ 0,

the ZG-module Fn has a basis [g1|g2| . . . |gn], where gi ∈ G\{1} (we also set
[g1|g2| . . . |gn] = 0 if some gi = 1) and

d[g1|g2| . . . |gn] = g1[g2| . . . |gn] +
n−1∑
i=1

(−1)i[g1|g2| . . . |gigi+1| . . . |gn] +

+(−1)n[g1|g2| . . . |gn].

There is a map σ : F −→ P, which defines a homotopy equivalence of these resolu-
tions such that

σ1[a] = x, σ1[b] = y, σ2[a|a] = x2,

σ2[b|b] = y2, σ2[a|b] = 0, σ2[b|a] = −xy,

σ2[ab|ab] = bx2 − xy + y2, σ2[ab|b] = ay2, σ2[ab|a] = bx2 + xy,

σ2[a|ab] = x2, σ2[b|ab] = −xy + ay2.

(1)

We calculate H2(G,M), for G-modules M such that M as an abelian group is
mQ, where Q is the quasicyclic p-group (or the group of type p∞). Then the action
of G on M is given by an integral p-adic representation of G [1]. We consider the
cases when M is indecomposable and not faithful as ZpG-module.

If m = 1, there are 4 such representations Mα,β (α, β ∈ {1, −1}) which map
a 7→ α, b 7→ β. Evidently M+− (M−+) can be obtained from M−− if we replace a
by ab (resp. b by ab). So we only have to calculate cohomology for M++ and M−−.

For M++ that’s why a = b = 1, a+ 1 = b+ 1 = 2, a− 1 = b− 1 = 0 we have

∂γ(x3) = (a− 1)γ(x2) = 0,

∂γ(y3) = (b− 1)γ(y2) = 0,

∂γ(x2y) = (a+ 1)γ(xy) + (b− 1)γ(x2) = 2γ(xy),
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as well as ∂γ(xy2) = 2γ(xy).
We can replace γ by ∂ξ for some ξ : P1 →M++. Note that

∂ξ(x2) = (a+ 1)ξ(x) = 2ξ(x),

∂ξ(y2) = (b+ 1)ξ(y) = 2ξ(y),

∂ξ(xy) = (a− 1)ξ(y)− (b− 1)ξ(x) = 0.

As M is a divisible group, choosing appropriate ξ(x) and ξ(y), we can make
γ(x2) = γ(y2) = 0. Therefore, H2(G,M++) ≃ Z/2Z and the non-zero element γ of
this group can be chosen as γ(x2) = γ(y2) = 0, γ(xy) = ε, where ε is the unique
element of Q of order 2.

Just in the same way we obtain thatH2(G,M−−) ≃ (Z/2Z)2 and its elements are
the classes of cocycles γ such that γ(x2) and γ(y2) are from {0, ε}, while γ(xy) = 0.

If m = 2, there is an exact sequence

0 −→Mα,β −→M −→Mα′,β′ −→ 0. (2)

Moreover, if M is indecomposable, (α, β) ̸= (α′, β′) and M is defined by (α, β) and
(α′, β′). Note that if there is a sequence (2), there is also an exact sequence

0 −→Mα′,β′ −→M −→Mα,β −→ 0.

As before, applying an automorphism of G, we can suppose that (α, β) = (1, 1) and
(α′, β′) = (−1,−1) or (α, β) = (−1, 1) and (α′, β′) = (1,−1).

Let 0 −→ M−+ −→ M −→ M+− −→ 0 be exact. Then M corresponds to the
representation of G such that

a→
(

−1 1
0 1

)
, b→

(
1 −1
0 −1

)
.

Thus

a− 1 =

(
−2 1
0 0

)
, b− 1 =

(
0 −1
0 −2

)
,

a+ 1 =

(
0 1
0 2

)
, b+ 1 =

(
2 −1
0 0

)
.

Let

γ(x2) =

(
u1
v1

)
, γ(y2) =

(
u2
v2

)
, γ(xy) =

(
u3
v3

)
.

Then

∂γ(x3) = (a− 1)

(
u1
v1

)
=

(
−2u1 + v1

0

)
= 0,

∂γ(y3) = (b− 1)

(
u2
v2

)
=

(
−v2
−2v2

)
= 0,

∂γ(x2y) = (a+ 1)

(
u3
v3

)
+ (b− 1)

(
u1
v1

)
=

(
v3 − v1
2v3 − 2v1

)
= 0,
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∂γ(xy2) = (a− 1)

(
u2
v2

)
− (b+ 1)

(
u3
v3

)
=

(
−2u2 + v2 − 2u3 + v3

0

)
= 0.

So, we have v1 = v3 = 2u1 = 2u2 + 2u3, v2 = 0.
Let

ξ(x) =

(
c1
d1

)
, ξ(y) =

(
c2
d2

)
.

Then

∂ξ(x2) = (a+ 1)

(
c1
d1

)
=

(
d1
2d1

)
,

∂ξ(y2) = (b+ 1)

(
c2
d2

)
=

(
2c2 − d2

0

)
,

∂ξ(xy) = (a− 1)

(
c2
d2

)
− (b− 1)

(
c1
d1

)
=

(
−2c2 + d2 + d1

2d1

)
,

Therefore, changing γ by γ+∂ξ, we can make u1 = u2 = 0, whence also v1 = v3 = 0,
2u3 = 0. Thus H2(G,M) ≃ Z/2Z and the non-zero elements γ of this group is the
class of the cycle γ such that

γ(x2) = γ(y2) =

(
0
0

)
, γ(xy) =

(
ε
0

)
.

Let now 0 −→M−− −→M −→M++ −→ 0 is exact, i.e.

a→
(

−1 1
0 1

)
, b→

(
−1 1
0 1

)
,

a− 1 = b− 1 =

(
−2 1
0 0

)
, a+ 1 = b+ 1 =

(
0 1
0 2

)
.

Let

γ(x2) =

(
u1
v1

)
, γ(y2) =

(
u2
v2

)
, γ(xy) =

(
u3
v3

)
.

Then

∂γ(x3) = (a− 1)

(
u1
v1

)
=

(
−2u1 + v1

0

)
= 0,

∂γ(y3) = (b− 1)

(
u2
v2

)
=

(
−2u2 + v2

0

)
= 0,

∂γ(x2y) = (a+ 1)

(
u3
v3

)
+ (b− 1)

(
u1
v1

)
=

(
v3 − 2u1 + v1

2v3

)
= 0,

∂γ(xy2) = (a− 1)

(
u2
v2

)
− (b+ 1)

(
u3
v3

)
=

(
−2u2 + v2 − v3

−2v3

)
= 0.

So, we have v3 = 0, 2u1 = v1, 2u2 = v2.
Let

ξ(x) =

(
c1
d1

)
, ξ(y) =

(
c2
d2

)
.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �1 (30)



ON COHOMOLOGIES OF THE KLEIN FOUR-GROUP 99

Then

∂ξ(x2) = (a+ 1)

(
c1
d1

)
=

(
d1
2d1

)
,

∂ξ(y2) = (b+ 1)

(
c2
d2

)
=

(
d2
2d2

)
,

∂ξ(xy) = (a− 1)

(
c2
d2

)
− (b− 1)

(
c1
d1

)
=

(
−2c2 + d2 − 2c1 + d1

0

)
.

Hence, changing γ by γ + ∂ξ, we can make u1 = u2 = 0 as well as u3 = 0 (as M is
divisible). Therefore, H2(G,M) = 0.

Let m = 3. If M is indecomposable, there is a chain of submodules

M =M0 ⊃M1 ⊃M2 ⊃M3 = 0

such that all quotients Li =Mi−1/Mi are of the formMαi,βi and allMαi,βi are differ-
ent. Moreover, we can change the ordering of Li arbitrarily. Up to an automorphism
of G, there are four cases:

1) M1 is cyclic (α1, β1) = (1, 1), (α2, β2) = (1,−1), (α3, β3) = (−1, 1);

2) M2 is cyclic (α1, β1) = (−1,−1), (α2, β2) = (−1, 1), (α3, β3) = (1,−1);

3) M3 is not cyclic (α1, β1) = (−1, 1), (α2, β2) = (1,−1), (α3, β3) = (1, 1);

4) M4 is not cyclic (α1, β1) = (−1,−1), (α2, β2) = (−1, 1), (α3, β3) = (1,−1).

Case 1. Here

a→

 −1 0 1
0 1 0
0 0 1

 , b→

 1 0 0
0 −1 1
0 0 1

 ,

a− 1 =

 −2 0 1
0 0 0
0 0 0

 , b− 1 =

 0 0 0
0 −2 1
0 0 0

 ,

a+ 1 =

 0 0 1
0 2 0
0 0 2

 , b+ 1 =

 2 0 0
0 0 1
0 0 2

 .

Let

γ(x2) =

 u1
v1
w1

 , γ(y2) =

 u2
v2
w2

 , γ(xy) =

 u3
v3
w3

 .

Then

∂γ(x3) = (a− 1)

 u1
v1
w1

 =

 −2u1 + w1

0
0

 = 0,

∂γ(y3) = (b− 1)

 u2
v2
w2

 =

 0
−2v2 + w2

0

 = 0,
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∂γ(x2y) = (a+ 1)

 u3
v3
w3

+ (b− 1)

 u1
v1
w1

 =

 w3

2v3 − 2v1 + w1

2w3

 = 0,

∂γ(xy2) = (a− 1)

 u2
v2
w2

− (b+ 1)

 u3
v3
w3

 =

 −2u2 + w2 − 2u3
−w3

−2w3

 = 0.

So, we have w3 = 0, w1 = 2u1, w2 = 2v2.
Let

ξ(x) =

 c1
d1
f1

 , ξ(y) =

 c2
d2
f2

 .

Then

∂ξ(x2) = (a+ 1)

 c1
d1
f1

 =

 f1
2d1
2f1

 ,

∂ξ(y2) = (b+ 1)

 c2
d2
f2

 =

 2c2
f2
2f2

 ,

∂ξ(xy) = (a− 1)

 c2
d2
f2

− (b− 1)

 c1
d1
f1

 =

 −2c2 + f2
2d1 − f2

0

 .

So we can make u1 = u2 = v1 = v2 = 0, which gives H2(M) = (Z/2Z)2, consisting
of the classes of cocycles γ such that

γ(x2) = γ(y2) =

0
0
0

 , γ(xy) =

uv
0

 ,

where u, v ∈ {0, ε}.
The calculations in other cases are quite similar, so we only present the results,

with some comments in Case 3.

Case 2.

a→

 1 0 1
0 −1 0
0 0 −1

 , b→

 −1 0 0
0 1 1
0 0 −1

 .

Here we have H2(G,M) = Z/2Z and the nonzero element of this group is the class
of the cocycle γ with γ(x2) = γ(y2) = 0, while

γ(xy) =

ε0
0

 .

Case 3.

a→

 1 0 1
0 1 0
0 0 −1

 , b→

 1 1 0
0 −1 0
0 0 1

 .
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For γ : G→M such that

γ(x) =

c1d1
f1

 , γ(y) =

c2d2
f2

 ,

we obtain

∂γ(x2) =

2c1 + f1
2d1
0

 , ∂γ(y2) =

2c2 + d2
0
2f2

 , ∂γ(xy) =

f2 − d1
2d1
−2f2

 .

Therefore, changing ξ by ξ + ∂γ, we can make

ξ(x2) =

0
0
w

 , ξ(y2) =

0
v
0

 , ξ(xy) =

u3v3
w3

 .

The condition ∂ξ = 0 implies that w = v = 0, v3 = w3 = 2u3 and 2v3 = 0. Hence
v3 ∈ {0, ε}, whence H2(G,M) = Z/2Z with the non-zero element being the class of
the cocycle ξ such that ξ(x2) = ξ(y2) = 0,

ξ(xy) =

ε′ε
ε

 ,

where ε′ is an element of order 4 (any of two such elements can be chosen).

Case 4.

a→

 1 1 1
0 −1 0
0 0 −1

 , b→

 −1 −1 0
0 1 0
0 0 −1

 .

Here H2(G,M) ≃ (Z/2Z)2 consists of the classes of cocycles ξ such that

ξ(x2) =

0
v
v

 , ξ(y2) =

0
0
w

 , ξ(xy) =

 0
v

v + w

 ,

where v, w ∈ {0, ε}.
Note that, using formula (1), we can find the cocycles in the “standard” form.

For instance, in Case 4 above, we obtain:

γ(a, a) = γ(a, ab) =

0
v
v

 , γ(a, b) =

0
0
0

 , γ(b, b) = γ(ab, b) =

0
0
w

 ,
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γ(b, a) =

 0
v

v + w

 , γ(b, ab) =

 w
v

v + w

 ,

γ(ab, a) =

 v
0

v + w

 , γ(ab, ab) =

v0
w

 .
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IÑÍÓÂÀÍÍß ÍÅÒÐÈÂIÀËÜÍÎÃÎ ÀÒÐÀÊÒÎÐÓ ÄËß ÎÄÍI��
ÏÀÐÀÁÎËI×ÍÎ� IÌÏÓËÜÑÍÎ� ÑÈÑÒÅÌÈ

In this paper was proved existence of nontrivial global attractor for impulsive dynamical system,
generated by the two-dimensional parabolic system. Solutions of this system have multi-valued
impulsive perturbations at the moments of intersection with given subset of the phase space.

Ó ðîáîòi äîâåäåíî iñíóâàííÿ íåòðèâiàëüíîãî ãëîáàëüíîãî àòðàêòîðó äëÿ iìïóëüñíî¨ äèíàìi-
÷íî¨ ñèñòåìè, ùî ïîðîäæó¹òüñÿ äâîâèìiðíîþ ïàðàáîëi÷íîþ ñèñòåìîþ, ðîçâ'ÿçêè ÿêî¨ çàçíà-
þòü ìíîãîçíà÷íîãî iìïóëüñíîãî çáóðåííÿ ïðè äîñÿãíåííi ôiêñîâàíî¨ ïiäìíîæèíè ôàçîâîãî
ïðîñòîðó.

1. Âñòóï. Îäíèì ç îñíîâíèõ ìåòîäiâ äîñëiäæåííÿ íåñêií÷åííîâèìiðíèõ äè-
ñèïàòèâíèõ åâîëþöiéíèõ ñèñòåì ¹ òåîðiÿ ãëîáàëüíèõ àòðàêòîðiâ [1]. Õàðàêòåð
ïîâåäiíêè ðîçïîäiëåíèõ ñèñòåì iç çáóðåííÿìè ó ôiêñîâàíi ìîìåíòè ÷àñó [2]
äîñëiäæóâàâñÿ ó ðîáîòàõ [3�5]. Çîêðåìà, áóëè âñòàíîâëåíi êðèòåði¨ iñíóâàííÿ
òà âëàñòèâîñòi ãëîáàëüíèõ àòðàêòîðiâ. Âàæëèâèì êëàñîì ñèñòåì ç iìïóëüñíèì
âïëèâîì ó íåôiêñîâàíi ìîìåíòè ÷àñó ¹ iìïóëüñíi äèíàìi÷íi ñèñòåìè [2,6]. Ó ðî-
áîòàõ [7�10] ó âèïàäêó ñêií÷åííîâèìiðíîãî ôàçîâîãî ïðîñòîðó äîñëiäæóâàëàñü
ÿêiñíà ïîâåäiíêà òàêèõ ñèñòåì. Ó íåñêií÷åííîâèìiðíîìó âèïàäêó äëÿ êëàñó iì-
ïóëüñíèõ äèíàìi÷íèõ ñèñòåì iç ñêií÷åííîþ êiëüêiñòþ ñòðèáêiâ âçäîâæ òðà¹-
êòîði¨, îñíîâíèì îá'¹êòîì âèâ÷åííÿ ¹ ãëîáàëüíi àòðàêòîðè [11, 12]. Áiëüø çà-
ãàëüíèé ïiäõiä ùîäî äîñëiäæåííÿ ïîâåäiíêè ðîçâ'ÿçêiâ òàêèõ ñèñòåì áóëî ðîç-
ðîáëåíî â [13, 14]. Éîãî ðåàëiçàöiÿ äëÿ ñêàëÿðíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ ç
ìíîãîçíà÷íèì iìïóëüñíèì çáóðåííÿì çäiéñíåíà â [15]. Ó äàíié ðîáîòi öåé ïiä-
õiä çàñòîñîâó¹òüñÿ äî iìïóëüñíî¨ äâîâèìiðíî¨ ïàðàáîëi÷íî¨ ñèñòåìè, ðîçâ'ÿçêè
ÿêî¨ çàçíàþòü ìíîãîçíà÷íîãî iìïóëüñíîãî çáóðåííÿ ïðè äîñÿãíåííi ôiêñîâàíî¨
ïiäìíîæèíè ôàçîâîãî ïðîñòîðó.

2. Ïîñòàíîâêà çàäà÷i. Íåõàé Ω ⊂ Rn, n ≥ 1 � îáìåæåíà îáëàñòü. Âiäíî-
ñíî íåâiäîìèõ ôóíêöié u(t, x), v(t, x) â (0,+∞) × Ω ðîçãëÿäà¹òüñÿ ïàðàáîëi÷íà
ñèñòåìà: 

∂u
∂t

= a∆u,
∂v
∂t

= a∆v + 2b∆u,
u|∂Ω = v|∂Ω = 0,

(1)

äå
a > 0, |b| < a. (2)

Ôàçîâèì ïðîñòîðîì çàäà÷i (1) ¹ ïðîñòið H = L2(Ω)×L2(Ω) ç íîðìîþ ∥z∥H =√
∥u∥2 + ∥v∥2, äå òóò i íàäàëi ∥ · ∥ òà (·, ·) � öå íîðìà òà ñêàëÿðíèé äîáóòîê â

L2(Ω).
Ñèñòåìà (1) ïîðîäæó¹ íàïiâãðóïó V : R+ ×H → H, äëÿ ÿêî¨ â ñèëó (2)

∃δ > 0, ∀t ≥ 0, ∀z0 ∈ H ∥V (t, z0)∥H ≤ e−δt∥z0∥H (3)

òà ñïðàâåäëèâà òàêà ôîðìóëà:

∀t ≥ 0, ∀z0 =
(
u0
v0

)
∈ H V (t, z0) =

∞∑
i=1

( (u0, ψi)
(v0, ψi)− 2bλi(u0, ψi)t

)
e−aλitψi,

(4)
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äå {λi}∞i=1 ⊂ (0,+∞), {ψi}∞i=1 ⊂ H1
0 (Ω) � ðîçâ'ÿçêè ñïåêòðàëüíî¨ çàäà÷i{
∆ψ = −λψ,
ψ|∂Ω = 0.

(5)

Çà ôóíêöiþ ψ, âûäïîâûäíî äî [14], âûçüìåìî ðîçâ'ÿçîê (5):

ψ := ψ1, λ := λ1.

Î÷åâèäíî, ùî â ñèëó îöiíêè (3) íàïiâãðóïà V ìà¹ òðèâiàëüíèé ãëîáàëüíèé

àòðàêòîð A =

{
0
0

}
.

Äëÿ ôiêñîâàíèõ α > 0, β > 0, γ > 0, µ > 0 íà ðîçâ'ÿçêàõ (1) ðîçãëÿäà¹òüñÿ
íàñòóïíà iìïóëüñíà çàäà÷à:
êîëè ôàçîâà òî÷êà z(t) äîñÿãà¹ iìïóëüñíî¨ ìíîæèíè

M =
{
z =

(
u
v

)
∈ H

∣∣∣∣ |(u, ψ1)| ≤ γ, αu+ βv = 1
}
, (6)

iìïóëüñíå ìíîãîçíà÷íå âiäîáðàæåííÿ I :M 7→M ′ ïåðåâîäèòü ¨¨ â íîâå ïîëîæå-
ííÿ z+ ∈ Iz ⊂M

′
, äå

M
′
=
{
z =

(
u
v

)
∈ H

∣∣∣∣ |(u, ψ)| ≤ γ, αu+ βv = 1 + µ
}
. (7)

Ó ðîáîòi äëÿ ïåâíîãî êëàñó âiäîáðàæåíü I äîâåäåíî, ùî iìïóëüñíà çàäà÷à
(1), (6), (7) ïîðîäæó¹ iìïóëüñíó ìíîãîçíà÷íó äèíàìi÷íó ñèñòåìó, äëÿ ÿêî¨ â
ôàçîâîìó ïðîñòîði H iñíó¹ íåòðèâiàëüíèé ãëîáàëüíèé àòðàêòîð i âñòàíîâëåíî
éîãî ÿâíó ôîðìóëó.

3. Îñíîâíi ðåçóëüòàòè. Çà ïîáóäîâîþ

M ∩M ′ = ∅,

∀z0 =
(
u0
v0

)
∈M äëÿ z(t) =

(
u(t)
v(t)

)
= V (t, z0) â ñèëó (4)

∀t ≥ 0 α(u(t), ψ) + β(v(t), ψ) = e−αλt(1− 2bλtβ(u0, ψ)).

Îòæå, ∃τ = τ(z0) > 0, ∀t ∈ (0, τ) V (t, z0) /∈M.
Ââåäåìî ïîçíà÷åííÿ:

∀z ∈ H M+(z) =

(∪
t>0

V (t, z)

)
∩M.

Òîäi, ÿêùî M+(x) ̸= ∅, òî iñíó¹ ìîìåíò ÷àñó s = ϕ(z) òàêèé, ùî

∀ t ∈ (0, s) V (t, z) ̸∈M òà V (s, z) ∈M.

Òàêèì ÷èíîì, ïîáóäó¹ìî iìïóëüñíó òðà¹êòîðiþ φ : R+ → H, ÿêà ñòàðòó¹ ç òî÷êè
z ∈ H.

ßêùî M+(z) = ∅, òîäi φ(t) = V (t, z) ∀t ≥ 0.
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ßêùî M+(z) ̸= ∅, òî äëÿ s0 = ϕ(z), z1 = V (s0, z) òà z
+
1 ∈ Iz1 âèçíà÷èìî φ

íà [0, s0] çà íàñòóïíèì ïðàâèëîì:

φ(t) =

{
V (t, z), t ∈ [0, s0),

z+1 , t = s0.

ßêùî M+(z+1 ) = ∅, òîäi φ(t) = V (t− s0, z
+
1 ) ∀t ≥ s0.

ßêùî M+(z+1 ) ̸= ∅, òî äëÿ s1 = ϕ(z+1 ), z2 = V (s1, z
+
1 ) òà z

+
2 ∈ Iz2 âèçíà÷èìî

φ íà [s0, s0 + s1] çà íàñòóïíèì ïðàâèëîì:

φ(t) =

{
V (t− s0, z

+
1 ), t ∈ [s0, s0 + s1),

z+2 , t = s0 + s1.

Ìiðêóþ÷è àíàëîãi÷íî, îòðèìà¹ìî iìïóëüñíó òðà¹êòîðiþ çi ñêií÷åííîþ àáî
íåñêií÷åííîþ êiëüêiñòþ iìïóëüñíèõ òî÷îê {z+n }n≥1 òà âiäïîâiäíèõ ìîìåíòiâ ÷àñó
{sn}n≥0. Ïîêëàäåìî t0 = 0, tn+1 :=

∑n
k=0 sk, n ≥ 0.

ßêùî φ̃ ìà¹ íåñêií÷åííó êiëüêiñòü iìïóëüñíèõ çáóðåíü, òîäi òðà¹êòîðiÿ îïè-
ñó¹òüñÿ íàñòóïíèì ÷èíîì:

∀n ≥ 0, ∀t ∈ [tn, tn+1] φ(t) =

{
V (t− tn, z

+
n ), t ∈ [tn, tn+1),

z+n+1, t = tn+1.
(8)

Ïîçíà÷èìî ÷åðåç Kz ìíîæèíó âñiõ iìïóëüñíèõ òðà¹êòîðié, ùî ïî÷èíàþòü
ðóõ ç òî÷êè z òà äîâåäåìî, ùî âîíè âèçíà÷åíi íà [0,+∞).

Äëÿ öüîãî, â ñèëó (3), äàíå òâåðäæåííÿ äîñòàòíüî äîâåñòè äëÿ z0 ∈M ′.

Äëÿ z(t) =

(
u(t)
v(t)

)
= V (t, z0) ðîçãëÿíåìî ôóíêöiþ

g(t) = α(u(t), ψ) + β(v(t), ψ) = e−aλt(1 + µ− 2βbλt(u0, ψ)).

Â ñèëó (4) ∀t ≥ 0 |(u(t), ψ)| ≤ γ. Êðiì òîãî, g(0) = 1 + µ, lim
t→∞

g(t) = 0.

Îòæå, ∃s0 > 0 � ìîìåíò ïåðøîãî ïîòðàïëÿííÿ ôàçîâî¨ òî÷êè íà ìíîæèíó
M , òîáòî

∀s0 > 0 : |(u(s0), ψ)| ≤ γ, g(s0) = 1.

Çi íàñòóïíèõ ñïiââiäíîøåíü{
eaλs0 = 1 + µ− 2βbλs0(u0, ψ),
|(u0, ψ)| ≤ γ,

îäåðæó¹ìî, ùî
s0 ≥ s, (9)

äå s > 0 ¹ êîðåíåì ðiâíÿííÿ eaλs = 1+ µ− 2β|b|λγs. Çîêðåìà, s íå çàëåæèòü âiä
z0.

Îòæå, êîæíà iìïóëüñíà òðà¹êòîðiÿ, ùî ñòàðòó¹ ç ìíîæèíè M ′, ìà¹ íåñêií-
÷åíó êiëüêiñòü iìïóëüñíèõ òî÷îê i

∑∞
k=0 sk = ∞. Îòæå, φ âèçíà÷åíà íà [0,+∞).

Òàêèì ÷èíîì, êîðåêòíî âèçíà÷åíà iìïóëüñíà ìíîãîçíà÷íà äèíàìi÷íà ñèñòå-
ìà G : R+ ×H → 2H :

∀t ≥ 0, ∀z ∈ H G(t, z) = {φ(t)| φ ∈ Kz} . (10)
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Îçíà÷åííÿ 1 ( [14]). Ïiäìíîæèíà A ⊂ X íàçèâà¹òüñÿ ãëîáàëüíèì àòðà-
êòîðîì ìíîãîçíà÷íî¨ äèíàìi÷íî¨ ñèñòåìè G, ÿêùî

1) A � êîìïàêòíà ìíîæèíà,

2) A � ðiâíîìiðíî ïðèòÿãóþ÷à, òîáòî äëÿ áóäü-ÿêî¨ îáìåæåíî¨ B ⊂ H

dist(G(t, B), A) → 0, t→ ∞;

3) A � ìiíiìàëüíà â êëàñi çàìêíåíèõ ìíîæèí, ùî çàäîâîëüíÿþòü 2).

Îñíîâíèì ðåçóëüòàòîì ðîáîòè ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé iìïóëüñíå âiäîáðàæåííÿ I ìà¹ òàêèé âèãëÿä:

äëÿ z =
∞∑
i=1

(
ci
di

)
ψi ∈M

Iz =
{( c

′
1

d
′
1

)
ψ1 +

∞∑
i=2

(
ci
di

)
ψi | |c

′

1| ≤ γ, αc
′

1 + βd
′

1 = 1 + µ
}
. (11)

Òîäi ìíîãîçíà÷íà äèíàìi÷íà ñèñòåìà G, çàäàíà ôîðìóëîþ (10), ìà¹ â ôà-
çîâîìó ïðîñòîði H ãëîáàëüíèé àòðàêòîð A, ïðè÷îìó

A =
∪

t∈[0,τ ], |c1|≤γ

{(
c1

d1 − 2bλc1t

)
e−aλtψ1

∣∣∣∣ αc1 + βd1 = 1 + µ
(1 + µ− 2bβλc1τ)e

−aλτ = 1

}
∪
{( 0

0

)}
.

(12)

Äîâåäåííÿ. Çãiäíî [4], [5] äëÿ iñíóâàííÿ ãëîáàëüíîãî àòðàêòîðó íåîáõiäíî
ïåðåâiðèòè íàñòóïíi óìîâè:

1) äèñèïàòèâíiñòü:

∃R0 > 0, forallR > 0 ∃T = T (R), ∀t ≥ T, ∀z0 ∈ H, ∥z0∥H ≤ R,

∀φ ∈ Kz0 , ∥φ(t)∥H ≤ R0, (13)

2) àñèìïòîòè÷íó êîìïàêòíiñòü:

∀tn → ∞ áóäü-ÿêà îáìåæåíà {z0n} ⊂ H ∀ξn ∈ G(tn, z
0
n) (14)

ïîñëiäîâíiñòü {ξn} ïåðåäêîìïàêòíà â H.

Äîâåäåìî (13). Íåõàé ∥z0∥H ≤ R, äå R > 0 äîñòàòíüî âåëèêå. ßêùî òðà¹êòî-
ðiÿ φ ∈ Kz0 íå çàçíà¹ iìïóëüñíèõ çáóðåíü, òî â ñèëó (3)

∀t ≥ 1

δ
lnR∥φ(t)∥H ≤ 1. (15)

Iíàêøå äëÿ ìîìåíòó s0 > 0 ìà¹ìî ðiâíÿííÿ

e−aλs0(α(u0, ψ) + β(v0, ψ)− 2βbλs0(u0, ψ)) = 1.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �1 (30)



IÑÍÓÂÀÍÍß ÍÅÒÐÈÂIÀËÜÍÎÃÎ ÀÒÐÀÊÒÎÐÓ ÄËß ÎÄÍI��. . . 107

Òàêèì ÷èíîì, îòðèìó¹ìî s0 ≤ s(R), äå s(R) > 0 � êîðiíü íàñòóïíîãî ðiâíÿííÿ

eaλs =
√
α2 + β2R + 2β|b|λsR.

Ïiñëÿ öüîãî ôàçîâà òî÷êà îïèíÿ¹òüñÿ â ïîëîæåííi z+1 ∈ I(V (s0, z0)). Ç (11)
âèâîäèìî îöiíêó:

∀z ∈ H, ∀z+ ∈ I(z) ∥z+∥2H ≤ ζ2 + ∥z∥2H , (16)

äå ζ2 := γ2 + (1+µ+αγ
β

)2.
Çîêðåìà

∥z+1 ∥2H ≤ ζ2 + ∥V (s0, z0)∥2H ≤ ζ2 +R2.

Òàêèì ÷èíîì, âëàñòèâiñòü äèñèïàòèâíîñòi äîñòàòíüî äîâåñòè äëÿ

z0 ∈M
′
, ∥z0∥H ≤ R.

Íåõàé φ ∈ Kz0 ìà¹ ñòðèáêè â ìîìåíòè {s0, s0 + s1, ...} ç iìïóëüñíèìè òî÷êàìè
{z+i }∞i=1. Ç (9) îòðèìó¹ìî ∀i ≥ 0 si ≥ s.
Òîäi ç (3), (16) îäåðæó¹ìî:

∥φ(s0)∥2H ≤ e−2δsR2 + ζ2,

∥φ(s0 + s1)∥2H ≤ e−4δsR2 + e−2δsζ2 + ζ2.

Ïiñëÿ k ≥ 1 îäåðæó¹ìî∥∥∥∥∥φ
(

k∑
i=0

si

)∥∥∥∥∥
2

H

≤ e−2δ(k+1)s̄R2 +
ζ2

1− e−2δs̄
. (17)

Òàêèì ÷èíîì ç (3), (17) îäåðæó¹ìî øóêàíó äèñèïàòèâíiñòü.
Äîâåäåìî àñèìïòîòè÷íó êîìïàêòíiñòü (14).

Håõàé z0n =
∑∞

i=1

(
c
(n)
i

d
(n)
i

)
· ψi, ∥z0n∥H ≤ R � äîâiëüíà îáìåæåíà ïîñëiäîâíiñòü

ïî÷àòêîâèõ äàíèõ i tn ↗ +∞.
ßêùî äëÿ íåñêií÷åííî áàãàòüîõ n ≥ 1M+(z0n) = ∅, òî â ñèëó (3)

G(tn, z
0
n) = V (tn, z

0
n) → 0, n→ ∞.

Iíàêøå, äëÿ ìîìåíòiâ iìïóëüñiâ {s(n)i }∞i=0 òà iìïóëüñíèõ òî÷îê {z(n)+i }∞i=1 ìà¹ìî:

∀i ≥ 0 t
(n)
i+1 :=

i∑
k=0

s
(n)
k ≥ (i+ 1)s, (18)

z
(n)+
i =

(
c̄1

(n)

d̄1
(n)

)
· ψ1 +

∞∑
j=2

(
c
(n)
j

d
(n)
j − 2bc

(n)
j λjt

(n)
j+1

)
· e−aλjt

(n)
j+1 , (19)

äå |c̄1(n)| ≤ γ, αc̄1
(n) + βd̄1

(n)
= 1 + µ.
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Òàê ÿê ∀n ≥ 1 ∃k(n) ≥ n òàêå, ùî t(n)k(n)−1 ≤ tn < t
(n)
k(n), òî äëÿ ξn = G(tn, z

0
n)

ìà¹ìî:
ξn = V (τn, ηn), (20)

äå ηn = z
(n)+
k(n) , τn = tn − tnk(n)−1 ∈ [0, s̄].

Îòæå, ç (19) ïî ïiäïîñëiäîâíîñòi

ηn → η =

(
c̄1
d̄1

)
ψ1, n→ ∞, (21)

äå |c̄1| ≤ γ, αc̄1 + βd̄1 = 1 + µ.
Îñêiëüêè ïî ïiäïîñëiäîâíîñòi τn → τ , òî ç (20) òà âëàñòèâîñòåé íàïiâãðó-

ïè V âèâîäèìî ïðåäêîìïàêòíiñòü {ξn}, ùî i äîâîäèòü iñíóâàííÿ ãëîáàëüíîãî
àòðàêòîðà A.

Îñêiëüêè çà ïîáóäîâîþ [4] A ñêëàäà¹òüñÿ ç ÷àñòêîâèõ ãðàíèöü âñiõ ïîñëiäîâ-

íîñòåé âèäó ξn ∈ G(tn, BR0), äå tn ↗ ∞, BR0 =
{
z | ∥z∥H ≤ R0

}
, òî àáî ξn → 0,

àáî ç (20) òà (21)
ξn = V (τn, ηn) → ξ = V (τ, η),

äå τ ∈ [0, τ̄ ], τ̄ > 0 îäíîçíà÷íî âèçíà÷à¹òüñÿ ç ðiâíîñòi

e−aλτ̄ (1 + µ− 2βbc̄1τ̄) = 1,

äå |c̄1| ≤ γ, αc̄1 + βd̄1 = 1 + µ. Çâiäñè âèâîäèìî (12).
Òåîðåìà äîâåäåíà.

Çàóâàæåííÿ 1. Àíàëîãi÷íî ìiðêóâàííÿì ðîáîòè [15] ìîæíà ïîêàçàòè âè-
êîíàííÿ íàñòóïíî¨ âëàñòèâîñòi:

∀t ≥ 0 G(t, A \M) = A \M.
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ÓÄÊ 512.44

Ã. I. Ñëèâêà-Òèëèùàê (Ïðÿøiâñüêèé óí-ò â Ïðÿøåâi, ÄÂÍÇ
¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÎÖIÍÊÈ ÄËß ÐÎÇÏÎÄIËÓ ÑÓÏÐÅÌÓÌÓ ÍÀ
ÍÅÑÊIÍ×ÅÍÍÎÑÒI ÐÎÇÂ'ßÇÊÓ ÇÀÄÀ×I ÏÐÎ ÊÎËÈÂÀÍÍß
ÑÒÐÓÍÈ Ç ÂÈÏÀÄÊÎÂÈÌÈ ÏÎ×ÀÒÊÎÂÈÌÈ ÓÌÎÂÀÌÈ

In the paper the estimates for distribution of supremum for the solution of the hyperbolic equation
of mathematical physics whis random initial conditions on the unbounded domain are found.

Â ðîáîòi îòðèìàíî îöiíêó äëÿ ðîçïîäiëó ñóïðåìóìó ðîçâ'ÿçêó ãiïåðáîëi÷íîãî ðiâíÿííÿ ìàòå-
ìàòè÷íî¨ ôiçèêè ç âèïàäêîâèìè ïî÷àòêîâèìè óìîâàìè â íåñêií÷åííié îáëàñòi.

1. Âñòóï. Áàãàòî íàóêîâöiâ äîñëiäæóâàëè âëàñòèâîñòi ðîçïîäiëiâ ñóïðåìóìiâ
âèïàäêîâèõ ïðîöåñiâ, ïðàöþâàëè íàä çíàõîäæåííÿì îöiíîê éìîâiðíîñòi, âè-
â÷àëè ïðîáëåìó iñíóâàííÿ ìîìåíòiâ ðîçïîäiëó ñóïðåìóìiâ ïðîöåñiâ. Îöiíêè
äëÿ ðîçïîäiëiâ ñóïðåìóìiâ ðiçíèõ îðëi÷åâñüêèõ ïðîöåñiâ ðîçãëÿäàëèñÿ â ðîáî-
òàõ [2,4�6]. Ó ìîíîãðàôi¨ Äàðié÷óê I. Â., Êîçà÷åíêî Þ. Â., Ïåðåñòþê Ì. Ì. [9]
ðîçãëÿäàþòüñÿ ïèòàííÿ ïîâ'ÿçàíi ç ðîçïîäiëîì ñóïðåìóìó âèïàäêîâèõ ïðîöåñiâ
ç ïðîñòîðó Îðëi÷à âèïàäêîâèõ âåëè÷èí. Çàóâàæèìî, ùî â [9] ïðîöåñè âèçíà-
÷åíi ÿê íà ñêií÷åííîìó iíòåðâàëi, òà i íà R. Îöiíêè äëÿ ðîçïîäiëó ñóïðåìóìó
ãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ íà êîìïàêòàõ ðîçãëÿäàëèñÿ â áàãàòüîõ ðîáîòàõ,
çîêðåìà â ìîíîãðàôi¨ [7], äå ìîæíà çíàéòè ïîñèëàííÿ i íà iíøi ñòàòòi. Îöiíêè
äëÿ ðîçïîäiëó ñóïðåìóìó Subφ(Ω) âèïàäêîâèõ ïðîöåñiâ íà êîìïàêòàõ ðîçãëÿäà-
ëèñÿ â [8]. Ó ñòàòòi [3] îòðèìàíî îöiíêè ðîçïîäiëó ñóïðåìóìó äëÿ âèïàäêîâèõ
ïîëiâ ç ïðîñòîðó Subφ(Ω) íà íåñêií÷åííîñòi.

Äàíà ðîáîòà ïðèñâÿ÷åíà çàñòîñóâàííþ îöiíîê äëÿ ðîçïîäiëó ñóïðåìóìó âè-
ïàäêîâèõ ïîëiâ â íåñêií÷åííié îáëàñòi ç ïðîñòîðó Subφ(Ω) äî ðîçâ'ÿçêó ðiâíÿííÿ
ãiïåðáîëi÷íîãî òèïó ìàòåìàòè÷íî¨ ôiçèêè ç âèïàäêîâèìè ïî÷àòêîâèìè óìîâà-
ìè.

Îòðèìàíi îöiíêè ìîæíà çàñòîñîâóâàòè ïðè âèâ÷åííi øâèäêîñòi ðîñòó ðîç-
âÿçêiâ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè ïðè t → ∞. Ðåçóëüòàòè â öüîìó íàïðÿìêó
ìîæíà âèêîðèñòîâóâàòè â íàñòóïíèõ ñèòóàöiÿõ: Íåõàé äèôåðåíöiàëüíå ðiâíÿí-
íÿ îïèñó¹ äåÿêèé ôiçè÷íèé ïðîöåñ. Âiäîìî, ùî ïðè ïåðåâèùåííi äåÿêîãî ðiâíÿ
äàíèì ïðîöåñîì âiäáóâà¹òüñÿ êàòàñòðîôà. Öi ïåðåâèùåííÿ âiäáóâàþòüñÿ äîñèòü
ðiäêî. ßêùî ìàòè îöiíêè çðîñòàííÿ ïðîöåñó íà íåñêií÷åíîñòi, òî ìîæíà îöiíèòè
éìîâiðíiñòü êàòàñòðîôè çà ïåâíèé ïðîìiæîê ÷àñó.

2. Îñíîâíèé ðåçóëüòàò. Ðîçãëÿíåìî êðàéîâó çàäà÷ó ãiïåðáîëi÷íîãî òèïó
ìàòåìàòè÷íî¨ ôiçèêè ïðî êîëèâàííÿ íåîäíîðiäíî¨ ñòðóíè:

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)u− ρ(x)

∂2u

∂t2
= 0; (1)

x ∈ [0, l] , t ∈ [0, T ] , T > 0;

u(0, t) = u(l, t) = 0, t ∈ [0, T ] ; (2)
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u(x, 0) = ξ(x),
∂u(x, 0)

∂t
= η(x), x ∈ [0, l] . (3)

Ïðèïóñòèìî, ùî ïî÷àòêîâå ïîëîæåííÿ ñòðóíè (ξ(x), x ∈ [0, π]) i ïî÷àòêîâà øâèä-
êiñòü (η(x), x ∈ [0, π]) ¹ ñóìiñíî ñòðîãî Subφ (Ω) âèïàäêîâi ïðîöåñè, äå φ(x) =
|x|p
p
, |x| > 1, p > 1.

Îçíà÷åííÿ 1 ( [1]). Ïàðíà íåïåðåðâíà îïóêëà ôóíêöiÿ u (x) , x ∈ R1 òàêà,

ùî u (0) = 0, u (x) > 0 ïðè x ̸= 0 i lim
x→0

u(x)
x

= 0, lim
x→∞

u(x)
x

= ∞ íàçèâà¹òüñÿ N

-ôóíêöi¹þ.

Îçíà÷åííÿ 2 ( [1]). Äëÿ N-ôóíêöi¨ φ (x) âèêîíó¹òüñÿ óìîâà Q, ÿêùî

lim inf
x→0

φ(x)

x2
= c > 0.

Îçíà÷åííÿ 3 ( [1]). Íåõàé φ (x) � N-ôóíêöiÿ, äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà
Q. Ïðîñòîðîì Subφ (Ω) ïîðîäæåíèì N-ôóíêöi¹þ φ (x) íàçèâà¹òüñÿ ïðîñòið
âèïàäêîâèõ ξ (ω), ω ∈ Ω, (Eξ = 0), òàêèõ, ùî iñíó¹ êîíñòàíòà aξ, ùî äëÿ âñiõ
λ ∈ R1 âèêîíó¹òüñÿ íåðiâíiñòü

E exp {λξ} 6 exp {φ (λaξ)} .
Îçíà÷åííÿ 4 ( [1]). Âèïàäêîâèé ïðîöåñ X = {X (t) , t ∈ T} íàëåæèòü ïðî-

ñòîðó Subφ (Ω) (X ∈ Subφ (Ω)), ÿêùî äëÿ t ∈ T âèïàäêîâà âåëè÷èíà X(t) ∈
Subφ (Ω).

Ïðèêëàä 1. Ãàóññiâ öåíòðîâàíèé âèïàäêîâèé ïðîöåñ X(t) ¹ Subφ (Ω), äå

φ (x) = x2

2
i τ(X(t)) = (E(X(t))2)1/2.

Îçíà÷åííÿ 5 ( [1]). Âèïàäêîâà âåëè÷èíà ξ ∈ Subφ (Ω) íàçèâà¹òüñÿ ñòðîãî

Subφ (Ω), (SSubφ (Ω)), ÿêùî τφ (ξ) = (Eξ2)1/2.
Îçíà÷åííÿ 6 ( [11]). Ñiì'ÿ âèïàäêîâèõ âåëè÷èí ξ ç ïðîñòîðó Subφ (Ω) íà-

çèâà¹òüñÿ SSubφ (Ω), ÿêùî äëÿ äîâiëüíî¨ íå áiëüø íiæ çëi÷åííî¨ ìíîæèíè I,
ξi ∈ ∆i, i ∈ I i äëÿ âñiõ λi ∈ R1 âèêîíó¹òüñÿ íåðiâíiñòü

τφ

(∑
i∈I

λiξi

)
6

E

(∑
i∈I

λiξi

)2
1/2

.

Ðîçâ'ÿçîê çàäà÷i çîáðàæó¹òüñÿ ó âèãëÿäi ðÿäó [12]

u (x, t) =
∞∑
k=1

Xk(x)

[
Ak cos

√
λkt+

Bk√
λk

sin
√
λkt

]
, (4)

x ∈ [0, l] , t ∈ [0, T ] , T > 0;

äå

Ak =

∫ l

0

ξ(x)Xk(x)ρ(x)dx,

Bk =

∫ l

0

η(x)Xk(x)ρ(x)dx, k ≥ 1,
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λk, k ≥ 1 � âëàñíi çíà÷åííÿ, Xk = (Xk)(x), x ∈ [0, l]), k ≥ 1 � âiäïîâiäíi ¨ì
âëàñíi ôóíêöi¨ çàäà÷i Øòóðìà-Ëióâiëëÿ

d

dx

(
p(x)

dXk(x)

dx

)
− q(x)x(x) + λρ(x)X(x) = 0, x ∈ [0, l],

X(0) = X(l) = 0.

Ðÿä (4) çãiäíî [10], ¹ òàêîæ Subφ (Ω) âèïàäêîâèì ïîëåì.

Òåîðåìà 1 ( [3]). Íåõàé {ξ(x, t), (x, t) ∈ V } , V = [−A;A] × [0,+∞) � ñå-
ïàðàáåëüíå âèïàäêîâå ïîëå ç ïðîñòîðó Subφ (Ω). Íåõàé âèêîíóþòüñÿ íàñòóïíi
óìîâè:

1) [bk, bk+1] , k = 0, 1, . . . � ñiì'ÿ òàêèõ âiäðiçêiâ, ùî 0 ≤ bk < bk+1 < +∞,
k = 0, 1, . . . Vk = [−A;A]× [bk, bk+1] ,

∪
k

Vk = V ;

2) iñíóþòü òàêi íåïåðåðâíi ìîíîòîííî çðîñòàþ÷i ôóíêöi¨ σk(h), 0 < h <
bk+1 − bk, ùî σk(h) −→ 0 ïðè h −→ 0, ùî íà êîæíîìó Vk âèêîíó¹òüñÿ
óìîâà

sup
|x−x1|≤h,
|t−t1|≤h

(x,t),(x1,t1)∈Vk

τφ (ξ (x, t)− ξ (x1, t1)) 6 σk (h) (5)

i ∫
0+

Ψ

(
ln

1

σ
(−1)
k (ε)

)
dε <∞, (6)

äå Ψ(u) = u
φ(−1)(u)

, σ
(−1)
k (ε) � îáåðíåíi ôóíêöi¨ äî σk(ε);

3) c = {c(t), t ∈ R} � äåÿêà íåïåðåðâíà ôóíêöiÿ òàêà, ùî c(t) > 0, t ∈ R,
ck = min

t∈[bk,bk+1]
c(t);

4) sup
k

εk
ck
<∞, sup

k

Iφ(θεk)

ck
<∞, äå εk = sup

(x,t)∈Vk
τφ (ξ(x, t)) ,

5) äëÿ äåÿêîãî s, òàêîãî ùî, sup
k

4εk
ck(1−θ)

< s < u
2
, çáiãà¹òüñÿ ðÿä

∞∑
k=0

exp

{
−φ∗

(
sck(1− θ)

2εk

)}
.

Òîäi äëÿ u > sup
k

Iφ(θεk)

ck
· 4
θ(1−θ) , äå

Ĩφ (δ) =

δ∫
0

Ψ

[(
ln

(
A

σ
(−1)
k (ε)

+ 1

))
+

(
ln

(
bk+1 − bk

2σ
(−1)
k (ε)

+ 1

))]
dε,

k = 0, 1, . . . , 0 < θ < 1 ìà¹ ìiñöå íåðiâíiñòü

P

{
sup

(x,t)∈V

|ξ(x, t)|
c(t)

> u

}
6 2 exp

{
−φ∗

(u
s

)}
×
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×
∞∑
k=0

exp

{
−φ∗

(
sck(1− θ)

2εk

)}
. (7)

Òåîðåìà 2 ( [3]). Íåõàé {ξ(x, t), (x, t) ∈ V } , V = [−A;A]× [0,+∞) � ñåïà-

ðàáåëüíå âèïàäêîâå ïîëå ç ïðîñòîðó Subφ (Ω), äå φ(x) =
|x|p
p

ïðè |x| > 1, p > 1,
Íåõàé âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) [bk, bk+1] , k = 0, 1, . . . � ñiì'ÿ òàêèõ âiäðiçêiâ, ùî 0 ≤ bk < bk+1 < +∞,
k = 0, 1, . . . Vk = [−A;A]× [bk, bk+1] ,

∪
k

Vk = V ;

2) iñíóþòü òàêi êîíñòàíòè ak > 0 i d > 1, ùî A > 1
d
, bk+1−bk

2
> 1

d
i äëÿ

äîâiëüíîãî |h| âèêîíó¹òüñÿ óìîâà

sup
|x−x1|6h,|t−t1|6h(x,t),(x1,t1)∈Vk

τφ (ξ (x, t)− ξ (x1, t1)) 6
ak∣∣∣ln( 1

|h| + d
)∣∣∣α ,

ïðè α > 1− 1
p
;

3) c = {c(t), t ∈ R} � äåÿêà íåïåðåðâíà ôóíêöiÿ òàêà, ùî c(t) > 0, t ∈ R,
ck = min

t∈[bk,bk+1]
c(t);

4) sup
k

εk
ck
<∞, sup

k

(ak)
1
αq (εk)

1− 1
αq

ck
<∞, sup

k

εk ln
(
A·

bk+1−bk
2

) 1
q

ck
<∞;

5) äëÿ äåÿêîãî s òàêîãî, ùî, sup
k

4εk
ck(1−θ)

< s < u
2
,

äå εk = sup
(xk,tk)∈Vk

τφ (ξ(xk, tk)) , k = 0, 1, . . . çáiãà¹òüñÿ ðÿä

∞∑
k=0

exp

{
−1

q

(
sck(1− θ)

2εk

)q}
.

Òîäi äëÿ u > sup
k

1

p
1
p

(
2
1
q (ak)

1
αq (θεk)

1− 1
αq

1− 1
αq

+θεk ln
(
A·

bk+1−bk
2

) 1
q

)
ck

· 4
θ(1−θ) ,

0 < θ < 1 ìà¹ ìiñöå íåðiâíiñòü

P

{
sup

(x,t)∈V

|ξ(x, t)|
c(t)

> u

}
6 2 exp

{
−1

q

(u
s

) 1
q

}
×

×
∞∑
k=0

exp

{
−1

q

(
sck(1− θ)

2εk

)q}
. (8)

Òåîðåìà 3. Íåõàé {u(x, t), (x, t) ∈ D} , D = [0; l] × [0,+∞) � ðîçâ'ÿçîê

çàäà÷i (1)�(3) ñåïàðàáåëüíå âèïàäêîâå ïîëå ç ïðîñòîðó SSubφ (Ω), äå φ(x) =
|x|p
p

ïðè |x| > 1, p > 1, Íåõàé âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) [bk, bk+1] , k = 0, 1, . . . � ñiì'ÿ òàêèõ âiäðiçêiâ, ùî 0 ≤ bk < bk+1 < +∞,
k = 0, 1, . . . Dk = [0; l]× [bk, bk+1] ,

∪
k

Dk = D;
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2) c = {c(t), t ∈ R} � äåÿêà íåïåðåðâíà ôóíêöiÿ, ùî c(t) > 0, t ∈ R, ck =
min

t∈[bk,bk+1]
c(t);

3) sup
k

1
ck
<∞, sup

k

ln
(

l
2
·
bk+1−bk

2

) 1
q

ck
<∞;

4) äëÿ äåÿêîãî s, òàêîãî ùî, sup
k

4ε0
ck(1−θ)

< s < v
2
,

äå ε0 ≤
∞∑
k=n

∞∑
l=n

[
|EAkAl|+ |EBkBl|

ml
+ |EAkBl|

l

] 1
2
, çáiãà¹òüñÿ ðÿä

∞∑
k=0

exp

{
−1

q

(
sck(1− θ)

2ε̃0

)q}
<∞.

Òîäi äëÿ v > sup
k

1

p
1
p

(
2
1
q (ak)

1
αq (θε0)

1− 1
αq

1− 1
αq

+θε0 ln
(

l
2
·
bk+1−bk

2

) 1
q

)
ck

· 4
θ(1−θ) , 0 < θ < 1 ìà¹ ìiñöå

íåðiâíiñòü

P

{
sup

(x,t)∈D

|u(x, t)|
c(t)

> v

}
6

6 2 exp

{
−1

q

(v
s

)q}
·

∞∑
k=0

exp

{
−1

q

(
sck(1− θ)

2ε̃0

)q}
.

Äîâåäåííÿ.

Îñêiëüêè {u(x, t), (x, t) ∈ D} � ñòðîãî Subφ (Ω) âèïàäêîâå ïîëå, òî áóäåìî
ìàòè

sup
|xk−yk|6h
|tk−sk|6h

(xk,tk),(yk,sk)∈Vk

τφ (u (x, t)− u (x1, t1)) 6

6 sup
|xk−yk|6h
|tk−sk|6h

(xk,tk),(yk,sk)∈Vk

(
E |u(xk, tk)− u(yk, sk)|2

) 1
2 =

= sup
|xk−yk|6h
|tk−sk|6h

(xk,tk),(yk,sk)∈Vk

(
E

∣∣∣∣∣
∞∑
l=1

(
Al sin(lγ(xk)) cos ltk +

Bl

l
sin(lγ(xk)) cos ltk

)
−

−
∞∑
l=1

(
Al sin(lγ(yk)) cos lsk +

Bl

l
sin(lγ(yk)) cos lsk

)∣∣∣∣∣
2
 1

2

6

6 sup
|xk−yk|6h
|tk−sk|6h

(xk,tk),(yk,sk)∈Vk

∞∑
l=1

[(
EA2

l

) 1
2 |sin(lγ(xk)) cos ltk − sin(lγ(yk)) cos lsk| +

(EB2
l )

1
2

l
|sin(lγ(xk)) sin ltk − sin(lγ(ys)) sin lsk|

]
.
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Ðîçãëÿíåìî
|sin(lγ(xk)) cos ltk − sin(lγ(yk)) cos lsk| ≤

6 |sin(lγ(xk))− sin(lγ(yk))|+ |cos ltk − cos lsk| 6

6
(
ln
(
l + eδ

))δ(
ln
(

1
c0|xk−yk|

+ eδ
))δ +

(
ln
(
l + eδ

))δ(
ln
(

1
|tk−sk|

+ eδ
))δ 6

6 2

(
ln
(
l + eδ

))δ(
ln
(

1
|h| + eδ

))δ .
Àíàëîãi÷íî

|sin(lγ(xk)) sin ltk − sin(lγ(ys)) sin lsk| 6 2

(
ln
(
l + eδ

))δ(
ln
(

1
|h| + eδ

))δ .
Îòæå,

sup
|xk−yk|6h
|tk−sk|6h

(xk,tk),(yk,sk)∈Vk

τφ (u (x, t)− u (x1, t1)) 6
C̃(

ln
(

1
|h| + eδ

))δ ,
äå

C̃ = 2
∞∑
l=1

[(
EA2

l

) 1
2 +

(EB2
l )

1
2

l

] (
ln
(
l + eδ

))δ
.

Îñêiëüêè, {u(x, t), (x, t) ∈ D} ç iìîâiðíiñòþ îäèíèöÿ ¹ ðîçâ'ÿçêîì çàäà÷i (1)�
(3), òî ðÿä C̃, çãiäíî òåîðåìè 3.9 ðîáîòè [10], ¹ çáiæíèì.

Îòæå, óìîâà 2) òåîðåìè 2 âèêîíó¹òüñÿ.
Ðîçãëÿíåìî

εk = sup
(xk,tk)∈Dk

τφ (u(xk, tk)) = sup
(xk,tk)∈Vk

(
E |u(xk, tk)|2

) 1
2 =

sup
(xk,tk)∈Vk

E

∣∣∣∣∣
∞∑
l=1

(
Al sin(lγ(xk)) cos ltk +

Bl

l
sin(lγ(xk)) cos ltk

)∣∣∣∣∣
2
 1

2

6

≤
∞∑
k=n

∞∑
l=n

[
|EAkAl|+

|EBkBl|
kl

+
|EAkBl|

l

] 1
2

.

Îñêiëüêè, {u(x, t), (x, t) ∈ D} ç iìîâiðíiñòþ îäèíèöÿ ¹ ðîçâ'ÿçêîì çàäà÷i (1)�
(3), òî îñòàííié ðÿä, çãiäíî òåîðåìè 3.9 ðîáîòè [10], ¹ çáiæíèì. Òîìó

εk 6 ε0 = const.

Îòæå, óìîâè 4) òåîðåìè 2 ìîæíà ïåðåïèñàòè ó âèãëÿäi

sup
k

1

ck
<∞, sup

k

ln
(
l
2
· bk+1−bk

2

) 1
q

ck
<∞.

Òîìó äàíà òåîðåìà âèïëèâà¹ ç òåîðåìè 2.
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Ïðèêëàä 2. Íåõàé b0 = 0, bk = ek, k ≥ 1, c(t) = B(ln t)
1
q
+ε, ε > 0, B = const.

Ïîêàæåìî, ùî ôóíêöiÿ c(t) = B(ln t)
1
q
+ε çàäîâîëüíÿ¹ óìîâàì òåîðåìè 3.

Ðîçãëÿíåìî ðÿä

∞∑
k=0

exp

{
−1

q

(
sck(1− θ)

2ε̃0

)q}
.

ck = min
t∈[bk,bk+1]

c(t) = min
t∈[ek,ek+1]

B(ln t)
1
q
+ε = B(ln ek)

1
q
+ε = B(k)

1
q
+ε.

Òîäi

exp

{
−1

q

(
sck(1− θ)

2ε̃0

)q}
= exp

{
−1

q

(
sBk

1
q
+ε(1− θ)

2ε̃0

)q}
=

= exp
{
−B̃k1+εq

}
,

äå B̃ = −1
q

(
sB(1−θ)

2ε̃0

)q
. Ðÿä

∞∑
k=0

exp
{
−B̃k1+εq

}
¹ çáiæíèì.

Ïåðåâiðèìî âèêîíàííÿ óìîâ 3) òåîðåìè 3.

sup
k

1

ck
= sup

k

1

B(k)
1
q
+ε

<∞,

sup
k

ln
(
l
2
· bk+1−bk

2

) 1
q

ck
= sup

k

ln
(
l
2
· ek+1−ek

2

) 1
q

B(k)
1
q
+ε

=

=
1

qB
sup
k

[
ln l

2

(k)
1
q
+ε

+
ln ek(e−1)

2

(k)
1
q
+ε

]
=

=
1

qB
sup
k

[
ln l

2

(k)
1
q
+ε

+
1

k
1
q
+ε−1

+
ln (e−1)

2

(k)
1
q
+ε

]
<∞.

Îòæå, ôóíêöiÿ c(t) = B(ln t)
1
q
+ε, ε > 0, B = const çàäîâîëüíÿ¹ óìîâàì òåîðå-

ìè 3.
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ÓÄÊ 517.9

Ñ. Ì. ×óéêî, Ä. Â. Ñèñî¹â (Äîíáàñüêèé äåðæ. ïåä. óí-ò)

ËIÍIÉÍÀ ÌÀÒÐÈ×ÍÀ ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÀËÃÅÁÐÀ�×ÍÀ
ÊÐÀÉÎÂÀ ÇÀÄÀ×À Ó ÂÈÏÀÄÊÓ ÏÀÐÀÌÅÒÐÈ×ÍÎÃÎ
ÐÅÇÎÍÀÍÑÓ

We construct necessary and sufficient conditions for the existence of solution of linear boundary
value problem for a parametric excitation system of differential-algebraic equations. The convergent
iteration algorithms for the construction of the solutions of the linear boundary value problem for
a parametric excitation system of differential-algebraic equations in the critical case have been
found.

Çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ ëiíiéíî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòå-
ìè äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó. Ïîáóäîâàíî
çáiæíó iòåðàöiéíó ñõåìó äëÿ çíàõîäæåííÿ íàáëèæåíü äî ðîçâ'ÿçêiâ ëiíiéíî¨ êðàéîâî¨ çàäà÷i
äëÿ ñèñòåìè äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó.

1. Âñòóï. Òðàäèöiéíå âèâ÷åííÿ ïåðiîäè÷íèõ i íåòåðîâèõ êðàéîâèõ çàäà÷ ó êðè-
òè÷íèõ âèïàäêàõ áóëî ïîâ'ÿçàíî ç ïðèïóùåííÿì, ùî äèôåðåíöiàëüíå ðiâíÿííÿ,
à òàêîæ êðàéîâà óìîâà, âiäîìi òà ôiêñîâàíi [1, 2]; êðiì òîãî, âèâ÷åííÿ ïåðiîäè-
÷íèõ çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó áóëî ïîâ'ÿçàíî ç äîñëiäæåííÿì
íàñàìïåðåä ïèòàíü ñòiéêîñòi [3�5]. Ó òîé æå ÷àñ äîñëiäæåííÿ ïåðiîäè÷íèõ êðà-
éîâèõ çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó, ïîâ'ÿçàíèìè ç ÷èñëåííèìè
çàñòîñóâàííÿìè â åëåêòðîíiöi [3], òåîði¨ ïëàçìè [6], íåëiíiéíié îïòèöi, ìåõàíi-
öi [7], òåîði¨ ñòiéêîñòi ðóõó [3], áiîëîãi¨, ðàäiîòåõíiöi òà âåðñòàòîáóäóâàííi [8] ïå-
ðåäáà÷à¹, ÿê ïîáóäîâó ðîçâ'ÿçêiâ ïåðiîäè÷íèõ êðàéîâèõ çàäà÷, òàê i îá÷èñëåííÿ
âëàñíî¨ ôóíêöi¨ âiäïîâiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ. Òàêèì ÷èíîì, îñíîâ-
íîþ âiäìiííiñòþ äàíî¨ ñòàòòi ¹ çíàõîäæåííÿ êîíñòðóêòèâíèõ óìîâ iñíóâàííÿ òà
ïîáóäîâà ðîçâ'ÿçêiâ íåòåðîâèõ êðàéîâèõ çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçî-
íàíñó â çàëåæíîñòi âiä âëàñíî¨ ôóíêöi¨ êðàéîâî¨ çàäà÷i. Iñòîòíîþ âiäìiííiñòþ
äàíî¨ ñòàòòi ¹ òàêîæ ìàòðè÷íèé çàïèñ íåâiäîìî¨, ÿêèé óçàãàëüíþ¹ âèãëÿä, ÿê
ìàòðè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ, òàê i êðàéîâî¨ óìîâè. Ó ñòàòòi çíàéäåíi
óìîâè ðîçâ'ÿçíîñòi òà ñõåìà ïîáóäîâè ðîçâ'ÿçêiâ íåëiíiéíî¨ íåòåðîâî¨ êðàéîâî¨
çàäà÷i äëÿ ìàòðè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ.

Âèêîðèñòîâóâàíà êëàñèôiêàöiÿ íåòåðîâèõ êðàéîâèõ çàäà÷ ó âèïàäêó ïàðà-
ìåòðè÷íîãî ðåçîíàíñó â çàëåæíîñòi âiä ïðîñòîòè àáî êðàòíîñòi ðiâíÿííÿ äëÿ
ïîðîäæóþ÷èõ êîíñòàíò iñòîòíî âiäðiçíÿ¹òüñÿ âiä àíàëîãi÷íî¨ êëàñèôiêàöiÿ ïåði-
îäè÷íèõ çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó [4,5] i âiäïîâiäà¹ çàãàëüíié
êëàñèôiêàöi¨ ïåðiîäè÷íèõ i íåòåðîâèõ êðàéîâèõ çàäà÷ [1]. Êðiì òîãî, îòðèìàíå
äëÿ íåòåðîâèõ êðàéîâèõ çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó ðiâíÿííÿ
äëÿ ïîðîäæóþ÷èõ êîíñòàíò iñòîòíî âiäðiçíÿ¹òüñÿ âiä òðàäèöiéíîãî ðiâíÿííÿ
äëÿ ïîðîäæóþ÷èõ êîíñòàíò çà âiäñóòíîñòi ïàðàìåòðè÷íîãî ðåçîíàíñó çàëåæíi-
ñòþ âiä ìàëîãî ïàðàìåòðà, ÿê ñàìîãî ðiâíÿííÿ, òàê i éîãî êîðåíiâ.

2. Ïîñòàíîâêà çàäà÷i. Äîñëiäæó¹ìî çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ Z(t, ε) :

Z(·, ε) ∈ C1
α×β[a; b] := C1[a, b]⊗ Rα×β, Z(t, ·) ∈ Cα×β[0; ε0] := C[0; ε0]⊗ Rα×β
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ìàòðè÷íîãî äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ

AZ ′(t, ε) = BZ(t, ε) + F(t, ε) + εΠ(Z(t, ε), h(ε), t, ε), h(ε) ∈ Cρ[0; ε0], (1)

ïiäïîðÿäêîâàíèõ êðàéîâié óìîâi

LZ(·, ε) = A(ε), A(ε) ∈ Cµ×ν [0; ε0]. (2)

Ðîçâ'ÿçîê ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) øóêà¹ìî ó ìàëîìó îêîëi ðîçâ'ÿçêó
ïîðîäæóþ÷î¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ çàäà÷i

AZ ′
0(t, ε) = BZ0(t, ε) + F(t, ε), LZ0(·, ε) = A(ε). (3)

Òóò [15,16]

AZ ′(t, ε) :=

p∑
i=1

Si(t)Z
′(t, ε)Ri(t), BZ(t, ε) :=

q∑
j=1

Φj(t)Z(t, ε)Ψj(t)

� ëiíiéíi ìàòðè÷íi îïåðàòîðè,

Si(t),Φi(t) ∈ Cγ×α[a, b], Ri(t),Ψj(t) ∈ Cβ×δ[a, b],

F(·, ε) ∈ Cγ×δ[a, b], F(t, ·) ∈ Cγ×δ[0; ε0]

� íåïåðåðâíi ìàòðèöi; êðiì òîãî α, β, γ, δ, µ, ν ∈ N � äîâiëüíi íàòóðàëüíi ÷è-
ñëà. Ìàòðè÷íèé îïåðàòîð Π(Z(t, ε), h(ε), t, ε) ïðèïóñêà¹ìî ëiíiéíèì çà ïåðøèì
àðãóìåíòîì Z(t, ε) ó ìàëîìó îêîëi ðîçâ'ÿçêó Z0(t, ε) ïîðîäæóþ÷î¨ çàäà÷i (3), à
òàêîæ íåïåðåðâíî äèôåðåíöiéîâíèì çà äðóãèì àðãóìåíòîì h(ε), i, êðiì òîãî,
íåïåðåðâíèì çà t ∈ [a, b] òà ε ∈ [0; ε0]. Êðiì òîãî, LZ(·, ε) � ëiíiéíèé îáìåæåíèé
ìàòðè÷íèé ôóíêöiîíàë:

LZ(·, ε) : C1
α×β[a; b] → Rδ×γ,

íåïåðåðâíèé çà ε ∈ [0; ε0]. Ïîñòàâëåíà çàäà÷à ïðîäîâæó¹ äîñëiäæåííÿ êðàéîâèõ
çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó [9�11] íà âèïàäîê ëiíiéíèõ ìàòðè÷-
íèõ êðàéîâèõ çàäà÷ [20�22], à òàêîæ ìàòðè÷íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ
êðàéîâèõ çàäà÷ [12�16].

Âèçíà÷èìî îïåðàòîð M[A] : Rm×n → Rm·n, ÿê îïåðàòîð, ÿêèé ñòàâèòü ó
âiäïîâiäíiñòü ìàòðèöi A ∈ Rm×n âåêòîð B := M[A] ∈ Rm·n, ñêëàäåíèé ç n
ñòîâïöiâ ìàòðèöi A, à òàêîæ îáåðíåíèé îïåðàòîð [16,17]

M−1

[
B

]
: Rm·n → Rm×n,

ÿêèé ñòàâèòü ó âiäïîâiäíiñòü âåêòîðó B ∈ Rm·n ìàòðèöþ A ∈ Rm×n. Çàäà÷à
ïðî çíàõîäæåííÿ ðîçâ'ÿçêiâ ìàòðè÷íîãî äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿí-
íÿ (3) ïðèâîäèòü äî çàäà÷i ïðî çíàõîäæåííÿ âåêòîðà

z(·, ε) ∈ C1
α·β[a; b], z(t, ·) ∈ Cα·β[0; ε0],
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êîìïîíåíòè ÿêîãî zj(t, ε) âèçíà÷àþòü ðîçâèíåííÿ ìàòðèöi

Z(t, ε) =

α·β∑
j=1

Ξ(j)zj(t, ε), zj(·, ε) ∈ C1[a; b], j = 1, 2, ... , α · β.

Ëiíiéíèé äèôåðåíöiàëüíî-àëãåáðà¨÷íèé ìàòðè÷íèé îïåðàòîð AZ ′(t, ε), çà âèçíà-
÷åííÿì, çîáðàæó¹òüñÿ ó âèãëÿäi

AZ ′(t, ε) =

αβ∑
j=1

A Ξ(j)(t)z′j(t, ε),

ïðè öüîìó

M

[
AZ ′(t, ε)

]
= Ω(t) · z′(t, ε), Ω(t) :=

[
Ωj(t)

]α·β
j=1

∈ Rγ·δ×α·β,

äå
Ωj(t) = M

[
A Ξ(j)(t)

]
, j = 1, 2, ... , α · β.

Àíàëîãi÷íî

M

[
BZ(t, ε)

]
= Θ(t)·z(t, ε), Θ(t) :=

[
Θj(t)

]α·β
j=1

∈ Rγ·δ×α·β, Θj(t) = M
[
B Ξ(j)(t)

]
.

Òàêèì ÷èíîì, çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî
ðiâíÿííÿ (3) ïðèâåäåíî äî çàäà÷i ïðî ïîáóäîâó ðîçâ'ÿçêiâ z0(t, ε) := M[Z0(t, ε)]
òðàäèöiéíîãî äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ [13,23�25]

Ω(t) · z′0(t, ε) = Θ(t) · z0(t, ε) +MF(t, ε). (4)

Óìîâè ðîçâ'ÿçíîñòi òà ñòðóêòóðà ðîçâ'ÿçêiâ ìàòðè÷íîãî äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ [12,20]

Z ′(t) = AZ(t) + Z(t)B + F (t), F (t) ∈ Cα×β[a, b], (5)

íàâåäåíi ó ìîíîãðàôi¨ [20]. Êîíñòðóêòèâíi óìîâè ðîçâ'ÿçíîñòi òà ñòðóêòóðà ïå-
ðiîäè÷íîãî ðîçâ'ÿçêó ñèñòåìè (5) çà óìîâè α = β = λ = µ îòðèìàíi ó ñòàòòi [22]
ç âèêîðèñòàííÿì óçàãàëüíåíîãî îáåðíåííÿ ìàòðèöü òà îïåðàòîðiâ, íàâåäåíèõ ó
ñòàòòi [18]. Äîñëiäæåííÿ ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çà-
äà÷i (1), (2) ó äàíié ñòàòòi ãðóíòó¹òüñÿ íà äîñëiäæåííi àëãåáðà¨÷íèõ ìàòðè÷íèõ
ðiâíÿíü, çîêðåìà, ðåçóëüòàòè, îòðèìàíi äëÿ ìàòðè÷íîãî äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ Ëÿïóíîâà [18] òà ðåçóëüòàòè äîñëiäæåííÿ ìàòðè÷íèõ ðiâíÿíü, ó òîìó
÷èñëi, ðiâíÿíü òèïó Ñèëüâåñòðà [17,19]. Çà óìîâè [14,15]

PΩ∗(t)Θ(t) = 0, PΩ∗(t)MF(t, ε) = 0, (6)

ó âèïàäêó
Ω+(t)Θ(t), Ω+(t)F(t), PΩϱ(t)φ(t) ∈ Cα·β×ϱ[a, b] (7)

ñèñòåìà (4) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨

dz0
dt

= Ω+(t)Θ(t)z0 + F(t, φ(t));
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òóò
F(t, φ(t)) := Ω+(t)F(t, ε) + PΩϱ(t)φ(t);

PΩ∗(t) � (γ · δ×γ · δ)− ìàòðèöÿ-îðòîïðîåêòîð: PΩ∗(t) : Rγ·δ → N(Ω∗(t)), PΩϱ(t) �
(α · β × ϱ)− ìàòðèöÿ, óòâîðåíà ç ϱ ëiíiéíî-íåçàëåæíèõ ñòîâïöiâ (α · β × α · β)−
ìàòðèöi-îðòîïðîåêòîðà

PΩ(t) : Rα·β → N(Ω(t)).
Ïîçíà÷èìî X(t) íîðìàëüíó ôóíäàìåíòàëüíó ìàòðèöþ [1]

dX(t)

dt
= Ω+(t)Θ(t)X(t), X(a) = Iαβ

îäåðæàíî¨ òðàäèöiéíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Çà óìîâè
(6), (7) ñèñòåìà (4) ìà¹ ðîçâ'ÿçîê âèãëÿäó

z0(t, c0(ε)) = X(t)c0(ε) +K

[
F(s, φ(s))

]
(t), c0(ε) ∈ Cα·β[0, ε0],

K

[
F(s, φ(s))

]
(t) := X(t)

∫ t

a

X−1(s)F(s, φ(s))ds,

ÿêèé âèçíà÷à¹ ðîçâ'ÿçîê äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ (3)

Z0(t, ε) = W (t, c0(ε)) +K

[
F(s, φ(s))

]
(t, ε). (8)

Òàêèì ÷èíîì, äîâåäåíî íàñòóïíó äîñòàòíþ óìîâó [15, 16] ðîçâ'ÿçíîñòi çàäà÷i
Êîøi äëÿ ñèñòåìè (3).

Ëåìà 1. Çà óìîâ (6) òà (7) ìàòðè÷íà çàäà÷à Êîøi Z(a) = A(ε) äëÿ
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (3) ðîçâ'ÿçíà äëÿ áóäü-ÿêîãî ïî÷àòêî-
âîãî çíà÷åííÿ A(ε) ∈ Cµ×ν [0, ε0]. Çà óìîâ (6) òà (7) çàãàëüíèé ðîçâ'ÿçîê (9)
ìàòðè÷íî¨ çàäà÷i Êîøi Z(a) = A(ε) äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè
(3) âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà

K

[
F(s, φ(s))

]
(t, ε) := M−1

{
K

[
F(s, φ(s))

]
(t)

}
çàäà÷i Êîøi Z(a) = 0 äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (3) òà çàãàëü-
íèé ðîçâ'ÿçîê

W (t, c0(ε)) := M−1

[
X(t)c0(ε)

]
, c0(ε) ∈ Cα·β[0, ε0]

çàäà÷i Êîøi Z(a) = A äëÿ îäíîðiäíî¨ ÷àñòèíè ðiâíÿííÿ (3).

Çàçíà÷èìî, ùî çà óìîâ (6), (7), òà ó âèïàäêó ϱ := rank PΩ(t) := 0 ìàòðè÷íà
çàäà÷à Êîøi Z(a) = A(ε) äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (3) îäíî-
çíà÷íî ðîçâ'ÿçíà äëÿ áóäü-ÿêîãî ïî÷àòêîâîãî çíà÷åííÿ A(ε). ßêùî æ ϱ ̸= 0,
òî çà óìîâ (6), (7) ìàòðè÷íà çàäà÷à Êîøi Z(a) = A(ε) äëÿ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ ñèñòåìè (3) îäíîçíà÷íî ðîçâ'ÿçíà äëÿ áóäü-ÿêîãî ïî÷àòêîâîãî çíà-
÷åííÿ A(ε) òà äîâiëüíî¨ ôiêñîâàíî¨ ôóíêöi¨

φ(t) : PΩϱ(t)φ(t) ∈ Cα·β×ϱ[a, b].
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Ïðèïóñòèìî, ùî äëÿ ïîðîäæóþ÷î¨ ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨
êðàéîâî¨ çàäà÷i (3) ìà¹ ìiñöå êðèòè÷íèé âèïàäîê: (PQ∗ ̸= 0), ïðè öüîìó óìîâó

PQ∗
d
M

{
A(ε)− LK

[
F(s, φ(s))

]
(·)
}

= 0 (9)

âèêîíàíî. Òóò PQ∗ � îðòîïðîåêòîð: Rδ·γ×δ·γ → N(Q∗); ìàòðèöÿ PQ∗
d
óòâîðåíà ç d

ëiíiéíî íåçàëåæíèõ ðÿäêiâ îðòîïðîåêòîðà PQ∗ ìàòðèöi Q ∈ Rδ·γ×α·β. Ïîçíà÷èìî
α(ε) := M{A(ε)} Çà óìîâè (7) i òiëüêè çà íå¨ îòðèìó¹ìî çàãàëüíèé ðîçâ'ÿçîê
ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (3)

Z0(t,Θ0(ε)) = W (t,Θ0(ε)) +M−1

{
X(t)Q+

{
α(ε)−MLK

[
F(s, φ(s))

]
(·, ε)

}}
+

+K

[
F(s, φ(s))

]
(t, ε); Θ0(ε) := M−1

[
PQrcr(ε)

]
;

òóò PQr � ìàòðèöÿ óòâîðåíà ç r ëiíiéíî íåçàëåæíèõ ñòîâïöiâ îðòîïðîåêòîðà
PQ ìàòðèöi Q. Íàñòóïíà ëåìà âèçíà÷à¹ äîñòàòíþ óìîâó [15, 16] ðîçâ'ÿçíîñòi
ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (3).

Ëåìà 2. Çà óìîâ (6) òà (7) ìàòðè÷íà äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâà
çàäà÷à (3) ðîçâ'ÿçíà çà óìîâè (9) i òiëüêè çà íå¨. Çà óìîâ (6), (7) òà (9)
çàãàëüíèé ðîçâ'ÿçîê ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (3)

Z0(t,Θ0(ε)) = W (t,Θ0(ε)) +G

[
F(s, ε);A(ε)

]
(t, ε), Θr(ε) ∈ Cα×β[0, ε0]

âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà

G

[
F(s, ε);A(ε)

]
(t, ε) := M−1

{
X(t)Q+

{
α(ε)−MLK

[
F(s, φ(s))

]
(·, ε)

}}
+

+K

[
F(s, φ(s))

]
(t, ε)

ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (3) òà çàãàëüíèé ðîçâ'ÿ-
çîê

W (t,Θ0(ε)) := M−1

[
X(t)PQrcr(ε)

]
, cr(ε) ∈ Cr[0, ε0]

îäíîðiäíî¨ ÷àñòèíè ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (3).

Ïðèïóñòèìî äàëi, ùî çàäà÷à (1), (2) ó ìàëîìó îêîëi ðîçâ'ÿçêó

Z0(t,Θ0(ε)) = W (t,Θ0(ε)) +G

[
F(s, ε);A(ε)

]
(t, ε)

ïîðîäæóþ÷î¨ çàäà÷i (3) ìà¹ ðîçâ'ÿçîê

Z(t, ε) = Z0(t,Θ0(ε)) +X(t, ε), Θ0(ε) ∈ Cα×β[0, ε0],
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äëÿ ÿêîãî ó äîñòàòíüî ìàëîìó îêîëi ïî÷àòêîâîãî çíà÷åííÿ âëàñíî¨ ôóíêöi¨ h0(ε)
iñíó¹ íåïåðåðâíà âëàñíà ôóíêöiÿ

h(ε) = h0(ε) + ζ(ε), h0(ε), ζ(ε) ∈ Cρ[0, ε0].

Òàêèì ÷èíîì, ïðèõîäèìî äî çàäà÷i ïðî çíàõîäæåííÿ ðîçâ'ÿçêó

X(t, ε) : X(·, ε) ∈ C1
α×β[a, b], X(t, ·) ∈ Cα×β[0, ε0]

òà âëàñíî¨ ôóíêöi¨ ζ(ε) ∈ Cρ[0, ε0] ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i

AX ′(t, ε) = BX(t, ε)+

+εΠ(Z0(t, c0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε), LX(·, ε) = 0. (10)

Çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ (10)
ïðèâîäèìî äî çàäà÷i ïðî ïîáóäîâó ðîçâ'ÿçêiâ

z(·, ε) ∈ C1
α·β[a; b], z(t, ·) ∈ Cα·β[0; ε0]

òðàäèöiéíîãî äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ [13,23�25]

Ω(t) · z′0(t, ε) = Θ(t) · z0(t, ε) +MF(t, ε)+ (11)

+εMΠ(Z0(t, c0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε).

Çà óìîâè (6), (7), ó âèïàäêó

PΩ∗MΠ(Z0(t, c0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε) = 0 (12)

ñèñòåìà (11) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨

dz

dt
= Ω+(t)Θ(t)z + F(t, φ(t)) + εΩ+(t)MΠ(Z0(t, c0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε),

ïðè öüîìó âèõiäíà ìàòðè÷íà äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâà çàäà÷à (1),
(2) ó êðèòè÷íîìó âèïàäêó (PQ∗ ̸= 0) ðîçâ'ÿçíà çà óìîâè

PQ∗
d
MLK

[
Ω+(t)MΠ(Z0(s, c0(ε)) +X(s, ε), h0(ε) + ζ(ε), s, ε)

]
(·, ε) = 0. (13)

Ïîçíà÷èìî âåêòîð

č0(ε) :=

[
cr(ε)
h0(ε)

]
∈ Cr+ρ[0, ε0].

Ó íàñëiäîê íåïåðåðâíîñòi ïî Z(t, ε) òà h(ε) íåëiíiéíî¨ ôóíêöi¨ Π(Z, h, t, ε) ó ìà-
ëîìó îêîëi ðîçâ'ÿçêó ïîðîäæóþ÷î¨ çàäà÷i (3) òà ïî÷àòêîâîãî çíà÷åííÿ h0(ε)
ôóíêöi¨ h(ε), çà óìîâè (6), (7), (12) äëÿ ðîçâ'ÿçêó Z0(t,Θ0(ε)) ïîðîäæóþ÷î¨ çà-
äà÷i (3) òà äëÿ ïî÷àòêîâîãî çíà÷åííÿ h0(ε) âëàñíî¨ ôóíêöi¨ êðàéîâî¨ çàäà÷i (1),
(2) ìà¹ âèêîíóâàòèñü ðiâíiñòü

F(č0(ε)) := PQ∗
d
MLK

[
Ω+(t)MΠ(Z0(s, cr(ε)), h0(ε), s, ε)

]
(·, ε) = 0. (14)
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Íåîáõiäíó óìîâó iñíóâàííÿ ðîçâ'ÿçêó ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷-
íî¨ êðàéîâî¨ çàäà÷i (1), (2) ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó âèçíà÷à¹ íàñòó-
ïíà ëåìà, ÿêà ¹ óçàãàëüíåííÿì âiäïîâiäíîãî òâåðäæåííÿ [11] íà âèïàäîê ìàòðè-
÷íî¨ êðàéîâî¨ çàäà÷i, óçàãàëüíåííÿì âiäïîâiäíîãî òâåðäæåííÿ [1, 2] íà âèïàäîê
ïàðàìåòðè÷íîãî ðåçîíàíñó òà ÿâíî¨ çàëåæíîñòi íåîäíîðiäíîñòåé ïîðîäæóþ÷î¨
êðàéîâî¨ çàäà÷i (3) âiä ìàëîãî ïàðàìåòðà, à òàêîæ óçàãàëüíåííÿì âiäïîâiäíîãî
òâåðäæåííÿ äëÿ ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i [30].

Ëåìà 3. Ïðèïóñòèìî, ùî äëÿ ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàé-
îâî¨ çàäà÷i (1), (2) ìà¹ ìiñöå êðèòè÷íèé (PQ∗ ̸= 0) âèïàäîê òà âèêîíóþòüñÿ
óìîâè ðîçâ'ÿçíîñòi (6), (7) òà (9) ïîðîäæóþ÷î¨ çàäà÷i (3). Ïðèïóñòèìî òà-
êîæ, ùî ó ìàëîìó îêîëi ïîðîäæóþ÷îãî ðîçâ'ÿçêó Z0(t, c0(ε)) òà ïî÷àòêîâîãî
çíà÷åííÿ h0(ε) âëàñíî¨ ôóíêöi¨ h(ε) ìàòðè÷íà äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðà-
éîâà çàäà÷à (1), (2) ìà¹ ðîçâ'ÿçîê

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a, b], Z(t, ·) ∈ Cα×β[0, ε0],

ïðè öüîìó ó äîñèòü ìàëîìó îêîëi ôóíêöi¨ h0(ε) iñíó¹ ôóíêöiÿ h(ε) ∈ C[0, ε0]; ó
öüîìó âèïàäêó ìà¹ ìiñöå ðiâíiñòü

F(č0(ε)) = 0. (15)

Àíàëîãi÷íî äî íåòåðîâèõ ñëàáêîíåëiíiéíèõ êðàéîâèõ çàäà÷ ó êðèòè÷íîìó âè-
ïàäêó [1], à òàêîæ ïåðiîäè÷íèìè êðàéîâèìè çàäà÷àìè [2,4,5], ðiâíÿííÿ (15) áóäå-
ìî íàçèâàòè ðiâíÿííÿì äëÿ ïîðîäæóþ÷èõ ôóíêöié ìàòðè÷íî¨ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó. Êîðå-
íi ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ ôóíêöié (15), ó äàíîìó âèïàäêó � ìàòðèöi Θ0(ε),
à òàêîæ âëàñíi ôóíêöi¨ h0(ε) âèçíà÷àþòü ïîðîäæóþ÷èé ðîçâ'ÿçîê Z0(t,Θ0(ε)),
ó ìàëîìó îêîëi ÿêîãî ìîæóòü iñíóâàòè øóêàíi ðîçâ'ÿçêè âèõiäíî¨ ìàòðè÷íî¨
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) ó âèïàäêó ïàðàìåòðè÷íî-
ãî ðåçîíàíñó. ßêùî æ ðiâíÿííÿ (15) íå ìà¹ ðîçâ'ÿçêiâ

Θ0(ε) ∈ Cα×β[0, ε0], h0(ε) ∈ Cρ[0, ε0],

òî âèõiäíà ìàòðè÷íà êðàéîâà çàäà÷à (1), (2) ó âèïàäêó ïàðàìåòðè÷íîãî ðåçî-
íàíñó íå ìà¹ øóêàíèõ ðîçâ'ÿçêiâ.

3. Äîñòàòíÿ óìîâà iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (2).
Ïðèïóñòèìî, ùî ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ ôóíêöié (15) ìà¹ íåïåðåðâíi äiéñíi
ðîçâ'ÿçêè. Ôiêñóþ÷è îäèí iç ðîçâ'ÿçêiâ č0(ε) ∈ Rr+ρ ðiâíÿííÿ (15), îòðèìó¹ìî
çàäà÷ó ïðî iñíóâàííÿ ðîçâ'ÿçêó

X(t, ε) : X(·, ε) ∈ C1
α×β[a, b], X(t, ·) ∈ Cα×β[0, ε0]

ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) â îêîëi ïîðîäæóþ÷îãî ðîçâ'ÿçêó

Z0(t,Θr(ε)) = W (t,Θr(ε)) +G

[
F (s);A

]
(t), Θr(ε) := M−1

[
PQrcr(ε)

]
,

à òàêîæ ôóíêöi¨ h(ε) := h0(ε) + ζ(ε), ζ(ε) ∈ Cρ[0, ε0] â îêîëi òî÷êè h0(ε). Ó
çàçíà÷åíîìó îêîëi ìà¹ ìiñöå ðîçâèíåííÿ

Π

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]
= Π

[
Z0(t,Θ0(ε)), h0(ε), t, ε

]
+
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+DX

[
Z0(t,Θ0(ε)), h0(ε), X(t, ε)

]
+Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]
+

+R

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]
.

Äiéñíî, ó ìàëîìó îêîëi ðîçâ'ÿçêó č0(ε) ∈ Rr+ρ ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ ôóíê-
öié (15) ìà¹ ìiñöå ðîçâèíåííÿ âåêòîð-ôóíêöi¨ [31, c. 636]

MΠ

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]
=

= MΠ

[
Z0(t,Θ0(ε)), h0(ε), t, ε

]
+ Ax

[
Z0(t,Θ0(ε)), h0(ε)

]
x(t, ε)+

+Aζ

[
Z0(t,Θ0(ε)), h0(ε)

]
ζ(ε) + R

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]
.

Òóò

Ax

[
Z0(t,Θ0(ε)), h0(ε)

]
:=

∂

∂x
Π

[
Z(t, ε), h(ε), t, ε

] ∣∣∣∣∣∣∣∣ X(t, ε) = 0
ζ(ε) = 0

� (γ · δ × α · β) � ìàòðèöÿ,

Aζ

[
Z0(t,Θ0(ε)), h0(ε)

]
:=

∂

∂ζ
Π

[
Z(t, ε), h(ε), t, ε

] ∣∣∣∣∣∣∣∣ X(t, ε) = 0
ζ(ε) = 0

� (γ · δ × ρ) � ìàòðèöÿ, R[Z(t, ε), h(ε), t, ε] ∈ Rγδ � çàëèøîê öüîãî ðîçâèíåííÿ
òà

x(t, ε) := MX(t, ε) : x(·, ε) ∈ C1
αβ[a, b], x(t, ·) ∈ Cαβ[0, ε0]

� íåâiäîìà âåêòîð-ôóíêöiÿ. Òàêèì ÷èíîì

DX

[
Z0(t,Θ0(ε)), h0(ε), X(t, ε)

]
:= M−1

{
Ax

[
Z0(t,Θ0(ε)), h0(ε)

]
x(t, ε)

}
òà

Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]
:= M−1

{
Aζ

[
Z0(t,Θ0(ε)), h0(ε)

]
ζ(ε)

}
� äèôåðåíöiàëè ìàòðè÷íî¨ ôóíêöi¨

Π

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]
∈ Rα×β

òà

R[Z(t, ε), h(ε), t, ε] := M−1

{
R[Z(t, ε), h(ε), t, ε]

}
∈ Rα×β

� çàëèøîê öüîãî ðîçâèíåííÿ. Âðàõîâóþ÷è ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ ôóíêöié
(15), çàçíà÷èìî, ùî çàäà÷à ïðî çíàõîäæåííÿ ðîçâ'ÿçêó

X(t, ε) = W (t,Θr(ε)) +X(1)(t, ε)
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òà âëàñíî¨ ôóíêöi¨ ζ(ε) ∈ C[0, ε0] ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (10) ðîçâ'ÿçíà òîäi
é òiëüêè òîäi, êîëè

PQ∗
d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X(t, ε)

]
+Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]
+

+R

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]}
(·) = 0.

Òóò W (t,Θr(ε)) � çàãàëüíèé ðîçâ'ÿçîê îäíîðiäíî¨ ÷àñòèíè êðàéîâî¨ çàäà÷i (10)
òà

X(1)(t, ε) = ε G

[
Φ(Z0(s,Θ0(ε)) +X(s, ε), h0(ε) + ζ(ε), s, ε); 0

]
(t)

� ÷àñòêîâèé ðîçâ'ÿçîê íåîäíîðiäíî¨ ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (10). Ïîçíà÷èìî
ξj(ε) ñêàëÿðíi ôóíêöi¨, ÿêi âèçíà÷àþòü ðîçâèíåííÿ ìàòðèöi

Θr(ε) =

α·β∑
j=1

Ξ(j)ξj(ε), ξj(ε) ∈ C[0, ε0], j = 1, 2, ... , α · β

çà âåêòîðàìè Ξ(j) ∈ Rα×β áàçèñà ïðîñòîðó Rα×β, òà âåêòîð

č(ε) :=

(
ξ(ε)
ζ(ε)

)
∈ Cαβ+ρ[0, ε0], ξ(ε) ∈ Rαβ, ζ(ε) =

ρ∑
j=1

θ(j)ζj(ε);

òóò θ(j) ∈ Rρ, j = 1, 2, ... , ρ � ïðèðîäíèé áàçèñ [32] ïðîñòðîðó Rρ òà ζj(ε) �
êîíñòàíòè, ÿêi âèçíà÷àþòü ðîçâèíåííÿ âåêòîðíî¨ ôóíêöi¨

ζ(ε) ∈ Cρ[0, ε0]

çà âåêòîðàìè θ(j) áàçèñà ïðîñòîðó Rρ. Òàêèì ÷èíîì, ìàòðè÷íà êðàéîâà çàäà÷à
(10) ðîçâ'ÿçíà òîäi é òiëüêè òîäi, êîëè

PQ∗
d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε),W (t,Θr(ε))

]
+

+Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]}
(·) =

= − PQ∗MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X

(1)(t, ε)

]
+R

[
Z(t, ε), h(ε), t, ε

]}
(·).

Çíàéäåíà íåîáõiäíà òà äîñòàòíÿ óìîâà ðîçâ'ÿçíîñòi ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i
(10) ÿâëÿ¹ ñîáîþ ëiíiéíå àëãåáðà¨÷íå ðiâíÿííÿ âiäíîñíî ìàòðèöi Θr(ε), à òàêîæ
âåêòîðíî¨ ôóíêöi¨ ζ(ε). Ïîçíà÷èìî ìàòðèöþ

D0 = D0(č0(ε)) :=

{
D

(0)
0 ; D

(1)
0

}
∈ Cd×(α·β+ρ)[0, ε0];

òóò

D
(0)
0 :=

{
PQ∗

d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε),W

(
t,Ξ(i)

)]}
(·)
} ∣∣∣∣∣∣

α · β

i = 0
,
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D
(1)
0 :=

{
PQ∗

d
MLK

{
Dh

[
Z0(t,Θ0(ε)), h0(ε), θ

(j)

]}
(·)
} ∣∣∣∣∣∣

ρ

j = 0
.

êðiì òîãî
D

(0)
0 ∈ Cd×α·β[0, ε0], D

(1)
0 ∈ Cd×ρ[0, ε0].

Äëÿ çíàõîäæåííÿ âåêòîðà č(ε) îòðèìó¹ìî ðiâíÿííÿ

D0 č(ε) = −PQ∗
d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X

(1)(t, ε)

]
+

+R

[
Z(t, ε), h(ε), t, ε

]}
(·).

Çà óìîâè [11]

PD∗
0
PQ∗

d
= 0, D+

0

(
č0(ε)

)
∈ C(α·β+ρ)×d[0, ε0] (16)

ìàòðè÷íà êðàéîâà çàäà÷à (1), (2) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê. Òóò PD∗
0
�

(d× d)− ìàòðèöÿ-îðòîïðîåêòîð [1,32]:

PD∗
0(č0(ε))

: Rd → N
(
D∗

0(č0(ε))

)
.

Òàêèì ÷èíîì, çà óìîâè (9) ïðèíàéìíi îäèí ðîçâ'ÿçîê ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i
(1), (2) âèçíà÷à¹ íàñòóïíà îïåðàòîðíà ñèñòåìà

Z(t, ε) = Z0(t,Θ0(ε)) +X(t, ε), X(t, ε) = W (t,Θr(ε)) +X(1)(t, ε),

č(ε) = −D+
0 PQ∗

d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X

(1)(t, ε)

]
+ (17)

+R

[
Z(t, ε), h(ε), t, ε

]}
(·), Θr(ε) = M−1

[
J0 č(ε)

]
, ζ(ε) = J1 č(ε),

X(1)(t, ε) = ε G

[
Π(Z0(s,Θ0(ε)) +X(s, ε), h0(ε) + ζ(ε), s, ε); 0

]
(t);

òóò

J0 :=
(
Iαβ O

)
∈ Rαβ×(ρ+αβ), J1 :=

(
0 0 ... 0 Iρ

)
∈ Rρ×(ρ+αβ)

� ñòàëi ìàòðèöi. Äëÿ çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó îïåðàòîðíî¨ ñèñòå-
ìè (17) ìîæíà çàñòîñóâàòè ìåòîä ïîñëiäîâíèõ íàáëèæåíü [1, 2, 31]. Òàêèì ÷è-
íîì, äîâåäåíî íàñòóïíå òâåðäæåííÿ, ÿêå óçàãàëüíþ¹ âiäïîâiäíi òâåðäæåííÿ äëÿ
íåòåðîâèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü íà
âèïàäîê ïàðàìåòðè÷íîãî ðåçîíàíñó [4,11], à òàêîæ ìàòðè÷íèõ çàäà÷ ó âèïàäêó
ïàðàìåòðè÷íîãî ðåçîíàíñó [30] íà âèïàäîê äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàé-
îâèõ çàäà÷.
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Òåîðåìà 1. Ïðèïóñòèìî, ùî äëÿ ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨
êðàéîâî¨ çàäà÷i (1), (2) ìà¹ ìiñöå êðèòè÷íèé (PQ∗ ̸= 0) âèïàäîê òà âèêîíó-
þòüñÿ óìîâè ðîçâ'ÿçíîñòi (6), (7) òà (9) ïîðîäæóþ÷î¨ çàäà÷i (3). Ó öüîìó
ðàçi äëÿ êîæíîãî ðîçâ'ÿçêó c0(ε) ∈ Cr[0, ε0], h0(ε) ∈ Cρ[0, ε0] ðiâíÿííÿ äëÿ ïî-
ðîäæóþ÷èõ ôóíêöié (15) çà óìîâè (16) ó ìàëîìó îêîëi ðîçâ'ÿçêó Z0(t, c0(ε))
ïîðîäæóþ÷î¨ çàäà÷i (3) òà ó äîñòàòíüî ìàëîìó îêîëi ïî÷àòêîâîãî çíà÷åííÿ
h0(ε) ôóíêöèè h(ε) çàäà÷à (10) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê

X(t, ε) : X(·, ε) ∈ C1
α×β[a, b], X(t, ·) ∈ Cα×β[0, ε0]

òà iñíó¹ íåïåðåðâíà ôóíêöiÿ h(ε) : h(0) := h∗0. Ïðè öüîìó ó ìàëîìó îêîëi
ðîçâ'ÿçêó Z0(t, c0(ε)) ïîðîäæóþ÷î¨ çàäà÷i (3) òà â äîñèòü ìàëîìó îêîëi ïî-
÷àòêîâîãî çíà÷åííÿ h0(ε) ôóíêöi¨ h(ε) ìàòðè÷íà äèôåðåíöiàëüíî-àëãåáðà¨÷íà
êðàéîâà çàäà÷à (1), (2) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a, b], Z(t, ·) ∈ Cα×β[0, ε0],

ÿêèé âèçíà÷à¹ îïåðàòîðíà ñèñòåìà (17); äëÿ çíàõîäæåííÿ öüîãî ðîçâ'ÿçêó çà-
ñòîñîâíà iòåðàöiéíà ñõåìà

Zk+1(t, ε) = Z0(t,Θ0(ε)) +Xk+1(t, ε), Xk+1(t, ε) = W (t,Θr(ε)) +X
(1)
k+1(t, ε),

čk+1(ε) = −D+
0 PQ∗

d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X

(1)
k (t, ε)

]
+

+R

[
Zk(t, ε), hk(ε), t, ε

]}
(·), Θrk+1

(ε) = M−1

[
J0 čk+1(ε)

]
, (18)

X
(1)
k+1(t, ε) = ε G

[
Π(Z0(s,Θ0(ε)) +Xk(s, ε), h0(ε) + ζk(ε), s, ε); 0

]
(t),

ζk+1(ε) = J1 čk+1(ε), k = 0, 1, 2 ... .

Ïðîìiæîê çíà÷åíü ìàëîãî ïàðàìåòðó [0, ε∗], ε0 ≥ ε∗, íà ÿêîìó çáåðiãà¹òüñÿ
çáiæíiñòü iòåðàöiéíî¨ ñõåìè (18), ìîæå áóòè çíàéäåíèé ÿê áåçïîñåðåäíüî ç îçíà-
÷åííÿ îïåðàòîðà ñòèñíåííÿ [28, 29], òàê i çà äîïîìîãîþ ìàæîðóþ÷èõ ðiâíÿíü
Ëÿïóíîâà [1, 2]. Êðiì òîãî, äëÿ ïîáóäîâè ðîçâ'ÿçêiâ îïåðàòîðíî¨ ñèñòåìè (17)
ìîæíà çàñòîñóâàòè ìåòîä ìàëîãî ïàðàìåòðó Ïóàíêàðå. Ó âèïàäêó ïàðàìåòðè-
÷íîãî ðåçîíàíñó òåîðåìà 1 óçàãàëüíþ¹ âiäïîâiäíi òâåðäæåííÿ [9�11] íà âèïàäîê
ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i òà âåêòîðíî¨ ôóíêöi¨
h(ε). Ó âèïàäêó âiäñóòíîñòi ïàðàìåòðè÷íîãî ðåçîíàíñó òåîðåìà 1 óçàãàëüíþ¹
âiäïîâiäíi òâåðäæåííÿ [1,2] íà âèïàäîê ÿâíî¨ çàëåæíîñòi íåîäíîðiäíîñòåé F(t, ε)
òà A(ε) ïîðîäæóþ÷î¨ êðàéîâî¨ çàäà÷i (2) âiä ìàëîãî ïàðàìåòðó.

Ïðèêëàä 1. Óìîâè òåîðåìè 1 âèêîíóþòüñÿ ó âèïàäêó ìàòðè÷íî¨ äèôåðåí-
öiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òèïó Ìàòü¹

AZ ′(t, ε) = BZ(t, ε) + F(t, ε) + εΠ(Z(t, ε), h(ε), t, ε), LZ(·, ε) = 0, (19)

äå

AZ ′(t, ε) :=
2∑
i=1

Si(t)Z
′(t, ε)Ri(t), BZ(t, ε) :=

2∑
j=1

Φj(t)Z(t, ε)Ψj(t),
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S1 :=


0 0 0
0 0 0
0 0 1
0 1 0

 , S2 :=


0 0 0
0 1 0
0 0 1
0 0 0

 , R1 :=

(
1 0 0
0 0 0

)
,

R2 :=

(
0 0 0
0 1 0

)
, Φ1 :=


0 0 0
0 0 1
0 0 0
0 0 0

 , Φ2 :=


0 0 0
0 0 1
0 0 0
0 0 0

 ,

Ψ1 :=

(
0 0 0
0 1 0

)
, Ψ2 :=

(
0 1 0
0 1 0

)
, F(t, ε) :=


0 0 0
0 sin t 0
0 0 0

cos t 0 0

 ,

êðiì òîãî

Π(Z(t, ε), h(ε), t, ε) := h1(ε)Λ1Z(t, ε)Λ2 + h2(ε)Λ3Z(t, ε)Λ4 + Λ5(t)Z(t, ε)Λ6(t),

Λ1 :=


0 0 0
0 0 0
1 0 0
0 0 0

 , Λ3 :=


0 0 0
0 0 0
0 0 0
1 0 0

 , Λ5(t) :=


0 0 0
0 0 0
t 0 0
0 0 0

 ,

Λ2 :=

(
0 0 0
1 1 0

)
, Λ4 :=

(
0 0 0
1 0 0

)
, Λ6(t) :=

(
0 0 0

sin t 2 sin 2t 0

)
,

LZ(·, ε) := Λ̌(Z(0, ε)− Z(2π, ε)), Λ̌ :=

(
0 1 0 0 0 0
0 0 1 0 0 0

)
,

h(ε) :=

(
h1(ε)
h2(ε)

)
∈ C2[0, ε0].

Ïðèðîäíèé áàçèñ ïðîñòðîðó R3×2 óòâîðþþòü ìàòðèöi

Ξ1 :=

 1 0
0 0
0 0

 , Ξ2 :=

 0 0
1 0
0 0

 , ... , Ξ6 :=

 0 0
0 0
0 1

 .

Êëþ÷îâi ïðè äîñëiäæåííi ðiâíÿííÿ (19) ìàòðèöi ìàþòü âèãëÿä

Ω =


0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0



∗

òà

Θ =


0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 2 0 0 0 0 0 0



∗

,
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ïðè÷îìó óìîâè (6) òà (7) âèêîíóþòüñÿ, ïðè öüîìó ìàòðè÷íà äèôåðåíöiàëüíî-
àëãåáðà¨÷íà êðàéîâà çàäà÷à (19) ÿâëÿ¹ êðèòè÷íèé âèïàäîê: PQ∗ = I2 ̸= 0. Ðiâ-
íÿííÿ (15) ó âèïàäêó ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i
äëÿ ðiâíÿííÿ òèïó Ìàòü¹ (19) ìà¹ äiéñíèé ðîçâ'ÿçîê

č0(ε) :=

[
c0(ε)
h0(ε)

]
∈ R8, h0(ε) :=

[
h1(ε)
h2(ε)

]
∈ R2

äå
c0(ε) = ( 1 1 0 0 1 0 )∗, h1(ε) = 1, h2(ε) = 0.

Öüîìó ðîçâ'ÿçêó âiäïîâiäà¹ ìàòðèöÿ ïîâíîãî ðàíãó

D0

(
č0(ε)

)
= −2π

(
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

)
,

äëÿ ÿêî¨ óìîâó (16) âèêîíàíî, îòæå, çãiäíî äî òåîðåìè 1, ó ìàëîìó îêîëi ïîðî-
äæóþ÷îãî ðîçâ'ÿçêó

Z0(t, c0(ε)) =

 1 1
1 + sin t 2− cos t

0 0


òà ó äîñèòü ìàëîìó îêîëi ïî÷àòêîâîãî çíà÷åííÿ h0(ε) ôóíêöi¨ h(ε) ìàòðè÷íà
äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâà çàäà÷à äëÿ ðiâíÿííÿ òèïó Ìàòü¹ (19) ìà¹
ïðèíàéìíi îäèí ðîçâ'ÿçîê

Z(t, ε) : Z(·, ε) ∈ C1
3×2[0, 2π], Z(t, ·) ∈ C3×2[0, ε0].

Çàçíà÷èìî, ùî ìàòðèöÿD0, êëþ÷îâà ïðè äîñëiäæåííi ìàòðè÷íèõ äèôåðåíöi-
àëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ (1), (2) ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàí-
ñó, ÿê i ó âèïàäêó íåòåðîâèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü, ìîæå áóòè çíàéäåíà áåçïîñåðåäíüî ç ðiâíÿííÿ äëÿ ïîðîäæóþ-
÷èõ ôóíêöié (15):

∂

∂č
PQ∗

d
M

{
LK

[
Π(Z0(s,Θ0(ε)), h0(ε), s, ε)

]
(·)
}

= D0(ε).

Çàïðîïîíîâàíó ñõåìó äîñëiäæåííÿ ìàòðè÷íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ
êðàéîâèõ çàäà÷ (1), (2) ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó, ÿê i ó âèïàäêó íå-
òåðîâèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, àíà-
ëîãi÷íî [1, 15] ìîæå áóòè ïåðåíåñåíî íà ìàòðè÷íi êðàéîâi çàäà÷i ç iìïóëüñíèì
âïëèâîì [33]. Çàçíà÷èìî òàêîæ, ùî äëÿ çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó
îïåðàòîðíî¨ ñèñòåìè (17) ìîæíà çàñòîñóâàòè ÷èñåëüíî-àíàëiòè÷íèé ìåòîä [34].
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ÁIÍÀÐÍI ÀËÃÎÐÈÒÌÈ ÏÎØÓÊÓ ËÅÊÑÈÊÎÃÐÀÔI×ÍÈÕ
ÅÊÑÒÐÅÌÓÌIÂ ÌÍÎÆÈÍ Ó ÇÀÄÀ×ÀÕ ÏÐÎ ÏÎÊÐÈÒÒß ÒÀ
ÓÏÀÊÎÂÊÓ ÑÊIÍ×ÅÍÍÎ� ÌÍÎÆÈÍÈ.

One of the possibilities to find the solutions to the problems of covering and packing of the set are
the algorithms of lexicographical search. A key component of these algorithms is the search for
the lexicographical extrema of sets that are subsets of feasible solutions set of the problem. The
coefficients of the constraint matrix in the problems of covering and packing are boolean. That is
why the columns of the constraint matrix are boolean vectors which can be considered as the whole
numbers written in binary notation. The paper describes and justifies the search algorithms of the
lexicographical extrema set for the above mentioned problems in which, in contrast to standard
lexicographic search algorithms, all actions are binary operations ”and” and ”or” over the columns
of the constraint matrix of the corresponding problem. The analysis of the effectiveness of the
proposed algorithm demonstrates a significant advantage compared with the standard algorithms
of lexicographical search.

Îäíi¹þ ç ìîæëèâîñòåé âiäøóêàííÿ ðîçâ'ÿçêiâ çàäà÷ ïðî ïîêðèòòÿ òà óïàêîâêó ìíîæèíè ¹
àëãîðèòìè ëåêñèêîãðàôi÷íîãî ïîøóêó. Êëþ÷îâîþ ñêëàäîâîþ ó òàêèõ àëãîðèòìàõ ¹ ïîøóê
ëåêñèêîãðàôi÷íèõ åêñòðåìóìiâ ìíîæèí, ÿêi ¹ ïiäìíîæèíàìè ìíîæèíè äîïóñòèìèõ ðîçâ'ÿç-
êiâ çàäà÷i. Êîåôiöi¹íòè ìàòðèöi îáìåæåíü ó çàäà÷àõ ïðî ïîêðèòòÿ òà óïàêîâêó � áóëåâi. Òîìó
ñòîâïöi ìàòðèöi îáìåæåíü çàäà÷i öå áóëåâi âåêòîðè, ÿêi ìîæíà ðîçãëÿäàòè ÿê öiëi ÷èñëà,
çàïèñàíi ó äâiéêîâié ñèñòåìi ÷èñëåííÿ. Ó ðîáîòi îïèñóþòüñÿ òà îá ðóíòîâóþòüñÿ àëãîðèòìè
ïîøóêó ëåêñèêîãðàôi÷íèõ åêñòðåìóìiâ ìíîæèí äëÿ âèùåâêàçàíèõ çàäà÷ ó ÿêèõ, íà âiäìiíó
âiä ñòàíäàðòíèõ àëãîðèòìiâ ëåêñèêîãðàôi÷íîãî ïîøóêó, óñi äi¨ � ïîðîçðÿäíi îïåðàöi¨ �and� i
�or� íàä ñòîâïöÿìè ìàòðèöi îáìåæåíü âiäïîâiäíî¨ çàäà÷i. Àíàëiç åôåêòèâíîñòi ðîáîòè çàïðîïî-
íîâàíèõ àëãîðèòìiâ ñâiä÷èòü ïðî çíà÷íó ïåðåâàãó ó ïîðiâíÿííi ç ñòàíäàðòíèìè àëãîðèòìàìè
ëåêñèêîãðàôi÷íîãî ïîøóêó.

1. Âñòóï. Äî çàäà÷ ïðî çâàæåíå ïîêðèòòÿ òà óïàêîâêó ñêií÷åííî¨ ìíîæèíè
çâîäèòüñÿ áàãàòî ïðèêëàäíèõ çàäà÷. Íà ñüîãîäíiøíié äåíü ðîçìiðíiñòü òàêèõ
çàäà÷ ¹ äóæå âåëèêîþ. Âðàõîâóþ÷è NP - ñêëàäíiñòü öèõ çàäà÷, ÿêi âiäíîñÿòüñÿ
äî çàäà÷ áóëåâîãî ëiíiéíîãî ïðîãðàìóâàííÿ, íà ïåðøèé ïëàí âèõîäÿòü ïèòàííÿ
ðîçðîáêè íîâèõ àëãîðèòìiâ ïîøóêó ¨õ ðîçâ'ÿçêiâ, àáî ïiäâèùåííÿ åôåêòèâíî-
ñòi ðîáîòè âæå iñíóþ÷èõ ìåòîäiâ. Îäíi¹þ ç ìîæëèâîñòåé âiäøóêàííÿ ðîçâ'ÿçêiâ
çàäà÷ ïðî ïîêðèòòÿ òà óïàêîâêó ¹ àëãîðèòìè ëåêñèêîãðàôi÷íîãî ïîøóêó [1].
Êëþ÷îâîþ ñêëàäîâîþ ó òàêèõ àëãîðèòìàõ ¹ ïîøóê ëåêñèêîãðàôi÷íèõ åêñòðå-
ìóìiâ ìíîæèí, ùî ¹ ïiäìíîæèíàìè ìíîæèíè äîïóñòèìèõ ðîçâ'ÿçêiâ çàäà÷i [2,3].
Êîåôiöi¹íòè ìàòðèöi îáìåæåíü òà âåêòîðó âiëüíèõ ÷ëåíiâ ó çàäà÷àõ ïðî ïîêðè-
òòÿ òà óïàêîâêó ¹ áóëåâèìè. Òîìó ñòîâïöi ìàòðèöi îáìåæåíü çàäà÷i öå áóëåâi
âåêòîðè, ÿêi ìîæíà ðîçãëÿäàòè ÿê öiëi ÷èñëà, çàïèñàíi ó äâiéêîâié ñèñòåìi ÷è-
ñëåííÿ. Ó ðîáîòi îïèñóþòüñÿ òà îá ðóíòîâóþòüñÿ àëãîðèòìè ïîøóêó ëåêñèêî-
ãðàôi÷íèõ åêñòðåìóìiâ ìíîæèí äëÿ âèùåâêàçàíèõ çàäà÷, ó ÿêèõ, íà âiäìiíó âiä
ñòàíäàðòíèõ àëãîðèòìiâ ëåêñèêîãðàôi÷íîãî ïîøóêó, óñi äi¨ � ïîðîçðÿäíi (áiíàð-
íi) îïåðàöi¨ �and� òà �or� íàä ñòîâïöÿìè ìàòðèöi îáìåæåíü âiäïîâiäíî¨ çàäà÷i.
Àíàëiç åôåêòèâíîñòi ðîáîòè çàïðîïîíîâàíèõ àëãîðèòìiâ ñâiä÷èòü ïðî çíà÷íó
ïåðåâàãó íàä ñòàíäàðòíèìè àëãîðèòìàìè ëåêñèêîãðàôi÷íîãî ïîøóêó.

2. Ïîñòàíîâêà çàäà÷i. Íåõàé V = {v1, . . . , vm} � ñêií÷åííà ìíîæèíà åëå-
ìåíòiâ äîâiëüíî¨ ïðèðîäè òà V j ⊂ V , j = 1, . . . , n � ñiìåéñòâî ïiäìíîæèí
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ìíîæèíè V . Êîæíó ìíîæèíó V j, j = 1, . . . , n ìîæíà îäíîçíà÷íî ïðåäñòàâëÿòè

çà äîïîìîãîþ áóëåâîãî âåêòîðó Aj ∈ Bm, äå aij =

{
1, vi ∈ V j,
0, vi /∈ V j.

Ó òàêîìó ïðåäñòàâëåííi ìàòåìàòè÷íà ìîäåëü êëàñè÷íî¨ çàäà÷i ïðî çâàæåíå
ïîêðèòòÿ (óïàêîâêó) ñêií÷åííî¨ ìíîæèíè ôîðìóëþ¹òüñÿ íàñòóïíèì ÷èíîì:
ìiíiìiçóâàòè(ìàêñèìiçóâàòè)

x0 =
n∑
j=1

wjxj, (1)

çà óìîâ
n∑
j=1

aijxj ≥ (≤) 1, i = 1, . . . ,m, (2)

xj ∈ {0, 1} , j = 1, . . . , n, (3)

äå aij ∈ {0, 1} , wj > 0, i = 1, . . . ,m, j = 1, . . . , n.
Ìíîæèíó äîïóñòèìèõ ðîçâ'ÿçêiâ çàäà÷i ïðî ïîêðèòòÿ, ÿêà âèçíà÷à¹òüñÿ óìî-

âàìè (2), (3), ïîçíà÷àòèìåìî ÷åðåç XCover:

XCover =

{
x ∈ Bn|

n∑
j=1

aijxj ≥ 1, i = 1, . . . ,m

}
,

ìíîæèíó äîïóñòèìèõ ðîçâ'ÿçêiâ çàäà÷i ïðî óïàêîâêó � XPack:

XPack =

{
x ∈ Bn|

n∑
j=1

aijxj ≤ 1, i = 1, . . . ,m

}
.

Ó ðîáîòi ðîçãëÿäàþòüñÿ ïèòàííÿ ïiäâèùåííÿ åôåêòèâíîñòi ïîøóêó ëåêñèêîãðà-
ôi÷íîãî ìiíiìóìó ìíîæèíè

{
x ∈ XCover

∣∣x ≥L x̄
}
äëÿ çàäà÷i ïðî ïîêðèòòÿ òà

ïîøóêó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó ìíîæèíè
{
x ∈ XPack

∣∣x ≤L x̄
}
ó çàäà÷i

ïðî óïàêîâêó, äå x̄ ∈ Bn � ôiêñîâàíèé âåêòîð.
3. Âëàñòèâîñòi äîïóñòèìèõ ðîçâ'ÿçêiâ. Ñèñòåìó íåðiâíîñòåé (2) äëÿ çà-

äà÷i ïðî ïîêðèòòÿ ïðåäñòàâèìî ó âåêòîðíié ôîðìi:
n∑
j=1

Ajxj ≥ 1̄, äå Aj ∈ Bm,

j = 1, . . . , n, � áóëåâi âåêòîðè ðîçìiðíîñòi m, 1̄ ∈ Bm � âåêòîð, óñi êîîðäèíàòè
ÿêîãî ðiâíi 1. Ó òàêié ôîðìi áóëåâèé âåêòîð Aj, j = 1, . . . , n ìîæíà ðîçãëÿ-
äàòè ÿê öiëå ÷èñëî áåç çíàêó, ùî çàïèñàíå ó äâiéêîâié ñèñòåìi ÷èñëåííÿ. Äëÿ
äîâiëüíîãî áóëåâîãî âåêòîðó x ÷åðåç Sx1 ïîçíà÷àòèìåìî ìíîæèíó iíäåêñiâ öüîãî
ðîçâ'ÿçêó äëÿ ÿêèõ xj = 1, Sx1 = {j ∈ {1, . . . , n}|xj = 1}.

Òåîðåìà 1. Ó çàäà÷i ïðî ïîêðèòòÿ ðîçâ'ÿçîê x ∈ Bn äîïóñòèìèé òîäi i
òiëüêè òîäi êîëè ∨

j∈Sx
1

Aj = 1̄.

Äîâåäåííÿ. Çíàêîì �∨� ïîçíà÷åíî ïîðîçðÿäíó îïåðàöiþ �or�. Íåõàé x� äîïó-

ñòèìèé ðîçâ'ÿçîê. Öå îçíà÷à¹, ùî
n∑
j=1

Ajxj =
∑
j∈Sx

1

Aj ≥ 1̄. Äëÿ äîâiëüíèõ äâîõ

áóëåâèõ çíà÷åíü b1 òà b2 òàêèõ, ùî b1 + b2 ≥ 1 âèïëèâà¹ b1 ∨ b2 = 1. Öå ôàêò
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çàëèøà¹òüñÿ âiðíèì i ïðè äîâiëüíié êiëüêîñòi áóëåâèõ çíà÷åíü. Îòæå, äëÿ êî-
æíîãî i = 1, . . . ,m, ç òîãî, ùî

∑
j∈Sx

1

aij ≥ 1 ñëiäó¹ ∨
j∈Sx

1

aij = 1. Ç iíøîãî áîêó,

íåõàé ∨
j∈Sx

1

Aj = 1̄. Òîäi äëÿ êîæíîãî i = 1, . . . ,m ìà¹ìî ∨
j∈Sx

1

aij = 1. Âèõîäÿ÷è ç

âëàñòèâîñòåé ïîðîçðÿäíî¨ îïåðàöi¨ �or�, îñòàííÿ ðiâíiñòü ìà¹ ìiñöå òiëüêè òîäi

êîëè
∑
j∈Sx

1

aij ≥ 1. Òîìó ìà¹ âèêîíóâàòèñü
∑
j∈Sx

1

Aj =
n∑
j=1

Ajxj ≥ 1̄, àáî x ∈ XCover.

Ñèñòåìó íåðiâíîñòåé (2) äëÿ çàäà÷i ïðî óïàêîâêó òàêîæ ìîæíà ïðåäñòàâèòè

ó âèãëÿäi:
n∑
j=1

Ajxj ≤ 1̄. Êðiì òîãî, ÷åðåç nx ïîçíà÷èìî ïîòóæíiñòü ìíîæèíè Sx1 ,

nx = |Sx1 |.

Òåîðåìà 2. Ó çàäà÷i ïðî óïàêîâêó ðîçâ'ÿçîê x ∈ Bn äîïóñòèìèé òîäi i

òiëüêè òîäi êîëè äëÿ óñiõ k = 2, . . . , nx âèêîíó¹òüñÿ

(
k−1
∨
j=1

AS
x
1,j

)
∧ ASx

1,k = 0̄.

Äîâåäåííÿ. Çíàêîì �∧� ïîçíà÷åíî ïîðîçðÿäíó îïåðàöiþ �and�, 0̄ ∈ Bm

� íóëüîâèé âåêòîð . Íåõàé x � äîïóñòèìèé ðîçâ'ÿçîê. Öå îçíà÷à¹, ùî
n∑
j=1

Ajxj

=
∑
j∈Sx

1

Aj ≤ 1̄. Äëÿ äîâiëüíèõ äâîõ áóëåâèõ çíà÷åíü b1 òà b2 óìîâè b1 + b2 ≤ 1 òà

b1 ∧ b2 = 0 ¹ åêâiâàëåíòíèìè. Äëÿ áiëüøî¨ êiëüêîñòi áóëåâèõ çíà÷åíü öå íå òàê.

Ç òîãî, ùî
K∑
j=1

bj ≤ 1 (K > 2) âèïëèâà¹, ùî
K
∧
j=1

bj = 0, àëå íàâïàêè íi. Óìîâà

K
∧
j=1

bj = 0 âêàçó¹ ëèøå íà òå, ùî ñåðåä çíà÷åíü b1, . . . , bK ¹ õî÷à á îäíå, ÿêå ðiâíå

0. Äëÿ òîãî ùîá ñåðåä çíà÷åíü b1, . . . , bK áóëî íå áiëüøå îäíîãî iç çíà÷åííÿì
1 ïîòðiáíî, ùîáè äëÿ óñiõ ïàð iíäåêñiâ j òà s, òàêèõ ùî j ̸= s, âèêîíóâàëîñÿ

á bj ∧ bs = 0, àáî ∨
(j, s)
j ̸= s

bj ∧ bs = 0. Àëå ∨
(j, s)
j ̸= s

bj ∧ bs =
K
∨
s=2

((
s−1
∨
j=1

bj

)
∧ bs

)
.

Òàêèì ÷èíîì óìîâè
K∑
j=1

bj ≤ 1 òà
K
∨
s=2

((
s−1
∨
j=1

bj

)
∧ bs

)
= 0 � åêâiâàëåíòíi. Íà

ïiäñòàâi öüîãî ìîæíà êàçàòè ùî, ñèñòåìà íåðiâíîñòåé
∑
j∈Sx

1

aij ≤ 1, i = 1, . . . ,m,

àáî
n∑
j=1

Ajxj ≤ 1̄ åêâiâàëåíòíà óìîâi
nx∨
k=2

((
k−1
∨
j=1

AS
x
1,j

)
∧ ASx

1,k

)
= 0̄, ùî i äîâîäèòü

òåîðåìó.

Òåîðåìè 1 òà 2 äîçâîëÿþòü ïîáóäóâàòè íîâi ñõåìè ïåðåâiðêè ðîçâ'ÿçêiâ íà
äîïóñòèìiñòü ó çàäà÷àõ ïðî ïîêðèòòÿ òà óïàêîâêó ñêií÷åííî¨ ìíîæèíè. Íà ðèñ.
1 òà ðèñ. 2 ïðåäñòàâëåíi âiäïîâiäíi àëãîðèòìè.

4. Ïîøóê ëåêñèêîãðàôi÷íîãî ìiíiìóìó ìíîæèíè ó çàäà÷i ïðî ïî-
êðèòòÿ. Îñíîâíîþ ñêëàäîâîþ àëãîðèòìiâ ëåêñèêîãðàôi÷íîãî ïîøóêó ¹ âiäøó-
êàííÿ ëåêñèêîãðàôi÷íèõ åêñòðåìóìiâ ìíîæèí, ÿêi ¹ ïiäìíîæèíàìè ìíîæèíè
äîïóñòèìèõ ðîçâ'ÿçêiâ çàäà÷i îïòèìiçàöi¨. Ó ñòàíäàðòíîìó àëãîðèòìi ïîøóêó
ëåêñèêîãðàôi÷íîãî ìiíiìóìó ìíîæèíè [2] íà êîæíîìó êðîöi k, k = 1, . . . , n,
çäiéñíþ¹òüñÿ ïðîöåñ ñêàëÿðíî¨ ìiíiìiçàöi¨ çíà÷åííÿ çìiííî¨ xk. Â ðåçóëüòàòi
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
bool CoverFeasible(x ∈ Bn){
s = 0̄;
for(int j = 1; j ≤ n; j ++)
if(xj == 1)s = s ∨ Aj;

return s == 1̄;
}

Ðèñ. 1. Àëãîðèòì ïåðåâiðêè
äîïóñòèìîñòi ðîçâ'ÿçêó ó çàäà÷i ïðî

ïîêðèòòÿ.



bool PackFeasible(x ∈ Bn){
s = 0̄;
for(int j = 1; j ≤ n; j ++)

if(xj == 1){
if(s ∧ Aj == 0̄)
s = s ∨ Aj;

else
return false;

}
return true;
}

Ðèñ. 2. Àëãîðèòì ïåðåâiðêè
äîïóñòèìîñòi ðîçâ'ÿçêó ó çàäà÷i ïðî

óïàêîâêó.

îòðèìó¹ìî çíà÷åííÿ δk=max

{
1−

k−1∑
j=1

aijx
∗
j −

n∑
j=k+1

aij

∣∣∣∣∣ aik = 1

}
òà x∗k = max {0, δk}.

Êðiì òîãî, ñëiä çàóâàæèòè, ùî çàâæäè δk ≤ 1 [2].
Âèêîðèñòîâóþ÷è âêàçàíi âëàñòèâîñòi äîïóñòèìèõ ðîçâ'ÿçêiâ ó çàäà÷i ïðî ïî-

êðèòòÿ ç ïîïåðåäíüîãî ïóíêòó, âèíèêà¹ ìîæëèâiñòü ïîáóäóâàòè íîâó ñõåìó ïî-
øóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó ìíîæèíè äîïóñòèìèõ ðîçâ'ÿçêiâ çàäà÷i ïðî
ïîêðèòòÿ ñêií÷åííî¨ ìíîæèíè. Âèçíà÷èìî áóëåâi âåêòîðè: Uk =

n
∨
j=k

Aj, k =

1, . . . , n, Un+1 = 0̄, Y k = 0̄, k = 0, 1, . . . , n. Íà ïî÷àòêó ïîøóêó x∗ = 1̄. Íà êî-
æíîìó êðîöi k, k = 1, . . . , n, ïîøóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó ïåðåâiðÿ¹òüñÿ
óìîâà: ÷è âåêòîð Y k−1∨Uk+1 ðiâíèé 1̄ . ßêùî óìîâà âèêîíó¹òüñÿ, òîäi çíà÷åííÿ
x∗k ñòà¹ ðiâíèì 0, ÿêùî íi, òîäi çíà÷åííÿ x∗k çàëèøà¹òüñÿ ðiâíèì 1. Ïðè öüîìó,
ÿêùî óìîâà âèêîíó¹òüñÿ, òîäi Y k = Y k−1, iíàêøå Y k = Y k−1 ∨ Ak.

Òåîðåìà 3. Âèçíà÷åííÿ âåêòîðó Y k−1 ∨ Uk+1 íà êîæíîìó k-ìó êðîöi, k =
1, . . . , n, åêâiâàëåíòíî îá÷èñëåííþ çíà÷åííÿ δk ó ñòàíäàðòíîìó àëãîðèòìi ïî-
øóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó ìíîæèíè äëÿ çàäà÷i ïðî ïîêðèòòÿ.

Äîâåäåííÿ. Çíà÷åííÿ δk ¹ ìiíiìàëüíî ìîæëèâèì çíà÷åííÿì ïðè ÿêîìó
ðîçâ'ÿçîê

(
x∗1, . . . , x

∗
k−1, δk, 1, . . . , 1

)
çàäîâîëüíÿ¹ óìîâó (2). Äëÿ äîïóñòèìîñòi

ðîçâ'ÿçêó öå çíà÷åííÿ êîðèãó¹òüñÿ òàê, ùîá âîíî áóëî áóëåâèì. Â ðåøòi ðåøò,
ìîæíà êàçàòè, ùî çíà÷åííÿ δk äîçâîëÿ¹ âèçíà÷èòè ÷è ¹ äîïóñòèìèì ðîçâ'ÿ-
çîê

(
x∗1, . . . , x

∗
k−1, 0, 1, . . . , 1

)
. Íå âàæêî ïîìiòèòè, ùî íà êîæíîìó êðîöi k, k =

1, . . . , n, ðîçãëÿíóòèõ âèùå äié, Y k−1 =
k−1
∨

j = 1
x∗j = 1

Aj, Uk+1 =
n
∨

j=k+1
Aj òà Y k−1 ∨

Uk+1 =
k−1
∨

j = 1
x∗j = 1

Aj ∨
n
∨

j=k+1
Aj =

n
∨
j=1

Ajxkj , äå x
k =

(
x∗1, . . . , x

∗
k−1, 0, 1, . . . , 1

)
. ßêùî
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n
∨
j=1

Ajxkj = 1̄, òîäi, çãiäíî òåîðåìè 1, öå îçíà÷à¹, ùî ðîçâ'ÿçîê xk � äîïóñòèìèé.

Ñëiä âiäçíà÷èòè, ùî êîëè íà äåÿêîìó êðîöi k, k = 1, . . . , n, çíà÷åííÿ x∗k =
0, òîäi âåêòîð Y k íå çìiíþ¹òüñÿ. Òîìó äëÿ ïiäâèùåííÿ åôåêòèâíîñòi ðîáîòè
çàïðîïîíîâàíîãî áiíàðíîãî àëãîðèòìó ïîøóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó ó
çàäà÷i ïðî ïîêðèòòÿ, çàìiòü òîãî ùîá êîæåí ðàç âèçíà÷àòè âåêòîð Y k, ìî-
æå âèêîðèñòîâóâàòèñü ìàñèâ iíäåêñiâ iy, ó ÿêîìó êîæíå çíà÷åííÿ iyk ìiñòèòü
îñòàííié íîìåð êðîêó íà ÿêîìó âiäáóâàëàñÿ çìiíà âåêòîðó Y iyk , òîáòî iyk =
max {j ∈ {1, . . . , k − 1} |Y j = Y j−1 ∨ Aj }. Íåõàé öiëî÷èñëîâå çíà÷åííÿ lastK ìi-
ñòèòü íîìåð îñòàííüîãî êðîêó, íà ÿêîìó âiäáóâàëàñÿ çìiíà âåêòîðó Y k. Íà ïî-
÷àòêó ðîáîòè àëãîðèòìó çíà÷åííÿ lastK = 0.

Ïðè òàêîìó óòî÷íåííi, íà êîæíîìó êðîöi k, k = 1, . . . , n, ïîøóêó ëåêñèêî-
ãðàôi÷íîãî ìiíiìóìó:

1) iyk = lastK;

2) ïåðåâiðÿ¹òüñÿ óìîâà: ÷è äîðiâíþ¹ âåêòîð Y k−1 ∨ Uk+1 âåêòîðó 1̄;

3) ÿêùî òàê, òîäi çíà÷åííÿ x∗k = 0;

4) ÿêùî íi, òîäi Y k = Y lastK ∨ Ak, lastK = k.

Íà ðèñ. 3 ïðåäñòàâëåíà ñòðóêòóðíà ñõåìà àëãîðèòìó ïîøóêó ëåêñèêîãðàôi-
÷íîãî ìiíiìóìó ìíîæèíè äîïóñòèìèõ çíà÷åíü çàäà÷i ïðî ïîêðèòòÿ LexMinCover.

Ðèñ. 3. Àëãîðèòì ïîøóêó

ëåêñèêîãðàôi÷íîãî ìiíiìóìó ó

çàäà÷i ïðî ïîêðèòòÿ.



int[] LexMinCover(){
int[] x∗ = 1̄; int lastK = 0;

for(int k = 1; k ≤ n; k ++){
iyk = lastK;
if(Y lastK ∨ Uk+1 == 1̄)
x∗k = 0;

else
{Y k = Y lastK ∨ Ak; lastK = k; }

}
return x∗;
}

Àëãîðèòì LexMinCover ïðèçíà÷åíèé äëÿ ïîøóêó ëåêñèêîãðàôi÷íîãî ìiíi-
ìóìó x∗ ìíîæèíè XCover, x∗ = minLXCover. Àëå, âðàõîâóþ÷è òå, ùî â ïðî-
öåñi ïîøóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó óñi çìiíè ó ïîñëiäîâíîñòi âåêòîðiâ
Y k, k = 1, . . . , n, ôiêñóþòüñÿ, àëãîðèòì LexMinCover ìîæå áóòè âèêîðèñòà-
íèé äëÿ ïîøóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó ìíîæèíè

{
x ∈ XCover

∣∣x ≥L x̄
}
,

äå x̄ ∈ Bn � ôiêñîâàíèé áóëåâèé âåêòîð. Äëÿ öüîãî öèêë ïîøóêó ó àëãîðè-
òìi LexMinCover ñëiä ïî÷èíàòè íå ç ïåðøî¨ êîîðäèíàòè, à iç êîîðäèíàòè, ùî
çàáåçïå÷ó¹ âèêîíàííÿ ïðÿìîãî ëåêñèêîãðàôi÷íîãî îáìåæåííÿ x ≥L x̄.

5. Ïîøóê ëåêñèêîãðàôi÷íîãî ìàêñèìóìó ìíîæèíè ó çàäà÷i ïðî
óïàêîâêó. Ó ñòàíäàðòíîìó àëãîðèòìi ïîøóêó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó
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ìíîæèíè [3], âðàõîâóþ÷è ñïåöèôi÷íiñòü êîåôiöi¹íòiâ îáìåæåíü çàäà÷i ïðî óïà-
êîâêó, íà êîæíîìó êðîöi k, k = 1, . . . , n, çäiéñíþ¹òüñÿ ïðîöåñ ñêàëÿðíî¨ ìàêñè-

ìiçàöi¨ çà çìiííîþ xk. Â ðåçóëüòàòi ÿêîãî îá÷èñëþ¹òüñÿ δk =min

{
1−

k−1∑
j=1

aijx
∗
j

∣∣∣∣∣ aik = 1

}
òà x∗k = min {1, δk}. Ñëiä çàóâàæèòè, ùî çíà÷åííÿ δk çàâæäè íåâiä'¹ìíå, δk ≥ 0
[3].

Ñïèðàþ÷èñü íà âëàñòèâiñòü äîïóñòèìèõ ðîçâ'ÿçêiâ ó çàäà÷i ïðî óïàêîâêó, ùî
îá ðóíòîâó¹òüñÿ òåîðåìîþ 2, îïèøåìî ñõåìó áiíàðíîãî ïîøóêó ëåêñèêîãðàôi-
÷íîãî ìàêñèìóìó ìíîæèíè äîïóñòèìèõ ðîçâ'ÿçêiâ çàäà÷i ïðî óïàêîâêó XPack.
Íà ïî÷àòêó ïîøóêó x∗ = 0̄, Y k = 0̄, k = 0, 1, . . . , n. Íà êîæíîìó êðîöi ïîøóêó
ëåêñèêîãðàôi÷íîãî ìàêñèìóìó k, k = 1, . . . , n ïåðåâiðÿ¹òüñÿ óìîâà: ÷è ¹ íóëüî-
âèì âåêòîð Y k−1 ∧ Ak. ßêùî óìîâà âèêîíó¹òüñÿ, òîäi çíà÷åííÿ x∗k ñòà¹ ðiâíèì
1, ÿêùî íi, òîäi çíà÷åííÿ x∗k çàëèøà¹òüñÿ ðiâíèì 0. Ïðè öüîìó, ÿêùî óìîâà
âèêîíó¹òüñÿ, òîäi Y k = Y k−1 ∨ Ak, iíàêøå Y k = Y k−1.

Òåîðåìà 4. Âèçíà÷åííÿ âåêòîðó Y k−1 ∧ Ak íà êîæíîìó k-ìó êðîöi, k =
1, . . . , n, åêâiâàëåíòíî îá÷èñëåííþ çíà÷åííÿ δk ó ñòàíäàðòíîìó àëãîðèòìi ïî-
øóêó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó ìíîæèíè äëÿ çàäà÷i ïðî óïàêîâêó.

Äîâåäåííÿ. Çíà÷åííÿ δk ¹ ìàêñèìàëüíî ìîæëèâèì çíà÷åííÿì ïðè ÿêîìó
ðîçâ'ÿçîê

(
x∗1, . . . , x

∗
k−1, δk, 0, . . . , 0

)
çàäîâîëüíÿ¹ óìîâó (2) äëÿ çàäà÷i ïðî óïà-

êîâêó. Äëÿ äîïóñòèìîñòi ðîçâ'ÿçêó öå çíà÷åííÿ êîðèãó¹òüñÿ òàê, ùîá âîíî íå
ïåðåâèùóâàëî 1. Òàêèì ÷èíîì, çíà÷åííÿ δk äîçâîëÿ¹ âèçíà÷èòè äîïóñòèìiñòü
ðîçâ'ÿçêó

(
x∗1, . . . , x

∗
k−1, 1, 0, . . . , 0

)
. Íå âàæêî ïîìiòèòè, ùî íà êîæíîìó êðî-

öi k, k = 1, . . . , n, ðîçãëÿíóòèõ âèùå äié, Y k−1 =
k−1
∨

j = 1
x∗j = 1

Aj =
k−1
∨
j=1

Ajxkj òà

Y k−1∧Ak =
(
k−1
∨
j=1

Ajxkj

)
∧Ak, äå xk =

(
x∗1, . . . , x

∗
k−1, 1, 0, . . . , 0

)
. Óñi ðîçâ'ÿçêè âè-

ãëÿäó
(
x∗1, . . . , x

∗
p, 0, . . . , 0

)
, p = 1, . . . , k − 1 ¹ äîïóñòèìèì, òîìó Y k−1 ≤ 1̄. ßêùî

Y k−1∧Ak ̸= 0̄, òîäi çíàéäåòüñÿ òàêà êîîðäèíàòà q > k, äëÿ ÿêî¨ Y k−1
q = 1, Akq = 1

òà Y k−1
q ∧Akq = 1, òîáòî îáìåæåííÿ çàäà÷i ç íîìåðîì q äëÿ ðîçâ'ÿçêó xk ìiñòèòü

äâà íå íóëüîâi çíà÷åííÿ, ùî ïîðóøó¹ äîïóñòèìiñòü öüîãî ðîçâ'ÿçêó. ßêùî æ
Y k−1 ∧ Ak = 0̄, òîäi ðîçâ'ÿçîê xk � äîïóñòèìèé.

Ïî àíàëîãi¨ ç áiíàðíèì àëãîðèòìîì ïîøóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó ó
çàäà÷i ïðî ïîêðèòòÿ, äëÿ ïiäâèùåííÿ åôåêòèâíîñòi ðîáîòè áiíàðíîãî àëãîðèòìó
ïîøóêó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó ó çàäà÷i ïðî óïàêîâêó, âèêîðèñòà¹ìî ìà-
ñèâ iíäåêñiâ iy ó ÿêîìó êîæíå çíà÷åííÿ iyk ìiñòèòü îñòàííié íîìåð êðîêó íà ÿêî-
ìó âiäáóâàëàñÿ çìiíà âåêòîðó Y k, iyk =max {j ∈ {1, . . . , k − 1} |Y j = Y j−1 ∨ Aj }.
Íåõàé öiëî÷èñëîâå çíà÷åííÿ lastK ìiñòèòü íîìåð îñòàííüîãî êðîêó íà ÿêîìó
âiäáóâàëàñÿ çìiíà âåêòîðó Y k. Íà ïî÷àòêó ðîáîòè àëãîðèòìó çíà÷åííÿ lastK =
0.

Âðàõîâóþ÷è âèùå ñêàçàíå, íà êîæíîìó êðîöi k, k = 1, . . . , n, ïîøóêó ëåêñè-
êîãðàôi÷íîãî ìàêñèìóìó âèêîíà¹ìî äi¨:

1) iyk = lastK;

2) ïåðåâiðÿ¹òüñÿ óìîâà: ÷è ¹ âåêòîð Y k−1 ∧ Ak íóëüîâèì;
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3) ÿêùî òàê, òîäi çíà÷åííÿ x∗k = 1, Y k = Y lastK ∨ Ak, lastK = k.

Íà ðèñ. 4 ïðåäñòàâëåíà ñòðóêòóðíà ñõåìà àëãîðèòìó ïîøóêó ëåêñèêîãðàôi-
÷íîãî ìàêñèìóìó ìíîæèíè äîïóñòèìèõ çíà÷åíü çàäà÷i ïðî óïàêîâêó ñêií÷åííî¨
ìíîæèíè LexMaxPack.

Ðèñ. 4. Àëãîðèòì ïîøóêó

ëåêñèêîãðàôi÷íîãî ìàêñèìóìó ó

çàäà÷i ïðî óïàêîâêó.



int[] LexMaxPack(){
int[] x∗ = 0̄; int lastK = 0;

for(int k = 1; k ≤ n; k ++){
iyk = lastK;
if(Y lastK ∧ Ak == 0̄)
{x∗k = 1; Y k = Y lastK ∨ Ak; lastK = k; }

}
return x∗;
}

Àëãîðèòì LexMaxPack ïðèçíà÷åíèé äëÿ ïîøóêó ëåêñèêîãðàôi÷íîãî ìàêñè-
ìóìó x∗ ìíîæèíè XPack, x∗ = maxLXPack. Âðàõîâóþ÷è òå, ùî â ïðîöåñi ïîøó-
êó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó óñi çìiíè ó ïîñëiäîâíîñòi âåêòîðiâ Y k, k =
1, . . . , n, ôiêñóþòüñÿ, àëãîðèòì LexMaxPack òàêîæ ìîæå áóòè âèêîðèñòàíèé
äëÿ ïîøóêó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó ìíîæèíè

{
x ∈ XPack

∣∣x ≤L x̄
}
, äå

x̄ ∈ Bn � ôiêñîâàíèé áóëåâèé âåêòîð. Äëÿ öüîãî öèêë ïîøóêó ó àëãîðèòìi
LexMaxPack ñëiä ïî÷èíàòè íå ç ïåðøî¨ êîîðäèíàòè, à iç êîîðäèíàòè startK, ùî
çàáåçïå÷ó¹ âèêîíàííÿ ïðÿìîãî ëåêñèêîãðàôi÷íîãî îáìåæåííÿ x ≤L x̄. �¨ çíà÷åí-

íÿ ëåãêî âiäøóêó¹òüñÿ çà ïðàâèëîì: startK =max

{
j ∈ {1, . . . , n}| x̄j = 1;

j−1
∨
i=1

Aix̄i ≤ 1̄

}
+

1.
6. Àíàëiç åôåêòèâíîñòi áiíàðíèõ àëãîðèòìiâ ïîøóêó ëåêñèêîãðàôi-

÷íèõ åêñòðåìóìiâ ó çàäà÷àõ ïðî ïîêðèòòÿ òà óïàêîâêó. Ñó÷àñíi ïðîöå-
ñîðè ìàþòü ìîæëèâiñòü çäiéñíþâàòè ïîðîçðÿäíi îïåðàöi¨ ç 128-è, 256-è i íàâiòü
512-è ðîçðÿäíèìè äâiéêîâèìè ÷èñëàìè. Ó ðåàëüíèõ çàäà÷àõ ïðî ïîêðèòòÿ àáî
óïàêîâêó ñêií÷åííî¨ ìíîæèíè êiëüêiñòü ëiíiéíèõ îáìåæåíü êîëèâà¹òüñÿ âiä äå-
êiëüêîõ ñîòåíü äî äåêiëüêîõ òèñÿ÷. Òîìó äëÿ ïðåäñòàâëåííÿ îäíîãî ñòîâïöÿ ìà-
òðèöi îáìåæåíü ó äâiéêîâîìó âèãëÿäi îäíîãî áiíàðíîãî ÷èñëà íàâiòü ìàêñèìàëü-
íî¨ ðîçìiðíîñòi ìîæå âèÿâèòèñü íå äîñòàòíüî. Ó ïðîãðàìíié ðåàëiçàöi¨ ñòîâïåöü
ìàòðèöi îáìåæåíü çàäà÷i ïðåäñòàâëÿ¹òüñÿ ÿê ïîñëiäîâíiñòü äâiéêîâèõ ÷èñåë,
ðîçìiðíiñòü ÿêèõ ïiäòðèìó¹òüñÿ ïðîöåñîðîì. Íàïðèêëàä, ÿêùî êiëüêiñòü îáìå-
æåíü çàäà÷im = 500, à ïðîöåñîð ìà¹ ìîæëèâiñòü ïðàöþâàòè ç 128-è ðîçðÿäíèìè
÷èñëàìè, òîäi ñòîâïåöü ìàòðèöi îáìåæåíü çàäà÷i Ak ìîæå áóòè ïðåäñòàâëåíèé
ÿê ïîñëiäîâíiñòü ç 4-õ 128-è ðîçðÿäíèõ äâiéêîâèõ ÷èñåë:

Ak = (a1,k, . . . , a128,k︸ ︷︷ ︸
128bit

, a129,k, . . . , a256,k︸ ︷︷ ︸
128bit

, a257,k, . . . , a384,k︸ ︷︷ ︸
128bit

, a385,k, . . . , a500,k, 0, . . . , 0︸ ︷︷ ︸
128bit

)

Ó òàêîìó ïðåäñòàâëåííi îäíà ïîðîçðÿäíà îïåðàöiÿ íàä ñòîâïöÿìè ìàòðèöi îáìå-
æåíü ðåàëiçó¹òüñÿ ÿê ïîñëiäîâíiñòü ç 4-õ ïîðîçðÿäíèõ îïåðàöié íàä 128-è ðîç-
ðÿäíèìè äâiéêîâèìè ÷èñëàìè.
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Ó ðîáîòi ðîçðîáëåíî äâà ñïîñîáè ïðåäñòàâëåííÿ ñòîâïöiâ ìàòðèöi îáìåæåíü
çàäà÷i, ÿê ïîñëiäîâíiñòü 128-è ðîçðÿäíèõ äâiéêîâèõ ÷èñåë (Bin128) òà ÿê 256-è
ðîçðÿäíèõ äâiéêîâèõ ÷èñåë (Bin256). Áiíàðíèé ïîøóê ëåêñèêîãðàôi÷íèõ åêñ-
òðåìóìiâ ìíîæèí ó öèõ ïðåäñòàâëåííÿõ ïîðiâíþâàâñÿ ç ðîáîòîþ ñòàíäàðòíîãî
àëãîðèòìó ïîøóêó (Std) [2,3]. Îñêiëüêè àëãîðèòìè LexMaxPack òà LexMinCover
áàçóþòüñÿ íà îäíèõ i òèõ ñàìèõ ïðèíöèïàõ, òî åôåêòèâíiñòü ¨õ ðîáîòè äëÿ ìà-
òðèöü îáìåæåíü ç îäíàêîâîþ ñòðóêòóðîþ ó ïîðiâíÿííi iç ñòàíäàðòíèì àëãîðè-
òìîì òåæ îäíàêîâà. Òîìó àíàëiç ðåçóëüòàòiâ ïðåäñòàâëåíî òiëüêè äëÿ àëãîðè-
òìó LexMinCover. Äîñëiäæåííÿ ïðîâîäèëîñÿ äëÿ çàäà÷ ïðî ïîêðèòòÿ ç âèïàä-
êîâî ïîáóäîâàíîþ ìàòðèöåþ îáìåæåíü, ùiëüíiñòü íå íóëüîâèõ åëåìåíòiâ ÿêî¨
ñòàíîâèëà 5%. Äëÿ îòðèìàííÿ ñåðåäíüîãî ÷àñó ðîáîòè àëãîðèòìiâ, ãåíåðóâàëî-
ñÿ 10 çàäà÷ îäíi¹¨ ðîçìiðíîñòi. Ó êîæíié ç 10 çàäà÷ 1000 ðàçiâ âèêëèêàâñÿ êîæåí
ç 3-õ àëãîðèòìiâ ïîøóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó ìíîæèíè: ñòàíäàðòíèé
(Std), LexMinCover ç 128-è ðîçðÿäíîþ ðåàëiçàöi¹þ (Bin128) òà LexMinCover
ç 256-è ðîçðÿäíîþ ðåàëiçàöi¹þ (Bin256). Òàêèì ÷èíîì äëÿ êîæíî¨ ðîçìiðíîñòi
êîæåí ç 3-õ àëãîðèòìiâ âèêëèêàâñÿ 10000 ðàçiâ.

Íà ðèñ. 5 ïðåäñòàâëåíî ãðàôiê çàëåæíîñòi ÷àñó ðîáîòè àëãîðèòìiâ âiä êiëü-
êîñòi îáìåæåíü çàäà÷i. Ïðè öüîìó êiëüêiñòü îáìåæåíü ó çàäà÷i ïðî ïîêðèòòÿ
çìiíþâàëàñü âiä 50 äî 2000 ç êðîêîì 50. Êiëüêiñòü çìiííèõ n çàäà÷i áóëà ôiêñî-
âàíîþ i äîðiâíþâàëà 20000, n = 20000.

Ðèñ. 5. Çàëåæíiñòü ìiæ êiëüêiñòþ îáìåæåíü çàäà÷i ïðî ïîêðèòòÿ òà ñåðåäíiì
÷àñîì ðîáîòè ñòàíäàðòíîãî àëãîðèòìó òà àëãîðèòìó LexMinCover.

Ëåãêî áà÷èòè, ùî iç çáiëüøåííÿì êiëüêîñòi îáìåæåíü ÷àñ ðîáîòè ñòàíäàðòíî-
ãî àëãîðèòìó ïîøóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó ìíîæèíè ëiíiéíî çðîñòà¹ i
ïðè m = 2000 ñòàíîâèòü 72, 71 ñåê. Â òîé æå ÷àñ, ó ïîðiâíÿííi iç ñòàíäàðòíèì
àëãîðèòìîì, åôåêòèâíiñòü áiíàðíèõ àëãîðèòìiâ çìiíþ¹òüñÿ íå çíà÷íî. Äëÿ áiëü-
øî¨ äåòàëiçàöi¨, íà ðèñ. 6 ïðåäñòàâëåíî ãðàôiê çàëåæíîñòi ÷àñó ðîáîòè òiëüêè
áiíàðíèõ àëãîðèòìiâ ïîøóêó âiä êiëüêîñòi îáìåæåíü çàäà÷i.

×àñ ðîáîòè àëãîðèòìó LexMinCover ó ðåàëiçàöiÿõ Bin256 òà Bin128 iç
çáiëüøåííÿì m òåæ çðîñòà¹ ìàéæå ëiíiéíî, àëå çíà÷íî ïîâiëüíiøå ó ïîðiâíÿííi
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Ðèñ. 6. Çàëåæíiñòü ìiæ êiëüêiñòþ îáìåæåíü çàäà÷i ïðî ïîêðèòòÿ òà ñåðåäíiì
÷àñîì ðîáîòè àëãîðèòìó LexMinCover äëÿ ðiçíèõ ïðåäñòàâëåíü ñòîâïöiâ

ìàòðèöi îáìåæåíü.

iç ñòàíäàðòíèì àëãîðèòìîì. Òàê, ó ðåàëiçàöi¨ Bin256 íàéáiëüøèé ñåðåäíié ÷àñ
ðîáîòè ñòàíîâèâ 0, 548 ñåê. ïðè m = 1800, à ó ðåàëiçàöi¨ Bin128 � 0, 633 ñåê.
ïðè m = 1950. Âàðòî âiäçíà÷èòè, ùî åôåêòèâíiñòü áiíàðíèõ àëãîðèòìiâ ïîøó-
êó ëåêñèêîãðàôi÷íèõ åêñòðåìóìiâ ìíîæèíè çàëåæèòü âiä ôàêòè÷íî¨ êiëüêîñòi
äâiéêîâèõ ðîçðÿäiâ, ùî âèêîðèñòîâóþòüñÿ äëÿ ïðåäñòàâëåííÿ ñòîâïöiâ ìàòðèöi
îáìåæåíü çàäà÷i òà ðåàëüíî¨ êiëüêîñòi, ùî âèäiëÿ¹òüñÿ äëÿ âìiñòó ïîñëiäîâ-
íîñòi äâiéêîâèõ çíà÷åíü íà ðiâíi ïðîöåñîðó. ×èì áiëüøå äâiéêîâèõ ðîçðÿäiâ ç
âèäiëåíî¨ êiëüêîñòi âèêîðèñòîâó¹òüñÿ, òèì åôåêòèâíiøå ïðàöþþòü àëãîðèòìè
áiíàðíîãî ïîøóêó. Íàïðèêëàä, ïðè m ≥ 1800, ó ðåàëiçàöi¨ Bin256, ïîòðiáíî âè-
äiëèòè 8 256-è ðîçðÿäíèõ äâiéêîâèõ çíà÷åíü äëÿ çáåðåæåííÿ îäíîãî ñòîâïöÿ
ìàòðèöi îáìåæåíü. Ïðè m = 1800 íå âèêîðèñòàíèìè ëèøàþòüñÿ 248 ðîçðÿäiâ
ç 2048, à ïðè m = 2000 � 48. Íà ãðàôiêó ç ðèñ. 6 äëÿ Bin256 âèäíî, ùî ïðè
m = 2000 ñåðåäíié ÷àñ ðîáîòè áiíàðíîãî àëãîðèòìó ñòàíîâèâ 0, 496 ñåê. Â òîé
æå ÷àñ, ïðè m = 1800 � 0, 548 ñåê.

Íà ðèñ. 7 ïðåäñòàâëåíî ãðàôiê çàëåæíîñòi ÷àñó ðîáîòè àëãîðèòìiâ âiä êiëü-
êîñòi çìiííèõ çàäà÷i. Ïðè öüîìó êiëüêiñòü çìiííèõ ó çàäà÷i ïðî ïîêðèòòÿ çìi-
íþâàëàñü âiä 500 äî 20000 ç êðîêîì 500. Êiëüêiñòü îáìåæåíü m çàäà÷i áóëà
ôiêñîâàíîþ i äîðiâíþâàëà 1000, m = 1000.

Iç çáiëüøåííÿì êiëüêîñòi çìiííèõ ÷àñ ðîáîòè ñòàíäàðòíîãî àëãîðèòìó ïî-
øóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó ìíîæèíè ëiíiéíî çðîñòà¹ i ïðè n = 20000
ñòàíîâèòü 37, 1 ñåê. Â òîé æå ÷àñ, ó ïîðiâíÿííi iç ñòàíäàðòíèì àëãîðèòìîì, ñåðå-
äíié ÷àñ ðîáîòè áiíàðíèõ àëãîðèòìiâ çìiíþ¹òüñÿ íå çíà÷íî. Òàê, ïðè n = 20000
ñåðåäíié ÷àñ ðîáîòè àëãîðèòìó LexMinCover ó 256-è ðîçðÿäíié ðåàëiçàöi¨ ñòà-
íîâèâ 0, 282 ñåê., à ó 128-è ðîçðÿäíié ðåàëiçàöi¨ � 0, 293 ñåê. Çàóâàæèìî, ùî
çáiëüøåííÿ êiëüêîñòi çìiííèõ çàäà÷i ìåíøå âïëèâà¹ íà åôåêòèâíiñòü ðîáîòè
àëãîðèòìiâ ïîøóêó ëåêñèêîãðàôi÷íîãî ìiíiìóìó. Ïðè çìiíi êiëüêîñòi îáìåæåíü
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Ðèñ. 7. Çàëåæíiñòü ìiæ êiëüêiñòþ çìiííèõ çàäà÷i ïðî ïîêðèòòÿ òà ñåðåäíiì
÷àñîì ðîáîòè ñòàíäàðòíîãî àëãîðèòìó òà àëãîðèòìó LexMinCover.

çàäà÷i ëiíiéíà çàëåæíiñòü ÷àñó ó ñòàíäàðòíîìó àëãîðèòìi ìîæå áóòè âèðàæåíà
ôîðìóëîþ: t = 0.036m+t0. Êîëè æ ìiíÿ¹òüñÿ êiëüêiñòü çìiííèõ, òîäi çàëåæíiñòü
âèðàæà¹òüñÿ ÿê t = 0.0018n+ t0.

7. Âèñíîâêè. Ïîáóäîâàíi òà äîñëiäæåíi íîâi àëãîðèòìè ïîøóêó ëåêñèêîãðà-
ôi÷íèõ åêñòðåìóìiâ ìíîæèí, ÿêi ¹ ïiäìíîæèíàìè ìíîæèíè äîïóñòèìèõ ðîçâ'ÿç-
êiâ çàäà÷ ïðî ïîêðèòòÿ òà óïàêîâêó ñêií÷åíî¨ ìíîæèíè. Îñîáëèâîñòi ìàòðèöi
îáìåæåíü òà âåêòîðó âiëüíèõ ÷ëåíiâ öèõ çàäà÷ äîçâîëèëè ïðåäñòàâèòè ñõåìó
ñòàíäàðòíîãî àëãîðèòìó ïîøóêó ëåêñèêîãðàôi÷íîãî åêñòðåìóìó ìíîæèíè ó íî-
âèõ òåðìiíàõ � ÷åðåç áiíàðíi àáî ïîðîçðÿäíi îïåðàöi¨ íàä áóëåâèìè âåêòîðàìè.
Ïîðiâíÿííÿ åôåêòèâíîñòi ðîáîòè áiíàðíèõ àëãîðèòìiâ ç ñòàíäàðòíèì àëãîðè-
òìîì ïîøóêó çäiéñíþâàëîñü íà îñíîâi çàäà÷, îòðèìàíèõ âèïàäêîâèì ÷èíîì.
Àíàëiç ðåçóëüòàòiâ ïîêàçàâ, ùî â çàëåæíîñòi âiä ðîçìiðíîñòi çàäà÷i, â ïåðøó
÷åðãó âiä êiëüêîñòi îáìåæåíü, áiíàðíèé àëãîðèòì ïðàöþ¹ ó 50 � 150 ðàçiâ øâèä-
øå íiæ ñòàíäàðòíèé àëãîðèòì ïîøóêó. Ïðè÷îìó, iç çáiëüøåííÿì ðîçìiðíîñòi
çàäà÷i åôåêòèâíiñòü ðîáîòè áiíàðíîãî àëãîðèòìó çðîñòà¹.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè
1. ×óïîâ Ñ.Â. Íîâûå ïîäõîäû ê ðåøåíèþ çàäà÷ äèñêðåòíîãî ïðîãðàììèðîâàíèÿ íà îñíîâå

ëåêñèêîãðàôè÷åñêîãî ïîèñêà // Êèáåðíåòèêà è ñèñòåì. àíàëèç. � 2016.� � 4.� Ñ. 43�54.
2. ×óïîâ Ñ.Â. Ýôôåêòèâíûå àëãîðèòìû ïîèñêà ëåêñèêîãðàôè÷åñêîãî ìèíèìóìà ìíîæå-

ñòâà// Êîìïüþòåðíàÿ ìàòåìàòèêà. � Ê.: Èí-ò êèáåðíåòèêè èìåíè Â.Ì. Ãëóøêîâà ÍÀÍ
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ÓÄÊ 519.21

Â. Ê. ßñèíñüêèé, I. Â. Þð÷åíêî, Ó. Ì. Êèñiëþê (×åðíiâåöüêèé íàö.
óí-ò iì. Þ. Ôåäüêîâè÷à)

IÑÍÓÂÀÍÍß ÒÀ �ÄÈÍIÑÒÜ ÑÈËÜÍÎÃÎ ÐÎÇÂ'ßÇÊÓ
ÑÒÎÕÀÑÒÈ×ÍÎÃÎ ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÔÓÍÊÖIÎÍÀËÜÍÎÃÎ
ÐIÂÍßÍÍß IÇ ÇÎÂÍIØÍIÌÈ ÂÈÏÀÄÊÎÂÈÌÈ ÇÁÓÐÅÍÍßÌÈ

It is obtained sufficient conditions for the existence of a strong solution (almost surely) of the
stochastic diffusion equation with finite aftereffect under external random processes of arbitrary
nature, and found sufficient conditions for the existence of even points of such equations.

Ó ðîáîòi îäåðæàíî äîñòàòíi óìîâè iñíóâàííÿ ìàéæå íàïåâíî ñèëüíîãî ðîçâ'ÿçêó äèôóçiéíîãî
ñòîõàñòè÷íîãî ðiâíÿííÿ çi ñêií÷åííîþ ïiñëÿäi¹þ ïiä äi¹þ çîâíiøíiõ âèïàäêîâèõ ïðîöåñiâ äî-
âiëüíî¨ ïðèðîäè, à òàêîæ çíàéäåíi äîñòàòíi óìîâè iñíóâàííÿ ïàðíèõ ìîìåíòiâ òàêèõ ðiâíÿíü.

1. Âñòóï. Ïðè ðîçãëÿäi äèôåðåíöiàëüíèõ ðiâíÿíü ç âèïàäêîâèìè ôóíêöiÿìè
ñëiä ðîçãëÿäàòè äâà âèïàäêè. Ó ïåðøîìó âèïàäêó âèïàäêîâi ôóíêöi¨, ùî âõî-
äÿòü ó äèôåðåíöiàëüíå ðiâíÿííÿ ìîæíà ðîçâ'ÿçóâàòè çà äîïîìîãîþ êëàñè÷íèõ
ìåòîäiâ òåîði¨ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Ó äðóãîìó âèïàäêó äîâî-
äèòüñÿ ðîçãëÿäàòè äèôåðåíöiàëüíi ðiâíÿííÿ, ùî ìiñòÿòü óçàãàëüíåíi âèïàäêîâi
ïðîöåñè òèïó ¾áiëîãî øóìó¿. Òàêi ðiâíÿííÿ ìîæíà îòðèìàòè â ðåçóëüòàòi ãðà-
íè÷íîãî ïåðåõîäó âiä ðiâíÿíü, ÿêi îïèñóþòü ñèñòåìè, íà ÿêi äiþòü øâèäêîçìiííi
âïëèâè (íàïðèêëàä, õàîòè÷íèé òåïëîâèé ðóõ ìîëåêóë, ùî äiþòü íà ÷àñòèíêó,
áðîóíiâñüêèé ðóõ òîùî). Äî òàêèõ ðiâíÿíü êëàñè÷íi ìåòîäè çàñòîñîâóâàòè íå-
ìîæëèâî, òîìó äëÿ íèõ ðîçðîáëåíî ñïåöiàëüíó òåîðiþ ñòîõàñòè÷íèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü.

Òåðìií ¾ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ¿ áóâ çàïî÷àòêîâàíèé
Ñ. Í. Áåðíøòåéíîì. É. I. Ãiõìàí [1] âïåðøå îáãðóíòóâàâ ãðàíè÷íèé ïåðåõiä. Ó
ñâî¨õ ðîáîòàõ âií äà¹ çàãàëüíå ïîíÿòòÿ ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿ-
ííÿ òà îáãðóíòîâó¹ ðiâíÿííÿ À.Ì. Êîëìîãîðîâà äëÿ ïåðåõiäíèõ iìîâiðíîñòåé
ðîçâ'ÿçêiâ.

Ïiñëÿ ââåäåííÿ ïîíÿòòÿ ñòîõàñòè÷íîãî äèôåðåíöiàëà òà iíòåãðàëà, çàìiíè
çìiííèõ äëÿ ñòîõàñòè÷íîãî äèôåðåíöiàëà, âèçíà÷åííÿ ñèëüíîãî ðîçâ'ÿçêó ñòîõà-
ñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ó âiäîìèõ ìîíîãðàôiÿõ [1], [5], [6], [11] òà ¨õ
ïîäàëüøå ïîøèðåííÿ íà êëàñè ñòîõàñòè÷íèõ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ
ðiâíÿíü [3], [7], [8], [13], [14] (äèâ. íàâåäåíó âåëèêó áiáëiîãðàôiþ â öèõ ðîáîòàõ)
ñòàëî ìîæëèâèì äîñëiäæåííÿ àñèìïòîòèêè ñèëüíîãî ðîçâ'ÿçêó äëÿ ìàòåìàòè-
÷íèõ ìîäåëåé ñêëàäíèõ ñèñòåì, ÿêi âèìàãàþòü âðàõîâóâàòè âèïàäêîâi ïàðàìå-
òðè (äèâ., íàïðèêëàä, ðîáîòè [4], [10], [12], [15] òà ií.).

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ êëàñ äèôóçiéíèõ ñòîõàñòè÷íèõ äèôåðåíöiàëü-
íî-ôóíêöiîíàëüíèõ ðiâíÿíü ç óðàõóâàííÿì çîâíiøíèõ âèïàäêîâèõ çáóðåíü iíøî¨
ïðèðîäè, âiäìiííî¨ âiä âiíåðiâñüêîãî ïðîöåñó, âèâ÷à¹òüñÿ ïèòàííÿ iñíóâàííÿ òà
¹äèíîñòi ñèëüíîãî ðîçâ'ÿçêó äëÿ öüîãî êëàñó ðiâíÿíü.

2. Ïîñòàíîâêà çàäà÷i.Íåõàé íà éìîâiðíiñíîìó áàçèñi (Ω, F, {Ft, t ≥ 0} , P)
çàäàíî ñòîõàñòè÷íå äèôåðåíöiàëüíî-ôóíêöiîíàëüíå ðiâíÿííÿ Iòî (äèôóçiéíå)
ïiä äi¹þ çîâíiøíiõ âèïàäêîâèõ çáóðåíü (ÑÄÔÐçÇÇ)

dx (t) = f1 (t, ω) a (t, xt) dt+ f2 (t, ω) b (t, xt) dw(t, ω) (1)
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xt|t=0 ≡ x (t+ θ) |t=0 = φ(θ) ∈ R1;−τ ≤ θ ≤ 0, (2)

äå fj (t, ω) , j = 1, 2 � îäíîâèìiðíi âèïàäêîâi ïðîöåñè iç çàäàíèì çàêîíîì ðîç-
ïîäiëó

Fjt (fj (t, ω]) ≡ P {ω : fj (t, ω) < x} , ∀x ∈ R1. (3)

Êîåôiöi¹íò çíîñó a : [0, T ] × D −→ R1, äå D ≡ D([τ, 0]) � ïðîñòið ôóíêöié,
ÿêi íå ìàþòü ðîçðèâiâ äðóãîãî ðîäó.

Êîåôiöi¹íò äèôóçi¨ b : [0;T ] × D −→ R1 × R1, a, b � âèìiðíi çà ñóêóïíiñòþ
çìiííèõ; xt ≡ {x (t+ θ)} , θ ∈ [−τ, 0] ,−∞ ≤ −τ ≤ 0.

Îçíà÷åííÿ 1. Âèïàäêîâèé ïðîöåñ x (t) ≡ x (t, ω) ∈ D íàçâåìî ñèëüíèì
ðîçâ'ÿçêîì ÑÄÔÐçÇÇ (1), (2), ÿêùî x (t) ¹ Ft-âèìiðíèì âèïàäêîâèì ïðîöåñîì
∀ t ∈ [0, T ] i çàäîâîëüíÿ¹ ñòîõàñòè÷íå iíòåãðàëüíå ðiâíÿííÿ

x (t) = φ (0) +

∫ t

0

f1 (s) a (s, xs)ds+

∫ t

0

f2 (s) b (s, xs)dw (s) (4)

çà ïî÷àòêîâîþ óìîâîþ (2), äå fj (s) ≡ fj(s, ω).
Ó ïðîñòîði D äëÿ φϵD âèçíà÷èìî íîðìó ∥φ (φ)∥ = supθϵ[−r,0] |φ(θ)| .
Çàóâàæèìî, ùî ó ðiâíîìiðíié íîðìi ïðîñòið Ñêîðîõîäà D [1] ¹ íåïîâíèì

ïðîñòîðîì. Òîìó âñi ðåçóëüòàòè áóäóòü ìàòè ìiñöå â ðîçøèðåíîìó ïðîñòîði D
ÿêèé íàäàëi áóäåìî ïîçíà÷àòè D.

3. Ïðî ¹äèíiñòü ñèëüíîãî ðîçâ'ÿçêó ÑÄÔÐçÇÇ. Äîâåäåìî ñïî÷àòêó
¹äèíiñòü ç òî÷íiñòþ äî ñòîõàñòè÷íî¨ åêâiâàëåíòíîñòi ðîçâ'ÿçêó çàäà÷i Êîøi (1),
(2).

Tåîðåìà 1. Íåõàé íà éìîâiðíiñíîìó áàçèñi (Ω, F, {Ft, t ≥ 0} , P) çàäàíî
ÑÄÔÐçÇÇ (1), (2), êîåôiöi¹íòè ÿêîãî çàäîâîëüíÿþòü óìîâè:

1) ôóíêöi¨ a(t, x), b(t, x) âèçíà÷åíi äëÿ t ∈ [0, T ], x ∈ (−∞,+∞) òà âèìiðíi
çà ñóêóïíiñòþ çìiííèõ;

2) iñíó¹ òàêà ñòàëà 0 < K < ∞, ùî ∀t ∈ [0, T ], x, y ∈ (−∞,+∞) ñïðàâ-
äæó¹òüñÿ óìîâà Ëiïøèöÿ òà óìîâà îáìåæåíîñòi

|a (t, x)− a (t, y)|+ |b (t, x)− b (t, y) | ≤ K1|x− y|, (5)

|a(t, x)|2 + |b (t, x) |2 ≤ K2(1 + |x|2); (6)

3) fj (t) ≡ f j (t, ω), j = 1, 2 � âèïàäêîâi ïðîöåñè çi ñâî¨ìè çàêîíàìè ðîçïî-
äiëó (3);

4) âèêîíóþòüñÿ E
{
f1

2 (t) ≤ K3

}
;E
{
f2

4 (t) ≤ K4

}
;E{·} � îïåðàöiÿ ìàòå-

ìàòè÷íîãî ñïîäiâàííÿ;

5) ïîïàðíî íåçàëåæíi âèïàäêîâi ïðîöåñè fj (t), j = 1, 2 íå çàëåæàòü âiä
âiíåðiâñüêîãî ïðîöåñó w(t) ≡ w (t, ω) ∈ Rn, ïðè öüîìó E {∥x0 (θ)∥} < K <
∞;

6) iíòåãðàëè ó (4) ¹ íåïåðåðâíi ïî t ìàéæå íàïåâíî.
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Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i Êîøi (1), (2) ç òî÷íiñòþ äî ñòîõàñòè÷íî¨
åêâiâàëåíòíîñòi.

Çàóâàæåííÿ 1. Iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i Êîøi (1), (2) ç òî÷íiñòþ
äî ñòîõàñòè÷íî¨ åêâiâàëåíòíîñòi îçíà÷à¹ [2] íàñòóïíå: ÿêùî x1(t) ≡ x1(t, ω) òà
x2(t) ≡ x2(t, ω) � äâà ñèëüíèõ ðîçâ'ÿçêè çàäà÷i Êîøi (1), (2), òî

P
{
ω : sup

0≤t≤T
|x1 (t)− x2 (t)| = 0

}
= 1. (7)

Äîâåäåííÿ. ßêùî xi(t) ≡ xi (t, ω) ∈ R1 äâà ðîçâ'ÿçêè (1), (2), òî äëÿ i = 1, 2
ìàòèìåìî iíòåãðàëüíi ðiâíÿííÿ:

xi (t) = xi (0) +

∫ t

0

f1 (s) a (s, xs) ds+

∫ t

0

f2 (s) b (s, xs) dw (s) . (8)

Âiäíiìåìî âèðàç (8), äëÿ x1(t), âèðàç (8), äëÿ x2(t), ïiäíåñåìî äî êâàäðàòó
ëiâó òà ïðàâó ÷àñòèíó âèðàçó äëÿ x1(t)- x2(t), îá÷èñëèìî âiðíî ìàòåìàòè÷íå
ñïîäiâàííÿ E{|x1 (t)− x2(t)|2}, â ðåçóëüòàòi ìàòèìåìî:

E
{
|x1(t)− x2(t)|2

}
= E

[∫ t

0

f1(s, ω)(a (s, x1s)− a (s, x2s)) ds+

+

∫ t

0

f2 (s, ω) (b (s, x1s)− b (s, x2s) dw(s)

]2
. (9)

Óâåäåìî ïîçíà÷åííÿ ai (s) ≡ a (s, xis) , bi (s) ≡ bi (s, xis) , i = 1, 2. Î÷åâè-
äíà íåðiâíiñòü (a+ b)2 ≤ 2 (a2 + b2). Âëàñòèâiñòü ìàòåìàòè÷íîãî ñïîäiâàííÿ âiä
êâàäðàòó iíòåãðàëó Iòî, ÿê ôóíêöi¨ âåðõíüî¨ ìåæi [1], [2] äà¹ ðiâíiñòü

E

{(∫ t

0

l (s) dw (s)

)2
}

=

∫ t

0

E
{
l2(s)

}
ds,

äå l(s) ≡ l(s, ω).
Âðàõîâóþ÷è âèùå çãàäàíå çàóâàæåííÿ, ìàòèìåìî:

E
{
|x1 (t)− x2 (t)|2

}
≤ 2E

[∫ t

0

f1 (s, ω) (a1s − a2s) ds

]2
+

+2

∫ t

0

E [f2(s) (b1s − b2s)]
2 ds. (10)

Äëÿ äîäàíêó ïiä çíàêîì E{◦} âèðàçó (10) âèêîðèñòà¹ìî íåðiâíiñòü Êîøi-
Áóíÿêîâñüêîãî [7] (∫ t

0

ξη

)2

≤
∫ t

0

ξ2ds

∫ t

0

η2ds,

äå ξ ≡ ξ (ω) ∈ R1; η ≡ η (ω) ∈ R1. Äëÿ äðóãîãî äîäàíêó íåðiâíiñòü Ãåëüäåðà [7],

[3] E{f1 f2} ≤ (E{f p1 })
1
p (E{f q2})

1
q ïðè p = q = 2, òîáòî

Ef 2
2 (s) [b (s, x1s)− b(s, x2s)]

2 ≤
(
E
{
(f 2

2(s))
2
}) 1

2 (E{(b1 (s)− b2 (s))
4}) 1

2 =
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=
(
E
{
f 4
2 (s)

}) 1
2 · (E{(b1 (s)− b2(s))

4})
1
2 .

Â ðåçóëüòàòi îäåðæèìî íåðiâíiñòü

E{|x1 (t)− x2 (t)|2} ≤ 2E{
∫ t

0

f 2
1 (s) ds ·

∫ t

0

(a1 (s)− a2(s))
2ds+

+2

∫ t

0

(
E
{
f 4
2 (s)

}) 1
2
(
E
{
(b1 (s)− b2 (s))

4}) 1
2ds ≤

≤ 2T ·K3 ·K2
1

∫ t

0

E
{
|x1 (s)− x2 (s)|2

}
ds+2·K

1
2
4 ·K4

1 ·
∫ t

0

E
{
|x1 (s)− x2 (s) |2

}
ds ≤

≤ L

∫ t

0

E
{
|x1 (s)− x2 (s)|2

}
ds, (11)

äå L ≡ 2K2
1

(
TK3 +

√
K4 ·K2

1

)
. Ìà¹ ìiñöå [1] íàñòóïíå òâåðäæåííÿ

Ëåìà. Íåõàé φ(t) òà α(t) âèìiðíi îáìåæåíi ôóíêöi¨ òà ïðè äåÿêîìó L > 0
âèêîíó¹òüñÿ íåðiâíiñòü φ(t) ≤ α (t) + L

∫ t
0
φ(s)ds.

Òîäi

φ(t) ≤ α (t) + L

∫ t

0

φ (s) exp (−L (t− s))ds. (12)

Äîâåäåííÿ. Ïîçíà÷èìî ïðàâó ÷àñòèíó ó (12) ÷åðåç

ψ (t) ≡ α (t) + L

∫ t

0

φ (s) exp (−L (t− s)) ds. (13)

Çðîçóìiëî, ùî ψ (t) çàäîâîëüíÿ¹ çàäà÷ó Êîøi

ψ (t) = α (t) + L

∫ t

0

ψ (s) ds, ψ (0) = α(0). (14)

Ïîçíà÷àþ÷è △ (t) ≡ ψ (t)−α(t), ìîæåìî çàïèñàòè:

△(t) ≥ L

∫ T

0

△(s)ds ≥ L2

∫ t

o

∫ s

0

△ (u) du =

= L2

∫ t

0

(t− u)△(u)du ≥ L3

∫ t

0

(t− u)

∫ u

0

△ (s) dsdu =

= L3

∫ t

0

(t− s)2

2
△(s)ds ≥ · · · ≥ Ln

(n− 1)!

∫ t

0

(t− s)n−1△(s)ds.

Îñêiëüêè

lim
n→∞

Ln

(n− 1)!

∫ t

0

(t− s)n−1△ (s) ds = 0,

òîäi △(t) ≥ 0, òîáòî ψ (t)− α(t) ≥ 0. Îòæå, âèêîíó¹òüñÿ (12). Ëåìó 3 äîâåäåíî.
Ïðîäîâæèìî äîâåäåííÿ òåîðåìè. Âèêîðèñòà¹ìî íåðiâíiñòü (11), òîáòî

E{|x1 (t)− x2(t)|2} ≤ L

∫ t

0

E
{
|x1 (s)− x2(s)|2

}
ds,
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φ(t) ≡ E{|x1 (t)− x2(t)|2}. (15)

ßêùî âçÿòè α(t) ≡ 0 â ëåìi 1 ç L > 0, îäåðæèìî:

0 ≤ E{|x1 (t)− x2(t)|2} ≤ L

∫ t

0

exp (−L (t− s)) E {|x1 (t)− x2 (t) |} ds.

Îñòàííÿ íåðiâíiñòü ìà¹ ìiñöå ïðè

E
{
|x1 (t)− x2 (t)|2

}
= 0. (16)

Îñêiëüêè x1 (t)− x2 (t)¹ ìàðòèíãàëîì [4], òî ç (16) âèïëèâà¹ ∀t ∈ [0, T ]

P {ω : |x1 (t)− x2(t)|} = 1.

Îòæå, äëÿ äîâiëüíî¨ çëi÷åííî¨ ïiäìíîæèíè N âiäðiçêó [0, T ] âèêîíó¹òüñÿ ðiâ-
íiñòü

P
{
ω : sup

t∈N
|x1 (t)− x2 (t)| = 0

}
= 1.

ßêùî N âñþäè ùiëüíå íà [0, T ], òî ç íåïåðåðâíîñòi ìàéæå íàïåâíî x1(t) òà
x1 (t) âèïëèâà¹

P
{
ω : sup0≤t≤T |x1 (t)− x2 (t)| = 0

}
=P {ω : supt?N |x1 (t)− x2(t) | = 0} = 1,

ùî äîâîäèòü òåîðåìó 1.
Çàóâàæåííÿ 1. Íåïåðåðâíiñòü x1(t) òà x2(t) ìàéæå íàïåâíî, ÿê ñèëüíèõ

ðîçâ'ÿçêiâ çàäà÷i Êîøi (1), (2), íàâåäåìî íèæ÷å ó òåîðåìi 2.
4. Ïðî iñíóâàííÿ ñèëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi ç ïðîñòîðó Ñêî-

ðîõîäà. Íåõàé âèêîíóþòüñÿ óìîâè çàäà÷i (1), (2) (òåîðåìà 1).
Tåîðåìà 2. Íåõàé íà éìîâiðíiñíîìó áàçèñi (Ω, F, {Ft, t ≥ 0} , P) çàäàíà

çàäà÷à Êîøi (1), (2), äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè 1) � 6) òåîðåìè 1.
Òîäi:

À) ðîçâ'ÿçîê çàäà÷i (1), (2) x(t) ìàéæå íàïåâíî íåïåðåðâíèé äëÿ äîâiëüíîãî
t ∈ [0, T ] òà x (t) |t=0 = x (0) .

Â) supt∈[0,T ] E
{
|x(t)|2

}
<∞.

Äîâåäåííÿ. À) Ïîêëàäåìî x0 (t) = x(0), òîäi (n + 1)-å òà n-òå íàáëèæåííÿ
äëÿ ðîçâ'ÿçêó (4) çàäà÷i (1), (2) íàáóâàþòü âèãëÿäó

xn+1 (t) = x (0) +

∫ t

0

f1 (s) a (s, xn (s)) ds+

∫ t

0

f2 (s) b (s, xn (s)) dw (s) , (17)

xn (t) = x (0) +

∫ t

0

f1 (s) a (s, xn−1 (s)) ds+

∫ t

0

f2 (s) b (s, xn−1 (s)) dw (s) . (18)

Âiäíiìåìî âiä xn+1(t) çà ðiâíiñòþ (17) xn (t) çà ðiâíiñòþ (18), ïiäíåñåìî äî
êâàäðàòó òà, îá÷èñëþþ÷è ìàòåìàòè÷íå ñïîäiâàííÿ, îäåðæèìî

E
{
|xn+1 (t)− xn (t)|2

}
= E{

∫ t

0

f1(s)(a (s, xn (s))− a(s, xn−1(s))}ds+

+

∫ t

0

f2(s)[b (s, xn (s))− b (s, xn−1 (s)) dw (s)]2 ≤ L

∫ t

0

E
{
|xn (s)− xn−1(s)|2

}
ds,

(19)
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äå L = 2K2
1(TK3 +

√
K1 ·K2

1).
Iíòåðóþ÷è íåðiâíiñòü (19) n− 1 ðàçiâ, îäåðæèìî îöiíêó ç L âèãëÿäó

E{|xn+1 (t)− xn (t)|2 ≤ L

∫ t

0

(t− s)

(n− 1)!
E
{
|x1 (s)− x0 (s)|2

}
ds,

äå

E
{
|x1 (s)− x0 (s)|2

}
= E[

∫ t

0

f1(s)a(s, x(0))ds]
2 + E

∫ t

0

f 2
2 (s) b

2 (s, x (0)) ds.

Âðàõîâóþ÷è óìîâó (6) òåîðåìè 1, îäåðæèìî ç âèùå çàïèñàíî¨ ðiâíîñòi

E{|x1 (s)− x0 (s)|2} ≤ LTK2
2(1 + E{|x(0)|2}).

Òîìó iñíó¹ ñòàëà C òàêà, ùî

E
{
|xn+1 (t)− xn (t)|2

}
≤ C

(LT )n

n!
, (20)

äå C = LTK2
2(1 + E

{
|x(0)|2

}
).

Óâåäåìî ïðîñòið H2[0, T ], ÿê ïðîñòið âèïàäêîâèõ ôóíêöié f(t, ω), âèçíà÷åíèé
äëÿ ∀ t ∈ [0, T ] òà ïðè êîæíîìó t ∈ [0, T ] âèìiðíèõ âiäíîñíî Ft ç iìîâiðíiñíîãî
áàçèñó (Ω, F, {Ft, t ≥ 0} , P), äëÿ ÿêèõ

P
{
ω :

∫ T

0

f 2(t)dt < C1 <∞
}

= 1.

Ëåìà 4. Íåõàé f (t) ∈ H2 [0, T ] òà
∫ T
0
E
{
|f(t)|2

}
ds <∞.

Òîäi ìàéæå íàïåâíî ñåïàðàáåëüíèé ïðîöåñ I (t, ω) =
∫ t
0
f(s)dw(s)íåïåðåðâíèé

çà t ∈ [0, T ], à òàêîæ âèêîíóþòüñÿ íåðiâíîñòi [4]

P
{
ω : sup

0≤t≤T

∣∣∣∣∫ T

0

f (s) dw (s)

∣∣∣∣ > a

}
≤ 1

a2

∫ T

0

E
{
|f (t)|2dt

}
;

E

{
sup

0≤t≤T

∣∣∣∣∫ t

0

f (s) dw (s)

∣∣∣∣2
}

≤ 4

∫ T

0

E {|f (t)| dw}.

Ïðîäîâæèìî äîâåäåííÿ òåîðåìè 2. Çàóâàæèìî, ùî

supt∈[0,T ] |xn+1 (t)− xn (t)|
≤
∫ T

0

|a (s, xn (s))− a (s, xn−1 (s))| ds+

+ sup
t∈[0,T ]

|
∫ t

0

(b (s, xn (s))− b(s, xn−1(s)))dw(s)|.

Òîäi ñëiä âèêîðèñòàòè íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, ëåìó 4, à òàêîæ óìîâó
Ëiïøèöÿ, â ðåçóëüòàòi îäåðæèìî íåðiâíiñòü

E

{
sup
t∈[0,T ]

|xn+1 (t)− xn (t)|2
}

≤ 2T

∫ t

0

K2
1E
{
|xn (s)− xn−1 (s)|2

}
ds+
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+8K2
1

∫ T

0

E
{
|xn (t)− xn−1(t)|2

}
ds ≤ C1L

n−1T n−1

(n− 1)!
,

äå C1 = K2
1 (2T + 8).

ßêùî çàóâàæèòè, ùî çáiãà¹òüñÿ ðÿä

∞∑
n=1

P{ω : sup
t∈[0,T ]

|xn−1 (t)− xn (t)| >
1

n2
} ≤

∞∑
n=1

C1L
n−1T n−1

(n− 1)!
n4,

òîäi ç öüîãî ôàêòó âèïëèâà¹ ìàéæå íàïåâíî ðiâíîìiðíà çáiæíiñòü ðÿäó

x0 +
∞∑
n=0

[xn+1 (t)− xn (t)] .

Ñóìà öüîãî ðÿäó ¹ ìàéæå íàïåâíî ðiâíîìiðíîþ ãðàíèöåþ xn(t), à öå îçíà÷à¹,
ùî xn (t) çáiãà¹òüñÿ äî äåÿêîãî ïðîöåñó x (t) ç iìîâiðíiñòþ 1.

ßêùî ïåðåéòè äî ãðàíèöi ó ðiâíîñòi (18) ïðè n → ∞, òî ìîæíà ñòâåðäæó-
âàòè, ùî x (t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1), ïðè öüîìó x (t) ¹ âèìiðíèé âiäíîñíî
σ-àëãåáðè Ft0 , Ft ¹ ìiíiìàëüíîþ σ-àëãåáðîþ, âiäíîñíî ÿêî¨ âèìiðíi x (0), w (s),
f (t), j = 1, 2, ïðè s ≤ t. Âiäíîñíî öi¹¨ σ-àëãåáðè âèìiðíi âñi xn (t), fj (t), j = 1, 2,
à, îòæå, âèìiðíà ãðàíèöÿ limn→∞ xn (t) = x (t) .

Íàëåæíiñòü x (t) ïðîñòîðó D âèïëèâà¹ ç òîãî, ùî x (t) ìàéæå íàïåâíî ¹ ãðà-
íèöåþ ïðîöåñiâ ç D . Äîâåäåííÿ òâåðäæåííÿ À çàâåðøåíî.

Â) Î÷åâèäíà íåðiâíiñòü

E
{
x2n (t)

}
≤ 3E

{
x2 (0)

}
+ E

{[∫ t

0

f1 (s) a (s, xn−1 (s)) ds

]2}
+

+E
{
[f2 (t) b (s, xn−1 (s)) dw (s)]2

}
≤ 3E

{
x2 (0)

}
+ 3L

∫ t

0

E
{
x2n−1 (s)

}
ds. (21)

Çàñòîñîâóþ÷è îöiíêó (21), îäåðæèìî

E
{
x2n (t)

}
≤ 3E

{
x2 (0)

}
+ 3E{x2 (0) 3LT + (3L)2

∫ t

0

(t− s)E
{
x2n−2(s)

}
ds ≤

≤ 3E
{
x2 (0)

}
+ 3L+ 3E

{
x2 (t)

}
+ 3E

{
x2 (0)

} (3Lt)2

2
+ · · · ≤ 3E

{
x2 (0)

}
e3Lt.

ßêùî ïåðåéòè äî ãðàíèöi ïðè n → ∞, à ïîòiì îá÷èñëèòè sup ïî t ∈ [0, T ] ,
òîäi ïåðåêîíà¹ìîñÿ â ñïðàâåäëèâîñòi íåðiâíîñòi

sup
t∈[0,T ]

E{x2(t)} ≤ 3E{x2(0)}e3LT .

Òåîðåìà 2 ïîâíiñòþ äîâåäåíà.
5. Ïðî iñíóâàííÿ ïàðíîãî ìîìåíòó ðîçâ'ÿçêó çàäà÷i.Äâà âèùå äîâåäå-

íèõ òâåðäæåííÿ äàþòü äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ñèëüíîãî ðîçâ'ÿçêó
ÑÄÔÐçÇÇ (1), (2) çà çàäàíèìè ïî÷àòêîâèìè óìîâàìè.

Òåîðåìà 3. Íåõàé íà éìîâiðíiñíîìó áàçèñi (Ω, F, {Ft, t ≥ 0} , P) çàäàíà
çàäà÷à (1), (2), äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè:
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1) êîåôiöi¹íòè (1) âèçíà÷åíi òà âèìiðíi ∀t ∈ [0, T ] ,∀x ∈ (−∞,∞);

2) äëÿ äåÿêîãî K1 > 0 âèêîíàíà íåðiâíiñòü |a(t, xt)|2 + |b(t, xt)|2 ≤ K1(1 +
∥xt∥);

3) âèïàäêîâi ïðîöåñè fj (t) , j = 1, 2 âèçíà÷åíi òà íåïåðåðâíi âiäíîñíî ∀t ∈
[0, T ];

4) iñíóþòü E {f 4
2 (t)} < K3 <∞; E {f 2

1 (t)} < K2 <∞;

5) äëÿ äîâiëüíîãî N > 0 iñíó¹ ñòàëà LN > 0, ùî äëÿ ∥xt∥ ≤ N ; ∥yt∥ ≤ N
âèêîíó¹òüñÿ íåðiâíiñòü Ëiïøèöÿ |a (t, xt)− a (t, yt)|+ ∥b (t, xt)− b(t, yt)∥
≤ LN ∥xt−yt∥ .

6) E
{
x (0)2m

}
<∞, m > 0, m ∈ Z.

Òîäi çíàéäåòüñÿ ñòàëà C, ÿêà çàëåæèòü ëèøå âiä m, Kj, j = 1, 3 òà
T > 0, äëÿ ÿêî¨ ñïðàâåäëèâà íåðiâíiñòü

E
{
|x (t)|2m

}
≤ E

{[
1 + (x (0))2m

]
eCt
}
. (22)

Äîâåäåííÿ. Ïîêëàäåìî xN (0) = x(0) äëÿ ∥x0(0)∥ ≤ N ; xN (0) = Nsign x (0)
äëÿ ∥x(0)∥ > N ; an (t, xt) = a (t, xt) äëÿ ∥xt∥ ≤ N ; aN (t, xt) = a (t, Nsign xt)
ïðè ∥xt∥ > N, bN (t, xt) = b(t, xt) äëÿ ∥xt∥ ≤ N ; bN (t, xt ) = b (t, Nsign xt) äëÿ
∥xt∥ > N ; |fj (t, w)| ≤ N.

Ïîçíà÷èìî xN(t) ÷åðåç ðîçâ'ÿçîê ðiâíÿííÿ

dxN (t) = xN (0) + aN (t, xtN) dt+ bn(t, xtN)dN(t) (23)

çà ïî÷àòêîâîþ óìîâîþ xNt|t=0 = φ (θ) , −2 ≤ θ ≤ 2.
Äëÿ çàäà÷i Êîøi ðiâíÿííÿ (23) âèêîíóþòüñÿ óìîâè òåîðåì 1, 2, òîìó iñíó¹

¹äèíèé ðîçâ'ÿçîê ìàéæå íàïåâíî ðiâíÿííÿ (23) çà óìîâàìè À), Â) òåîðåìè 2.
Çà ôîðìóëîþ Iòî [2], [13] ìà¹ìî äëÿ öiëîãî m > 0:

|xN (t)|2m = |xN (0)|2m +

∫ t

0

[f1 (s) 2m(xN (s))2m−1aN (s, xsN)+

+m (2m− 1) (xN (s))2m−2b2N (s, xsN)]ds+

∫ t

0

2m(xN (s))2m−1bN (s, xsN) dw (s).

(24)
Çàóâàæèìî, ùî ñïðàâäæó¹òüñÿ (23), äëÿ ÿêîãî E{[xN(0)]2m} < ∞, äå aN(t, xt),
bN (t, xt) îáìåæåíi, òîäi E

{
[xN(t)]

2m} <∞.
Îá÷èñëèìî ìàòåìàòè÷íå ñïîäiâàííÿ âiä (24), â ðåçóëüòàòi îäåðæèìî

E
{
[xN (t)]2m

}
= E{[xN (0)]2m}+

+

∫ t

0

E{[2mf1 (t) aN (s, xsN) x
2m−1
N (s) +m(2m− 1)f2(t)b

2
N(s, xtN(s))]}·

·x2m−1
sN ds ≤ E{[x (0)]2m + (2m+ 1)mK2

∫ t

0

E{(1 + x2n(s)[xN (s)]2m−2ds}.
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Âðàõóâàâøè íåðiâíiñòü [xN(s)]
2m−2 ≤ 1 + [xN(s)]

2m−1, ìàòèìåìî íåðiâíiñòü

E{[xN (t)]2m} ≤ E{[x (0)]2m}+ (2m+ 1)mK2

∫ t

0

{
1 + 2E{[xN(s)]2m}

}
ds.

Ç ëåìè 4 òà îñòàííüî¨ íåðiâíîñòi âèïëèâà¹ íåðiâíiñòü

E[xN(t)]2m ≤ E[x (0)]2m +m (2m+ 1)K2t+ 2m+

+K2

∫ t

0

e2m(2m+1)K2(t−s) [E(x (0))2m + sm (2m+ 1)K2
]
ds . (25)

ßêùî âèáðàòè c = 2m(m+1)K2, òîäi íåðiâíiñòü (22) âèïëèâà¹ ç (25). Òåîðåìó
3 äîâåäåíî.

Òåîðåìà 4. Íåõàé f (t) ∈ H2[0, T ] òà ïðè m ∈ N∫ t

0

E
{
f 2m (t)

}
dt <∞.

Òîäi

E[
∫ T

0

f(t, ω)dw(t, ω)]

2m

≤ [m(2m− 1)]m−1Tm−1

∫ T

0

E
{
f 2m(t)

}
dt. (26)

Äîâåäåííÿ. ßêùî çàñòîñóâàòè ôîðìóëó Iòî [2] äî ôóíêöi¨ φ (x) = x2m (m �
öiëå íåâiä'¹ìíå ÷èñëî ) òà ξ (t, ω) ≡ ξ (t) ìà¹ ñòîõàñòè÷íèé äèôåðåíöiàë dξ (t) =
ξ (0) + f (t) dw (t), òîäi[∫ t

0

f(s)dw(s)

]2m
= 2m

∫ t

0

(∫ s

0

f (z) dw (z)

)2m−1

f (s) dw (s) +
2m(2m− 1)

2
·

·
∫ t

0

[∫ s

0

f (z) dw (z)

]2m−2

f 2 (s) ds.

Íåõàé f (s) = fn(s) � îáìåæåíà ñòàëîþ òà ¹ ïðîñòîþ ôóíêöi¹þ. Òîäi ëåãêî
áà÷èòè, ùî

∫ T
0
E
(∫ s

0
fn (z) dw (z)

)
f 2
n (s) ds <∞.

Çíà÷èòü,

E[
∫ t

0

fn(s)dw(s)]
2m

=
2m(2m− 1)

2

∫ t

0

E
[∫ s

0

fn (z) dw (z)

]2m−1

f 2
n (s) ds. (27)

Çàñòîñóâàâøè äî (27) íåðiâíiñòü Ãåëüäåðà, ìàòèìåìî

E[
∫ T

0

fn(s)dw(s)]

2m

≤ 2m (m− 1)

2

{∫ T

0

E
[∫ t

0

fn (z) dw (z)

]2m
dt

} 2m−1
2

·
{∫ T

0

Ef 2m
n (s) ds

} 2
2m

;
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E[
∫ T

0

fn(t)dw(t)]

2m

≤

≤ 2m (m− 1)

2

{∫ T

0

E
[∫ T

0

fn (s) dw (s)

]2m
dt

} 1
m

·
{∫ T

0

Ef 2m
n (t) dt

} 1
m

. (28)

Äàëi ïiäíåñåìî äî ñòåïåíÿ m íåðiâíiñòü (28) òà, ñêîðî÷óþ÷è äâi ÷àñòèíè

îäåðæàíî¨ íåðiâíîñòi íà{E[
∫ T
0
fn(s)dw(s)]

2m
}
m

, îäåðæèìî íåðiâíiñòü

E[
∫ T

0

fn(t, ω)dw(t, ω)]

2m

≤ [m(2m− 1)]m−1

∫ T

0

E
{
f 2m
n (t, ω)

}
dt.

Çàëèøèòüñÿ ïåðåéòè äî ãðàíèöi ïðè n → ∞ â îñòàííié íåðiâíîñòi, ùî äà¹
íåðiâíiñòü (26) òåîðåìè 4. Äîâåäåííÿ çàâåðøåíî.

Òåîðåìà 5. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3. Òîäi iñíó¹ ñòàëà K ≡
K (m, K1, K2,K3,T ), äëÿ ÿêî¨ E[x (t)− x(0)]2m ≤ K

[
E[x (0)]2m

]
ecttm.

Äîâåäåííÿ. Ç iíòåãðàëüíî¨ íåðiâíîñòi ìàòèìåìî

E[x (t)− x (0)]2m =

= E
[∫ t

0

f1 (s, ω) a (s, x (s)) ds+

∫ t

0

f2 (s, ω) b (s, x (s)) dw (s)

]2m
≤

≤ 22m−1

{
E
[∫ t

0

f1 (s, ω) a (s, x (s)) ds

]2m
+ E

[∫ t

0

f2(s, ω)b(s, x(s))dw(s)

]2m}
.

Âèêîðèñòà¹ìî íåðiâíiñòü Ãåëüäåðà òà òåîðåìó 4. Â ðåçóëüòàòi ìàòèìåìî

E[x (t)− x(0)]2m ≤ 22m−1

[
t2m−1

∫ t

0

E [f1 (s, ω) a (s, x (s))]

]2m
ds+

+tm−1[m(2m− 1)]mE
∫ t

0

f 2m
2 (s, ω) b2m(s, x(s))ds

Çíà÷èòü, iñíó¹ ñòàëà K, ùî

E[x (t)− x(0)]2m ≤ Ktm−1

∫ t

0

E(1 + x2(s))
m
ds ≤

≤ Ktm−1

∫ t

0

[
2m−1 + 2m−1Ex2m (s)

]
ds ≤ 2m−1Ktm−1×

×
∫ t

0

[
1 +

(
1 + E[x (0)]2m

)
ecs
]
ds = 2mKtm + 2m−1tmKE[x (0)]2m

ect + 1

ct
≤

≤ 2mKtm
[
1 + E[x (0)]2m

]
ect.

Â îñòàííié íåðiâíîñòi çàñòîñóâàëè î÷åâèäíå ñïiââiäíîøåííÿ ex−1
x

≤ ex äëÿ
x > 0. Òåîðåìà 5 äîâåäåíà.

Âèñíîâêè. Ó ðîáîòi îäåðæàíî äîñòàòíi óìîâè iñíóâàííÿ ìàéæå íàïåâíî
ñèëüíîãî ðîçâ'ÿçêó äèôóçiéíîãî ñòîõàñòè÷íîãî ðiâíÿííÿ çi ñêií÷åííîþ ïiñëÿäi-
¹þ ïiä äi¹þ çîâíiøíiõ âèïàäêîâèõ ïðîöåñiâ äîâiëüíî¨ ïðèðîäè, à òàêîæ çíàéäåíi
äîñòàòíi óìîâè iñíóâàííÿ ïàðíèõ ìîìåíòiâ òàêèõ ðiâíÿíü.
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ÏÐÀÂÈËÀ ÄËß ÀÂÒÎÐIÂ

Ïðè ïiäãîòîâöi ðóêîïèñó íåîáõiäíî äîòðèìóâàòèñÿ òàêèõ ïðàâèë:

1) Ñòàòòÿ ïîâèííà ìiñòèòè êîðîòêèé âñòóï, ïîñòàíîâêó çàäà÷i òà ôîðìóëþâàííÿ
îäåðæàíèõ àâòîðîì íîâèõ ðåçóëüòàòiâ i ïîâíå ¨õ äîâåäåííÿ. Íå äîïóñêà¹òüñÿ
ðîáèòè âåëèêi îãëÿäè âæå îïóáëiêîâàíèõ ñòàòåé i ðåçóëüòàòiâ, ïåðåêàçóâàòè âi-
äîìi ôàêòè, íàâîäèòè ôîðìóëþâàííÿ îïóáëiêîâàíèõ òåîðåì, ëåì, ïîñèëàííÿ íà
íåîïóáëiêîâàíi ðîáîòè.

2) Ðóêîïèñ ïîâèíåí áóòè íàäðóêîâàíèé çà äîïîìîãîþ êîìï'þòåðà íà àðêóøàõ ôîð-
ìàòó À4 (ç îäíîãî áîêó). Îá'¹ì ñòàòòi íå ïîâèíåí ïåðåâèùóâàòè 15 ñòîðiíîê.

3) Ðóêîïèñ ïîäà¹òüñÿ ó äâîõ åêçåìïëÿðàõ, à òàêîæ åëåêòðîííîþ êîïi¹þ ó âèãëÿäi
LATEX-ôàéëó (äèâ. ïóíêò 4). Ìîâà, ÿêîþ îôîðìëÿ¹òüñÿ ñòàòòÿ, ïîâèííà áóòè
óêðà¨íñüêîþ àáî àíãëiéñüêîþ. Ïåðøà ñòîðiíêà îôîðìëÿ¹òüñÿ òàêèì ÷èíîì:
ÓÄÊ �
Iíiöiàëè, ïðiçâèùå àâòîðà, îôiöiéíà íàçâà óñòàíîâè, äå ïðàöþ¹ àâòîð
Íàçâà ðîáîòè
Òåêñò àíîòàöi¨ àíãëiéñüêîþ ìîâîþ.
Òåêñò àíîòàöi¨ óêðà¨íñüêîþ ìîâîþ.
Òåêñò ñòàòòi.

4) Âèìîãè äî íàáîðó:
à) ïðîãðàìà íàáîðó � LATEX2ε;
á) ñòèëüîâèé ôàéë íàáîðó � Uzhgorod-Mathematical-Paper-2017.cls (éîãî ìîæíà
îäåðæàòè åëåêòðîííîþ ïîøòîþ; çâåðòàòèñü ó ðåäêîëåãiþ æóðíàëó çà àäðåñîþ
f-mat@uzhnu.edu.ua)
â) îáîâ'ÿçêîâèé àðãóìåíò êîìàíä \label{. . . } i \cite{. . . } ïîâèíåí ìiñòèòè ïðiçâè-
ùå ïåðøîãî àâòîðà ñòàòòi ëàòèíèöåþ (íàïðèêëàä \label{IvanenkoEqaution1}).

5) Ôîðìóëè, ÿêi íóìåðóþòüñÿ, îáîâ'ÿçêîâî âèêëþ÷àòè â îêðåìèé ðÿäîê. Íóìåðó-
âàòè òiëüêè òi ôîðìóëè, íà ÿêi ¹ ïîñèëàííÿ.

6) Âèêîðèñòàíà ëiòåðàòóðà ïîäà¹òüñÿ çàãàëüíèì ñïèñêîì (ó ïîðÿäêó ïîñèëàíü íà
äæåðåëà â òåêñòi ñòàòòi). Çðàçêè áiáëiîãðàôi÷íîãî îïèñó êíèãè, ñòàòòi, äåïîíî-
âàíîãî ðóêîïèñó, òåçèñiâ äîïîâiäåé êîíôåðåíöié:
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