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PECULIARITIES OF MATRIX EXECUTION OF SOME BINARY
OPERATIONS ON ARBITRARY GRAPHS

Graph theory has a wide range of practical applications. Graphs play an important role
in scientific research (e.g., electrical circuits) and also surround us in everyday life (e.g., road
and path maps). For everyday use, the geometric implementation of graphs is certainly
the most convenient. But for computer information processing, this is not rational. In
these cases, algebraic, namely matrix representation of graphs is used. Therefore, research
devoted to this topic is becoming increasingly important. This article proves the possibility
of algebraically performing some binary operations on adjacency matrices representing
graphs. These methods have their own peculiarities and limitations, which are emphasized
in this article.

Keywords: directed and undirected graph, adjacency matrix, incidence matrix, operations
on graphs, elementary logical operations, Boolean matrix, multivalued logic.

1. Introduction. Today, science faces ever-new challenges. Systematization
and digitalization, which permeate all spheres of human activity, require the es-
tablishment of interdisciplinary connections between branches of science that have
historically been separated from each other by the division into purely humanitarian
and natural sciences. Graph theory has been an applied branch of discrete math-
ematics since its inception. Its applications in natural and computer sciences have
become commonplace and are not surprising to ordinary users. But in recent years,
artificial intelligence systems that use natural language modeling to create inter-
faces of any level have been rapidly developing. In this regard, graph theory has
also found its application in linguistics [1]. The mathematical basis for computer
processing of natural speech includes models that use the geometric apparatus of
graph theory. It allows us to visually depict the connections between elements of
various systems. When studying a system of objects connected by some arbitrary
types of relationships, both directed and undirected graphs can be used. Each such
system is an ordered collection of elements with which certain changes can occur. At
the same time, each such specific system can be represented graphically as a graph
or in digital format as an adjacency matrix or incidence matrix of such a graph.
In any case, changes in the elements of the system or the results of the interaction
of different such systems are reflected by operations on the vertices or edges of the
corresponding graphs. But computer processing of information involves its digital
representation in matrix form. Therefore, a topical task is to study the regularities
of transformations of arbitrary graphs precisely in matrix representation without
resorting to their geometric implementation.

2. Statement of the task. The geometric implementation of all operations
on graphs has already been well studied and described [2]. The classical algebraic
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matrix apparatus is also widely represented in mathematical research [3]. This ar-
ticle aims to establish a correspondence between known operations on matrices and
some operations on elements of an arbitrary graph or operations that reflect the
interaction of several graphs. In this case, any known algebraic apparatus for pro-
cessing matrices of various nature can be involved. Intuitively, the algorithms for
such processing of adjacency and incidence matrices of arbitrary graphs are clear
[4], but they require rigorous mathematical proof. The presence of a mathematical
justification for these algorithms makes it possible to use the geometric representa-
tion of graphs only at the first (initial description of the system) and last (visual
representation of the final result of the system’s functioning) stages. In addition, in
this way, a transition can be made from a geometric to an algebraic method of not
only representing, but also processing various information, which greatly facilitates
its computer processing.

3. Review of literature. In [5], algorithms for characterizing any arbitrary
graph by all its matrices are described in detail, as well as algorithms for transitioning
between different matrix representations of the same graph without restoring its
geometric realization. The classical literature on linear algebra describes possible
arithmetic operations on arbitrary matrices [3, 6]. The works |7, 8, 9| describe in
detail algorithms for performing logical operations on Boolean and predicate logical
matrices in two-valued logic. The apparatus of multivalued logic is investigated in
[10, 11]. Generalizing these mathematical methods, it can be stated that if matrices
are Boolean, then both ordinary algebraic operations on matrices and operations
of two-valued logic described in [8, 9] can be performed with them. If matrices
are not Boolean, then to perform logical operations of disjunction and conjunction
with them, it is necessary to use the apparatus of multivalued logic. In this case,
the operations of disjunction and conjunction of matrix elements are performed
according to the following rules [10]:

aV b= max{a,b}, (1)

a Ab=min{a, b}, (2)

But both logical and arithmetic operations on matrices require certain conditions
regarding their dimensionality [3, 7.

The classical literature on graph theory |2, 11, 12, 13| considers operations on
graphs exclusively in geometric representation. Single attempts to perform some
of these operations matrix-wise consider only the cases of simple graphs with the
same number of vertices, using for this purpose the apparatus of exclusively clas-
sical two-valued logic [14] without additional preliminary matrix transformations.
Pseudographs and multigraphs remain outside the scope of these studies. But in
practice, different systems represented by geometric implementations of graphs do
not always have the same number of objects (nodes). Therefore, the graphs corre-
sponding to them will have a different number of vertices. This implies a different
dimension of their adjacency matrices. Neither logical nor arithmetic operations
can be performed on such matrices. This obstacle can be avoided by reducing both
matrices to the same dimension by introducing additional identically named all-zero
rows and columns into them. According to the characterization of graphs by their
adjacency matrices, such pairs will correspond to isolated vertices |5, 15]. The new
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extended adjacency matrices of both graphs participating in the operation will have
the same dimension. Implementing such matrix expansion can lead to irrational
use of the memory required to store this amount of information. This becomes
especially relevant in cases where such a reduction required multiple execution of
the operation of inserting an isolated vertex. The matrices become very sparse and
their processing is too cumbersome. However, this obstacle can be avoided if the
obtained extended adjacency matrices of the studied graphs are presented in the
form of binary predicates [16]. This representation allows to significantly reduce
the amount of memory used. The computer procedure for performing operations on
logical matrices does not require additional space for storing information about their
zero elements, storing the coordinates of only significant cells of both the studied
and the obtained new matrices. As already noted above, this article aims only to
mathematically prove the principle possibility of matrix execution of binary opera-
tions on graphs. Therefore, in this paper, to simplify the illustration of the obtained
results, graphs that have the same number of vertices in advance are considered as
examples. It is also assumed that vertices with the same numbers in these graphs
have the same applied content load.

As is known, graphs are isomorphic if and only if their adjacency matrices can
be obtained from each other by simultaneous permutations of the same-named rows
and columns (i.e., simultaneously with the permutation of the i-th and j-th rows of
the matrix, the permutation of the i-th and j-th columns of the matrix also occurs)
[2]. From this fact it follows that using an isomorphism transformation for each
graph in the extended adjacency matrix, new isolated vertices will correspond to
such row-column pair numbers that reflect vertices that are absent in one graph but
present in the other graph.

4. Main result. Let’s consider the basic operations on graphs.

Theorem 1. The adjacency matriz of the result of the graph union operation
corresponds to the disjunction of the adjacency matrices of the graphs being joined.

Proof. By definition, the graph H is the union of the graphs G; = (V;, E;) and
Go = (Va, Ey),if H= (V1 UV, Ey1UE,). If the graphs being joined have the same
number of vertices, then the set of vertices of the graph H coincides with the sets of
vertices of the graphs G and G, i.e. ViUV, = V) = V,. In this case, their adjacency
matrices A(H), A(G1) and A(G2) will have the same dimension, so any operations
can be performed with them without additional preliminary transformations. If the
number of vertices in the graphs under study is different or has a different semantic
load and, as a result, different numbering, then after introducing additional zero row-
column pairs, we obtain matrices of the same dimension. By permutations, each of
these matrices can be reduced to matrices of graphs isomorphic to the original ones,
where all vertices have the same numbering, which corresponds to their meaningful
loading. The elements of the adjacency matrix correspond to the number of edges
connecting the corresponding vertices. Therefore, if in at least one of the graphs
the vertices are adjacent, i.e. connected by a certain number of edges, then in the
adjacency matrix of the union of these graphs the specified vertices will be connected
by the same number of edges. This corresponds to the definition of the disjunction
operation in its multivalued sense according to formula (1). Thus, to calculate the
adjacency matrix of the result of the union of two arbitrary graphs, it is necessary
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to perform the disjunction operation of the adjacency matrices of these graphs. The
theorem is proved.

We will illustrate the result of this theorem with an example. Consider the two
directed graphs shown in Fig. 1.

G,

Figure 1. Directed graphs GG; and Gb.

For both of these graphs, we can construct adjacency matrices:

1110101 1110100
0010000 0010000
0001011 00000T10

AG)=[0 1000 10|, AG)=|0201000
0000001 1000000
00000O0T11 00010711
0000000 00007100

These matrices are constructed assuming that the row number corresponds to the
starting vertex and the column number corresponds to the final vertex of each edge.
But these graphs can be defined by these matrices from the very beginning. Per-
forming operations on such graphs does not require reproduction of their geometric
implementation [4].

The graph GG does not contain multiple edges, so its adjacency matrix is Boolean.
Graph G contains strictly parallel edges es(vy, v2) and eg(vy,v9). Therefore, its
adjacency matrix contains the element asy = 2, i.e. it is not Boolean [8, 9]. But if
we take into account that the disjunction operation for multivalued logic is performed
according to rule (1), then the disjunction for these matrices takes the form [4, 17]:

A(Gy)VA(Gy) =

[N olNoNoNoNoll
OO O~ OO
[N eleNoeNal
[eNeNeNoll o)
OO OO OO
O~ O R F, OO
OO = OO O -
SO OO N OO
SO OO OO -
ORrORrRrOOoOOo
_ o O O o o
O = OO = OO
OR OO O oo
I

1
0
1
0|V
1
1
0
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1110101
0010000
0001O0T11
=102 010 10|=A4y
1 0000O0°©O0T1
00010171
0000100

If the union operation of the specified graphs is performed geometrically, then
we will get the graph shown in Fig. 2.

Figure 2. Graph G; U Gbs.

It is easy to see that the adjacency matrix A corresponds to this graph.

Theorem 2. The adjacency matrix of the result of the graph intersection oper-
ation corresponds to the conjunction of the adjacency matrices of the intersecting
graphs.

Proof. By definition, the graph F' is the intersection of the graphs G = (V;, E)
and Gy = (Va, Es),if FF = (ViNV,, E1NE,). If the graphs being joined have the same
number of vertices, then the set of vertices of the graph F' coincides with the sets of
vertices of the graphs G; and Gs, i.e. ViNV, =V, = V5. In this case, their adjacency
matrices A(F'), A(G1) and A(G2) will have the same dimension, so any operations
can be performed with them without additional preliminary transformations.

If the sets of vertices in the graphs under study do not coincide, then, as in
the case of unification graphs, after introducing additional zero row-column pairs,
we obtain matrices of the same dimension, which are transformed into matrices
of graphs isomorphic to the original graphs. The elements of the adjacency matrix
correspond to the number of edges connecting the corresponding vertices. Therefore,
if in at least one of the graphs any two vertices are connected by a smaller number
of edges than in the second graph, then in the adjacency matrix of the intersection
of these graphs the specified vertices will be connected by the same smaller number
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of edges. This corresponds to the definition of the conjunction operation in its
multivalued sense according to formula (2). Thus, to calculate the adjacency matrix
of the result of the intersection of two arbitrary graphs, it is necessary to perform
the conjunction operation of the adjacency matrices of these graphs. The theorem
is proved.

Let us illustrate this theorem using the example of the graphs shown in Fig. 1.
As already noted, for multivalued logic the conjunction operation is performed ac-
cording to rule (2), so the conjunction for the matrices A(G;) and A(G2) takes the
form:

1110101 1110100

0010000 0010000

0001011 0000010
AG)ANAG)=|01 0001 0|A]l0201000]|=

0000001 1000000

00000O0T11 0001011

0000000 0000T100

1110100

0010000

00000O0T10

=(o1 0000 0[=4..

0000000

0000011

0000000

If the intersection of the specified graphs is performed geometrically, we will get the
graph shown in Fig. 3.

Figure 3. Graph G; N Gs.

It is easy to see that the adjacency matrix An corresponds to this graph [4].

Theorem 3. The adjacency matrixz of the result of performing the ring sum op-
eration of graphs corresponds to the arithmetic subtraction of the adjacency matrices
of the union and intersection of the graphs that participate in the specified operation.

Proof. By definition, a graph R is a ring sum of graphs G; = (V4, E;) and
Gy = (Va, E3) if it does not contain isolated vertices and consists of edges belonging
to either graph G or graph G, but not to both simultaneously, i.e. [17]

E= {(EGI U EG2)\(EG1 N EGz)}' (3)
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The set of edges Eg, U Fg, is the result of the graphs union operation, and the set
E¢, N Eg, is the result of their intersection. This means that the matrix

A(R) = Ay — An = (A(G1) V A(G2)) — (A(G1) N A(G)), (4)

will contain complete information about all edge-connected vertices of the graph R,
i.e. will be its adjacency matrix in the extended sense. The theorem is proved.

By the definition of a ring sum of graphs, the graph obtained as a result of this
operation cannot contain isolated vertices. Therefore, if they appear, they must be
deleted from the resulting graph. Deleting a vertex from the graph entails deleting
all edges incident to it, that is, deleting all connections of this object or node with
other objects or nodes [4, 18]. This means that when deleting the vertex v; from
the adjacency matrix, it is necessary to delete the i-th row and -th column. In this
regard, the algorithm for performing the operation of deleting the vertex v; from the
graph in the matrix representation is similar to the algorithm for constructing the
minor M;; for the adjacency matrix of this graph [6]. The algorithm for deleting rows
and columns from the matrix is already computerized. In this case, the software
implementation will provide two shifts: for rows and columns [4, 17].

A sign of an isolated vertex in the adjacency matrix is the presence of a row and
column of the same name that are all zero [5]. According to the described algorithm,
this zero row-column pair should be removed from the extended adjacency matrix of
the ring sum of graphs if such a pair appeared as a result of the procedure described
in Theorem 3. The final matrix obtained as a result of these actions will be the
adjacency matrix of the ring sum of the graphs under study.

Let us illustrate the result of Theorem 3 using the example of the graphs shown
in Fig. 1. For these graphs, the matrices A, and A~ have already been obtained.
Therefore,

1110101 1110100
0010000 0010000
0001011 00000O0T10

A,—Ar=|0201010|-]010000O0]|=
100000 1 0000000
0001011 00000O0T11
0000100 0000000

0000001
0000000
0001001
—lo101010f=4
100000 1
0001000
0000100

This matrix does not contain all zero row-column pairs. This means that the
ring sum operation did not result in any isolated vertices that would be subsequently
deleted from the resulting graph. Therefore, the obtained adjacency matrix does
not require further processing by constructing its corresponding minor. Thus, the
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resulting matrix is the final adjacency matrix of the ring sum of the considered
graphs.

If we perform the ring sum operation of graphs G; and G5 geometrically, we
obtain the graph shown in Fig. 4.

U2 Gle

41

Figure 4. Graph G, & Gs.

For this graph, it is also easy to see that the adjacency matrix A corresponds to
it.

Theorem 4. If two graphs do not contain multiple edges, or their number be-
tween corresponding vertices in these graphs differs by no more than one, then the

adjacency matriz of the ring sum of these graphs can be obtained as a result of the
sum modulo 2 operation of their adjacency matrices.

Proof. As in the cases of graph union and intersection, first, if necessary, it
is necessary to construct extended adjacency matrices for both graphs in order to
achieve their same dimension. After that, using the isomorphism transformation,
they should be reduced to matrices corresponding to the graphs under study. After
that, the following situations are possible for the obtained adjacency matrices.

A) If the graphs do not contain multiple edges at all, then their adjacency matrices
are Boolean. In this case, if two vertices are adjacent in both graphs (in the
case of a directed graph, the vertices in both graphs are connected by the same
directed edge), then in both matrices there will be ones at the corresponding
place. But the given edge is not included in the result of the ring sum of these
graphs. Therefore, in the adjacency matrix of the result, the corresponding
element must be equal to zero. If two vertices are adjacent in only one graph,
then such an edge will be an element of the ring sum of these graphs, that is, the
corresponding element of the adjacency matrix of the result will be equal to one.
If the vertices are not adjacent in any graph, then the result of the ring sum will
also not be adjacent, i.e. the corresponding element of the result’s adjacency
matrix will be equal to zero. All this corresponds to the sum modulo 2 as an
elementary Boolean operation.

B) In general, the sum modulo 2 is defined as the remainder of dividing the sum
of the corresponding numbers by 2. If two vertices in both graphs are connected
by the same number of g-multiple edges, then the sum of these edges will be
equal to 2¢, which is an even number. The remainder of dividing such a number
by 2 will always be zero, i.e. the corresponding matrix element will be equal
to zero. This means that no multiple edge common to both graphs will be an
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element of the ring sum of graphs, which corresponds to the definition of this
operation.

C) If any two vertices in both graphs are connected by multiple edges, and the
number of these edges differs by more than one, then the number of multiple
edges between the vertices when performing the ring sum of graphs must be
equal to this number. This means that the corresponding element of the adja-
cency matrix of the result of this operation must be greater than one. But such
a number cannot be the result of the sum modulo 2 operation. In this case,
to calculate the adjacency matrix of the ring sum of graphs, we must use the
formula (4) proposed by Theorem 3.

D) If the number of multiple edges connecting two vertices in both graphs differs
by exactly one, then these numbers can be denoted as k and k + 1. It follows
from this that

(k+k+1) mod 2= (2k+1) mod 2 = 1.

So, in this situation, the result of the sum modulo 2 is indeed equal to the num-
ber of edges that are different among the multiple edges between the two vertices.
Incidentally, situation A) can be considered a special case of this situation.

The theorem is proven.

Let us illustrate the result of Theorem 4 with an example. Let us perform the
sum modulo 2 operation with the given matrices A (G;) and A (G2), keeping in mind
its general definition as the remainder of dividing the corresponding sum by 2 [4].
The indicated matrices correspond to situation D) described in Theorem 4.

1110101 1110100

0010000 0010000

0001011 0000010
AG)®AG)=|0100010|®|0201000]|=

0000001 1000000

00000O0T11 00010711

0000000 0000100

0000001

0000000

0001001

=lo101010f=4

1000001

0001000

0000100

This matrix coincides with the matrix A for the ring sum of graphs G; and Ga,
calculated by formula (4), that is, the adjacency matrix of the graph obtained as a
result of the ring sum of two graphs can be calculated in the this way. The results of
Theorem 3 and Theorem 4 clearly shows that for matrix execution of operations on
graphs, the simultaneous use of both arithmetic and logical operations is permissible.

5. Conclusions and prospects for further research. In the graphs consid-
ered as example, each edge is given a serial number. In practical application, these
numbers may mean a certain content load. But with matrix display, this content can
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be lost. The matrix reflects the presence or absence of an edge, that is, the presence
or absence of a connection between objects. Therefore, if in two graphs between
two vertices the same edge has a different content load (for example, a road and
a dirt road), then the adjacency matrix will only show the presence or absence of
this connection without explaining its nature. But usually, in practical applications,
information about the presence of a connection is sufficient, therefore, for binary op-
erations on directed graphs [17], the use of elementary multivalued logic operations
on adjacency matrices according to proven algorithms is an effective mathemati-
cal tool. The same algorithms have differences depending on whether directed or
free graphs are involved in the considered operations. Depending on the types of
graphs, there are also restrictions on the display of meaningful information by the
matrices of these graphs. But in practical applications, these restrictions are usually
insignificant. Therefore, for each operation on graphs and each type of graph, it is
possible to propose a combination of algebraic operations (arithmetic and logical)
that allow obtaining the matrix of a new graph, or a clear, easily programmable
algorithm for transforming the matrices of the initial graphs [4, 19]. None of the
considered operations on graphs is impossible in the matrix implementation. The
proposed algorithms can significantly simplify the computer processing of graphs.

With certain restrictions, the obtained results can be extended to the representa-
tion of graphs by incidence matrices. From the adjacency matrix, one can always go
to the incidence matrix of a graph without restoring its geometric realization. For
undirected graphs, incidence matrices are always Boolean [8]. Therefore, operations
on them do not require the involvement of the multivalued logic apparatus. How-
ever, even in the case of the same number of vertices and edges, as for the adjacency
matrix, one must pay attention to the numbering (naming) of these objects. Both
the vertex sets and the edge sets for two graphs can be equivalent, but not identical
[5]. In this case, the incidence matrices of the graphs under study also require a pre-
liminary expansion procedure. However, the resulting zero columns in the incidence
matrix are a sign of a loop. Exceptions may be undirected hypergraphs, where the
loop feature is a single unit in the column. Constructing an adjacency matrix for
hypergraphs is a very cumbersome procedure [20]. Therefore, the next direction of
research should be to perform operations on hypergraphs using incidence matrices,
the construction of which in this case does not cause difficulties. Therefore, it is
these matrix models that can become an acceptable mathematical apparatus for
studying complex systems represented by hypergraphs.
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Aximosa H. A. OcobuBOCTI MATPUIHOTO BUKOHAHHSI JIEIKNX OIHAPHUX OITepartiif
HaJI JIOBLILHIME rpadamu.

Teopist rpadiB Mae IMUPOKe PO3MOBCIOJZKEHHSI 3 IPAKTHIHOI TOYKHU 30py. ['pacdu Bimi-
IPAlOTh BayKJIUBY POJIb B HAYKOBUX JOCJIZKEHHAX (HAIIPUKJIAJ], €JIEKTPOCXEMH ), & TAKOK
OTOYYIOTh HAC y HOBCAKJIEHHOMY KUTT] (HAIIPUKJIAJ, KAPTU JOPIr Ta nuisxis). Jis moby-
TOBOI'O 3aCTOCYBaHHsI, 0E3YMOBHO, HA3PYYHIIIOI € reOMeTpUYHa peaJsisalis rpadis. Ale
JI7IsT KOMIT T0TepHOI 00pobKu iHdopMariiil e He € palioHaJbHuM. B 1ux BHUIMaIKaX BUKOPU-
CTOBYETBCH ajrebpaidne, a came MaTpudHe nojgands rpadis. Tomy Bce GLIBIITOTO 3HAYECHHS
HaOyBarOTh JIOCJII2KEHHsI, IPUCBsIIeH] caMe I1iit Temi. B maniit crarTi 10BeIeHO MOXKJIMBICTD
aJIredpalIHOr0 BUKOHAHHS JIEdAKNX OIHADHUX OIEpAaIiiil HaJl MATPHUISIMA CyMiyKHOCT1, SKU-
vu mozano rpadu. I Merogn MaoTh cBOI 0cOOJUBOCTI Ta OOMEKEHHS, HA SIKUX 3POOJIEHO
aKIeHT B JaHI# cTaTTi.

Kurouosi ciioBa: opieHTOBaHMiT Ta HEOPIEHTOBAHUI rpad, MATPHUI(S CyMiKHOCT1, MATPHILA
iHMMIeHTHOCTI, omeparil Haj rpadamu, esleMeHTApH] JIOTidHi omepariii, OysieBa MaTPUII,
6araTo3HaYHA JIOTIiKA.
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