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ÌIÊËÎØ ÉÎÑÈÏÎÂÈ× ÐÎÍÒÎ . . . 7

ÓÄÊ 512

Â. Â. Ìàðèíåöü (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÌIÊËÎØ ÉÎÑÈÏÎÂÈ× ÐÎÍÒÎ � ÄÎ 75-ÒÈ ÐI××ß ÂIÄ ÄÍß
ÍÀÐÎÄÆÅÍÍß

It is given a short scientific biography of Professor Miclos Ronto.

Ó ñòàòòi ïðèâîäèòüñÿ êîðîòêà íàóêîâà áiîãðàôiÿ ïðîôåñîðà Ìiêëîøà Éîñèïîâè÷à Ðîíòî.

Ìiêëîø Éîñèïîâè÷ Ðîíòî

31 áåðåçíÿ 2018 ðîêó âèïîâíèòüñÿ êðàñèâèõ 75 ðîêiâ âèçíà÷íîìó óêðà¨íñüêî-
ìó òà óãîðñüêîìó ìàòåìàòèêó, äîêòîðó ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñî-
ðó. Âiäîìèé â÷åíèé â îáëàñòi çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü Ì.É.Ðîíòî
íàðîäèâñÿ 31 áåðåçíÿ 1943 ðîêó â ì. Áåðåãîâi Çàêàðïàòñüêî¨ îáëàñòi. Â 1959
ðîöi çi ñðiáíîþ ìåäàëëþ çàêií÷èâ Áåðåãiâñüêó ñåðåäíþ øêîëó � 2. Ïiñëÿ ï'ÿ-
òè ðîêiâ íàâ÷àííÿ íà ôiçèêî-ìàòåìàòè÷íîìó ôàêóëüòåòi Óæãîðîäñüêîãî äåð-
æàâíîãî óíiâåðñèòåòó îòðèìàâ äèïëîì ç âiäçíàêîþ çi ñïåöiàëüíîñòi ¾Ìàòåìà-
òèê. Ìàòåìàòèê-îá÷èñëþâà÷.¿ Ñëóæèâ â ëàâàõ Çáðîéíèõ ñèë, ïiñëÿ ÷îãî çà
íàïðàâëåííÿì ïðàöþâàâ â Iíñòèòóòi êiáåðíåòèêè ÀÍ ÓÐÑÐ (1965 � 1971). Ç
1969 ðîêó áóâ àñïiðàíòîì çàî÷íî¨ ôîðìè íàâ÷àííÿ â Iíñòèòóòi ìàòåìàòèêè ÀÍ
ÓÐÑÐ, äå â 1971 ðîöi ïiä êåðiâíèöòâîì äîêòîðà ôiç.-ìàò.íàóê À.Ì.Ñàìîéëåíêà
çàõèñòèâ êàíäèäàòñüêó äèñåðòàöiþ íà òåìó: ¾Îòûñêàíèå ïåðèîäè÷åñêèõ ðåøå-
íèé ìåòîäîì êîëëîêàöèè¿. Ç 1971 ïî 1989 ðiê Ì.É.Ðîíòî ïðàöþâàâ íà ïîñàäàõ
ìîëîäøîãî, ñòàðøîãî òà ïðîâiäíîãî íàóêîâîãî ñïiâðîáiòíèêà â Iíñòèòóòi åëå-
êòðîäèíàìiêè ÀÍ ÓÐÑÐ òà Iíñòèòóòi ïðîáëåì ìîäåëþâàííÿ â åíåðãåòèöi ÀÍ
ÓÐÑÐ. Ó 1986 ðîöi Ìèêîëà Éîñèïîâè÷ çàõèùà¹ äèñåðòàöiþ ¾Êîíñòðóêòèâíûå

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



8 Â. Â. ÌÀÐÈÍÅÖÜ

÷èñëåííî-àíàëèòè÷åñêèå ìåòîäû èññëåäîâàíèÿ ðåøåíèé êðàåâûõ çàäà÷¿ íà çäî-
áóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiç.-ìàò.íàóê çi ñïåöiàëüíîñòi ¾Äèôåðåíöiàëü-
íi ðiâíÿííÿ òà ìàòåìàòè÷íà ôiçèêà¿. Ó 1989�1992 ðð. çàâiäóâàâ ëàáîðàòîði¹þ
íàáëèæåíèõ ìåòîäiâ ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü â Iíñòèòóòi ìà-
òåìàòèêè ÀÍ ÓÐÑÐ. Îñíîâíîþ ñôåðîþ íàóêîâèõ iíòåðåñiâ ïðîô.Ðîíòî Ì.É.
¹ òåîðiÿ êðàéîâèõ çàäà÷ äëÿ íåëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.
Íèì ðîçðîáëåíî íîâi êîíñòðóêòèâíi ìîäèôiêàöi¨ ÷èñåëüíî-àíàëiòè÷íîãî ìåòî-
äó àêàäåìiêà À.Ì.Ñàìîéëåíêà, ùî äîçâîëÿþòü åôåêòèâíî äîñëiäæóâàòè óìîâè
ðîçâ'ÿçíîñòi øèðîêèõ êëàñiâ íåëiíiéíèõ êðàéîâèõ çàäà÷, à òàêîæ íàáëèæåíî
çíàõîäèòè ðîçâ'ÿçêè ç íàïåðåä çàäàíîþ òî÷íiñòþ. Âií ¹ àâòîðîì áiëüøå íiæ 250
íàóêîâèõ ðîáiò çà âêàçàíîþ òåìàòèêîþ, ñåðåä íèõ 3 ðîñiéñüêî- òà 2 àíãëîìîâíi
ìîíîãðàôi¨.

Ó 1996 ðîöi ÿê ñïiâàâòîð öèêëó ðîáiò ¾Íîâi ìàòåìàòè÷íi ìåòîäè íåëiíiéíîãî
àíàëiçó¿ â ñêëàäi àâòîðñüêîãî êîëåêòèâó Ìèêîëà Éîñèïîâè÷ îäåðæàâ Äåðæàâíó
Ïðåìiþ Óêðà¨íè â ãàëóçi íàóêè i òåõíiêè.

Ñâîþ íàóêîâó äiÿëüíiñòü âií óìiëî ïî¹äíóâàâ ç ïåäàãîãi÷íîþ ðîáîòîþ. Òàê,
iç 1986 ð. ïî 1992ð. Ìèêîëà Éîñèïîâè÷ ïðàöþâàâ çà ñóìiñíèöòâîì íà ïîñàäi
ïðîôåñîðà êàôåäðè iíòåãðàëüíèõ i äèôåðåíöiàëüíèõ ðiâíÿíü Êè¨âñüêîãî íàöiî-
íàëüíîãî óíiâåðñèòåòó, äå ÷èòàâ îðèãiíàëüíi ñïåöiàëüíi êóðñè, òåìàòèêà ÿêèõ
ïðèñâÿ÷åíà íîâèì êîíñòðóêòèâíèì ìåòîäàì ðîçâ'ÿçàííÿ íåëiíiéíèõ êðàéîâèõ
çàäà÷.

Ïðîô. Ì.É.Ðîíòî çàâæäè áóâ àêòèâíèì ó÷àñíèêîì â îðãàíiçàöi¨ òà ðîáîòi
áàãàòî÷èñëåííèõ ìiæíàðîäíèõ íàóêîâèõ êîíôåðåíöié. ßê âèçíàíîãî â÷åíîãî éî-
ãî çàïðîøåíî äî ðîáîòè ðÿäó ðåäàêöiéíèõ êîëåãié ïðîâiäíèõ íàóêîâèõ âèäàíü.
Çîêðåìà,ç 2001 ðîêó âií ¹ ÷ëåíîì ðåäàêöiéíî¨ êîëåãi¨ ìiæíàðîäíîãî æóðíàëó
¾Íåëiíiéíi êîëèâàííÿ¿, Íàóêîâîãî Âiñíèêà Óæãîðîäñüêîãî óíiâåðñèòåòó, ñåðiÿ
¾Ìàòåìàòèêà i iíôîðìàòèêà¿.

Ïðîô. Ðîíòî Ìiêëîø âåëèêó óâàãó çâåðòàâ íà ïiäãîòîâêó íàóêîâî-ïåäàãîãi÷íèõ
êàäðiâ. Ïiä éîãî êåðiâíèöòâîì ïîíàä 10 ïîøóêà÷iâ óñïiøíî çàõèñòèëè êàíäè-
äàòñüêi äèñåðòàöi¨, îäèí ç ÿêèõ çãîäîì ñòàâ äîêòîðîì ôiç.-ìàò. íàóê. Ó 1992 ðîöi
Ìèêîëà Éîñèïîâè÷ áóâ çàïðîøåíèé íà ïîñàäó ïðîôåñîðà êàôåäðè àíàëiçó Ìi-
øêîëüöñüêîãî óíiâåðñèòåòó (Óãîðùèíà), à â 1997 ðîöi îáèðà¹òüñÿ çàâiäóâà÷åì
öi¹¨ êàôåäðè. Çà ÷àñ ðîáîòè â Ìiøêîëüöñüêîìó óíiâåðñèòåòi íèì ïiäãîòîâëåíî
òà âèäàíî óãîðñüêîþ ìîâîþ äâà ïiäðó÷íèêè ç êóðñó äèôåðåíöiàëüíèõ ðiâíÿíü.
Ó 2000 ðîöi âií çàïî÷àòêóâàâ ñåðiþ ðîáî÷èõ íàóêîâèõ ôîðóìiâ ç òåîði¨ êðàéî-
âèõ çàäà÷, ÿêi ïðîâîäÿòüñÿ íà áàçi Ìiøêîëüöñüêîãî óíiâåðñèòåòó. Ó öüîìó æ
ðîöi íèì çàñíîâàíî ìiæíàðîäíèé ìàòåìàòè÷íèé æóðíàë ¾Miskolc Mathematical
Notes¿, ãîëîâíèì ðåäàêòîðîì ÿêîãî ¹ ïî ñüîãîäíiøíié äåíü. Çà âèçíà÷íi óñïiõè â
íàóêîâié ðîáîòi òà â ïiäãîòîâöi íàóêîâî-ïåäàãîãi÷íèõ êàäðiâ â Óãîðùèíi ó 1997
ðîöi âií îäåðæàâ Ïðåìiþ ¾Szechenuyi Professzori Osztondiij¿, ó 2003ð. ñòàâ ëàó-
ðåàòîì Ïðåìi¨ ¾Charles'a Simonyi¿, à ó 2007 ðîöi îòðèìàâ àêàäåìi÷íó âiäçíàêó
¾MTA-MAB Kitunteto Tudomanyos dij¿.

Çà âåñü ÷àñ ñâî¹¨ òðóäîâî¨ íàóêîâî-ïåäàãîãi÷íî¨ äiÿëüíîñòi âií ïîñòiéíî ïiä-
òðèìóâàâ òiñíi çâ'ÿçêè çi ñâî¹þ àëüìà-ìàòåð � Óæãîðîäñüêèì íàöiîíàëüíèì
óíiâåðñèòåòîì, çîêðåìà, ìàòåìàòè÷íèì ôàêóëüòåòîì. Äëÿ ìàòåìàòè÷íîãî ôà-
êóëüòåòó ÓæÍÓ íèì ïiäãîòîâëåíî ÷îòèðè êàíäèäàòè ôiçèêî-ìàòåìàòè÷íèõ íà-
óê. Âií áiëüøå äåñÿòè ðîêiâ î÷îëþâàâ ÄÅÊ íà ìàòåìàòè÷íîìó òà óãîðñüêîìó
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ïðèðîäíè÷î-ãóìàíiòàðíîìó ôàêóëüòåòàõ ÓÆÍÓ.
Âèçíàþ÷è âàãîìi íàóêîâi çäîáóòêè â òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü òà ïiä-

ãîòîâöi íàóêîâî-ïåäàãîãi÷íèõ êàäðiâ äëÿ ìàòåìàòè÷íîãî ôàêóëüòåòó, Â÷åíà ðà-
äà ÓæÍÓ â 2003 ðîöi ïðèñâî¨ëà ïðîô. Ðîíòî Ìèêîëi Éîñèïîâè÷ó ïî÷åñíå çâàííÿ
DOCTOR HONORIS CAUSA.

Äîðîãèé Ìèêîëà Éîñèïîâè÷! Ç íàãîäè Âàøîãî ñëàâíîãî þâiëåþ êîëåêòèâ ìà-
òåìàòè÷íîãî ôàêóëüòåòó ÓæÍÓ ùèðîñåðäå÷íî âiòà¹ Âàñ, ïðîôåñîðà-åìåðiòóñà
êàôåäðè àíàëiçó Ìiøêîëüöñüêîãî óíiâåðñèòåòó, ñïîâíåíîãî ñèë, åíåðãi¨ òà òâîð-
÷èõ çàäóìiâ, i áàæà¹ Âàì ìiöíîãî çäîðîâ'ÿ, ïîäàëüøèõ íàóêîâèõ çâåðøåíü, òà-
ëàíîâèòèõ òà âäÿ÷íèõ ó÷íiâ i äîâãèõ ðîêiâ æèòòÿ.

Ìíîãàÿ Âàì i áëàãàÿ ëiò!
Îäåðæàíî 17.12.2017
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ÓÄÊ 519.21

Í. Ñ. Àþáîâà (Êè¨âñüêèé íàö. óí-ò iì. Ò. Øåâ÷åíêà)

ÎÖIÍÞÂÀÍÍß ÏÀÐÀÌÅÒÐÀ ÕÞÐÑÒÀ ÄÐÎÁÎÂÎÃÎ
ÁÐÎÓÍIÂÑÜÊÎÃÎ ÐÓÕÓ Â ÌÎÄÅËI Ç ÏÎÕÈÁÊÀÌÈ
ÂÈÌIÐÞÂÀÍÜ

Consistent estimation of the Hurst parameter of tne Fractional Brownian Motion by observations
with errors is found.

Îòðèìàíà êîíçèñòåíòíà îöiíêà ïàðàìåòðà Õþðñòà äðîáîâîãî áðîóíiâñüêîãî ðóõó çà ñïîñòåðå-
æåííÿìè ç ïîõèáêàìè.

1. Âñòóï. Âèïàäêîâèé ãàóññîâèé ïðîöåñ ξH(t), t ∈ R ç íóëüîâèì ñåðåäíiì òà
êîâàðiàöiéíîþ ôóíêöi¹þ

BH(s, t) =
1

2
(|t|2H + |s|2H − |t− s|2H), t, s ∈ R

íàçèâà¹òüñÿ âèïàäêîâèì ïðîöåñîì äðîáîâîãî áðîóíiâñüêîãî ðóõó ç ïàðàìåòðîì
Õþðñòà H ∈ (0, 1).

Çàäà÷à ñòàòèñòè÷íîãî îöiíþâàííÿ ïàðàìåòðà Õþðñòà äðîáîâîãî áðîóíiâ-
ñüêîãî ðóõó âèíèêëà ó ñó÷àñíèõ ìîäåëÿõ ãiäðîìåõàíiêè, ìåòåîðîëîãi¨, àêòóàðíî¨
òà ôiíàíñîâî¨ ìàòåìàòèêè i äîñëiäæóâàëàñÿ áàãàòüìà àâòîðàìè. Ó ñòàòòÿõ [1]�
[3] äëÿ îöiíþâàííÿ ïàðàìåòðà Õþðñòà áóëè çàñòîñîâàíi áàêñòåðiâñüêi ñóìè. Íà
âiäìiíó âiä iíøèõ ìåòîäiâ, ìåòîä áàêñòåðiâñüêèõ ñóì äîçâîëÿ¹ îòðèìóâàòè íå-
àñèìïòîòè÷íi äîâið÷i iíòåðâàëè. Òåîðåìè Ëåâi�Áàêñòåðà çàáåçïå÷óþòü êîíñè-
ñòåíòíiñòü âiäïîâiäíèõ îöiíîê. Ìîíîãðàôiÿ Ïðàêàñà Ðàî [4] ìiñòèòü ïiäðîçäië,
â ÿêîìó ðîçãëÿíóòî îöiíþâàííÿ ïàðàìåòðiâ ìåòîäîì áàêñòåðiâñüêèõ ñóì.

Îñòàííiì ÷àñîì çðiñ iíòåðåñ äî çàäà÷ îöiíþâàííÿ íåâiäîìèõ ïàðàìåòðiâ ó
ìîäåëÿõ ç ïîõèáêàìè ó ñïîñòåðåæåííÿõ. Òàê, ó ìîíîãðàôi¨ [5] äîñëiäæåíi ìîäåëi
ðåãðåñi¨ ç ïîõèáêàìè âèìiðþâàííÿ. Ðîáîòà [6] ïðèñâÿ÷åíà îöiíöi ïàðàìåòðà â
ìîäåëi ç ïîõèáêàìè.

Ó öié ñòàòòi îòðèìàíà êîíñèñòåíòíà îöiíêà ïàðàìåòðà Õþðñòà âèïàäêîâîãî
ïðîöåñó äðîáîâîãî áðîóíiâñüêîãî ðóõó çà ñïîñòåðåæåííÿìè ç ïîõèáêàìè.

2. Ïîñòàíîâêà çàäà÷i îöiíþâàííÿ. Íåõàé 0 < a < 1, a � ôiêñîâàíå. Âè-
ïàäêîâèé ïðîöåñ ξH(t), t ≥ 0 ñïîñòåðiãà¹òüñÿ ó ìîìåíòè ÷àñó k ·a, k ≥ 0 ïîõèáêà-
ìè δk, k ≥ 0. Äàëi ïðèïóñêà¹ìî, ùî (δk) � ïîñëiäîâíiñòü íåçàëåæíèõ îäíàêîâî
ðîçïîäiëåíèõ ãàóññîâèõ âèïàäêîâèõ âåëè÷èí ç íóëüîâèì ìàòåìàòè÷íèì ñïîäiâà-
ííÿì òà äèñïåðñi¹þ σ2. Ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí (δk) íåçàëåæíà âiä
äðîáîâîãî áðîóíiâñüêîãî ðóõó ξH(t), t ≥ 0.

Çà ñïîñòåðåæåííÿìè âèïàäêîâèõ âåëè÷èí ηH,k = ξH(ak) + δk, k ≥ 0 ïîòðiáíî
ïîáóäóâàòè îöiíêó ïàðàìåòðà Õþðñòà H.

Ïîêëàäåìî ξk = ξk,H = ηk+1,H − ηk,H , 0 ≤ k ≤ n.
3. Îñíîâíèé ðåçóëüòàò.

Ëåìà 1. (ξk, k ∈ Z) � ñòàöiîíàðíà ãàóññîâà âèïàäêîâà ïîñëiäîâíiñòü ç íó-
ëüîâèì ìàòåìàòè÷íèì ñïîäiâàííÿì.
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Äîâåäåííÿ. Äëÿ k, j ∈ Z îá÷èñëèìî

Eξkξj = E(ηk+1 − ηk)(ηj+1 − ηj) =

= E(ξH(a(k + 1)) + δk+1 − ξH(ak)− δk)(ξH(a(j + 1)) + δj+1 − ξH(aj)− δj).

Ìà¹ìî

E(δk+1 − δk)(δj+1 − δj) =


0, |k − j| ≥ 2;

−σ2, |k − j| = 1;

2σ2, k = j;

E(ξH(a(k + 1))− ξH(ak))(ξH(a(j + 1))− ξH(aj)) =

=
1

2
(|a(k + 1)|2H + |a(j + 1)|2H − |a(k − j)|2H − |a(k + 1)|2H − |aj|2H+

+|a(k + 1− j)|2H − |ak|2H − |a(j + 1)|2H + |a(k − 1− j)|2H + |ak|2H + |aj|2H−

−|a(k − j)|2H) = 1

2
(|a(k − j + 1)|2H − 2|a(k − j)|2H + |a(k − j − 1)|2H).

Òàêèì ÷èíîì

Eξkξj =
|a|2H

2
(|k − j + 1|2H − 2|k − j|2H + |k − j − 1|2H)+

+


0, |k − j| ≥ 2;

−σ2, |k − j| = 1;

2σ2, k = j.

(1)

Îòæå, Eξkξj çàëåæèòü ëèøå âiä k − j. Ëåìà äîâåäåíà.
Ç ôîðìóëè (1) ïðè k = j ìà¹ìî

Eξ2k,H = a2H + 2σ2, H ∈ (0, 1).

Ïîçíà÷èìî κ(H) = Eξ2k,H = a2H + 2σ2, H ∈ (0, 1).
Ôóíêöiÿ κ(H), H ∈ (0, 1) íåïåðåðâíà i ñïàäíà íà (0, 1) ç ìíîæèíîþ çíà÷åíü

(a2 + 2σ2, 1 + 2σ2).
Ôóíêöiÿ

H =
1

2
loga(y − 2σ2), y ∈ (a2 + 2σ2, 1 + 2σ2)

� îáåðíåíà äî ôóíêöi¨ κ(H).
Ïîêëàäåìî

β(y) =


0, y ≥ 1 + 2σ2;
1
2
loga(y − 2σ2), y ∈ (2σ2, 2σ2 + a2);

1, y ≤ a2 + 2σ2;

Sn = Sn,H =
1

n

n∑
k=1

ξ2k,H , n ≥ 1.
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Òåîðåìà 1. Äëÿ äîâiëüíîãî H ∈ (0, 1)

Sn = Sn,H → κ(H)

çà éìîâiðíiñòþ ïðè n→ ∞.

Äîâåäåííÿ. Äîâåäåìî, ùî äëÿ äîâiëüíîãî H ∈ (0, 1) äèñïåðñiÿ V arSn,H →
→ 0, ïðè n → ∞. Òîäi Sn − ESn → 0 ó ñåðåäíüîìó êâàäðàòè÷íîìó ïðè n → ∞
à, îòæå, i çà éìîâiðíiñòþ.

Âíàñëiäîê ñòàöiîíàðíîñòi ãàóññîâî¨ âèïàäêîâî¨ ïîñëiäîâíîñòi (ξk, k ∈ Z),

ESn = ESn,H =
1

n

n∑
k=1

E(ξ2k,H) = κ(H).

Çíàéäåìî äèñïåðñiþ âèïàäêîâî¨ âåëè÷èíè Sn,H :

V arSn,H = E(Sn,H − ESn,H)
2 =

1

n2

n∑
k,j=1

(E(ξ2k,Hξ
2
j,H)− Eη2k,HEη

2
j,H)).

Äëÿ ìàòåìàòè÷íîãî ñïîäiâàííÿ äîáóòêó âèïàäêîâèõ âåëè÷èí η1, η2, η3, η4, ùî
ìàþòü ñóìiñíèé ãàóññîâèé ðîçïîäië ç íóëüîâèì ñåðåäíiì çíà÷åííÿì, ìà¹ ìiñöå
ôîðìóëà Iññåðëiñà [7]:

E(η1η2η3η4) = Eη1η2Eη3η4 + Eη1η3Eη2η4 + Eη1η4Eη2η3.

Ó öié ôîðìóëi ïîêëàäåìî η1 = η2 = ξk,H ,η3 = η4 = ξj,H i îòðèìà¹ìî:

V arSn,H =
2

n2

n∑
k,j=1

(E(ξk,Hξj,H))
2 =

2

n2
nκ2(H) +

4

n2

n∑
k,j=1,k<j

E(ξk,Hξj,H)
2 =

=
2κ2(H)

n
+

4

n2

n−1∑
l=1

(n− l)(Eξ0,Hξl,H)
2,

äå l = j − k.
Ìà¹ìî

Eξ0,Hξl,H = E(ξH(a) + δ1 − δ0)(ξH((l + 1)a) + δl+1 − ξH(l)a)− δl).

Ïðè l = 1 îäåðæèìî

Eξ0,Hξ1,H = E(ξH(a) + δ1 − δ0)(ξH(2a)− ξH(a) + δ2 − δ1) =

= EξH(a)(ξH(2a)− ξH(a)) + E(δ1 − δ0)(δ2 − δ1) =

=
1

2
(a2H + (2a)2H − a2H − a2H)− σ2 =

a2H

2
(22H − 1)− σ2.

Ïðè l > 1

Eξ0,Hξl,H = E(ξH(a) + δ1 − δ0)(ξH((l + 1)a) + δl+1 − ξH(la) + δl).
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Îñêiëüêè E(δ1 − δ0)(δl+1 − δl) = 0 ïðè l > 1, òî

Eξ0,Hξl,H = EξH(a)(ξH((l + 1)a)− ξH(la)) =

=
a2H

2
(1 + (l + 1)2H − l2H − 1− l2H + (l − 1)2H) =

a2H

2
((l + 1)2H − 2l2H + (l − 1)2H).

Òàêèì ÷èíîì,

V arSn,H =
2k2(H)

n
+

4

n2

(
(n− 1)

(
a2H

2
(22H − 1)− σ2

)2

+

+
n∑
l=2

(
a2H

2

)2

(n− l)((l − 1)2H − 2l2H + (l + 1)2H)2
)
.

Ïîçíà÷èìî

An =
2k2(H)

n
+

4

n2

(
(n− 1)

(
a2H

2
(22H − 1)− σ2

)2
)

i îöiíèìî öåé âèðàç:

An ≤ 2k2(H)

n
+

4

n

(
a2H

2
(22H − 1)− σ2

)2

.

Î÷åâèäíî, äëÿ äîâiëüíîãî H ∈ (0, 1) An → 0, n→ ∞.
Ïîçíà÷èìî

Bn =
4

n2

(
n−1∑
l=2

(
a2H

2

)2

(n− l)((l − 1)2H − 2l2H + (l + 1)2H)2

)
=

=
a4H

n2

n−1∑
l=2

(n− l)((l − 1)2H − 2l2H + (l + 1)2H)2 =

=
a4H

n

n−1∑
l=2

(
1− l

n

)
((l − 1)2H − 2l2H + (l + 1)2H)2 ≤

≤ 1

n

n−1∑
l=2

(
1− l

n

)
((l − 1)2H − 2l2H + (l + 1)2H)2,

òàê ÿê a4H ≤ 1.
Ðîçãëÿíåìî ôóíêöiþ f(x) = x2H . Âèðàç (l−1)2H−2l2H+(l+1)2H ¹ ïðèðîñòîì

äðóãîãî ïîðÿäêó ôóíêöi¨ f íà âiäðiçêó [l − 1, l + 1].
Òîìó (l − 1)2H − 2l2H + (l + 1)2H = f ′′(θl+1) · 12, äå θl ∈ (l − 1, l + 1). Òîäi

Bn ≤ 1

n

n−1∑
l=2

(
1− l

n

)
((l − 1)2H − 2l2H + (l + 1)2H)2 =
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=
1

n

n−1∑
l=2

(
1− l

n

)(
2H(2H − 1)

θ2−2H
l

)2

≤ 1

n

n−1∑
l=2

(2H(2H − 1))2

(l − 1)4−4H
≤

≤ 1

n

n−1∑
l=2

4

(l − 1)4−4H
≤ 4

n

n−2∑
k=1

1

k4−4H
≤ 4

n

{
ζ(4− 4H), H ∈ (0, 3

4
);

1 +
∫ n
1

dx
x4−4H , H ∈ [3

4
, 1);

≤ 4

n


ζ(4− 4H), H ∈ (0, 3

4
);

1 + lnn, H = 3
4
;

1 + n4H−3

4H−3
, H ∈ (3

4
, 1).

äå ζ(s) =
∑∞

n=1
1
ns

�� äçåòà�ôóíêöiÿ Ðiìàíà.
Îñòàòî÷íî

V arSn,H ≤ An +
4

n


ζ(4− 4H), H ∈ (0, 3

4
);

1 + lnn, H = 3
4
;

1 + n4H−3

4H−3
, H ∈ (3

4
, 1).

Çâiäñè âèïëèâà¹, ùî äëÿ äîâiëüíîãî H ∈ (0, 1) : V arSn −→ 0, n −→ ∞.
Òåîðåìà äîâåäåíà.

Çàóâàæåííÿ 1. Íåâàæêî áà÷èòè, ùî äëÿ áóäü-ÿêîãî H ∈ (0, 1) ðÿä∑∞
n=1 V arS2n,H çáiæíèé, çâiäêè ñëiäó¹, ùî S2n,H −→ κ(H) ç éìîâiðíiñòþ 1 ïðè

n −→ ∞ [8].

Iç òåîðåìè 1 âèïëèâà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 2. Ñòàòèñòèêà

Θn = β(Sn), n ≥ 1

� êîíñèñòåíòíà îöiíêà ïàðàìåòðà Õþðñòà H äðîáîâîãî áðîóíiâñüêîãî ðóõó.
Ïðè öüîìó ñòàòèñòèêà Θ̃n = β(S2n), n ≥ 1 � ñòðîãî êîíñèñòåíòíà îöiíêà
öüîãî ïàðàìåòðà.
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ÓÄÊ 519.74

Â. Ô. Áàðàííèê (Óæãîðîäñüêèé íàö. óí-ò)

ÒÅÍÇÎÐÍI ÄÎÁÓÒÊÈ ÍÅÇÂIÄÍÈÕ ÏÐÎÅÊÒÈÂÍÈÕ
ÖIËÎ×ÈÑËÎÂÈÕ 2-ÀÄÈ×ÍÈÕ ÇÎÁÐÀÆÅÍÜ ÖÈÊËI×ÍÎ�
2-ÃÐÓÏÈ

The paper deals with a subalgebra of the algebra of projective integer 2-adic images of a cyclic
2-group, generated by irreducible projective integers of 2-adic representations.

Â ðîáîòi âèâ÷à¹òüñÿ ïiäàëãåáðà àëãåáðè ïðîåêòèâíèõ öiëî÷èñëîâèõ 2-àäè÷íèõ çîáðàæåíü öè-
êëi÷íî¨ 2-ãðóïè, ïîðîäæåíà íåçâiäíèìè ïðîåêòèâíèìè öiëî÷èñëîâèìè 2-àäè÷íèìè çîáðàæåí-
íÿìè.

ÍåõàéG � ñêií÷åííà ãðóïà, e� îäèíè÷íèé åëåìåíòG,K � êîìóòàòèâíå êiëü-
öå ç îäèíèöåþ, K∗ � ìóëüòèïëiêàòèâíà ãðóïà êiëüöÿ K, GL(n,K) � ãðóïà âñiõ
îáîðîòíèõ ìàòðèöü ïîðÿäêó n íàä K i E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n. Ïðî-
åêòèâíèì çîáðàæåííÿì ãðóïè G ñòåïåíÿ n íàä K íàçèâà¹òüñÿ âiäîáðàæåííÿ Γ
ãðóïè G â ãðóïó GL(n,K), ÿêå çàäîâîëüíÿ¹ óìîâè: Γ(e)=E, Γ(a)Γ(b)=λa,bΓ(ab)
(λa,b ∈ K∗; a, b ∈ G). Âiäîáðàæåííÿ λ : G×G→ K∗, λ : (a, b) → λa,b íàçèâà¹òüñÿ
ñèñòåìîþ K∗-ôàêòîðiâ ãðóïè G. ßêùî λ, µ � ñèñòåìà K∗-ôàêòîðiâ ãðóïè G, òî
âiäîáðàæåííÿ λ×µ : G×G→ K∗, (λ×µ)(a, b) = λa,b ·µa,b íàçèâà¹òüñÿ äîáóòêîì
ñèñòåì ôàêòîðiâ λ i µ. Äâà ïðîåêòèâíi çîáðàæåííÿ Γ1 i Γ2 íàçèâàþòüñÿ åêâiâà-
ëåíòíèìè, ÿêùî iñíó¹ òàêà ìàòðèöÿ S ∈ GL(n,K) i òàêi åëåìåíòè αg ∈ K∗, ùî
S−1Γ1(g)S = αgΓ2(g) (g ∈ G).

Íåõàé K = Zp � êiëüöå öiëèõ ðàöiîíàëüíèõ p-àäè÷íèõ ÷èñåë. Êîæíîìó êëà-
ñó åêâiâàëåíòíèõ íàä Zp íåðîçêëàäíèõ ïðîåêòèâíèõ Zp-çîáðàæåíü ãðóïè G ïî-
ñòàâèìî ó âiäïîâiäíiñòü ñèìâîë [Γ] (Γ � íåðîçêëàäíå ïðîåêòèâíå Zp-çîáðàæåííÿ
ãðóïè G). Ïîçíà÷èìî ÷åðåç A1(G,Zp) Q-ìîäóëü (Q � ïîëå ðàöiîíàëüíèõ ÷èñåë)
ç áàçèñîì W ′ = {[Γi]}, äå W = {Γi} � ìíîæèíà âñiõ ïîïàðíî íååêâiâàëåíòíèõ
íåðîçêëàäíèõ ïðîåêòèâíèõ Zp-çîáðàæåíü ãðóïè G. Ââåäåìî íàñòóïíèì ÷èíîì
â A1(G,Zp) îïåðàöiþ ìíîæåííÿ. Íåõàé Γi,Γj ∈ W . Î÷åâèäíî, âiäîáðàæåííÿ
Γ : g → Γi(g) ⊗ Γj(g) (g ∈ G) ¹ ïðîåêòèâíèì Zp-çîáðàæåííÿì ãðóïè G. Çîáðà-
æåííÿ Γ Zp-åêâiâàëåíòíå çîáðàæåííþ Γ′ : g → diag[Γr1(g), . . . ,Γrm(g)] (g ∈ G),
äå Γrt ∈ W (t = 1, . . . ,m). Çàäàìî äîáóòîê [Γi], [Γj] íàñòóïíèì ÷èíîì:

[Γi][Γj] = [Γr1 ] + · · ·+ [Γrm ]. (1)

Íåõàé (G,Zp, λ) � ñõðåùåíå ãðóïîâå êiëüöå ãðóïè G i êiëüöÿ Zp ïðè ñèñòåìi
ôàêòîðiâ λa,b, λa,b ∈ Z∗

p; a, b ∈ G. Âðàõîâóþ÷è, ùî äëÿ (G,Zp, λ)-ìîäóëiâ ñïðà-
âåäëèâà òåîðåìà Êðóëëÿ�Øìiäòà (äèâ. [1]), ëåãêî ïîêàçàòè, ùî îçíà÷åííÿ (1)
êîðåêòíå. Òàêèì ÷èíîì, ìè îäåðæàëè, ùî A1(G,Zp) ¹ àëãåáðîþ íàä Q.

Íåõàé V = {∆i} � ìíîæèíà âñiõ íåçâiäíèõ ïðîåêòèâíèõ Zp-çîáðàæåíü ãðó-
ïè G. Ïîçíà÷èìî ÷åðåç B1(G,Zp) ïiäàëãåáðó àëãåáðè A1(G,Zp), ïîðîäæåíó ìíî-
æèíîþ V ′ = {[∆i]}. Íåõàé A(ZpG) � ïiäàëãåáðà àëãåáðè A1(G,Zp), ïîðîäæåíà
ìíîæèíîþ {[Γ′

i]}, äå {Γ′
i} � ìíîæèíà âñiõ íåðîçêëàäíèõ ëiíiéíèõ Zp-çîáðàæåíü

ãðóïè G. Àíàëîãi÷íî ââîäèòüñÿ ïiäàëãåáðà B(ZpG) àëãåáðè B1(G,Zp).
Àëãåáðè A(RG) i A1(G,R), äå R � êiëüöå âñiõ öiëèõ âåëè÷èí ñêií÷åííî-

ãî ðîçøèðåííÿ ïîëÿ ðàöiîíàëüíèõ p-àäè÷íèõ ÷èñåë Qp, âèâ÷àëèñÿ â [2�7]. Â
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ðîáîòàõ [2�7] ðîçâ'ÿçàíà çàäà÷à ïðî íàïiâïðîñòîòó (â ðîçóìiííi Äæåêîáñîíà)
àëãåáð A(RG) i A1(G,R). Ïèòàííÿ ïðî íàïiâïðîñòîòó àëãåáðè B(ZpG) ðîçâ'ÿ-
çàíå â [8�10]. Àëãåáðà B1(G,Zp), äå G � öèêëi÷íà ãðóïà ïîðÿäêó pn (p ̸= 2), Zp
� êiëüöå öiëèõ p-àäè÷íèõ ÷èñåë, âèâ÷àëàñÿ â [11]. Ïèòàííÿ ïðî íàïiâïðîñòîòó
àëãåáðè B1(G,R), äå R � êiëüöå âñiõ öiëèõ âåëè÷èí ñêií÷åííîãî íåðîçãàëóæå-
íîãî ðîçøèðåííÿ F ïîëÿ ðàöiîíàëüíèõ p-àäè÷íèõ ÷èñåë Qp (p ̸= 2), ðîçâ'ÿçàíå
â [12].

Â äàíié ðîáîòi âèâ÷à¹òüñÿ ïèòàííÿ ïðî ñêií÷åííîâèìiðíiñòü òà íàïiâïðîñòî-
òó àëãåáðè B1(H,Z2), äå H � öèêëi÷íà ãðóïà ïîðÿäêó 2n, Z2 � êiëüöå öiëèõ
2-àäè÷íèõ ÷èñåë.

Íåõàé K = Z2[x], äå Z2 � êiëüöå öiëèõ 2-àäè÷íèõ ÷èñåë, α = ±1, t ∈ Z, äå Z
� êiëüöå öiëèõ ðàöiîíàëüíèõ ÷èñåë. Ïîêëàäåìî Γ(n, t, α) = K/ < x2

n − α · 5t >.
K-ìîäóëi Γ(n, t, α), Γ(n′, t′, α′) içîìîðôíi òîäi i òiëüêè òîäi, êîëè n=n′, α=α′,

t≡ t′(mod 2n). Â äàëüíiéøîìó áóäåìî ââàæàòè, ùî â Γ(n, t, α) t ∈ Z2n =Z/2nZ.
Î÷åâèäíî, K-ìîäóëü Γ(n, t, α) íåçâiäíèé òîäi i òiëüêè òîäi, êîëè α = −1 àáî
t ∈ Z∗

2n , äå Z∗
2n � ìóëüòèïëiêàòèâíà ãðóïà êiëüöÿ Z2n .

Íåõàé ue, ua, . . . , u2
n−1
a � Z2-áàçèñ ñõðåùåíîãî ãðóïîâîãî êiëüöÿ Λ = (H,Z2, λ),

äå u2
n

a = γ2
k
ue (γ = 5s, s ̸≡ 0(mod 2), s · 2k < 2n). Äëÿ 0 ≤ m < 2n−k−1 ââåäåìî â

ðîçãëÿä K-ïiäìîäóëi â K-ìîäóëi Γ(n− k, t, 1):

Γm(n− k, t) = (x− 1)mΓ(n− k, t, 1) + 2Γ(n− k, t, 1).

ßêùî t∈Z∗
2n , òîK-ìîäóëü Γ(n−k,t,1) íåçâiäíèé, Γm(n−k,t,1)∼=Γ2n−k−m(n−k,t,1),

Γ0(n−k, t, 1)∼=Γ2n−k(n−k, t, 1)∼=Γ(n−k, t, 1). Ìîäóëi Γm(n−k, t) (0 ≤ m < 2n−k−1)
ïîïàðíî íåiçîìîðôíi.

ßêùî t∈Z2n , òî K-ìîäóëi Γm(n− k,t,1) çâiäíi, àëå íåðîçêëàäíi, çà âèíÿòêîì
âèïàäêó m = 2n−k−1 − 1:

Γ2n−k−1−1
∼= Γ

(
n− k − 1,

t

2
, 1

)
⊕ Γ

(
n− k − 1,

t

2
,−1

)
.

Äëÿ K-ìîäóëÿ M ÷åðåç M áóäåìî ïîçíà÷àòè K-ìîäóëü M = M/2M . Òîäi
M -ìîäóëü íàä ïîëåì Z2 ç äâîõ åëåìåíòiâ, â ÿêîìó äi¹ ëiíiéíèé îïåðàòîð x.

Íåõàé Vm = Z2[x] / ⟨(x− 1)m⟩. Î÷åâèäíî,

Γ(n− k, t, α) = V2n−k ,

Γm(n− k, t) = Vm+1 ⊕ V2n−k−m−1.

Ìàþòü ìiñöå íàñòóïíi òî÷íi ïîñëiäîâíîñòi K-ìîäóëiâ:

0 → 2Γ(n− k, t, α) → Γ(n− k, t, α) → V2n−k → 0,

0 → 2Γm(n− k, t) → Γ(n− k, t, 1) → Vm → 0 (0 ≤ m < 2n−k−1).

Ëåìà [13]. Íåõàé 1 ≤ r ≤ m ≤ 2n i

Vr ⊗ Vm ∼= Vα1 ⊕ . . .⊕ Vαr (1 ≤ α1 ≤ . . . ≤ αr ≤ 2n).

Òîäi
Vr ⊗ (Vm ⊕ V2n−m) ∼= (Vα1 ⊕ V2n−α1)⊕ . . .⊕ (Vαr ⊕ V2n−αr).
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Ìà¹ ìiñöå òî÷íà ïîñëiäîâíiñòü K-ìîäóëiâ

0 → Γ(n− k − 1, t, α) → Γ(n− k, 2t, 1) → Γ(n− k, t,−α) → 0.

ßêùî k ≥ k′, t ∈ Z2n , t′ ∈ Z2n , α = ±1, α′ = ∓1, òî

Γ(n− k, t, α)⊕ Γ(n− k′, t′, α′) ∼= 2n−kΓ(n− k′, 2k−k
′
t+ t′, αα′).

Î÷åâèäíî,

Γm(n− k, t)⊗ Γ(n− k, t′, α) ∼= 2n−kΓ(n− k, t+ t′, α).

Ëåìà 1. Íåõàé 1 ≤ r ≤ m ≤ 2n−k−1. Òîäi

Γm(n− k, t)⊗ Γr(n− k, t′) ∼=
l∑

i=1

(Γαi(n− k, t+ t′)⊕ Γ2n−k−αi(n− k, t+ t′))+

+
(
2n−k − 2l

)
Γ(n− k, t+ t′, 1)

(
Vr ⊕ Vm ∼= ⊕

l∑
i=1

Vαi

)
.

Äîâåäåííÿ. Ðîçãëÿíåìî òî÷íó ïîñëiäîâíiñòü

0 → Γm(n− k, t) → Γ(n− k, t, 1) → Vm → 0.

Ïîìíîæèìî äàíó ïîñëiäîâíiñòü òåíçîðíî íà Γr(n− k, t):

0→Γm(n−k, t)⊗Γr(n−k, t′)→2n−kΓ(n−k, t+t′, 1)→Vm⊗(Vr+1 ⊕ V2n−k−r−1)→0. (2)

Òî÷íó ïîñëiäîâíiñòü (2) ìîæíà çàïèñàòè ó âèãëÿäi

0→Γm(n−k, t)⊗Γr(n−k, t′)→2n−kΓ(n−k, t+t′, 1)→⊕
l∑

i=1

(Vαi ⊕ V2n−k−αi)→0, (3)

äå Vr+1 ⊗ Vm ∼= ⊕
l∑

i=1

Vαi .

Ðîçãëÿíåìî òî÷íó ïîñëiäîâíiñòü

0 →
l∑

i=1

(Γαi(n− k, t+ t′))⊗ Γ2n−k−αi(n− k, t+ t′) →

→ 2lΓ(n− k, t+ t′, 1)→⊕
l∑

i=1

(Vi ⊕ V2n−k−i)→0. (4)

Ç (2) i (3) âèïëèâà¹, ùî

Γm(n− k, t)⊗ Γr(n− k, t′) ∼= ⊕
l∑

i=1

(
Γαi(n− k′, 2k−k

′
t+ t′, 1)⊕

⊕Γ2n−k−αi(n− k, t+ t′))⊕ (2n−k − 2l)Γ(n− k, t+ t′, 1).

Ëåìà äîâåäåíà.
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Ëåìà 2. Íåõàé k ≥ k′, t ∈ Z2n−k , t
′ ∈ Z2n−k′ , r ≤ m. Òîäi

Γm(n− k, t)⊗ Γr(n− k′, t′) ∼= ⊕
l∑

i=1

(
Γαi(n− k′, 2k−k

′
t+ t′, 1)⊕

⊕Γ2n−k−αi(n− k′, 2k−k
′
t+ t′, 1)

)
⊕ (2n−k − 2l)Γ(n− k′, 2k−k

′
t+ t′, 1). (5)

Äîâåäåííÿ. Ðîçãëÿíåìî òî÷íó ïîñëiäîâíiñòü

0 → Γm(n− k, t) → Γ(n− k, t, 1) → Vm → 0.

Òîäi

0→Γm(n−k, t)⊗Γr(n−k′, t′)→2n−kΓ(n−k, 2k−k′t+t′, 1)→Vm⊕(Vr+1 ⊕ V2n−k−r−1)→0.

Íåõàé Vm ⊗ Vr+1
∼= ⊗

l∑
i=1

Vαi . Òîäi

0 → Γm(n−k, t)⊗ Γr(n− k′, t′) → 2n−kΓ(n− k′, 2k−k
′
t+ t′, 1) →

→ ⊕
l∑

i=1

(Vαi ⊕ V2n−k−αi) → 0. (6)

Ðîçãëÿíåìî òî÷íó ïîñëiäîâíiñòü

0 →
l∑

i=1

(
Γαi(n− k′, 2k−k

′
t+ t′, 1)⊕ Γ2n−k−αi(n− k′, 2k−k

′
t+ t′, 1)

)
→

→ 2l
(
Γ(n− k′, 2k−k

′
t+ t′, 1

)
→ ⊕

l∑
i=1

(Vαi ⊕ V2n−k−αi) → 0. (7)

Ïîðiâíþþ÷è (6) i (7) îäåðæèìî ôîðìóëó (5). Ëåìà äîâåäåíà.

Ëåìà 3. Íåõàé k ≥ k′, t ∈ Z2n, t
′ ∈ Z2n. Òîäi

Γm(n− k, t)⊗ Γ(n− k′, t′, α) ∼= 2n−kΓ(n− k′, 2k−k
′
t+ t′, α).

Äîâåäåííÿ. Íåõàé a→A� íåçâiäíå Z2-çîáðàæåííÿ öèêëi÷íî¨ ãðóïè H ïî-
ðÿäêó 2n−k, ÿêå ðåàëiçó¹òüñÿ â ìîäóëi Γm(n−k, t). Òîäi â Γm(n−k, t)⊗Γ(n−k′, t′, α)
ðåàëiçó¹òüñÿ Z2-çîáðàæåííÿ

a→


0 · · · · · · A(α · 5t)
A · · · · · · 0
...

. . . · · · ...
0 · · · A 0

 = Γ(a).

Íåõàé

C =


A · · · · · · 0
... A2 · · · ...
... · · · . . .

...
0 · · · · · · A2n−k

 .

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÒÅÍÇÎÐÍI ÄÎÁÓÒÊÈ ÍÅÇÂIÄÍÈÕ ÏÐÎÅÊÒÈÂÍÈÕ ÖIËÎ×ÈÑËÎÂÈÕ... 19

Òîäi

C−1Γ(a)C =


0 · · · 0 A2n−k

′
(α5t

′
)

E · · · · · · 0
...

. . . · · · ...
0 · · · E 0

 .

Îñêiëüêè A2n−k
′
=
(
A2n−k

)2k−k′
=(5t)2

k−k′
E (E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó 2n−k),

òî Γm(n− k, t)⊗ Γ(n− k′, t′, α) ∼= 2n−kΓ(n− k′, 2k−k
′
t+ t′, α). Ëåìà äîâåäåíà.

Íåõàé ωm(n − k, t) = Γm(n − k, t) − Γ2n−k−m(n − k, t) (0 ≤ m < 2n−k−1). Ïðè
t ∈ Z2n ωm(n− k, t) = 0.

Ëåìà 4. Ïðè 0≤m < 2n−k−1, t ∈ 2Z2n âèêîíó¹òüñÿ ðiâíiñòü ω
2
m(n−k, t) = 0.

Äîâåäåííÿ. Äîâåäåìî, ùî Γm(n − k, t)⊗ Γm(n − k, t) ∼= Γm(n − k, t)⊗
⊗Γ2n−k−m(n− k, t) ∼= Γ2n−k−m(n− k, t)⊗ Γ2n−k−m(n− k, t).

Ðîçãëÿíåìî òî÷íó ïîñëiäîâíiñòü 0 → Γm(n− k, t) → Γ(n− k, t, 1) → Vm → 0.

Íåõàé Vm ⊗ Vm ∼=
l∑

i=1

Vαi . Òîäi Vm ⊗ V2n−k−m ∼= ⊕
l∑

i=1

V2n−k−αi .

Ìàþòü ìiñöå íàñòóïíi òî÷íi ïîñëiäîâíîñòi:

0 → Γm(n− k, t)⊗ Γm(n− k, t) → 2n−kΓ(n− k, 2t, 1) → Vm⊗ (Vm⊕ V2n−k−m) → 0,

0 → Γm(n− k, t)⊗ Γ2n−k−m(n− k, t) → 2n−kΓ(n− k, 2t, 1) → Vm ⊗ (V2n−k−m) → 0.

Çâiäñè îäåðæèìî, ùî Γm(n−k, t)⊗Γm(n−k, t) ∼= Γm(n−k, t)⊗Γ2n−k−m(n−k, t).
Àíàëîãi÷íî äîâîäèìî, ùî

Γm(n− k, t)⊗ Γm(n− k, t) ∼= Γ2n−k−m(n− k, t)⊗ Γ2n−k−m(n− k, t).
Òàêèì ÷èíîì, ω2

m(n− k, t) = 0. Ëåìà äîâåäåíà.
Ëåìà 5. Åëåìåíòè [Γm(n − k, t)] − [Γ2n−k−m(n − k, t)], äå 0 ≤ m < 2n−k−1

(t ∈ 2Z2n−k) êiëüöÿ a′(Z2H) Z2-çîáðàæåíü H (H � öèêëi÷íà 2-ãðóïà ïîðÿäêó
2n) óòâîðþþòü Z2-áàçèñ íiëüïîòåíòíîãî iäåàëó

V = {[Γm(n− k, t)]− [Γ2n−k−m(n− k, t)] | 0 ≤ m < 2n−k−1}
êiëüöÿ a′(Z2H) i ïðè öüîìó V 2 = 0.

Äîâåäåííÿ. Î÷åâèäíî, åëåìåíòè

[Γm(n− k, t)]− [Γ2n−k−m(n− k, t)] (0 ≤ m < 2n−k−1, t ∈ 2Z2n−k)

ëiíiéíî íåçàëåæíi íàä Z. Íà îñíîâi äîâåäåíèõ ôîðìóë òåíçîðíèõ äîáóòêiâ ìî-

æíà ïåðåâiðèòè, ùî ÿêùî ν ∈ a′(Z2H), òî ν
(
[Γm(n−k, t)]−[Γ2n−k−m(n−k, t)]

)
∈V

i ω
(
[Γm(n−k, t)]−[Γ2n−k−m(n−k, t)]

)
= 0 äëÿ ω ∈ V (0 ≤ m < 2n−k−1, t ∈ 2Z2n−k).

Ëåìà äîâåäåíà.

Òåîðåìà 1. Àëãåáðà B1(H,Z2)=B1(H,Z2)/V ñêií÷åííîâèìiðíà i íàïiâïðîñòà

dimQB1(H,Z2) =
n−1∑
k=1

(2n − 2n−k − k)2n−k−1 +
n−1∑
k=0

(2n−k−1 + 1 + k)2n−k−1.

Äîâåäåííÿ. Íåõàé M = {[λ]
∣∣λ ∈ Z∗

2} � ãðóïà êëàñiâ åêâiâàëåíòíèõ ñèñòåì
Z2-ôàêòîðiâ ãðóïè H (ìóëüòèïëiêàòîð) i Z2 = Z2/2Z2. Ðîçãëÿíåìî ëiíiéíå âiä-
îáðàæåííÿ ψ àëãåáðè B1(H,Z2) â àëãåáðó QM ⊗Q A(Z2H) : ψ([Γ]) = [λ] ⊗ [Γ],
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äå Γ � ïðîåêòèâíå Z2-çîáðàæåííÿ ãðóïè H ç ñèñòåìîþ Z2-ôàêòîðiâ λa,b ∈ [λ]
(a, b ∈ H), Γ � Z2-çîáðàæåííÿ ãðóïè H = ⟨a⟩, îäåðæàíå ç Z2-çîáðàæåííÿ
Γ : a→ Γ(a) ãðóïè H çâåäåííÿì åëåìåíòiâ ìàòðèöi Γ(a) çà ìîäóëåì 2Z2. Ëåãêî
áà÷èòè, ùî ψ � ãîìîìîðôiçì àëãåáðè B1(H,Z2) â àëãåáðó QM ⊗Q A(Z2H). Ç
òî÷íiñòþ äî Z2-åêâiâàëåíòíîñòi ìàþòü ìiñöå ôîðìóëè:

Γ(n− k, t, α) ∼= V2n−k ,

Γm(n− k, t, α) ∼= Vm ⊕ V2n−k−m.
(8)

Íåõàé ∆1, . . . ,∆l � âñi ðiçíi íåðîçêëàäíi ïðîåêòèâíi Z2-çîáðàæåííÿ ãðóïè
H = ⟨a⟩, ÿêi âõîäÿòü â ìíîæèíó, ùî ñêëàäà¹òüñÿ ç âñiõ çîáðàæåíü âèãëÿäó
Γm(n−k, t), Γ(n−k, t,±1). Çãiäíî ïîïåðåäíiõ ëåì∆1, . . . ,∆l ¹ Q-áàçèñîì àëãåáðè

B1(H,Z2) i l =
n−1∑
k=1

(2n − 2n−k − k)2n−k−1 +
n−1∑
k=0

(2n−k−1 + 1 + k)2n−k−1.

Ç (8) âèïëèâà¹, ùî ∆i i ∆j (i ̸= j) Z2-åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè
ñòåïåíi çîáðàæåíü ∆i i ∆j ñïiâïàäàþòü. Äàëi, ÿêùî ñòåïåíi çîáðàæåíü ∆i i ∆j

ñïiâïàäàþòü (i ̸= j), òî â íèõ íå åêâiâàëåíòíi ñèñòåìè ôàêòîðiâ. Çâiäñè îäåð-
æó¹ìî, ùî kerψ = 0. ßê âiäîìî [13], àëãåáðà A(Z2H) íàïiâïðîñòà. Îñêiëüêè
àëãåáðà QM ñåïàðàáåëüíà, òî àëãåáðà QM ⊗QA(Z2H) íàïiâïðîñòà. Ç âèùåñêà-
çàíîãî âèïëèâà¹, ùî àëãåáðà B1(H,Z2) íàïiâïðîîñòà. Òåîðåìà äîâåäåíà.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè
1. Áîðåâè÷ Ç. È., Ôàääååâ Ä. Ê. Òåîðèÿ ãîìîëîãèé â ãðóïïàõ // Âåñòíèê Ëåíèíãð. óí-òà. �

1959. � � 7. � Ñ. 72�87.
2. Reiner I. Integral representation algebras // Trans. Amer. Math. Soc.�1966.�124. � P. 111�121.
3. Zemanek J. R. Nilpotent elements in representation rings // J. Algebra.�1971.�19. � P. 453�469.
4. Ãóäèâîê Ï. Ì., Ãîí÷àðîâà Ñ. Ô., Ðóäüêî Â. Ï. Îá àëãåáðå öåëî÷èñëåííûõ ïðåäñòàâëåíèé

êîíå÷íîé ãðóïïû // Äîêë. ÀÍ ÑÑÑÐ. � 1976. � 198, � 3. � Ñ. 509�512.
5. Ãóäèâîê Ï. Ì., Ðóäüêî Â. Ï. Îá àëãåáðå ìîäóëÿðíûõ è öåëî÷èñëåííûõ ïðåäñòàâëåíèé

êîíå÷íûõ ãðóïï // Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàòåì. � 1973. � 53, � 5. � Ñ. 963�987.
6. Áàðàííèê À. Ô., Ãóäèâîê Ï. Ì. Ïðî àëãåáðó ïðîåêòèâíèõ öiëî÷èñëîâèõ çîáðàæåíü ñêií-

÷åííèõ ãðóï // Äîï. ÀÍ ÓÐÑÐ. Ñåð. À. � 1972. � � 4. � Ñ. 291�293.
7. Áàðàííèê À. Ô., Ãóäèâîê Ï. Ì. Êiëüöå ïðîåêòèâíèõ öiëî÷èñëîâèõ P -àäè÷íèõ çîáðàæåíü

ñêií÷åííî¨ ãðóïè // Ìàòåì. çá. íàóê. ïðàöü Ëüâiâ. Ìàòåì. òîâ-âà.�1991. � Âèï. I. � Ñ. 44�54.
8. Ãóäèâîê Ï. Ì., Ãîí÷àðîâà Ñ. Ô., Ðóäüêî Â. Ï. Î òåíçîðíûõ ïðîèçâåäåíèÿõ öåëî÷èñëåííûõ

p-àäè÷åñêèõ ïðåäñòàâëåíèé êîíå÷íûõ ãðóïï // Óêð. ìàòåì. æ. � 1982. � 4, � 6. � Ñ. 688�694.
9. Áàðàííèê Â. Ô., Ãóäèâîê Ï. Ì., Ðóäüêî Â. Ï. Òåíçîðíi äîáóòêè çîáðàæåíü ñêií÷åííèõ ãðóï

íàä ïîâíèìè äèñêðåòíî íîðìîâàíèìè êiëüöÿìè // Äîï. ÀÍ ÓÐÑÐ. Ñåð. À. � 1985. � � 4. �
Ñ. 9�12.

10. Áàðàííèê Â. Ô., Ðóäüêî Â. Ï. Àëãåáðà öåëûõ p-àäè÷åñêèõ ïðåäñòàâëåíèé àáåëåâîé ãðóï-
ïû, ïîðîæäåííàÿ íåïðèâîäèìûìè ïðåäñòàâëåíèÿìè. � Ì., 1975. � Ñ. 195�209. � Äåï. â
ÂÈÍÈÒÈ, � 705�76.

11. Áàðàííèê Â. Ô. Òåíçîðíi äîáóòêè íåçâiäíèõ ïðîåêòèâíèõ öiëî÷èñëîâèõ p-àäè÷íèõ çîáðà-
æåíü öèêëi÷íî¨ p-ãðóïè // Íàóê. âiñíèê Óæãîðîä. óí-òó. Ñåð. ìàòåì. i iíôîðì. � 1998. �
Âèï. 3. � Ñ. 19�24.

12. Áàðàííèê Â. Ô. Òåíçîðíi äîáóòêè íåçâiäíèõ ïðîåêòèâíèõ öiëî÷èñëîâèõ P -àäè÷íèõ çîáðà-
æåíü öèêëi÷íî¨ p-ãðóïè // Íàóê. âiñíèê Óæãîðîä. óí-òó. Ñåð. ìàòåì. i iíôîðì. � 2004. �
Âèï. 9. � Ñ. 4�10.

13. Ãóäèâîê Ï. Ì., Ðóäüêî Â. Ï. Òåíçîðûå ïðîèçâåäåíèÿ ïðåäñòàâëåíèé êîíå÷íûõ ãðóïï. �
Óæãîðîä: Óæãîð. óí-ò, 1985. � 115 c.

Îäåðæàíî 08.09.2017

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÇÀÄÀ×À ÒÈÏÓ ÄIÐIÕËÅ ÄËß Ð×Ï Ç ÂIÄÕÈËÅÍÈÌ ÀÐÃÓÌÅÍÒÎÌ 21

ÓÄÊ 517.95+511.42

I. Î. Áîáèê (Íàö. óí-ò ¾Ëüâiâñüêà ïîëiòåõíiêà¿),
Ì. Ì. Ñèìîòþê (Ií-ò ïðèêëàäíèõ ïðîáëåì ìåõ. i ìàò. iì. ß. Ñ. Ïiäñòðèãà÷à
ÍÀÍ Óêðà¨íè)

ÇÀÄÀ×À ÒÈÏÓ ÄIÐIÕËÅ ÄËß ÐIÂÍßÍÜ IÇ ×ÀÑÒÈÍÍÈÌÈ
ÏÎÕIÄÍÈÌÈ Ç ÂIÄÕÈËÅÍÈÌ ÀÐÃÓÌÅÍÒÎÌ

The correctness of the Dirichlet-type problem for the linear partial differential equations with
delay is investigated. The conditions of existence and uniqueness of the solution of the problem
are established. The metric theorems of the estimation of small denominators of the problem are
proved.

Äîñëiäæåíî êîðåêòíiñòü çàäà÷i òèïó Äiðiõëå äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ç âiäõèëå-
íèì àðãóìåíòîì. Âñòàíîâëåíî óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i. Äîâåäåíî ìåòðè÷íi
òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i.

Äèôåðåíöiàëüíi ðiâíÿííÿ ç âiäõèëåíèì àðãóìåíòîì ïîâ'ÿçóþòü çíà÷åííÿ íåâi-
äîìî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ ïðè ðiçíèõ çíà÷åííÿõ àðãóìåíòó. Òàêi ðiâíÿííÿ
âèíèêàþòü ïðè ìàòåìàòè÷íîìó îïèñi áàãàòüîõ ñèñòåì, êîëè âðàõîâó¹òüñÿ, ùî
âçà¹ìîäiÿ ìiæ ÷àñòèíàìè ñèñòåìè âiäáóâà¹òüñÿ íå ìèòò¹âî, à ç äåÿêèì çàïiçíå-
ííÿì. Çàäà÷i, ïðè ìàòåìàòè÷íîìó îïèñi ÿêèõ ¹ ñóòò¹âèì âðàõóâàííÿ âiäõèëåíü
àðãóìåíòó, âèíèêàþòü ó òåîði¨ ÿäåðíèõ ðåàêòîðiâ, òåîði¨ àâòîìàòè÷íîãî ðåãó-
ëþâàííÿ, iìóíîëîãi¨, åïiäåìiîëîãi¨, ìàòåìàòè÷íié åêîíîìiöi òà iíøèõ îáëàñòÿõ
ïðèðîäíè÷èõ íàóê (äèâ. [1, 4, 5, 9] òà áiáëiîãðàôiþ â íèõ).

Ðiçíîìàíiòíèì àñïåêòàì òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç âiäõèëåíèì àðãó-
ìåíòîì òà ¨¨ çàñòîñóâàííÿì ïðèñâÿ÷åíî îáøèðíó ëiòåðàòóðó [1, 4, 5, 9, 10].

Ó äàíié ðîáîòi ðîçãëÿäà¹ìî çàäà÷ó òèïó çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ ç ÷à-
ñòèííèìè ïîõiäíèìè ç âiäõèëåíèì àðãóìåíòîì

n∑
j=0

aj
∂2nu(t, x+ 2jh)

∂t2n−2j∂x2j
= 0, a0 = 1, (t, x) ∈ (0, T )× Ω, (1)

∂2j−2u(t, x)

∂t2j−2

∣∣∣
t=0

= φj(x), j = 1, n,

∂2j−2u(t, x)

∂t2j−2

∣∣∣
t=T

= φn+j(x), j = 1, n,

(2)

äå Ω = R/(2πZ) � êîëî îäèíè÷íîãî ðàäióñà, h ∈ [0, 2π), aj, j = 1, n, � òàêi
êîìïëåêñíi ÷èñëà, ùî an ̸= 0 i ðiâíÿííÿ

σn − a1σ
n−1 + . . .+ (−1)nan = 0

ìà¹ ðiçíi ïðîñòi êîðåíi σ1, . . . , σn, ÿêi ¹ âiäìiííèìè âiä íóëÿ, áî an ̸= 0.
Ó âèïàäêó h = 0 çàäà÷à (1), (2) âèâ÷àëàñÿ â ðîáîòàõ [2, 3, 6]. Ó öèõ ðîáîòàõ

âñòàíîâëåíî óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i ç óìîâàìè (2) äëÿ ðiâíÿííÿ
(1) ïðè h = 0 (âiäõèëåííÿ àðãóìåíòó âiäñóòí¹) i äîâåäåíî, ùî òàêi óìîâè âèêî-
íóþòüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 òà äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ a⃗ = (a1, . . . , an).
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Îñíîâíà ìåòà äàíî¨ ðîáîòè � çíàéòè óìîâè ðîçâ'ÿçíîñòi çàäà÷i (1), (2) (ïðè
h ̸= 0), äîñëiäèòè âïëèâ âiäõèëåííÿ h i ïîêàçàòè, ùî òàêi óìîâè âèêîíóþòüñÿ
äëÿ ìàéæå âñiõ (çà ìiðîþ Ëåáåãà) çíà÷åíü h ∈ [0, 2π).

1. Íèæ÷å âèêîðèñòîâó¹ìî òàêi ïîçíà÷åííÿ: mesA� ìiðà Ëåáåãà â R âèìiðíî¨
ìíîæèíè A ⊂ R; Hα (α ∈ R) � ïðîñòið, îòðèìàíèé â ðåçóëüòàòi ïîïîâíåííÿ
ïðîñòîðó òðèãîíîìåòðè÷íèõ ïîëiíîìiâ φ(x) =

∑
φke

ikx ñêií÷åííîãî ñòåïåíÿ çà
íîðìîþ

∥φ(x);Hα∥ =

√∑
|k|≥0

|φk|2w2
k(α), wk(α) = (1 + |k|)α, k ∈ Z;

Cn([0, T ];Hα) � ïðîñòið ôóíêöié u(t, x) =
∑
|k|≥0

uk(t)e
ikx, uk ∈ Cn[0, T ], k ∈ Z,

òàêèõ, ùî ïðè ôiêñîâàíîìó t ∈ [0, T ] ïîõiäíi ∂ju/∂tj ≡
∑
|k|≥0

u
(j)
k (t)eikx, 0 ≤ j ≤ n,

íàëåæàòü äî ïðîñòîðó Hα i ÿê åëåìåíòè öüîãî ïðîñòîðó ¹ íåïåðåðâíèìè çà t íà
[0, T ]; íîðìó â Cn([0, T ];Hα) çàäà¹ìî ôîðìóëîþ

∥u(t, x);Cn([0, T ];Hα)∥ =
n∑
j=0

max
t∈[0,T ]

∥∥∂ju(t, x)/∂tj;Hα

∥∥ .
2. Ðîçâ'ÿçîê çàäà÷i (1), (2) øóêà¹ìî ó âèãëÿäi ðÿäó

u(t, x) =
∑
|k|≥0

uk(t)e
ikx. (3)

Êîæíà ôóíêöiÿ uk(t), k ∈ Z, ¹ ðîçâ'ÿçêîì òàêî¨ äâîòî÷êîâî¨ çàäà÷i äëÿ çâè÷àé-
íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ:

n∑
j=0

aj(ik)
2jei2jhku

(2n−2j)
k (t) = 0, (4)

u
(2j−2)
k (0) = φj,k, j = 1, n,

u
(2j−2)
k (T ) = φn+j,k, j = 1, n,

(5)

äå φj,k, k ∈ Z, � êîåôiöi¹íòè Ôóð'¹ ôóíêöié φj(x), j = 1, 2n, âiäïîâiäíî. Äëÿ
k = 0 çàäà÷à (4), (5) ìà¹ ¹äèíèé ðîçâ'ÿçîê u0(t). Äiéñíî, ç ðiâíÿííÿ (4) ïðè k = 0
âèïëèâà¹, ùî ôóíêöiÿ u0(t) ¹ ìíîãî÷ëåíîì (2n−1)-ãî ñòåïåíÿ, êîåôiöi¹íòè ÿêîãî
îäíîçíà÷íî âèçíà÷àþòüñÿ ç óìîâ u(2j−2)

0 (0) = φj,0, j = 1, n, u(2j−2)
0 (T ) = φn+j,0,

j = 1, n, ÿêi âèïëèâàþòü ç óìîâ (5) ïðè k = 0.
ßêùî k ̸= 0, òî ðîçâ'ÿçîê çàäà÷i (4), (5) çîáðàæó¹òüñÿ ôîðìóëîþ

uk(t) =
n∑
q=1

Ck,q ch(λqkte
ikh) +

n∑
q=1

Dk,q sh(λqkte
ikh), (6)

äå λj =
√
σj, j = 1, n, à ãiëêó êîðåíÿ âèáðàíî òàê, ùî

√
1 = 1. Ç óìîâ (5)

âèïëèâà¹, ùî ñòàëi Ck,q, k ̸= 0, q = 1, n, çíàõîäÿòüñÿ iç ñèñòåìè ðiâíÿíü

n∑
q=1

Ck,q(λqke
ikh)2j−2 = φj,k, j = 1, n, (7)
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i äî òîãî æ îäíîçíà÷íî, áî ñèñòåìà (7) ìà¹ âiäìiííèé âiä íóëÿ âèçíà÷íèê

δ(k) =
∏

n≥j>q≥1

(
(λjke

ikh)2 − (λqke
ikh)2

)
= (keikh)n(n−1)

∏
n≥j>q≥1

(σj − σq),

à ñòàëi Dk,q, k ̸= 0, q = 1, n, ¹ ðîçâ'ÿçêàìè íàñòóïíî¨ ñèñòåìè ðiâíÿíü

n∑
q=1

Dk,q(λqke
ikh)2j−2 sh(λqkTe

ikh) =

= φn+j,k −
n∑
q=1

Ck,q(λqke
ikh)2j−2 ch(λqkTe

ikh), j = 1, n. (8)

×åðåç ∆(k), k ∈ Z\{0}, ïîçíà÷èìî âèçíà÷íèê ñèñòåìè (8):

∆(k) = det ∥(λqkeikh)2j−2 sh(λqkTe
ikh)∥nj,q=1.

Ëåãêî ïåðåâiðèòè, ùî

∆(k) = δ(k)
n∏
j=1

sh(λjkTe
ikh). (9)

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði C2n([0, T ];Hα)
íåîáõiäíî i äîñèòü, ùîá âèêîíóâàëàñü óìîâà( m∪

j=1

∪
k∈Z,
k ̸=0

{iλjkTeikh}
)
∩ πZ = ∅. (10)

Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ òåîðåìè 2.1 ó [6, ñ. 97].
Çàóâàæåííÿ 1. Óìîâó (10) â òåîðåìi 1 ìîæíà çàïèñàòè ó âèãëÿäi

n∏
j=1

(
sin2(|λj|kT ) + cos2(kh+ θj)

)
̸= 0, k ̸= 0,

äå θj = argλj, j = 1, n.
Íàñòóïíå òâåðäæåííÿ îçíà÷à¹, ùî çà ðàõóíîê âèáîðó âiäõèëåííÿ h ìîæíà

äîáèòèñÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2).
Íàñëiäîê 1. ßêùî çàäà÷à ç óìîâàìè (2) äëÿ ðiâíÿííÿ (1) áåç âiäõèëåííÿ

(h = 0) ìà¹ áiëüø, íiæ îäèí ðîçâ'ÿçîê, òî iñíó¹ h0 ∈ [0, 2π) òàêå, ùî çàäà÷à
ç óìîâàìè (2) äëÿ ðiâíÿííÿ (1) ç âiäõèëåííÿì h = h0 ìîæå ìàòè íå áiëüøå
îäíîãî ðîçâ'ÿçêó.

Äîâåäåííÿ. Äëÿ êîæíîãî k ∈ Z\{0} ðîçãëÿíåìî ôóíêöi¨

gk(h) ≡
n∏
j=1

(
sin2(|λj|kT ) + cos2(kh+ θj)

)
.

Çðîçóìiëî, ùî êîæíà ôóíêöiÿ gk(h), k ∈ Z\{0}, ¹ àíàëiòè÷íîþ çà h, âiäìiííîþ
âiä òîòîæíîãî íóëÿ, i, îòæå, ìà¹ íå áiëüø, íiæ çëi÷åííó ìíîæèíóMk íóëiâ. Òîäi

äëÿ äîâiëüíîãî h0 ∈ R\
( ∪
k ̸=0

Mk

)
ìà¹ìî, ùî gk(h0) ̸= 0 äëÿ âñiõ k ∈ Z\{0}.
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Ïðîàíàëiçó¹ìî ìîæëèâiñòü âèêîíàííÿ óìîâè (10) äëÿ çàäà÷i òèïó çàäà÷i Äi-
ðiõëå äëÿ ðiâíÿííÿ Ëàïëàñà ç âiäõèëåíèì àðãóìåíòîì òà äëÿ ðiâíÿííÿ êîëèâà-
ííÿ ñòðóíè ç âiäõèëåíèì àðãóìåíòîì.

Ïðèêëàä 1. Äëÿ ðiâíÿííÿ Ëàïëàñà ç âiäõèëåíèì àðãóìåíòîì

∂2u(t, x)

∂t2
+
∂2u(t, x+ 2h)

∂x2
= 0, (11)

çàäà÷à ç óìîâàìè
u(0, x) = φ1(x), u(T, x) = φ2(x), (12)

çãiäíî ç òåîðåìîþ 1, ìîæå ìàòè íå áiëüøå îäíîãî ðîçâ'ÿçêó, òîäi i òiëüêè òîäi,
êîëè âèêîíó¹òüñÿ óìîâà:

sin2(kT ) + cos2(kh) ̸= 0, k ̸= 0. (13)

Äëÿ ðiâíÿííÿ Ëàïëàñà áåç âiäõèëåííÿ (h = 0) óìîâà (13) âèêîíó¹òüñÿ äëÿ
äîâiëüíîãî T > 0. Öÿ óìîâà âèêîíó¹òüñÿ äëÿ äîâiëüíîãî T > 0, ÿêùî h íå ¹
÷èñëîì âèãëÿäó

π(2m− 1)

2l
, m, l ∈ Z, l ̸= 0.

Óìîâà (13) ïîðóøó¹òüñÿ, ÿêùî T ∈ πQ, à ÷èñëî h ìà¹ âèãëÿä

h =
π(2m0 − 1)

2l0

äëÿ äåÿêèõ m0, l0 ∈ Z, l0 ̸= 0.
Ïðèêëàä 2. Ðîçãëÿíåìî çàäà÷ó ç óìîâàìè (12) äëÿ ðiâíÿííÿ êîëèâàííÿ

ñòðóíè ç âiäõèëåíèì àðãóìåíòîì

∂2u(t, x)

∂t2
− ∂2u(t, x+ 2h)

∂x2
= 0. (14)

Çà òåîðåìîþ 1 çàäà÷à (12), (14) ìîæå ìàòè íå áiëüøå îäíîãî ðîçâ'ÿçêó òîäi i
òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà:

sin2(kT ) + sin2(kh) ̸= 0, k ̸= 0. (15)

Äëÿ ðiâíÿííÿ ìàëèõ êîëèâàíü ñòðóíè (ïðè h = 0) óìîâà (15) âèêîíó¹òüñÿ,
ÿêùî ÷èñëî T/π ¹ iððàöiîíàëüíèì. ßêùî æ îáèäâà ÷èñëà T/π, h/π � ðàöiî-
íàëüíi, òî óìîâà (15) ïîðóøó¹òüñÿ. ßêùî õî÷à á îäíå ç ÷èñåë T/π, h/π ¹ ið-
ðàöiîíàëüíèì, òî óìîâà (15) ñïðàâäæó¹òüñÿ. Òàêèì ÷èíîì, çà ðàõóíîê âèáîðó
âiäõèëåííÿ àðãóìåíòó ìîæíà äîáèòèñÿ âèêîíàííÿ óìîâè ¹äèíîñòi äëÿ çàäà÷i
òèïó Äiðiõëå äëÿ ðiâíÿííÿ ìàëèõ êîëèâàíü ñòðóíè.

Äëÿ çàäà÷ ç óìîâàìè (12) äëÿ ðiâíÿíü (11) òà (14) ñïðàâåäëèâà àëüòåðíàòèâà.
Òåîðåìà 2. Îäíîðiäíà çàäà÷à, ÿêà âiäïîâiäà¹ çàäà÷i (11), (12) (àáî çàäà÷i

(14), (12)) ìà¹ â ïðîñòîði C2([0, T ];Hα) ¹äèíèé íóëüîâèé ðîçâ'ÿçîê àáî çëi÷åííó
êiëüêiñòü ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ.

Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ, íàâåäåíîþ ó ðîáîòi [8].
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4. Ïðèïóñòèìî, ùî óìîâà (10) âèêîíó¹òüñÿ. Iç ôîðìóë (3), (6) îòðèìó¹ìî
ôîðìàëüíå çîáðàæåííÿ äëÿ ðîçâ'ÿçêó çàäà÷i (1), (2) ó âèãëÿäi ðÿäó

u(t, x) = u0(t) +
∑
|k|>0

exp(ikx)×

×
( n∑
q=1

δj,q(k)

δ(k)
φj,k ch(λqkte

ikh) +
n∑
q=1

∆j,q(k)

∆(k)
φq+n,k sh(λqkte

ikh)
)
, (16)

äå δj,q(k), ∆j,q(k), j, q = 1, n, � àëãåáðè÷íi äîïîâíåííÿ åëåìåíòiâ, ùî ñòîÿòü íà
ïåðåòèíi j-ãî ðÿäêà òà q-ãî ñòîâïöÿ âèçíà÷íèêiâ δ(k), ∆(k) âiäïîâiäíî.

Çáiæíiñòü ðÿäó (16), âçàãàëi, ïîâ'ÿçàíà iç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ,
îñêiëüêè |∆(k)|, áóäó÷è âiäìiííèì âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìàëèõ
çíà÷åíü äëÿ íåñêií÷åííî¨ êiëüêîñòi öiëèõ ÷èñåë k.

Òåîðåìà 3. Íåõàé âèêîíó¹òüñÿ óìîâà (10) i íåõàé iñíó¹ òàêà ñòàëà δ, ùî
äëÿ âñiõ ÷èñåë k ∈ Z âèêîíó¹òüñÿ íåðiâíiñòü∣∣ sh (λjkTeikh)∣∣ ≥ (1 + |k|)−ωeT |Re(λjke

ikh)|, j = 1, n. (17)

ßêùî φj ∈ Hα+ω+2n, j = 1, 2n, òî â ïðîñòîði C2n([0, T ];Hα) iñíó¹ ¹äèíèé ðîçâ'ÿ-
çîê çàäà÷i (1), (2), ÿêèé íåïåðåðâíî çàëåæèòü âiä φj, j = 1, 2n.

Äîâåäåííÿ. Íåõàé φj ∈ Hα+ω+2n, j = 1, 2n. Ïîêàæåìî, ùî òîäi ðÿä (16)
íàëåæèòü äî ïðîñòîðó C2n([0, T ];Hα) i ¹ ðîçâ'ÿçêîì çàäà÷i (1), (2). Ïðàâèëüíèìè
¹ òàêi íåðiâíîñòi:

max
t∈[0,T ]

|u(q)k (t)| ≤ C1

2n∑
j=1

|φjk|(1 + |k|)ω+2n, q = 0, 2n. (18)

Ç íåðiâíîñòåé (18) âèïëèâà¹, ùî

∥∥u(t, x);C2n([0, T ];Hα)
∥∥ ≤ C2

2n∑
q=0

(∑
|k|≥0

max
t∈[0,T ]

|u(q)k (t)|2(1 + |k|)2α
)1/2

≤

≤ C3

n∑
j=1

(∑
|k|≥0

|φjk|2wk(α + ω + 2n)
)1/2

= C3

n∑
j=1

∥∥φj(x);Hα+ω+2n

∥∥ <∞. (19)

Ç íåðiâíîñòi (19) îòðèìó¹ìî òâåðäæåííÿ òåîðåìè 3.
5. Äîñëiäèìî ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ îöiíîê (17).
Òåîðåìà 4. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë h ∈ (0, 2π)

êîæíà ç íåðiâíîñòåé (17) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi)
÷èñåë k ∈ Z ïðè ω > 1.

Äîâåäåííÿ. Îñêiëüêè äëÿ äîâiëüíîãî z ∈ C âèêîíó¹òüñÿ îöiíêà

|ez − 1| ≥ max{1; eRe z} · | sin(Im z)|,

òî | sh z| ≥ 1
2
max{e−Re z; eRe z} · | sin(Im z)|. Òîìó äëÿ äîâåäåííÿ òåîðåìè äîñèòü

ïåðåâiðèòè, ùî ïðè ω > 1 äëÿ ìàéæå âñiõ çíà÷åíü h ∈ Ω êîæíà ç íåðiâíîñòåé

| sin(T Im(λjke
ikh))| ≥ (1 + |k|)−ω, j = 1, n.
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âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) öiëèõ ÷èñåë k. Ç
îãëÿäó íà ëåìó Áîðåëÿ�Êàíòåëëi [6] äëÿ öüîãî äîñèòü âñòàíîâèòè, ùî ïðè ω > 1
çáiãàþòüñÿ ðÿäè

∑
k∈Z

mesMj,ω(k), j = 1, n, äå

Mj,ω(k) ≡
{
h ∈ Ω : | sin(T Im(λjke

ikh))| ≤ (1 + |k|)−ω
}
, j = 1, n.

Íåõàé λj = |λj|eiηj , j = 1, n, äå ηj � àðãóìåíò êîìïëåêñíîãî ÷èñëà λj. Òîäi

Im(λje
ikh) = |λj| sin(kh+ ηj), j = 1, n.

Ðîçãëÿíåìî âèïàäîê, êîëè k > 0. Î÷åâèäíî, ùî

mesMj,ω(k) = k−1mes
{
H ∈ (0, 2πk) : | sin(T |λjk| sin(H + ηj))| ≤ (1 + |k|)−ω

}
=

= k−1mes
{
H ∈ (ηj, ηj + 2πk) : | sin(T |λjk sinH|) ≤ (1 + |k|)−ω

}
.

Äëÿ çàäàíîãî δ ∈ (0, ω−1) ðîçiá'¹ìî âiäðiçîê [ηj, ηj+2πk] íà òàêi íåïðîäîâæóâàíi
âiäðiçêè Iq (q = 1, N1(k)) òà âiäðiçêè Jq (q = 1, N2(k)), ùîá âèêîíóâàëèñü óìîâè

∀H ∈ Iq | cosH| ≥ 1

kδ+1
, q = 1, N1(k),

∀H ∈ Jq | cosH| ≤ 1

kδ+1
, q = 1, N2(k).

Äëÿ êiëüêîñòåé N1(k), N2(k) öèõ âiäðiçêiâ, î÷åâèäíî, ñïðàâäæóþòüñÿ îöiíêè

N1(k) ≤ C4k, N2(k) ≤ C5k.

Îñêiëüêè
mes Jq ≤ C6k

−δ−1, q = 1, N2(k),

òî mes
(∪N2(k)

q=1 Jq

)
≤ C7k

−δ. Î÷åâèäíî, ùî âèêîíóþòüñÿ îöiíêè

mes
{
H ∈ Iq : | sin(T |λjk| sinH)| ≤ (1 + |k|)−ω

}
≤

≤ k1+δmes
{
t ∈ sin(Iq) : | sin(T |λjk|t)| ≤ (1 + |k|)−ω

}
≤

≤ k1+δmes
{
t ∈ [−1; 1] : | sin(T |λjk|t)| ≤ (1 + |k|)−ω

}
.

Çà ëåìîþ 2.2 íà ñ. 15 ó [6]

mes
{
t ∈ [−1; 1] : | sin(T |λjk|t)| ≤ (1 + |k|)−ω

}
≤ C8(1 + |k|)−ω.

Òàêèì ÷èíîì, äëÿ k > 0 îòðèìó¹ìî

mesMj,ω(k) ≤ C9

N2(k)∑
q=1

mes
{
H ∈ Iq : | sin(T |λjk| sinH)| ≤ (1 + |k|)−ω

}
+
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+C10

N2(k)∑
q=1

mes Jq ≤ C11k
−1−δ + C12k

δ−ω.

Àíàëîãi÷íî ðîçãëÿäà¹òüñÿ âèïàäîê, êîëè k < 0. Òàêèì ÷èíîì, ïðè ω > 1 îòðè-
ìó¹ìî çáiæíiñòü ðÿäiâ

∑
|k|>0

mesMj,ω(k), j = 1, n.

Òåîðåìó äîâåäåíî.
Çàóâàæåííÿ 2. Ðåçóëüòàòè ðîáîòè ïåðåíåñåíî íà âèïàäîê çàäà÷i òèïó Äi-

ðiõëå äëÿ ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè iç âiäõèëåííÿì àðãóìåíòó.
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ÌÎÄÓËßÐÍI ÇÎÁÐÀÆÅÍÍß Ç ÄÎÄÀÒÊÎÂÈÌÈ ÓÌÎÂÀÌÈ
ÍÀÏIÂÃÐÓÏÈ T2 × S2

We describe matrix problems of �nite type associated with modular representations of the direct
product of the symmetric semigroup and symmetric group of degree 2. In each case we obtain an
explicit classi�cation of the corresponding representations.

Îïèñóþòüñÿ ìàòðè÷íi çàäà÷i ñêií÷åííîãî òèïó, ïîâ'ÿçàíi ç ìîäóëÿðíèìè çîáðàæåííÿìè ïðÿ-
ìîãî äîáóòêó ñèìåòðè÷íî¨ íàïiâãðóïè òà ñèìåòðè÷íî¨ ãðóïè ñòåïåíÿ 2. Â êîæíîìó âèïàäêó
îòðèìàíî ÿâíèé îïèñ âiäïîâiäíèõ çîáðàæåíü.

Ìàòðè÷íi çîáðàæåííÿ ñêií÷åííèõ ãðóï íàä ïîëÿìè âèâ÷åíi äîñòàòíüî äîáðå. Ó
êëàñè÷íîìó âèïàäêó (êîëè õàðàêòåðèñòèêà p ïîëÿ K íå äiëèòü ïîðÿäîê ñêií-
÷åííî¨ ãðóïè), ãðóïà ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèï; ó öüîìó âèïàäêó
êîæíå íåðîçêëàäíå çîáðàæåííÿ ¹ íåçâiäíèì i âñi âîíè âè÷åðïóþòüñÿ ïðÿìèìè
äîäàíêàìè ðåãóëÿðíîãî çîáðàæåííÿ. Ó ìîäóëÿðíîìó âèïàäêó (êîëè õàðàêòå-
ðèñòèêà p äiëèòü ïîðÿäîê ãðóïè), ãðóïà ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèï
òîäi i ëèøå òîäi, êîëè ¨¨ ñèëîâñüêà p-ïiäãðóïà ¹ öèêëi÷íîþ. Áiëüøiñòü ñêií-
÷åííèõ ãðóï ó öüîìó âèïàäêó ¹ äèêèìè, òîáòî çàäà÷à ïðî îïèñ ¨õ çîáðàæåíü
âêëþ÷à¹ â ñåáå çàäà÷ó ïðî êëàñèôiêàöiþ ïàð ìàòðèöü ç òî÷íiñòþ äî ïîäiáíîñòi
(òî÷íi îçíà÷åííÿ ðó÷íèõ òà äèêèõ çàäà÷ äèâ. â [1]). Ðó÷íi òà äèêi ãðóïè äëÿ
ìîäóëÿðíîãî âèïàäêó îïèñàíi â ðîáîòi [1].

Ìàòðè÷íi çîáðàæåííÿ íàïiâãðóï íàä ïîëÿìè âèâ÷åíi íå â òàêié ìiði, ÿê çîá-
ðàæåííÿ ãðóï. Íàéáiëüøå ðîáiò ïðèñâÿ÷åíà âèâ÷åííþ íåçâiäíèõ çîáðàæåíü òà
êëàñiâ íàïiâãðóï, âñi íåðîçêëàäíi çîáðàæåííÿ ÿêèõ ¹ íåçâiäíèìè (äèâ., íàïð.,
ìîíîãðàôi¨ [2, 3]), òîùî. Ñåðåä iíøèõ ðåçóëüòàòiâ âèäiëèìî âiäîìi ðåçóëüòàòè
ç òåîði¨ çîáðàæåíü àëãåáð, ÿêi ëåãêî ïåðåôîðìóëþâàòè â òåðìiíàõ çîáðàæåíü
íàïiâãðóï � îïèñ çîáðàæåíü àëãåáðè < a, b | ab = ba = 0 > [4, 5] ÷è àëãåáðè
< a, b | a2 = b2 = 0 > [6, 7], äåÿêi ðåçóëüòàòè ïðî íàïiâãðóïè ñêií÷åííîãî çîá-
ðàæóâàëüíîãî òèïó: âèïàäîê ñêií÷åííî¨ öiëêîì ïðîñòî¨ íàïiâãðóïè [8] òà äåÿêi
íåìîäóëÿðíi âèïàäêè íàïiâãðóï âñiõ ïåðåòâîðåíü ñêií÷åííî¨ ìíîæèíè [9,10]. Ñå-
ðåä íîâèõ ðåçóëüòàòiâ âèäiëèìî ðåçóëüòàòè ïðî îïèñ ðó÷íèõ òà äèêèõ íàïiâãðóï,
ïîðîäæåíèõ iäåìïîòåíòàìè ç ÷àñòêîâèì íóëüîâèì ìíîæåííÿì [11] òà íàïiâãðóï,
ïîðîäæåíèõ äâîìà ïîòåíòíèìè åëåìåíòàìè [12].

Ó ðîáîòi [13] îïèñàíi ìîäóëÿðíi çîáðàæåííÿ íàïiâãðóïè T2 âñiõ ïåðåòâîðåíü
ìíîæèíè iç äâîõ åëåìåíòiâ. Ó öié ñòàòòi âèâ÷àþòüñÿ ìîäóëÿðíi çîáðàæåííÿ ç
äåÿêèìè äîäàòêîâèìè óìîâàìè ïðÿìîãî äîáóòêó äâîõ íàïiâãðóï T2.

1. Ïîïåðåäíi âiäîìîñòi. Íàïiâãðóïà T2 âñiõ ïåðåòâîðåíü (âiäîáðàæåíü â
ñåáå) äâîåëåìåíòíî¨ ìíîæèíè {1, 2} ñêëàäà¹òüñÿ iç ÷îòèðüîõ åëåìåíòiâ e, a, b, c:
e(1) = 1, e(2) = 2; a(1) = 2, a(2) = 1; b(1) = 2, b(2) = 2; c(1) = 1, c(2) = 1.
Ëåãêî áà÷èòè, ùî åëåìåíòè e, a, b óòâîðþþòü ñèñòåìó òâiðíèõ iç âèçíà÷àëüíèìè
ñïiââiäíîøåííÿìè a2 = e, b2 = b, ab = b (äëÿ îäèíè÷íîãî åëåìåíòà e ìè íå
âèïèñó¹ìî ïðèðîäíi ñïiââiäíîøåííÿ).
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Ìàòðè÷íå çîáðàæåííÿ ðîçìiðíîñòi n íàïiâãðóïè T2 íàä ïîëåìK � öå (çãiäíî
çàãàëüíîãî îçíà÷åííÿ ìàòðè÷íîãî çîáðàæåííÿ íàïiâãðóïè) äîâiëüíèé ãîìîìîð-
ôiçì X : T2 → Mn(K) íàïiâãðóïè T2 â íàïiâãðóïó Mn(K) âñiõ êâàäðàòíèõ
ìàòðèöü ïîðÿäêó n íàä ïîëåì K (n � íàòóðàëüíå ÷èñëî). Çàóâàæèìî, ùî â çà-
ãàëüíîìó îçíà÷åííi íi÷îãî íå ãîâîðèòüñÿ ïðî îäèíè÷íèé åëåìåíò íàïiâãðóïè (áî
éîãî ìîæå i íå áóòè), àëå ó âèïàäêó, êîëè îäèíèöÿ â íàïiâãðóïi ¹, ïðàêòè÷íî ìî-
æíà ââàæàòè, ùî ãîìîìîðôiçì ïåðåâîäèòü ¨¨ ó îäèíè÷íó ìàòðèöþ (ÿê ïîêàçàíî
â ðîáîòi [13], ïðè öüîìó âòðà÷à¹òüñÿ ëèøå îäíå íåðîçêëàäíå çîáðàæåííÿ, ÿêå
ñêëàäà¹òüñÿ iç íóëüîâèõ ìàòðèöü ðîçìiðíîñòi 1); ìè áóäåìî ðîçãëÿäàòè ëèøå
òàêi çîáðàæåííÿ. Òîäi çîáðàæåííÿ X : T2 → Mn(K) íàïiâãðóïè T2 îäíîçíà÷íî
çàäà¹òüñÿ ïàðîþ ìàòðèöü R = {A = X(a), B = X(b)}, ùî çàäîâîëüíÿþòü íàñòó-
ïíi ðiâíîñòi: A2 = E, B2 = B, AB = B. Äëÿ ìàòðè÷íèõ çîáðàæåíü íàïiâãðóïè
T2 (ÿê i äëÿ áóäü-ÿêî¨ ñêií÷åííîâèìiðíî¨ àëãåáðè) ìà¹ ìiñöå òåîðåìà Êðóëëÿ-
Øìiäòà ïðî îäíîçíà÷íiñòü ðîçêëàäó äîâiëüíîãî ìàòðè÷íîãî çîáðàæåííÿ â ïðÿ-
ìó ñóìó íåðîçêëàäíèõ.

Ìàòðè÷íå çîáðàæåííÿ íàïiãðóïè T2 íàçèâà¹òüñÿ ìîäóëÿðíèì, ÿêùî õàðàê-
òåðèñòèêà ïîëÿ K, íàä ÿêèì âîíî ðîçãëÿäà¹òüñÿ, äîðiâíþ¹ 2 (áî íàïiâãðóïà T2
ìà¹ ¹äèíó íåòðèâiàëüíó ïiäãðóïó, ÿêà ïîðîäæåíà åëåìåíòîì a ïîðÿäêó 2).

Ó ðîáîòi [13] äîâåäåíà íàñòóïíà êëàñèôiêàöiéíà òåîðåìà (ç ôîðìàëüíèõ ìið-
êóâàíü íóìåðàöiÿ çîáðàæåíü çìiíåíà).

Òåîðåìà 1. Íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ íàïiâãðóïè T2 íàä ïîëåì K
õàðàêòåðèñòèêè 2 âè÷åðïóþòüñÿ, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi, íàñòóïíè-
ìè (ïîïàðíî íååêâiâàëåíòíèìè) çîáðàæåííÿìè:

1) a→ 1, b→ 1;

2) a→ 1, b→ 0;

3) a→
(

1 1
0 1

)
, b→

(
1 0
0 0

)
;

4) a→
(

1 1
0 1

)
, b→

(
0 0
0 0

)
;

5) a→

 1 0 1
0 1 1
0 0 1

, b→

 1 0 0
0 0 0
0 0 0

.
Ñôîðìóëüîâàíèé ðåçóëüòàò ëåæèòü â îñíîâi íîâèõ îçíà÷åíü òà ïîñòàíîâêè

çàäà÷i, ÿêi ïðèâåäåíî â íàñòóïíîìó ïàðàãðàôi.

2. Ôîðìóëþâàííÿ îñíîâíèõ òåîðåì. Ìîäóëÿðíi çîáðàæåííÿ ðó÷íî¨ ãðó-
ïè S2×S2 îïèñàíi (ç òî÷íiñòþ äî åêâiâàëåíòíîñòi) â ðîáîòi [15]; òóò S2 ïîçíà÷à¹,
ÿê çâè÷àéíî, ñèìåòðè÷íó ãðóïó ñòåïåíÿ 2 (ÿêà ¹ öèêëi÷íîþ ãðóïîþ ïîðÿäêó 2).
Íàïiâãðóïà T2 × T2, ÿêà ìà¹ ôàêòîð-íàïiâãðóïó içîìîðôíó ãðóïi S2 × S2, âæå ¹
äèêîþ (âiäíîñíî ìîäóëÿðíèõ çîáðàæåíü, òîáòî çîáðàæåíü íàä ïîëåì õàðàêòå-
ðèñòèêè 2); áiëüø òîãî, äèêîþ ¹ íàïiâãðóïà T2×S2, ÿêà ìà¹ ôàêòîð-íàïiâãðóïó
içîìîðôíó ãðóïi S2 × S2 i ñàìà ¹ ôàêòîð-íàïiâãðóïîþ íàïiâãðóïè T2 × T2 [16].

Ìîäóëÿðíèì ìàòðè÷íèì çîáðàæåííÿì (äèêî¨) íàïiãðóïè T2×S2 i ïðèñâÿ÷åíà
öÿ ñòàòòÿ.
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Íàïiâãðóïà T2 ×S2 ïîðîäæó¹òüñÿ åëåìåíòàìè e, a, b i g (òâiðíèé åëåìåíò S2)
ç íàñòóïíèìè ñïiââiäíîøåííÿìè: a2 = e, b2 = b. ab = b; g2 = e. ga = ag, gb = bg.

Ìàòðè÷íå çîáðàæåííÿ íàïiâãðóïè T2×S2 îäíîçíà÷íî çàäà¹òüñÿ òðiéêîþ ìàò-
ðèöü (A,B,G) (ÿêùî, ÿê i ðàíiøå, îäèíè÷íîìó åëåìåíòi çiñòàâëÿòè îäèíè÷íó
ìàòðèöþ), ùî çàäîâîëüíÿþòü ðiâíîñòi A2 = E, B2 = B, AB = B, G2 = E,
GA = AG, GB = BG. Ìè áóäåìî îòîòîæíþâàòè çîáðàæåííÿ ç âiäïîâiäíîþ
éîìó òðiéêîþ ìàòðèöü.

Ðîçãëÿíåìî íàñòóïíó êëàñèôiêàöiéíó çàäà÷ó äëÿ äîâiëüíîãî ïîëÿ K õàðàê-
òåðèñòèêè 2. Çàôiêñó¹ìî â ìíîæèíi M = {R1, R2, R3, R4, R5} âñiõ íåðîçêëàäíèõ
çîáðàæåíü íàïiâãðóïè T2 (ÿêi âêàçàíi â òåîðåìi 1) äåÿêó âëàñíó ïiäìíîæèíó N
i áóäåìî ðîçãëÿäàòè ëèøå òàêi ìàòðè÷íi çîáðàæåííÿ R íàïiâãðóïè T = T2 ×S2,
îáìåæåííÿ ÿêèõ íà íàïiâãðóïó T2 ðîçêëàäàþòüñÿ â ïðÿìó ñóìó çîáðàæåíü iç
N . Äëÿ ïàð (T,N) ìîæíà ðîçãëÿäàòè òðàäèöiéíi çàäà÷i òåîði¨ çîáðàæåíü. Îäíà
iç íèõ, à ñàìå çàäà÷à ïðî îïèñ ïàð (T,N) ñêií÷åííîãî òèïó, ðîçãëÿäà¹òüñÿ â öié
ñòàòòi (�ñêií÷åííèé òèï� îçíà÷à¹, ùî ÷èñëî íåðîçêëàäíèõ çîáðàæåíü, ç òî÷íiñòþ
äî åêâiâàëåíòíîñòi, ñêií÷åííå).

Òåîðåìà 2. ßêùî |N | = 1, òî (T,N) � ïàðà ñêií÷åííîãî òèïó òîäi i ëèøå
òîäi, êîëè N ̸= R4, R5.

Òåîðåìà 3. ßêùî |N | = 2, òî (T,N) � ïàðà ñêií÷åííîãî òèïó òîäi i ëèøå
òîäi, êîëè N ∩ {R4, R5} = ∅.

3. Äîâåäåííÿ òåîðåìè 2. Ìè îòîòîæíþ¹ìî îäíîåëåìåíòíi ìíîæèíè iç
ñàìèìè åëåìåíòàìè.

Íåîáõiäíiñòü. Ëåãêî ïîêàçàòè, ùî ó âèïàäêó N = R4 òðiéêè ìàòðèöü RP =
(A,B,GP ) i RQ = (A,B,GQ), äå

A =

(
E E
0 E

)
, B =

(
0 0
0 0

)
, GX =

(
E X
0 E

)
,

ïîäiáíi òîäi i ëèøå òîäi, êîëè ïîäiáíi P i Q; îêðiì òîãî, çîáðàæåííÿ RX íåðîç-
êëàäíå òîäi i ëèøå òîäi, êîëè íåðîçêëàäíà ìàòðèöÿ X.

Ó âèïàäêó N = R5 ìà¹ìî ïîäiáíó ñèòóàöiþ, ÿêùî ïîêëàñòè

A =

 E 0 E
0 E E
0 0 E

 , B =

 E 0 0
0 0 0
0 0 0

 , GX =

 E 0 0
0 E X
0 0 E

 .

Îòæå, ïàðè (T,R4) i (T,R5) ìàþòü ñêií÷åííèé òèï.
Çàóâàæèìî, ùî â ïåðøîìó âèïàäêó òðiéêà ìàòðèöü RX çàäà¹ ïî ñóòi çîá-

ðàæåííÿ ãðóïè S2 × S2 (áî B = 0), à òîìó ñêàçàíå äëÿ N = R4 âèïëèâà¹ iç
ðåçóëüòàòiâ ðîáîòè [15].

Äîñòàòíiñòü âèïëèâà¹ ç òåîðåìè 3 (äîñòàòíiñòü), ÿêà áóäå äîâåäåíà íèæ÷å.

4. Äîâåäåííÿ òåîðåìè 3. Íåîáõiäíiñòü âèïëèâà¹ ç òåîðåìè 2 (íåîáõiä-
íiñòü).

Äîñòàòíiñòü. Ðîçãëÿíåìî ïîñëiäîâíî âèïàäêè N = {R1, R2}, N = {R1, R3},
N = {R2, R3}. âèïèñóþ÷è íà ïî÷àòêó äåÿêèé çàãàëüíèé íîðìàëüíèé âèãëÿä ìàò-
ðè÷íîãî çîáðàæåííÿ ç âiäïîâiäíîþ äîäàòêîâîþ óìîâîþ. ×åðåç E ïîçíà÷à¹ìî,
ÿê çâè÷àéíî, äîâiëüíó îäèíè÷íó ìàòðèöþ (ðîçìiðíîñòi n ≥ 0).
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Âèïàäîê N = {R1, R2}:

A =

(
E 0
0 E

)
, B =

(
E 0
0 0

)
, G =

(
G11 G12

G21 G22

)
,

Iç ñïiââiäíîøåííÿ BG = GB îòðèìó¹ìî G12 = 0, G21 = 0, à ç G2 = E �
G2

11 = E, G2
22 = E. Çíà÷èòü êîæíà iç ìàòðèöü G11 i G22 ïîäiáíà ìàòðèöi âèãëÿäó E 0 E

0 E 0
0 0 E

 (1).

ÿêèé ëåãêî îòðèìàòè ç æîðäàíîâî¨ íîðìàëüíî¨ ôîðìè îäíî÷àñíîþ ïåðåñòàíîâ-
êîþ ðÿäêiâ òà ñòîâïöiâ.

Îñêiëüêè öi ïîäiáíîñòi ïðîäîâæóþòüñÿ äî ïîäiáíîñòi òðiéîê ìàòðèöü (A.B.G)
i (A,B,G′), äå G′ � äåÿêà ìàòðèöÿ òàêà, ùî G′

12 = 0, G′
21 = 0, à G′

11 i G
′
22 ìà-

þòü âèãëÿä (1), òî îòðèìó¹ìî íàñòóïíó ïîâíó ñèñòåìó íåðîçêëàäíèõ ïîïàðíî
íååêâiâàëåíòíèõ çîáðàæåíü:

1) a→ 1, b→ 1, g → 1;

2) a→ 1, b→ 0, g → 1;

3) a→
(

1 0
0 1

)
, b→

(
1 0
0 1

)
, g →

(
1 1
0 1

)
;

4) a→
(

1 0
0 1

)
, b→

(
0 0
0 0

)
, g →

(
1 1
0 1

)
.

Çàóâàæèìî, ùî çîáðàæåííÿ 3) i 4) íåðîçêëàäíi, áî íåðîçêëàäíi i¨ îáìåæåííÿ
íà ïiäãðóïó {e, g} (ïîðÿäêó 2).

Âèïàäîê N = {R1, R3}:

A =

 E E 0
0 E 0
0 0 E

 , B =

 E 0 0
0 0 0
0 0 E

 , G =

 G11 G12 G13

G21 G22 G23

G31 G32 G33

 ,

Iç ñïiââiäíîøåííÿ BG = GB îòðèìó¹ìî G12 = 0, G21 = 0, G23 = 0, G32 = 0,
à iç AG = GA � G31 = 0, G11 = G22. Îòæå,

G =

 G11 0 G13

0 G11 0
0 0 G33

 ,

ïðè÷îìó iç G2 = E ìà¹ìî íàñòóïíi ñïiââiäíîøåííÿ:

G2
11 = E, G2

33 = E, G11G13 +G13G33 = 0. (2)

Âðàõîâóþ÷è ïåðøi äâi ðiâíîñòi, àíàëîãi÷íî ÿê ó âèïàäêó N = {R1, R2}, ìîæíà
ââàæàòè, ùî ìàòðèöi G11 i G22 ìàþòü âèãëÿä (1).
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Ðîçiá'¹ìî ìàòðèöi A,B,G íà áëîêè ó âiäïîâiäíîñòi äî ðîçáèòòÿ G11 òà G33.
Çîêðåìà. ìàòèìåìî

G13 =

 H11 H12 H13

H21 H22 H23

H31 H32 H33

 .

Iç îñòàííüî¨ ðiâíîñòi â (2) âèïëèâà¹, ùî H11 = 0, H21 = 0, H31 = 0, H32 = 0,
H33 = 0. Òîäi, ÿê ëåãêî áà÷èòè, ïðè

X =

 E 0 X13

0 E 0
0 0 E

 , äå X13 =

 H13 0 0
H23 0 0
0 H12 0

 ,

òðiéêà ìàòðèöü (XAX−1, XBX−1, XGX−1) äîðiâíþ¹ òðiéöi ìàòðèöü (A,B,G′),
äå ìàòðèöÿ G′ âiäðiçíÿ¹òüñÿ âiä ìàòðèöi G ëèøå áëîêîì G′

13, ÿêèé ìà¹ íàñòó-
ïíèé (áiëüø ïðîñòèé) âèãëÿä:

G′
13 =

 0 0 0
0 H22 0
0 0 0

 .

I îñêiëüêè åêâiâàëåíòíiñòü ìàòðèöü H22 → PH22Q
−1 ïðîäîâæó¹òüñÿ äî ïîäiá-

íîñòi òðiéîê ìàòðèöü (A.B.G′) i (A,B,G′′), äå G′′ îòðèìó¹òüñÿ iç G′ çàìiíîþ H22

íà PH22Q
−1, òî ìîæíà ââàæàòè, ùî

H22 =

(
E 0
0 0

)
.

Â ðåçóëüòàòi ìà¹ìî íàñòóïíó ïîâíó ñèñòåìó íåðîçêëàäíèõ ïîïàðíî íååêâi-
âàëåíòíèõ çîáðàæåíü:

1) a→ 1, b→ 1, g → 1;

2) a→
(

1 1
0 1

)
, b→

(
1 0
0 0

)
, g →

(
1 0
0 1

)
;

3) a→
(

1 0
0 1

)
, b→

(
1 0
0 1

)
, g →

(
1 1
0 1

)
;

4) a→

 1 1 0
0 1 0
0 0 1

, b→

 1 0 0
0 0 0
0 0 1

, g →

 1 0 1
0 1 0
0 0 1

;

5) a→


1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

, b→


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

, g →


1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1

 .

Çàóâàæèìî, ùî çîáðàæåííÿ 2) (âiäïîâiäíî 3)) íåðîçêëàäíå, áî íåðîçêëàäíå i¨
îáìåæåííÿ íà ïiäãðóïó {e, a} (âiäïîâiäíî {e, g}), à çîáðàæåííÿ 4) i 5) íåðîçêëà-
äíi, áî íåðîçêëàäíi (çãiäíî [15]) ¨õ îáìåæåííÿ.. íà ïiäãðóïó {e, a, g, ag} ∼= S2×S2.
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Âèïàäîê N = {R2, R3}:

A =

 E E 0
0 E 0
0 0 E

 , B =

 E 0 0
0 0 0
0 0 0

 , G =

 G11 G12 G13

G21 G22 G23

G31 G32 G33

 .

Iç ñïiââiäíîøåííÿ BG = GB îòðèìó¹ìî G12 = 0, G13 = 0, G21 = 0, G31 = 0,
à iç AG = GA � G23 = 0, G11 = G22. Îòæå,

G =

 G11 0 0
0 G11 0
0 G32 G33

 ,

ïðè÷îìó iç G2 = E ìà¹ìî íàñòóïíi ñïiââiäíîøåííÿ:

G2
11 = E, G2

33 = E, G32G11 +G33G32 = 0.

Äàëi äîâåäåííÿ ïðîâîäèòüñÿ ïî òié æå ñõåìi, ùî ó âèïàäêó N = {R1, R3}.
Â ðåçóëüòàòi ìà¹ìî íàñòóïíó ïîâíó ñèñòåìó íåðîçêëàäíèõ ïîïàðíî íååêâi-

âàëåíòíèõ çîáðàæåíü:

1) a→ 1, b→ 0, g → 1;

2) a→
(

1 1
0 1

)
, b→

(
1 0
0 0

)
, g →

(
1 0
0 1

)
;

3) a→
(

1 0
0 1

)
, b→

(
0 0
0 0

)
, g →

(
1 1
0 1

)
;

4) a→

 1 1 0
0 1 0
0 0 1

, b→

 1 0 0
0 0 0
0 0 0

, g →

 1 0 0
0 1 0
0 1 1

;

5) a→


1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

, b→


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

, g →


1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1

 .

Çàóâàæèìî, ùî çîáðàæåííÿ 2) � 5) íåðîçêëàäíi ïî òié æå ïðè÷èíi, ùî i
çîáðàæåííÿ ó âèïàäêó N = {R1, R3}.

Òåîðåìà 3 äîâåäåíà.

5. Îá÷èñëåííÿ ìàòðè÷íèõ àëãåáð Àóñëåíäåðà. Àëãåáðîþ Àóñëåíäå-
ðà ìàòðè÷íî¨ çàäà÷i ñêií÷åííîãî òèïó (ïîâ'ÿçàíî¨ iç ìàòðè÷íèìè çîáðàæåííÿìè
ãðóïè, íàïiâãðóïè, àëãåáðè, òîùî) íàçèâà¹òüñÿ àëãåáðà åíäîìîðôiçìiâ ïðÿìî¨
ñóìè âñiõ íåðîçêëàäíèõ çîáðàæåíü (iç êîæíîãî êëàñó åêâiâàëåíòíîñòi íåðîçêëà-
äíèõ çîáðàæåíü òðåáà âçÿòè îäèí ïðåäñòàâíèê).

Íàãàäà¹ìî, ùî åíäîìîðôiçì ìàòðè÷íîãî çîáðàæåííÿ T � öå äîâiëüíà ìàò-
ðèöÿ X, ÿêà êîìóòó¹ ç êîæíîþ ìàòðèöåþ çîáðàæåííÿ.

Î÷åâèäíî, ùî ìàòðè÷íà àëãåáðà Àóñëåíäåðà íå çàëåæèòü âiä âèáîðó ïðåä-
ñòàâíèêiâ â êëàñàõ åêâiâàëåíòíîñòi ó òîìó ñåíñi, ùî âñi îòðèìàíi òàêèì ÷èíîì
àëãåáðè áóäóòü ñïðÿæåíi ÿê ïiäàëãåáðè âiäïîâiäíî¨ ïîâíî¨ ìàòðè÷íî¨ àëãåáðè.
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Ìè îá÷èñëèìî ìàòðè÷íó àëãåáðó Àóñëåíäåðà äëÿ âñiõ çàäà÷ ñêií÷åííîãî
òèïó, ïðî ÿêi ñêàçàíî â òåîðåìi 3.

Òåîðåìà 4. Äëÿ äîâiëüíîãî ïîëÿ õàðàêòåðèñòèêè 2 ìàòðè÷íà àëãåáðà Àóñ-
ëåíäåðà ó âèïàäêó N = {R1, R2} ñêëàäà¹òüñÿ iç óñiõ ìàòðèöü âèãëÿäó

X =


x11 x12 0 0 x15 0
0 x11 0 0 0 0
0 0 x33 x34 0 x36
0 0 0 x33 0 0
0 x52 0 0 x55 0
0 0 0 x64 0 x66

 ,

äå xij � åëåìåíòè ïîëÿ.

Äîâåäåííÿ. Ðîçãëÿíåìî ïðÿìó ñóìó íåðîçêëàäíèõ çîáðàæåíü, âêàçàíèõ ó
âèïàäêó N = {R1, R2} (äèâ. ïîïåðåäíié ïàðàãðàô).

a→ A =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 , b→ B =


0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 1

 ,

g → G =


1 1 0 0 0 0
0 1 0 0 0 0
0 0 1 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 ,

Íåõàé X = (xij), i, j = 1, ldots, 6, � åëåìåíò ìàòðè÷íî¨ àëãåáðè Àóñëåíäåðà,
òîáòî AX = XA, BX = XB i GX = XG. Ïåðøà ðiâíiñòü áóäå òîòîæíiñòþ,
îñêiëüêè ìàòðèöÿ A ¹ îäèíè÷íîþ.

Âèêîðèñòà¹ìî ñïiââiäíîøåííÿ BX = XB. Îòðèìà¹ìî íàñòóïíi ðiâíîñòi:

(1.1; 1, 1) : 0 = 0, (1.1; 3, 1) : x31 = 0, (1.1; 5, 1) : 0 = 0,
(1.1; 1, 2) : 0 = 0, (1.1; 3, 2) : x32 = 0, (1.1; 5, 2) : 0 = 0,
(1.1; 1, 3) : 0 = x13, (1.1; 3, 3) : x33 = x33, (1.1; 5, 3) : 0 = x53,
(1.1; 1, 4) : 0 = x14, (1.1; 3, 4) : x34 = x34, (1.1; 5, 4) : 0 = x54,
(1.1; 1, 5) : 0 = 0, (1.1; 3, 5) : x35 = 0, (1.1; 5, 5) : 0 = 0,
(1.1; 1, 6) : 0 = x16, (1.1; 3, 6) : x36 = x36, (1.1; 5, 6) : 0 = x56,

(1.1; 2, 1) : 0 = 0, (1.1; 4, 1) : x41 = 0, (1.1; 6, 1) : x61 = 0,
(1.1; 2, 2) : 0 = 0, (1.1; 4, 2) : x42 = 0, (1.1; 6, 2) : x62 = 0,
(1.1; 2, 3) : 0 = x23, (1.1; 4, 3) : x43 = x43, (1.1; 6, 3) : x63 = x63,
(1.1; 2, 4) : 0 = x24, (1.1; 4, 4) : x44 = x44, (1.1; 6, 4) : x64 = x64,
(1.1; 2, 5) : 0 = 0, (1.1; 4, 5) : x45 = 0, (1.1; 6, 5) : x65 = 0,
(1.1; 2, 6) : 0 = x26, (1.1; 4, 6) : x46 = x46, (1.1; 6, 6) : x66 = x66.
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Âðàõîâóþ÷è âæå îòðèìàíi ðiâíîñòi, âèêîðèñòà¹ìî òåïåð ñïiââiäíîøåííÿGX =
XG, çàïèñàíå â åêâiâàëåíòíié ôîðìi ÿê (G+ E)X = X(G+ E).

Îòðèìà¹ìî íàñòóïíi ðiâíîñòi:

(1.2; 1, 1) : x21 = 0, (1.2; 3, 1) : 0 = 0, (1.2; 5, 1) : 0 = 0,
(1.2; 1, 2) : x22 = x11, (1.2; 3, 2) : 0 = 0, (1.2; 5, 2) : 0 = x51,
(1.2; 1, 3) : 0 = 0, (1.2; 3, 3) : x43 = 0, (1.2; 5, 3) : 0 = 0,
(1.2; 1, 4) : 0 = 0, (1.2; 3, 4) : x44 = x33, (1.2; 5, 4) : 0 = 0,
(1.2; 1, 5) : x25 = 0, (1.2; 3, 5) : 0 = 0, (1.2; 5, 5) : 0 = 0,
(1.2; 1, 6) : 0 = 0, (1.2; 3, 6) : x46 = 0, (1.2; 5, 6) : 0 = 0,

(1.2; 2, 1) : 0 = 0, (1.2; 4, 1) : 0 = 0, (1.2; 6, 1) : 0 = 0,
(1.2; 2, 2) : 0 = x21, (1.2; 4, 2) : 0 = 0, (1.2; 6, 2) : 0 = 0,
(1.2; 2, 3) : 0 = 0, (1.2; 4, 3) : 0 = 0, (1.2; 6, 3) : 0 = 0,
(1.2; 2, 4) : 0 = 0, (1.2; 4, 4) : 0 = x43, (1.2; 6, 4) : 0 = x63,
(1.2; 2, 5) : 0 = 0, (1.2; 4, 5) : 0 = 0, (1.2; 6, 5) : 0 = 0,
(1.2; 2, 6) : 0 = 0, (1.2; 4, 6) : 0 = 0, (1.2; 6, 6) : 0 = 0.

Îòæå, âiäïîâiäíà ìàòðè÷íà àëãåáðà Àóñëåíäåðà ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü,
âêàçàíèõ â óìîâi òåîðåìè.

Òåîðåìà 5. Äëÿ äîâiëüíîãî ïîëÿ õàðàêòåðèñòèêè 2 ìàòðè÷íà àëãåáðà Àóñ-
ëåíäåðà ó âèïàäêó N = {R1, R3} ñêëàäà¹òüñÿ iç óñiõ ìàòðèöü âèãëÿäó

X =



x11 x12 0 0 x15 0 x17 x18 0 x1 10 x1 11 x1 12
0 x11 0 0 0 0 x15 0 0 0 x1 10 0
0 0 x11 x12 0 x15 0 0 x18 0 0 0
0 0 0 x11 0 0 0 0 0 0 0 0
0 x52 0 0 x55 0 x57 x58 0 x5 10 x5 11 x5 12
0 0 0 x52 0 x55 0 0 x58 0 0 0
0 0 0 0 0 0 x55 0 0 0 x5 10 0
0 x82 0 0 0 0 x87 x88 0 0 x8 11 x8 12
0 0 0 x82 0 0 0 0 x88 0 0 0
0 0 0 0 0 0 x10 7 0 0 x10 10 x10 11 x10 12
0 0 0 0 0 0 0 0 0 0 x10 10 0
0 0 0 0 0 0 x12 7 0 0 0 x12 11 x12 12



,

äå xij � åëåìåíòè ïîëÿ.

Òåîðåìà 6. Äëÿ äîâiëüíîãî ïîëÿ õàðàêòåðèñòèêè 2 ìàòðè÷íà àëãåáðà Àóñ-
ëåíäåðà ó âèïàäêó N = {R2, R3} ñêëàäà¹òüñÿ iç óñiõ ìàòðèöü âèãëÿäó
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X =



x11 x12 0 0 x15 0 0 0 0 x1 10 0 0
0 x11 0 0 0 0 0 0 0 0 0 0
0 0 x11 x12 0 x15 0 0 0 0 x1 10 0
0 0 0 x11 0 0 0 0 0 0 0 0
0 x52 0 0 x55 0 0 0 0 0 0 0
0 0 0 x52 0 x55 0 0 0 0 0 0
0 0 x52 x74 0 x76 x55 0 x79 0 x7 11 x7 12
0 0 x83 x84 0 x86 x87 x88 x89 0 x8 11 x8 12
0 0 0 x83 0 x87 0 0 x88 0 0 0
0 x10 2 0 0 x10 5 0 0 0 0 x10 10 0 0
0 0 0 x10 2 0 x10 5 0 0 0 0 x10 10 0
0 0 0 x12 4 0 x12 6 0 0 x12 9 0 x12 11 x12 12



,

äå xij � åëåìåíòè ïîëÿ.

Äîâåäåííÿ òåîðåì 5, 6 ïðîâîäèòüñÿ ïî òàêié æå ñõåìi, ÿê i äîâåäåííÿ òåîðåìè
4.
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ÎÏÈÑ ÊÀÒÅÃÎÐI� ÇÎÁÐÀÆÅÍÜ ÏÎÑÒIÉÍÎÃÎ
ÆÎÐÄÀÍÎÂÎÃÎ ÒÈÏÓ ÍÀÉÌÅÍØÎ� ÍÅÖÈÊËI×ÍÎ� ÃÐÓÏÈ

We describe the category of matrix representations of the fourth Klein group over an algebraically
closed �eld of characteristic 2 that have constant Jordan type.

Îïèñó¹òüñÿ êàòåãîðiÿ ìàòðè÷íèõ çîáðàæåíü ÷åòâåðíî¨ ãðóïè Êëåéíà íàä àëãåáðà¨÷íî çàìêíó-
òèì ïîëåì õàðàêòåðèñòèêè 2, ÿêi ìàþòü ïîñòiéíèé æîðäàíîâèé òèï.

Çîáðàæåííÿ ñêií÷åííèõ ãðóï íàä ïîëÿìè âèâ÷åíi äîñòàòíüî äîáðå. ßêùî ãîâî-
ðèòè ïðî çîáðàæóâàëüíèé òèï, òî â êëàñè÷íîìó âèïàäêó, êîëè õàðàêòåðèñòèêà
ïîëÿ íå äiëèòü ïîðÿäîê ãðóïè, ãðóïà çàâæäè ìà¹, ç òî÷íiñòþ äî åêâiâàëåíòíî-
ñòi, ñêií÷åííå ÷èñëî íåðîçêëàäíèõ çîáðàæåíü (áiëüø òîãî, âiäïîâiäíà ãðóïîâà
àëãåáðà íàïiâïðîñòà); ó ïðîòèëåæíîìó æ âèïàäêó, ÿêèé íàçèâà¹òüñÿ ìîäóëÿð-
íèì, ñêií÷åííå ÷èñëî íåðîçêëàäíèõ çîáðàæåíü ìàþòü òiëüêè ãðóïè ç öèêëi÷íîþ
ñèëîâñüêîþ p -ïiäãðóïîþ, äå p - õàðàêòåðèñòèêà ïîëÿ. Ó ìîäóëÿðíîìó âèïàäêó
áiëüøiñòü ãðóï ¹ äèêèìè, òîáòî çàäà÷à ïðî îïèñ ¨õ çîáðàæåíü ìiñòèòü â ñîái
êëàñè÷íó íåðîçâ'ÿçíó çàäà÷ó ëiíiéíî¨ àëãåáðè ïðî êëàñèôiêàöiþ ïàðè ìàòðèöü
ç òî÷íiñòþ äî ïîäiáíîñòi; ãðóïè, ùî äîïóñêàþòü îïèñ çîáðàæåíü, íàçèâàþòüñÿ
ðó÷íèìè. Ðó÷íi i äèêi ñêií÷åííi ãðóïè â ìîäóëÿðíîìó âèïàäêó ïîâíiñòþ îïèñàíi
â ðîáîòi [1]1.

Ó ðîáîòi [41] äëÿ ñêií÷åííî¨ ãðóïè (i íàâiòü â áiëüø çàãàëüíié ñèòóàöi¨ � äëÿ
ñêií÷åííî¨ ãðóïîâî¨ ñõåìè) G i ïîëÿ õàðàêòåðèñòèêè p > 0 ââîäèòüñÿ ïîíÿòòÿ
ìîäóëiâ ïîñòiéíîãî æîðäàíîâîãî òèïó, à òàêîæ âèâ÷àþòüñÿ òàêi ìîäóëi. Äàíà
òåìàòèêà ñòàëà âàæëèâèì íàïðÿìîì ñó÷àñíî¨ òåîði¨ çîáðàæåíü (äèâ., çîêðåìà,
[42�47]).

Ó ðîáîòi [48], ÿêà áóëà íàïèñàíà ïiä âïëèâîì ñòàòòi [41], ðîçãëÿäàþòüñÿ âëà-
ñòèâîñòi ðiçíèõ ìàòðè÷íèõ çàäà÷, ïîâ'ÿçàíi ç ðàíãàìè ìàòðèöü; çîêðåìà, îïè-
ñóþòüñÿ çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó ÷åòâåðíî¨ ãðóïè Êëåéíà íàä
àëãåáðà¨÷íî çàìêíóòèì ïîëåì õàðàêòåðèñòèêè 2. Ó ðîáîòi [49] àâòîðàìè äîâå-
äåíî, ùî çàäà÷à ïðî îïèñ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó íåöèêëi÷íî¨
åëåìåíòàðíî¨ àáåëåâî¨ p-ãðóïè G ïîðÿäêó |G| > 4 ¹ äèêîþ (âèïàäîê öèêëi÷íî¨
ãðóïè òðèâiàëüíèé).

Ó äàíié ðîáîòi îïèñó¹òüñÿ êàòåãîðiÿ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó
÷åòâåðíî¨ ãðóïè Êëåéíà (íàéìåíøî¨ íåöèêëi÷íî¨ ãðóïè).

1. Çîáðàæåííÿ ÷åòâåðíî¨ ãðóïè Êëåéíà ïîñòiéíîãî æîðäàíîâîãî
òèïó. Ó ðîáîòi [41] äëÿ ñêií÷åííî¨ ãðóïîâî¨ ñõåìè G i ïîëÿ õàðàêòåðèñòèêè

1Ôîðìàëüíi îçíà÷åííÿ ðó÷íèõ i äèêèõ ìàòðè÷íèõ çàäà÷, à òàêîæ îñíîâíi çàãàëüíi òåîðåìè
ïðî òàêi çàäà÷i, ðîçãëÿíóòi Þ. À. Äðîçäîì â [2, 3]. Äîñëiäæåííÿ, ùî ïðîâîäÿòüñÿ âïðîäîâæ
áàãàòüîõ äåñÿòèëiòü, ïðî âèâ÷åííÿ çîáðàæåíü ðó÷íèõ i äèêèõ îá'¹êòiâ âiäíîñÿòüñÿ íå òiëüêè äî
çîáðàæåíü ãðóï íàä ïîëÿìè (äèâ., çîêðåìà, ïîñèëàííÿ â [1] i ðîáîòè [4�7]), àëå i äî çîáðàæåíü
ãðóï íàä êiëüöÿìè (äèâ. [8�17]), çîáðàæåíü ñàãàéäàêiâ i ÷àñòêîâî âïîðÿäêîâàíèõ ìíîæèí
(äèâ. [18�33]), à òàêîæ äî îïåðàòîðiâ â ñêií÷åííîâèìiðíèõ âåêòîðíèõ ïðîñòîðàõ (äèâ. [34�37]),
êëàñèôiêàöi¨ ñàìèõ îá'¹êòiâ (äèâ. [38�40]) òà iíøèõ ñèòóàöié.
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p > 0 ââîäèòüñÿ ïîíÿòòÿ ìîäóëiâ ïîñòiéíîãî æîðäàíîâîãî òèïó. Â îêðåìîìó
âèïàäêó, äëÿ ÷åòâåðíî¨ ãðóïè Êëåéíà G2 = (2, 2) iç ñòàíäàðòíèìè òâiðíèìè
g1, g2 i àëãåáðà¨÷íî çàìêíóòîãî ïîëÿ k õàðàêòåðèñòèêè 2, öå îçíà÷à¹ (íà ìîâi
ìàòðè÷íèõ çîáðàæåíü), ùî ñàìîàíóëþþ÷i ïîïàðíî êîìóòóþ÷i ìàòðèöi A1, A2,
ÿêi âiäïîâiäàþòü åëåìåíòàì a1 = 1 + g1, a2 = 1 + g2 ãðóïîâî¨ àëãåáðè kG, çàäî-
âîëüíÿþòü íàñòóïíié óìîâi: æîðäàíîâà ôîðìà ìàòðèöi αA1 + βA2, äå α, β ∈ k,
(α, β) ̸= (0, 0), íå çàëåæèòü âiä âèáîðó åëåìåíòiâ α i β.

Îñêiëüêè æîðäàíîâà ôîðìà ìàòðèöi, ðiâíî¨ â êâàäðàòi íóëþ, îäíîçíà÷íî
âèçíà÷à¹òüñÿ ¨¨ ðàíãîì, òî íàäàëi çàìiñòü

”
çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî

òèïó“ áóäåìî ãîâîðèòè
”
çîáðàæåííÿ ïîñòiéíîãî ðàíãó“.

Ïîêëàäåìî a = g1, b = g2. Îäèíè÷íó ìàòðèöþ ðîçìiðíîñòi s ïîçíà÷à¹ìî
÷åðåç Es. Jt(b), äå b ∈ k, ïîçíà÷à¹ êëiòêó Æîðäàíà ðîçìiðó t × t ç âëàñíèì
÷èñëîì b, à 0 i 0̃ � âiäïîâiäíî íóëüîâèé ñòîâïåöü i íóëüîâèé ðÿäîê ìàòðèöi.

Ó ðîáîòi [48] äîâåäåíà íàñòóïíà òåîðåìà, ÿêà îïèñó¹ íåðîçêëàäíi çîáðàæåííÿ
÷åòâåðíî¨ ãðóïè Êëåéíà, ùî ìàþòü ïîñòiéíèé ðàíã.

Òåîðåìà 1. Çîáðàæåííÿ ãðóïè G2 (íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì k
õàðàêòåðèñòèêè 2) âèãëÿäó

a) a→ (1), b→ (1),

b) a→


1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

 , b→


1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1

 ,

c) a→


Es Es 0

0 Es+1

 , b→


Es 0 Es

0 Es+1

 ,

d) a→


Es+1

Es
0̃

0 Es

 , b→


Es+1

0̃
Es

0 Es

 ,

äå s ≥ 1, óòâîðþþòü ïîâíó ñèñòåìó íåðîçêëàäíèõ ïîïàðíî íååêâiâàëåíòíèõ
çîáðàæåíü ïîñòiéíîãî ðàíãó.

Òàêèì ÷èíîì, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi, â êîæíié ðîçìiðíîñòi ÷èñëî íå-
ðîçêëàäíèõ çîáðàæåíü ïîñòiéíîãî ðàíãó ñêií÷åííå (çîêðåìà, ìîæå áóòè ðiâíèì
íóëþ).

2. Ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó. Íàøà ìåòà � îïèñàòè êà-
òåãîðiþ ìàòðè÷íèõ çîáðàæåíü ïîñòiéíîãî ðàíãó ÷åòâåðíî¨ ãðóïè Êëåéíà íàä
àëãåáðà¨÷íî çàìêíóòèì ïîëåì k õàðàêòåðèñòèêè 2. Çãiäíî çàãàëüíîãî îçíà÷åí-
íÿ (äëÿ çîáðàæåíü äîâiëüíî¨ ãðóïè íàä äîâiëüíèì ïîëåì) ìíîæèíà ìîðôiçìiâ
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Hom(S, S ′) ìàòðè÷íèõ çîáðàæåíü

S : a→ A, b→ B, S ′ : a→ A′, b→ B′

ãðóïè G2 íàä ïîëåì k ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü X (ç åëåìåíòàìè ç k) òà-
êèõ, ùî AX = XA′ i BX = XB′. Ìíîæèíà ìîðôiçìiâ ¹, î÷åâèäíî, âåêòîðíèì
ïðîñòîðîì.

Äëÿ çàäàííÿ êàòåãîði¨ äîñòàòíüî â êîæíîìó êëàñi åêâiâàëåíòíèõ íåðîçêëà-
äíèõ çîáðàæåíü âêàçàòè ïî îäíîìó ïðåäñòàâíèêó i îá÷èñëèòè äëÿ íèõ âñi ìíî-
æèíè ìîðôiçìiâ. Â ÿêîñòi òàêèõ ïðåäñòàâíèêiâ áóäåìî áðàòè âêàçàíi â òåîðåìi
1 íåðîçêëàäíi çîáðàæåííÿ. Ïðè öüîìó çîáðàæåííÿ, âêàçàíi â ïóíêòàõ à), b), c),
d), áóäåìî ïîçíà÷àòè âiäïîâiäíî ÷åðåç T1, T2, T s3 , T

s
4 .

Ââåäåìî äåÿêi ïîíÿòòÿ.
Íåõàé X = (xij) � ìàòðèöÿ ðîçìiðó n×m íàä äåÿêèì ïîëåì. �¨ s+-þ äiàãî-

íàëëþ, äå s � öiëå ÷èñëî, íàçâåìî ñóêóïíiñòü åëåìåíòiâ âèãëÿäó xi,i+s, à s−-þ
äiàãîíàëëþ � ñóêóïíiñòü åëåìåíòiâ âèãëÿäó xi,m+1−s−i (ç ôîðìàëüíèõ ìiðêóâàíü
ìè íå âèïèñó¹ìî äîïóñòèìi çíà÷åííÿ äëÿ iíäåêñiâ, ââàæàþ÷è, ùî ñèìâîë x ç íå-
ïðèïóñòèìèìè iíäåêñàìè âiäñóòíié i, ÿê íàñëiäîê, äîïóñêàþ÷è ïóñòi äiàãîíàëi).
Òàêi äiàãîíàëi íàçèâà¹ìî âiäïîâiäíî (+)-äiàãîíàëÿìè i (−)-äiàãîíàëÿìè. Áóäå-
ìî íàçèâàòè (±)-äiàãîíàëü ñêàëÿðíîþ, ÿêùî âñi ¨¨ åëåìåíòè ðiâíi ìiæ ñîáîþ
(çîêðåìà, íóëüîâîþ, ÿêùî âñi åëåìåíòè íóëüîâi).

ÌàòðèöþX áóäåìî íàçèâàòè d+-ñêàëÿðíîþ (âiäïîâiäíî d−-ñêàëÿðíîþ), ÿêùî
êîæíà ¨¨ (+)-äiàãîíàëü (âiäïîâiäíî (−)-äiàãîíàëü) ñêàëÿðíà. Î÷åâèäíî, ùî ÿêùî
ìàòðèöÿ X ¹ d+-ñêàëÿðíîþ (âiäïîâiäíî d−-ñêàëÿðíîþ), òî âîíà îäíîçíà÷íî çà-
äà¹òüñÿ åëåìåíòàìè ïåðøîãî ðÿäêà i ïåðøîãî ñòîâïöÿ (âiäïîâiäíî ïåðøîãî ðÿä-
êà i îñòàííüîãî ñòîâïöÿ). Â öüîìó âèïàäêó ââîäèìî âiäïîâiäíî ïîçíà÷åííÿ

X = S+
nm(x11, . . . , x1m; x21, . . . , xn1),

X = S−
nm(x11, . . . , x1m;x2m, . . . , xnm).

Ìàòðèöþ X, ÿêà ¹ d+-ñêàëÿðíîþ, íàçâåìî d0-ñêàëÿðíîþ, ÿêùî ó âèïàäêó n ≤ m
(âiäïîâiäíî n ≥ m) s+-à äiàãîíàëü ¹ íóëüîâîþ ïðè s < 0 i ïðè s > m − n
(âiäïîâiäíî ïðè s > 0 i ïðè s < m − n); â öüîìó âèïàäêó ââîäèìî ïîçíà÷åííÿ
X = Snm(x11 . . . , x1,m−n+1), ÿêùî n ≤ m i X = Snm(x11 . . . , xn−m+1,1), ÿêùî n ≥
m.

Íàñòóïíà òåîðåìà îïèñó¹ ìíîæèíè ìîðôiçìiâ ìiæ çîáðàæåííÿìè âèãëÿäó
T1, T2, T s3 , T

s
4 .

Òåîðåìà 2. Ìíîæèíà ìîðôiçìiâ íàñòóïíà:

Hom (T1, T1) = {(x11x11x11)};
Hom (T1, T2) =

{(
0 0 0 x14x14x14

)}
;

Hom (T2, T1) =



x11x11x11
0
0
0


;
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Hom (T2, T2) =



x11 x12 x13 x14x14x14
0 x11 0 x13
0 0 x11 x12
0 0 0 x11


;

Hom (T1, T
s
3 ) =

{(
0 . . . 0 | x1,s+1x1,s+1x1,s+1 . . . x1,2s+1x1,2s+1x1,2s+1

)}
;

Hom (T s3 , T1) =





x11x11x11
...
xs1xs1xs1
0
...
0




;

Hom (T1, T
s
4 ) =

{(
0 . . . 0 | x1,s+2x1,s+2x1,s+2 . . . x1,2s+1x1,2s+1x1,2s+1

)}
;

Hom (T s4 , T1) =





x11x11x11
...

xs+1,1xs+1,1xs+1,1

0
...
0




;

Hom (T2, T
s
3 ) =




x11 . . . x1s x1,s+1x1,s+1x1,s+1 x1,s+2x1,s+2x1,s+2 . . . x1,2sx1,2sx1,2s x1,2s+1x1,2s+1x1,2s+1

0 . . . 0 0 x11 . . . x1,s−1 x1s
0 . . . 0 x11 x12 . . . x1s 0
0 . . . 0 0 0 . . . 0 0


;

Hom (T s3 , T2) =





0 x12 x22 x14x14x14
...

...
...

...
0 xs−1,2 xs2 xs−1,4xs−1,4xs−1,4

0 xs2 xs3 xs4xs4xs4
0 0 0 x12
...

...
...

...
0 0 0 xs2
0 0 0 xs3




;

Hom (T2, T
s
4 ) =




x11 . . . x1,s+1 x1,s+2x1,s+2x1,s+2 . . . x1,2s+1x1,2s+1x1,2s+1

0 . . . 0 x12 . . . x1,s+1

0 . . . 0 x11 . . . x1s
0 . . . 0 0 . . . 0


;
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Hom (T s4 , T2) =





0 x12 0 x14x14x14
0 x22 x12 x24x24x24
...

...
...

...
0 xs2 xs−1,2 xs4xs4xs4
0 0 xs2 xs+1,4xs+1,4xs+1,4

0 0 0 x12
...

...
...

...
0 0 0 xs2




;

Hom (T s3 , T
t
3)=


 Sst(x11, . . . , xt−s+1,1)

x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1
...

...
xs,t+1xs,t+1xs,t+1 . . . xs,2t+1xs,2t+1xs,2t+1

0 Ss+1,t+1(x11, . . . , xt−s+1,1)




ïðè s ≤ t,

Hom (T s3 , T
t
3) =





0 . . . 0 x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1
...

. . .
...

...
...

0 . . . 0 xs,t+1xs,t+1xs,t+1 . . . xs,2t+1xs,2t+1xs,2t+1

0 . . . 0 0 . . . 0
...

. . .
...

...
. . .

...
0 . . . 0 0 . . . 0




ïðè s > t;

Hom (T s3 , T
t
4)=




S−
s,t+1(x11, . . . , x1,t+1;

2,t+1, . . . , xs,t+1)

x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1
...

...
xs,t+2xs,t+2xs,t+2 . . . xs,2t+1xs,2t+1xs,2t+1

0
S−
s+1,t(x11, . . . , x1,t;

1,t+1, . . . , xs,t+1)




;

Hom (T s4 , T
t
3) =





0 . . . 0 x1,t+1x1,t+1x1,t+1 . . . x1,2tx1,2tx1,2t
...

. . .
...

...
...

0 . . . 0 xs+1,t+1xs+1,t+1xs+1,t+1 . . . xs+1,2txs+1,2txs+1,2t

0 . . . 0 0 . . . 0
...

...
...

. . .
...

0 . . . 0 0 . . . 0




;

Hom (T s4 , T
t
4) =





0 . . . 0 x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1
...

. . .
...

...
...

0 . . . 0 xs+1,t+2xs+1,t+2xs+1,t+2 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 . . . 0 0 . . . 0
...

...
...

. . .
...

0 . . . 0 0 . . . 0




ïðè s < t,
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Hom (T s4 , T
t
4)=


 Ss+1,t+1(x11, . . . , xs−t+1,1)

x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1
...

...
xs+1,t+2xs+1,t+2xs+1,t+2 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 Sst(x11, . . . , xs−t+1,1)




ïðè s ≥ t.

Ó âñiõ âèïàäêàõ ìíîæèíè ìîðôiçìiâ çîáðàæåíi ÿê ñóêóïíiñòü ìàòðèöü, åëå-
ìåíòè xij ÿêèõ ïðîáiãàþòü âñå ïîëå k. Æèðíèì øðèôòîì ïîçíà÷åíi åëåìåíòè
ìàòðèöü, ÿêi çóñòði÷àþòüñÿ îäèí ðàç.

3. Äîâåäåííÿ òåîðåìè 2. Ïîêëàäåìî M∅ =M äëÿ äîâiëüíî¨ ìàòðèöi M .
Òîäi êîæíå êàíîíi÷íå íåðîçêëàäíå çîáðàæåííÿ ÷åòâåðíî¨ ãðóïè Êëåéíà (âêàçàíå
â òåîðåìi 1) ìà¹ âèãëÿä T xi , äå i ∈ {1, 2, 3, 4}, x = ∅, ÿêùî i = 1, 2 i x �
íàòóðàëüíå ÷èñëî, ÿêùî i = 3, 4.

ßêùî T xi : a → A1, b → B1 i T
y
j : a → A2, b → B2 � êàíîíi÷íi íåðîçêëàäíi

çîáðàæåííÿ, òî (çãiäíî ñêàçàíîìó âèùå) ìíîæèíà ìîðôiçìiâ Hom(T xi , T
y
j ) ó

êàòåãîði¨ çîáðàæåíü ïîñòiéíîãî ðàíãó ÷åòâåðíî¨ ãðóïè Êëåéíà ñêëàäà¹òüñÿ çi
âñiõ ìàòðèöü X òàêèõ, ùî A1X = XA2 i B1X = XB2. Â öüîìó âèïàäêó ñêàëÿðíà
ðiâíiñòü (A1X)pq = (XA2)pq i (B1X)pq = (XB2)pq ïîçíà÷à¹òüñÿ âiäïîâiäíî ÷åðåç
[a; i, j; p, q] i [b; i, j; p, q]; ó âêàçàíîìó îçíà÷åííi ÷åðåç Mpq ïîçíà÷à¹òüñÿ åëåìåíò
ìàòðèöi M , ùî ñòî¨òü íà ïåðåòèíi p-ãî ðÿäêè i q-ãî ñòîâïöÿ (äå M ïðèéìà¹
çíà÷åííÿ (A1X), (XA2), (B1X), (XB2)).

Ïðè äîâåäåííi òåîðåìè åëåìåíòè ìàòðèöi X ïîçíà÷àþòüñÿ (ÿê i â óìîâi òå-
îðåìè) òðàäèöiéíî � ÷åðåç xpq. Ïðè öüîìó, äëÿ ïðîñòîòè, çàìiñòü xpq ïèøåìî
ïðîñòî pq, âèêîðèñòîâóþ÷è, ÿêùî ïîòðiáíî, êðóãëi äóæêè (íàïðèêëàä, çàìiñòü
xs+1,1 ïèøåìî (s+1)1). Âèïàäîê, êîëè îá÷èñëþ¹òüñÿ Hom(T xi , T

y
j ) ïîçíà÷à¹òüñÿ

÷åðåç (i, j).
Ïåðåõîäèìî äî ðîçãëÿäó âñiõ ìîæëèâèõ âèïàäêiâ. Ó êîæíîìó ç íèõ âêàçó-

þòüñÿ âñi íàñëiäêè ç ðiâíîñòåé âèãëÿäó [a; i, j; p, q] i [b; i, j; p, q], ÿêi ðàçîì çàáåç-
ïå÷óþòü âèãëÿä ìàòðèöi X, âêàçàíèé â óìîâi òåîðåìè.

(1, 1)(1, 1)(1, 1) � î÷åâèäíèé âèïàäîê.

(1, 2)(1, 2)(1, 2) [a; 1, 2; 1, 3] : 0 = 11, [a; 1, 2; 1, 4] : 0 = 12, [b; 1, 2; 1, 4] : 0 = 13
⇒ 11 = 0, 12 = 0, 13 = 0.

(2, 1)(2, 1)(2, 1) [a; 2, 1; 1, 1] : 31 = 0, [a; 2, 1; 2, 1] : 41 = 0, [b; 2, 1; 1, 1] : 21 = 0
⇒ 31 = 0, 41 = 0, 21 = 0.

(2, 2)(2, 2)(2, 2) [a; 2, 2; 1, 1], [a; 2, 2; 1, 2], [a; 2, 2; 2, 1], [a; 2, 2; 2, 2], [b; 2, 2; 1, 1], [b; 2, 2; 1, 3],
[b; 2, 2; 4, 4] ⇒ 31 = 0, 32 = 0, 41 = 0, 42 = 0, 21 = 0, 23 = 0, 43 = 0;

[a; 2, 2; 1, 3], [b; 2, 2; 1, 2], [a; 2, 2; 2, 4] ⇒ 33 = 11 = 22 = 44;
[a; 2, 2; 1, 4], [a; 2, 2; 2, 3], [b; 2, 2; 1, 4] ⇒ 12 = 34, 21 = 43, 24 = 13.

(1, 3)(1, 3)(1, 3) [a; 1, 3; 1, s+ l] ⇒ 1l = 0 (l = 1, . . . , s).

(3, 1)(3, 1)(3, 1) [a; 3, 1; k, 1] ⇒ (s+ k)1 = 0 (k = 1, . . . , s);
[b; 3, 1; s, 1] ⇒ (2s+ 1)1 = 0.

(1, 4)(1, 4)(1, 4) [a; 1, 4; 1, s+ 1 + l] ⇒ 1l = 0 (l = 1, . . . , s);
[b; 1, 4; 1, 2s+ 1] ⇒ 1(s+ 1) = 0.

(4, 1)(4, 1)(4, 1) [a; 4, 1; k, 1] ⇒ (s+ 1 + k)1 = 0 (k = 1, . . . , s).
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(2, 3)(2, 3)(2, 3) [b; 2, 3; 1, l] ⇒ 2l = 0 (l = 1, . . . , s+ 1);
[b; 2, 3; 1, s+ l] ⇒ 2(s+ l) = 1(l − 1) (l = 2, . . . , s+ 1);
[a; 2, 3; 1, l] ⇒ 3l = 0 (l = 1, . . . , s);
[a; 2, 3; 1, s+ l] ⇒ 3(s+ l) = 1l (l = 1, . . . , s);
[a; 2, 3; 1, 2s+ 1] ⇒ 3(2s+ 1) = 0;
[b; 2, 3; 3, l] ⇒ 4l = 0 (l = 1, . . . , s+ 1);
[b; 2, 3; 3, l] (âðàõîâóþ÷è, ùî 3k = 0 ïðè k = 1, . . . , s)

⇒ 4l = 0 (l = s+ 2, . . . , 2s+ 1).

(3, 2)(3, 2)(3, 2) [a; 3, 2; k, 3] ⇒ k1 = 0 (k = s+ 1, . . . , 2s+ 1);
[a; 3, 2; k, 4] ⇒ k2 = 0 (k = s+ 1, . . . , 2s+ 1);
[b; 3, 2; k, 4] ⇒ k3 = 0 (k = s+ 1, . . . , 2s+ 1);
âðàõîâóþ÷è ðiâíîñòi [a; 3, 2; k, 3], ìà¹ìî: k1 = (s+ k)3 = 0 (k = 1, . . . , s);
[a; 3, 2; k, 4] ⇒ (s+ k)4 = k2 (k = 1, . . . , s);
ïîðiâíþþ÷è ðiâíîñòi [a; 3, 2; k, 4] i [b; 3, 2; k − 1, 4], ìà¹ìî:

(s+ k)4 = k2 = (k − 1)3 (k = 2, . . . , s);
[b; 3, 2; s, 4] ⇒ (2s+ 1)4 = s3.

(2, 4)(2, 4)(2, 4) [b; 2, 4; 1, l] ⇒ 2l = 0 (l = 1, . . . , s+ 1);
[b; 2, 4; 1, s+ l] ⇒ 2(s+ l) = 1l (l = 2, . . . , s+ 1);
[a; 2, 4; 1, l] ⇒ 3l = 0 (l = 1, . . . , s+ 1);
[a; 2, 4; 1, s+ l] ⇒ 3(s+ l) = 1(l − 1) (l = 2, . . . , s+ 1);
[a; 2, 4; 1, l] ⇒ 4l = 0 (l = 1, . . . , s+ 1);
[a; 2, 4; 1, s+ l] ⇒ 4(s+ l) = 2(l − 1) = 0 (l = 2, . . . , s+ 1).

(4, 2)(4, 2)(4, 2) [a; 4, 2; k, 1] ⇒ (s+ 1 + k)1 = 0 (k = 1, . . . , s);
[a; 4, 2; k, 2] ⇒ (s+ 1 + k)2 = 0 (k = 1, . . . , s);
[b; 4, 2; k + 1, 3] ⇒ (s+ 1 + k)3 = 0 (k = 1, . . . , s);
[a; 4, 2; k, 3] ⇒ (s+ 1 + k)3 = k1 i îñêiëüêè (s+ 1 + k)3 = 0,

òî k1 = 0 (k = 1, . . . , s);
[b; 4, 2; s+ 1, 2] ⇒ (s+ 1)1 = (2s+ 1)2 = 0;
[a; 4, 2; k, 4], [b; 4, 2; k + 1, 4] ⇒ (s+ 1 + k)4 = k2 = (k + 1)3 (k = 1, . . . , s);
[b; 4, 2; 1, 4] ⇒ 13 = 0;
[a; 4, 2; s+ 1, 3] ⇒ (s+ 1)1 = 0;
[a; 4, 2; s+ 1, 4] ⇒ (s+ 1)2 = 0.

(3, 3)(3, 3)(3, 3) Ïîêëàäåìî

X =

(
A C
B D

)
,

äå A � ìàòðèöÿ ðîçìiðó s × t, B � ìàòðèöÿ ðîçìiðó (s + 1) × t, C � ìàòðèöÿ
ðîçìiðó s× (t+ 1), D � ìàòðèöÿ ðîçìiðó (s+ 1)× (t+ 1).

Ó ñâîþ ÷åðãó, ìàòðèöþ D çîáðàçèìî ó âèãëÿäi áëî÷íî¨ ìàòðèöi ç áëîêàìè
D0, Q, S, T :

D =

(
D0 Q
S T

)
,

äå D0 � ìàòðèöÿ ðîçìiðó s× t, Q � âåêòîð-ñòîâï÷èê ðîçìiðó s×1, S � âåêòîð-
ðÿäîê ðîçìiðó 1× t, T � ìàòðèöÿ ðîçìiðó 1× 1.

[a; 3, 3; k, t+ l] ⇒ B = 0 (k = s+ 1, . . . , 2s+ 1, l = 1, . . . , t);
[a; 3, 3; k, l] ⇒ D0 = A (k = 1, . . . , s, l = t+ 1, . . . , 2t);
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[a; 3, 3; k, 2t+ 1] ⇒ Q = 0 (k = 1, . . . , s);
[b; 3, 3; s, l] ⇒ S = (0, s1, s2, ..., s(t− 1)), T = (st) (l = t+ 1 . . . , 2t+ 1).
Çàëèøèëîñÿ âèçíà÷èòè âèä ìàòðèöi A.
[a; 3, 3; k, t+ 1] i [b; 3, 3; k − 1, t+ 1] ⇒ (s+ k)(t+ 1) = k1 = 0 (k = 2, . . . , s)

i, îòæå, äëÿ åëåìåíòiâ ìàòðèöi A ìà¹ìî: k1 = 0 ïðè k = 2, . . . , s (∗);
[a; 3, 3; k, 2t+1] i [b; 3, 3; k−1, 2t+1] ⇒ (s+k)(2t+1) = 0 = (k−1)t (k = 2, . . . , s)

i, îòæå, äëÿ åëåìåíòiâ A ìà¹ìî: (k − 1)t = 0 ïðè k = 2, . . . , s (∗∗);
[a; 3, 3; k, t + l] i [b; 3, 3; k − 1, t + l] ⇒ (s + k)(t + l) = kl = (k − 1)(l − 1)

(k = 2, . . . , s, l = 2, . . . , t); òîäi (∗) ⇒ âñi åëåìåíòè ìàòðèöi A, ùî ëåæàòü ïiä
äiàãîíàëëþ 11 = 22 = 33 = . . ., ¹ íóëüîâèìè. À ÿêùî (äîäàòêîâî) t < s, òî ç (∗∗)
âèïëèâà¹, ùî i ñàìà öÿ äiàãîíàëü íóëüîâà.

(3, 4)(3, 4)(3, 4) Ðîçãëÿäà¹ìî ìàòðèöþ X ðîçìiðó (2s+1)× (2t+1) ÿê áëî÷íó ìàòðèöþ
(äèâ. âèïàäîê (3, 3)), äå âæå A � ìàòðèöÿ ðîçìiðó s × (t + 1), B � ìàòðèöÿ
ðîçìiðó (s + 1) × (t + 1), C � ìàòðèöÿ ðîçìiðó s × t, D � ìàòðèöÿ ðîçìiðó
(s+ 1)× t.

[a; 3, 4; k, l] ⇒ (s+ k)l = 0 (k = 1, . . . , s, l = 1, . . . , t+ 1);
[b; 3, 4; s, l] ⇒ (2s+ 1)l = 0 (l = 1, . . . , t+ 1). Îòæå, B = 0.
Ç ðiâíîñòåé [a; 3, 4; k, l] ïðè k = 1, . . . , s, l = t + 2, . . . , 2t + 1 âèïëèâà¹, ùî

ìàòðèöÿ D áåç îñòàííüîãî ðÿäêà äîðiâíþ¹ ìàòðèöi A áåç îñòàííüîãî ñòîâïöÿ.
[a; 3, 4; p, q] i [a; 3, 4; p− 1, q] ïðè p = 2, . . . , s, q = t+ 2, . . . , 2t+ 1 ⇒

kl = (k + 1)(l − 1) ïðè k = 1, . . . , s− 1, l = 1, . . . , t+ 1;
[a; 3, 4; s, l+1] i [b; 3, 4; s, l] ⇒ (2s+1)l = (2s)(l+1), .(2s+1)(2t+1) = s(t+1)

(l = t+ 2, . . . , 2t).

(4, 3)(4, 3)(4, 3) Ðîçãëÿäà¹ìî ìàòðèöþ X ðîçìiðó (2s+1)× (2t+1) ÿê áëî÷íó ìàòðèöþ
(äèâ. âèïàäîê (3, 3)), äå âæå A � ìàòðèöÿ ðîçìiðó (t + 1) × s, B � ìàòðèöÿ
ðîçìiðó t × s, C � ìàòðèöÿ ðîçìiðó (t + 1) × (s + 1), D � ìàòðèöÿ ðîçìiðó
t× (s+ 1).

[b; 4, 3; k, l] ⇒ (t + k)l = 0 (k = 2, . . . , t + 1, l = 1, . . . , s + 1), òîáòî B = 0 i
íóëüîâèì ¹ ïåðøèé ñòîâïåöü ìàòðèöi D;

[a; 4, 3; k, 2s+1] ⇒ (t+1+k)(2s+1) = 0 (k = 1, . . . , t), òîáòî îñòàííié ñòîâïåöü
ìàòðèöi D � íóëüîâèé;

[a; 4, 3; t+ 1, s+ l] ⇒ (t+ 1)l = 0 (l = 1, . . . , s), òîáòî îñòàííié ðÿäîê ìàòðèöi
A � íóëüîâèé;

[a; 4, 3; 1, l] ïðè l = s+ 2, . . . , 2s+ 1 ⇒ 1k = 0 ïðè k = 1, . . . , s, òîáòî ïåðøèé
ðÿäîê ìàòðèöi A � íóëüîâèé;

[a; 4, 3; k, l] ïðè k = 1, . . . , t, l = s + 1, . . . , 2s ⇒ ìàòðèöÿ D áåç îñòàííüîãî
ñòîâïöÿ äîðiâíþ¹ ìàòðèöi A.

Äàëi, ëiâi ÷àñòèíè ðiâíîñòåé [a; 4, 3; k, s + l] i [b; 4, 3; k + 1, s + l] ïðè
k = 2, . . . , t, l = 1, . . . , s+1 ðiâíi ìiæ ñîáîþ, à ñàìå äîðiâíþþòü (k+ t+1)(s+ l).
Ïðèðiâíþþ÷è ¨õ ïðàâi ÷àñòèíè, îäåðæó¹ìî íàñòóïíi ðiâíîñòi: k1 = 0, kp =
(k + 1)(p− 1) ïðè p = 2, . . . , s, (k + 1)s = 0. Âðàõîâóþ÷è, ùî ïåðøèé i îñòàííié
ðÿäêè ìàòðèöi A íóëüîâi, ç öi¹¨ ðiâíîñòi ìà¹ìî, ùî A = 0.

(4, 4)(4, 4)(4, 4) Ðîçãëÿäà¹ìî ìàòðèöþ X ðîçìiðó (2s+1)× (2t+1) ÿê áëî÷íó ìàòðèöþ
(äèâ. âèïàäîê (3, 3)), äå âæå A � ìàòðèöÿ ðîçìiðó (s+1)× (t+1), B � ìàòðèöÿ
ðîçìiðó s× (t+1), C � ìàòðèöÿ ðîçìiðó (s+1)× t, D � ìàòðèöÿ ðîçìiðó s× t.

[a; 4, 4; s+ 1, t+ 1 + l] ⇒ (s+ 1)l = 0 (l = 1, . . . , t);
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[a; 4, 4; k, l] ⇒ (s+ k + 1)l = 0 (k = 1, . . . , s, l = 1, . . . , t+ 1), òîáòî B = 0;
[a; 4, 4; k, l] ïðè k = 1, . . . , s, l = t + 2, . . . , 2t + 1 ⇒ ìàòðèöÿ D äîðiâíþ¹

ìàòðèöi A áåç îñòàííüîãî ðÿäêà i îñòàííüîãî ñòîâïöÿ.
Îòæå, çàëèøèëîñÿ âèçíà÷èòè åëåìåíòè ìàòðèöi A.
[b; 4, 4; 1, t+ l] ⇒ 1l = 0(l = 2, . . . , t+ 1);
[a; 4, 4; s+ 1, t+ 1 + l] ⇒ (s+ 1)l = 0 (l = 1, . . . , t) (∗ ∗ ∗);
[a; 4, 4; k, t + l + 1] i [b; 4, 4; k + 1, t + l + 1] (ç îäíàêîâèìè ëiâèìè ÷àñòèíàìè)

⇒ kl = (k + 1)(l + 1) (k = 1, . . . , s, l = 1, . . . , t); òîäi (∗ ∗ ∗) ⇒ âñi åëåìåíòè
ìàòðèöi A, ÿêi ëåæàòü íàä äiàãîíàëëþ 11 = 22 = 33 = . . ., ¹ íóëüîâèìè. À ÿêùî
(äîäàòêîâî) s < t, òî i ñàìà öÿ äiàãîíàëü íóëüîâà.

Äëÿ òîãî ùîá çàâåðøèòè äîâåäåííÿ òåîðåìè, ïîòðiáíî ïåðåêîíàòèñÿ ó òîìó,
ùî â êîæíîìó ç âèïàäêiâ áóëè âèêîðèñòàíi âñi íàñëiäêè ç ðiâíîñòåé [a; i, j; p, q] i
[b; i, j; p, q]. Äëÿ öüîãî äîñòàòíüî (ó êîæíîìó ç âèïàäêiâ) ïåðåâiðèòè, ùî âêàçàíà
â óìîâi òåîðåìè ìàòðèöÿ X çàâæäè çàäîâîëüíÿ¹ äâi ìàòðè÷íi ðiâíîñòi, ÿêi çàäà-
þòü (çãiäíî âèçíà÷åííÿ) ìíîæèíó ìîðôiçìîâ. Ïåðåâiðÿ¹òüñÿ öå áåçïîñåðåäíüî
ìíîæåííÿì âiäïîâiäíèõ ìàòðèöü.
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ÓÄÊ 519.21

Ò. Â. Áîÿðèùåâà, I. É. Ïîëÿê (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ØÂÈÄÊIÑÒÜ ÇÁIÆÍÎÑÒI Â ÖÃÒ ÄËß ÏÎÑËIÄÎÂÍÎÑÒI
ÑÅÐIÉ ÂÈÏÀÄÊÎÂÈÕ ÂÅËÈ×ÈÍ

The paper containse the estimotes of rate of convergence to the normal law in series scheme.

Ó ðîáîòi ìiñòÿòüñÿ îöiíêè ùâèäêîñòi çáiæíîñòi äî íîðìàëüíîãî çàêîíó ó ñõåìi ñåðié.

Ó ðîáîòi [3] îäåðæàíî äîñèòü çàãàëüíi îöiíêè øâèäêîñòi çáiæíîñòi â ÖÃÒ â òåð-
ìiíàõ ïñåâäîìîìåíòiâ, ïiçíiøå öi ðåçóëüòàòè ââiéøëè ó ìîíîãðàôiþ [2]. Öi ðå-
çóëüòàòè âèêëèêàëè íîâèé iíòåðåñ äî ðiçíèõ óçàãàëüíåíü. Çîêðåìà, ó ðîáîòi [3]
ðåçóëüòàòè iç [3] óçàãàëüíþþòüñÿ íà ïîñëiäîâíiñòü ñåðié íåçàëåæíèõ âèïàäêî-
âèõ âåëè÷èí. Âèêîðèñòîâóþ÷è iäå¨ ç [1], ó äàíié ðîáîòi ìè ïðîäîâæó¹ìî òàêi
äîñëiäæåííÿ.

Íåõàé çàäàíî ïîñëiäîâíiñòü ñåðié âèïàäêîâèõ âåëè÷èí ξn1, ..., ξnn. Ïðè nôiêñî-
âàíîìó âèïàäêîâi âåëè÷èíè ξni íåçàëåæíi i îäíàêîâî ðîçïîäiëåíi, Mξni = 0;
Dξni =

1
n
; Fn(x) � ôóíêöiÿ ðîçïîäiëó ξni; fn(t) � õàðàêòåðèñòè÷íà ôóíêöiÿ ξni.

Ïîçíà÷èìî Sn = ξn1 + · · · + ξnn (òîäi DSn = 1), Φn(x) � ôóíêöiÿ ðîçïîäiëó
ñòàíäàðòíîãî íîðìàëüíîãî çàêîíó.

Ââåäåìî ïñåâäîìîìåíòè

νn0(r) =

∞∫
−∞

max(1, |x|r)
∣∣∣∣d(Fn( x√

n

)
− Φ(x)

)∣∣∣∣ ,

κn0(r) =

∞∫
−∞

max(1, r|x|r−1)

∣∣∣∣(Fn( x√
n

)
− Φ(x)

)∣∣∣∣ dx,
κn(r) = r

∞∫
−∞

|x|r−1

∣∣∣∣Fn( x√
n

)
− Φ(x)

∣∣∣∣ dx,
äå r ∈ (2, 3].

Òåîðåìà. Äëÿ âñiõ n ≤ 1 ñïðàâåäëèâi íåðiâíîñòi

ρn = sup
x

|Φn(x)− Φ(x)| ≤ C(1)νn0(r)

n
r−2
2

, (1)

ρn ≤ C(2)max

{
κn0(r)

n
r−2
2

;
κ

n
n+1

n0 (r)√
n

}
, (2)

ρn ≤ C(3)max

{
κn(r)

n
r−2
2

;
κ

n
rn+1
n (r)√

n

}
, (3)

äå C(1), C(2), C(3) � äåÿêi ñòàëi.
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Ëåìà 1. Íåõàé ωn(t) =
∣∣∣fn(t√n)− e−

t2

2

∣∣∣. Äëÿ áóäü-ÿêèõ t ∈ R ìàþòü ìiñöå

íàñòóïíi íåðiâíîñòi :

ωn(t) ≤ νn0(r)min

(
1,

|t|r

6r−2

)
, (4)

ωn(t) ≤ κn(r)
25−2r|t|r

r
, (5)

ωn(t) ≤ κn0(r)min

(
|t|, 2

5−2r|t|r

r

)
. (6)

Äîâåäåííÿ çäiéñíþ¹òüñÿ àíàëîãi÷íî äî [1], çîêðåìà, ïðè äîâåäåííi òâåðäæåíü
(5) i (6) âèêîðèñòîâó¹òüñÿ îöiíêà

|ωn(t)| =
∣∣∣fn(t√n)− e−

t2

2

∣∣∣ =
∣∣∣∣∣∣

∞∫
−∞

eitxd

(
Fn

(
x√
n

)
− Φ(x)

)∣∣∣∣∣∣ =
=

∣∣∣∣∣∣
∞∫

−∞

(
eitx − 1− it− (itx)2

2

)
d

(
Fn

(
x√
n

)
− Φ(x)

)∣∣∣∣∣∣ =
=

∣∣∣∣∣∣−it
+∞∫

−∞

eitx
(
Fn

(
x√
n

)
−Φ(x)

)
dx

∣∣∣∣∣∣=
∣∣∣∣∣∣−it

+∞∫
−∞

(eitx−1−it)
(
Fn

(
x√
n

)
−Φ(x)

)
dx

∣∣∣∣∣∣. (7)
Ëåìà 2. Íåõàé c ∈ (0; e−6). Íåõàé äëÿ äåÿêèõ θn > 0 i s ∈ [0; r], äå 2 < r ≤ 3,

i äëÿ áóäü-ÿêîãî t ∈ R âèêîíó¹òüñÿ óìîâà

ωn(t) =
∣∣∣fn(t√n)− e−

t2

2

∣∣∣ ≤ θnmin(|t|s, |t|r). (8)

ßêùî θn ≤ c i |t| ≤ T1 =
√
−2 ln θn, òî∣∣fn(t√n)∣∣ ≤ e−c1t

2

, (9)

äå c1 =
1
4
−

√
c(−2 ln c)

r−2
2 > 0.

À ÿêùî θn ≤ c i |t| > T1, òî∣∣fn(t√n)∣∣ ≤ θn (1 + |t|s) . (10)

ßêùî æ θ̄n > c, òî ïðè |t| ≤ T2 =
(
c
θn

) 1
r−2

∣∣fn(t√n)∣∣ ≤ e−c2t
2

, (11)

äå c2 =
1
2
− c

√
e > 0.

Äîâåäåííÿ ëåìè 2 ìiñòèòüñÿ ó [1].
Ëåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 2. Òîäi äëÿ âñiõ n ≥ 2

ρn ≤ Cmax

{
θn

n
r−2
2

;
θpn√
n

}
,
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äå C � äåÿêà àáñîëþòíà ñòàëà, p = min
{
1, n

sn+1

}
.

Äîâåäåííÿ. Âèêîðèñòà¹ìî íåðiâíiñòü ( [4], ñòîð. 299):

sup
x

|F (x)−G(x)| ≤ 2

π

T∫
0

|f(t)− g(t)| dt
t
+

24

πT

∣∣∣∣sup
x
G′(x)

∣∣∣∣ .
Ïîêëàäåìî â äàíié íåðiâíîñòi

F (x) = Φn(x); G(x) = Φ(x); f(t) = φn(t); g(t) = e−
t2

2 .

Òîäi

ρn = sup
x

|Φn(x)− Φ(x)| ≤ 2

π

T∫
0

∣∣∣fnn (t)− e−
t2

2

∣∣∣ dt
t
+

24

π
√
2πT

.

Çðîáèìî çàìiíó t = z
√
n â iíòåãðàëi ïðàâî¨ ÷àñòèíè öi¹¨ íåðiâíîñòi. Òîäi

ρn ≤ 2

π

T√
n∫

0

∣∣∣fnn (z√n)− e−
z2

2
n
∣∣∣ dt
t
+

24

π
√
2πT

. (12)

Âèêîðèñòàâøè ðiâíiñòü

an − bn = (a− b)
n∑
k=1

an−k · bk−1,

äå ó íàøîìó âèïàäêó a = fn(t
√
n), b = e−

t2

2 , îäåðæèìî:∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ ≤ ∣∣∣fn(t√n)− e−

t2

2
n
∣∣∣ n∑
k=1

∣∣fn(t√n)∣∣n−k e− t2

2
(k−1) (13)

Iç óìîâ ëåìè, íåðiâíîñòåé (10) i (11) ëåìè 2 i (13) îäåðæèìî: ÿêùî |t| ≤ Tm
(m = 1 ïðè θn ≤ c i m = 2 ïðè θn > c), òî∣∣∣fnn (t√n)− e−

t2

2
n
∣∣∣ ≤ θn|t|r

n∑
k=1

e−cmt
2(n−k)e−

t2

2
(k−1) ≤ θn|t|rne−cmt

2(n−1). (14)

Ìè âðàõóâàëè, ùî cm ≤ 1
2
.

Íåõàé n ≥ 2, θn > c. Ó (12) ïîêëàäåìî T = T2
√
n.

Áóäåìî ââàæàòè, ùî
1

T2
√
n
≤ θn

n
r−2
2

, (15)

1

T2
√
n
>

θn

n
r−2
2

,

(
θn
c

) 1
r−2 1√

n
>

θn

n
r−2
2

,
(θn)

3−r
r−2 c

−1
r−2

n
3−r
2

> 1

i
θn

n
r−2
2

cr−3 > 1. (16)
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Îñêiëüêè
ρn = sup

x
|Φn(x)− Φ(x)| ≤ 1,

òî iç (16) îäåðæèìî

ρn ≤ 1 <
θn

n
r−2
2

cr−3

i íåðiâíiñòü (1) âèêîíó¹òüñÿ.
Iç (14) äëÿ iíòåãðàëà ó (12) îäåðæó¹ìî (m = 2)

I =

T2∫
0

∣∣∣fnn (z√n)− e−
t2

2
n
∣∣∣ dt
t
≤

T2∫
0

θn|t|rne−cmt
2(n−1)dt

t
= θnn

T2∫
0

tr−1e−c2t
2(n−1)dt =

= θnn
1

2 (c2(n− 1))
r
2

c2T 2
2 (n−1)∫
0

z
r
2
−1e−zdz ≤ θn

n
r−2
2

2
r−2
2 (c2)

− r
2Γ
(r
2

)
. (17)

Òîäi iç (17), (15) i (12) äëÿ n ≥ 2

ρn ≤ C3
θn

n
r−2
2

.

ßêùî θ1 > c, òî ρ1 ≤ 1 < θ1
c
. Ó âèïàäêó θn > c òåîðåìà äîâåäåíà.

Íåõàé θn ≤ c, n ≥ 2. Ïîêëàäåìî ó (17) T = X
√
n, äå X = c(θn)

−p,
p = min

{
1; 1

sn+1

}
. Òîäi

I =

T√
n∫

0

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
=

=

T ′∫
0

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
+

X∫
T ′

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
= I1 + I2, (18)

äå T ′ = min(T1, X).
Áóäåìî ðîçãëÿäàòè âèïàäîê T ′ = T1, áî iíàêøå I2 = 0 i äîâåäåííÿ âèïëèâà¹

iç îöiíêè iíòåãðàëà I1.

I1 ≤
θn

n
r−2
2

2
r−2
2 (c2)

− r
2Γ
(r
2

)
= C4

θn

n
r−2
2

. (19)

I2 =

X∫
T1

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
≤

X∫
T1

∣∣fnn (t√n)∣∣ dtt +

X∫
T1

e−
t2

2
ndt

t
= I ′2 + I ′′2 . (20)

Iç (10) (âðàõîâó¹ìî, ùî T1 ≥
√
12)

I ′2 ≤ (θn)
n

X∫
T1

(1 + |t|s)ndt
t
≤ (2θn)

n

X∫
T1

tsn−1dt.
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Ó âèïàäêó s ≥ 1
3

I ′2 ≤ (2θn)
nX

sn

sn
≤ 3

n
(θn)

(1−sp)n(2c1)
n ≤ C5

(θn)
p

√
n
. (21)

ßêùî n ≥ 2 i s < 1
3
, òî p = 1, êðiì òîãî n− 1− sn− 1

3
> 0. Òîäi

I ′2 ≤ (2θn)
n

X∫
T1

tsn−1dt = (2θn)
n

X∫
T1

tsn−
2
3
dt
3
√
t
≤ (2θn)

n

3

√
T1
(
sn+ 1

3

)Xsn+ 1
3 ≤

≤ θn
2n3
6
√
12

(θn)
n−1−sn− 1

3 csn+
1
3 ≤ θn

n
r−2
2

3

c 6
√
12
n
r−2
2 (2c)n ≤ C6

θn

n
r−2
2

. (22)

Çàëèøèëîñü îöiíèòè I ′′2 :

I ′′2 =

X
√
n∫

T1
√
n

e−
t2

2
dt

t
≤ 1

(T1
√
n)2

e−
(T1

√
n)2

2 ≤ (θn)
n

12n
≤ θn√

n

c

12
√
2
. (23)

Iç (7), (18)�(23) âèïëèâà¹, ùî ó âèïàäêó θn ≤ c, n ≥ 2 ëåìà äîâåäåíà.
Íåõàé n = 1, θ1 ≤ c, s > 0. Òîäi iç (7) i óìîâ ëåìè

ρ1 ≤
2

π

X∫
0

∣∣∣f1(z)− e−
z2

2

∣∣∣ dt
t
+

24

π
√
2πX

≤ 2

π
θ1

X∫
0

ts−1dt+
24(θ1)

p

π
√
2πc

=

=
2

π

(θ1)
1−spcs

s
+

24(θ1)
p

π
√
2πc

≤ C7

(
1 +

1

s

)
(θ1)

1
s+1 .

Ëåìà äîâåäåíà.
Äîâåäåííÿ òåîðåìè. Âèêîðèñòîâó¹ìî ëåìó 1. Ïîêëàäåìî ó ëåìi 3

θn = κn(r), s = r. Òîäi

ρn ≤ C(3)max

{
κn(r)

n
r−2
2

;
(κn(r))

n
rn+1

√
n

}
.

Ïîêëàäåìî ó ëåìi 3 θn = κn0(r), s = 1. Òîäi îäåðæèìî

ρn ≤ C(2)max

{
κn0(r)

n
r−2
2

;
(κn0(r))

n
n+1

√
n

}
.

Ïîêëàäåìî ó ëåìi 3 θn = νn0(r), s = 0. Òîäi äëÿ âñiõ n ≥ 2

ρn ≤ C(1)νn0(r)

n
r−2
2

i ρ1 ≤ ν10(r).

Òåîðåìà äîâåäåíà.
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ÓÄÊ 512.643.8

ß. Â. Âàðãà (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÏÐÎ ÎÄÍÓ ÍÅËIÍIÉÍÓ IÍÒÅÃÐÀËÜÍÓ ÊÐÀÉÎÂÓ ÇÀÄÀ×Ó

We give a new approach for the investigation of existence and construction of an approximate
solutions of nonlinear non-autonomous systems of ordinary differential equations under nonlinear
integral boundary conditions. The constructivity of a suggested technique is shown on the example
of non-linear integral boundary value problem with two solutions.

Çàñòîñîâàíî íîâèé ïiäõiä äëÿ äîñëiäæåííÿ iñíóâàííÿ òà ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ íå-
ëiíiéíèõ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ïiäïîðÿäêîâàíèõ íåëiíiéíèì iíòåãðàëü-
íèì êðàéîâèì óìîâàì. Äîöiëüíiñòü çàïðîïîíîâàíî¨ òåõíiêè ïîêàçàíî íà ïðèêëàäi íåëiíiéíî¨
iíòåãðàëüíî¨ êðàéîâî¨ çàäà÷i ç äâîìà ðîçâ'ÿçêàìè.

Âñòóï. Ó íàóêîâié ëiòåðàòóði âèâ÷åííÿ ðîçâ'ÿçêiâ ñèñòåì íåëiíiéíèõ çâè÷àé-
íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ïiäïîðÿäêîâàíèõ ðiçíîãî âèãëÿäó iíòåãðàëüíèì
êðàéîâèì óìîâàì çâåðòàþòü äîñèòü áàãàòî óâàãè [1], [2], [3], [13], [8].

Ó äàíié ðîáîòi äîñëiäæó¹òüñÿ íåëiíiéíà iíòåãðàëüíà êðàéîâà çàäà÷à çàãàëü-
íîãî âèãëÿäó

dx(t)

dt
= f (t, x(t)) , t ∈ [a, b] , (1)

b∫
a

p(s, x(s), x′(s))ds =

b∫
a

p(s, x(s), f(s, x(s)))ds = d. (2)

äå f : [a, b] × Rn → Rn i p : [a, b] × Rn × Rn → Rn çàäàíi íåïåðåðâíi ôóíêöi¨ ó
äåÿêié îáìåæåíié îáëàñòi D ⊂ Rn, êîíêðåòíèé âèãëÿä ÿêî¨ áóäå ïîêàçàíî íèæ÷å
â (8), a d ∈ Rn− çàäàíèé âåêòîð. Çàóâàæèìî, ùî â (2) ïiäiíòåãðàëüíà ôóíêöiÿ
ìîæå íåëiíiéíî çàëåæàòè ÿê âiä íåâiäîìî¨ ôóíêöi¨ x(·) òàê i âiä ¨¨ ïîõiäíî¨
x′(·) = f(·, x(·)).

Êðiì òîãî, ïðèïóñêà¹òüñÿ ëîêàëüíà ëiïøèöåâiñòü â îáëàñòi D ôóíêöi¨ f i p
äëÿ âñiõ t ∈ [a, b] i {u, v} ∈ D ó íàñòóïíîìó âèãëÿäi:

|f(t, u)− f(t, v)| ≤ Kf |u− v| , (3)

|p(t, u(t), f(t, u(t)))− p(t, v(t), f(t, v(t)))| ≤ Kp |u− v|+K
′ |f(t, u)− f(t, v)|

≤ Kp |u− v|+K
′
Kf |u− v| = (Kp +K

′
Kf ) |u− v| = K |u− v| , (4)

äå Kf , Kp, K
′
, K = Kp +K

′
Kf íåâiä'¹ìíi ìàòðèöi ðîçìiðíîñòi n× n.

Äëÿ äîñëiäæåííÿ iñíóâàííÿ i íàáëèæåíîãî ðîçâ'ÿçêó çàäà÷i (1)-(2) çàñòîñó-
¹ìî òåõíiêó, çàïðîïîíîâàíó â [5], [11�14], [6], [9].

Íà îñíîâi öüîãî ïiäõîäó çàìiñòü iíòåãðàëüíèõ êðàéîâèõ óìîâ (2) ââîäÿòüñÿ
â ðîçãëÿä ïàðàìåòðèçîâàíi

”
ìîäåëüíi óìîâè“ ïðîñòîãî âèãëÿäó

x(a) = z, x(b) = η, (5)
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äå z := col(z1, ..., zn), η := col(η1, ..., ηn) ¹ íåâiäîìèìè ïàðàìåòðàìè i ñïî÷àòêó
çàìiñòü iíòåãðàëüíî¨ êðàéîâî¨ çàäà÷i (1)-(2) äîñëiäæóþòüñÿ ðîçâ'ÿçêè íàñòóïíî¨
ñèñòåìè ïàðàìåòðèçîâàíèõ äâîòî÷êîâèõ êðàéîâèõ çàäà÷

”
ìîäåëüíîãî òèïó“

dx(t)

dt
= f (t, x(t)) , t ∈ [a, b] , x(a) = z, x(b) = η. (6)

1. Äîñëiäæåííÿ ìîäåëüíî¨ çàäà÷i. Âèõiäíèìè ¹ äâi îáìåæåíi îáëàñòi
Da, Db ⊂ Rn i öiêàâèìîñÿ òàêèìè ðîçâ'ÿçêàìè, çíà÷åííÿ ÿêèõ â òî÷êàõ t = a i
t = b íàëåæèòü âiäïîâiäíî ìíîæèíàì Da i Db. Áóäó¹òüñÿ ìíîæèíà òî÷îê

Da,b = (1− θ) z + θη (7)

i äëÿ íåâiä'¹ìíîãî âåêòîðà ρ ∈ Rn âèçíà÷èìî ïîêîìïîíåíòíèé âåêòîðíèé ρ−îêië
ìíîæèíè Da,b íàñòóïíèì ÷èíîì

D = B (Da,b, ρ) = ∪
y∈Da,b

B (y, ρ) , (8)

äå ïiä âåêòîðíèì ρ−îêîëîì òî÷êè y ∈ Rn ðîçóìi¹ìî ìíîæèíó

B (y, ρ) = {ξ ∈ Rn : |ξ − y| ≤ ρ}

i íàäàëi íåðiâíîñòi ìiæ âåêòîðàìè, a òàêîæ îïåðàöi¨ max i min ðîçóìi¹ìî ïî-
êîìïîíåíòíî. Çâåðíåìî óâàãó íà òå, ùî ìíîæèíà Da,b óòâîðåíà óñiìà ïðÿìèìè,
ùî ç'¹äíóþòü òî÷êè ìíîæèíè Da i òî÷êè ìíîæèíè Db.

Íà îñíîâi ìíîæèíè D, ôóíêöi¨ f i ïðàâî¨ ÷àñòèíè ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü (1) ïîáóäó¹ìî âåêòîð

δ[a,b],D(f) =
1

2

[
max

(t,x)∈[a,b]×D
f(t, x)− min

(t,x)∈[a,b]×D
f(t, x)

]
. (9)

Óìîâà 1. Iñíó¹ íåâiä'¹ìíèé âåêòîð ρ ∈ Rn òàêèé, ùî

ρ ≥ δ[a,b],D(f).

Óìîâà 2. Iñíóþòü íåâiä'¹ìíi ìàòðèöi Kf , Kp, K
′
, K = Kp +K

′
Kf äëÿ ÿêèõ

ëîêàëüíî â îáëàñòi D äëÿ ôóíêöié f i p âèêîíóþòüñÿ óìîâè Ëiïøèöÿ (3), (4).
Óìîâà 3. Íàéáiëüøå âëàñíå çíà÷åííÿ ìàòðèöi

Q =
3 (b− a)

10
Kf (10)

ìåíøå çà îäèíèöþ
r(Q) < 1. (11)

Äëÿ âèâ÷åííÿ ðîçâ'ÿçêiâ ìîäåëüíî¨ ïàðàìåòðèçîâàíî¨ çàäà÷i (6) ââåäåìî â
ðîçãëÿä ïàðàìåòðèçîâàíó ïîñëiäîâíiñòü ôóíêöié

x0 (t, z, η) := z +
t− a

b− a
[η − z] =

[
1− t− a

b− a

]
z +

t− a

b− a
η, (12)

xm (t, z, η) := z +

t∫
a

f (s, xm−1 (s, z, η)) ds− (13)
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− t− a

b− a

b∫
a

f (s, xm−1 (s, z, η)) ds+
t− a

b− a
[η − z] , t ∈ [a, b] , m = 1, 2, ...,

äå z ∈ Da, η ∈ Db ¹ ïàðàìåòðàìè. Çàóâàæèìî, ùî âñi ôóíêöi¨ xm (t, z, η) çà-
äîâîëüíÿþòü

”
ìîäåëüíi êðàéîâi óìîâè“ (5) äëÿ áóäü-ÿêèõ çíà÷åíü ïàðàìåòðiâ

z, η ∈ Rn.
Íàñòóïíå òâåðäæåííÿ âñòàíîâëþ¹ ðiâíîìiðíó çáiæíiñòü ïîñëiäîâíîñòi (13)

äî äåÿêî¨ ïàðàìåòðèçîâàíî¨ ãðàíè÷íî¨ ôóíêöi¨.

Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ Óìîâà 1-Óìîâà 3.
Òîäi, äëÿ áóäü-ÿêèõ ôiêñîâàíèõ (z, η) ∈ D ×Db :
1.Âñi ôóíêöi¨ ïîñëiäîâíîñòi (13) ¹ íåïåðåðâíî äèôåðåíöiéîâíi íà âiäðiçêó

t ∈ [a, b], ìàþòü çíà÷åííÿ â îáëàñòü D i çàäîâîëüíÿþòü óìîâàì (5).
2. Ïîñëiäîâíiñòü ôóíêöié (13) ðiâíîìiðíî çáiãà¹òüñÿ âiäíîñíî t ∈ [a, b] ïðè

m→ ∞ äî ãðàíè÷íî¨ ôóíêöi¨

x∞(t, z, η) = lim
m→∞

xm(t, z, η).

3. Ãðàíè÷íà ôóíêöiÿ çàäîâîëüíÿ¹
”
ìîäåëüíi óìîâè“

x∞(a, z, η) = z, x∞(b, z, η) = η.

4. Ôóíêöiÿ x∞ (t, z, η) ¹ ¹äèíèì íåïåðåðâíî äèôåðêíöiéîâíèì ðîçâ'ÿçêîì ií-
òåãðàëüíîãî ðiâíÿííÿ

x(t) = z +

t∫
a

f(s, x(s))ds− t− a

b− a

b∫
a

f(s, x(s))ds+
t− a

b− a
[η − z] , t ∈ [a, b] ,

â îáëàñòi D.
Iíøèìè ñëîâàìè, x∞ (t, z, η) çàäîâîëüíÿ¹ çàäà÷ó Êîøi äëÿ ìîäèôiêîâàíî¨ ñè-

ñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü:

dx

dt
= f(t, x) +

1

b− a
∆(z, η), x (a) = z, t ∈ [a, b] ,

äå ∆(z, η) : Da ×Db → Rn öå âiäîáðàæåííÿ, ÿêå âèçíà÷åíå ôîðìóëîþ:

∆(z, η) = η − z −
b∫

a

f(s, x∞(s, z, η))ds.

5.Ñïðàâåäëèâà îöiíêà

|x∞(·, z, η)− xm(·, z, η)| 6
10

9
α1(t, a, b− a)Qm (1n −Q)−1 δ[a,b],D(f), (14)

äëÿ âñiõ t ∈ [a, b] i m ≥ 0, äå δ[a,b],D(f) çàäà¹òüñÿ ôîðìóëîþ (9),

α1(t, a, b− a) = 2 (t− a)

(
1− t− a

b− a

)
,

ïðè÷îìó

α1(t, a, b− a) ≤ b− a

2
,

à ìàòðèöÿ Q ìà¹ âèãëÿä (10).
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Äîâåäåííÿ. Äîâåäåííÿ ìîæå áóòè ïðîâåäåíî àíàëîãi÷íî, ÿê ó Òåîðåìi 1 [4].
A ñàìå, íà îñíîâi Ëåì, ùî äîâåäåíi ó [10], âñòàíîâëþ¹òüñÿ, ùî ïðè óìîâàõ òå-
îðåìè äëÿ ôiêñîâàíèõ z ∈ Da, η ∈ Db i âñiõ t ∈ [a, b] ïîñëiäîâíiñòü ôóíêöié
(13) íàëåæèòü îáëàñòi D i ¹ ïîñëiäîâíiñòþ Êîøi, òîáòî ðiâíîìiðíî çáiæíîþ, ó
Áàíàõîâîìó ïðîñòîði íåïåðåðâíèõ âåêòîð-ôóíêöié C([a, b] ,Rn) ç ñòàíäàðòíîþ
ðiâíîìiðíîþ íîðìîþ.

2. Çâ'ÿçîê ãðàíè÷íî¨ ôóíêöi¨ x∞(·, z, η) ç ðîçâ'ÿçêîì âèõiäíî¨ iíòå-
ãðàëüíî¨ êðàéîâî¨ çàäà÷i.

Òåîðåìà 2. Â óìîâàõ Òåîðåìè 1 ãðàíè÷íà ôóíêöiÿ

x∞(t, z∗, η∗) = lim
m→∞

xm(t, z
∗, η∗)

ïîñëiäîâíîñòi (13) ¹ íåïåðåðâíî äèôåðåíöûéîâíèì ðîçâ'ÿçêîì iíòåãðàëüíî¨
êðàéîâî¨ çàäà÷i (1)-(2) òîäi i òiëüêè òîäi, êîëè ïàðà (z∗, η∗) çàäîâîëüíÿ¹ ñèñòå-
ìó 2n àëãåáðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ, òàê çâàíèõ

”
âèçíà÷àëüíèõ ðiâíÿíü“:

∆(z, η) = η − z −
b∫
a

f(s, x∞(s, z, η))ds = 0,

Λ(z, η) =
b∫
a

p(s, x∞(s, z, η), f(s, x∞(s, z, η)))ds− d = 0.

(15)

Äîâåäåííÿ. Äîâåäåííÿ ìîæå áóòè ïðîâåäåíî àíàëîãi÷íî, ÿê ó Òåîðåìàõ 2,3 [4].
Íàñòóïíå òâåðäæåííÿ ïîêàçó¹, ùî ñèñòåìà

”
âèçíà÷àëüíèõ ðiâíÿíü“ (15) âè-

ÿâëÿ¹ âñi ìîæëèâi ðîçâ'ÿçêè iíòåãðàëüíî¨ êðàéîâî¨ çàäà÷i (1)-(2), ÿêi íàëåæàòü
îáëàñòi D i çíà÷åííÿ ÿêèõ â òî÷êàõ t = a i t = b íàëåæàòü âiäïîâiäíî ìíîæèíàì
Da i Db.

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óñi óìîâè Òåîðåìè 1.
1. ßêùî, iñíóþòü âåêòîðè (z0, η0) ∈ Da × Db, ÿêi çàäîâîëüíÿþòü ñèñòå-

ìó âèçíà÷àëüíèõ ðiâíÿíü (15), òîäi iíòåãðàëüíà êðàéîâà çàäà÷à (1)-(2) ìà¹
íåïåðåðâíî äèôåðåíöiéîâíèé ðîçâ'ÿçîê x0(·) òàêèé, ùî

x0(a) = z0, x0(b) = η0.

Êðiì òîãî, öåé ðîçâ'ÿçîê ¹ ãðàíè÷íîþ ôóíêöi¹þ ïîñëiäîâíîñòi (13)

x0(t) = x∞(t, z0, η0) = lim
m→∞

xm(t, z
0, η0), t ∈ [a, b] .

2. I íàâïàêè, ÿêùî iíòåãðàëüíà êðàéîâà çàäà÷à (1)-(2) ìà¹ ðîçâ'ÿçîê x0(·) ∈
D, òî ñèñòåìà

”
âèçíà÷àëüíèõ ðiâíÿíü“ (15) çàäîâîëüíÿ¹òüñÿ ïðè

z = x0(a), η = x0(b).

Çàóâàæèìî, ùî ðîçâ'ÿçíiñòü ñèñòåìè
”
âèçíà÷àëüíèõ ðiâíÿíü“ (15) ìîæå áó-

òè âñòàíîâëåíà íà îñíîâi âëàñòèâîñòåé
”
íàáëèæåíî¨ ñèñòåìè âèçíà÷àëüíèõ ðiâ-

íÿíü“

∆m(z, η) = η − z −
b∫

a

f(s, xm(s, z, η))ds,
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Λm(z, η) =

b∫
a

p(s, xm(s, z, η), f(s, xm(s, z, η)))ds− d = 0, (16)

ÿêà ìîæå áóòè ïîáóäîâàíà ÿâíî.
Íà îñíîâi íåðiâíîñòåé (3), (4) i (14), âðàõóâàâøè ùî

b∫
a

α1(t, a, b− a)dt =
(b− a)2

3
,

ïðÿìèì îá÷èñëåííÿì ìîæíà äîâåñòè ñïðàâåäëèâiñòü íàñòóïíîãî òâåðäæåííÿ.

Ëåìà 1. Ïðèïóñòèìî, ùî ìàþòü ìiñöå óìîâè Òåîðåìè 1 i êðiì òîãî âè-
êîíóþòüñÿ óìîâè Ëiïøèöÿ (3), (4).

Òîäi äëÿ òî÷íî¨ i íàáëèæåíî¨ âèçíà÷àëüíèõ ôóíêöié (15) i (16) ìàþòü ìi-
ñöå íàñòóïíi îöiíêè äëÿ áóäü-ÿêèõ ïàð âåêòîðiâ (z, η) ∈ Da ×Db i m ≥ 1 :

|∆(z, η)−∆m(z, η)| ≤
10(b− a)2

27
Kf Q

m (1n −Q)−1 δ[a,b],D(f),

|Λ(z, η)− Λm(z, η)| ≤
10(b− a)2

27
K Qm (1n −Q)−1 δ[a,b],D(f). (17)

Íàñòóïíà òåîðåìà äà¹ êîíñòðóêòèâíi äîñòàòíi óìîâè ðîçâ'ÿçíîñòi iíòåãðàëü-
íî¨ êðàéîâî¨ çàäà÷i (1)-(2) íà îñíîâi âëàñòèâîñòåé

”
íàáëèæåíî¨ ñèñòåìè âèçíà-

÷àëüíèõ ðiâíÿíü“(16).
Íàì ïîòðiáíî íàñòóïíå îçíà÷åííÿ äëÿ îäíîãî ñïåöiàëüíîãî ñïiââiäíîøåííÿ

ìiæ äâîìà âåêòîð-ôóíêöiÿìè.

Îçíà÷åííÿ 1. ( [7] , Îçíà÷åííÿ 3) Íåõàé H ⊂ Rp ¹ äåÿêà íåïîðîæíÿ ìíî-
æèíà. Äëÿ áóäü-ÿêî¨ ïàðè âåêòîð-ôóíêöié

fj(x) = col(fj,1(x), ..., fj,k(x)) : H → Rp, j = 1, 2

áóäåìî ïèñàòè, ùî ìà¹ ìiñöå ñïiââiäíîøåííÿ

f1 �H f2 (18)

òîäi i òiëüêè òîäi, êîëè iñíó¹ ôóíêöiÿ k : H → {1, 2, ..., p} , òàêà ùî

f1,k(x) > f2,k(x),

äëÿ âñiõ x ∈ H.

Çàóâàæèìî, ùî (18) îçíà÷à¹, ùî â êîæíié òî÷öi x ∈ H ïðèíàéìíi îäíà iç
êîìïîíåíò âåêòîðà f1(x), à ñàìå k(x)−âà êîìïîíåíòà, áiëüøà íiæ âiäïîâiäíà
êîìïîíåíòà âåêòîðà f2(x). Áà÷èìî, ùî öåé íîìåð êîìïîíåíòè çàëåæèòü âiä òî-
÷êè x.

Òåîðåìà 4. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè Ëåìè 1. Êðiì òîãî ìî-
æíà âêàçàòè òàêå m ≥ 1 i ìíîæèíó Ω ⊂ R2n âèãëÿäó

Ω := D1 ×D2,
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äå D1 ⊂ Da, D2 ⊂ Db ¹ ïåâíi îáìåæåíi âiäêðèòi ìíîæèíè, òàêi ùî âiäîáðà-
æåííÿ

Hm(z, η) =

 η − z −
b∫
a

f(s, xm(s, z, η))ds

b∫
a

p(s, xm(s, z, η), f(s, xm(s, z, η)))ds− d

 (19)

çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

|Hm(z, η)| ◃∂Ω

[
10(b−a)2

27
Kf Q

m (1n −Q)−1 δ[a,b],D(f)
10(b−a)2

27
K Qm (1n −Q)−1 δ[a,b],D(f)

]

íà ãðàíèöi ∂Ω îáëàñòi Ω.
ßêùî êðiì òîãî, òîïîëîãi÷íèé ñòåïiíü Áðàóåðà âiäîáðàæåííÿ Hm âiäíîñíî

ìíîæèíè Ω (i âiäíîñíî 0) íå äîðiâíþ¹ íóëþ

deg(Hm,Ω, 0) ̸= 0,

òîäi iñíó¹ ïàðà (z∗, η∗) ∈ D1 ×D2 òàêà, ùî ôóíêöiÿ

x∗(·) = x∞(·, z∗, η∗) = lim
m→∞

xm(t, z
∗, η∗)

íà âiäðiçêó [a, b] ¹ íåïåðåðâíî äèôåðåíöiéîâíèì ðîçâ'ÿçêîì iíòåãðàëüíî¨ êðàéî-
âî¨ çàäà÷i (1)-(2).

Äîâåäåííÿ. Äîâåäåííÿ ìîæíà ïðîâåñòè ïî àíàëîãi¨ ÿê ó Òåîðåìi 4 [12].

Ïðèêëàä 1. Çàñòîñó¹ìî ÷èñåëüíî-àíàëiòè÷íèé ïiäõiä, ùî îïèñàíèé âèùå
íà âiäðiçêó

[
0, 1

2

]
äî ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

dx1(t)

dt
= x22(t)−

t

5
x1(t) +

t3

100
− t2

25
:= f1(t, x1, x2),

dx2(t)

dt
=
t2

10
x2(t) +

t

8
x1(t)−

21

800
t3 +

1

16
t+

1

5
:= f2(t, x1, x2), (20)

ç iíòåãðàëüíèìè êðàéîâèìè óìîâàìè

1
2∫

0

s2x2(s)ds =
1

4000
= d1

1
2∫

0

x
′

1(s)ds =

1
2∫

0

f1(s, x1(s), x2(s))ds = d2 =
1

80
(21)

Ìîæíà ïåðåâiðèòè, ùî îäíèì ç ðîçâÿçêiâ êðàéîâî¨ çàäà÷i (20)-(21) ¹ ïàðà ôóí-
êöié

x∗1(t) =
t2

20
− 1

2
, x∗2(t) =

t

5
. (22)
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Ââåäåìî íàñòóïíi ïàðàìåòðè:

z := x(0) = col(x1(0), x2(0)) = col(z1, z2),

η := x

(
1

2

)
= col

(
x1

(
1

2

)
, x2

(
1

2

))
= col (η1, η2) .

Âèáåðåìî îáëàñòi Da i Db:

Da = Db = {(x1, x2) : −0.6 ≤ x1 ≤ 0.1, −1 ≤ x2 ≤ 0} .

Ó öüîìó âèïàäêó, ìíîæèíà Da,b ìà¹ âèãëÿä

Da,b = Da = Db.

Âèáåðåìî âåêòîð
ρ := col (0.2; 0.2) ,

òîäi îáëàñòü D áóäå íàñòóïíîþ:

D = {(x1, x2) : −0.8 ≤ x1 ≤ 0.3, −1.2 ≤ x2 ≤ 0.2} .

Ïðÿìi îá÷èñëåííÿ ïîêàçóþòü, ùî óìîâè Ëiïøèöÿ (3), (4) äëÿ ïðàâî¨ ÷àñòèíè
(20) â îáëàñòi D âèêîíó¹òüñÿ ç ìàòðèöåþ

K =

[
1/10 2/10
1/16 1/40

]

i ìà¹ìî Q = 3
20

[
1/10 2/5
1/16 1/40

]
, r(Q) = 0.03375 < 1,

δ[a,b],D(f) :=
1

2

[
max

(t,x)∈[0, 12 ]×D
f(t, x)− min

(t,x)∈[0, 12 ]×D
f(t, x)

]
=

[
0.535

0.036875

]
,

ρ =

[
0.2
0.2

]
≥ b− a

2
δ[a,b],D(f) =

[
0.19375

0.01359375

]
.

Òàê, ïåðåâiðèëè, ùî âñi óìîâè Òåîðåìè 1 âèêîíóþòüñÿ i òîìó ïîñëiäîâíiñòü
ôóíêöié (13) äëÿ öüîãî ïðèêëàäó ¹ çáiæíîþ.

×èñåëüíi ðîçðàõóíêè ïîêàçóþòü, ùî ðîçâ'ÿçêîì íàáëèæåíî¨ ñèñòåìè âèçíà-
÷àëüíèõ ðiâíÿíü âèãëÿäó (16), ïðè m = 1, 2, 3 ¹ ÷èñëîâi çíà÷åííÿ, ùî ïðåäñòàâ-
ëåíi â Òàáë. 1.

Ïîõèáêà òðåòüî¨ àïðîêñèìàöi¨ (m = 3) íàñòóïíà:

max
t∈[0, 1

2
]
|x∗1(t)− x31(t)| ≤ 9.7 · 10−9, max

t∈[0, 1
2
]
|x∗2(t)− x32(t)| ≤ 3 · 10−10.

Çãiäíî Òåîðåìè 3 ÷èñëî ðîçâ'ÿçêiâ àëãåáðà¨÷íî¨ âèçíà÷àëüíî¨ ñèñòåìè (16),
ñïiâïàäà¹ ç ÷èñëîì ðîçâ'ÿçêiâ äàíî¨ iíòåãðàëüíî¨ êðàéîâî¨ çàäà÷i.

Ðîçðàõóíêè ïîêàçóþòü, ùî ñèñòåìà íàáëèæåíèõ âèçíà÷àëüíèõ àëãåáðà¨÷íèõ
ðiâíÿíü (16), ïðè m = 0, 1, 2, 3, îêðiì ðîçâ'ÿçêiâ ïðåäñòàâëåíèõ â Òàáë. 1., ìà¹
ùå iíøi ðîçâ'ÿçêè, ÿêi íàâåäåíî â Òàáë. 2.
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m=0 m=1 m=2 m=3
z1 -0.5020833332 -0.5000068237 -0.4999999633 -0.5000000089
z2 -1.444245992·10−12 4.95780167·10−7 -1.14252226·10−8 -1.919575672·10−10

η1 -0.4895833332 -0.4875068237 -0.4874999633 -0.4875000089
η2 0.1 0.10000044 0.09999998849 0.09999999963

Òàáëèöÿ 1.
Íàáëèæåíi çíà÷åííÿ ïàðàìåòðiâ äëÿ ïåðøîãî (22) ðîçâ'ÿçêó

à) ïåðøà êîìïîíåíòà á) äðóãà êîìïîíåíòà

Ðèñ. 1. Ïåðøèé ðîçâ'ÿçîê (22) (ëiíiÿ) òà éîãî íóëüîâå (⋄) i òðåò¹
íàáëèæåííÿ (×).

Ïiäñòàâèâøè òðåò¹ íàáëèæåííÿ x̃3(t) = col(x̃31(t), x̃32(t)) äî äðóãîãî ðîçâ'ÿç-
êó â ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü (20) îòðèìà¹ìî íàñòóïíó íåâ'ÿçêó:

max
t∈[0, 12 ]

∣∣∣x̃′31 (t)− x̃232(t) +
t
5
x̃31(t)− t3

100
+ t2

25

∣∣∣≈ 1.5·10−9,

max
t∈[0, 12 ]

∣∣∣x̃′32 (t)− t2

10
x̃32(t)− t

8
x̃31(t) +

21
800
t3 − 1

16
t− 1

5

∣∣∣≈5·10−10.

Íà Ðèñ.2 ïîêàçàíî ãðàôiêè íóëüîâîãî, ïåðøîãî òà òðåòüîãî íàáëèæåííÿ äî
äðóãîãî ðîçâ'ÿçêó iíòåãðàëüíî¨ ÊÇ.

m=0 m=1 m=2 m=3
z̃1 -0.3500955256 -0.3498246512 -0.349827723 -0.3498277249
z̃2 -0.1512243065 -0.1510006429 -0.1510009307 -0.1510009229
η̃1 -0.3375955256 -0.3373246512 -0.337327723 -0.3373277249
η̃2 -0.0494741289 -0.0492490804 -0.4924938195e-1 -0.04924937409

Òàáëèöÿ 2.
Íàáëèæåíi çíà÷åííÿ ïàðàìåòðiâ äëÿ äðóãîãî ðîçâ'ÿçêó IÊÇ
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à) ïåðøà êîìïîíåíòà á) äðóãà êîìïîíåíòà

Ðèñ. 2. Íóëüîâå (⋄) , ïåðøå (×) òà òðåò¹ (ëiíiÿ) íàáëèæåííÿ äðóãîãî ðîçâ'ÿçêó.
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ÓÄÊ 512.53

Þ. Â. Æó÷îê (Ëóãàíñüêèé íàö. óí-ò iì. Ò. Øåâ÷åíêà, Ñòàðîáiëüñüê,
Óêðà¨íà)

ÌÎÍÎ�ÄÈ ÅÍÄÎÌÎÐÔIÇÌIÂ ÍÀÏIÂÐÅØIÒÎÊ ÍÀÏIÂÃÐÓÏ

We prove that the endomorphism monoid of a semilattice of semigroups, which are semilattice
indecomposable, is isomorphically embedded into the wreath product of a transformation semi-
group with a small category.

Äîâåäåíî, ùî ìîíî¨ä åíäîìîðôiçìiâ íàïiâðåøiòêè íàïiâãðóï, íåðîçêëàäíèõ ó íàïiâðåøiòêó,
içîìîðôíî çàíóðþ¹òüñÿ ó âiíöåâèé äîáóòîê íàïiâãðóïè ïåðåòâîðåíü ç ìàëîþ êàòåãîði¹þ.

Ïîõiäíi ñòðóêòóðè àëãåáðà¨÷íèõ ñèñòåì ¹ îäíèì ç iíñòðóìåíòiâ äîñëiäæåííÿ áó-
äîâè é êëàñèôiêàöi¨ ñàìèõ ñèñòåì. Â áàãàòüîõ âèïàäêàõ ïîõiäíà ñòðóêòóðà ìiñ-
òèòü ñóòò¹âó iíôîðìàöiþ ïðî çàãàëüíi âëàñòèâîñòi äàíî¨ àëãåáðà¨÷íî¨ ñèñòåìè.
Äî íàéáiëüø ïîøèðåíèõ ïîõiäíèõ ñòðóêòóð íàëåæàòü ðåøiòêè ïiäàëãåáð, ðåøi-
òêè êîíãðóåíöié, ãðóïè àâòîìîðôiçìiâ, ìîíî¨äè åíäîìîðôiçìiâ òà ií. Îñîáëèâà
óâàãà ïðè âèâ÷åííi ìîíî¨äiâ åíäîìîðôiçìiâ ïðèäiëÿ¹òüñÿ òàêèì ïðîáëåìàì ÿê
îïèñ àáñòðàêòíèõ õàðàêòåðèñòèê, äîñëiäæåííÿ àëãåáðà¨÷íèõ òà êîìáiíàòîðíèõ
âëàñòèâîñòåé, âèçíà÷åíiñòü àëãåáðà¨÷íèõ ñèñòåì ¨õ åíäîìîðôiçìàìè, ïîáóäîâà
òî÷íèõ çîáðàæåíü òîùî (äèâ., íàïð., [1�5]).

Îñòàííiì ÷àñîì ó òåîði¨ íàïiâãðóï äëÿ îïèñó çîáðàæåíü ìîíî¨äiâ åíäîìîð-
ôiçìiâ äîñèòü àêòèâíî âèêîðèñòîâó¹òüñÿ êîíñòðóêöiÿ âiíöåâîãî äîáóòêó òà äå-
ÿêi ¨¨ ìîäèôiêàöi¨. Òàê, Â. Ôëåéøåð [6] ââiâ êîíñòðóêöiþ âiíöåâîãî äîáóòêó
ìîíî¨äà ç ìàëîþ êàòåãîði¹þ é âèêîðèñòàâ ¨¨ äëÿ îïèñó òî÷íîãî çîáðàæåííÿ ìî-
íî¨äà åíäîìîðôiçìiâ äîâiëüíî¨ äi¨ [7]. Ó. Êíàóåð i Ì. Íiïîðòå [8] äîâåëè, ùî
ìîíî¨ä ñèëüíèõ åíäîìîðôiçìiâ íåîði¹íòîâàíîãî ñêií÷åííîãî ãðàôó áåç êðàòíèõ
ðåáåð ¹ içîìîðôíèì âiíöåâîìó äîáóòêó ãðóïè àâòîìîðôiçìiâ êàíîíi÷íîãî ñèëü-
íîãî ôàêòîð-ãðàôà ç äåÿêîþ êàòåãîði¹þ. Â [9] áóëî äîâåäåíî, ùî íàïiâãðóïà
åíäîìîðôiçìiâ âiëüíîãî äîáóòêó íàïiâãðóï çàäàíîãî êëàñó içîìîðôíà âiíöåâî-
ìó äîáóòêó íàïiâãðóïè ïåðåòâîðåíü ç ìàëîþ êàòåãîði¹þ. Ïîäiáíi ðåçóëüòàòè äëÿ
íåîði¹íòîâàíèõ íåçâ'ÿçíèõ ãiïåðãðàôiâ áåç êðàòíèõ ðåáåð i äåÿêèõ âiäïîâiäíî-
ñòåé íà íàïiâãðóïi åíäîìîðôiçìiâ âiäíîøåííÿ åêâiâàëåíòíîñòi áóëè îòðèìàíi
â [10] òà [11] âiäïîâiäíî. Â [12] áóëî ïîêàçàíî, ùî ãðóïà àâòîìîðôiçìiâ îðòîãî-
íàëüíî¨ ñóìè íàïiâãðóï ¹ içîìîðôíîþ ïðÿìîìó äîáóòêó âiíöåâèõ äîáóòêiâ ãðóï.
Äëÿ ãðóï àâòîìîðôiçìiâ äîâiëüíî¨ íàïiâãðóïè ñõîæó õàðàêòåðèñòèêó íàâåäåíî
â [13]. Ïðèðîäíüîþ â öüîìó íàïðÿìêó ¹ çàäà÷à îïèñó çîáðàæåíü ìîíî¨äà åíäî-
ìîðôiçìiâ äîâiëüíî¨ íàïiâãðóïè.

Â öié ðîáîòi, âèêîðèñòîâóþ÷è, ùî áóäü-ÿêà íàïiâãðóïà ¹ íàïiâðåøiòêîþ íå-
ðîçêëàäíèõ ó íàïiâðåøiòêó íàïiâãðóï, ïîáóäîâàíî içîìîðôíå çàíóðåííÿ ìîíî¨äà
åíäîìîðôiçìiâ íàïiâãðóïè ó âiíöåâèé äîáóòîê ìîíî¨äà ç ìàëîþ êàòåãîði¹þ (òå-
îðåìà 1). Îòðèìàíèé ðåçóëüòàò áóëî àíîíñîâàíî â [14]. Êðiì òîãî, îïèñó¹òüñÿ
çîáðàæåííÿ ìîíî¨äà åíäîìîðôiçìiâ íàïiâðåøiòêè íàïiâãðóï, ÿêi íå ðîçêëàäà-
þòüñÿ ó íàïiâðåøiòêó, óíàðíèìè âiäíîøåííÿìè (òåîðåìà 2).

1. Ïîïåðåäíi âiäîìîñòi. Íåõàé I � íàïiâðåøiòêà, òîáòî êîìóòàòèâíà
íàïiâãðóïà iäåìïîòåíòiâ. Íàïiâãðóïà S íàçèâà¹òüñÿ íàïiâðåøiòêîþ I íàïiâãðóï
Si, i ∈ I, ÿêùî âèêîíóþòüñÿ íàñòóïíi óìîâè:
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1) S =
∪
i∈I Si;

2) Si ∩ Sj = ∅ äëÿ âñiõ âiäìiííèõ i, j ∈ I;
3) SiSj ⊆ Sij äëÿ áóäü-ÿêèõ i, j ∈ I.
ßêùî S � íàïiâðåøiòêà I íàïiâãðóï Si, i ∈ I, òî ñiìåéñòâî D = {Si|i ∈ I}

íàçèâàþòü äåêîìïîçèöi¹þ íàïiâãðóïè S ó íàïiâðåøiòêó íàïiâãðóï, à íàïiâãðóïè
Si, i ∈ I, � êîìïîíåíòàìè â D.

Íàïiâãðóïà S íàçèâà¹òüñÿ íåðîçêëàäíîþ ó íàïiâðåøiòêó, ÿêùî D = {S} ¹
¹äèíîþ ¨¨ äåêîìïîçèöi¹þ ó íàïiâðåøiòêó íàïiâãðóï.

Äîáðå âiäîìî (äèâ., íàïð., [15]), ùî áóäü-ÿêà íàïiâãðóïà ìà¹ íàéáiëüøó äå-
êîìïîçèöiþ ó íàïiâðåøiòêó ñâî¨õ ïiäíàïiâãðóï, ïðè öüîìó êîìïîíåíòè òàêî¨ äå-
êîìïîçèöi¨ ¹ íåðîçêëàäíèìè ó íàïiâðåøiòêó. Âðàõîâóþ÷è öåé ðåçóëüòàò, áóäåìî
ïîçíà÷àòè äîâiëüíó íàïiâãðóïó S òàêîæ ÷åðåç

∪
i∈I Si, ââàæàþ÷è, ùî {Si|i ∈ I}

� öå íàéáiëüøà äåêîìïîçèöiÿ íàïiâãðóïè S ó íàïiâðåøiòêó íàïiâãðóï.
Íåõàé S � äîâiëüíà íàïiâãðóïà. Ìíîæèíó âñiõ ãîìîìîðôiçìiâ íàïiâãðóïè S

â íàïiâãðóïó T áóäåìî ïîçíà÷àòè ÷åðåç Hom(S;T ).
Ìîíî¨ä óñiõ åíäîìîðôiçìiâ íàïiâãðóïè S ïîçíà÷à¹òüñÿ ÷åðåç End(S).
Äëÿ äîâiëüíîãî âiäîáðàæåííÿ φ : A → B i íåïîðîæíüî¨ ïiäìíîæèíè Y ⊆ A

÷åðåç φ|Y ïîçíà÷à¹òüñÿ îáìåæåííÿ φ íà Y .

Ëåìà 1. Íåõàé D = {Si | i ∈ I} � íàéáiëüøà äåêîìïîçèöiÿ íàïiâãðóïè S ó
íàïiâðåøiòêó íàïiâãðóï, φ ∈ End(S). Òîäi äëÿ êîæíîãî i ∈ I çíàéäåòüñÿ j ∈ I,
òàêå ùî φ|Si ∈ Hom(Si;Sj).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹ i ∈ I, òàêå ùî Siφ * Sj äëÿ âñiõ j ∈ I, òà
ïîêëàäåìî Λi = {α ∈ I|Siφ∩Sα ̸= ∅}. Çðîçóìiëî, ùî Siφ ¹ íàïiâðåøiòêîþ Λi íà-
ïiâãðóï S∗

α = Siφ∩Sα, α ∈ Λi, ïðè öüîìó |Λi| ≥ 2. Àëå òîäi, ÿê íåâàæêî ïîìiòèòè,
Si ¹ íàïiâðåøiòêîþ Λi íàïiâãðóï (S∗

α)φ
−1, α ∈ Λi, ùî ñóïåðå÷èòü óìîâi íåðîç-

êëàäíîñòi êîìïîíåíò ç D ó íàïiâðåøiòêó íàïiâãðóï. Îòæå, φ|Si ∈ Hom(Si;Sj)
äëÿ äåÿêîãî j ∈ I.

Ëåìó äîâåäåíî.
Âiäìiòèìî, ùî îáåðíåíå òâåðäæåííÿ äî öi¹¨ ëåìè â çàãàëüíîìó âèïàäêó íå-

âiðíå (äèâ. ïðèêëàäè ï. 2).
Äàëi âèçíà÷èìî âiíöåâèé äîáóòîê ìîíî¨äà ç ìàëîþ êàòåãîði¹þ. Äëÿ ìàëî¨

êàòåãîði¨ K ç ìíîæèíîþ îá'¹êòiâ X = ObK ïîêëàäåìî

M =
∪
a,b∈X

MorK (a; b)

òà ïîçíà÷èìî ÷åðåç Map(X;M) ìíîæèíó âñiõ âiäîáðàæåíü X â M .
Íåõàé T � ìîíî¨ä ç îäèíèöåþ 1, ÿêèé äi¹ çëiâà íà X, i

V = {(t; f)|t ∈ T, f ∈Map(X;M), xf ∈MorK (x; tx) äëÿ x ∈ X}.

Âèçíà÷èìî áiíàðíó îïåðàöiþ íà V çà ïðàâèëîì:

(r; f)(p; g) = (rp; fpg),

äå x(fpg) = (px)f xg äëÿ âñiõ x ∈ X i (px)f xg � öå êîìïîçèöiÿ ìîðôiçìiâ â
êàòåãîði¨ K .
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Ìíîæèíà V ç òàêîþ îïåðàöi¹þ ¹ ìîíî¨äîì ç îäèíèöåþ (1; e), äå e ∈Map(X;M)
� òàêå âiäîáðàæåííÿ, ùî xe ∈Mor(x; x) ¹ òîòîæíiì ìîðôiçìîì idx äëÿ êîæíîãî
îá'¹êòó x â K .

Ìîíî¨ä V íàçèâà¹òüñÿ âiíöåâèì äîáóòêîì ìîíî¨äà T ç ìàëîþ êàòåãîði¹þ K
i ïîçíà÷à¹òüñÿ ÷åðåç T wrK (äèâ., íàïð., [7]).

Âiäìiòèìî, ùî êîìïîçèöiÿ âiäîáðàæåíü âñþäè â öié ðîáîòi âèçíà÷à¹òüñÿ
ñïðàâà íàëiâî.

2. Ìîíî¨äè åíäîìîðôiçìiâ íàïiâðåøiòîê íàïiâãðóï. Íåõàé S � äî-
âiëüíà íàïiâãðóïà, D = {Si | i ∈ I} � íàéáiëüøà äåêîìïîçèöiÿ íàïiâãðóïè S ó
íàïiâðåøiòêó íàïiâãðóï.

Âèçíà÷èìî ìàëó êàòåãîðiþ C , ïîêëàâøè

ObC = D, MorC (Si;Sj) = Hom(Si;Sj),

MorC =
∪
i,j∈I

MorC (Si;Sj).

Ìîíî¨ä âñiõ ïåðåòâîðåíü ζ ìíîæèíè I, òàêèõ ùî MorC (Si;Siζ) ̸= ∅ äëÿ âñiõ
i ∈ I, ïîçíà÷èìî ÷åðåç T (I).

Íåâàæêî ïîìiòèòè, ùî íàïiâãðóïà T (I) ïðèðîäíüî äi¹ çëiâà íà îá'¹êòè êàòå-
ãîði¨ C i ìè îòðèìó¹ìî òàêèé âiíöåâèé äîáóòîê:

T (I)wrC = {(φ; f)|φ ∈ T (I) , f ∈Map(ObC ;MorC ), Sif ∈MorC (Si;φSi)}.

ßêùî φ ∈ End(S), òî ÷åðåç φ∗ ïîçíà÷èìî ïåðåòâîðåííÿ ìíîæèíè I, ÿêå
iíäóêó¹òüñÿ åíäîìîðôiçìîì φ, òîáòî

φ∗ : I → I : i 7→ iφ∗ = j, ÿêùî Siφ ⊆ Sj.

Çãiäíî Ëåìè 1 (äèâ. ï. 1) ïåðåòâîðåííÿ φ∗ ¹ êîðåêòíî âèçíà÷åíèì.
Îñíîâíèì ðåçóëüòàòîì ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1. Ìîíî¨ä åíäîìîðôiçìiâ End(
∪
i∈I Si) íàïiâðåøiòêè I íàïiâãðóï

Si, i ∈ I, içîìîðôíî çàíóðþ¹òüñÿ ó âiíöåâèé äîáóòîê T (I)wrC ìîíî¨äà ïåðå-
òâîðåíü T (I) ç ìàëîþ êàòåãîði¹þ C .

Äîâåäåííÿ. Âèçíà÷èìî âiäîáðàæåííÿ ξ ìîíî¨äà End(
∪
i∈I Si) ó âiíöåâèé

äîáóòîê T (I)wrC çà ïðàâèëîì:

ξ : φ 7→ (φ∗; f), äå f : Si 7→ φ|Si (i ∈ I).

Î÷åâèäíî, ξ ¹ ií'¹êòèâíèì âiäîáðàæåííÿì.
Äëÿ áóäü-ÿêèõ φ, ψ ∈ End(

∪
i∈I Si) ìà¹ìî

(φψ)ξ = ((φψ)∗;µ), äå µ : Si 7→ (φψ)|Si ,

φξ = (φ∗; f), f : Si 7→ φ|Si òà ψξ = (ψ∗; g), g : Si 7→ ψ|Si ,
φξ ψξ = (φ∗; f)(ψ∗; g) = (φ∗ψ∗; fψ∗g).

ßñíî, ùî (φψ)∗ = φ∗ψ∗. Áiëüø òîãî, äëÿ âñiõ Si ∈ ObC

Si µ = (φψ)|Si = φ|Siψ ◦ ψ|Si = φ|Siψ∗ ◦ ψ|Si =
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= Siψ∗f ◦ Sig = (ψ∗Si)f ◦ Sig = Si(fψ∗g),

äå ◦ � êîìïîçèöiÿ ÷àñòêîâèõ ïåðåòâîðåíü íà S =
∪
i∈I Si.

Òàêèì ÷èíîì, fψ∗g = µ, i îòæå, ξ � ìîíîìîðôiçì.
Òåîðåìó äîâåäåíî.
Äàëi ïîáóäó¹ìî iíøå çîáðàæåííÿ ìîíî¨äà åíäîìîðôiçìiâ íàïiâðåøiòêè íå-

ðîçêëàäíèõ ó íàïiâðåøiòêó íàïiâãðóï.
Íåõàé C � ìàëà êàòåãîðiÿ, âèçíà÷åíà âèùå. Ïîêëàäåìî Mor0C = MorC ∪

{0}, 0 /∈MorC , òà âèçíà÷èìî îïåðàöiþ íà öié ìíîæèíi â òàêèé ñïîñiá:

φψ =

{
φ ◦ ψ, φ ̸= 0 ̸= ψ òà im(ψ) ⊆ dom(φ),
0 â iíøèõ âèïàäêàõ,

äå φ ◦ ψ � êîìïîçèöiÿ ãîìîìîðôiçìiâ.
Çðîçóìiëî, ùî Mor0C ¹ íàïiâãðóïîþ âiäíîñíî ùîéíî âèçíà÷åíî¨ îïåðàöi¨.

Êðiì òîãî, ç òî÷íiñòþ äî içîìîðôiçìóMor0C ìiñòèòüñÿ â íàïiâãðóïi âñiõ áiíàð-
íèõ âiäíîøåíü íà S.

Íàãàäà¹ìî, ùî ìíîæèíà âñiõ ïiäìíîæèí íàïiâãðóïè S ç îïåðàöi¹þ ìíîæåííÿ
XY = {xy |x ∈ X, y ∈ Y } äëÿ âñiõ X, Y ⊆ S, ¹ íàïiâãðóïîþ, ÿêà íàçèâà¹òüñÿ
ãëîáàëüíîþ íàäíàïiâãðóïîþ íàïiâãðóïè S i ïîçíà÷à¹òüñÿ ÷åðåç Gl(S).

Äëÿ âñiõ i ∈ I ïîêëàäåìî

Mi∗ =
∪
j∈I

MorC (Si;Sj) i LMor0C = {Mi∗|i ∈ I} ∪ {{0}}.

Ìíîæèíó âñiõ òðàíñâåðñàëåé, ùî âiäïîâiäàþòü ðîçáèòòþ LMor0C íàïiâãðóïè
Mor0C , ïîçíà÷èìî ÷åðåç Tr(LMor0C ) .

Áåçïîñåðåäíÿ ïåðåâiðêà ñâiä÷èòü, ùî Tr(LMor0C ) ¹ ïiäíàïiâãðóïîþ ãëîáàëü-
íî¨ íàäíàïiâãðóïè Gl(Mor0C ).

Íàñòóïíà òåîðåìà îïèñó¹ çîáðàæåííÿ ìîíî¨äà åíäîìîðôiçìiâ íàïiâãðóïè
óíàðíèìè âiäíîøåííÿìè.

Òåîðåìà 2. Ìîíî¨ä åíäîìîðôiçìiâ End(
∪
i∈I Si) íàïiâðåøiòêè I íàïiâãðóï

Si, i ∈ I, içîìîðôíî çàíóðþ¹òüñÿ ó íàïiâãðóïó Tr(LMor0C ).

Äîâåäåííÿ. Íåâàæêî ïåðåñâiä÷èòèñü, ùî âiäîáðàæåííÿ ζ ìîíî¨äà åíäîìîð-
ôiçìiâ End(

∪
i∈I Si) ó íàïiâãðóïó Tr(LMor0C ), ÿêå âèçíà÷à¹òüñÿ çà ïðàâèëîì:

fζ = {f | Si : i ∈ I} ∪ {0} äëÿ âñiõ f ∈ End(
∪
i∈I

Si),

¹ ií'¹êòèâíèì ãîìîìîðôiçìîì.
Òåîðåìó äîâåäåíî.

Íàâåäåìî äàëi ïðèêëàäè çàñòîñóâàííÿ Òåîðåìè 1.

Ïðèêëàä 1. Íåõàé X � äîâiëüíà ìíîæèíà ç ïîòóæíiñòþ |X| ≥ 2 òà X+ �
âiëüíà íàïiâãðóïà, ïîðîäæåíà X. Ðîçãëÿíåìî çîáðàæåííÿ íàïiâãðóïè åíäîìîð-
ôiçìiâ End(X+).

Ïîçíà÷èìî íàïiâðåøiòêó âñiõ íåïîðîæíiõ ïiäìíîæèí X âiäíîñíî îïåðàöi¨
îá'¹äíàííÿ ìíîæèí ÷åðåç U(X). Äëÿ âñiõ A ∈ U(X) íåõàé

XA = {w ∈ X+|c(w) = A},
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äå c(w) � çìiñò ñëîâà w. Ñèìåòðè÷íà íàïiâãðóïà âñiõ ïåðåòâîðåíü ìíîæèíè X
ïîçíà÷à¹òüñÿ ÷åðåç ℑ(X).

Âiäîìî, ùî {XA|A ∈ U(X)} � íàéáiëüøà äåêîìïîçèöiÿ âiëüíî¨ íàïiâãðóïè
X+ ó íàïiâðåøiòêó U(X) ïiäíàïiâãðóï XA, A ∈ U(X). Áiëüø òîãî, ãîìîìîð-
ôiçìè íàïiâãðóï XA, A ∈ U(X), â XB, B ∈ U(X), âèçíà÷àþòüñÿ âiäîáðàæåííÿìè
f : A→ X+, òàêèìè ùî

∪
w∈Af c(w) = B. Öå îçíà÷à¹, ùî T (U(X)) = ℑ(U(X)).

Çà Òåîðåìîþ 1, End(X+) çàíóðþ¹òüñÿ ó âiíöåâèé äîáóòîê ℑ(U(X))wrC ñè-
ìåòðè÷íî¨ íàïiâãðóïè ℑ(U(X)) ç âiäïîâiäíîþ ìàëîþ êàòåãîði¹þ C . Âiäçíà÷èìî,
ùî End(U(X)) ¹ âëàñíîþ ïiäíàïiâãðóïîþ íàïiâãðóïè T (U(X)). Äiéñíî, äëÿ ðiç-
íèõ åëåìåíòiâ a, b ∈ X íåõàé ψ : X{a} → X{b} ïîçíà÷à¹ içîìîðôiçì X{a} íà X{b}.
Âèçíà÷èìî ïåðåòâîðåííÿ ξ íàïiâãðóïè X+ çà ïðàâèëîì:

wξ =

{
wψ, w ∈ X{a},
w â iíøèõ âèïàäêàõ

äëÿ âñiõ w ∈ X+. Òîäi ξ /∈ End(X+), îñêiëüêè

ξ(ab) = ab ̸= b2 = ξ(a)ξ(b).

Òàêèì ÷èíîì, ïåðåòâîðåííÿ íàïiâðåøiòêè U(X), ÿêå iíäóêó¹òüñÿ âiäîáðàæå-
ííÿì ξ, íå íàëåæèòü End(U(X)).

Ïðèêëàä 2. Íåõàé S(X) � ñèìåòðè÷íà ãðóïà íà ñêií÷åííié ìíîæèíi X, äå
|X| > 1, òà I = {0, 1} � ìóëüòèïëiêàòèâíà íàïiâðåøiòêà. Òîäi ñèìåòðè÷íà íà-
ïiâãðóïà ℑ(X) ¹ íåòðèâiàëüíîþ íàïiâðåøiòêîþ I ïiäíàïiâãðóï S0 = ℑ(X)\S(X)
i S1 = S(X).

ßñíî, ùî

End(I) = {
(
0 1
0 1

)
,

(
0 1
0 0

)
,

(
0 1
1 1

)
}.

Îïèñ âñiõ ãîìîìîðôiçìiâ Si íà Sj, äå i, j ∈ I, ìîæíà çíàéòè â [1]. Â öüî-
ìó âèïàäêó, End(ℑ(X)) çàíóðþ¹òüñÿ ó âiíöåâèé äîáóòîê End(I)wrC , äå C �
ïiäõîäÿùà ìàëà êàòåãîðiÿ.

Îòæå, â òåîðåìi 1 çàìiñòü íàïiâãðóïè ïåðåòâîðåíü T (I) ìîæíà âèêîðèñòîâó-
âàòè é ìîíî¨ä åíäîìîðôiçìiâ End(I).

Âiäìiòèìî, ùî îòðèìàíi ó ðîáîòi ðåçóëüòàòè ìîæíà ðîçãëÿíóòè i â áiëüø
çàãàëüíîìó âèïàäêó, äëÿ ìîíî¨äiâ åíäîìîðôiçìiâ ñïîëóêè íàïiâãðóï, íåðîçêëà-
äíèõ ó ñïîëóêó.
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ÎÏÈÑ ÏIÄÍÀÏIÂÃÐÓÏ ÍÀÏIÂÃÐÓÏ ÌÀËÎÃÎ ÏÎÐßÄÊÓ

The subsemigroups of the semigroups of order n = 3 are described.

Îïèñàíî ïiäíàïiâãðóïè íàïiâãðóï ïîðÿäêó n = 3.

Ãðóïè ìàëèõ ïîðÿäêiâ âèâ÷åíi äîñèòü äîáðå (äèâ., íàïð., [1]). Íàïiâãðóï ìàëèõ
ïîðÿäêiâ íàáàãàòî áiëüøå, íiæ ãðóï, i òîìó âèâ÷åíi âîíè íå â òàêié ìiði, ÿê ãðó-
ïè. Çîêðåìà, ÷èñëî íàïiâãðóïï ïîðÿäêiâ 5, 6, 7 äîðiâíþ¹ âiäïîâiäíî 1160, 15973,
836021. Çàóâàæèìî ïðè öüîìó, ùî áiëüøiñòü çàäà÷ ïðî îïèñ íàïiâãðóï ôiêñîâà-
íîãî ïîðÿäêó îòðèìàíî ç âèêîðèñòàííÿì êîìï'þòåðíèõ ïðîãðàì. Çà òðàäèöi¹þ
îïèñ ó òàêèõ âèïàäêàõ ïðîâîäèòüñÿ ç òî÷íiñòþ äî içîìîðôiçìó òà äóàëüíîñòi.
Íàïiâãðóïè, ùî ðîçãëÿäàþòüñÿ ç òàêîþ òî÷íiñòþ, íàçèâàþòüñÿ ðiçíèìè.

Íàïiâãðóïè ïîðÿäêó n < 4 âèâ÷åíi äîñèòü äåòàëüíî. Âèïàäêè n = 1, 2 òðè-
âiàëüíi (÷èñëî ðiçíèõ íàïiâãðóï âiäïîâiäíî 1 i 4). Íàïiâãðóïè ïîðÿäêó n = 3
îïèñàâ Ò. Òàìóðà, ó âèãëÿäi òàáëèöü Êåëi, ùå â 1953 ð. [2]. Âîíè âèâ÷àëèñÿ,
çîêðåìà, â [3�5]. Ó öié ñòàòòi ðîçãëÿäà¹òüñÿ çàäà÷à ïðî îïèñ âñiõ ïiäíàïiâãðóï
íàïiâãðóï òðåòüîãî ïîðÿäêó.

Àâòîð âèñëîâëþ¹ ùèðó ïîäÿêó ïðîôåñîðó Â. Ì. Áîíäàðåíêó çà êîðèñíi ïî-
ðàäè.

1. Ïîïåðåäíi âiäîìîñòi. Ó öüîìó ðîçäiëi ìè ó âèãëÿäi òàáëèöü Êåëi âè-
ïèøåìî ïîâíèé ñïèñîê ïîïàðíî ðiçíèõ íàïiâãðóï 3-ãî ïîðÿäêó â òàêîìó âèãëÿäi
(i â òàêié æå ïîñëiäîâíîñòi), ÿê ó [3]:

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨2⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨2⟩ ⟨0⟩ ⟨0⟩ ⟨1⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨2⟩ ⟨0⟩ ⟨0⟩ ⟨2⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨2⟩ ⟨0⟩ ⟨1⟩ ⟨2⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨2⟩ ⟨2⟩ ⟨2⟩ ⟨2⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨0⟩ ⟨1⟩
⟨2⟩ ⟨0⟩ ⟨1⟩ ⟨2⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨1⟩ ⟨0⟩
⟨2⟩ ⟨0⟩ ⟨0⟩ ⟨2⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨1⟩ ⟨0⟩
⟨2⟩ ⟨2⟩ ⟨2⟩ ⟨2⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨1⟩ ⟨1⟩
⟨2⟩ ⟨0⟩ ⟨1⟩ ⟨1⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨1⟩ ⟨1⟩
⟨2⟩ ⟨0⟩ ⟨1⟩ ⟨2⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨1⟩ ⟨1⟩
⟨2⟩ ⟨0⟩ ⟨2⟩ ⟨2⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨1⟩ ⟨2⟩
⟨2⟩ ⟨0⟩ ⟨2⟩ ⟨1⟩
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⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨0⟩ ⟨1⟩ ⟨2⟩
⟨2⟩ ⟨2⟩ ⟨2⟩ ⟨2⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨0⟩
⟨1⟩ ⟨1⟩ ⟨1⟩ ⟨1⟩
⟨2⟩ ⟨2⟩ ⟨2⟩ ⟨2⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨2⟩
⟨1⟩ ⟨0⟩ ⟨0⟩ ⟨2⟩
⟨2⟩ ⟨2⟩ ⟨2⟩ ⟨0⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨0⟩ ⟨2⟩
⟨1⟩ ⟨0⟩ ⟨1⟩ ⟨2⟩
⟨2⟩ ⟨2⟩ ⟨2⟩ ⟨0⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨1⟩ ⟨1⟩
⟨1⟩ ⟨1⟩ ⟨0⟩ ⟨0⟩
⟨2⟩ ⟨1⟩ ⟨0⟩ ⟨0⟩

⟨0⟩ ⟨1⟩ ⟨2⟩
⟨0⟩ ⟨0⟩ ⟨1⟩ ⟨2⟩
⟨1⟩ ⟨1⟩ ⟨2⟩ ⟨0⟩
⟨2⟩ ⟨2⟩ ⟨0⟩ ⟨1⟩

2. Îïèñ ïiäíàïiâãðóï. Íàøà ìåòà � âèïèñàòè äëÿ êîæíî¨ iç íàïiâãðóï
òðåòüîãî ïîðÿäêó, ùî âêàçàíi â ðîçäiëi 1, âñi ¨¨ ïiäíàïiâãðóïè, ùî ïîðîäæóþ-
òüñÿ îäíèì ÷è äâîìà åëåìåíòàìè. Ïðè öüîìó íàïiâãðóïè íóìåðóþòüñÿ â òàêîìó
ïîðÿäêó, ÿê âîíè âèïèñàíi â ïîïåðåäíüîìó ðîçäiëi.

1)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)

2)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)

3)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨2⟩} = (⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)

4)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨2⟩} = (⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)

5)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨2⟩} = (⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)

6)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨2⟩} = (⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)

7)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨1⟩)
{⟨2⟩} = (⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)

8)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨1⟩)
{⟨2⟩} = (⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
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9)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨1⟩)
{⟨2⟩} = (⟨1⟩, ⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨1⟩, ⟨2⟩)

10)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨1⟩)
{⟨2⟩} = (⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨1⟩, ⟨2⟩)

11)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨1⟩)
{⟨2⟩} = (⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨1⟩, ⟨2⟩)

12)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨1⟩)
{⟨2⟩} = (⟨1⟩, ⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨1⟩, ⟨2⟩)

13)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨1⟩)
{⟨2⟩} = (⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨1⟩, ⟨2⟩)

14)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨1⟩)
{⟨2⟩} = (⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨1⟩, ⟨2⟩)

15)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)

16)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨1⟩)
{⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)

17)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)

18)

{⟨0⟩} = (⟨0⟩)
{⟨1⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
{⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
{⟨0⟩, ⟨1⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
{⟨0⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
{⟨1⟩, ⟨2⟩} = (⟨0⟩, ⟨1⟩, ⟨2⟩)
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ÓÄÊ 519.21

Ì. Ì. Êàïóñòåé, Ï. Â. Ñëþñàð÷óê (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÇÀÑÒÎÑÓÂÀÍÍß ÓÑÅÐÅÄÍÅÍÈÕ ÏÑÅÂÄÎÌÎÌÅÍÒIÂ ÄËß
ÎÖIÍÊÈ ÁËÈÇÜÊÎÑÒI ÐÎÇÏÎÄIËIÂ ÄÂÎÕ ÑÓÌ
ÂÈÏÀÄÊÎÂÈÕ ÂÅËÈ×ÈÍ

The paper contains estimates of approximation of convergence of sums not identically distributed
random variables in the term of middle pseudomoments.

Ðîáîòà ìiñòèòü îöiíêè áëèçüêîñòi ðîçïîäiëiâ ñóì ðiçíî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí â
òåðìiíàõ óñåðåäíåíèõ ïñåâäîìîìåíòiâ.

Ó äàíié ðîáîòi ïðîäîâæóþòüñÿ äîñëiäæåííÿ, àíàëîãi÷íi [1] i [2], àëå âèêîðèñòî-
âóþòüñÿ óñåðåäíåíi ïñåâäîìîìåíòè. Ó [3] ìiñòèòüñÿ äåòàëüíà iíôîðìàöiÿ ç âèêî-
ðèñòàííÿ ðiçíîãî âèãëÿäó ïñåâäîìîìåíòiâ.

Íåõàé ξ1, ..., ξn, ... òà η1, ..., ηn, ... � äâi ïîñëiäîâíîñòi âèïàäêîâèõ âåëè÷èí ç
ôóíêöiÿìè ðîçïîäiëó âiäïîâiäíî Fk(x) i Gk(x), õàðàêòåðèñòè÷íèìè ôóíêöiÿìè

fk(t) i gk(t). Φn(x) iQn(x)�ôóíêöi¨ ðîçïîäiëó âèïàäêîâèõ âåëè÷èí
n∑
k=1

ξk i
n∑
k=1

ηk,

à Hk(x) = Fk(x)−Gk(x), ρn = sup
x

|Φn(x)−Qn(x)|.
Íåõàé âèêîíóþòüñÿ óìîâè:
iñíó¹ ÷èñëî α ∈ (0; 2] i ñòàëà λ > 0 òàêi, ùî

|gi(t)| ≤ e−λ|t|
α

; (1)

µik =

∞∫
−∞

xkdHi(x) = 0 (i = 1, 2, ...; k = 1,m), (2)

äå m = 1 ïðè α ≤ 1 i m = 2 ïðè 1 < α ≤ 2.

Òåîðåìà. Íåõàé ωi(t) = |fi(t)−gi(t)|, âèêîíóþòüñÿ óìîâè (1) òà (2) i íåõàé
θi � âåëè÷èíè, äëÿ ÿêèõ, ïðè äåÿêîìó s ∈ [0;α + 1] i r ∈ (0; 2], äëÿ âñiõ äiéñíèõ
t âèêîíó¹òüñÿ íåðiâíiñòü

ωi

(
tλ−

1
α

)
≤ θimin(|t|s, r|t|α+1), i = 1, 2, ... (3)

Ïîêëàäåìî θ̄n = 1
n

n∑
i=1

θi. Òîäi iñíóþòü ñòàëi C(1) i C(2), ùî çàëåæàòü òiëüêè

âiä α, s, r, òàêi, ùî ïðè n ≥ 2

ρn ≤ C(1)n− 1
α max{θ̄n; θ̄pn},

à ïðè n = 1 i s > 0

ρ1 ≤ C(2)

(
1 +

1

s

)
max{θ1; θp1},

äå p = min
(
1; n

sn+1

)
.
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Äîâåäåííÿ. Âèêîðèñòà¹ìî íåðiâíiñòü ( [4], ñòîð. 299)

|F (x)−G(x)| ≤ 2

π

T∫
0

|f(t)− g(t)|dt
t
+

24

πT
sup
x

|G′(x)|. (4)

Îñêiëüêè
ρn = sup

x

∣∣∣Φn

(
xλ

1
α

)
−Qn

(
xλ

1
α

)∣∣∣ ,
òî â (4) ïîêëàäåìî

F (x) = Φn

(
xλ

1
α

)
, G(x) = Qn

(
xλ

1
α

)
, f(t) =

n∏
k=1

fk

(
tλ−

1
α

)
, g(t) =

n∏
k=1

gk

(
tλ−

1
α

)
.

Iç (1) âèïëèâà¹, ùî

|G′(x)| = 1

2π

∣∣∣∣∣∣
∞∫

−∞

e−itx
n∏
k=1

gk

(
tλ−

1
α

)
dt

∣∣∣∣∣∣ ≤ 1

πn
1
α

Γ

(
1

α
+ 1

)
.

Òîäi iç (4) îòðèìà¹ìî

ρn ≤ 2

π

T∫
0

∣∣∣∣∣
n∏
k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣ dtt +
24

n
1
αTπ2

Γ

(
1

α
+ 1

)
. (5)

Íåõàé c ∈ (0;min{1; r−α}) äåÿêà ñòàëà, âèáið ÿêî¨ âèçíà÷èìî ïiçíiøå. Ïîçíà-
÷èìî X = c

5
α (θ̄n)

−p, X1 = min{c 1
α ;X}, äå p = min{1; n

sn+1
}, ÿêùî θ̄n < 1 i p = 1,

ÿêùî θ̄n ≥ 1. Òàêi çìiíè ó âèçíà÷åííi p íå âïëèíóòü íà òâåðäæåííÿ òåîðåìè.
Âiäçíà÷èìî, ùî θ̄n ≤ c

4
αp ó âèïàäêó X1 = c

1
α i θ̄n ≥ c

4
αp ó âèïàäêó X1 = X. Ó (5)

ïîêëàäåìî T = X. Òîäi

ρn ≤ 2

π

X1∫
0

∣∣∣∣∣
n∏
k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣ dtt +

+
2

π

X∫
X1

∣∣∣∣∣
n∏
k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣ dtt +
24

n
1
αTπ2

Γ

(
1

α
+ 1

)
=

= I1 + I2 +
24

n
1
αTπ2

Γ

(
1

α
+ 1

)
. (6)

∣∣∣fk (tλ− 1
α

)∣∣∣ = ∣∣∣fk (tλ− 1
α

)
− gk

(
tλ−

1
α

)
+ gk

(
tλ−

1
α

)∣∣∣ ≤
≤ e−|t|α + ωk

(
tλ−

1
α

)
= ψk(t) ≤ exp

{
e−|t|α − 1 + ωk

(
tλ−

1
α

)}
.
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Îñêiëüêè äëÿ áóäü-ÿêîãî t ∈ R e−|t|α − 1 ≤ e−c−1
c

min{c; |t|α}, òî∣∣∣fk (tλ− 1
α

)∣∣∣ ≤ ψk(t) ≤ exp

{
e−c − 1

c
min{c; |t|α}+ ωk

(
tλ−

1
α

)}
. (7)

Íåõàé X1 = c
1
α . Òîäi θ̄n ≤ c

4
αp . Ïðè |t| ≤ c

1
α

n∑
k=1

ωk

(
tλ−

1
α

)
≤

n∑
k=1

θkr|t|α+1 ≤ θ̄nnr|t|αc
1
α ≤ nr|t|αc

4
αp

+ 1
α ≤ ncmin{c; |t|α},

à ó âèïàäêó c
1
α ≤ |t| ≤ X

n∑
k=1

ωk

(
tλ−

1
α

)
≤

n∑
k=1

θk|t|s ≤ θ̄nnX
s =

= c
5s
α (θ̄n)

1−spn ≤ c
5s
α (θ̄n)

pn ≤ c
5s
α
+ 4
αn ≤ ncmin{c; |t|α}.

Íåõàé X1 = X. Òîäi θ̄n ≥ c
4
αp i ïðè |t| ≤ X

n∑
k=1

ωk

(
tλ−

1
α

)
≤

n∑
k=1

θkr|t|α+1 ≤ θ̄nnr|t|αX ≤ nr|t|α(θ̄n)1−pc
5
α ≤ ncmin{c; |t|α}.

Îòæå, ïðè |t| ≤ X

n∑
k=1

ωk

(
tλ−

1
α

)
≤ ncmin{c; |t|α}. (8)

Êðiì òîãî,

exp

{
−e

−c − 1

c
min{c; |t|α}

}
≤ e

1
2
c. (9)

Äëÿ áóäü-ÿêèõ êîìïëåêñíèõ ÷èñåë a1, ..., an, b1, ..., bn ñïðàâåäëèâi íåðiâíîñòi∣∣∣∣∣
n∏
i=1

ai −
n∏
i=1

bi

∣∣∣∣∣ ≤
n∑
i=1

|ai − bi|

(
i−1∏
k=1

|bk|

)
n∏

k=i+1

|ak| (10)

∣∣∣∣∣
n∏
i=1

ai −
n∏
i=1

bi

∣∣∣∣∣ ≤
n∑
i=2

|ai − bi|

(
i−1∏
k=1

|bk|

)
n∏

k=i+1

|ak|+

+
n∑
i=2

(
i−1∏
k=1

|ak − bk|

)
|bi|

n∏
k=i+1

|ak|+
i−1∏
k=1

|ak − bk|, (11)

ùî îäåðæóþòüñÿ iç ðiâíîñòåé

n∏
i=1

ai −
n∏
i=1

bi =
n∑
i=1

(ai − bi)

(
i−1∏
k=1

bk

)
n∏

k=i+1

ak =
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=
n∑
i=2

(ai − bi)

(
i−1∏
k=1

bk

)
n∏

k=i+1

ak +
n∑
i=2

(
i−1∏
k=1

(ak − bk)

)
bi

n∏
k=i+1

ak +
n∏

k=i+1

(ak − bk).

Íåõàé n ≥ 2. Äëÿ îöiíêè I1 iç íåðiâíîñòi (10) i óìîâ òåîðåìè îäåðæó¹ìî∣∣∣∣∣
n∏
i=1

fi

(
tλ−

1
α

)
−

n∏
i=1

gi

(
tλ−

1
α

)∣∣∣∣∣ ≤
n∑
i=1

ωt

(
tλ−

1
α

) i−1∏
k=1

∣∣∣gk (tλ− 1
α

)∣∣∣ n∏
k=i+1

∣∣∣fk (tλ− 1
α

)∣∣∣ ≤
≤ r|t|α+1

n∑
i=1

θie
−|t|α(i−1)

n∏
k=i+1

ψk(t) ≤ r|t|α+1

n∑
i=1

θi

n∏
k=1,k ̸=i

ψk(t). (12)

Ïðè |t| ≤ X1, n ≥ 2 iç íåðiâíîñòåé (7), (8) i (9)

n∏
k=1,k ̸=i

ψk(t) ≤
n∏

k=1,k ̸=i

exp

{
e−c − 1

c
min{c; |t|α}+ ωk

(
tλ−

1
α

)}
≤ e

1
2
ce−c1n|t|

α

, (13)

äå c1 = 1−e−c
c

− c, à ñòàëà c âèáèðà¹òüñÿ òàê, ùîá c1 > 0.
Iç (12) i (13) ïðè |t| ≤ X1 i n ≥ 2∣∣∣∣∣

n∏
i=1

fi

(
tλ−

1
α

)
−

n∏
i=1

gi

(
tλ−

1
α

)∣∣∣∣∣ ≤ θ̄nnr|t|α+1e
1
2
ce−c1n|t|

α

. (14)

Òîäi iç (14) ïðè n > 1

I1 =
2

π

X1∫
0

∣∣∣∣∣
n∏
k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣ dtt ≤ 2

π
θ̄nnre

1
2
c

X1∫
0

tαe−c1nt
α

dt ≤

≤ θ̄n

n
1
α

2

π
re

1
2
c 1

α
(c1)

−1− 1
α

∞∫
0

e−zz
1
αdz ≤ C3

θ̄n

n
1
α

, (15)

äå ÷åðåç Ck áóäåìî ïîçíà÷àòè ñòàëi, ùî çàëåæàòü òiëüêè âiä c, α, r.
Áóäåìî ââàæàòè, ùî X1 = c

1
α , áî ó âèïàäêó X1 = X iíòåãðàë I2 = 0 i ïðè

n ≥ 2 òåîðåìà âèïëèâà¹ iç (6) i (15).
Iç íåðiâíîñòåé (11), (7) i óìîâ òåîðåìè ïðè n ≥ 2∣∣∣∣∣

n∏
i=1

fi

(
tλ−

1
α

)
−

n∏
i=1

gi

(
tλ−

1
α

)∣∣∣∣∣ ≤
n∑
i=2

ωi

(
tλ−

1
α

) i−1∏
k=1

∣∣∣gk (tλ− 1
α

)∣∣∣ n∏
k=i+1

∣∣∣fk (tλ− 1
α

)∣∣∣+
+

n∑
i=2

∣∣∣gi (tλ− 1
α

)∣∣∣ i−1∏
k=1

ωk

(
tλ−

1
α

) n∏
k=i+1

∣∣∣fk (tλ− 1
α

)∣∣∣+ i−1∏
k=1

ωk

(
tλ−

1
α

)
≤

≤ |t|se−|t|α
n∑
i=2

θi

n∏
k=2,k ̸=i

ψk(t) + |t|sθ1e−|t|α
n∑
i=2

n∏
k=2,k ̸=i

ψk(t) + |t|sn
n∏
k=1

θk. (16)
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Íåõàé c
1
α ≤ |t| ≤ X, n ≥ 2. Ó öüîìó âèïàäêó iç (7), (8) i (9)

n∏
k=2,k ̸=i

ψk(t) ≤
n∏

k=2,k ̸=i

exp

{
e−c − 1

c
min{c; |t|α}+ ωk

(
tλ−

1
α

)}
≤ ece−cc1n. (17)

Òîäi äëÿ n ≥ 2 i c
1
α ≤ |t| ≤ X iç (16) i (17) i íåðiâíîñòi

n∏
k=1

θk ≤ (θ̄n)
n

∣∣∣∣∣
n∏
i=1

fi

(
tλ−

1
α

)
−

n∏
i=1

gi

(
tλ−

1
α

)∣∣∣∣∣ ≤ |t|se−|t|αece−cc1nn2θ̄n + |t|sn(θ̄n)n. (18)

Iç (18) îäåðæèìî

I1 =
2

π

X∫
X1

∣∣∣∣∣
n∏
i=1

fi

(
tλ−

1
α

)
−

n∏
i=1

gi

(
tλ−

1
α

)∣∣∣∣∣ dtt ≤

≤ θ̄nn
2ece−cc1n

2

π

X∫
X1

ts−1e−t
α

dt+ (θ̄n)
n 2

π

X∫
X1

tsn−1dt = I ′2 + I ′′2 . (19)

I ′2 = θ̄nn
2ece−cc1n

2

π

X∫
X1

ts−1e−t
α

dt ≤ C4
θ̄n

n
1
α

. (20)

Ó âèïàäêó s ≥ 1
3

I ′′2 = (θ̄n)
n 2

π

X∫
X1

tsn−1dt ≤ 2

π
(θ̄n)

nX
sn

sn
≤

≤ 6

nπ
(θ̄n)

n(1−sp)
(
c

5
α

)sn
≤ 6

nπ
(θ̄n)

p
(
c

5
3α

)n
≤ C5

θ̄p

n
1
α

. (21)

Ïðè s ≤ 1
3
i n ≥ 2, n

sn+1
≥ 1, òîìó p = 1. Òîäi

I ′′2 ≤ (θ̄n)
n 2

π
(X1)

− 1
3

X∫
X1

tsn−
2
3dt ≤ (θ̄n)

n 2

π
c−

1
3α
Xsn+ 1

3

sn+ 1
3

≤

≤ 6

π
c−

1
3α (θ̄n)

n(1−s)− 1
3

(
c

5
α

)sn+ 1
3 ≤ θ̄n

6

π
c−

1
3α

−1cn ≤ C6
θ̄n

n
1
α

. (22)

Iç (6), (15), (19)�(22) îäåðæó¹ìî ñïðàâåäëèâiñòü òåîðåìè äëÿ n ≥ 2.

Íåõàé n = 1. θ̄n ≥ c
4
αp ó âèïàäêó X1 = X. Òîäi ρ1 ≤ 1 ≤ c−

4
αp θ1. ßêùî

X1 = c
1
α , òî θ̄n ≤ c

4
αp . Òîäi iç óìîâè (3) òåîðåìè i (5), äå T = X = c

5
α (θ1)

−p, ïðè
s > 0

ρ1 ≤
2

π

X∫
0

∣∣∣f1 (tλ− 1
α

)
− g1

(
tλ−

1
α

)∣∣∣ dt
t
+ c−

5
α (θ1)

p24

π2
Γ

(
1

α
+ 1

)
≤ θ1

2

π

X∫
0

ts−1dt+
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+c−
5
α (θ1)

p24

π2
Γ

(
1

α
+ 1

)
= θ1

2

πs
Xs + c−

5
α (θ1)

p24

π2
Γ

(
1

α
+ 1

)
≤ C7

(
1 +

1

s

)
(θ1)

p.

Òåîðåìà äîâåäåíà.
Ïîçíà÷èìî

κi =

∞∫
−∞

|x|α
∣∣∣Hi

(
xλ

1
α

)∣∣∣ , κi0 = ∞∫
−∞

max(1, |x|α)
∣∣∣Hi

(
xλ

1
α

)∣∣∣ dx,
νi0 =

∞∫
−∞

max(1, |x|α+1)
∣∣∣dHi

(
xλ

1
α

)∣∣∣ , κ̄ =
1

n

n∑
i=1

κi, κ̄0 =
1

n

n∑
i=1

κi0, ν̄0 =
1

n

n∑
i=1

νi0.

Ëåìà. Íåõàé µik = 0; k = 1,m; i = 1, 2, ...; ωi(t) = |fi(t)− gi(t)|. Òîäi

ωi

(
tλ−

1
α

)
≤ νi0min

(
1,

21−δ

m!(m+ 1)δ
|t|α+1

)
;

ωi

(
tλ−

1
α

)
≤ κi0min

(
|t|, 2

1−δ

mδ
|t|α+1

)
; ωi

(
tλ−

1
α

)
≤ κi

|t|α+121−δ

mδ
,

äå δ = α + 1−m.
Íàñëiäîê. Iñíóþòü ñòàëi C(3), C(4), C(5), ùî äëÿ âñiõ n ≥ 1 ñïðàâåäëèâi

íåðiâíîñòi
ρn ≤ C(3)n− 1

α ν̄0,

ρn ≤ C(4)n− 1
α max

(
κ̄0; (κ̄0)

n
n+1

)
,

ρn ≤ C(5)n− 1
α max

(
κ̄; (κ̄)

n
(α+1)n+1

)
,
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ÓÄÊ 512.84

Î. À. Êèðèëþê (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÌIÍIÌÀËÜÍI ÍÅÇÂIÄÍI ÐÎÇÂ'ßÇÍI ÏIÄÃÐÓÏÈ ÃÐÓÏÈ
GL(2, Rp)

All minimal irreducible solvable subgroups of the group GL(2, Rp) (Rp is the ring of integers of
the finite ixtension Fp of the fileld rational p-adic numbers Qp for p > 2) are described up to
conjugation.

Îïèñóþòüñÿ ç òî÷íiñòþ äî ñïðÿæåíîñòi âñi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïèGL(2, Rp)
(Rp � êiëüöå öiëèõ âåëè÷èí ñêií÷åííîãî ðîçøèðåííÿ Fp ïîëÿ ðàöiîíàëüíèõ p-àäè÷íèõ ÷èñåë
Qp äëÿ p > 2).

Â [1, 2] êëàñèôiêîâàíi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, Rp)
ïðè p = 2.

Îñíîâíi ïîçíà÷åííÿ ñòàòåé [1, 2] áóäóòü âèêîðèñòàíi i â äàíié ðîáîòi.
I. Íåõàé p > 2 � ïðîñòå ÷èñëî i ε � ïåðâiñíèé êîðiíü ñòåïåíÿ p ç îäèíèöi.
ßêùî ε ̸∈ Rp, òî ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé p > 2 � ïðîñòå ÷èñëî i ε ̸∈ Rp. Òîäi:
1. Àáåëåâi ìiíiìàëüíi íåçâiäíi ïiäãðóïè ãðóïè GL(2, Rp), ÿêi iñíóþòü òîäi

i òiëüêè òîäi, êîëè i ∈ P2(i
2 = −1) àáî ⊓′ ̸= ⊘, ç òî÷íiñòþ äî ñïðÿæåíîñòi

âè÷åðïóþòüñÿ ãðóïàìè

H2n+1 =

⟨(
0 ξ
1 0

)⟩
, H2, r =

⟨(
0 β0
1 β1

)⟩
,

äå P2 = ⟨ξ⟩, |P2| = 2n(n ≥ 2), r ∈ ⊓′, à β0, β1 � êîåôiöi¹íòè íåçâiäíîãî íàä Fp
äiëüíèêà f(x) = x2 − β1x− β0 ïîëiíîìà x

r − 1.
2. Íåàáåëåâi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, Rp), ÿêi iñíó-

þòü òîäi i òiëüêè òîäi, êîëè i ∈ P2 àáî ⊓ ̸= ⊘, ç òî÷íiñòþ äî ñïðÿæåíîñòi
âè÷åðïóþòüñÿ ãðóïàìè:

1) W
(q)
1 =

⟨(
Θq 0
0 Θ−1

q

)
,

(
0 1
1 0

)⟩
, ÿêùî |P2| = 2 i q ∈ ⊓;

2) W
(q)
1 ,W

(q)
2 =

⟨(
Θq 0
0 Θ−1

q

)
,

(
0 −1
1 0

)⟩
; V1 =

⟨(
i 0
0 −i

)
,

(
0 1
1 0

)⟩
;

V2 =

⟨(
i 0
0 −i

)
,

(
0 −1
1 0

)⟩
, ÿêùî |P2| = 22 i q ∈ ⊓;

3) V1, V2, ÿêùî |P2| = 22 i ⊓ = ⊘;

4) V1, V2, V3 =

⟨(
ξk 0
0 −ξk

)
,

(
0 1
1 0

)⟩
, ÿêùî |P2| = 2n(n ≥ 3) i ⊓ ̸= ⊘;

5) V1, V2, Vk,W
q
l =

⟨(
Θq 0
0 Θ−1

q

)
,

(
0 ξl
1 0

)⟩
, ÿêùî |P2| = 2n(n ≥ 3); q ∈ ⊓;
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äå Θq � åëåìåíò ïîðÿäêà q ó êiëüöi Rp, q ïðîáiãà¹ ìíîæèíó ⊓, ξk, ξl � åëåìåíòè
ïîðÿäêiâ 2 i 2 âiäïîâiäíî ó êiëüöi Rp (1 ≤ l ≤ n; 3 ≤ k ≤ n), ïðè÷îìó

V1 ∼= D4, V2 ∼= K4, Vk ∼= Hk =
⟨
a, b|a2k = b2 = 1, b−1ab = a1+2k−1

⟩
(k = 3, ..., n),

W
(q)
l

∼= Gl,q =
⟨
a, b|aq = b2

q

= 1, b−1ab = a−1
⟩
(l = 1, ..., n). (1)

Äîâåäåííÿ. 1. Íåõàé G � àáåëåâà ìiíiìàëüíà íåçâiäíà ïiäãðóïà ãðóïè
GL(2, Rp). Òîäi ç [3] âèïëèâà¹, ùî G ∼= H2n+1 àáî G ∼= H2,r. ßêùî r ̸= 3, òî
G ¹ p′-ãðóïîþ i ñïðÿæåíà â GL(2, Fp) ç ãðóïîþ H2n+1 àáî ç ãðóïîþ H2,r, çâiä-
êè G ñïðÿæåíà ç H2n+1 àáî ç ãðóïîþ H2,r i â ãðóïi GL(2, Rp) (äèâ. [1]). ßêùî
r = p = 3, òî, ÿê ëåãêî áà÷èòè, H2,3 � ¹äèíà ç òî÷íiñòþ äî ñïðÿæåíîñòi íåçâiäíà
ïiäãðóïà ïîðÿäêà 3 ãðóïè GL(2, R3).

2. Íåõàé |P2| = 2n, òîäi, â ñèëó [3], íåàáåëåâi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi
ïiäãðóïè ãðóïè GL(2, Rp) ç òî÷íiñòþ äî içîìîðôiçìó âè÷åðïóþòüñÿ 2-ãðóïàìè
Ìiëëåðà�Ìîðåíî H2r,2k

∼= Hk (k = 3, ..., n), D4, K4 i áiïðèìàðíèìè ãðóïàìè
Ìiëëåðà�Ìîðåíî Gl,q,τ ïîðÿäêà 2l · qm (q ∈ ⊓), äå m � ïîêàçíèê, ÿêîìó íà-
ëåæèòü q çà ìîäóëåì 2. Îñêiëüêè q ̸= 2, òî m = 1 i |Gl,q,τ | = |G,q| = 2l · q
(l = 1, ..., n). ßêùî ïîçíà÷èòè Gl,q,τ = ⟨a, b⟩, òî îäåðæèìî b−1ab = ar. Îñêiëüêè
b2 ëåæèòü â öåíòði ãðóïè Gl,q,τ , òî r2 ≡ 1(mod q), òîáòî (r−1)(r+1) ≡ 0(mod q).
Ç íåàáåëåâîñòi ãðóïè Gl,q,τ âèïëèâà¹, ùî r = −1 i Gl,q,τ

∼= Gl,q. Äàëi, òàê ÿê
p - |Gl,q|, òî ãðóïè (1) ¹ p′-ãðóïàìè. Òîäi ç òèõ æå ìiðêóâàíü, ùî i â ï. 1), âèïëè-
âà¹ äîâåäåííÿ ï. 2). Òåîðåìó äîâåäåíî.

II. Íåõàé òåïåð p > 2 i ε ∈ Rp. ßê âèïëèâà¹ ç îïèñàííÿ ìiíiìàëüíèõ íåçâi-
äíèõ ðîçâ'ÿçíèõ ïiäãðóï ãðóïè GL(2, Fp) (äèâ. [3]), ç òî÷íiñòþ äî içîìîðôiçìó
ìiíiìàëüíi i íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, Rp) â öüîìó âèïàäêó âè-
÷åðïóþòüñÿ ãðóïàìè D4 i K4 ïðè |P2| = 2 i ãðóïàìè D4, K4, Gl,q i

Nl =
⟨
a, b|ap = b2

l

= 1, b−1ab = a−1
⟩
(l = 1, ..., n) (2)

ïðè |P2| = 2n (n ≥ 3, 3 ≤ k ≤ n).
Îïèøåìî òî÷íi íåçâiäíi Rp-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè Nl. Î÷åâèäíî, òî÷íi

íåçâiäíi Rp-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè Nl ìàþòü âèãëÿä

a→
(
ε ∗
0 ε−1

)
= A, b→ B (B ∈ GL(2, Rp)).

ßê âiäîìî [4], âñi òî÷íi Rp-çîáðàæåííÿ ãðóïè H = ⟨a|ap = 1⟩ âèäó a → A ç
òî÷íiñòþ äî åêâiâàëåíòíîñòi âè÷åðïóþòüñÿ çîáðàæåííÿìè

Γ0 : a→
(
ε 0
0 ε−1

)
, Γs : a→

(
ξ td−s

0 ξ−1

)
(s = 1, ..., d),

äå ε−1 − ε = π = Θtd (Θ ∈ R∗
p, t � ïðîñòèé åëåìåíò êiëüöÿ Rp).

Ëåãêî áà÷èòè, ùî çîáðàæåííÿ Γ0 ïðîäîâæó¹òüñÿ äî òî÷íîãî Rp-çîáðàæåííÿ
∆0 ãðóïè Nl âèäó

∆0 : a→ Γ0(a), b→
(

0 γ
1 0

)
,
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äå γ � ïåðâiñíèé êîðiíü ñòåïåíÿ 2l−1 ç 1 â ïîëi Fp, ïðè÷îìó çîáðàæåííÿ ∆0(γ) i
∆0(δ) Rp-åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè γ = δ.

Íåõàé òåïåð Rp-çîáðàæåííÿ ãðóïè Nl ìà¹ âèãëÿä

∆s : a→
(
ε td−s

0 ε−1

)
= As, b→

(
α β
γ δ

)
= Bs.

Iç ñïiââiäíîøåííÿ AsBs = BsA
−1
s âèïëèâà¹ ñèñòåìà ðiâíîñòåé{
εα + γtd−s = αε−1,
δ = −α.

Ïîçíà÷èâøè π = ε−1 − ε, îäåðæèìî γ = απ
td−s

. Îñêiëüêè s > 0, òî γ ≡ 0(mod t).

Îòæå, α ∈ R∗
p, çâiäêè, âðàõîâóþ÷è óìîâó B

2l = E, îäåðæèìî
(
α2 + αβπ

td−s

)2l−1

= 1,

çâiäêè α2+αβtd−s = ξ i äàëi β = (ξ−α2)td−s

απ
(ξ � ïåðâiñíèé êîðiíü ñòåïåíÿ 2l−1 ç 1

â ïîëi Fp). Î÷åâèäíî β ∈ Rp òîäi i òiëüêè òîäi, êîëè α2 ≡ ξ(mod ts) (s = 1, ..., d).
Òàêèì ÷èíîì, çîáðàæåííÿ ∆s ïðè α = αs ìà¹ âèãëÿä

∆s(αs, ξ) : a→
(
ε td−s

0 ε−1

)
= As, b→

(
αs

(ξ−αs)2td−s
αsπ

αsπ
td−s

−α

)
= Bs. (3)

Íåõàé ∆s(αs, ξ
′) � äåÿêå iíøå òî÷íå Rp-çîáðàæåííÿ âèäó (3) ãðóïè Nl. Ìà¹

ìiñöå íàñòóïíà ëåìà.

Ëåìà 1. Çîáðàæåííÿ ∆s(αs, ξ) i ∆s(αs, ξ
′) ãðóïè Nl áóäóòü Rp-åêâiâàëåíòíè-

ìè òîäi i òiëüêè òîäi, êîëè ξ = ξ′ i αs ≡ αs(mod ts) (s = 1, .., d).

Äîâåäåííÿ. Íåõàé C−1∆s(α, ξ
′)(g)C = ∆s(αs, ξ)(g), (g ∈ Nl), äå C ∈ GL(2, Rp).

Iç ñïiââiäíîøåííÿ AsC = CAs îäåðæèìî C =

(
c1

(c4−c1)td−s
π

0 c4

)
(c1, c4 ∈ R∗

p).

Òîäi {
αsc1 = αsc4,
(c4ξ−α2

sc1)t
d−s

αsπ
= (c1ξ′−αsc4)td−s

αsπ
,

(4)

çâiäêè c4 = αsαsc1. Ëåãêî ïåðåâiðèòè, ùî ïiäñòàíîâêà öüîãî çíà÷åííÿ c4 ó äðóãó
ðiâíiñòü (4) äà¹ αs(ξ−ξ′) = 0. Îñêiëüêè αs ∈ R∗

p, òî ξ=ξ
′, à òàê ÿê c4≡c1(mod ts),

òî c4 − c1 = (αsα
−1
s − 1) = α−1

s c1(αs − αs) ≡ 0(mod ts), çâiäêè α ≡ αs(mod ts).
Íåîáõiäíiñòü äîâåäåíà. Äîñòàòíiñòü îäåðæèòüñÿ, ÿêùî ïðîâåñòè ìiðêóâàííÿ ó
çâîðîòíîìó ïîðÿäêó.

Ëåìà 2. Íåõàé p > 2 i ε ∈ Rp. Íåçâiäíi òî÷íi Rp-çîáðàæåííÿ ñòåïåíÿ 2
ãðóï Nl ç òî÷íiñòþ äî åêâiâàëåíòíîñòi âè÷åðïóþòüñÿ çîáðàæåííÿìè

∆0(ξ) : a→
(
εk 0
0 ε−k

)
= A, b→

(
0 ξ
1 0

)
= B,

∆s(ξ) : a→
(
εk td−s

0 ε−k

)
= As, b→

(
α 0
απtd−s −α

)
= Bs,

äå ξ ïðîáiãà¹ ïåðâiñíi êîðåíi ñòåïåíÿ 2l−1 ç 1 â ïîëi Fp, α
2 = ξ; ε−k − εk = Θtd

(Θ ∈ R∗
p; s = 1, ..., d; k = 1, ..., p−1

2
; l = 1, ..., n).
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Äîâåäåííÿ. Íåõàé ó (3)

α = λ0 + λ1t+ . . .+ λs−1t
s−1, (5)

äå λi (i = 0, 1, ..., s − 1) � ïðåäñòàâíèêè ëiâèõ ñóìiæíèõ êëàñiâ êiëüöÿ Rp çà
iäåàëîì tRp. Î÷åâèäíî, ÿêùî αs = αs + λts (λ ∈ Rp/tRp), òî αs = α(mod ts).
Òîìó, â ñèëó ëåìè 1, â (4) äîñòàòíüî ðîçãëÿäàòè åëåìåíòè αs âèäó (5). Ïîêàæåìî,
ùî α2

s = ξ. Äîâåäåííÿ áóäåìî ïðîâîäèòè iíäóêöi¹þ ïî s. ßêùî s = 1, òî α1 = λ0
i λ20 = ξ, òîáòî α2

1 = ξ.
Íåõàé òåïåð α2

s = ξ äëÿ âñiõ s < s′ i ïîêàæåìî, ùî α2
s′ = ξ, äå s′ = s + 1.

Ìà¹ìî αs′ = αs+1 = αs + λst
s (λs ∈ Rp/tRp). Îñêiëüêè ξ − α2

s′ = 0(mod ts+1),
òî ξ − α2

s′ = ξ − (αs + λst
s)2 ≡ ξ − α2

s − 2λst
s ≡ −2λsαst

s(mod ts+1). Òàê ÿê
2, αs ∈ R∗

p, òî êîíãðóåíöiÿ −2λsαst
s ≡ 0(mod ts+1) ìà¹ ìiñöå ëèøå ïðè λs = 0.

Çâiäñè α2
s+1 = ξ. Î÷åâèäíî, ∆0 i ∆s(ξ) íååêâiâàëåíòíi íàä Rp äëÿ âñiõ s = 1, ..., d.

Íåõàé

Γ0 : a→
(
εr 0
0 ε−r

)
= A′, b→

(
0 ξ′

1 0

)
= B

� äåÿêå òî÷íå Rp-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè Nl. Ëåãêî áà÷èòè, ùî ∆0(s) i Γ0

Rp-åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè ξ = ξ′ i k = ±r. Íåõàé òåïåð

∆′
s(ξ

′) : a→
(
εr td−s

0 ε−r

)
= A′

s, b→
(
β 0
βπ′ts−d −β

)
= B′

s

(ξ′ � ïåðâiñíèé êîðiíü ñòåïåíÿ 2l−1 ç 1, π′ = ε−r−εr, β2=ξ) � òî÷íåRp-çîáðàæåííÿ
ãðóïè Nl âèäó (3). Íåâàæêî äîâåñòè, ùî∆′

s(ξ
′) Rp-åêâiâàëåíòíå∆s(ξ) òîäi i òiëü-

êè òîäi, êîëè ξ = ξ′ i r = ±k. Ëåìó äîâåäåíî.
Çáåðiãàþ÷è ïîïåðåäíi ïîçíà÷åííÿ, ââåäåìî äâi ñåði¨ ãðóï

Ul =

⟨(
ε 0
0 ε−1

)
,

(
0 ξ
1 0

)⟩
,

U s
l =

⟨(
ε td−s

0 ε−1

)
,

(
α 0
απts−d −α

)⟩
, (s = 1, ...d),

 (6)

äå ξ � åëåìåíò ïîðÿäêó 2l−1 ó R∗
p, 1 ≤ l ≤ n, α � ôiêñîâàíèé ðîçâ'ÿçîê ðiâ-

íÿííÿ x2 = ξ ó êiëüöi Rp, ε−1 − ε = π = Θtd(Θ ∈ R∗
p) i |P2| = 2n. Î÷åâèäíî,

Ul ∼= U
(s)
l

∼= Nl.

Òåîðåìà 2. Íåõàé p > 2 i ε ∈ Rp. Òîäi:
1. Àáåëåâi ìiíiìàëüíi íåçâiäíi ïiäãðóïè ãðóïè GL(2, Rp) ç òî÷íiñòþ äî ñïðÿ-

æåíîñòi âè÷åðïóþòüñÿ ãðóïàìè H2n+1, H2,r, äå |P2| = 2n (n > 1), à r ïðîáiãà¹
ìíîæèíó ⊓′.

2. Íåàáåëåâi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, Rp) ç òî÷-
íiñòþ äî ñïðÿæåíîñòi âè÷åðïóþòüñÿ ãðóïàìè.

1) U1, U
(s)
1 ïðè |P2| = 2 i ⊓ = {p};

2) W
(q)
1 , U1, U

(s)
1 ïðè |P2| = 2 i q ∈ ⊓ (q ̸= p);

3) V1, V2, U1, U
(s)
1 , U2, U

(s)
2 ïðè |P2| = 22 i ⊓ = {p};
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4) W
(q)
1 ,W

(q)
2 , V1, V2, U1, U

(s)
1 , U2, U

(s)
2 ïðè |P2| = 22, q ∈ ⊓ (q ̸= p);

5) V1, V2, Vk, Ul, U
(s)
l ïðè |P2| = 2n(n ≥ 3) i ⊓ = {p};

6) V1, V2,W
(s)
l , Ul, U

(s)
l ïðè |P2| = 2n(n ≥ 3) i q ∈ ⊓ (q ̸= p).

Äîâåäåííÿ. Ïóíêò 1 òåîðåìè äîâîäèòüñÿ àíàëîãi÷íî ï. 1 òåîðåìè 1. Äî-
âåäåìî ïóíêò 2. Â ñèëó òåîðåìè 1 i [4] äîñòàòíüî ðîçãëÿíóòè ïiäãðóïè ãðóïè
GL(2, Rp) içîìîðôíi ãðóïi Nl (l = 1, ..., n). Êîðèñòóþ÷èñü ëåìîþ 2, ââåäåìî ãðó-
ïè

T
(s)
l =

⟨(
εr td−s

0 ε−r

)
,

(
β 0
βπ′ts−d −β

)⟩
= ⟨A′

s, B
′
s⟩ ,

äå β � äåÿêèé ðîçâ'ÿçîê ðiâíÿííÿ x2 = ξ â êiëüöi Rp, 1 ≤ r ≤ p. Ëåãêî áà÷èòè,
ùî êîëè C = diag[γ, 1], äå

γ =

{
π1 + π2 + · · ·+ πr−1, ÿêùî 2 | r,
1 + π2 + · · ·+ πr−1, ÿêùî 2 - r,

à πj = ε−j + εj (j = 1, ..., r − 1), òî C−1ArsC = A′
s. Çâiäñè, â ñèëó ëåìè 1, â T (s)

l

ìîæíà ïîêëàñòè r = 1. Ç äðóãîãî áîêó, çíàéäåòüñÿ òàêå íåïàðíå íàòóðàëüíå
÷èñëî k, ùî β = αk. Îñêiëüêè Bk

s = B′
s, òî ïðè r = 1 U

(s)
l (s = 1, ..., d). Ëåãêî

áà÷èòè òàêîæ, ùî ïðè s ̸= s′ ãðóïè U (s)
l òà U (s′)

l íå ñïðÿæåíi â ãðóïi GL(2, Rp).
Ðîçãëÿíåìî òåïåð ãðóïè

T
(s)
0 =

⟨(
εr 0
0 ε−r

)
,

(
0 ξ′

t 0

)⟩
= ⟨A′

0, B
′
0⟩ , (s = 1, ...d),

äå ξ′ � åëåìåíò ïîðÿäêó 2l−1 â êiëüöi Rp. Àíàëîãi÷íî ïîïåðåäíüîìó ìîæíà ââà-
æàòè, ùî ξ′ = ξj äëÿ äåÿêîãî íàòóðàëüíîãî j. Òîäi Ar0 = A′

0 i, ÿêùî j = 1, òî
T

(s)
0 = U

(s)
0 . Çâiäñè, çà ëåìîþ 1 äîñòàòíüî ââàæàòè, ùî â ãðóïi T (s)

0 A′
0 = A0.

Ëåãêî áà÷èòè, ùî êîëè C = diag
[
1, ξ

j−1
2

]
, òî ç ðiâíîñòi

Bj
0 =

(
0 ξ

j+1
2

ξ
j−1
2 0

)
,

îäåðæèìî C−1Bj
0C=B′

0 : C
−1A0C=A0, òîáòî C−1U0C = T

(s)
0 . Òåîðåìó äîâåäåíî.

Ç òåîðåì 1, 2 i [1, 2] âèïëèâà¹ îïèñàííÿ ç òî÷íiñòþ äî ñïðÿæåíîñòi âñiõ
ìiíiìàëüíèõ íåçâiäíèõ ðîçâ'ÿçíèõ ïiäãðóï ãðóïè GL(2, Rp) äëÿ äîâiëüíîãî ïðî-
ñòîãî p.
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ÓÄÊ 512.554.35

I. Ñ. Êëèìåíêî, Ñ. Â. Ëèñåíêî, À. Ï. Ïåòðàâ÷óê (Êè¨âñüêèé íàö. óí-ò
iì. Ò. Øåâ÷åíêà)

ÀËÃÅÁÐÈ ËI ÄÈÔÅÐÅÍÖIÞÂÀÍÜ Ç ÀÁÅËÅÂÈÌÈ IÄÅÀËÀÌÈ
ÌÀÊÑÈÌÀËÜÍÎÃÎ ÐÀÍÃÓ

Let K be a field of characteristic zero, A an integral domain over K and R = Frac(A), the fraction
field of the algebra A. The Lie algebra DerKA of all K-derivations of A can be isomorphically
embedded in the Lie algebra W (A) := RDerKA ⊆ DerKR. The rank of a subalgebra L ⊆ W (A) is
defined as the dimension of the vector space dimR RL. We study subalgebras L ⊆ W (A) of rank n
over R containing an abelian ideal of rank n over R. It is proved that if L contains an element D
such that the linear operator adD acts nonsingularly on the vector space FI, then the Lie algebra
FL is isomorphic to a subalgebra of the general affine Lie algebra gan(F ), where F is the field
of constants of the Lie algebra L. In case of subalgebras of rank 2 over R the above mentioned
restriction on adD can be omitted.

Íåõàé K � ïîëå õàðàêòåðèñòèêè íóëü, A � îáëàñòü öiëiñíîñòi íàä K i R = Frac(A) � ïîëå
÷àñòîê äëÿ A. Àëãåáðà Ëi DerKA âñiõ K-äèôåðåíöiþâàíü A içîìîðôíî âêëàäà¹òüñÿ â àëãåáðó
Ëi W (A) := RDerKA ⊆ DerKR. Ðàíã äîâiëüíî¨ ïiäàëãåáðè L ⊆ W (A) âèçíà÷à¹òüñÿ ÿê ðîç-
ìiðíiñòü âåêòîðíîãî ïðîñòîðó dimR RL. Â ðîáîòi âèâ÷àþòüñÿ ïiäàëãåáðè L ⊆ W (A) ðàíãó n
íàä R, ÿêi ìiñòÿòü àáåëåâèé iäåàë ðàíãó n. Äîâåäåíî, ùî ÿêùî L ìiñòèòü åëåìåíò D òàêèé,
ùî ëiíiéíèé îïåðàòîð adD äi¹ íåâèðîäæåíî íà âåêòîðíîìó ïðîñòîði FI, òî àëãåáðà Ëi FL
içîìîðôíà ïiäàëãåáði ïîâíî¨ àôiííî¨ àëãåáðè Ëi gan(F ), äå F � ïîëå êîíñòàíò äëÿ àëãåáðè Ëi
L. Ó âèïàäêó ïiäàëãåáð ðàíãó 2 íàä ïîëåì R îáìåæåííÿ íà adD ìîæå áóòè âiäêèíóòå.

Íåõàé K � äîâiëüíå ïîëå õàðàêòåðèñòèêè íóëü i A � îáëàñòü öiëiñíîñòi íàä
K. Íàãàäà¹ìî, ùî K-äèôåðåíöiþâàííÿì àëãåáðè A íàçèâà¹òüñÿ òàêå K-ëiíiéíå
âiäîáðàæåííÿ D : A → A, äëÿ ÿêîãî âèêîíó¹òüñÿ ïðàâèëî Ëåéáíiöà D(ab) =
D(a)b+aD(b),∀a, b ∈ A. Êîæíå K-äèôåðåíöiþâàííÿ àëãåáðè A îäíîçíà÷íî ïðî-
äîâæó¹òüñÿ äî K-äèôåðåíöiþâàííÿ ïîëÿ ÷àñòîê R = Frac(A). Âñi K-äèôåðåíöi-
þâàííÿ ïîëÿ R óòâîðþþòü àëãåáðó Ëi DerKR âiäíîñíî îïåðàöi¨ êîìóòóâàííÿ
[D1, D2] = D1D2 − D2D1. Îñêiëüêè äëÿ êîæíîãî åëåìåíòà r ∈ R i D ∈ DerKR
âèçíà÷åíî äèôåðåíöiþâàííÿ r ·D ïîëÿ R, òî DerKR ¹ âåêòîðíèì ïðîñòîðîì íàä
ïîëåì R (àëå íå àëãåáðîþ Ëi íàä ïîëåì R â çàãàëüíîìó âèïàäêó). Â àëãåáði Ëi
DerKR âèçíà÷åíà ïiäàëãåáðà RDerKA, ÿêó ìè äëÿ çðó÷íîñòi áóäåìî ïîçíà÷àòè
÷åðåç W (A).

Äëÿ äîâiëüíî¨ ïiäàëãåáðè L ⊆ W (A) (òóò àëãåáðà Ëi L ðîçãëÿäà¹òüñÿ íàä
ïîëåì K) âèçíà÷åíèé ðàíã rkRL = dimRRL. Â ðîáîòi [3] âèâ÷àëèñÿ íiëüïîòåí-
òíi i ðîçâ'ÿçíi ïiäàëãåáðè iç àëãåáðè Ëi W (A) ñêií÷åííîãî ðàíãó íàä ïîëåì R.
Áóäîâà ïiäàëãåáð àëãåáðè Ëi W (A) ïðåäñòàâëÿ¹ âåëèêèé iíòåðåñ ó çâ'ÿçêó ç
òèì, ùî ó âèïàäêó, êîëè A = K[x1, . . . , xn] � êiëüöå ìíîãî÷ëåíiâ âiä n çìiííèõ i
R = K(x1, . . . , xn) � ïîëå ðàöiîíàëüíèõ ôóíêöié, òî ïiäàëãåáðà L ⊆ W (A) ìîæå
ðîçãëÿäàòèñÿ ÿê àëãåáðà Ëi âåêòîðíèõ ïîëiâ ç ç ðàöiîíàëüíèìè êîåôiöi¹íòàìè.
Òàêi àëãåáðè Ëi ç ïîëiíîìiàëüíèìè, ðàöiîíàëüíèìè êîåôiöi¹íòàìè, ÷è êîåôiöi-
¹íòàìè iç êiëüöÿ ôîðìàëüíèõ ñòåïåíåâèõ ðÿäiâ âèâ÷àëèñÿ áàãàòüìà àâòîðàìè
(äèâ., íàïðèêëàä, [1�3]).

Â äàíié ðîáîòi âèâ÷àþòüñÿ ïiäàëãåáðè ðàíãó n içW (A), ÿêi ìiñòÿòü àáåëåâèé
iäåàë I ðàíãó n íàä R (òîáòî ìàêñèìàëüíîãî ìîæëèâîãî ðàíãó). Ïðè óìîâi, ùî
â L ¹ åëåìåíò D òàêèé ùî ïðè¹äíàíå äèôåðåíöiþâàííÿ adD ¹ íåâèðîäæåíèì
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ëiíiéíèì îïåðàòîðîì íà FI (F � ïîëå êîíñòàíò àëãåáðè Ëi L) äîâåäåíî, ùî
àëãåáðà Ëi FL içîìîðôíà äåÿêié ïiäàëãåáði iç ïîâíî¨ àôiííî¨ àëãåáðè Ëi gan(F )
(Òåîðåìà 1). Ó âèïàäêó, êîëè àëãåáðà Ëi L ìà¹ ðàíã 2 íàä ïîëåì R âiä îáìåæå-
ííÿ íà ïðè¹äíàíå äèôåðåíöiþâàííÿ ìîæíà âiäìîâèòèñÿ, ÿê ïîêàçó¹ òåîðåìà 2
ðîáîòè.

Ïîçíà÷åííÿ â ðîáîòi ñòàíäàðòíi. Îñíîâíå ïîëå K äîâiëüíå õàðàêòåðèñòèêè
íóëü. Îñíîâíi âëàñòèâîñòi äèôåðåíöiþâàíü êîìóòàòèâíèõ êiëåöü ìîæíà çíàéòè
â [4]. ßêùî L � ïiäàëãåáðà àëãåáðè Ëi W (A), òî ïiäïîëå F = F (L) ⊂ R, ÿêå
ñêëàäà¹òüñÿ ç óñiõ åëåìåíòiâ iç R, ÿêi ëåæàòü â ïåðåòèíi ∩KerD,D ∈ L íàçèâà-
¹òüñÿ ïîëåì êîíñòàíò äëÿ àëãåáðè Ëi L. ßêùî K � ïîëå, òî àëãåáðà Ëi L, ÿêà
ñêëàäà¹òüñÿ iç óñiõ K-äèôåðåíöiþâàíü êiëüöÿ ìíîãî÷ëåíiâ K[x1, . . . , xn] âèãëÿäó

D = f1
∂

∂x1
+ . . .+ fn

∂

∂x(n)
,

äå fi ∈ F [x1, . . . , xn], degfi ≤ 1 içîìîðôíà ïîâíié àôiííié àëãåáði Ëi gan(K).

Äiéñíî, àëãåáðà Ëi L ìiñòèòü àáåëåâèé iäåàë V = K⟨ ∂

∂x1
. . .

∂

∂xn
⟩ ðîçìiðíîñòi n

íàä K, òàêèé, ùî L/V ≃ gln(K), äå gln(K) � ïîâíà ìàòðè÷íà àëãåáðà Ëi íàä
ïîëåì K. Òîìó L ≃ gan(K) = gln(K) i V � íàïiâïðÿìèé äîáóòîê äâîõ àëãåáð
Ëi.

Äîïîìiæíi ðåçóëüòàòè ïðî àëãåáðè Ëi äèôåðåíöiþâàíü îáëàñòåé
öiëiñíîñòi. Äëÿ çðó÷íîñòi â íàñòóïíèõ ëåìàõ çiáðàíi äåÿêi äîïîìiæíi ôàêòè,
íåîáõiäíi äëÿ äîâåäåííÿ îñíîâíèõ òåîðåì ðîáîòè.

Ëåìà 1 (äèâ, íàïðèêëàä, [3]). Íåõàé D1, D2 ∈ W (A) i a, b � åëåìåíòè ïîëÿ
R. Òîäi âèêîíó¹òüñÿ ðiâíiñòü

[aD1, bD2] = ab[D1, D2] + aD1(b)D2 − bD2(a)D1.

Çîêðåìà, ÿêùî D1, D2 êîìóòóþòü, òî

[aD1, bD2] = aD1(b)D2 − bD2(a)D1.

Ëåìà 2 ([3]). Íåõàé L � ïiäàëãåáðà iç àëãåáðè Ëi W (A) i F � ïîëå êîí-
ñòàíò äëÿ àëãåáðè L. Òîäi FL � àëãåáðà Ëi íàä ïîëåì F i ÿêùî L àáåëåâà,
íiëüïîòåíòíà àáî ðîçâ'ÿçíà, òî òàêîþ æ áóäå i àëãåáðà Ëi FL.

Ëåìà 3. Íåõàé L � àáåëåâà ïiäàëãåáðà ðàíãó n íàä R iç àëãåáðè Ëi W (A) i
F � ïîëå êîíñòàíò äëÿ L. Òîäi FL � àáåëåâà àëãåáðà Ëi íàä ïîëåì F ðîçìið-
íîñòi n íàä F .

Äîâåäåííÿ. Íåõàé D1, . . . , Dn � ÿêèé-íåáóäü áàçèñ FL íàä ïîëåì R i

D = r1D1 + . . .+ rnDn, ri ∈ R

� ÿêèé-íåáóäü åëåìåíò ç àëãåáðè FL. Òîäi iç ðiâíîñòi

[Di, D] = Di(r1)D1 + . . .+Di(rn)Dn = 0, äå i = 1, . . . , n,

âèïëèâà¹, ùî Di(rj) = 0 i, j = 1, . . . , n. Îñòàíí¹ îçíà÷à¹, ùî r1, . . . , rn ∈ F i
òîìó FL � àáåëåâà àëãåáðà Ëi ðîçìiðíîñòi n íàä ïîëåì F .
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Ëåìà 4. Íåõàé D1, . . . , Dn � ëiíiéíî íåçàëåæíi íàä R åëåìåíòè àëãåáðè
Ëi W (A) i F =

∩n
i=1KerDi. ßêùî iñíóþòü åëåìåíòè a1, . . . , an ∈ R òàêi, ùî

Di(aj) = δij, i, j = 1, . . . , n,

òî äëÿ äîâiëüíîãî åëåìåíòà b ∈ R, ÿêèé çàäîâîëüíÿ¹ óìîâè Di(b) ∈ F, i =
1, . . . , n, âèêîíó¹òüñÿ ðiâíiñòü b = λ1a1 + . . . + λnan + λn+1 äëÿ äåÿêèõ λ1, . . . ,
λn+1 ∈ F .

Äîâåäåííÿ. Ïîçíà÷èìî λi = Di(b), i = 1, . . . , n. Òîäi, ÿê íåâàæêî ïåðåêî-
íàòèñÿ, Di(b −

∑n
i=1 λiai) = 0, i = 1, . . . , n. Òîìó b −

∑n
i=n λiai ∈ F. Ïîçíà÷èìî

öþ ðiçíèöþ äëÿ çðó÷íîñòi ÷åðåç λn+1. Àëå òîäi åëåìåíò b çàïèñó¹òüñÿ ó âèãëÿäi
b =

∑n
i=1 λiai + λn+1, äå åëåìåíòè λ1, . . . , λn, λn+1 íàëåæàòü ïîëþ F.

Çàóâàæåííÿ 1. ßêùî L � ïiäàëãåáðà iç àëãåáðè ËiW (A) ðàíãó n íàä ïîëåì
R i I � àáåëåâèé iäåàë àëãåáðè L ç rkRI = n, òî, ÿê íåâàæêî ïåðåêîíàòèñÿ,
FI � ìàêñèìàëüíèé àáåëåâèé iäåàë àëãåáðè FL, äå F � ïîëå êîíñòàíò äëÿ
àëãåáðè Ëi L.

Çàóâàæåííÿ 2. Íåõàé r1, . . . , rn � ëiíiéíî íåçàëåæíi íàä ïîëåì F åëåìåí-
òè ïîëÿ R. ßêùî D1, . . . , Dn � òàêi åëåìåíòè àëãåáðè Ëi W (A), äëÿ ÿêèõ
âèêîíóþòüñÿ ðiâíîñòi

Di(rj) = δij, i, j = 1, . . . , 1, . . . , n,

òî åëåìåíòè D1, . . . , Dn, ÿê íåâàæêî ïåðåêîíàòèñÿ, ëiíiéíî íåçàëåæíi íàä
ïîëåì F.

Îñíîâíà òåîðåìà.

Ëåìà 5. Íåõàé L � ïiäàëãåáðà ðàíãó n íàä R iç W (A), ÿêà ìiñòèòü àáåëå-
âèé iäåàë I ðàíãó n íàä R i F � ïîëå êîíñòàíò äëÿ L. ßêùî L ìiñòèòü åëå-
ìåíò D, òàêèé, ùî ëiíiéíèé îïåðàòîð adD äi¹ íåâèðîäæåíî íà âåêòîðíîìó
ïðîñòîði FI íàä ïîëåì F , òî iñíóþòü åëåìåíòè D1, . . . , Dn ∈ I, r1, . . . , rn ∈ R
òàêi, ùî Di(rj) = δi,j, i, j = 1, . . . , n i êîæåí åëåìåíò S iç L ìîæå áóòè çàïè-
ñàíèé ó âèãëÿäi

S = f1(r1, . . . , rn)D1 + . . .+ fn(r1, . . . , rn)Dn

äëÿ äåÿêèõ ëiíiéíèõ ìíîãî÷ëåíiâ fi ∈ F [x1, . . . , xn].

Äîâåäåííÿ. Íåõàé T1, . . . , Tn � ÿêèé-íåáóäü áàçèñ iäåàëó I íàä ïîëåì R.
Òîäi çà ëåìîþ 3 dimF FI = n i T1, . . . , Tn � áàçèñ âåêòîðíîãî ïðîñòîðó FI íàä
ïîëåì F . Çàïèøåìî åëåìåíò D iç óìîâè òåîðåìè ó âèãëÿäi

D = r1T1 + . . .+ rnTn, ri ∈ R, i = 1, . . . , n.

Îñêiëüêè [Ti, D] = Ti(r1)T1 + . . .+ Ti(rn)Tn ∈ I, òî, î÷åâèäíî,

Ti(rj) ∈ F , i, j = 1, . . . , n.

Çà óìîâîþ òåîðåìè ëiíiéíèé îïåðàòîð adD íà âåêòîðíîìó ïðîñòîði FI äi¹ íåâè-
ðîäæåíî i òîìó åëåìåíòè [T1, D], . . . , [Tn, D] óòâîðþþòü áàçèñ ïðîñòîðó FI íàä
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ïîëåì F . Îñòàíí¹ îçíà÷à¹, ùî ìàòðèöÿ

B =

T1(r1) · · · T1(rn)
...

. . .
...

Tn(r1) · · · Tn(rn)


íåâèðîäæåíà. Àëå òîäi ðÿäîê

(1, 0, . . . , 0) ∈ F n

¹ äåÿêîþ ëiíiéíîþ êîìáiíàöi¹þ ðÿäêiâ ìàòðèöi B

(1, 0, . . . , 0) = γ11(T1(r1), . . . , T1(rn)) + . . .+ γ1n(Tn(r1), . . . , Tn(rn))

äëÿ äåÿêèõ γ11, . . . , γ1n ∈ F . Ïîçíà÷èìî

D1 = γ11T1 + . . .+ γ1nTn ∈ FI.

Òîäi, çà ïîáóäîâîþ, ìà¹ìî

[D1, D] = 1 · T1 + 0 · T2 + . . .+ 0 · Tn

i, ç óðàõóâàííÿì ëiíiéíî¨ íåçàëåæíîñòi åëåìåíòiâ T1, . . . , Tn íàä ïîëåì F, îòðè-
ìà¹ìî

D1(r1) = 1, D1(r2) = 0, . . . , D1(rn) = 0.

Àíàëîãi÷íî ìîæíà çíàéòè åëåìåíò D2 ∈ FI òàêèé, ùî

D2(r1) = 0, D2(r2) = 1, . . . , Dn(rn) = 0.

Ïîâòîðþþ÷è öi ìiðêóâàííÿ ìè çíàéäåìî åëåìåíòè D1, . . . , Dn âåêòîðíîãî ïðî-
ñòîðó FI òàêi, ùî Di(rj) = δij, i, j = 1, . . . , n. Çà Çàóâàæåííÿì 2 åëåìåíòè
D1, . . . , Dn ëiíiéíî íåçàëåæíi íàä ïîëåì F i òîìó óòâîðþþòü áàçèñ âåêòîðíîãî
ïðîñòîðó FI íàä ïîëåì F . Âiçüìåìî òåïåð äîâiëüíèé åëåìåíò S = s1D1 + . . .+
snDn iç ïiäàëãåáðè FL, si ∈ R. Òîäi

[Di, S] = Di(s1)D1 + . . .+Di(sn)Dn ∈ FI

i òîìó Di(sj) ∈ F , i, j = 1, . . . , n. Çà ëåìîþ 4 âèêîíóþòüñÿ ðiâíîñòi

si =
n∑
i=1

βijrj + βi,n+1

äëÿ äåÿêèõ åëåìåíòiâ βi,j ∈ F . Îñòàíí¹ îçíà÷à¹, ùî si ëiíiéíî âèðàæà¹òüñÿ
÷åðåç åëåìåíòè r1, . . . , rn ç êîåôiöi¹íòàìè ç ïîëÿ F , òîáòî si = fi(r1, . . . , rn), äå
fi � ëiíiéíèé ìíîãî÷ëåí ç F [x1, . . . , xn].

Òåîðåìà 1. Íåõàé L � ïiäàëãåáðà iç àëãåáðè Ëi W (A)) ðàíãó n íàä ïîëåì
R, ÿêà ìiñòèòü àáåëåâèé iäåàë I ðàíãó n íàä R i F � ïîëå êîíñòàíò äëÿ
àëãåáðè Ëi L. ßêùî L ìiñòèòü åëåìåíò D òàêèé, ùî adD � íåâèðîäæåíèé
ëiíiéíèé îïåðàòîð ó âåêòîðíîìó ïðîñòîði FI íàä ïîëåì F, òî àëãåáðà Ëi FL
içîìîðôíà äåÿêié ïiäàëãåáði ïîâíî¨ àôiííî¨ àëãåáðè Ëi gan(F ). Çîêðåìà, àëãåáðà
Ëi FL ñêií÷åííîâèìiðíà íàä ïîëåì F.
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Äîâåäåííÿ. Çà ëåìîþ 5 iñíóþòü åëåìåíòè D1, . . . , Dn ∈ FI, r1, . . . , rn ∈ R
òàêi, ùîDi(rj) = δi,j, i, j = 1, . . . , n i êîæåí åëåìåíò S iç FL ìîæå áóòè çàïèñàíèé
ó âèãëÿäi

S = f1(r1, . . . , rn)D1 + . . .+ fn(r1, . . . , rn)Dn

äëÿ äåÿêèõ ëiíiéíèõ ìíîãî÷ëåíiâ fi ∈ F [x1, . . . , xn]. Ðîçãëÿíåìî â FL âåêòîðíèé
ïiäïðîñòið V íàä ïîëåì F ç áàçèñîì D1, . . . , Dn (öå ïiäìíîæèíà åëåìåíòiâ

D = f1(r1, . . . , rn)D1 + · · ·+ fn(r1, . . . , rn)Dn

iç FL, â ÿêié âñi ìíîãî÷ëåíè fi(x1, . . . , xn) ¹ ñòàëèìè ìíîãî÷ëåíàìè). Ëåãêî áà÷è-
òè, ùî V � àáåëåâèé iäåàë àëãåáðè Ëi L ðîçìiðíîñòi n íàä ïîëåì F. Âåêòîðíèé
ïiäïðîñòiðW iç àëãåáðè Ëi FL, ÿêèé ñêëàäà¹òüñÿ iç åëåìåíòiâD, ó ÿêèõ êîåôiöi-
¹íòè fi(r1, . . . , rn) ¹ îäíîðiäíèìè ëiíiéíèìè ìíîãî÷ëåíàìè âiä r1, . . . , rn óòâîðþ¹
ïiäàëãåáðó W iç L i, ÿê íåâàæêî ïåðåêîíàòèñÿ, FL = W + V � ïðÿìà ñóìà
âåêòîðíèõ ïiäïðîñòîðiâ. Çàóâàæèìî òàêîæ, ùî ïiäàëãåáðà W içîìîðôíà äåÿêié
ïiäàëãåáði ïîâíî¨ ëiíiéíî¨ àëãåáðè Ëi gln(F ). Äiéñíî, ñïiâñòàâèìî åëåìåíòó

D = (
n∑
j=1

a1jrj)D1 + . . .+ (
n∑
j=1

anjrj)Dn, aij ∈ F

ìàòðèöþ A = (aij) ∈Mn(F ) i åëåìåíòó

D1 = (
n∑
j=1

b1jrj)D1 + . . .+ (
n∑
j=1

bnjrj)DnF

ìàòðèöþ B = (bij), bij ∈ F. Òîäi áåçïîñåðåäíüî ïåðåâiðÿ¹òüñÿ, ùî êîìóòàòîðó
[D,D1] äèôåðåíöiþâàíü âiäïîâiäà¹ ìàòðèöÿ [A,B] = AB − BA, ÿêà ¹ êîìóòà-
òîðîì ìàòðèöü A i B â àëãåáði Ëi gln(F ). Òàêèì ÷èíîì ïiäàëãåáðà W iç FL
içîìîðôíà äåÿêié ïiäàëãåáði àëãåáðè Ëi gln(F ). Íåâàæêî òàêîæ ïåðåêîíàòèñÿ,
ùî àëãåáðà Ëi FL, ÿêà ¹ íàïiâïðÿìîþ ñóìîþ ïiäàëãåáðè W i àáåëåâîãî iäåàëó
V içîìîðôíà äåÿêié ïiäàëãåáði ïîâíî¨ àôiííî¨ àëãåáðè Ëi gan(F ).

Ïiäàëãåáðè ðàíãó 2 â àëãåáði Ëi W(A). Íàñòóïíå òâåðäæåííÿ äà¹ iíøó
äîñòàòíþ óìîâó (ïîðiâíÿíî ç òåîðåìîþ 1) içîìîðôiçìó ïiäàëãåáð ðàíãó 2 iç
W (A), ÿêi ìàþòü àáåëåâi iäåàëè ðàíãó 2 íàä R, i äåÿêèõ ïiäàëãåáð ïîâíî¨ àôiííî¨
àëãåáðè Ëi ga2(F ),

Ëåìà 6. Íåõàé L � ïiäàëãåáðà ðàíãó 2 íàä R iç W (A), ÿêà ìiñòèòü àáå-
ëåâèé iäåàë ðàíãó 2 íàä R i F � ïîëå êîíñòàíò äëÿ àëãåáðè L. ßêùî öåíòð
àëãåáðè L íóëüîâèé, òî iñíóþòü åëåìåíòè D1, D2 ∈ FI i r1, r2 ∈ R òàêi, ùî
Di(rj) = δij, i, j = 1, 2.

Äîâåäåííÿ. Çà ëåìîþ 3, ìà¹ìî dimF FI = 2. Âèáåðåìî ÿêèé-íåáóäü áàçèñ
{D1, D2} iäåàëó FI. Âiçüìåìî äîâiëüíèé åëåìåíò D ∈ FL \ FI. Òîäi

D = r1D1 + r2D2 äëÿ äåÿêèõ r1, r2 ∈ R,

ïðè öüîìó õî÷à á îäèí iç êîåôiöi¹íòiâ r1, r2 íå ëåæèòü â ïîëi F . Îñêiëüêè

[Di, D] = Di(r1)D1 +Di(r2)D2 ∈ FI,
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òî Di(rj) ∈ F , i, j = 1, 2. ßêùî ìàòðèöÿ

B =

(
D1(r1) D2(r1)
D1(r2) D2(r2)

)
íåâèðîäæåíà, òî ëiíiéíèé îïåðàòîð adD äi¹ íåâèðîäæåíî íà FI i òîìó çà òåî-
ðåìîþ 1 åëåìåíòè r1, r2 ∈ R ìîæíà âèáðàòè òàêèìè, ùîá âèêîíóâàëèñÿ ðiâíîñòi
Di(aj) = δij, i, j = 1, 2.

Íåõàé òåïåð ìàòðèöÿ B âèðîäæåíà. Îñêiëüêè D ∈ FL \ FI, òî õî÷à á îäèí
iç ðÿäêiâ ìàòðèöi B íåíóëüîâèé, íåõàé öå áóäå ïåðøèé ðÿäîê. Íå âòðà÷àþ÷è
çàãàëüíîñòi ìîæíî ââàæàòè, ùî D1(r1) = 1, D2(r1) = γ äëÿ äåÿêîãî γ ∈ F .
Îñêiëüêè äðóãèé ðÿäîê ìàòðèöi B ïðîïîðöiéíèé ïåðøîìó ðÿäêó, òî r2 = αr1+β
äëÿ äåÿêèõ α, β ∈ F . Òîäi, î÷åâèäíî, D = r1D1 + (αr1 + β)D2.

Âèïàäîê 1. γ = 0. Òîäi

D1(r1) = 1, D2(r1) = 0,

i òîìó, ÿê íåâàæêî ïåðåêîíàòèñÿ, âèêîíó¹òüñÿ ðiâíiñòü [D,D2] = 0. Îñêiëüêè
D2 /∈ Z(L), òî â L iñíó¹ åëåìåíò S = s1D1 + s2D2, si ∈ R òàêèé, ùî

[D2, S] = D2(s1)D1 +D2(s2)D2 ̸= 0.

Îñòàíí¹ îçíà÷à¹, ùî õî÷à á îäèí iç êîåôiöi¹íòiâ D2(s1), D2(s2) íåíóëüîâèé.
Íåõàé, íàïðèêëàä, D2(s1) ̸= 0. Íå âòðà÷àþ÷è çàãàëüíîñòi, ìîæíî ââàæàòè, ùî
D2(s1) = 1. Òîäi äëÿ åëåìåíòà s1 = s1 −D1(s1)r1 ìà¹ìî

D2(s1) = 1 , D1(s1) = D1(s1)−D1(s1) = 0

Ïîçíà÷èâøè r2 = s1 îòðèìà¹ìî ðiâíîñòi Di(rj) = δij, i, j = 1, 2.
Âèïàäîê 2. γ ̸= 0. Ïîêëàäåìî

D′
1 = D1, D′

2 = D1 − γ−1D2.

Òîäi îòðèìà¹ìî D′
1(r1) = 1, D′

2(r1) = 0. Îñêiëüêè D′
2 /∈ Z(L), òî iñíó¹ åëåìåíò

T = t1D1+ t2D2 òàêèé, ùî [D′
2, T ] ̸= 0 (çîêðåìà, õî÷à á îäèí ç êîåôiöi¹íòiâ t1, t2

íå íàëåæèòü ïîëþ F ). Ïîâòîðþþ÷è ìiðêóâàííÿ ç âèïàäêó 1, íåâàæêî ïåðåêî-
íàòèñÿ, ùî iñíóþòü åëåìåíòè r1, r2 ∈ R òàêi, ùî D′

i(rj) = δij.

Çàóâàæåííÿ 3. Íåõàé L � ïiäàëãåáðà ðàíãó n íàä ïîëåì R iç àëãåáðè Ëi
W (A) i I � ¨¨ àáåëåâèé iäåàë ðàíãó n íàä R. Òîäi öåíòð àëãåáðè Ëi FL ëåæèòü
â iäåàëi FI àëãåáðè FL. Äiéñíî, íåõàé D ∈ Z(FL) i D1, . . . , Dn � ÿêèé-íåáóäü
áàçèñ iäåàëó I íàä ïîëåì R. Òîäi

D = r1D1 + · · · ,+rnDn, äëÿ äåÿêèõ r1, . . . , rn ∈ R

i
[Di, D] = Di(r1)D1 + · · ·+Di(rn)Dn = 0.

Çâiäñè âèïëèâà¹, ùî âèêîíóþòüñÿ ðiâíîñòi Di(rj) = 0, i, j = 1, . . . , n. Àëå òîäi,
î÷åâèäíî, ri ∈ F, i = 1, . . . , n i òîìó D ∈ Z(F (I)).
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Òåîðåìà 2. Íåõàé L � ïiäàëãåáðà ðàíãó 2 íàä R iç àëãåáðè Ëi W (A), ÿêà
ìiñòèòü àáåëåâèé iäåàë I ðàíãó 2 íàä R i F � ïîëå êîíñòàíò äëÿ àëãåáðè Ëi
L. Òîäi àëãåáðà Ëi FL içîìîðôíà äåÿêié ïiäàëãåáði ïîâíî¨ àôiííî¨ àëãåáðè Ëi
ga2(F ).

Äîâåäåííÿ. Î÷åâèäíî, àëãåáðó Ëi L ìîæíà ââàæàòè íåàáåëåâîþ. ßêùî
Z(FL) = 0, òî çà ëåìîþ 6 â iäåàëi FI iñíó¹ áàçèñ D1, D2, à â ïîëi R iñíóþòü
åëåìåíòè r1, r2 òàêi, ùî Di(rj) = δij, i, j = 1, 2. Çâiäñè, ïîâòîðþþ÷è ìiðêóâàííÿ
iç äîâåäåííÿ òåîðåìè 1, ëåãêî âèâåñòè, ùî êîæåí åëåìåíò iç L ìà¹ âèãëÿä

S = f1(r1, r2)D1 + f2(r1, r2)D2

äëÿ äåÿêèõ ëiíiéíèõ ìíîãî÷ëåíiâ f1, f2 ∈ F [t1, t2]. Îñòàíí¹ îçíà÷à¹, ùî àëãåáðà
Ëi FL içîìîðôíà äåÿêié ïiäàëãåáði ïîâíî¨ àôiííî¨ àëãåáðè Ëi ga2(F ).

Íåõàé òåïåð Z(FL) ̸= 0. Òîäi, ÿê íåâàæêî ïåðåêîíàòèñÿ, âðàõîâóþ÷è Çàóâà-
æåííÿ 3, ùî Z(FI) ̸= 0. Âèáåðåìî áàçèñ D1, D2 âåêòîðíîãî ïðîñòîðó FI íàä
ïîëåì F òàê, ùîá D2 ∈ Z(FI). Âèáåðåìî äîâiëüíèé åëåìåíò D ∈ FL \ FI. Òîäi
âðàõîâóþ÷è Çàóâàæåííÿ 3 ìà¹ìî

D ̸∈ Z(FL), D = r1D1 + r2D2

äëÿ äåÿêèõ r1, r2 ∈ R. Iç ñïiââiäíîøåííÿ

[D1, D] = D1(r1)D1 +D1(r2)D2 ̸= 0

âèïëèâà¹, ùî õî÷à á îäèí iç åëåìåíòiâ D1(r1), D1(r2) íåíóëüîâèé. Íåõàé, íàïðè-
êëàä, D1(r1) ̸= 0. Íå âòðà÷àþ÷è çàãàëüíîñòi ìîæåìî ââàæàòè, ùî D1(r1) = 1.
Êðiì òîãî, D2(r1) = 0, áî D2 ∈ Z(FL). ßêùî D1(r2) = γ ̸= 0, òî ç óìîâè
γ ∈ F ëåãêî âèïëèâà¹, ùî r2 = γr1 + δ äëÿ äåÿêîãî δ ∈ F . Òîäi äëÿ åëåìåíòà
D ìà¹ìî çàïèñ D = r1D1 + (γr1 + δ)D2. Âèêîðèñòîâóþ÷è äîâåäåíi âèùå ñïiâ-
âiäíîøåííÿ ìîæíà ïîêàçàòè, ùî äîâiëüíèé åëåìåíò D ∈ FL \ FI, ìà¹ âèãëÿä
D = f1(r1)D1 + f2(r1)D2, äå f1, f2 � äåÿêi ëiíiéíi ìíîãî÷ëåíè iç F [t]. Àëå òîäi
ïiäàëãåáðà L, î÷åâèäíî, içîìîðôíà äåÿêié ïiäàëãåáði (ðîçìiðíîñòi ≤ 4) iç ïîâíî¨
àôiííî¨ àëãåáðè Ëi ga2(F ).
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ÄIÉÑÍI ÑÒÀÖIÎÍÀÐÍI ÃÀÓÑÎÂI ÏÐÎÖÅÑÈ ÇI ÑÒIÉÊÈÌÈ
ÊÎÐÅËßÖIÉÍÈÌÈ ÔÓÍÊÖIßÌÈ2

The paper deals with real stationary processes with a stable correlation function, with the distri-
bution of some functionalities from these processes and some of their properties.

Â ðîáîòi ðîçãëÿíóòi äiéñíi ñòàöiîíàðíi ïðîöåñè çi ñòiéêîþ êîððåëÿöiéíîþ ôóíêöi¹þ, ðîçïîäiëè
äåÿêèõ ôóíêöiîíàëiâ âiä öèõ ïðîöåñiâ òà äåÿêi ¨õ âëàñòèâîñòi.

Âñòóï. Äàíà ðîáîòà ïðîäîâæó¹ äîñëiäæåííÿ ðîáîòè [1], äå âèâ÷àëèñü êîìïëå-
êñíi ãàóññîâi ïðîöåñè çi ñòiéêîþ êîðåëÿöiéíîþ ôóíêöi¹þ. Â öié ðîáîòi âèâ÷à-
þòüñÿ äiéñíi ñòàöiîíàðíi ïðîöåñè çi ñòiéêîþ êîððåëÿöiéíîþ ôóíêöi¹þ, çîêðåìà
ðîçïîäiëè äåÿêèõ ôóíêöiîíàëiâ âiä öèõ ïðîöåñiâ òà äåÿêi ¨õ âëàñòèâîñòi. Äëÿ
iíøèõ ïðîöåñiâ ïîäiáíi çàäà÷i ðîçãëÿäàëèñü â ðîáîòàõ òà êíèãàõ [2�6]

Ìîäåëi äåÿêèõ ãàóññîâèõ ñòàöiîíàðíèõ ïðîöåñiâ çi ñòiéêèìè êîðåëÿöiéíèìè
ôóíêöiÿìè áóäóâàëèñü â ðîáîòàõ [1, 7, 8].

Ðîáîòà ñêëàäà¹òüñÿ ç ÷îòèðüîõ ðîçäiëiâ. Ó ïåðøîìó ðîçäiëi çíàõîäÿòüñÿ
îöiíêè ðîçïîäiëó ñóïðåìóìó ãàóññîâñüêèõ ñòàöiîíàðíèõ ïðîöåñiâ çi ñòiéêîþ êî-
âàðiàöiéíîþ ôóíêöi¹þ. Â äðóãîìó ðîçäiëi âèâ÷à¹òüñÿ ïîâåäiíêà öèõ ïðîöåñiâ íà
íåñêií÷åííîñòi. Â òðåòüîìó ðîçäiëi çíàõîäÿòüñÿ îöiíêè ðîçïîäiëó íîðì öèõ ïðî-
öåñiâ ó ïðîñòîði Lp(T ). Â ÷åòâåðòîìó ðîçäiëi äîñëiäæóþòüñÿ äåÿêi àíàëiòè÷íi
âëàñòèâîñòi öèõ ïðîöåñiâ.

1. Ðîçïîäië ñóïðåìóìó äiéñíîãî ãàóññîâîãî âèïàäêîâîãî ïðîöåñó çi
ñòiéêèìè êîâàðiàöiéíèìè ôóíêöiÿìè.

Òåîðåìà 1. Íåõàé T = [a, b], X = {X(t), t ∈ [a, b], −∞ < a < b < ∞}
öåíòðîâàíèé ñåïàðàáåëüíèé ãàóññiâ ïðîöåñ òà M = sup

t∈T
(E|X(t)|2)1/2. Ïðèïó-

ñòèìî, ùî iñíó¹ íåïåðåðâíà ñòðîãî çðîñòàþ÷à ôóíêöiÿ σ = {σ(h), h ≥ 0} òàêà
ùî σ(h) > 0, h > 0, σ(0) = 0 òà

sup
t,s∈[a,b]

(E|X(t)−X(s)|2)1/2 < σ(h).

Êðiì òîãî iñíó¹ íåâiä'¹ìíà íåñïàäíà ôóíêöiÿ r(u), u ≥ 1 òàêà ùî ôóíêöiÿ
r(ey), y ≥ 0 � îïóêëà òà âèêîíó¹òüñÿ óìîâà: äëÿ äåÿêîãî v > 0 (à òîìó i äëÿ
áóäü-ÿêîãî 0 < v <∞)

Ir(v) =

∫ v

0

r
( b− a

2 · σ(−1)(u)
+ 1
)
du <∞,

2Ðîáîòà áóëà âèêîíàíà â ðàìêàõ ïðîåêòó Íîðâåçüêî-óêðà¨íñüêîãî ñïiâðîáiòíèöòâà ó ãàëóçi
ìàòåìàòè÷íî¨ îñâiòè
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äå σ(−1)(u) � îáåðíåíà äî σ(u) ôóíêöiÿ. Òîäi äëÿ áóäü-ÿêèõ θ ∈ (0, 1) òà λ > 0
ñïðàâäæó¹òüñÿ íåðiâíiñòü:

E exp

{
λ sup
t∈[a,b]

|X(t)|

}
≤ 2D(λ, θ), (1)

äå D(λ, θ) = exp
{

λ2M2

2(1−θ)2

}
· r(−1)

(
Ir(θM)
θM

)
, r(−1)(v) � îáåðíåíà äî r(v) ôóíêöiÿ.

Äîâåäåííÿ. Öÿ òåîðåìà âèïëèâà¹ ç òåîðåìè 3.4.4 êíèãè [9], äèâ. òàêîæ
ðîáîòó [10] òà äîâåäåííÿ â ðîáîòi [11].

Íàñëiäîê 1. Çà óìîâ òåîðåìè 1 ïðè áóäü-ÿêîìó ε > 0 ñïðàâäæó¹òüñÿ
íåðiâíiñòü

P

{
sup
t∈[a,b]

|X(t)| > ε

}
≤ exp

{
−ε

2(1− θ)2

2M2

}
· r(−1)

(
Ir(θM)

θM

)
. (2)

Äîâåäåííÿ. Ç íåðiâíîñòi ×åáèøåâà òà íåðiâíîñòi (1) âèïëèâà¹, ùî ïðè λ > 0

P

{
sup
t∈[a,b]

|X(t)| > ε

}
≤
E

{
λ sup
t∈[a,b]

|X(t)|

}
exp {λε}

≤

exp

{
λ2M2

2(1− θ)2

}
· exp {−λε} · r(−1)

(
Ir(θM)

θM

)
. (3)

Íåðiâíiñòü (2) âèïëèâà¹ ç íåðiâíîñòi (3), ÿêùî ïîêëàñòè λ = ε(1−θ)2
M2 (òî÷êà,

â ÿêié ïðàâà ÷àñòèíà â íåðiâíîñòi (3) íàáóâà¹ ìiíiìóìó çà λ).

Îçíà÷åííÿ 1. Äiéñíèé ñòàöiîíàðíèé ãàóññiâ ïðîöåñ Xα = {Xα(t), t ∈ R},
0 < α ≤ 2, òàêèé ùî EXα(t) = 0, ρα(h) := EXα(t + h)Xα(t) = B2exp {−d|h|α},
d > 0 íàçèâà¹òüñÿ äiéñíèì ãàóññîâèì ñòàöiîíàðíèì ïðîöåcîì çi ñòiéêîþ êî-
ðåëÿöiéíîþ ôóíêöi¹þ.

Òåîðåìà 2. Íåõàé Xα � äiéñíèé ñåïàðàáåëüíèé ãàóññîâèé ñòàöiîíàðíèé
ïðîöåñ çi ñòiéêîþ êîðåëÿöiéíîþ ôóíêöi¹þ. Òîäi äëÿ áóäü-ÿêèõ −∞ < a < b <
+∞, 0 < θ < 1, β < min

(
1, α

2

)
, ε > 0 ñïðàâäæó¹òüñÿ íåðiâíiñòü:

P

{
sup
t∈[a,b]

|X(t)| > ε

}
≤ exp

{
−ε

2(1− θ)2

2B2

}
· 21/β−1

(
(b− a)(

√
2d)2/α

θ2/α
(
1− 2β

α

)1/β + 1

)
.

Äîâåäåííÿ. Òåîðåìà âèïëèâà¹ ç íàñëiäêó 1. Îöiíèìî çà óìîâ òåîðåìè òàêó

âåëè÷èíó r(−1)
(
Ir(θM)
θM

)
. Â íàøîìó âèïàäêó

E|Xα(t+ h)−Xα(t)|2 = 2
(
ρα(0)− ρα(h)

)
= 2B2

(
1− exp {−d|h|α}

)
.

Òîáòî σ(h) =
√
2B
(
1− exp {−d|h|α}

)1/2
. Çàóâàæèìî, ùî σ(h) <

√
2B. Îòæå,

σ(−1)(h) âèçíà÷åíà ïðè 0 ≤ h <
√
2B. Îñêiëüêè σ(h) ≤

√
2B
(
dhα
)1/2

= σ̂(h) òîäi
ïðè 0 < s < B

√
2

σ(−1)(s) ≥ σ̂(−1)(s) =
( s

B
√
2d

)2/α
.
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Îòæå,

Ir(v) ≤
∫ min(v,B

√
2)

0

r
((b− a)

s2/α
(
B
√
2d
)2/α

+ 1
)
ds.

Ïîêëàäåìî r(u) = uβ − 1 ïðè u ≥ 1, äå 0 < β < min(α/2, 1). Òîäi

Ir(v) ≤
∫ min(v,B

√
2)

0

(((b− a)

s2/α
(
B
√
2d
)2/α

+ 1
)β

− 1

)
ds ≤

∫ min(v,B
√
2)

0

((b− a)

s2/α
(
B
√
2d
)2/α)β

ds =

1(
1− 2β

α

)((b− a)
(
B
√
2d
)2/α)β

·
(
min(v,B

√
2)
)(1− 2β

α

)
.

Òîìó

Ir(θB) ≤
(
(b− a)

(
B
√
2d
)2/α)β 1(

1− 2β
α

)(θB)1− 2β
α .

Îñêiëüêè r(−1)(u) = (u+ 1)1/β, òîäi

r(−1)
(Ir(θB)

θB

)
≤
(
(b− a)β

(
B
√
2d
)2β/α 1(

1− 2β
α

)(θB)−
2β
α + 1

)1/β
. (4)

Îñêiëüêè ïðè z ≥ 1 ñïðàâäæó¹òüñÿ íåðiâíiñòü (b+ a)z ≥ 2z−1
(
az + bz

)
, òîäi

r(−1)
(Ir(θB)

θB

)
≤ 21/β−1

(
(b− a)

(√
2d
)2/α

θ2/α

(
1− 2β

α

)−1/β

+ 1

)
. (5)

Òåïåð òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç íåðiâíîñòåé (2) òà (3).

Íàñëiäîê 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2, òîäi ïðè
ε >

√
2B ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{
sup
t∈[a,b]

|Xα(t)| > ε

}
≤

exp

{
− ε2

2B2

}
· e · 21/β−1

(
(b− a)

(√
2d
)2/α(

1−
(
1− 2B2

ε2

)1/2)2/α(1− 2β

α

)−1/β

+ 1

)
.

Äîâåäåííÿ. Íåðiâíiñòü (5) âèïëèâà¹ ç íåðiâíîñòi (4), ÿêùî ïîêëàñòè(
1− θ

)2
=
(
1− 2B2

ε2

)
ïðè ε >

√
2B, òîáòî ïðè θ = 1−

(
1− 2β2

ε2

)1/2
.

Íàñëiäîê 3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2, òîäi ïðè ε >
√
2B

ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{
sup
t∈[a,b]

|Xα(t)| > ε

}
≤ exp

{
− ε2

2B2

}
·

e · 24/α−1
((b− a) · d1/α · 25/α · ε4/α

B4/α
+ 1
)
. (6)
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Äîâåäåííÿ. Ïðè 0 ≤ x ≤ 1 ñïðàâäæó¹òüñÿ íåðiâíiñòü 1 − (1− x)1/2 =

1−(1−x)
1+(1−x)1/2

≥ x
2
. Îòæå,

(
1−

(
1− 2B2

ε2

)1/2)2/α

≥
(
B
ε

)4/α
. Òåïåð íåðiâíiñòü (6) âè-

ïëèâà¹ ç íåðiâíîñòi (5), ÿêùî ïîêëàñòè β = α
4
.

2. Ïîâåäiíêà äiéñíîãî ãàóññîâîãî ñòàöiîíàðíîãî ïðîöåñó çi ñòiéêèìè
êîâàðiàöiéíèìè ôóíêöiÿìè Xα(t) ïðè ïðÿìóâàííi t äî íåñêií÷åííîñòi.

Òåîðåìà 3. Íåõàé Xα = {Xα(t), t ∈ R} � äiéñíèé ãàóñîâèé ñòàöiîíàðíèé
ïðîöåñ çi ñòiéêîþ êîðåëÿöiéíîþ ôóíêöi¹þ (äèâ. îçíà÷åííÿ 1), C = {C(t), t ≥ 0}
� ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ, òàêà ùî C(t) ≥ 1, t ≥ 0 òà C(t) → ∞ ïðè
t → ∞; b0, b1, b2, ..., bk, òàêà ïîñëiäîâíiñòü, ùî b0 = 0, bk < bk+1, òà bk → ∞
ïðè k → ∞, r0, r1, r2, ..., rk òàêà ïîñëiäîâíiñòü, ùî rk > 1 òà

∑∞
k=0

1
rk

= 1,

Ck = C(bk), k = 0, 1, 2... i âèêîíóþòüñÿ óìîâè

∞∑
k=0

rk
C2
k

<∞,

∞∑
k=0

1

rk
(bk+1 − bk)

γ <∞,

äå γ � äåÿêå ÷èñëî, ùî 0 < γ < 1. Òîäi ïðè áóäü-ÿêîìó 0 < θ < 1 òà ε > 0
ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{
sup
t≥0

|Xα(t)|
C(t)

> ε

}
≤ 2

4
α
−1 exp

{
− ε2(1− θ)2

2B2
∑∞

k=0
rk
C2
k

}
·

exp

{
1

θγ/2 · γγ
· (
√
2d)

2γ
α · 2

4γ
α

∞∑
k=0

1

rk
(bk+1 − bk)

γ

}
. (7)

Äîâåäåííÿ. Íåõàé λ > 0, S(λ) := E exp
{
λ supt≥0

|Xα(t)|
C(t)

}
òîäi ç íåðiâíîñòi

Ãåëüäåðà îòðèìà¹ìî, ùî

S(λ) ≤ E exp

{
λ sup
t∈[bk,bk+1]

|Xα(t)|
C(t)

}
≤

∞∏
k=0

(
E exp

{
λrk sup

t∈[bk,bk+1]

|Xα(t)|
C(t)

)})1/rk

≤

∞∏
k=0

(
E exp

{
λrk
Ck

sup
t∈[bk,bk+1]

|Xα(t)|

})1/rk

.

Ç íåðiâíîñòi (1) âèïëèâà¹, ùî

E exp

{
λrk
Ck

sup
t∈[bk,bk+1]

|Xα(t)|

}
≤ 2D(λ, θ) ≤

exp

{(λrk
Ck

)2 B2

2(1− θ)2

}
r(−1)

(Irk(θB)

θB

)
,

äå

Irk(v) =

∫ v

0

r
((bk+1 − bk)

2σ(−1)(v)
+ 1
)
dv,
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θ � áóäü-ÿêå ÷èñëî, òàêå ùî 0 < θ < 1, r(u), u ≥ 1 � ìîíîòîííî çðîñòàþ÷à
ôóíêöiÿ, òàêà ùî ïðè u > 0 ôóíêöiÿ r(eu) � îïóêëà. Çàóâàæèìî, ùî α

2
≤ 1.

Ïîêëàäåìî r(u) = u
α
4
−1 ïðè u ≥ 1. Òîäi ç íåðiâíîñòi (5) âèïëèâà¹, ùî

r(−1)
(Irk(θB)

θB

)
≤ 24/α−1

((bk+1 − bk)(
√
2d)

2/α

θ2/α
· 24/α + 1

)
.

Ç íåðiâíîñòi (1) îòðèìà¹ìî, ùî

S(λ) ≤
∞∏
k=0

(
exp

{(λ · rk
Ck

)2
· B2

2(1− θ)2

}
· 2

4
α
−1
((bk+1 − bk)

√
2d

2
α

θ2/α
· 24/α + 1

))1/rk

=

= exp

{
λ2B2

∑∞
k=0

rk
C2
k

2(1− θ)2

}
·

exp

{
∞∑
k=0

1

rk
ln
(
24/α−1

(
(bk+1 − bk) ·

√
2d

2/α · 24/α

θ2/α
+ 1
))}

=

= exp

{
λ2B2

∑∞
k=0

rk
C2
k

2(1− θ)2

}
· exp

{
∞∑
k=0

1

rk
ln
(
24/α−1

)}
·

· exp

{
∞∑
k=0

1

rk
ln
(
1 +

√
2d

2/α

θ2/α
(bk+1 − bk) · 24/α

)}
. (8)

Îñêiëüêè ïðè 0 < γ < 1, x > 0 ñïðàâäæó¹òüñÿ íåðiâíiñòü ln(1 + x) ≤
1
γ
ln(1 + x)γ ≤ 1

γ
ln(1 + xγ) ≤ xγ

γ
òîäi ç íåðiâíîñòi (8) âèïëèâà¹, ùî

S(λ) ≤ 24/α−1 · exp

{
λ2B2

∑∞
k=0

rk
C2
k

2(1− θ)2

}
· exp

{
∞∑
k=0

24/α

rkγ

(
(
√
2d)2/α(bk+1 − bk)

θ2/α

)γ}
.

Îòæå,

S(λ) ≤ 24/α−1 · exp

{
λ2B2

2(1− θ)2

∞∑
k=0

rk
C2
k

}
· exp

{
w(γ)

θγ/2

}
,

äå

w(γ) =
∞∑
k=0

1

rkγ

(
(bk+1 − bk)(

√
2d)

α/2
· 24/α

)γ
.

Òîäi ç íåðiâíîñòi ×åáèøåâà âèïëèâà¹, ùî ïðè ε > 0, λ > 0

P

{
sup
t≥0

|Xα(t)|
C(t)

> ε

}
≤

24/α−1 exp

{
λ2B2

∑∞
k=0

rk
C2
k

2(1− θ)2

}
· exp {−λε} · exp

{
w(γ)

θγ/2

}
. (9)
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ßêùî â íåðiâíiñòü (9) ïiäñòàâèòè

λ =
ε(1− θ)2

B2
∑∞

k=0
rk
C2
k

,

òîäi îòðèìà¹ìî òâåðäæåííÿ òåîðåìè.

Íàñëiäîê 4. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3, òîäi ïðè

ε ≥
√
2B
(∑∞

k=0
rk
C2
k

)1/2
ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{
sup
t≥0

|Xα(t)|
C(t)

> ε

}
≤

exp

{
− ε2

2B2
∑∞

k=0
rk
C2
k

}
· 24/α−1 · e · exp

dγ/2 · 26γ/α
∑∞

k=0
1
rk
(bk+1 − bk)

γ

(1− (1− 2B2
∑∞

k=0
rk
C2
k
)
1/2

)
γ/2

 . (10)

Äîâåäåííÿ. Íåðiâíiñòü (10) âèïëèâà¹ ç íåðiâíîñòi (7), ÿêùî ïîêëàñòè(
1− θ

)2
=
(
1−

2B2
∑∞
k=0

rk
C2
k

ε2

)
, òîáòî θ = 1−

(
1−

2B2
∑∞
k=0

rk
C2
k

ε2

)1/2
.

Íàñëiäîê 5. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3, òîäi ïðè

ε >
√
2B
(∑∞

k=0
rk
C2
k

)1/2
ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{
sup
t≥0

|Xα(t)|
C(t)

> ε

}
≤ exp

{
− ε2

2B2
∑∞

k=0
rk
C2
k

}
· 24/α−1 ·

exp

−
dγ/2 · 23γ/α

∑∞
k=1

1
rk

(
bk+1 − bk

)γ
ε2/α(

B
(∑∞

k=0
rk
C2
k

)1/2)2/α
 . (11)

Äîâåäåííÿ. Íåðiâíiñòü (11) âèïëèâà¹ ç íåðiâíiñòü (10), îñêiëüêè, ÿê i â
íàñëiäêó 3

((
1− 2B2

ε2

∞∑
k=0

rk
C2
k

))
≥
B2
∑∞

k=0
rk
C2
k

ε2
.

Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3, òîäi ç éìîâiðíîñòþ
îäèíèöÿ äëÿ âñiõ t > 0 âèêîíó¹òüñÿ óìîâà

|Xα(t)| < ξα · C(t),

äå ξα � òàêà âèïàäêîâà âåëè÷èíà, ùî ïðè áóäü-ÿêîìó 0 < θ < 1

P {ξα > ε} ≤ 2
4
α
−1 exp

{
− ε2(1− θ)2

2B2
∑∞

k=0
rk
C2
k

}
·

exp

{
1

θγ/2 · γγ
· (
√
2d)

2γ
α · 2

4γ
α

∞∑
k=0

1

rk
(bk+1 − bk)

γ

}
,
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àáî ïðè ε ≥
√
2B
(∑∞

k=0
rk
C2
k

)1/2
ñïðàâäæó¹òüñÿ íåðiâíiñòü

P {ξα > ε} ≤ exp

{
− ε2

2B2
∑∞

k=0
rk
C2
k

}
· 24/α−1·

exp

−
dγ/2 · 23γ/α

∑∞
k=1

1
rk

(
bk+1 − bk

)γ
ε2/α(

B
(∑∞

k=0
rk
C2
k

)1/2)2/α
 .

Äîâåäåííÿ. Òåîðåìà âèïëèâà¹ ç òåîðåìè 3 òà íåðiâíîñòåé (7) i (3), îñêiëüêè
ïðè âñiõ t > 0 ç iìîâiðíiñòþ îäèíèöÿ

Xα(t)

C(t)
≤ sup

t≥0

|Xα(t)|
C(t)

<∞.

Ïðèêëàä 1. ßêùî â óìîâàõ òåîðåìè 3 ïîêëàñòè bk = ek, k = 1, 2, ...
òà 1

rk
= e−k · e

(e−1)
, òîäi óìîâè òåîðåìè âèêîíóþòüñÿ, ÿêùî çáiãà¹òüñÿ ðÿä∑∞

k=0
ek

c(ek)2
, à öåé ðÿä çáiãà¹òüñÿ, ÿêùî C(t) = t1/2+β, β > 0, àáî C(t) = t1/2(ln t)1/2+δ

ïðè δ > 0.
Ïðè öèõ bk òà e

k çáiãà¹òüñÿ ðÿä ïðè áóäü-ÿêèõ γ < 1

∞∑
k=0

1

rk
(bk+1 − bk)

γ =
∞∑
k=0

e−k
e

(e− 1)
(ek+1 − ek)

γ
= (e− 1)γ−1 · e

∞∑
k=0

e−k · eγk <∞.

3. Ðîçïîäië íîðìè â ïðîñòîði Lp(T ) äiéñíîãî ãàóññîâîãî âèïàäêîâîãî
ïðîöåñó çi ñòiéêîþ êîâàðiàéöiéíîþ ôóíêöi¹þ

Òåîðåìà 5. Íåõàé {T,Λ, µ} � âèìiðíèé ïðîñòið, X = {X(t), t ∈ T} âèìið-

íèé ãàóññîâèé âèïàäêîâèé ïðîöåñ. Íåõàé iñíó¹ iíòåãðàë Ëåáåãà
∫
T

(
E|X(t)|2

)p/2
dµ(t),

p ≥ 1. Òîäi ç éìîâiðíiñòþ îäèíèöÿ iñíó¹
∫
TE|X(t)|pdµ(t), òà äëÿ âñiõ ε, òàêèõ

ùî ε > C · pp/2, äå c =
∫
T

(
E|X(t)|2

)p/2
dµ(t) ìà¹ ìiñöå íåðiâíiñòü

P

{(∫
T
|X(t)|pdµ(t)

)1/p
> ε

}
≤ 2

4
α
−1 exp

{
− ε2(1− θ)2

2B2
∑∞

k=0
rk
C2
k

}
·

exp

{
1

θγ/2 · γγ
· (
√
2d)

2γ
α · 2

4γ
α

∞∑
k=0

1

rk
(bk+1 − bk)

γ

}
.

Äîâåäåííÿ. Öÿ òåîðåìà ¹ ïðîñòèì íàñëiäêîì òåîðåìè 2.1 ðîáîòè [12].

Òåîðåìà 6. Íåõàé Xα(t), t ∈ [a, b] � âèìiðíèé äiéñíèé ãàóññîâèé ïðîöåñ
çi ñòiéêîþ êîâàðiàöiéíîþ ôóíêöi¹þ. Òîäi äëÿ ε > ĉ1/p

√
p, äå ĉ = Bp(b − a)

ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{(∫ b

a

|Xα(t)|p
)1/p

dt > ε

}
≤ 2 exp

{
− ε2

2ĉ2/p

}
.
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Äîâåäåííÿ. Öÿ òåîðåìà âèïëèâà¹ ç ïîïåðåäíüî¨ òåîðåìè. Òóò ïðîñòið
{T,Λ, µ} öå iíòåðâàë [a, b] ç áîðåëåâñüêîþ σ-àëãåáðîþ òà ìiðîþ Ëåáåãà
E|X(t)|2 = B2.

Òåîðåìà 7. Íåõàé Xα(t), t ∈ R � âèìiðíèé äiéñíèé ãàóññîâèé ïðîöåñ çi
ñòiéêîþ êîâàðiàöiéíîþ ôóíêöi¹þ, C(t) > 1 äåÿêà ôóíêöiÿ, òàêà ùî

∫∞
0

1(
C(t)
)pdt <

∞. Òîäi äëÿ ε > ĉ1/p · √p, äå ĉ = Bp
∫∞
0

1
C(t)

dt ñïðàâäæó¹òüñÿ íåðiâíiñòü

P


(∫ ∞

0

|Xα|(t)p
)1/p

> ε

 .

Äîâåäåííÿ. Öÿ òåîðåìà òàêîæ âèïëèâà¹ ç òåîðåìè 5. Òóò ïðîñòið {T,Λ, µ}
� öå [0,∞) ç áîðåëåâñüêîþ σ-àëãåáðîþ, ïðîöåñ X(t) öå |Xα(t)|

C(t)
:∫ ∞

0

(
E|X(t)|2

)p/2
dt = B

∫ ∞

0

1(
C(t)

)pdt.
Ïðèêëàäîì C(t) ìîæå áóòè ôóíêöiÿ òàêà, ùî ïðè t > 1 C(t) = t1/p+ε, äå

ε > 0
4. Àíàëiòè÷íi âëàñòèâîñòi ãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ çi ñòiéêè-

ìè êîðåëëÿöiéíèìè ôóíêöiÿìè.
Íàñòóïíà òåîðåìà � öå ïðîñòèé íàñëiäîê òåîðåìè 2.2.9 ç êíèãè [ [2], c. 79].

Òåîðåìà 8. Íåõàé X = {X(t), t ∈ [a, b]} � ñåïàðàáåëüíèé ãàóññiâ ïðîöåñ,
òàêèé ùî iñíó¹ ìîíîòîííî çðîñòàþ÷à íåïåðâíà ôóíêöiÿ σ(h), h ≥ 0, òàêà ùî
σ(0) = 0, äëÿ ÿêî¨ ñïðàâäæó¹òüñÿ

sup
|t−s|≤h

(
E
(
X(t)−X(s)

)2)1/2 ≤ σ(h)

òà çáiãà¹òüñÿ iíòåãðàë ∫ σ(ε)

0

ln
( b− a

2σ−(1)(u)

)1/2
du ≤ ∞.

Òîäi X(t), t ∈ [a, b] ¹ âèáiðêîâî íåïåðâíèé ç iìîâiðíiñòþ îäèíèöÿ òà äëÿ äî-
âiëüíèõ ε > 0, 0 < p < 1, x > B(p, ε), äå

B(p, ε) =
4(3− p)

3p(1− p)2

∫ σ(ε)

0

1√
2

(
ln
( b− a

2σ(−1)(u)
+ 1
))1/2

du

ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{
sup

|t−s|≤ε
|X(t)−X(s)| > x

}
≤ 2exp

{
−1

2

(x−B(p, ε)

A(p, ε)

)2}
,

äå A(p, ε) = σ(ε)(3−p)
(1−p)2 .
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Ç òåîðåìè 8 âèïëèâà¹ òàêà òåîðåìà

Òåîðåìà 9. Íåõàé Xα = {Xα(t), t ∈ [a, b]} ñåïàðàáåëüíèé öåíòðîâàíèé ãàóñ-
ñîâèé ïðîöåñ çi ñòiéêîþ êîðåëÿöiéíîþ ôóíêöi¹þ. Òîäi ïðè âñiõ 0 < α < 2 Xα(t),
t ∈ [a, b] âèáiðêîâî íåïåðâíèé ç iìîâiðíiñòþ îäèíèöÿ òà äëÿ äîâiëüíèõ ε > 0,
0 < p < 1, 0 < β < min(1, α), x > B̂(p, ε), äå

B̂(p, ε) =
4(3− p)

3p(1− p)2
· 1

2(1+β)/2
(b− a)β/2(

√
2d)

β/α
·Bβ/α · 1

(1− β/α)

(√
2dBεα/2

)1−β/α
ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{
sup

|t−s|≤ε
|X(t)−X(s)| > x

}
≤ 2 exp

{
−1

2

(x− B̂(p, ε)

A(p, ε)

)2}
, (12)

äå A(p, ε) = (3−p)
√
2dBεα/2

(1−p)2 .

Äîâåäåííÿ. Â íàøîìó âèïàäêó ìîæíà ïîêëàñòè σ(h) =
√
2dB|h|α/2, òîäi

σ(−1)(u) = u√
2dB

2/α òà

∫ σ(ε)

0

1√
2

(
ln
((b− a)

(√
2dB

)2/α
2u2/α

+ 1
))1/2

du ≤

1√
2β1/2

(b− a)β/2(
√
2d)

β/α
Bβ/α 1

2β/α

∫ σ(ε)

0

1

uβ/α
du =

1

2(1+β/2)
(b− a)β/2(

√
2d)

β/α
Bβ/α 1(

1− β
α

)(√2dBεα/2
)1− β

α
.

Çàóâàæåííÿ 1. Ùîá çíàéòè áiëüø òî÷íó îöiíêó, òðåáà çíàéòè ìiíiìóì
ïî β ïðàâî¨ ÷àñòèíè â íåðiâíîñòi (12).

Îçíà÷åííÿ 2. Âèïàäêîâèé ïðîöåñ X(t), t ∈ [a, b] íàçèâàþòü äèôåðåíöiéîâà-
íèì â ñåðåäíüîêâàäðàòè÷íîìó, êîëè iñíó¹ ãðàíèöÿ (â ñåðåäíüîêâàäðàòè÷íîìó)

l.i.m.h→0
X(t+ h)−X(t)

h
= X ′(t).

ßêùî iñíó¹ X ′(t) � òîäi ¨¨ íàçèâàþòü ñåðåäíüîêâàäðàòè÷íîþ ïîõiäíîþ ïðîöåñó
X(t).

Òåîðåìà 10 (äèâ. [13], ñ. 300). Äëÿ òîãî, ùîá ó ïðîöåñó X(t), EX(t) =
0 iñíóâàëà ñåðåäíüîêâàäðàòè÷íà ïîõiäíà X ′(t) íåîáõiäíî òà äîñòàòíüî, ùîá
iñíóâàëà ãðàíèöÿ

lim
t′→t,t′′→t

1

(t′ − t)(t′′ − t)

(
B(t′, t′′)−B(t′, t)−B(t′′, t) + B(t, t)

)
,

äå B(t, s) = EX(t)X(s). Ïðè öüîìó, ÿêùî iñíó¹ ïîõiäíà ∂2B(t,s)
∂t∂s

, òîäi

EX ′(t)X ′(s) = ∂2B(t,s)
∂t∂s

.
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Ç öi¹¨ òåîðåìè âèïëèâà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 11. Íåõàé Xα(t), t ∈ [a, b] ñòàöiîíàðíèé ïðîöåñ çi ñòiéêîþ êîð-
ðåëÿöiéíîþ ôóíêöi¹þ (íå îáîâ'ÿçêîâî ãàóññîâîþ). Òîäi ïðè 0 < α < 2 ñåðåäíüî-
êâàäðàòè÷íi ïîõiäíi íå iñíóþòü, à ïðè α = 2 ïîõiäíà iñíó¹ òà

EX ′
2(t)X

′
2(s) = B2exp {−d(t− s)} ·

(
4d2 · (t− s)2 + 2d

)
,

òîáòî X ′
2(t) ñòàöiîíàðíèé ïðîöåñ ç êîðåëÿöiéíîþ ôóíêöi¹þ

EX ′
2(t+ τ)X ′

2(t) = B2exp
{
−d|τ |2

}
·
(
4d2 · τ 2 + 2d

)
. (13)

Äîâåäåííÿ. Â íàøîìó âèïàäêó

1

(t′ − t)(t′′ − t)

(
B(t′, t′′)−B(t′, t)−B(t′′, t) + B(t, t)

)
=

1

(t′ − t)(t′′ − t)

(
B2exp

{
−d|t′ − t′′|α

}
−B2exp

{
−d|t′ − t|α

}
−

B2exp
{
−d|t′′ − t|α

}
+B2

)
.

Ëåãêî ïîáà÷èòè, ùî ãðàíèöÿ öüîãî âèðàçó iñíó¹ òîäi i ëèøå òîäi, êîëè α = 2.
Êðiì òîãî, î÷åâèäíî, ùî

EX ′
2(t)X

′
2(s) =

∂2B(t, s)

∂t∂s
= B2exp {−d|τ |α} ·

(
4d2 · τ 2 + 2d

)
.

Çàóâàæåííÿ 2. Êîëè Xα(t) � ãàóññiâ ïðîöåñ, òî X ′
α(t) òàêîæ ãàóññiâ ïðî-

öåñ.

Òåïåð ïîêàæåìî, ùî ñåðåäíüîêâàäðàòè÷íà ïîõiäíà âiä Xα(t) ¹ çâè÷àéíîþ
íåïåðåðâíîþ ïîõiäíîþ ç iìîâiðíiñòþ îäèíèöÿ, ÿêùî Xα(t) � ãàóññiâ òà ñåïàðà-
áåëüíèé ïðîöåñ.

Òåîðåìà 12 (äèâ. [14]). Íåõàé X(t), t ∈ [a, b] íåïåðåðâíèé ç iìîâiðíiñòþ
îäèíèöÿ âèïàäêîâèé ïðîöåñ ç EX(t) = 0, EX(t)X(s) = B(t, s) òà íåõàé iñíó¹
íåïåðåðâíà ç iìîâiðíiñòþ îäèíèöÿ ñåðåäíüîêâàäðàòè÷íà ïîõiäíà ïðîöåñó X(t),

òàêà ùî EX ′(t)X ′(s) = ∂2B(t,s)
∂t∂s

, òîäi ç iìîâiðíiñòþ îäèíèöÿ X ′(t) ¹ çâè÷àéíîþ
ïîõiäíîþ ïðîöåñó X(t).

Íàñëiäîê 6. Ó ïðîöåñó X2(t) iñíó¹ âèáiðêîâà íåïåðåðâíà ïîõiäíà X ′
2(t) ç

êîðåëÿöiéíîþ ôóíêöi¹þ (13) òà X ′
2(t) � ãàóññiâ ïðîöåñ.

Äîâåäåííÿ. Ùîá äîâåñòè òâåðäæåííÿ íàñëiäêó äîñèòü äîâåñòè, ùî ïðîöåñ
X ′

2(t) âèáiðêîâî íåïåðåðâíèé ç iìîâiðíiñòþ îäèíèöÿ. Ëåãêî ïîáà÷èòè, ùî

E
(
X ′

2(t)−X ′
2(s)

)2
= 4B2d− 4B2exp {−d|τ |α} (2dτ 2 + d) =

4B2d
(
1− exp {−d|τ |α}

)
(2dτ 2 + d) =

4B2d
(
1− 2dτ 2 · exp {−d|τ |α}

)
+
(
1− exp {−d|τ |α}

)
≥

4B2d
(
2d2τ 4 + dτ 2

)
= 4B2d

(
2d2τ 2 + d

)
· τ 2 ≥ Zτ 2.
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äå Z = 4B2d
(
2d2τ 2 + d

)
òà òàêà êîíñòàíòà, ùî |τ | < s. Òîáòî σ(τ) =

√
Zτ , äàëi

äîâåäåííÿ òåîðåìè àíàëîãi÷íå äîâåäåííþ òåîðåìè 9.
Âèñíîâêè. Ó ðîáîòi çíàéäåíî ðîçïîäië ñóïðåìóìó äiéñíîãî ãàóññîâîãî âèïàä-
êîâîãî ïðîöåñó çi ñòiéêèìè êîâàðiàöiéíèìè ôóíêöiÿìè. Îïèñàíà ïîâåäiíêà äié-
ñíîãî ãàóññîâîãî ñòàöiîíàðíîãî ïðîöåñó çi ñòiéêèìè êîâàðiàöiéíèìè ôóíêöiÿìè
Xα(t) ïðè ïðÿìóâàííi t äî íåñêií÷åííîñòi. Òàêîæ, çíàéäåíî ðîçïîäië íîðìè â
ïðîñòîði Lp(T ) äiéñíîãî ãàóññîâîãî âèïàäêîâîãî ïðîöåñó çi ñòiéêîþ êîâàðiàéöié-
íîþ ôóíêöi¹þ òà îïèñàíî àíàëiòè÷íi âëàñòèâîñòi ãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ
çi ñòiéêèìè êîðåëëÿöiéíèìè ôóíêöiÿìè.
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ÓÄÊ 517.925

Ê. Ñ. Êîðåïàíîâà (Îäåñüêèé íàö. óí-ò iìåíi I. I. Ìå÷íèêîâà)

ÀÑÈÌÏÒÎÒÈ×ÍÀ ÏÎÂÅÄIÍÊÀ ÐÎÇÂ'ßÇÊIÂ ÇÂÈ×ÀÉÍÈÕ
ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ n-ÃÎ ÏÎÐßÄÊÓ Ç
ÏÐÀÂÈËÜÍÎ ÇÌIÍÍÈÌÈ ÍÅËIÍIÉÍÎÑÒßÌÈ

In the paper the question of existence and asymptotic behaviour of Pk
+∞(λ0)–solutions, k ∈

{3, . . . , n} and λ0 ∈ {1,±∞}, of a binomial non-autonomous n-th order ordinary differential equa-
tion with regularly varying nonlinearities was investigated. The asymptotic formulas of their
derivatives of order up to n− 1 were obtained too.

Ó ðîáîòi âèâ÷åíî ïèòàííÿ ïðî iñíóâàííÿ òà àñèìïòîòè÷íó ïîâåäiíêó Pk
+∞(λ0)�ðîçâ'ÿçêiâ ïðè

k ∈ {3, . . . , n} i λ0 ∈ {1,±∞} ó äâî÷ëåííîãî íåàâòîíîìíîãî çâè÷àéíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ n-ãî ïîðÿäêó ç ïðàâèëüíî çìiííèìè íåëiíiéíîñòÿìè. Îòðèìàíi òàêîæ àñèìïòîòè÷íi
ôîðìóëè äëÿ ¨õ ïîõiäíèõ äî ïîðÿäêó n− 1 âêëþ÷íî.

1. Âñòóï. Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ

y(n) = αp(t)
n−1∏
j=0

φj(y
(j)), (1)

â ÿêîìó n ≥ 2, α ∈ {−1, 1}, p : [a, ω[→]0,+∞[ � íåïåðåðâíà ôóíêöiÿ, −∞ < a <
ω ≤ +∞, φj : ∆Yj →]0; +∞[ � íåïåðåðâíà òà ïðàâèëüíî çìiííà ïðè y(j) → Yj
ôóíêöiÿ ïîðÿäêó σj, j = 0, n− 1, ∆Yj � äåÿêèé îäíîñòîðîííié îêië òî÷êè Yj,
Yj ∈ {0,±∞}3.

Âàæëèâèì îêðåìèì âèïàäêîì ðiâíÿííÿ (1) ¹ óçàãàëüíåíå ðiâíÿííÿ òèïó
Åìäåíà-Ôàóëåðà

y(n) = αp(t)
n−1∏
j=0

|y(j)|σjsign y, (2)

äå n ≥ 2, α ∈ {−1, 1}, σj ∈ R (j = 0, n− 1), p : [a, ω[→]0,+∞[ � íåïåðåðâíà
ôóíêöiÿ, −∞ < a < ω ≤ +∞, ÿêå ìà¹ áåçëi÷ çàñòîñóâàíü íà ïðàêòèöi: ó ÿäåðíié
ôiçèöi, ãàçîâié äèíàìiöi, ìåõàíiöi ðiäèíè òà iíøèõ ãàëóçÿõ ïðèðîäîçíàâñòâà.

Ó ðîáîòi [1] Â. Ì. �âòóõîâ ç ìíîæèíè ðîçâ'ÿçêiâ ðiâíÿííÿ (2) âèäiëèâ äîñòà-
òíüî øèðîêèé êëàñ, òàê çâàíèõ, Pω(λ0)�ðîçâ'ÿçêiâ (λ0 ∈ R). Äîñëiäæóþ÷è àïði-
îðíi àñèìïòîòè÷íi âëàñòèâîñòi Pω(λ0)�ðîçâ'ÿçêiâ, ó ðîáîòi [2] áóëî âñòàíîâëåíî,
ùî ¨õ ìíîæèíà ðîçïàäà¹òüñÿ íà n + 2 íåïåðåòèííèõ ïiäìíîæèí â çàëåæíîñòi
âiä çíà÷åíü λ0. Ïðè âèêîíàííi íåðiâíîñòi σ0+ . . .+σn−1 ̸= 1 áóëè îòðèìàíi íåîá-
õiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ó äèôåðåíöiàëüíîãî ðiâíÿííÿ (2) êîæíîãî ç
n+ 2 ìîæëèâèõ òèïiâ Pω(λ0)�ðîçâ'ÿçêiâ òà âñòàíîâëåíi àñèìïòîòè÷íi ïðè t ↑ ω
çîáðàæåííÿ äëÿ òàêèõ ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ äî ïîðÿäêó n− 1 âêëþ÷íî.

Ó çâ'ÿçêó çi ñòðiìêèì ðîçâèòêîì òåîði¨ ïðàâèëüíî òà ïîâiëüíî çìiííèõ ôóíê-
öié òà ðåãóëÿðíèì ¨õ âèêîðèñòàííÿì ó áàãàòüîõ íàóêîâèõ äîñëiäæåííÿõ íå çãà-
ñàâ iíòåðåñ äî ¨õ çàñòîñóâàííÿ â àñèìïòîòè÷íié òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü.

3Ïðè Yj = ±∞ òóò i äàëi áóäåìî ââàæàòè, ùî âñi ÷èñëà ç îêîëó ∆Yj îäíîãî çíàêó.
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Ó ðîáîòi [3] êëàñ Pω(λ0)�ðîçâ'ÿçêiâ áóâ óïåðøå êîíêðåòèçîâàíèé äëÿ ðiâíÿíü n�
ãî ïîðÿäêó ç ïðàâèëüíî çìiííîþ íåëiíiéíiñòþ. Ïiçíiøå â ðîáîòàõ Â. Ì. �âòóõîâà
òà Î. Ì. Êëîïîòà [4�6], Î. Ì. Êëîïîòà [7, 8] áóëè ðîçãëÿíóòi ðiâíÿííÿ âèäó

y(n) =
m∑
k=1

αkpk(t)
n−1∏
j=0

φkj(y
(j)),

äå n ≥ 2, αk ∈ {−1, 1} (k = 1,m), pk : [a, ω[→]0,+∞[ (k = 1,m) � íåïåðåðâ-
íi ôóíêöi¨, −∞ < a < ω ≤ +∞, φkj : ∆Yj →]0; +∞[ (k = 1,m, j = 0, n− 1)
� íåïåðåðâíi òà ïðàâèëüíî çìiííi ïðè y(j) → Yj ôóíêöi¨ ïîðÿäêó σj, ∆Yj �
äåÿêèé îäíîñòîðîííié îêië òî÷êè Yj, Yj äîðiâíþ¹ àáî 0, àáî ±∞. Äëÿ öèõ ðiâ-
íÿíü áóâ ââåäåíèé êëàñ Pω(Y0, . . . , Yn−1, λ0)�ðîçâ'ÿçêiâ, äëÿ ÿêèõ, çâàæàþ÷è íà
¨õ îçíà÷åííÿ, âèêîíóþòüñÿ òàêi óìîâè

lim
t↑ω

y(j)(t) = Yj (j = 0, n− 1), lim
t↑ω

[y(n−1)(t)]2

y(n−2)(t)y(n)(t)
= λ0,

áóëè âñòàíîâëåíi íåîáõiäíi òà äîñòàòíi óìîâè ¨õ iñíóâàííÿ.

2. Ïîñòàíîâêà çàäà÷i òà äîïîìiæíi ðåçóëüòàòè. Ó öié ðîáîòi ðîçãëÿäà-
¹òüñÿ äèôåðåíöiàëüíå ðiâíÿííÿ (1) ïðè ω = +∞ òà n ≥ 3, òîáòî äèôåðåíöiàëüíå
ðiâíÿííÿ

y(n) = αp(t)
n−1∏
j=0

φj(y
(j)), (3)

â ÿêîìó α ∈ {−1, 1}, p : [a,+∞[→]0,+∞[ � íåïåðåðâíà ôóíêöiÿ, a ∈ R, φj :
∆Yj →]0; +∞[� íåïåðåðâíà òà ïðàâèëüíî çìiííà ïðè y(j) → Yj ôóíêöiÿ ïîðÿäêó
σj, j = 0, n− 1, ∆Yj � äåÿêèé îäíîñòîðîííié îêië òî÷êè Yj, Yj ∈ {0,±∞}.

Îêðiì çàçíà÷åíèõ âèùå ðîçâ'ÿçêiâ, äëÿ ÿêèõ lim
t→+∞

y(n−k)(t) (k = 1, n) äîðiâ-

íþ¹ àáî 0, àáî ±∞, ó ðiâíÿííÿ (3) ìîæóòü áóòè òàêîæ ðîçâ'ÿçêè, äëÿ êîæíîãî
ç ÿêèõ iñíó¹ k ∈ {1, . . . , n} òàêå, ùî

y(n−k)(t) = c+ o(1) (c ̸= 0) ïðè t→ +∞. (4)

Äëÿ ðiâíÿíü çàãàëüíîãî âèäó áóëè îòðèìàíi äåÿêi ðåçóëüòàòè ïðî iñíóâàííÿ
ðîçâ'ÿçêiâ ç òàêèìè çîáðàæåííÿìè â íàñëiäêàõ 8.2, 8.6, 8.12 (äèâ. [9], ãë. II,
�8, ñ. 207, 214, 223) òà íàñëiäêàõ 9.3, 9.7 (äèâ. [9], ãë. II, �9, ñ. 230, 233), äëÿ
äèôåðåíöiàëüíèõ ðiâíÿíü òèïó Åìäåíà-Ôàóëåðà � â òåîðåìi 16.9 (äèâ. [9], ãë.
IV, �16, ñ. 321). Àëå öi ðåçóëüòàòè çàáåçïå÷óþòü äîñèòü æîðñòêå îáìåæåííÿ íà
(n− k + 1)�ó òà íàñòóïíi ïîõiäíi ðîçâ'ÿçêó.

Ó öié ðîáîòi äîñëiäæó¹òüñÿ ïèòàííÿ ïðî îòðèìàííÿ íîâèõ ðåçóëüòàòiâ ç
ìåíø æîðñòêèìè îáìåæåííÿìè. Ïðè k = 1, 2 àáî ó âèïàäêó, êîëè ãðàíèöi φi(y(i))
(i = n− k + 1, n− 2) ïðè y(i) → Yi äîðiâíþþòü äîäàòíiì ñòàëèì, â ðîáîòàõ [10]
òà [11] äëÿ ðiâíÿííÿ (3) áóëè îòðèìàíi íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ
ðîçâ'ÿçêiâ âèäó (4) òà îïèñàíà ¨õ àñèìïòîòè÷íà ïîâåäiíêà áåç äîäàòêîâèõ îáìå-
æåíü íà öi ðîçâ'ÿçêè. Ó âñiõ iíøèõ âèïàäêàõ ç ðîçâ'ÿçêiâ âèäó (4) áóâ âèäiëåíèé
(äèâ. [12]) äîñèòü øèðîêèé ïiäêëàñ, òàê çâàíèõ, Pk+∞(λ0)�ðîçâ'ÿçêiâ ðiâíÿííÿ (3)
òàêèì ÷èíîì.
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Îçíà÷åííÿ 1. Ðîçâ'ÿçîê y äèôåðåíöiàëüíîãî ðiâíÿííÿ (3) áóäåìî ïðè k ∈
{3, . . . , n} íàçèâàòè Pk+∞(λ0)�ðîçâ'ÿçêîì, äå −∞ ≤ λ0 ≤ +∞, ÿêùî âií âèçíà-
÷åíèé íà ïðîìiæêó [t0k,+∞[⊂ [a,+∞[ òà çàäîâîëüíÿ¹ òàêi óìîâè

lim
t→+∞

y(n−k)(t) = c (c ̸= 0), lim
t→+∞

[y(n−1)(t)]2

y(n−2)(t)y(n)(t)
= λ0. (5)

Çà ñâî¨ìè àñèìïòîòè÷íèìè âëàñòèâîñòÿìè ìíîæèíà âñiõ Pk+∞(λ0)�ðîçâ'ÿçêiâ
ðiâíÿííÿ (3) ðîçïàäà¹òüñÿ íà k + 1 (k ∈ {3, . . . , n}) íåïåðåòèííèõ ïiäìíîæèí
(äèâ. [2]), ÿêi âiäïîâiäàþòü òàêèì çíà÷åííÿì ïàðàìåòðó λ0:

λ0 ∈ R \
{
0, 1

2
, . . . , k−3

k−2
, 1
}
, λ0 = ±∞, λ0 = 1,

λ0 =
n−j−1
n−j , j ∈ {n− k + 2, . . . , n− 1}.

Âèïàäîê λ0 ∈ R \
{
0, 1

2
, . . . , k−3

k−2
, 1
}
âèâ÷åíèé ó ðîáîòi [12]. Ìåòîþ öi¹¨ ðî-

áîòè ¹ äîñëiäæåííÿ ïèòàííÿ ïðî óìîâè iñíóâàííÿ òà àñèìïòîòè÷íó ïîâåäiíêó
Pk+∞(λ0)�ðîçâ'ÿçêiâ (k ∈ {3, . . . , n}) ðiâíÿííÿ (3) â îñîáëèâîìó âèïàäêó, êîëè
λ0 ∈ {1,±∞}, à òàêîæ ïðî êiëüêiñòü òàêèõ ðîçâ'ÿçêiâ.

Çãiäíî ç ðîáîòîþ [2] äîñëiäæóâàíi ðîçâ'ÿçêè ðiâíÿííÿ (3) ìàþòü òàêi àïðiîðíi
àñèìïòîòè÷íi âëàñòèâîñòi.

Ëåìà 1. Íåõàé k ∈ {3, . . . , n} òà y : [t0k,+∞[→ R � äîâiëüíèé Pk+∞(λ0)�
ðîçâ'ÿçîê ðiâíÿííÿ (3). Òîäi:
1) ÿêùî λ0 = ±∞, òî ìàþòü ìiñöå àñèìïòîòè÷íi ïðè t → +∞ ñïiââiäíîøå-
ííÿ

y(l−1)(t) ∼ tn−l

(n−l)!y
(n−1)(t) (l = n− k + 2, n− 1), y(n)(t) = o

(
y(n−1)(t)

t

)
; (6)

2) ÿêùî λ0 = 1, òî ïðè t→ +∞

y(n−k+2)(t)

y(n−k+1)(t)
∼ y(n−k+3)(t)

y(n−k+2)(t)
∼ . . . ∼ y(n)(t)

y(n−1)(t)
òà lim

t→+∞
ty(n−k+2)(t)

y(n−k+1)(t)
= +∞. (7)

Ç âèãëÿäó ðiâíÿííÿ (3) çðîçóìiëî, ùî y(n)(t) çáåðiãà¹ çíàê ó äåÿêîìó îêîëi
+∞. Òîäi y(n−l)(t) (l = 1, k − 1) ¹ ñòðîãî ìîíîòîííèìè ôóíêöiÿìè â îêîëi +∞
òà ç îãëÿäó íà (4) ìîæóòü ïðÿìóâàòè ëèøå äî íóëÿ ïðè t→ +∞. Òîìó

Yj−1 = 0 ïðè j = n− k + 2, n. (8)

Òóò i äàëi áóäåìî ââàæàòè, ùî ÷èñëà µj (j = 0, n− 1), ÿêi âèçíà÷åíi òàêèì
÷èíîì:

µj =


1, ÿêùî Yj = +∞,

àáî Yj = 0 òà ∆Yj − ïðàâèé îêië 0,
−1, ÿêùî Yj = −∞,

àáî Yj = 0 òà ∆Yj − ëiâèé îêië 0,

òàêi, ùî

µjµj+1 > 0 ïðè j = 0, n− k − 1, µjµj+1 < 0 ïðè j = n− k + 1, n− 2, (9)
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αµn−1 < 0. (10)

Öi óìîâè íà µj (j = 0, n− 1) òà α ¹ íåîáõiäíèìè äëÿ iñíóâàííÿ ó ðiâíÿííÿ (3)
Pk+∞(λ0)�ðîçâ'ÿçêiâ, îñêiëüêè äëÿ êîæíîãî ç íèõ â äåÿêîìó îêîëi +∞

sign y(j)(t) = µj (j = 0, n− 1), sign y(n)(t) = α.

Êðiì òîãî, î÷åâèäíî, ùî âðàõîâóþ÷è ïåðøå çi ñïiââiäíîøåíü (5) äëÿ òàêèõ
ðîçâ'ÿçêiâ ìàþòü ìiñöå òàêi àñèìïòîòè÷íi çîáðàæåííÿ

y(l−1)(t) =
ctn−l−k+1

(n− l − k + 1)!
[1 + o(1)] (l = 1, n− k) ïðè t→ +∞, (11)

c ∈ ∆Yn−k i òîäi

Yj−1 =

{
+∞, ÿêùî µn−k > 0,
−∞, ÿêùî µn−k < 0

ïðè j = 1, n− k. (12)

Ó ðiâíÿííi (3) êîæíà ç ïðàâèëüíî çìiííèõ ïðè y(j) → Yj ôóíêöié φj (j =
0, n− 1) ïîðÿäêó σj ìîæå áóòè ïðåäñòàâëåíà (äèâ. [13], ãë.I, �1, c.10) ó âèãëÿäi

φj(y
(j)) = |y(j)|σjLj(y(j)) (j = 0, n− 1), (13)

äå Lj : ∆Yj →]0,+∞[ (j = 0, n− 1) � ïîâiëüíî çìiííà ïðè y(j) → Yj ôóíêöiÿ.
Çãiäíî ç îçíà÷åííÿì òà âëàñòèâîñòÿìè ïîâiëüíî çìiííèõ ôóíêöié

lim
y(j)→Yj

y(j)∈∆Yj

Lj(λy
(j))

Lj(y(j))
= 1 äëÿ áóäü-ÿêîãî λ > 0 (j = 0, n− 1). (14)

Ó ÿêîñòi ïðèêëàäiâ ïîâiëüíî çìiííèõ ïðè y → Y0 ôóíêöié ìîæíà íàâåñòè òàêi:

| ln |y||γ1 , lnγ2 | ln |y||, γ1, γ2 ∈ R,
exp(| ln |y||γ3), 0 < γ3 < 1, exp

(
ln |y|

ln | ln |y||

)
,

ôóíêöi¨, ùî ìàþòü âiäìiííó âiä íóëÿ ãðàíèöþ ïðè y → Y0.

Áóäåìî òàêîæ ãîâîðèòè, ùî ïîâiëüíî çìiííà ïðè y → Y0 ôóíêöiÿ L : ∆Y0 →
]0,+∞[ çàäîâîëüíÿ¹ óìîâó S0, ÿêùî

L
(
µe[1+o(1)] ln |y|) = L(y)[1 + o(1)] ïðè y → Y0 (y ∈ ∆Y0),

äå µ = sign y.
Óìîâó S0 íàïåâíå çàäîâîëüíÿþòü ôóíêöi¨ L, ÿêi ìàþòü ñêií÷åííó ãðàíèöþ

ïðè y → Y0, à òàêîæ ôóíêöi¨ âèäó

L(y) = | ln |y||γ1 , L(y) = | ln |y||γ1 | ln | ln |y|||γ2 ,

äå γ1, γ2 ̸= 0, òà áàãàòî iíøèõ.

Çàóâàæåííÿ 1. ßêùî ïîâiëüíî çìiííà ïðè y → Y0 ôóíêöiÿ L : ∆Y0 →
]0,+∞[ çàäîâîëüíÿ¹ óìîâó S0, òî äëÿ áóäü-ÿêî¨ ïîâiëüíî çìiííî¨ ïðè y → Y0
ôóíêöi¨ l : ∆Y0 →]0,+∞[

L(yl(y)) = L(y)[1 + o(1)] ïðè y → Y0 (y ∈ ∆Y0).
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Ñïðàâåäëèâiñòü öüîãî òâåðäæåííÿ áåçïîñåðåäíüî âèïëèâà¹ ç òåîðåìè 1.1 ïðî
ðiâíîìiðíó çáiæíiñòü òà òåîðåìè 1.2 ïðî ïðåäñòàâëåííÿ ïîâiëüíî çìiííèõ ôóí-
êöié (äèâ. [13], ãë.I, �1, c.10).

Çàóâàæåííÿ 2 (äèâ. [3]). ßêùî ïîâiëüíî çìiííà ïðè y → Y0 ôóíêöiÿ L :
∆Y0 →]0,+∞[ çàäîâîëüíÿ¹ óìîâó S0, à ôóíêöiÿ y : [t0k,+∞[−→ ∆Y0 � íåïðåðâ-
íî äèôåðåíöiéîâíà i òàêà, ùî

lim
t→+∞

y(t) = Y0,
y′(t)

y(t)
=
ξ′(t)

ξ(t)
[r + o(1)] ïðè t→ +∞,

äå r � âiäìiííà âiä íóëÿ äiéñíà ñòàëà, ξ � íåïðåðâíî äèôåðåíöiéîâíà â äåÿêîìó
îêîëi +∞ äiéñíà ôóíêöiÿ, äëÿ ÿêî¨ ξ′(t) ̸= 0, òîäi

L(y(t)) = L (µ|ξ(t)|r) [1 + o(1)] ïðè t→ +∞,

äå µ = sign y(t) â äåÿêîìó îêîëi +∞.

Çàóâàæåííÿ 3 (äèâ. [5]). ßêùî ïîâiëüíî çìiííà ïðè y → Y0 ôóíêöiÿ L :
∆Y0 →]0,+∞[ çàäîâîëüíÿ¹ óìîâó S0, à ôóíêöiÿ r : ∆Y0 × K → R, äå K �
êîìïàêò â Rn, òàêà, ùî

lim
y→∆Y0
y∈∆Y0

r(z, v) = 0 ðiâíîìiðíî ïî v ∈ K,

òîäi

lim
y→∆Y0
y∈∆Y0

L(ve[1+r(z,v)] ln |z|)

L(z)
= 1 ðiâíîìiðíî ïî v ∈ K, äå v = sign z.

3. Îñíîâíi ðåçóëüòàòè. Ðîçãëÿíåìî âèïàäîê λ0 = ±∞. Äëÿ ðiâíÿííÿ (3)
ñïðàâåäëèâå òàêå òâåðäæåííÿ.

Òåîðåìà 1. Ïðè k ∈ {3, . . . , n} ðiâíÿííÿ (3) íå ìà¹ Pk+∞(±∞)�ðîçâ'ÿçêiâ.

Äîâåäåííÿ. Äiéñíî, ÿêùî y : [t0k,+∞[→ ∆Y0 � äîâiëüíèé Pk+∞(±∞)�
ðîçâ'ÿçîê ðiâíÿííÿ (3), òî ç îñòàííüîãî ñïiââiäíîøåííÿ (6) áåçïîñåðåäíüî âè-
ïëèâà¹, ùî

y(n−1)(t) ∼ to(1) ïðè t→ +∞,

à öå ðàçîì ç iíøèìè ñïiââiäíîøåííÿìè (6) ñóïåðå÷èòü óìîâi (8). Îòæå, ñïðàâå-
äëèâèì ¹ òâåðäæåííÿ òåîðåìè.

Äàëi äëÿ âèâ÷åííÿ âèïàäêó λ0 = 1 îêðiì ôàêòiâ, çàçíà÷åíèõ ó ïàðàãðàôi 2,
ïðî ïðàâèëüíî òà ïîâiëüíî çìiííi ïðè y(j) → Yj (j = 0, n− 1) ôóíêöi¨, áóäóòü
âèêîðèñòîâóâàòèñÿ ïðè k ∈ {3, . . . , n} òàêi äîïîìiæíi ïîçíà÷åííÿ:

γk = 1−
n−1∑

j=n−k+1

σj, νk =
n−2∑

j=n−k+1

σj(n− j − 1), Mk(c) =
n−k∏
j=1

∣∣∣ c
(n−j−k+1)!

∣∣∣σj−1

,

Ik(t) = φn−k(c)Mk(c)
t∫

A0k

p(τ)
n−k−1∏
j=0

φj
(
µjτ

n−k−j) dτ, I1k(t) =
t∫

A1k

Ik(τ)dτ,
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äå A0k (A1k) âèáèðà¹òüñÿ ðiâíèì ÷èñëó a0k ≥ a (a1k ≥ a0k) (ñïðàâà âiä ÿêîãî
ïiäiíòåãðàëüíà ôóíêöiÿ íåïåðåðâíà), ÿêùî ïðè öüîìó çíà÷åííi ãðàíèöi iíòåãðó-
âàííÿ âiäïîâiäíèé iíòåãðàë ïðÿìó¹ äî +∞ ïðè t → +∞, òà ðiâíèì +∞, ÿêùî
ïðè òàêîìó çíà÷åííi ãðàíèöi iíòåãðóâàííÿ âií ïðÿìó¹ äî íóëÿ ïðè t→ +∞.

Ïåðø çà âñå âñòàíîâèìî äëÿ ðiâíÿííÿ (3) ñïðàâåäëèâiñòü íàñòóïíèõ äâîõ
òåîðåì.

Òåîðåìà 2. Íåõàé k ∈ {3, . . . , n} òà γk ̸= 0. Äëÿ iñíóâàííÿ ó ðiâíÿííÿ
(3) Pk+∞(1)�ðîçâ'ÿçêiâ íåîáõiäíî, ùîá c ∈ ∆Yn−k, ðàçîì ç (8) − (10) òà (12)
âèêîíóâàëèñü óìîâè

I ′k(t)

Ik(t)
∼ Ik(t)

I1k(t)
ïðè t→ +∞, lim

t→+∞
|Ik(t)|

1
γk = 0 (j = n− k + 1, n− 1), (15)

òà áóëè ñïðàâåäëèâi ïðè t ∈]a,+∞[ íåðiâíîñòi

γkIk(t) < 0, I1k(t) > 0, (−1)n−j−1µjµn−1 > 0 (j = n− k + 1, n− 3). (16)

Áiëüø òîãî, äëÿ êîæíîãî òàêîãî ðîçâ'ÿçêó, îêðiì (4) òà (11), ìàþòü ìiñöå
ïðè t→ +∞ àñèìïòîòè÷íi çîáðàæåííÿ

y(j)(t) =

(
γkI1k(t)

Ik(t)

)n−j−1

y(n−1)(t)[1 + o(1)] (j = n− k + 1, n− 2), (17)

∣∣y(n−1)(t)
∣∣γk

n−1∏
j=n−k+1

Lj

((
γkI1k(t)
Ik(t)

)n−j−1

y(n−1)(t)

) = αµn−1γkIk(t)

∣∣∣∣γkI1k(t)Ik(t)

∣∣∣∣νk [1+o(1)]4. (18)

Òåîðåìà 3. Íåõàé k ∈ {3, . . . , n}, γk ̸= 0 òà ïîâiëüíî çìiííi ïðè y(j) → Yj
ôóíêöi¨ Lj (j = n− k + 1, n− 1) çàäîâîëüíÿþòü óìîâó S0. Òîäi, ó ðàçi íàÿâíî-
ñòi ó ðiâíÿííÿ (3) Pk+∞(1)�ðîçâ'ÿçêiâ, âèêîíó¹òüñÿ óìîâà

+∞∫
a2k

(
I1k(τ)
Ik(τ)

)k−2

∣∣∣∣∣γkIk(τ) ∣∣∣γkI1k(τ)Ik(τ)

∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(τ)|

1
γk

)∣∣∣∣∣
1
γk

dτ < +∞, (19)

äå a2k ≥ a1k òàêå, ùî µj−1 |Ik(t)|
1
γk ∈ ∆Yj−1 (j = n− k + 2, n) ïðè t ≥ a2k, òà

äëÿ êîæíîãî ç òàêèõ ðîçâ'ÿçêiâ ìàþòü ìiñöå îêðiì (11) àñèìïòîòè÷íi ïðè
t→ +∞ çîáðàæåííÿ

y(n−k)(t) = c+ µn−1γ
k−2
k Wk(t) [1 + o(1)], (20)

y(l−1)(t) = µn−1γ
n−l
k

(
I1k(t)

Ik(t)

)n−l−k+2

W ′
k(t)[1 + o(1)] (l = n− k + 2, n), (21)

äå

Wk(t) =

t∫
+∞

(
I1k(τ)

Ik(τ)

)k−2
∣∣∣∣∣γkIk(τ)

∣∣∣∣γkI1k(τ)Ik(τ)

∣∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(τ)|

1
γk

)∣∣∣∣∣
1
γk

dτ.

4Òóò i äàëi áóäåìî ââàæàòè, ùî
l∏
m

= 1, ÿêùî m > l.
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Äîâåäåííÿ òåîðåì 2�3. Íåõàé y : [t0k,+∞[→ ∆Y0 � äîâiëüíèé Pk+∞(1)�
ðîçâ'ÿçîê ðiâíÿííÿ (3). Òîäi, ÿê áóëî âñòàíîâëåíî ïåðåä ôîðìóëþâàííÿìè òåî-
ðåì, c ∈ ∆Yn−k, âèêîíóþòüñÿ (8)− (10), (12) òà ìàþòü ìiñöå àñèìïòîòè÷íi ïðè
t→ +∞ çîáðàæåííÿ (4) òà (11). Ç (11) òàêîæ âèïëèâà¹, ùî

y(j+1)(t)

y(j)(t)
=
n− j − k

t
[1 + o(1)] (j = 0, n− k − 1) ïðè t→ +∞.

Âðàõîâóþ÷è ïðåäñòàâëåííÿ (13) ïðàâèëüíî çìiííèõ ïðè t → +∞ ôóíêöié
φj(y

(j)) ïðè j = 0, n− k − 1 òà ñïðàâåäëèâiñòü âèêîíàííÿ ñïiââiäíîøåíü (14)
ðiâíîìiðíî ïî λ íà áóäü-ÿêîìó âiäðiçêó [d1, d2] ⊂]0,+∞[, ìà¹ìî

φj−1

(
ctn−j−k+1

(n−j−k+1)!
[1 + o(1)]

)
=
∣∣∣ ctn−j−k+1

(n−j−k+1)!
[1 + o(1)]

∣∣∣σj−1

Lj−1

(
ctn−j−k+1

(n−j−k+1)!
[1 + o(1)]

)
=

=
∣∣∣ c
(n−j−k+1)!

∣∣∣σj−1

t(n−j−k+1)σj−1Lj−1

(
µj−1t

n−j−k+1
)
[1 + o(1)] =

=
∣∣∣ c
(n−j−k+1)!

∣∣∣σj−1

φj−1(µj−1t
n−j−k+1)[1 + o(1)] (j = 1, n− k) ïðè t→ +∞.

Òîäi, ïiäñòàâèâøè ðîçâ'ÿçîê ðàçîì ç ïîõiäíèìè äî ïîðÿäêó n−k âêëþ÷íî â (3),
ïðè t→ +∞ îòðèìà¹ìî

y(n)(t)

φn−1(y(n−1)(t))...φn−k+1(y(n−k+1)(t))
=

= αMk(c)p(t)φ0

(
µ0t

n−k)φ1

(
µ1t

n−k−1
)
. . . φn−k(c) [1 + o(1)].

Ïåðåïèøåìî éîãî ó âèãëÿäi

y(n)(t)
n−1∏

j=n−k+1
φj(y(j)(t))

= αI ′k(t) [1 + o(1)]. (22)

Çãiäíî ç (13) òà òåîðåìîþ 1.2 ïðî ïðåäñòàâëåííÿ ( [13], ãë.I, �1, c.10) iñíóþòü
íåïåðåðâíî äèôåðåíöiéîâíi ïðàâèëüíî çìiííi ïðè y(j) → Yj ôóíêöi¨ φ0j : ∆Yj →
]0; +∞[ ïîðÿäêiâ σj (j = 0, n− 1) òàêi, ùî

lim
y(j)→Yj

y(j)∈∆Yj

φj(y
(j))

φ0j(y(j))
= 1, lim

y(j)→Yj

y(j)∈∆Yj

y(j)φ′
0j(y

(j))

φ0j(y(j))
= σj. (23)

Çâàæàþ÷è íà (23) òà ïåðøå çi ñïiââiäíîøåíü (7), ìà¹ìî y(s−1)(t)
n−1∏

j=n−k+1
φ0j(y(j)(t))

′

=

= y(s)(t)
n−1∏

j=n−k+1

φ0j(y(j)(t))

[
1−

n−1∑
j=n−k+1

(
y(s−1)(t)y(j+1)(t)

y(s)(t)y(j)(t)

y(j)(t)φ′
0j(y

(j)(t))

φ0j(y(j)(t))

)]
=

= y(s)(t)
n−1∏

j=n−k+1
φ0j(y(j)(t))

[γk + o(1)] ïðè t→ +∞ (s = n− k + 2, n).

(24)
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Çâiäñè ïðè s = n âèïëèâà¹, ùî (22) ìîæå áóòè ïåðåïèñàíå ó âèãëÿäi y(n−1)(t)
n−1∏

j=n−k+1

φ0j(y(j)(t))


′

= αγkI
′
k(t)[1 + o(1)] ïðè t→ +∞.

Iíòåãðóþ÷è öå ñïiââiäíîøåííÿ íà ïðîìiæêó âiä t0k äî t òà âðàõîâóþ÷è ïðàâèëî
âèáîðó ãðàíèöi iíòåãðóâàííÿ A0k ó ôóíêöi¨ Ik(t), îòðèìà¹ìî

y(n−1)(t)
n−1∏

j=n−k+1

φ0j(y(j)(t))

= αγkIk(t)[1 + o(1)] ïðè t→ +∞. (25)

Àíàëîãi÷íî ç (25) ç âèêîðèñòàííÿì (24) ïðè s = n− 1 îòðèìà¹ìî

y(n−2)(t)
n−1∏

j=n−k+1

φ0j(y(j)(t))

= αγ2kI1k(t)[1 + o(1)] ïðè t→ +∞. (26)

Ç (22), (25) òà (26) ç óðàõóâàííÿì ïåðøî¨ ç óìîâ (23) ìà¹ìî

y(n)(t)

y(n−1)(t)
∼ I ′k(t)

γkIk(t)
,
y(n−1)(t)

y(n−2)(t)
∼ Ik(t)

γkI1k(t)
ïðè t→ +∞ (27)

òà, çâàæàþ÷è íà (9), îòðèìó¹ìî ñïðàâåäëèâiñòü ïåðøèõ äâîõ íåðiâíîñòåé ç (16).
Òàêîæ ç (27) ç îãëÿäó íà ëåìó 1 âèïëèâà¹, ùî ñïðàâåäëèâi óìîâè (15), ç óðàõó-
âàííÿì òîòîæíîñòåé

y(j)(t) =
yj(t)

y(j+1)(t)
. . .

y(n−2)(t)

y(n−1)(t)
y(n−1)(t) (j = n− k + 1, n− 2)

ìàþòü ìiñöå àñèìïòîòè÷íi çîáðàæåííÿ (17) òà, â ðåçóëüòàòi, âèêîíó¹òüñÿ îñòà-
ííÿ ç íåðiâíîñòåé (16).

Âèêîðèñòîâóþ÷è íàâåäåíi âèùå òîòîæíîñòi, çîáðàæåííÿ (17) òà âëàñòèâîñòi,
ùî âèïëèâàþòü ç òåîðåìè 1.2 ( [13], ãë.I, �1, c.10) äëÿ ïîâiëüíî çìiííèõ ïðè

y(j) → Yj ôóíêöié L0j(y
(j)) =

φ0j(y
(j))

|y(j)|σj (j = n− k + 1, n− 1), çíàõîäèìî

φ0j(y
(j)(t)) = |y(j)|σjL0j(y

(j)(t)) ∼
∣∣∣∣(γkI1k(t)Ik(t)

)n−j−1

y(n−1)(t)

∣∣∣∣σj ×
×L0j

((
γkI1k(t)
Ik(t)

)n−j−1

y(n−1)(t)[1 + o(1)]

)
∼

∼
∣∣∣γkI1k(t)Ik(t)

∣∣∣(n−j−1)σj
|y(n−1)(t)|σjL0j

((
γkI1k(t)
Ik(t)

)n−j−1

y(n−1)(t)

)
(j = n− k + 1, n− 1) ïðè t→ +∞.

Ç îãëÿäó íà öi ñïiââiäíîøåííÿ ç (25) îòðèìó¹ìî ïðè t→ +∞ çîáðàæåííÿ

|y(n−1)(t)|γk
∣∣∣ Ik(t)
γkI1k(t)

∣∣∣νk
n−1∏

j=n−k+1

L0j

((
γkI1k(t)
Ik(t)

)n−j−1

y(n−1)(t)

) = αµn−1γkIk(t)[1 + o(1)],
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ç ÿêîãî âèïëèâà¹ ñïðàâåäëèâiñòü (18). Òàêèì ÷èíîì, äîâåäåíi òâåðäæåííÿ òåî-
ðåìè 2.

Ïðèïóñòèìî òåïåð äîäàòêîâî, ùî ïîâiëüíî çìiííi ïðè t → +∞ ôóíêöi¨
Lj (j = n− k + 1, n− 1) çàäîâîëüíÿþòü óìîâó S0. Òîäi çâàæàþ÷è íà ïåðøå
ñïiââiäíîøåííÿ (15) òà (25) ïðè t→ +∞ ìà¹ìî((

γkI1k(t)

Ik(t)

)n−j−1
y(n−1)

)′

((
γkI1k(t)

Ik(t)

)n−j−1
y(n−1)

) = (n− j − 1)
[
Ik(t)
I1k(t)

− I′k(t)

Ik(t)

]
+ y(n)(t)

y(n−1)(t)
=

=(n− j − 1) Ik(t)
I1k(t)

[1− h(t)] + Ik(t)
γkI1k(t)

[1 + o(1)]= Ik(t)
I1k(t)

[
1
γk

+ o(1)
]
=

I′k(t)

Ik(t)

[
1
γk

+ o(1)
]
,

äå h(t) =
I1k(t)I

′
k(t)

I2(t)
, lim
t→+∞

h(t) = 1. Îòæå, çãiäíî iç çàóâàæåííÿì 2 ñïðàâåäëèâi

òàêi àñèìïòîòè÷íi ïðè t→ +∞ çîáðàæåííÿ

Lj

((
γkI1k(t)

Ik(t)

)n−j−1

y(n−1)

)
= Lj

(
µj |Ik(t)|

1
γk

)
[1 + o(1)] (j = n− k + 1, n− 1).

Ç îãëÿäó íà îòðèìàíi ñïiââiäíîøåííÿ ç (18) âèïëèâà¹, ùî ïðè t→ +∞

y(n−1)(t) = µn−1

∣∣∣∣∣γkIk(t)
∣∣∣∣γkI1k(t)Ik(t)

∣∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(t)|

1
γk

)∣∣∣∣∣
1
γk

[1 + o(1)].

Çâàæàþ÷è íà öå ïåðåïèøåìî (17) ó âèãëÿäi

y(l−1)(t)=µn−1

(
γkI1k(t)
Ik(t)

)n−l ∣∣∣∣∣γkIk(t) ∣∣∣γkI1k(t)Ik(t)

∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(t)|

1
γk

)∣∣∣∣∣
1
γk

×

×[1 + o(1)] (l = n− k + 2, n− 1) ïðè t→ +∞,

(28)

òîáòî ìàþòü ìiñöå àñèìïòîòè÷íi ñïiââiäíîøåííÿ (21).
Ïðîiíòåãðóâàâøè (28) ïðè l = n − k + 2 íà [t∗k, t], äå t∗k = max{a2k, t0k},

ìà¹ìî

y(n−k)(t) = y(n−k)(t∗k)+

+µn−1γ
k−2
k

t∫
t∗k

(
I1k(t)
Ik(t)

)k−2

∣∣∣∣∣γkIk(t) ∣∣∣γkI1k(t)Ik(t)

∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(t)|

1
γk

)∣∣∣∣∣
1
γk

[1 + o(1)]dτ.

Âðàõîâóþ÷è ïåðøó ç óìîâ (5),

lim
t→+∞

t∫
t∗

(
I1k(t)
Ik(t)

)k−2

∣∣∣∣∣γkIk(t) ∣∣∣γkI1k(t)Ik(t)

∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(t)|

1
γk

)∣∣∣∣∣
1
γk

[1 + o(1)]dτ=const

i òîäi çà îçíàêîþ ïîðiâíÿííÿ âiðíî (19). Âèêîðèñòîâóþ÷è òâåðäæåííÿ 6 ç ìîíî-
ãðàôi¨ [14] (ãë.V, �3, ñ.293) ïðî àñèìïòîòè÷íå îá÷èñëåííÿ iíòåãðàëiâ, äëÿ (n−k)�¨
ïîõiäíî¨ ðîçâ'ÿçêó îäåðæèìî çîáðàæåííÿ (20).

Òàêèì ÷èíîì, àñèìïòîòè÷íi ïðè t → +∞ ñïiââiäíîøåííÿ (4), (17), (18)
ïðèéíÿëè ÿâíèé âèãëÿä (20), (21). Òåîðåìè 2 òà 3 ïîâíiñòþ äîâåäåíi.

Ó íàñòóïíié òåîðåìi íàâåäåìî äîñòàòíi óìîâè íàÿâíîñòi ó ðiâíÿííÿ (3) Pk+∞ (1)�
ðîçâ'ÿçêiâ iç çàçíà÷åíèìè â òåîðåìi 3 àñèìïòîòè÷íèìè çîáðàæåííÿìè.
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Òåîðåìà 4. Íåõàé k ∈ {3, . . . , n}, γk ̸= 0, c ∈ ∆Yn−k, âèêîíóþòüñÿ óìî-
âè (8) − (10), (12), (15), (16), (19) òà ïîâiëüíî çìiííi ïðè y(j) → Yj ôóíêöi¨
Lj (j = n− k + 1, n− 1) çàäîâîëüíÿþòü óìîâó S0. Íåõàé, êðiì òîãî, âèêîíó¹-
òüñÿ íåðiâíiñòü σn−1 ̸= 1 òà àëãåáðà¨÷íå âiäíîñíî ρ ðiâíÿííÿ

k−1∑
l=2

σn−l(ρ+ 1)k−l−1 − (1− σn−1 + ρ)(ρ+ 1)k−2 = 0 (29)

íå ìà¹ êîðåíiâ ç íóëüîâîþ äiéñíîþ ÷àñòèíîþ. Òîäi ó ðiâíÿííÿ (3) iñíó¹ (n −
k + m)�ïàðàìåòðè÷íå ñiìåéñòâî Pk+∞(1)�ðîçâ'ÿçêiâ ç àñèìïòîòè÷íèìè ïðè
t → +∞ çîáðàæåííÿìè (11), (20), (21), äå m � ÷èñëî êîðåíiâ (ç óðàõóâàííÿì
êðàòíèõ) àëãåáðà¨÷íîãî ðiâíÿííÿ (29) ç äîäàòíiìè äiéñíèìè ÷àñòèíàìè.

Çàóâàæåííÿ 4. Íåâàæêî ïåðåâiðèòè, ùî àëãåáðà¨÷íå âiäíîñíî ρ ðiâíÿííÿ
(29) íàïåâíå íå ìà¹ êîðåíiâ ç íóëüîâîþ äiéñíîþ ÷àñòèíîþ, ÿêùî âèêîíó¹òüñÿ
íåðiâíiñòü

k−1∑
l=2

|σn−l| < |1− σn−1|.

Äîâåäåííÿ òåîðåìè 4. Ïîêàæåìî, ùî äëÿ äàíîãî c ç óìîâè òåîðåìè ó
ðiâíÿííÿ (3) iñíó¹ ïðèíàéìíi îäèí Pk+∞(1)�ðîçâ'ÿçîê, çàäàíèé íà äåÿêîìó ïðî-
ìiæêó [t0k,+∞[⊂ [a,+∞[, ÿêèé äîïóñêà¹ ïðè t→ +∞ àñèìïòîòè÷íi çîáðàæåííÿ
(11), (20) òà (21), à òàêîæ ç'ÿñó¹ìî ïèòàííÿ ïðî êiëüêiñòü òàêèõ ðîçâ'ÿçêiâ.

Çàñòîñîâóþ÷è äî ðiâíÿííÿ (3) ïåðåòâîðåííÿ

y(l−1)(t) = ctn−l−k+1

(n−l−k+1)!
[1 + vl(t)] (l = 1, n− k),

y(n−k)(t) = c+ µn−1γ
k−2
k W (t)[1 + vn−k+1(t)],

y(l−1)(t) = µn−1γ
n−l
k

(
I1k(t)
Ik(t)

)n−l−k+2

W ′(t)[1 + vl(t)] (l = n− k + 2, n),

(30)

îòðèìà¹ìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

v′l =
n−l−k+1

t
[−vl + vl+1] (l = 1, n− k − 1),

v′n−k =
1
t

[
µn−1γ

k−2
k

c
W (t) [1 + vn−k+1]− vn−k

]
,

v′n−k+1 =
W ′(t)
W (t)

[−vn−k+1 + vn−k+2],

v′l =
Ik(t)

γkI1k(t)
[1 + vl+1 − γ(n− l − k + 2)(1− h(t))[1 + vl]]− W ′′(t)

W ′(t)
[1 + vl]

(l = n− k + 2, n− 1),

v′n = Ik(t)
I1k(t)

[(
(−2 + k)(1− h(t))− W ′′(t)I1k(t)

W ′(t)Ik(t)

)
[1 + vn]+

+
αp(t)φ0

(
ctn−k
(n−k)! [1+v1]

)
...φn−1

(
µn−1

(
I1k(t)

Ik(t)

)2−k
W ′(t)[1+vn]

)
µn−1

(
I1k(t)

Ik(t)

)1−k
W ′(t)

]
.

(31)

Ðîçãëÿíåìî ¨¨ íà ìíîæèíi Ωn = [t0k,+∞[×Rn
1
2

, äå Rn
1
2

= {(v1, . . . , vn) ∈ Rn :

|vj| ≤ 1
2
, j = 1, n} òà t0k ≥ a2k âèáðàíå ç óðàõóâàííÿì (19) òàêèì ÷èíîì, ùîá

ïðè t > t0k òà (v1, . . . , vn) ∈ Rn
1
2

âèêîíóâàëèñÿ óìîâè:

ctn−j−k+1

(n−j−k+1)!
[1 + vj(t)] ∈ ∆Yj−1 (j = 1, n− k),

c+ µn−1γ
k−2
k W (t) [1 + vn−k+1(t)] ∈ ∆Yn−k,

µn−1γ
n−j
k

(
I1k(t)
Ik(t)

)n−j−k+2

W ′(t) [1 + vj(t)] ∈ ∆Yj−1 (j = n− k + 2, n).
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Îñêiëüêè ôóíêöi¨ φj(y(j)) (j ∈ {0, . . . , n − 1} \ {n − k}) ìîæóòü áóòè ïðåä-
ñòàâëåíi ó âèãëÿäi (13) òà ñïiââiäíîøåííÿ (14) âèêîíóþòüñÿ ðiâíîìiðíî ïî λ íà
áóäü-ÿêîìó âiäðiçêó [d1, d2] ⊂]0,+∞[, à òàêîæ çâàæàþ÷è íà íåïåðåâíiñòü ôóí-
êöi¨ φn−k(y(n−k)), (19) i òå, ùî ïîâiëüíî çìiííi ïðè t → +∞ ôóíêöi¨ Lj (j =
n− k + 1, n− 1) çàäîâîëüíÿþòü óìîâó S0, ìà¹ìî

φj

(
ctn−k−j

(n−k−j)! [1 + vj+1]
)
= φj

(
ctn−k−j

(n−k−j)!

)
(1 + vj+1)

σj(1 +Rj(t, vj+1)) =

=
∣∣∣ c
(n−k−j)!

∣∣∣σj φj(µjtn−k−j)(1 + vj+1)
σj(1 +Rj(t, vj+1)) (j = 0, n− k − 1),

φj

(
µn−1γ

n−j−1
k

(
I1k(t)
Ik(t)

)n−k−j+1

W ′(t) [1 + vj+1]

)
=

= |γk|(n−j−1)σjφj

(
µj

(
I1k(t)
Ik(t)

)n−k−j+1

W ′(t)

)
(1 + vj+1)

σj(1 +Rj(t, vj+1)) =

= |γk|(n−j−1)σjφj(µj|Ik(t)|
1
γk )(1 + vj+1)

σj(1 +Rj(t, vj+1)) (j = n− k + 1, n− 1),
φn−k

(
c+ µn−1γ

k−2
k W (t) [1 + vn−k+1(t)]

)
= φn−k(c)(1 +Rn−k(t, vn−k+1)),

äå ôóíêöi¨ Rj(t, vj+1) (j = 0, n− 1) ïðÿìóþòü äî íóëÿ ïðè t → +∞ ðiâíîìiðíî
ïî vj+1 ∈

[
−1

2
, 1
2

]
.

Ç îãëÿäó íà âèãëÿä W (t), (7), (19) òà (27)

lim
t→+∞

Ik(t)t
I1k(t)

= +∞, lim
t→+∞

W ′′(t)I1k(t)
W ′(t)Ik(t)

= 1
γk
.

Òîäi, ç âèêîðèñòàííÿì çàçíà÷åíèõ âèùå çîáðàæåíü, ñèñòåìà ðiâíÿíü (31) ìîæå
áóòè ïåðåïèñàíà ó âèãëÿäi

v′l =
1
t
[−(n− l − k + 1)vl + (n− l − k + 1)vl+1] (l = 1, n− k − 1),

v′n−k =
1
t

[
−vn−k +

µn−1γ
k−2
k

c
W (t) (1 + vn−k+1)

]
,

v′n−k+1 =
W ′(t)
W (t)

[−vn−k+1 + vn−k+2],

v′l =
Ik(t)

γkI1k(t)
[−vl + vl+1 + Vl,1(t, v1, . . . , vn)] (l = n− k + 2, n− 1),

v′n = Ik(t)
γkI1k(t)

 n−1∑
j=1

j ̸=n−k+1

σj−1vj + (σn−1 − 1)vn +
2∑
i=1

Vn,i(t, v1, . . . , vn)

 ,
(32)

äå

Vl,1(t, v1, . . . , vn) =
(
1− γkW

′′(t)I1k(t)
W ′(t)Ik(t)

− γk(n− l − k + 2)(1− h(t))
)
(1 + vl)

(l = n− k + 2, n− 1),

Vn,1(t, v1, . . . , vn) =

(
n−1∏
j=0

(1 +Rj(t, vj+1))− 1

)
n∏
j=1

j ̸=n−k+1

(1 + vj)
σj−1+

+
(
γk(−2 + k)(1− h(t))− γkW

′′(t)I1k(t)
W ′(t)Ik(t)

+ 1
)
[1 + vn],

Vn,2(t, v1, . . . , vn) =
n∏
j=1

j ̸=n−k+1

(1 + vj)
σj−1 −

n∏
j=1

j ̸=n−k+1

vjσj−1 − 1.

Ïðè öüîìó çàóâàæèìî, ùî

lim
t→+∞

Vj,1(t, v1, . . . , vn) = 0 (j = n− k + 2, n)
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ðiâíîìiðíî ïî (v1, . . . , vn) ∈ Rn
1
2

,

lim
|v1|+...+|vn|→0

Vn,2(t,v1,...,vn)

|v1|+...+|vn| = 0

ðiâíîìiðíî ïî t ∈ [t0k,+∞[.
Ðîçãëÿíåìî ãðàíè÷íó ìàòðèöþ P êîåôiöi¹íòiâ ïðè vn−k+2, . . . , vn, ùî ñòîÿòü

ó êâàäðàòíèõ äóæêàõ îñòàííiõ k − 1 ðiâíÿíü ñèñòåìè (32). Çãiäíî ç óìîâîþ
òåîðåìè õàðàêòåðèñòè÷íå ðiâíÿííÿ äàíî¨ ìàòðèöi, ÿêå íàáóâà¹ âèãëÿäó (29), íå
ìà¹ êîðåíiâ ç íóëüîâîþ äiéñíîþ ÷àñòèíîþ. Òîäi (äèâ. [15]) iñíó¹ íåâèðîäæåíà
îáìåæåíà ðàçîì ç îáåðíåíîþ íà [t0k,+∞[ äiéñíà ìàòðèöÿ S(t) = {sij(t)}ni,j=n−k+2

òàêà, ùî ñèñòåìà (32) çà äîïîìîãîþ ïåðåòâîðåííÿ

v(t) = T (t)z(t), (33)

äå

T (t) =

(
I 0
0 S(t)

)
,

I � îäèíè÷íà ìàòðèöÿ ðîçìiðíîñòi n− k+1 × n− k+1, çâîäèòüñÿ äî ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

z′l =
n−l−k+1

t
[−zl + zl+1] (l = 1, n− k − 1),

z′n−k =
1
t

[
−zn−k +

µn−1γ
k−2
k

c
W (t) (1 + zn−k+1)

]
,

z′n−k+1 =
W ′(t)
W (t)

[−zn−k+1 +
n∑

j=n−k+2

sn−k+2 j(t)zj],

z′l =
Ik(t)

γkI1k(t)

[
n−k∑
j=1

uljzj + pllzl + pll+1zl+1 +
2∑
i=1

Zl,i(t, z1, . . . , zn)

]
(l = n− k + 2, n− 1),

z′n = Ik(t)
γkI1k(t)

[
n−k∑
j=1

unj(t)zj + pnnzn +
2∑
i=1

Zn,i(t, z1, . . . , zn)

]
,

(34)

â ÿêié ulj(t) (l = n− k + 2, n, j = 1, n− k + 1) � îáìåæåíi ôóíêöi¨ íà [t0k,+∞[,
pll ̸= 0 (l = n− k + 2, n) � äiéñíi ÷àñòèíè âëàñíèõ çíà÷åíü (ç óðàõóâàííÿ êðà-
òíèõ) ìàòðèöi P , pll+1 ∈ {0, 1} (l = n− k + 2, n− 1), Zl,i(t, z1, . . . , zn) (i = 1, 2)
òàêi, ùî

lim
t→+∞

Zl,1(t, z1, . . . , zn) = 0 (l = n− k + 2, n)

ðiâíîìiðíî ïî (z1, . . . , zn) ∈ Rn
l = {(z1, . . . , zn) ∈ Rn : |zj| ≤ η, j = 1, n}, η �

äåÿêå äîñòàòíüî ìàëå ÷èñëî, ÿêå çàëåæèòü âiä ìàòðèöi S(t),

lim
|z1|+...+|zn|→0

∂Zl,2(t,z1,...,zn)

∂zm
= 0 (m = 1, n, l = n− k + 2, n)

ðiâíîìiðíî ïî t ∈ [t0k,+∞[.
Ïîêëàâøè òåïåð â ñèñòåìi (34)

zj = δxj (j = 1, n− k), zj = xj (j = n− k + 1, n), (35)
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äå δ > 0 � äåÿêà äîäàòíÿ ñòàëà, îòðèìà¹ìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü



x′l =
n−l−k+1

t
[−xl + xl+1] (l = 1, n− k − 1),

x′n−k =
1
t

[
−xn−k +

µn−1γ
k−2
k

δc
W (t) (1 + xn−k+1)

]
,

x′n−k+1 =
W ′(t)
W (t)

[−xn−k+1 +
n∑

j=n−k+2

sn−k+2 j(t)xj],

x′l =
Ik(t)

γkI1k(t)

[
δ
n−k∑
j=1

ulj(t)xj + pllxl + pll+1xl+1 +
2∑
i=1

Xl,i(t, x1, . . . , xn)

]
(l = n− k + 2, n− 1),

x′n = Ik(t)
γkI1k(t)

[
δ
n−k∑
j=1

unj(t)xj + pnnxn +
2∑
i=1

Xn,i(t, x1, . . . , xn)

]
,

(36)

â ÿêiéXl,i(t, x1, . . . , xn) = Zl,i(t,
1
δ
z1, . . . ,

1
δ
zn−k, zn−k+1, . . . , zn) (i = 1, 2, l = n− k + 2, n)

òà ìàþòü òi æ âëàñòèâîñòi, ùî é Zl,i(t, z1, . . . , zn).
Îñêiëüêè ulj(t) (l = n− k + 2, n, j = 1, n− k + 1) òà sn−k+2 j(t) (j = n− k + 2, n)

îáìåæåíi íà [t0k,+∞[, W (t) → 0 ïðè t → +∞, òî ÷èñëî δ ìîæíà âèáðàòè òà-
êèì ÷èíîì, ùîá äëÿ ñèñòåìè (36) áóëè âèêîíàíi âñi óìîâè òåîðåìè 2.1 ç ðîáî-
òè [16]. Òîäi, çâàæàþ÷è íà öþ òåîðåìó, â íå¨ iñíó¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê
(xj)

n
j=1 : [t1k,+∞[−→ Rn

1
2

(t1k ∈ [t0k,+∞[), ùî ïðÿìó¹ äî íóëÿ ïðè t → +∞.

Êîæíîìó òàêîìó ðîçâ'ÿçêó ç îãëÿäîì íà ïåðåòâîðåííÿ (30), (33), (35) âiäïîâiä-
à¹ Pk+∞(1)�ðîçâ'ÿçîê ðiâíÿííÿ (3), ÿêèé äîïóñêà¹ ïðè t → +∞ àñèìïòîòè÷íi
çîáðàæåííÿ (11), (20) òà (21).

Áiëüø òîãî, çãiäíî ç çàçíà÷åíîþ òåîðåìîþ, ÿêùî ñåðåä êîðåíiâ àëãåáðà¨÷íîãî
ðiâíÿííÿ (29) ¹m êîðåíiâ (ç óðàõóâàííÿì êðàòíèõ) ç äîäàòíiìè äiéñíèìè ÷àñòè-
íàìè, òî, òàê ÿê W ′(t)

W (t)
< 0 â äåÿêîìó îêîëi +∞, iñíó¹ (n− k+m)�ïàðàìåòðè÷íå

ñiìåéñòâî ðîçâ'ÿçêiâ çi çíàéäåíèìè çîáðàæåííÿìè. Òåîðåìà äîâåäåíà.
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ÏÎÁÓÄÎÂÀ ËIÍIÉÍÈÕ ÁÀÃÀÒÎÊÐÎÊÎÂÈÕ ÌÅÒÎÄIÂ
ÐÎÇÂ'ßÇÀÍÍß ÇÀÄÀ×I ÊÎØI ÌÅÒÎÄÎÌ ÍÅÂÈÇÍÀ×ÅÍÈÕ
ÊÎÅÔIÖI�ÍÒIÂ

The present paper proposes a scheme for constructing a wide range of linear multi-step methods for
solving the Cauchy problem for ordinary differential equations using the method of undetermined
coefficients. The implementation of the predictor-corrector method with arbitrary accuracy is
shown.

Ó ðîáîòi çàïðîïîíîâàíî ñïîñiá ïîáóäîâè øèðîêîãî ñïåêòðó ëiíiéíèõ áàãàòîêðîêîâèõ ìåòîäiâ
ðîçâ'ÿçàííÿ çàäà÷i Êîøi äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç âèêîðèñòàííÿì ìåòîäó
íåâèçíà÷åíèõ êîåôiöi¹íòiâ. Ïîêàçàíî ðåàëiçàöiþ ñõåìè ïðåäèêòîð-êîðåêòîð ç äîâiëüíîþ íà-
ïåðåä çàäàíîþ òî÷íiñòþ.

Äëÿ ïîáóäîâè ëiíiéíèõ áàãàòîêðîêîâèõ ìåòîäiâ ðîçâ'ÿçàííÿ çàäà÷i Êîøi äëÿ
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü íàìè çàïðîïîíîâàíî ¹äèíèé ïiäõiä, ñóòü
ÿêîãî ïîëÿãà¹ â íàñòóïíîìó. Ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi äëÿ çâè÷àéíîãî äèôå-
ðåíöiàëüíîãî ðiâíÿííÿ ïåðøîãî ïîðÿäêó

y′ = f(t, y), y(t0) = y0. (1)

ßê âiäîìî, ëiíiéíi áàãàòîêðîêîâi ìåòîäè äëÿ ðîçâ'ÿçàííi çàäà÷i (1) áóäóþòü íà
îñíîâi ôîðìóëè

yn+1 =

p∑
j=0

ajyn−j + h

q∑
i=s

bif(tn−i, yn−i), (2)

äå aj, j = 0, p, bi, i = s, q � íåâiäîìi êîåôiöi¹íòè. ßêùî s = 0, òî ìåòîä (1)
íàçèâà¹òüñÿ ÿâíèì, à ÿêùî s = −1 i b−1 ̸= 0 � íåÿâíèì.

Â ëiòåðàòóði [1�3], äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ aj i bi çàäà÷ó (1) çàìiíþþòü
åêâiâàëåíòíèì iíòåãðàëüíèì ñïiââiäíîøåííÿì

y(tn+1) = y(tn) +

tn+1∫
tn

f(t, y(t))dt,

ïiñëÿ ÷îãî ïiäiíòåãðàëüíó ôóíêöiþ çàìiíþþòü iíòåðïîëÿöiéíèì ïîëiíîìîì Ëà-
ãðàíæà àáî Íüþòîíà. Äàëi, íà ïiäñòàâi ïåâíèõ ìiðêóâàíü îäåðæóþòüñÿ âiäîìi
â ëiòåðàòóði áàãàòîòî÷êîâi ìåòîäè.

Ìè ïðîïîíó¹ìî ïîáóäóâàòè òàêó ñèñòåìó ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü, ç
ÿêî¨ êîæåí ç âiäîìèõ íà ñüîãîäíi ëiíiéíèõ áàãàòîòî÷êîâèõ ìåòîäiâ (ÿê ÿâíîãî,
òàê i íåÿâíîãî òèïó) ìîæíà îäåðæàòè ÿê ÷àñòêîâèé âèïàäîê.

Iäåÿ çàïðîïîíîâàíîãî ïiäõîäó ïîëÿãà¹ â íàñòóïíîìó: ÿêùî çàäà÷à Êîøi (1)
ìà¹ òî÷íèé ðîçâ'ÿçîê ó âèãëÿäi ïîëiíîìà ñòåïåíi k:

y(t) = α0 + α1t+ α2t
2 + . . .+ αkt

k,
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äå αi, i = 0, k � êîíñòàíòè, òî öåé ðîçâ'ÿçîê ìîæíà çíàéòè òî÷íî çà ôîðìóëîþ

yn+1 =

j2∑
j=j1

ajyn−j + hb−1y
′
n+1 + h

q∑
i=0

biy
′
n−i, (3)

äå aj i bi (0 ≤ j1 ≤ j ≤ j2, −1 ≤ i ≤ q) � íåâiäîìi êîåôiöi¹íòè, à y′k = f(tk, yk) �
çíà÷åííÿ ïîõiäíî¨ øóêàíî¨ ôóíêöi¨.

Íåâiäîìi êîåôiöi¹íòè aj, bi, j = j1, j2, i = 1, q áóäåìî øóêàòè ç óìîâè, ùî
ôîðìóëà (3) ¹ òî÷íîþ äëÿ âñiõ ïîëiíîìiàëüíèõ ðîçâ'ÿçêiâ, ñòåïiíü ÿêèõ íå ïå-
ðåâèùó¹ k. Çà òàêi ïîëiíîìè âiçüìåìî ïîëiíîìè âèãëÿäó:

y(t)=
1

h0
(tn+1−t)0=1, ÿêùî m=0; y(t)=

1

hm
(tn+1−t)m, ÿêùî m=1, 2, . . . , k; (4)

y′(t)=0, ÿêùî m=0; y′(t)=− m

hm
(tn+1− t)m−1, ÿêùî m=1, 2, . . . , k. (5)

Äëÿ ïîáóäîâè øóêàíî¨ ñèñòåìè ôîðìóëó (3) ïåðåïèøåìî ó âèãëÿäi

j2∑
j=j1

ajyn−j + hby′n+1 + h

q∑
i=0

biy
′
n−i = yn+1, (6)

çâiäêè ç (4), (5) ïðèm = 0, 1, 2, . . . , k îäåðæóþòüñÿ ðÿäêè (k+1)×(k+1)-âèìiðíî¨
ìàòðèöi ñèñòåìè.

Âiäìiòèìî, ùî ôîðìóëà (6) ìà¹ ÷îòèðè ñêëàäîâi: ïåðøà � ñóìà, êîåôiöi¹í-
òàì aj, ÿêî¨ ó ïîáóäîâàíié ñèñòåìi ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü áóäóòü âiä-
ïîâiäàòè ïåðøi j2 + 1 − j1 ñòîâïöiâ ìàòðèöi A (îäèí ñòîâïåöü ÿêùî j1 = j2,
0 ≤ j1 ≤ j2); äðóãà ñêëàäîâà � äîäàíîê ç êîåôiöi¹íòîì b, ÿêîìó áóäå âiäïîâiäà-
òè íàñòóïíèé ñòîâïåöü ìàòðèöi. Òðåòüîþ ñêëàäîâîþ ¹ ñóìà, ÿêié âiäïîâiäàþòü
íàñòóïíi q ñòîâïöiâ ìàòðèöi B. ×åòâåðòîþ ñêëàäîâîþ ¹ ïðàâà ÷àñòèíà, ÿêié ó
ñèñòåìi ðiâíÿíü áóäå âiäïîâiäàòè âåêòîð d. Âèõîäÿ÷è ç öüîãî, ñèñòåìó (6) çàïè-
øåìî ó ìàòðè÷íî-âåêòîðíîìó âèãëÿäi

Cx = d, (7)

äå ìàòðèöÿ C ôîðìó¹òüñÿ ïðè¹äíàííÿì äî ìàòðèöi A ñïðàâà ñòîâïöÿ b i ìàòðè-
öi B . Êiëüêiñòü ñòîâïöiâ ó ìàòðèöÿõ A, B i íàÿâíiñòü àáî âiäñóòíiñòü ñòîâïöÿ
b çàëåæàòü âiä ÷èñëîâîãî ìåòîäó òà éîãî ïîðÿäêó òî÷íîñòi. Òàê, äëÿ ÿâíèõ
ìåòîäiâ ñòîâïåöü b âiäñóòíié, à ÿêùî q = 0, òî âiäñóòíÿ ìàòðèöÿ B. Ïðè öüîìó
C ¹ êâàäðàòíîþ (k + 1)-âèìiðíîþ ìàòðèöåþ, äå k � ïîðÿäîê òî÷íîñòi ìåòîäó,
ÿêèé îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

k =

{
j2 − j1 + q, if s = 0,
j2 − j1 + q + 1, if s = 1.

(8)

Âèêîðèñòîâóþ÷è ïîëiíîìè (4) ïîáóäó¹ìî ñêëàäîâi ñèñòåìè ëiíiéíèõ àëãåáðà-
¨÷íèõ ðiâíÿíü (6) òàêèì ÷èíîì: ñòîâïåöü, ÿêèé âiäïîâiäà¹ êîåôiöi¹íòó aj � öå
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çíà÷åííÿ ïîëiíîìiâ ym(t) ó âóçëi tn−j:

y0(tn−j)=
1
h0
(tn+1−(tn − jh))0=1, ÿêùî m=0;

ym(tn−j)=
1
hm

(tn+1−(tn−jh))m=(j+1)m, ÿêùî m= 1, k.
(9)

Àíàëîãi÷íî îá÷èñëþ¹òüñÿ ìàòðèöÿ B: åëåìåíòè ñòîâïöÿ, ÿêèé âiäïîâiäà¹
êîåôiöi¹íòó bi ðiâíi çíà÷åííÿì ïîõiäíèõ y′m(t) ïîëiíîìiâ (5) ó âóçëi tn−i:

y′0(tn−i) = 0, ÿêùî m = 0;

y′m(tn−i) = − m
hm

(tn+1 − (tn − ih))m−1 = −m
h
(i+ 1)m−1, ÿêùî m = 1, k.

Ðèñ. 1. Òåêñòè ïðîãðàì Am(j1, j2, k), Bv(k), Bm(m, k), Dv(k)

Åëåìåíòè âåêòîðà b âèçíà÷àþòüñÿ çíà÷åííÿìè ïîõiäíî¨ y′n+1, à êîåôiöi¹íòè
âåêòîðà d � çíà÷åííÿìè ôóíêöi¨ yn+1 i îá÷èñëþþòüñÿ çà ôîðìóëàìè:

y′n+1=y
′
m(tn+1)=

{
−1, ÿêùî m=1,

0, ÿêùî m ̸= 1;
yn+1=ym(tn+1)=

{
1, ÿêùî m=0,

0, ÿêùî m ̸= 0.
(10)

Îá÷èñëåííÿ ìàòðèöü A i B, ñòîâïöiâ b i d çäiéñíþ¹òüñÿ çà äîïîìîãîþ ïðî-
ãðàì Am(j1, j2, k), Bm(m, k), Bv(k) i Dv(k), ðåàëiçîâàíèõ â ïàêåòi Mathcad, ÿêi
íàâåäåíî íà ðèñ. 1. Íà ¨õ îñíîâi ñêëàäåíà ïðîãðàìà JNBM(j1, j2, s, q) (ðèñ. 2),
ÿêà äà¹ ìîæëèâiñòü îäåðæàòè ÷èñëî k � ïîðÿäîê òî÷íîñòi ìåòîäó, ìàòðèöi A
i B, ñòîâïöi b i d, êîìïîíó¹ ìàòðèöþ C òà çíàõîäèòü x � ðîçâ'ÿçîê ñèñòåìè
(7). Êîåôiöi¹íòè âåêòîðà x ¹ øóêàíèìè êîåôiöi¹íòàìè ôîðìóë ðiçíèõ ëiíiéíèõ
áàãàòîêðîêîâèõ ìåòîäiâ ÿê ÿâíîãî, òàê i íåÿâíîãî òèïiâ.

Íèæ÷å íàâåäåíî ïðèêëàäè òîãî, ÿê âiäîìi ëiíiéíi áàãàòîêðîêîâi ìåòîäè ÿâ-
íîãî òà íåÿâíîãî òèïiâ ðîçâ'ÿçàííÿ çàäà÷i Êîøi îäåðæóþòüñÿ çà äîïîìîãîþ
ðîçðîáëåíîãî íàìè ìåòîäó.
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Ðèñ. 2. Òåêñò ïðîãðàìè JNBM(j1, J2, s, q)

1. ßâíèé ìåòîä Àäàìñà-Áàøôîðòà 5-ãî ïîðÿäêó îäåðæó¹òüñÿ çà äîïî-
ìîãîþ çâåðòàííÿ:

j1:=0 j2:=0 s=0 q :=5 (k A b B C d x) :=JNBM(j1, j2, s, q) k=5.

Ïðè öüîìó âiäïîâiäíi ìàòðèöi òà âåêòîðè ìàþòü òàêèé âèãëÿä:

A =


1
1
1
1
1
1

, B =


0 0 0 0 0
−1 −1 −1 −1 −1
−2 −4 −6 −8 −10
−3 −12 −27 −48 −75
−4 −32 −108 −256 −500
−5 −80 −405 −1280 −3125

.

ßê i â êîæíîìó ÿâíîìó ìåòîäi, ìàòðèöÿ C ñêëàäà¹òüñÿ òiëüêè ç ìàòðèöü A i B,
i íå ìiñòèòü ñòîâïöÿ b:

C =


1 0 0 0 0 0
1 −1 −1 −1 −1 −1
1 −2 −4 −6 −8 −10
1 −3 −12 −27 −48 −75
1 −4 −32 −108 −256 −500
1 −5 −80 −405 −1280 −3125

, d =


1
0
0
0
0
0

 . (11)

Ðîçâ'ÿçêîì ñèñòåìè (7), äå C, d ìàþòü âèãëÿä (11) ¹

xT =

(
1
1901

720
− 1387

360

109

30
− 637

360

251

720

)
.

Åëåìåíòè öüîãî âåêòîðà ¹ êîåôiöi¹íòàìè ÿâíîãî ìåòîäó Àäàìñà-Áàøôîðòà:

yn+1 = yn + h

(
1901

720
fn −

1387

360
fn−1 +

109

30
fn−2 −

637

360
fn−3 +

251

720
fn−4

)
.
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2. Íåÿâíèé ìåòîä Àäàìñà-Ìóëòîíà 6-ãî ïîðÿäêó îäåðæó¹òüñÿ çà äîïî-
ìîãîþ çâåðòàííÿ:

j1:=0 j2:=0 s=1 q :=5 (k A b B C d x) :=JNBM(j1, j2, s, q) k=6.

Ïðè òàêèõ çíà÷åííÿõ âõiäíèõ ïàðàìåòðiâ ç ïðîãðàìè JNBM(j1, j2, s, q) îòðè-
ìó¹ìî òàêi ìàòðèöi òà êîåôiöi¹íòè:

A =



1
1
1
1
1
1
1


, b =



0
−1
0
0
0
0
0


, B =



0 0 0 0 0
−1 −1 −1 −1 −1
−2 −4 −6 −8 −10
−3 −12 −27 −48 −75
−4 −32 −108 −256 −500
−5 −80 −405 −1280 −3125
−6 −192 −1458 −6144 −18750


,

C =



1 0 0 0 0 0 0
1 −1 −1 −1 −1 −1 −1
1 0 −2 −4 −6 −8 −10
1 0 −3 −12 −27 −48 −75
1 0 −4 −32 −108 −256 −500
1 0 −5 −80 −405 −1280 −3125
1 0 −6 −192 −1458 −6144 −18750


, d =



1
0
0
0
0
0
0


,

xT =

(
1

95

288

1427

1440
− 133

240

241

720
− 173

1440

3

160

)
,

yn+1=yn+h

(
95

288
fn+1+

1427

1440
fn−

133

240
fn−1+

241

720
fn−2−

173

1440
fn−3+

3

160
fn−4

)
.

Àíàëîãi÷íî çà äîïîìîãîþ âèáîðó ïàðàìåòðiâ j1, j2, s i q ó ïðîãðàìi
JNBM(j1, j2, s, q) ìîæíà îòðèìàòè ôîðìóëè iíøèõ âiäîìèõ ëiíiéíèõ áàãàòî-
êðîêîâèõ ìåòîäiâ ÿê ÿâíîãî, òàê i íåÿâíîãî òèïiâ áóäü-ÿêîãî ïîðÿäêó òî÷íîñòi.

3. ßâíèé ìåòîä Ìiëíà 5-ãî ïîðÿäêó òî÷íîñòi:

j1:=5 j2:=5 s=0 q :=5 (k A b B C d x) :=JNBM(j1, j2, s, q) k=5,

xT = (1 33
10

− 21
5

39
5

− 21
5

33
10
),

yn+1 = yn + h
(
33
10
fn − 21

5
fn−1 +

39
5
fn−2 − 21

5
fn−3 +

33
10
fn−4

)
.

4. Íåÿâíèé ìåòîä Ìiëíà 6-ãî ïîðÿäêó òî÷íîñòi:

j1:=4 j2:=4 s=1 q :=5 (k A b B C d x) :=JNBM(j1, j2, s, q) k=6,

xT = (1 95
288

125
96

125
144

125
144

125
96

95
288

),

yn+1 = yn + h
(

95
288
fn+1 +

125
96
fn +

125
144
fn−1 +

125
144
fn−2 +

125
96
fn−3 +

95
288
fn−4

)
.

Çà äîïîìîãîþ çàïðîïîíîâàíîãî â äàíié ðîáîòi ïiäõîäó ìîæíà îòðèìàòè iíøi
ôîðìóëè ëiíiéíèõ áàãàòîêðîêîâèõ ìåòîäiâ.
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5. Íîâèé ÿâíèé áàãàòîêðîêîâèé ìåòîä

j1:=0 j2:=2 s=0 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=2,

xT =(3 − 3 1), yn+1 = 3yn − 3yn−1 + yn−2.

j1:=0 j2:=3 s=0 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=3,

xT =(4 − 6 4 − 1),

yn+1 = 4yn − 6yn−1 + 4yn−2 − yn−3.

j1:=0 j2:=4 s=0 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=4,

xT =(5 −10 10 −5 1),

yn+1 = 5yn − 10yn−1 + 10yn−2 − 5yn−3 + yn−4.

j1:=0 j2:=5 s=0 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=5,

xT =(6 −15 20 −15 6 −1),

yn+1 = 6yn − 15yn−1 + 20yn−2 − 15yn−3 + 6yn−4 − yn−5.

j1:=0 j2:=6 s=0 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=6,

xT =(7 −21 35 −35 21 −7 1, )

yn+1 = 7yn − 21yn−1 + 35yn−2 − 35yn−3 + 21yn−4 − 7yn−5 + yn−6.

6. Íîâèé íåÿâíèé áàãàòîêðîêîâèé ìåòîä

j1:=0 j2:=1 s=1 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=2,

xT =(4
3

− 1
3

2
3
).

yn+1 =
4
3
yn − 1

3
yn−1 + h · 2

3
fn+1.

j1:=0 j2:=2 s=1 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=3,

xT =(18
11

− 9
11

2
11

6
11
),

yn+1 =
18
11
yn − 9

11
yn−1 +

2
11
yn−2 + h 6

11
fn+1.

j1:=0 j2:=3 s=1 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=4,

xT =(48
25

− 36
25

16
25

− 3
25

12
25
),

yn+1 =
48
25
yn − 36

25
yn−1 +

16
25
yn−2 − 3

25
yn−3 + h12

25
fn+1.
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j1:=0 j2:=4 s=1 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=5,

xT =(300
137

− 300
137

200
137

− 75
137

12
137

60
137

),

yn+1 =
300
137
yn − 300

137
yn−1 +

200
137
yn−2 − 75

137
yn−3 +

12
137
yn−4 + h 60

137
fn+1.

j1:=0 j2:=5 s=1 q :=0 (k A b B C d x) :=JNBM(j1, j2, s, q) k=6,

xT =(120
49

− 150
49

400
49

− 75
49

24
49

− 10
147

20
49
),

yn+1 =
120
49
yn − 150

49
yn−1 +

400
49
yn−2 − 75

49
yn−3 +

24
49
yn−4 − 10

147
yn−5 + h29

49
fn+1.

Ðèñ. 3. Òåêñò ïðîãðàìè R_K_4(t0, y0, h, f,m)

Ïðèêëàä. Íà îñíîâi îòðèìàíèõ ôîðìóë ìåòîäiâ 5 i 6 ïîáóäó¹ìî ìåòîä ïðî-
ãíîçó i êîðåêöi¨ (ïðåäèêòîð-êîðåêòîð). Äëÿ iëþñòðàöi¨ ðîçãëÿíåìî çàäà÷ó Êîøi

y′ = −y + sin(ty), y(0) = 1, 5. (12)

Íà ðèñ. 3 íàâåäåíî ïðîãðàìó R_K_4(t0, y0, h, f,m) ðåàëiçàöi¨ ìåòîäó Ðóíãå-
Êóòòè äëÿ îäåðæàííÿ çíà÷åíü ðîçâ'ÿçêó â m ïî÷àòêîâèõ òî÷êàõ (m � ïîðÿäîê
òî÷íîñòi).

Ó ðåçóëüòàòi ¨¨ ðîáîòè îòðèìà¹ìî òî÷êè ðîçáèòòÿ � âåêòîð t i çíà÷åííÿ
ðîçâ'ÿçêó yp â öèõ òî÷êàõ:

t⊤ = (0 0.01 0.02 0.03 0.04 0.05 0.06) yp⊤ =

(
3

2

150

101

25

17

150

103

75

52

3603

2522

242

171

)
.

Ïiñëÿ öüîãî çâåðòàííÿì

j1:=0 j2:=m s=0 q :=0 (k A b B C d xj) :=JNBM(j1, j2, s, q) k=5

j1:=0 j2:=m−1 s=1 q :=0 (k A b B C d xn) :=JNBM(j1, j2, s, q) k=5,

çà äîïîìîãîþ ïðîãðàìè R_K_KI(h, n, f, t, yp, xj, xn) ç ðèñ. 4 îòðèìó¹ìî ðîçâ'ÿ-
çîê çàäà÷i Êîøi (12). Ãðàôiê ðîçâ'ÿçêó íàâåäåíî íà ðèñ. 5.
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Ðèñ. 4. Òåêñò ïðîãðàìè R_K_KI(h, n, f, t, yp, xj, xn)

Ðèñ. 5. Ãðàôiê ðîçâ'ÿçêó
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ÓÄÊ 510

I. À. Ìè÷, Â. Â. Íiêîëåíêî (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÄÎÑÊÎÍÀËI ÄÈÇ'ÞÍÊÒÈÂÍI ÍÎÐÌÀËÜÍI ÔÎÐÌÈ Â
ÎÄÍÎÌÓ ÊËÀÑI ÀËÃÅÁÐ

The methods of constructing normal forms in the class of algebras are considered. Formulas of
algebra describe Boolean images.

Ó ðîáîòi äîñëiäæóþòüñÿ ìåòîäè ïîáóäîâè íîðìàëüíèõ ôîðì â êëàñi àëãåáð, ôîðìóëè ÿêèõ
îïèñóþòü áóëåâi çîáðàæåííÿ.

1. Âñòóï. Ó ðîáîòi [1] ââåäåíî ó ðîçãëÿä óíiâåðñàëüíi àëãåáðè P, ÿêi çàäàíi
íàä êâàäðàòíèìè áiíàðíèìè ìàòðèöÿìè ïîðÿäêó n i ñèãíàòóðîþ, ùî ñêëàäà¹-
òüñÿ ç äâîõ áiíàðíèõ îïåðàöié min, max i ìíîæèíè óíàðíèõ îïåðàöié Ti, i ∈ Z8,
(Zk = 0, 1, . . . , k−1), ÿêi çàäàþòü ïîâîðîò åëåìåíòiâ ìàòðèöi, êðàòíèé 90◦ âiäíî-
ñíî îñåé àáî öåíòðà ñèìåòði¨. Äëÿ îïåðàöié Ti, i ∈ Z8, ââåäåíî ïîíÿòòÿ ïîâíèõ
òà çàìêíåíèõ âëàñíèõ ïiäñèñòåì, îïèñàíî ïîâíi òà çàìêíåíi ñèñòåìè òîòîæíî-
ñòåé àëãåáðè P , íà ¨õ îñíîâi ïîáóäîâàíi êàíîíi÷íi ôîðìè. Âiäîìî, ùî äîñêîíàëi
íîðìàëüíi ôîðìè ¹ çðó÷íèì ñïîñîáîì ïðåäñòàâëåííÿ ôîðìóë àëãåáðè ëîãiêè
i ìàþòü øèðîêå ïðàêòè÷íå çàñòîñóâàííÿ [2]. Ó äàíié ðîáîòi äëÿ ôîðìóë, ÿêi
îïèñóþòü áóëåâi çîáðàæåííÿ, ââåäåíî ïîíÿòòÿ äîñêîíàëî¨ äèç'þíêòèâíî¨ íîð-
ìàëüíî¨ ôîðìè àëãåáðè P i çàïðîïîíîâàíî ìåòîä ¨¨ ïîáóäîâè.

2. Çàìêíåíi êëàñè ôîðìóë àëãåáðè Ð. Ç âèçíà÷åííÿ îïåðàöié Ti, i ∈ Z8,
âèïëèâà¹, ùî íà ìàòðèöi 4 × 4 ïiêñåëi óòâîðþþòü òðè çàìêíåíi êëàñè
η1 = {1, 4, 13, 16}, η2 = {2, 3, 5, 8, 9, 12, 14, 15}, η3 = {6, 7, 10, 11} âiäíî-
ñíî öèõ îïåðàöié [1].

Çàäàâøè äëÿ êîæíîãî êëàñó âiäïîâiäíî çîáðàæåííÿ

A1 = , A2 = , A3 = .

çà äîïîìîãîþ îïåðàöié Ti, i ∈ Z8, ïiêñåëü iç çíà÷åííÿì 1 (÷îðíèé) ìîæå áóòè
ïåðåìiùåíèé â äîâiëüíó êëiòèíó, ùî íàëåæèòü âiäïîâiäíîìó çàìêíåíîìó êëàñó.
Íàïðèêëàä, ïåðåìiñòèìî ÷îðíi ïiêñåëi çîáðàæåíüA1, A2, A3 íà âñi ìîæëèâi ìiñöÿ
êâàäðàòà (òàáë. 1).

Òàáëèöÿ 1

A1 A2 AT62 AT21

AT12 A3 AT23 AT22

AT32 AT33 AT43 AT42

AT51 AT52 AT72 AT41
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Ç òàáëèöi 1 âèïëèâà¹, ùî áóäü-ÿêå çîáðàæåííÿ A íà ðåöåïòîðíîìó ïîëi 4×4
ðåàëiçó¹òüñÿ ôîðìóëîþ àëãåáðè P áåç âèêîðèñòàííÿ îïåðàöié êîí'þíêöi¨

A = A
Ti1
1 ∨ ATi21 ∨ . . . ∨ ATik1 ∨ ATj12 ∨ . . .∨ATjl2 ∨ ATt13 ∨ . . .∨ATtq3 , (1)

äå ik, tq, jl ∈ Z7.
Íàïðèêëàä, çîáðàæåííÿ A, íàâåäåíå íà ðèñ. 1, ìîæå áóòè ïðåäñòàâëåíå ôîð-

ìóëîþ A = AT51 ∨ AT02 ∨ AT42 ∨ AT52 ∨ AT03 ∨ AT23 .

A =

Ðèñ. 1

Àíàëîãi÷íî, âèêîðèñòîâóþ÷è çîáðàæåííÿ

B1 = , B2 = , B3 = .

äîâiëüíå çîáðàæåííÿ A ìîæå áóòè ïðåäñòàâëåíå ôîðìóëîþ:

A = B
Ti1
1 ∧BTi2

1 ∧ . . . ∧BTik
1 ∧BTj1

2 ∧ . . . ∧BTjl
2 ∧BTt1

3 ∧ . . . ∧BTtq
3 , (2)

äå ik, tq, jl ∈ Z7.
Íàïðèêëàä, çîáðàæåííÿ A (ðèñ. 1) âèçíà÷à¹òüñÿ ôîðìóëîþ
A = BT0

1 ∧BT2
1 ∧BT4

1 ∧BT6
2 ∧BT2

2 ∧BT7
2 ∧BT3

2 ∧BT1
2 ∧BT4

3 ∧BT3
3 .

Äëÿ êâàäðàòà 5 × 5 (ðèñ. 3) éîãî êëiòèíè âiäíîñíî îïåðàöié ïîâîðîòó Ti,
i ∈ Z8, óòâîðþþòü øiñòü çàìêíåíèõ êëàñiâ: η1 = {1, 5, 21, 25}, η2 = {2, 4, 6, 10,
16, 20, 22, 24}, η3 = {3, 11, 15, 23}, η4 = {7, 9, 17, 19}, η5 = {8, 12, 14, 18},
η6 = {13} .

Äîâiëüíå çîáðàæåííÿ íà ïîëi 5× 5 ìîæå áóòè ïðåäñòàâëåíå ôîðìóëîþ òèïó
(1) àáî (2), âèêîðèñòàâøè øiñòü çîáðàæåíü, A1, A2, . . . , A6 àáî B1, B2, . . . , B6,
âèáðàíèõ àíàëîãi÷íî äî íàâåäåíèõ âèùå A1, A2, A3 àáî B1, B2, B3.

Ðîçòàøóâàííÿ ïiêñåëiâ çàìêíåíèõ êëàñiâ âiäíîñíî îïåðàöié Ti, i ∈ Z8, äëÿ
ïîëiâ ðiçíî¨ ðîçìiðíîñòi ïîêàçàíî íà ðèñ. 3. Êiëüêiñòü çàìêíåíèõ êëàñiâ âiäíîñíî
îïåðàöié Ti, i ∈ Z8, íàâåäåíî ó òàáëèöi 2.

Òàáëèöÿ 2

1× 1 2× 2 3× 3 4× 4 5× 5 6× 6 7× 7 8× 8

1 1 1 + 2 1 + 2 1 + 2 + 3 1 + 2 + 3 1 + 2 + 3 + 4 1 + 2 + 3 + 4
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Ðîçãëÿíåìî äâà êâàäðàòè ðîçìiðíiñòþ 2n × 2n i 2n + 2 × 2n + 2. Äðóãèé
êâàäðàò ìîæíà îòðèìàòè ç ïåðøîãî, äîäàâøè ïî êîíòóðó ïî îäíîìó ðÿäêó i
ñòîâï÷èêó ç âiäïîâiäíîþ êiëüêiñòþ êëiòèí (ðèñ. 2).

2n+ 2× 2n+ 2

2n× 2n

Ðèñ. 2

Iç òàáëèöi 2 âèïëèâà¹, ùî íà ïîëi 2n×2n, n ∈ N, êiëüêiñòü çàìêíåíèõ êëàñiâ
íå çìiíèòüñÿ â ïîðiâíÿííi ç ïîëåì 2n − 1 × 2n − 1, à íà ïîëi 2n + 1 × 2n + 1
ç'ÿâëÿòüñÿ n + 1 íîâèõ êëàñiâ íà äîäàíèõ ðÿäêàõ i ñòîâï÷èêàõ ó ïîðiâíÿíi ç
ïîëåì 2n× 2n. Çâiäñè âèïëèâà¹ òåîðåìà.

Òåîðåìà 1. Íà ïîëÿõ 2n× 2n i 2n− 1× 2n− 1, n ∈ N, iñíó¹ n2+n
2

çàìêíåíèõ
êëàñiâ âiäíîñíî îïåðàöié Ti, i ∈ Z8.

3. Äîñêîíàëi êàíîíi÷íi ôîðìè ôîðìóë P−àëãåáðè.

Îçíà÷åííÿ 1. Äèç'þíêòèâíà íîðìàëüíà ôîðìà ôîðìóëè φ = p1∨p2∨. . .∨pn
P− àëãåáðè íàçèâà¹òüñÿ äîñêîíàëîþ, ÿêùî âîíà ëåêñèêîãðàôi÷íî âïîðÿäêîâàíà
âiäíîñíî iíäåêñiâ çìiííèõ xi, i = 1, . . . , k, òà iíäåêñiâ ïîâîðîòiâ Tj, j = 1, . . . , l,
â åëåìåíòàðíèõ ïåðåòèíàõ pi äëÿ âñiõ i = 1, 2, . . . n.

Ðîçãëÿíåìî àëãåáðó U4 = ⟨A4, Ω⟩, äå A4 =




a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44


 � ìíî-

æèíà áiíàðíèõ ìàòðèöü (áiíàðíèõ çîáðàæåíü).
Äëÿ åëåìåíòiâ a12; a13; a24; a34; a43; a42; a31; a21 äðóãîãî çàìêíåíîãî êëàñó,

âiäíîñíî îïåðàöié Ti, i ∈ Z8, ñïðàâåäëèâi ðiâíîñòi: .

aT012 = a12; a
T6
13 = a12; a

T3
24 = a12; a

T4
34 = a12;

aT743 = a12; a
T5
42 = a12; a

T2
31 = a12; a

T1
21 = a12. (3)

Ç öèõ ðiâíîñòåé âèïëèâà¹, ùî:

1) äëÿ äîâiëüíî¨ îïåðàöi¨ Tk, k ∈ Z8, ó äðóãîìó êëàñi iñíó¹ åëåìåíò aij òàêèé,
ùî aTkij = a12;

2) äëÿ äîâiëüíîãî åëåìåíòà aij ç äðóãîãî êëàñó iñíó¹ îïåðàöiÿ Tk, k ∈ Z8,
òàêà, ùî aTkij = a12.
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Ðèñ. 3

Ðiâíîñòi (3) çðó÷íî çàäàòè ó âèãëÿäi òàáëèöi 3.

Òàáëèöÿ 3

T0 T6

T1 T3

T2 T4

T5 T7

Êîðèñòóþ÷èñü öi¹þ òàáëèöåþ äëÿ äîâiëüíîãî ïåðåòèíó r(xt) = x
Tk1
t x

Tk2
t . . . x

Tks
t ,

t ∈ N, k1, k2, . . . , ks ∈ Z8 ïîáóäó¹ìî çîáðàæåííÿ

A∗
t (aij) =



a12 = 1, ÿêùî, xT0t ∈ r(xt), a12 = 0, â iíøîìó âèïàäêó,
a13 = 1, ÿêùî, xT6t ∈ r(xt), a13 = 0, â iíøîìó âèïàäêó,
a24 = 1, ÿêùî, xT3t ∈ r(xt), a24 = 0 , â iíøîìó âèïàäêó,
a34 = 1, ÿêùî, xT4t ∈ r(xt), a34 = 0, â iíøîìó âèïàäêó,
a43 = 1, ÿêùî, xT7t ∈ r(xt), a43 = 0, â iíøîìó âèïàäêó,
a42 = 1, ÿêùî, xT5t ∈ r(xt), a42 = 0, â iíøîìó âèïàäêó,
a31 = 1, ÿêùî, xT2t ∈ r(xt), a31 = 0, â iíøîìó âèïàäêó,
a21 = 1, ÿêùî, xT1t ∈ r(xt), a21 = 0, â iíøîìó âèïàäêó,

à âñi iíøi åëåìåíòè ìàòðèöi A∗
t (aij) äîðiâíþþòü íóëåâi.

Ç ïðîâåäåíèõ ìiðêóâàíü âèïëèâà¹, ùî:
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1) â ìàòðèöi rt (A∗
t ) åëåìåíò a12 äîðiâíþ¹ îäèíèöi;

2) ó âñiõ iíøèõ ïåðåòèíàõ, ÿêi íå ¹ âëàñíîþ ÷àñòèíîþ r(xt), åëåìåíò a12 äî-
ðiâíþ¹ íóëåâi.

ßêùî åëåìåíòàðíà êîí'þíêöiÿ pd ìà¹ â ñâî¹ìó ñêëàäi çìiííi xd1 , xd2 , . . . , xdl ,
d1, d2, . . . , dl ∈ N, òî ¨¨ ìîæíà ïðåäñòàâèòè ó âèãëÿäi

pd = r (xd1) r (xd2) . . . r (xdl) . (4)

Äëÿ êîæíîãî ïåðåòèíó r (xdt) áóäó¹òüñÿ àíàëîãi÷íî äî A∗
t (aij) çîáðàæåííÿ

A∗
dt
(aij). Ëåãêî ïåðåêîíàòèñü, ùî â çîáðàæåííi pd

(
A∗
d1
, A∗

d2
, . . . , A∗

dt

)
åëåìåíò

a12 äîðiâíþ¹ îäèíèöi, à ó âñiõ iíøèõ åëåìåíòàðíèõ êîí'þíêöiÿõ öåé åëåìåíò
äîðiâíþ¹ íóëåâi.

Ïðîâåäåíi ìiðêóâàííÿ ñïðàâåäëèâi äëÿ äîâiëüíî¨ àëãåáðè Uk = ⟨Ak, Ω⟩ ∈ P ,
k ≥ 4 [1], îñêiëüêè êîæíà ç íèõ ìà¹ â ñâî¹ìó ñêëàäi åëåìåíòè äðóãîãî çàìêíåíîãî
êëàñó, ÿêùî k = 2n, n = 2, 3, . . .. Â àëãåáðàõ Uk = ⟨Ak, Ω⟩ ∈ P, ïðè k = 2n + 1
ðîëü åëåìåíòiâ äðóãîãî êëàñó âiäiãðàþòü åëåìåíòè ï'ÿòîãî êëàñó.

Íåõàé φ1 = p1 ∨ p2 ∨ . . . ∨ pm, φ2 = q1 ∨ q2 ∨ . . . ∨ qt äèç'þíêòèâíi íîðìàëüíi
ôîðìè ôîðìóë φ1 i φ2 àëãåáð Uk = ⟨Ak, Ω⟩ ∈ P, k ≥ 4.

Òåîðåìà 2. φ1=φ2 òîòîæíiñòü, ÿêùî ∀pd ∈ φ1, ∃qj ∈ φ2 òàêå, ùî pd P qj
(pd ëåêñèêîãðàôi÷íî ñïiâïàäà¹ ç qj).

Äîâåäåííÿ. Íåõàé pd ìà¹ âèãëÿä (4). Áóäó¹ìî çîáðàæåííÿ pd
(
A∗
d1
, . . . , A∗

dt

)
,

â ÿêîìó a12 = 1. Âñiì iíøèì çìiííèì, ÿêi íå âõîäÿòü â pd, ïðèñâî¨ìî íóëüîâå
çíà÷åííÿ. ßêùî φ1=φ2 òîòîæíiñòü, òî ∃qj ∈ φ2 òàêå, ùî íà çàäàíîìó íàáîði
çîáðàæåíü A∗

d1
, A∗

d2
, . . . , A∗

dt
, ïðèéìà¹ òàêi ñàìi çíà÷åííÿ, ùî é φ1 â òîìó ÷èñëi â

òî÷öi a12 = 1. À öå ìîæëèâî òiëüêè òîäi êîëè qj ïiäôîðìóëà pd (qj ⊂ pd).
Ïðîâîäÿ÷è àíàëîãi÷íi ìiðêóâàííÿ äëÿ ôîðìóëè φ2 i áóäóþ÷è âiäïîâiäíèé

íàáið çîáðàæåííÿ äëÿ qj, íà ÿêîìó a12 = 1, îòðèìó¹ìî, ùî òîòîæíiñòü φ1=φ2

áóäå ìàòè ìiñöå, ÿêùî ∀qj ∃ps òàêå, ùî ps ⊂ qj. Òîäi ç âêëþ÷åíü qj ⊂ pd i ps ⊂ qj
âèïëèâà¹, ùî ps ⊂ pd, à öå íåìîæëèâî, îñêiëüêè â ïîáóäîâàíèõ äèç'þíêòèâíèõ
íîðìàëüíèõ ôîðìàõ íi îäíà åëåìåíòàðíà êîí'þíêöiÿ íå ¹ ïiäôîðìóëîþ iíøî¨
åëåìåíòàðíî¨ êîí'þíêöi¨. Òåîðåìó äîâåäåíî.

4. Äîñêîíàëà äèç'þíêòèâíà íîðìàëüíà ôîðìà àëãåáðè U3 = ⟨A3, Ω⟩.
Ç îçíà÷åííÿ îïåðàöié Ti, i ∈ Z8, âèïëèâà¹, ùî â àëãåáði U3 ¹ òðè çàìêíåíi êëàñè
åëåìåíòiâ: {a11, a13, a31, a33}, {a12, a23, a32, a21}, {a22}. Äëÿ åëåìåíòiâ ïåðøîãî i

T1 T2 T3 T4
1 4 7
2 5 8
3 6 9

7 4 1
8 5 2
9 6 3

3 6 9
2 5 8
1 4 7

9 6 3
8 5 2
7 4 1

T0 T5 T6 T7
1 2 3
4 5 6
7 8 9

7 8 9
4 5 6
1 2 3

3 2 1
6 5 4
9 8 7

3 2 1
6 5 4
9 8 7

Ðèñ. 4
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äðóãîãî êëàñó ñïðàâåäëèâi ñïiââiäíîøåííÿ:

aT111 = a11; aT613 = a11; aT433 = a11; aT531 = a11;

aT012 = a12; a
T3
23 = a12; aT732 = a12; aT221 = a12.

(5)

Ñïiââiäíîøåííÿ (5) çðó÷íî ïðåäñòàâèòè ó âèãëÿäi òàáëèöi 4.

Òàáëèöÿ 4

T1 T0 T6

T2 T3

T5 T7 T4

Êîðèñòóþ÷èñü öi¹þ òàáëèöåþ äëÿ äîâiëüíîãî ïåðåòèíó r(xt) = x
Tk1
t x

Tk2
t . . . x

Tks
t

ïîáóäó¹ìî çîáðàæåííÿ

A∗
t (aij) =



a11 = 1, ÿêùî xT1t ∈ rt, a11 = 0, ÿêùî xT1t ̸∈ rt,

a12 = 1, ÿêùî xT0t ∈ rt; a12 = 0, ÿêùî xT0t ̸∈ rt,

a13 = 1, ÿêùî xT6t ∈ rt; a13 = 0, ÿêùî xT6t ̸∈ rt,

a21 = 1, ÿêùî xT2t ∈ rt; a21 = 0, ÿêùî xT2t ̸∈ rt,

a23 = 1, ÿêùî xT3t ∈ rt; a23 = 0, ÿêùî xT3t ̸∈ rt,

a31 = 1, ÿêùî xT5t ∈ rt; a31 = 0, ÿêùî xT5t ̸∈ rt,

a32 = 1, ÿêùî xT7t ∈ rt; a32 = 0, ÿêùî xT2t ̸∈ rt,

a33 = 1, ÿêùî xT3t ∈ rt; a33 = 0, ÿêùî xT4t ̸∈ rt,
a22 = 0.

Ó çîáðàæåííi rt (A∗
t (aij)):

1) åëåìåíòè a11 òà a12 äîðiâíþþòü îäèíèöi;

2) íà âñiõ iíøèõ ïåðåòèíàõ, ÿêi íå ¹ âëàñíîþ ÷àñòèíîþ r(xt), õî÷à á îäèí iç
åëåìåíòiâ a11, a12 äîðiâíþ¹ íóëåâi.

Äàëi ïðîâîäÿ÷è ìiðêóâàííÿ, àíàëîãi÷íi äîâåäåííþ ïîïåðåäíüî¨ òåîðåìè îòðè-
ìó¹ìî, ùî ðåçóëüòàòè öi¹¨ òåîðåìè ïîøèðþþòüñÿ i äëÿ àëãåáðè U3.

Ó äàíié ðîáîòi ïîêàçàíî: 1. ÄÍÔ ôîðìóë àëãåáð êëàñó P äëÿ n > 2 ñïiâïàäà-
þòü ç ïîáóäîâàíèìè â ðîáîòi [1] ÄÍÔ. 2. Âñi àëãåáðè Un, n > 2 ¹ åêâàöiîíàëüíî
åêâiâàëåíòíèìè, òîáòî ìíîæèíè âñiõ òîòîæíîñòåé â öèõ àëãåáðàõ ñïiâïàäàþòü.
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TRANSITION GRAPHS OF ITERATIONS OF INITIAL
(2, 2)-AUTOMATA

The iterations of an automaton A naturally produces a sequence of �nite graphs GA(n) which
describe the transitions in A(n) = A ◦ A ◦ . . . ◦ A (n times). We consider combinatorial properties
of the graphs GA(n) for initial invertible automata with two states over the binary alphabet. We
compute the chromatic number and girth of the graphs GA(n) and show that all of them are
imbalance graphic.

Iòåðàöi¨ àâòîìàòà A ïðèðîäíüî ïîðîäæóþòü ïîñëiäîâíiñòü ñêií÷åííèõ ãðàôiâ GA(n), ùî îïè-
ñóþòü ïåðåõîäè â àâòîìàòàõ A(n) = A ◦ A ◦ . . . ◦ A (n ðàçiâ). Ìè ðîçãëÿäà¹ìî êîìáiíàòîðíi
âëàñòèâîñòi ãðàôiâ GA(n) äëÿ iíiöiàëüíèõ îáîðîòíèõ àâòîìàòiâ ç äâîìà ñòàíàìè íàä áiíàðíèì
àëôàâiòîì. Ó ñòàòòi ïîðàõîâàíî õðîìàòè÷íå ÷èñëî i îáõâàò äëÿ ãðàôiâ GA(n) i äîâåäåíî, ùî
âñi âîíè ¹ iìáàëàíñíî ãðàôi÷íèìè.

1. Introduction. Let a be a Mealy automaton with the same input-output alpha-
bet. Then we can consider the sequence of its iterations (an)n≥1, where the n-th
iteration an is the minimization of a ◦ . . . ◦ a (n times composition of a with itself).
The study of iterations of invertible automata is at the heart of famous examples of
Burnside automaton groups and groups of intermediate growth (see [6, 9]).

Important information about an is contained in its transition graph whose ver-
tices are the states of an and arrows correspond to transitions. We will be interested
in the graph Ga(n), which is a simple graph obtained from the transition graph of an

by ignoring loops, directions, and multiple edges. The graphs Ga(n) for non-initial
automata were intensively studied for the last twenty years as Schreier graphs of
automaton groups (see [2–4] and the references therein). In particular, the study of
spectrum of graphs Ga(n) for certain automaton lead to the solution of the Atiyah
problem about the range of L2-Betti numbers of closed manifolds (see [5]).

In this paper we study the graphs Ga(n) for initial invertible automata with two
states over the binary alphabet or just (2, 2)-automata for short. This class con-
tains 18 minimal automata, eleven of which have finite order and the corresponding
sequence (Ga(n))n≥1 consists of at most two graphs. The sequence (Ga(n))n≥1 con-
tains infinitely many graphs for the seven (2, 2)-automata of infinite order, which are
the adding machine, two states of the cyclic automaton (they generate C∞), and two
states of the lamplighter automaton and its inverse (they generate the lamplighter
group Z2 ≀ Z). The growth function for every (2, 2)-automaton a, which computes
the number of vertices of Ga(n), i.e., the number of states of an, was calculated
in [10]. We compute the chromatic number χ(G) and girth g(G) of these graphs.

Theorem 1. The chromatic number and girth of the graphs Ga(n) for a (2, 2)-
automaton a are the following:

• if a is trivial or acts as permutation of every letter, then Ga(n) is acyclic and
χ(Ga(n)) = 1 for all n ≥ 1;

• if a has order two and do not act as permutation of every letter, then Ga(n)
is acyclic and χ(Ga(n)) = 1 + (n mod 2) for all n ≥ 1;
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• if a is the adding machine or a state of the cyclic automaton, then Ga(n) is
acyclic and χ(Ga(n)) = 2 for n = 2k, k ≥ 0 and g(Ga(n)) = χ(Ga(n)) = 3
otherwise;

• if a is a state of the lamplighter automaton or its inverse, then Ga(1) is acyclic
with χ(Ga(1)) = 2 and g(Ga(n)) = χ(Ga(n)) = 3 for n ≥ 2.

Also we consider graph imbalances introduced in [1] as a measure of graph ir-
regularity. A graph is imbalance graphic if its imbalance multiset coincides with a
degree multiset for some other graph. This property was studied in [8]. We prove

Theorem 2. Let a be a (2, 2)-automaton. Then the graph Ga(n) is imbalance
graphic for every n ∈ N.

Acknowledgment. The author would like to thank his advisor Ievgen Bon-
darenko for his help in problem formulation and corrections of this paper.

2. Preliminaries. In this section we recall necessary information on chromatic
number, girth and imbalances of graphs (see [7] for more information and references).
Throughout the paper we consider only finite simple undirected graphs without
loops.

Let G be a graph. The chromatic number χ(G) is the smallest number of colors
that can be used to color the vertices of G in such a way that no two adjacent
vertices share the same color. We will use the following well-known theorem that
gives us an upper bound for the graph chromatic number based on the maximal
vertex degree.

Theorem 3 (Brooks, 1941). Let G be a connected graph with the maximal vertex
degree d. Then χ(G) is at most d + 1. Moreover, χ(G) = d + 1 if and only if G is
a complete graph or an odd cycle.

The girth g(G) of a graph G is the length of the smallest cycle in G or infinity if
there are no cycles. If the girth is high, then locally around every vertex the graph
looks like a tree, and one could expect that its chromatic number is small. However,
this is not the case; in 1959 Erdös has proved using probabilistic arguments that for
any positive integers χ and γ there exist graphs with chromatic number χ and girth
γ. Since then, many explicit constructions of such graphs were proposed.

Edge imbalances of graphs were introduced in [1] as a tool to investigate graph
irregularity. Let G be a graph with the vertex set V (G) and the edge set E(G). The
degree of a vertex v ∈ V (G) will be denoted by d(v).

Definition 1. Let e ∈ E(G) be an edge which is incident to the vertices u and
v. The imbalance of the edge e is defined as imb(e) = |d(u)− d(v)|.

For a graph G we consider the following two multisets: M(G) is the multiset of
all edge imbalances and D(G) is the multiset of vertex degrees.

Definition 2. A multiset M is graphic if there exists some graph Γ such that
D(Γ) = M . A graph G is called imbalance graphic if its imbalance multiset is
graphic.

Every path and every regular graph are imbalance graphic. Examples of graphs
that are not imbalance graphic were constructed in [8].

We need the following lemma for further proofs.
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Lemma 1. Let G be a graph such that its imbalance multisetM(G) contains only
values 0, 1 and 2 with the following property. If there are exactly 1 or 2 imbalances
with value 2 then there exists an imbalance with value 1 in M(G). Then M(G) is
graphic.

Proof. Let us construct the graph Γ such that D(Γ) =M(G). Note that every
0 imbalance can be always realized by some isolated vertex. In addition, we know
that the sum of all imbalances for any graph is even. This means that in the given
situation we have an even number of values 1 in M(G).

If we have at least three values 2 in M(G) then we can realize them by a cycle.
Otherwise, we can construct the path of length 1, 2 or 3 depending on how many
values 2 there are in M(G). This is possible as the multiset M(G) contains at least
two values 1. All other values 1 can be realized by paths of length 1. Therefore,
M(G) is graphic.

3. Automata and their transition graphs. In this section we recall neces-
sary information on automata-transducers (see [6] for more details).

We consider automata given by triples A = (X,S, λ), where X is a finite set
(input-output alphabet), S is a finite set of states, and λ : S × X → X × S is an
output-transition map. An initial automaton is an automaton A = (X,S, λ) with a
fixed initial state a ∈ S. We will denote initial automaton by its initial state a.

Let X∗ be the set of all words over X. Then every initial automaton a defines a
transformation of X∗ as follows. The image of an input word x1x2 . . . xn is defined
recursively by the rule:

a(x1x2 . . . xn) = y1b(x2 . . . xn), if λ(a, x1) = (y1, b).

An automaton a is called invertible if the corresponding transformation of X∗ is
invertible.

Two initial automata over X are called equivalent if they define the same trans-
formation of X∗. An initial automaton is called minimal if it has the minimal
number of states among the equivalent automata. Every automaton can be mini-
mized using the classical Hopcroft’s algorithm (1971). Note that every automaton
transformation can be defined by a unique minimal automaton. Since we are go-
ing to work only with minimal automata, we can identify initial automata and the
corresponding transformations of X∗.

Definition 3. The n-th iteration an of an initial automaton a is the minimal
automaton which defines the n-th iteration of the transformation defined by a.

In other words, we define a composition of automata via the composition of
corresponding transformations. Note that this agrees with the standard composition
of automata, where the output of the first automaton is connected to the input of
the second automaton.

Definition 4. An initial automaton a has finite order if there exists a positive
integer n such that an defines the trivial transformation of X∗.

In order to simplify presentation of automata and calculation of automaton com-
position, people consider wreath recursion notation for automata.

Definition 5. A state s2 of an automaton is a projection of a state s1 if there
exists a letter x ∈ X such that λ(s1, x) = (y, s2) for some letter y ∈ X.
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Every state s of an automaton over X = {1, 2, . . . , d} can be written using its
projections in the wreath recursion notation s = (s1, s2, . . . , sd)πs, where πs : X → X
is a map on the alphabet defined by a and λ(s, i) = (πs(i), si). Note that every
automaton can be uniquely given by the system of wreath recursion for all of its
states.

Definition 6. Let a be a minimal initial automaton. For every n ∈ N we define
the graph Ga(n) with the vertex set V (Ga(n)) = States(an), where two vertices s1
and s2 are adjacent if one of them is a projection of another.

In other words, the graph Ga(n) is a simple graph obtained from the transition
graph of an by ignoring loops, directions, and multiple edges.

Definition 7. An initial finite automaton a is called imbalance graphic if for
every n ∈ N the graph Ga(n) is imbalance graphic.

Let us note that not all automata are imbalance graphic. For example, the
following wreath recursion defines an automaton with six states over the binary
alphabet X = {1, 2} that is not imbalance graphic:

a = (a, b)σ, b = (c, d)σ,

c = (d, e), d = (e, e)σ,

e = (e, f)σ, f = (f, f),

where σ is the transposition (1, 2). Indeed, the graph Ga(1) has two imbalances of
value 2 and all other imbalances are equal to 0. Such a multiset is not graphic.

4. The graphs Ga(n) for initial (2, 2)-automata. Up to symmetry and letters
interchanging, there are ten minimal non-initial invertible automata with two states
S = {a, b} over the alphabet X = {1, 2}:

1) b = (b, b), a = (a, a)σ;

2) b = (b, b), a = (b, b)σ;

3) b = (a, a), a = (a, a)σ;

4) b = (a, a), a = (b, b)σ;

5) b = (a, b), a = (a, a)σ;

6) b = (a, b), a = (b, b)σ;

7) b = (b, b), a = (b, a)σ (the adding machine);

8) b = (a, a), a = (a, b)σ (the cyclic automaton);

9) b = (a, b), a = (b, a)σ (the lamplighter automaton);

10) b = (a, b), a = (a, b)σ (inverse to the lamplighter automaton),
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where σ is the transposition (1, 2). By fixing an initial state, we get eleven initial
(2, 2)-automata of finite order and seven automata of infinite order.

For automata of finite order, the order is one or two. This means that it is
enough to consider only the graphs Ga(1) and Ga(2). These graphs are acyclic
and imbalance graphic. The chromatic number is χ(Ga(n)) = 1 for two of these
automata and χ(Ga(n)) = 1 + (n mod 2) for the other and for all n ≥ 1. We have
checked Theorems 1 and 2 for automata of finite order.

Further we consider one by one the seven automata of infinite order.

Proposition 1. Let a be the adding machine. Then the graph Ga(n) is imbalance
graphic for every n ∈ N.

Proof. The structure of the graphs Ga(n) is described in [10]. For n = 2k the
graph Ga(n) is a path of length k + 2. Therefore, it is imbalance graphic.

Now we consider other values of n. Every state am, 2 < m < n, has one or two
projections. Since the automaton is minimal, each state except an is a projection
of some state al. Each automaton can be a projection for at most two other states.
As a result we get that the vertex which corresponds to the state am can have only
degrees from the set {2, 3, 4}. Moreover, the vertex an has degree 1 if n is even and
2 otherwise. These facts together with a direct check of states a0, a and a2 give us
the result that all imbalances of Ga(n) can be equal only to 0, 1 or 2.

Moreover, every automaton an contains the trivial state a0 which is connected
only with state a. The imbalance of the corresponding edge is always equal to 2.

On the other hand, the automaton an contains a state ak for an odd k > 1. We
take the biggest such a value k. If n = k then we get the imbalance 1 for the edge
which contains the vertex an and its projection with odd power. If n = 2sk then
it is easy to check that for s > 1 we will get the imbalance 1 on the edge between
n and 2s−1k. If s = 1 then the vertex an has degree 1 and connected only with ak

which has degree 3. But ak has two projections a[
k
2
] and a[

k
2
]+1. One of these powers

is even and the corresponding vertex has degree 2. So we get the imbalance 1 in the
graph.

Thus the multiset M(G) satisfies all the conditions of Lemma 1. The statement
is proved.

Proposition 2. Let a be the adding machine. Then Ga(n) is acyclic for n = 2k

and g(Ga(n)) = 3 for the other values of n. The chromatic number is

χ(Ga(n)) =

{
2, if n is a power of two;
3, otherwise.

Proof. For n = 2k the graph Ga(n) is a path and χ(Ga(n)) = 2. For the other
values of n the graph Ga(n) contains a cycle of length 3 (vertices a3, a2 and a1);
therefore, g(Ga(n)) = 3 and χ(Ga(n)) ≤ 3. We can color the graph Ga(n) by three
colors as follows. The state an is colored by the first color, its projections should be
colored by the second one, while for the next projections we can use the first color
again. This approach can be used until we get one of the vertex from the cycle.
Therefore, χ(Ga(n)) = 3.

Now we consider the case of the cyclic automaton. The structure of the graphs
Ga(n) for the cyclic automaton is described in [10]. Each state of an is a projection
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Figure 1. The graphs Ga(1) and Ga(2) for the state a of the lamplighter
automaton.

of at most two other states and has only one or two projections. Therefore, the
degree of each state (except for maybe an) in the graph Ga(n) is 2, 3 or 4. Also we
can prove in the same way as for the adding machine that if there exists imbalance
with value 2 then there exists an edge with imbalance 1. Therefore, Ga(n) satisfies
all the conditions of Lemma 1 and it is imbalance graphic. The chromatic number
and girth is calculated in the same way as for the adding machine. For the state b
we get the same results, because Gb(n) = Ga2(n) = Ga(2n).

It is left to consider the lamplighter automaton b = (a, b), a = (b, a)σ and its
inverse d = (c, d), c = (c, d)σ. Since the transformations defined by c and d are
inverse to the transformations defined by a and b respectively, the graphs Gc(n) and
Ga(n) are isomorphic, and the graphs Gb(n) and Gd(n) are isomorphic.

Proposition 3. Let a be a state of the lamplighter automaton. Then the graph
Ga(n) is imbalance graphic for every n ∈ N.

Proof. It was proved in [10] that for every n the automata an and bn contain
exactly 2n states. Moreover, each state is a word of length n over the alphabet
{a, b}. This means that the graphs Ga(n) and Gb(n) are the same for every n ∈ N.

First of all we can directly check the cases n = 1 and n = 2 (see Figure 1). In
this case M(Ga(1)) = {0} and M(Ga(2)) = {0, 1, 1, 1, 1}. Both of these multisets
are graphic.

Now we consider the case when n > 2. Each state of the automaton an has two
different projections, because one of them is a word over {a, b} with the first letter
a while the other one has the first letter b. However, for some states one of the
projections can coincide with the state.

Let us show that each state s of the automaton an can be a projection only for
one or two other states. Let the first letter of s as a word over {a, b} is a then it can
be only the first projection of a state which starts with b or the second projection
of the state which starts with a. Then we take the second letter of s. It is easy to
see that for each case we will get only one possible second letter for state to contain
s as a projection. After repeating of this procedure we get that each state can be
projection only for two states. While in some cases s can be a projection of itself as
it was described above. The other possible situation is when the two different states
s1 and s2 are the projection each to other. Let us prove that the last two properties
can not hold simultaneously. It is easy to show that the only state that can be a
projection of itself are bn and bn−1a. This follows from the fact that the word that
corresponds to such a state can not contain subwords of type ab and aa. On the
other hand the state an is a projection of bn but not vice versa. Also the state bn−1a
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Figure 2. The neighborhood of the vertex bn in the graph G(an).

contains the state an−1b as a projection but not vice versa.
As a result we have that each vertex in Ga(n), n > 2 has degree 2, 3 or 4.

Therefore, the imbalance multiset M(Ga(n)) can contain only values 0, 1 and 2.
Let us consider the state bn and corresponding vertex. It is connected with the

states an and abn−1. Then the corresponding vertex of the graph G(an) has degree
2. Moreover, each of these states is not a projection of itself and an has two different
projections (ab)[

n
2
]ar and (ba)[

n
2
]br, where r is the remainder modulo 2. But abn−1

has an and bn as projections. Then it is a projection for some other two different
states and the corresponding vertex in the graph Ga(n) has degree 4. This pattern
gives us two edges with imbalance 2 (see Figure 2).

As was mentioned above the state bn−1a also is a projection of itself. Thus, the
corresponding vertex has the degree 2. Now we can use the following approach.
Since Ga(n) is connected and the vertices corresponding to bn−1a and bn are not
adjacent, there is a path of the length not less than two between them. Moreover,
such a path contains either the vertex an or the vertex abn−1. Both of these vertices
have degree 4. Then on the path between such a vertex and a vertex for bn−1a there
is at least one edge with imbalance 2 or 1.

Hence the multisetM(Ga(n)) satisfies all the conditions of Lemma 1. The state-
ment is proved, what completes the proof of Theorem 2.

Proposition 4. Let a be a state of the lamplighter automaton. Then Ga(1) is
acyclic with χ(Ga(1)) = 2 and g(Ga(n)) = χ(Ga(n)) = 3 for n ≥ 2.

Proof. By directly check we have that Ga(1) is acyclic with χ(Ga(1)) = 2, while
χ(Ga(2)) = 3. It was shown in the previous proof that every graph Ga(n) for n > 2
contains a triangle and therefore g(Ga(n)) = 3. In particular, χ(Ga(n)) ≥ 3. On
the other hand, the maximal vertex degree is 4 and the graphs are neither complete
nor the odd cycle. Hence, χ(Ga(n)) ≤ 4 by the Brook’s theorem.

Let us prove that χ(Ga(n)) = 3. Let a state ω be a word of length n ≥ 2
over {a, b} and it has two projections ω1 and ω2 with the same length and these
projections are not coincide with ω (this is true for all states except for bn and
abn−1). Let us assume by induction that the graph Ga(n) can be colored in three
colors. Now we consider the graph Ga(n+ 1). Note, that we can match a vertex ω
of Ga(n) with two vertices aω and bω of Ga(n + 1). Moreover, both of these states
have the same projections aω1 and bω2. If we will color aω and bω in the same color
as ω is colored in the graph Ga(n) for every word ω, then the number of colors will
not be changed. But we get two edges with the same colored vertices when bω is
a projection of aω. These cases appear when ω = ω2 ∈ {bn, bn−1a}. The first edge
connects bn+1 and abn, while the second connects bna and abn−1a. Note that the
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vertices bn+1 and bna have degree 2 in Ga(n + 1), and they always can be colored
properly because we use three colors. Then we can left colors for abn and abn−1a
by using the colors of bn and bn−1a respectively. Hence, the chromatic number is 3.
The statement is proved. The proof of Theorem 1 is complete.
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ÅÍÄÎÒÈÏÈ ÄÅßÊÈÕ ×ÀÑÒÊÎÂÈÕ ÂIÄÍÎØÅÍÜ
ÅÊÂIÂÀËÅÍÒÍÎÑÒI

We classify certain partial equivalence relations according to their type of an endomorphism.

Â ðîáîòi êëàñèôiêóþòüñÿ ÷àñòêîâi âiäíîøåííÿ åêâiâàëåíòíîñòi ïåâíîãî âèäó çà ¨õ åíäîòèïàìè
âiäíîñíî åíäîìîðôiçìiâ.

Íàïiâãðóïè åíäîìîðôiçìiâ ðåëÿöiéíèõ ñèñòåì âèâ÷àëèñÿ áàãàòüìà àâòîðàìè.
Îñíîâíà óâàãà ïðè ¨õ âèâ÷åííi ïðèäiëÿëàñÿ äîñëiäæåííþ âèçíà÷åíîñòi ðåëÿöié-
íèõ ñèñòåì ¨õ íàïiâãðóïàìè åíäîìîðôiçìiâ [1�3], îïèñó ¨õ àáñòðàêòíèõ âëàñòè-
âîñòåé i çîáðàæåíü [4�6], âèâ÷åííþ àëãåáðà¨÷íèõ i êîìáiíàòîðíèõ âëàñòèâîñòåé
ìîíî¨äiâ åíäîìîðôiçìiâ [7,8]. Îñíîâíèì ïîíÿòòÿì, ÿêå òóò âèâ÷à¹òüñÿ, ¹ ïîíÿòòÿ
åíäîòèïó ðåëÿöiéíî¨ ñèñòåìè. Ïîíÿòòÿ åíäîòèïó, ÿê ÷èñëîâî¨ õàðàêòåðèñòèêè,
ùî çâ'ÿçó¹ ìíîæèíè øåñòè òèïiâ åíäîìîðôiçìiâ ñèìåòðè÷íîãî áiíàðíîãî âiäíî-
øåííÿ, áóëî ââåäåíå â [9], à íàäàëi â [10] i äëÿ âiäíîøåíü äîâiëüíî¨ àðíîñòi. Âè-
êîðèñòîâóþ÷è öå ïîíÿòòÿ, ìîæíà êëàñèôiêóâàòè âiäíîøåííÿ çà ¨õ åíäîòèïàìè
âiäíîñíî åíäîìîðôiçìiâ. Òàê, â [11] çíàéäåíî åíäîòèïè óçàãàëüíåíèõ ïîëiãîíiâ,
â [12] � åíäîòèïè äîïîâíåíü ñêií÷åííîãî øëÿõó, à â [13] � åíäîòèïè ãðàôiâ
N -ïðèçì. Ó [14] êëàñèôiêîâàíî âñi âiäíîøåííÿ åêâiâàëåíòíîñòi çà ¨õ åíäîòèïà-
ìè âiäíîñíî åíäîìîðôiçìiâ. Ó [15] îá÷èñëåíi âñi çíà÷åííÿ åíäîòèïó äîâiëüíî-
ãî âiäíîøåííÿ åêâiâàëåíòíîñòi âiäíîñíî éîãî åíäîòîïiçìiâ. Òóò ìè âèçíà÷à¹ìî
âñi åíäîòèïè ÷àñòêîâèõ âiäíîøåíü åêâiâàëåíòíîñòi ïåâíîãî âèäó, ùî äîïîâíþ¹
îñíîâíèé ðåçóëüòàò ç [14].

Ðîáîòà ïîáóäîâàíà òàêèì ÷èíîì. Ó ïóíêòi 1 äàþòüñÿ âèçíà÷åííÿ øåñòè òèïiâ
åíäîìîðôiçìiâ i ïðèêëàäè åíäîìîðôiçìiâ êîæíîãî òèïó. Ó ïóíêòi 2 íàâåäåíî
íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ âiäïîâiäíèõ åíäîìîðôiçìiâ ÷àñòêîâîãî
âiäíîøåííÿ åêâiâàëåíòíîñòi. Ó ïóíêòi 3 îá÷èñëþþòüñÿ âñi ìîæëèâi çíà÷åííÿ
åíäîòèïó çàäàíèõ ÷àñòêîâèõ åêâiâàëåíòíîñòåé.

1. Òèïè åíäîìîðôiçìiâ. Íåõàé X � äîâiëüíà íåïîðîæíÿ ìíîæèíà, ℑ(X)
� ñèìåòðè÷íà íàïiâãðóïà íà ìíîæèíi X i ρ ⊆ X ×X.

Ïåðåòâîðåííÿ f ∈ ℑ(X) íàçèâà¹òüñÿ åíäîìîðôiçìîì âiäíîøåííÿ ρ ⊆ X×X,
ÿêùî ç (x, y) ∈ ρ âèïëèâà¹, ùî (xf, yf) ∈ ρ ïðè áóäü-ÿêèõ x, y ∈ X. Ìíîæèíà
âñiõ åíäîìîðôiçìiâ áiíàðíîãî âiäíîøåííÿ ρ âiäíîñíî îïåðàöi¨ êîìïîçèöi¨ ïåðå-
òâîðåíü óòâîðþ¹ íàïiâãðóïó, ÿêà ïîçíà÷à¹òüñÿ ÷åðåç End (X, ρ).

Åíäîìîðôiçì f âiäíîøåííÿ ρ ⊆ X × X íàçèâà¹òüñÿ íàïiâñèëüíèì, ÿêùî ç
(xf, yf) ∈ ρ âèïëèâà¹, ùî iñíóþòü òàêi x′ ∈ xff−1, y′ ∈ yff−1, ùî (x′, y′) ∈
ρ. Ìíîæèíà âñiõ íàïiâñèëüíèõ åíäîìîðôiçìiâ âiäíîøåííÿ ρ ïîçíà÷à¹òüñÿ ÿê
HEnd(X, ρ).

Åíäîìîðôiçì f âiäíîøåííÿ ρ ⊆ X × X íàçèâà¹òüñÿ ëîêàëüíî ñèëüíèì,
ÿêùî ç (xf, yf) ∈ ρ âèïëèâà¹, ùî äëÿ êîæíîãî x′ ∈ xff−1 çíàéäåòüñÿ òàêèé
y′ ∈ yff−1, ùî (x′, y′) ∈ ρ, i àíàëîãi÷íî äëÿ êîæíîãî ïðîîáðàçó y′ ∈ yff−1.
Ìíîæèíà âñiõ ëîêàëüíî ñèëüíèõ åíäîìîðôiçìiâ âiäíîøåííÿ ρ ïîçíà÷à¹òüñÿ ÿê
LEnd(X, ρ).
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Åíäîìîðôiçì f âiäíîøåííÿ ρ ⊆ X × X íàçèâà¹òüñÿ êâàçiñèëüíèì, ÿêùî
ç (xf, yf) ∈ ρ âèïëèâà¹, ùî iñíó¹ òàêèé x′ ∈ xff−1, ÿêèé çíàõîäèòüñÿ ó âiä-
íîøåííi ρ ç êîæíèì ïðîîáðàçîì ç yff−1, i àíàëîãi÷íî äëÿ äåÿêîãî ïðîîáðàçó
y′ ∈ yff−1. Ìíîæèíà âñiõ êâàçiñèëüíèõ åíäîìîðôiçìiâ áiíàðíîãî âiäíîøåííÿ ρ
ïîçíà÷à¹òüñÿ ÷åðåç QEnd(X, ρ).

Çàçíà÷èìî, ùî ìíîæèíè HEnd(X, ρ), LEnd(X, ρ) i QEnd(X, ρ) ó çàãàëüíîìó
âèïàäêó íå ¹ íàïiâãðóïàìè [9].

Åíäîìîðôiçì f âiäíîøåííÿ ρ ⊆ X×X íàçèâà¹òüñÿ ñèëüíèì, ÿêùî ç (xf, yf) ∈
ρ âèïëèâà¹, ùî (x, y) ∈ ρ ïðè áóäü-ÿêèõ x, y ∈ X. Ìíîæèíà âñiõ ñèëüíèõ åíäî-
ìîðôiçìiâ âiäíîøåííÿ ρ âiäíîñíî îïåðàöi¨ êîìïîçèöi¨ ïåðåòâîðåíü óòâîðþ¹ ìî-
íî¨ä, ÿêèé ïîçíà÷à¹òüñÿ ÿê SEnd (X, ρ). Íåâàæêî ïåðåêîíàòèñÿ, ùî SEnd(X, ρ)
¹ ïiäíàïiâãðóïîþ End(X, ρ).

Åíäîìîðôiçì f âiäíîøåííÿ ρ ⊆ X × X íàçèâà¹òüñÿ àâòîìîðôiçìîì, ÿêùî
f ¹ ái¹êöi¹þ i f−1 � åíäîìîðôiçì áiíàðíîãî âiäíîøåííÿ ρ. Ìíîæèíà âñiõ àâ-
òîìîðôiçìiâ âiäíîøåííÿ ρ âiäíîñíî îïåðàöi¨ êîìïîçèöi¨ ïiäñòàíîâîê óòâîðþ¹
ãðóïó, ÿêà ïîçíà÷à¹òüñÿ ÷åðåç Aut (X, ρ). Çðîçóìiëî, ùî Aut(X, ρ) ¹ ïiäãðóïîþ
End(X, ρ).

ßê âiäîìî [9], äëÿ äîâiëüíîãî áiíàðíîãî âiäíîøåííÿ ρ íà ìíîæèíi X ìà¹
ìiñöå ëàíöþã âêëþ÷åíü:

End(X, ρ) ⊇ HEnd(X, ρ) ⊇ LEnd(X, ρ) ⊇ QEnd(X, ρ) ⊇

⊇ SEnd(X, ρ) ⊇ Aut(X, ρ).

Ðîçãëÿíåìî ïðèêëàäè åíäîìîðôiçìiâ êîæíîãî òèïó äëÿ âiäíîøåííÿ ρ = {(a, b),
(b, a), (a, c), (c, a), (b, c), (c, b), (c, d), (b, b), (c, c), (d, d), (e, e), (e, f), (f, e), (f, f)}, âè-
çíà÷åíîãî íà ìíîæèíi X = {a, b, c, d, e, f} :(

a b c d e f
c c c b c c

)
∈ End(X, ρ)\HEnd(X, ρ),

(
a b c d e f
c c b b e e

)
∈ HEnd(X, ρ)\LEnd(X, ρ),(

a b c d e f
b b b b d d

)
∈ LEnd(X, ρ)\QEnd(X, ρ),(

a b c d e f
b b c d e e

)
∈ QEnd(X, ρ)\SEnd(X, ρ),(

a b c d e f
a b c d e e

)
∈ SEnd(X, ρ)\Aut(X, ρ),(

a b c d e f
a b c d f e

)
∈ Aut(X, ρ).

2. Åíäîìîðôiçìè ÷àñòêîâèõ åêâiâàëåíòíîñòåé. Íåõàé Eq(X) � ìíî-
æèíà âñiõ åêâiâàëåíòíîñòåé íà X i α ∈ Eq(X). ×åðåç X/α ïîçíà÷à¹òüñÿ ôàêòîð-
ìíîæèíà ìíîæèíè X ïî åêâiâàëåíòíîñòi α, à ÷åðåç x � êëàñ åêâiâàëåíòíîñòi,
ÿêèé ìiñòèòü x ∈ X.
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Ëåìà 1 ([16]). Ïåðåòâîðåííÿ f ∈ ℑ(X) ¹ åíäîìîðôiçìîì âiäíîøåííÿ α ∈
Eq(X) òîäi i òiëüêè òîäi, êîëè äëÿ êîæíîãî êëàñó åêâiâàëåíòíîñòi A ∈ X/α
iñíó¹ êëàñ B ∈ X/α, òàêèé ùî Af ⊆ B.

Ëåìà 2 ( [17]). (i) Åíäîìîðôiçì f ∈ End(X,α) âiäíîøåííÿ α ∈ Eq(X) ¹
íàïiâñèëüíèì òîäi i òiëüêè òîäi, êîëè äëÿ áóäü-ÿêîãî B ∈ X/α, òàêîãî ùî
B ∩ im(f) ̸= ∅, i áóäü-ÿêèõ a, b ∈ B ∩ im(f) iñíó¹ A ∈ X/α, òàêèé ùî a, b ∈ Af.

(ii) Åíäîìîðôiçì f ∈ End(X,α) âiäíîøåííÿ α ∈ Eq(X) ¹ ëîêàëüíî ñèëüíèì
åíäîìîðôiçìîì òîäi i òiëüêè òîäi, êîëè äëÿ áóäü-ÿêèõ A,B,C ∈ X/α ç òîãî,
ùî Af ⊆ C,Bf ⊆ C, âèïëèâà¹ Af = Bf.

(iii) Äëÿ áóäü-ÿêîãî âiäíîøåííÿ α ∈ Eq(X) ìà¹ìî QEnd(X,α) = SEnd(X,α).

Ëåìà 3. Åíäîìîðôiçì f ∈ End(X,α) âiäíîøåííÿ α ∈ Eq(X) ¹ ñèëüíèì òîäi
i òiëüêè òîäi, êîëè τ ∗ : X/α→ X/α : a 7→ af ¹ ií'¹êòèâíèì ïåðåòâîðåííÿì.

Äîâåäåííÿ. Âèïëèâà¹ ç ëåìè 3.1 â [5].

Áiíàðíå âiäíîøåííÿ ρ íà ìíîæèíi X íàçèâà¹òüñÿ ÷àñòêîâîþ åêâiâàëåíò-
íiñòþ (äèâ., íàïðèêëàä, [18]) íà X, ÿêùî âîíî ñèìåòðè÷íå i òðàíçèòèâíå.

Íåõàé A � íåïîðîæíÿ âëàñíà ïiäìíîæèíà ìíîæèíèX, αA � åêâiâàëåíòíiñòü
íà A. Âiäíîøåííÿ αA ⊂ X×X î÷åâèäíî ¹ ÷àñòêîâèì âiäíîøåííÿì åêâiâàëåíòíî-
ñòi íà ìíîæèíi X. Ìíîæèíó âñiõ òàêèõ ÷àñòêîâèõ åêâiâàëåíòíîñòåé αA, A ⊂ X,
áóäåìî ïîçíà÷àòè EqA(X).

ßêùî f : X → X � äåÿêå ïåðåòâîðåííÿ i A ⊆ X, òî ÷åðåç f |A ïîçíà÷àòèìåìî
îáìåæåííÿ ïåðåòâîðåííÿ f íà ïiäìíîæèíó A.

Ëåìà 4. (i) Ïåðåòâîðåííÿ f ∈ ℑ(X) ¹ åíäîìîðôiçìîì ÷àñòêîâî¨ åêâiâàëåíò-
íîñòi αA ∈ EqA(X) òîäi i òiëüêè òîäi, êîëè f |A ∈ End(A,αA).

(ii) Ïiäñòàíîâêà f ìíîæèíè X ¹ àâòîìîðôiçìîì ÷àñòêîâî¨ åêâiâàëåíòíîñòi
αA ∈ EqA(X) òîäi i òiëüêè òîäi, êîëè f |A ∈ Aut(A,αA).

(iii) Åíäîìîðôiçì f ÷àñòêîâîãî âiäíîøåííÿ åêâiâàëåíòíîñòi αA ∈ EqA(X) ¹
íàïiâñèëüíèì åíäîìîðôiçìîì òîäi i òiëüêè òîäi, êîëè äëÿ áóäü-ÿêîãî êëàñó
B ∈ A/αA òàêîãî, ùî B∩im(f) ̸= ∅, i áóäü-ÿêèõ a, b ∈ B∩im(f) iñíó¹ Y ∈ A/αA
òàêèé, ùî a, b ∈ Y f.

(iv) Åíäîìîðôiçì f ÷àñòêîâîãî âiäíîøåííÿ åêâiâàëåíòíîñòi αA ∈ EqA(X) ¹
ëîêàëüíî ñèëüíèì åíäîìîðôiçìîì òîäi i òiëüêè òîäi, êîëè

(X\A)f ⊆ X\A i f |A ∈ LEnd(A,αA).

(v) Åíäîìîðôiçì f ÷àñòêîâîãî âiäíîøåííÿ åêâiâàëåíòíîñòi αA ∈ EqA(X) ¹
ñèëüíèì åíäîìîðôiçìîì òîäi i òiëüêè òîäi, êîëè

(X\A)f ⊆ X\A i f ∈ SEnd(A,αA).

(vi) Åíäîìîðôiçì f ÷àñòêîâîãî âiäíîøåííÿ åêâiâàëåíòíîñòi αA ∈ EqA(X) ¹
êâàçiñèëüíèì åíäîìîðôiçìîì òîäi i òiëüêè òîäi, êîëè f � ñèëüíèé åíäîìîð-
ôiçì.

Äîâåäåííÿ. Òâåðäæåííÿ (iii) äîâîäèòüñÿ àíàëîãi÷íî òîìó, ÿê ëåìà 2 ç [17], à
ðåøòà òâåðäæåíü (i), (ii), (iv)�(vi) � ïîäiáíî ëåìàì 1�3 öüîãî ïóíêòó.

Âiäìiòèìî, ùî ç ïóíêòiâ (v), (vi) ëåìè 4 âèïëèâà¹, ùî QEnd(X,αA) =
= SEnd(X,αA) äëÿ áóäü-ÿêîãî αA ∈ EqA(X).
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3. Åíäîòèïè ÷àñòêîâèõ âiäíîøåíü åêâiâàëåíòíîñòi. Íåõàé X � äî-
âiëüíà íåïîðîæíÿ ìíîæèíà, ρ � áiíàðíå âiäíîøåííÿ íà ìíîæèíi X. Ëàíöþãó
âêëþ÷åíü

End(X, ρ) ⊇ HEnd(X, ρ) ⊇ LEnd(X, ρ) ⊇ QEnd(X, ρ) ⊇

⊇ SEnd(X, ρ) ⊇ Aut(X, ρ)

âiäïîâiäà¹ ïîñëiäîâíiñòü (s1, s2, s3, s4, s5), äå si ∈ {0, 1}, i ∈ {1, .., 5}. Ïðè öüîìó
si = 0, ÿêùî íà i-òié ïîçèöi¨ â íàâåäåíié âèùå ïîñëiäîâíîñòi âêëþ÷åíü ìíî-
æèíè çáiãàþòüñÿ, si = 1 â ïðîòèâíîìó âèïàäêó. Íàïðèêëàä, s3 = 0 îçíà÷à¹
LEnd(X, ρ) = QEnd(X, ρ), à s5 = 1 âêàçó¹ íà SEnd(X, ρ) ̸= Aut(X, ρ). Çíà÷åí-
íÿ ñóìè Σ5

i=1si2
i−1 íàçèâà¹òüñÿ åíäîòèïîì áiíàðíîãî âiäíîøåííÿ ρ âiäíîñíî éî-

ãî åíäîìîðôiçìiâ i ïîçíà÷à¹òüñÿ ÷åðåç Endotype(X, ρ).
Âiäíîøåííÿ ρ ⊆ X ×X íàçèâà¹òüñÿ òîòîæíèì, ÿêùî ρ = iX = {(x, x)|x ∈

X} i óíiâåðñàëüíèì, ÿêùî ρ = ωX = X ×X.

Òåîðåìà 1. Íåõàé A ̸= ∅ i A ⊂ X. Äëÿ áóäü-ÿêî¨ ÷àñòêîâî¨ åêâiâàëåíòíî-
ñòi αA ∈ EqA(X) :

Endotype(X,αA) =



2, ÿêùî |A| = 1, |X| = 2;

7, ÿêùî 2 ≤ |A| <∞, |X\A| = 1, αA = iA;

18, ÿêùî |A| = 1, 2 < |X|;
19, ÿêùî 2 ≤ |A|, αA = ωA;

23, ÿêùî 2 ≤ |A| <∞, iA ̸= αA ̸= ωA àáî

2 ≤ |A| <∞, 1 < |X\A|, αA = iA àáî

|A| = ∞, αA ̸= ωA.

Äîâåäåííÿ. 1) Íåõàé |X| = 2, A ⊂ X � ïiäìíîæèíà, ùî ìiñòèòü îäèí åëå-
ìåíò. Òîäi EqA(X) âè÷åðïó¹òüñÿ åêâiâàëåíòíiñòþ αA = iA = ωA, ïðè öüîìó, ÿê
âèïëèâà¹ ç ëåìè 4, End(X,αA) = HEnd(X,αA) i ïîòóæíiñòü öèõ ìíîæèí äîðiâ-
íþ¹ 2, à LEnd(X,αA) = Aut(X,αA) ç ïîòóæíiñòþ 1, îòæå, Endotype(X,αA) =∑5

i=1 si · 2i−1 = 2.
2) Íåõàé A ⊂ X � ñêií÷åííà ìíîæèíà, ùî ìiñòèòü íå ìåíøå äâîõ åëåìåíòiâ,

|X\A| = 1 i αA � òîòîæíå âiäíîøåííÿ. Âiçüìåìî ðiçíi a, b ∈ A i âèçíà÷èìî
ïåðåòâîðåííÿ f ìíîæèíè X òàêèì ÷èíîì:

xf =

{
a, ÿêùî x ∈ A,

b, ÿêùî x /∈ A.

Íåâàæêî ïåðåêîíàòèñÿ, ùî f ∈ End(X,αA), ïðîòå f /∈ HEnd(X,αA), ùî âè-
ïëèâà¹ ç ï. (iii) ëåìè 4. Àíàëîãi÷íî ìîæíà ïîêàçàòè, ùî HEnd(X,αA) ̸=
̸= LEnd(X,αA) ̸= QEnd(X,αA). Äiéñíî, âèçíà÷èâøè f : X → X, ÿê

xf =

{
a, ÿêùî x ∈ A\{b},
b, ÿêùî x ∈ {b} ∪X\A
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äëÿ ðiçíèõ a, b ∈ A, ïðèõîäèìî äî f ∈ HEnd(X,αA)\LEnd(X,αA). Ïåðåòâîðåí-
íÿ

xf =

{
a, ÿêùî x ∈ A,

x, ÿêùî x /∈ A

äà¹ íàì ïðèêëàä òàêîãî f ∈ LEnd(X,αA)\QEnd(X,αA). Îñêiëüêè |X\A| = 1,
αA = iA i A � ñêií÷åííà ìíîæèíà, çãiäíî ç ëåìîþ 3, ï. (ii) i ï. (v) ëåìè 4, f ∈
Aut(X,αA) äëÿ áóäü-ÿêîãî f ∈ SEnd(X,αA), òîìó Aut(X,αA) = SEnd(X,αA).
Òàêèì ÷èíîì,

End(X,αA) ⊃ HEnd(X,αA) ⊃ LEnd(X,αA) ⊃ QEnd(X,αA) = Aut(X,αA).

Îòæå, Endotype(X,αA) =
∑5

i=1 si · 2i−1 = 7.
3) Íåõàé A = {a}, X � ìíîæèíà, ùî ìiñòèòü áiëüøå äâîõ åëåìåíòiâ. ßê i â

ï. 1), EqA(X) âè÷åðïó¹òüñÿ åêâiâàëåíòíiñòþ αA = iA = ωA, ïðè öüîìó äëÿ åíäî-
ìîðôiçìó f áóäü-ÿêîãî òèïó î÷åâèäíî, ùî af = a. Çãiäíî ç ï. (iii) ëåìè 4, f ∈
HEnd(X,αA) äëÿ áóäü-ÿêîãî f ∈ End(X,αA), òîìóHEnd(X,αA) = End(X,αA).
Óìîâè ïóíêòiâ (iv)�(vi) ëåìè 4 â äàíîìó âèïàäêó âèçíà÷àþòü îäèí i òîé ñàìèé
åíäîìîðôiçì, íå îáîâ'ÿçêîâî ái¹êòèâíèé, òîìó LEnd(X,αA) = SEnd(X,αA) i
SEnd(X,α) ̸= Aut(X,α). Òàêèì ÷èíîì,

End(X,αA) = HEnd(X,αA) ⊃ LEnd(X,αA) = SEnd(X,αA) ⊃ Aut(X,αA),

îòæå, Endotype(X,αA) =
∑5

i=1 si · 2i−1 = 18.
4) Íåõàé A � ìíîæèíà, ùî ìiñòèòü íå ìåíøå äâîõ åëåìåíòiâ i αA � óíiâåð-

ñàëüíå âiäíîøåííÿ. Âiçüìåìî ðiçíi a, b ∈ A i âèçíà÷èìî ïåðåòâîðåííÿ f : X → X
çà ïðàâèëîì:

xf =

{
a, ÿêùî x ∈ A,

b, ÿêùî x /∈ A.

Çãiäíî ç ëåìîþ 1 i ï. (i) ëåìè 4, f ∈ End(X,αA), àëå f /∈ HEnd(X,αA),ùî âèïëè-
âà¹ ç ï. (iii) ëåìè 4. ßêùî Xf = {a}, ìàòèìåìî f ∈ HEnd(X,αA)\LEnd(X,αA).
Îñêiëüêè |A/αA| = 1, óìîâè ïóíêòiâ (iv)�(vi) âèçíà÷àþòü îäèí i òîé ñàìèé
íå îáîâ'ÿçêîâî ái¹êòèâíèé åíäîìîðôiçì, òîìó LEnd(X,αA) = SEnd(X,αA) i
SEnd(X,αA) ̸= Aut(X,αA). Òàêèì ÷èíîì,

End(X,αA) ⊃ HEnd(X,αA) ⊃ LEnd(X,αA) = SEnd(X,αA) ⊃ Aut(X,αA),

îòæå, Endotype(X,αA) =
∑5

i=1 si · 2i−1 = 19.
5) a) Íåõàé A � ñêií÷åííà ìíîæèíà, ùî ìiñòèòü íå ìåíøå äâîõ åëåìåíòiâ, i

αA ̸= iA, αA ̸= ωA. Òîäi |A| ≥ 3, |A/αA| ≥ 2 i â A/αA iñíó¹ ïðèíàéìíi îäèí êëàñ,
ïîòóæíiñòü ÿêîãî íå ìåíøå 2. Ïîçíà÷èìî éîãî ÷åðåç x. Âiçüìåìî ðiçíi a, b ∈ x i
âèçíà÷èìî ïåðåòâîðåííÿ f : X → X, ïîêëàâøè

xf =

{
a, ÿêùî x ∈ A,

b, ÿêùî x /∈ A.

Íåâàæêî ïåðåêîíàòèñÿ, ùî f ∈ End(X,αA), àëå f /∈ HEnd(X,αA), ùî âèïëèâà¹
ç ï. (iii) ëåìè 4. ßêùî Xf = {a}, áóäåìî ìàòè ïðèêëàä f ∈ HEnd(X,αA)\
LEnd(X,αA).
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Âèçíà÷èìî òåïåð ïåðåòâîðåííÿ f ìíîæèíè X, ïîêëàâøè

xf =

{
a, ÿêùî x ∈ A,

x, ÿêùî x /∈ A

äëÿ âñiõ x ∈ X. Çãiäíî ç ïóíêòàìè (iv) i (v) ëåìè 4, f ∈ LEnd(X,αA), ïðîòå f /∈
SEnd(X,αA), ùî âèïëèâà¹ ç ï. (v) ëåìè 4. Çâiäñè SEnd(X,αA) ̸= LEnd(X,αA).
Íåðiâíiñòü Aut(X,αA) ̸= SEnd(X,αA) ¹ î÷åâèäíîþ. Îòæå,

End(X,αA) ⊃ HEnd(X,αA) ⊃ LEnd(X,αA) ⊃ QEnd(X,αA) =

= SEnd(X,αA) ⊃ Aut(X,αA)

i Endotype(X,αA) =
∑5

i=1 si · 2i−1 = 23.
b) Íåõàé A � ñêií÷åííà íåïîðîæíÿ ìíîæèíà ç |A| ≥ 2, |X\A| > 1 i αA = iA.
Ëàíöþã âêëþ÷åíü

End(X,αA) ⊃ HEnd(X,αA) ⊃ LEnd(X,αA) ⊃ QEnd(X,αA) = SEnd(X,αA)

äîâîäèòüñÿ àíàëîãi÷íî òîìó, ÿê â ï. 2) öüîãî äîâåäåííÿ. Îñêiëüêè ìíîæèíàX\A
ìiñòèòü íå ìåíøå 2 åëåìåíòiâ, âèáåðåìî â íié äîâiëüíèé åëåìåíò a i âèçíà÷èìî
ïåðåòâîðåííÿ f ìíîæèíè X òàêèì ÷èíîì:

xf =

{
x, ÿêùî x ∈ A,

a, ÿêùî x /∈ A.

Çðîçóìiëî, ùî f ∈ SEnd(X,αA)\Aut(X,αA) i, ÿê ðåçóëüòàò, Endotype(X,αA) =
=
∑5

i=1 si · 2i−1 = 23.
c) Íåõàé A � íåñêií÷åííà ìíîæèíà i αA ̸= ωA. Ðîçãëÿíåìî âèïàäîê, êîëè αA =
iA. Îñêiëüêè ìíîæèíà A íåñêií÷åííà, íà âiäìiíó âiä ïóíêòó 2), SEnd(X,αA) ̸=
Aut(X,αA). Ïðèêëàä åíäîìîðôiçìó f ∈ SEnd(X,αA)\Aut(X,αA) îòðèìó¹ìî
ïðè âèáîði íà îáìåæåííi f |A ií'¹êöi¨, ÿêà íå ¹ ñþð'¹êöi¹þ. Â öüîìó âèïàäêó

End(X,αA) ⊃ HEnd(X,αA) ⊃ LEnd(X,αA) ⊃ QEnd(X,αA) =

= SEnd(X,αA) ⊃ Aut(X,αA).

Òàêèì ÷èíîì, Endotype(X,αA) =
∑5

i=1 si · 2i−1 = 23.
ßêùî æ αA ̸= iA, αA ̸= ωA, òî, ìiðêóþ÷è àíàëîãi÷íî òîìó, ÿê â ï. 5), à),

ïðèõîäèìî äî Endotype(X,αA) = 23. Òåîðåìà äîâåäåíà.

Òàêèì ÷èíîì, âñi ìîæëèâi çíà÷åííÿ åíäîòèïó äîâiëüíîãî âiäíîøåííÿ åêâiâà-
ëåíòíîñòi, çíàéäåíi â [14], i îòðèìàíèé òóò ðåçóëüòàò äàþòü ïîâíó êëàñèôiêàöiþ
âñiõ ÷àñòêîâèõ âiäíîøåíü åêâiâàëåíòíîñòi âèäó αA, A ⊆ X, çà ¨õ åíäîòèïàìè âiä-
íîñíî åíäîìîðôiçìiâ.
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