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ON CERTAIN DISCRETE QUANTUM DISTRIBUTIONS

The article investigates the discrete g-distributions — the ¢-Binomial, ¢g-Negative Bino-
mial, and ¢-Poisson — which play an important role in quantum calculus, g-combinatorics,
and the theory of special functions. Based on the application of ¢-derivatives and the ¢-
Taylor formula, a unified approach is proposed for constructing recurrence relations for the
initial and central moments of these distributions. Explicit formulas for low-order moments
are obtained, generalizing classical results and correctly reducing to them when ¢ = 1. The
proposed method allows for the systematization of known fragmentary results and pro-
vides a basis for further research into ¢-probabilistic models, particularly in connection
with g-orthogonal polynomials and stochastic processes.

Keywords: discrete quantum distributions, g-Binomial distribution, ¢-Negative Binomial
distribution, g-Poisson distribution, g-calculus, moments of distributions.

1. Introduction. Quantum calculus (or g-calculus) is one of the important
directions in modern mathematics, which emerged as a generalization of classical
differential calculus and has found wide application in combinatorics, the theory
of special functions, probability theory, and mathematical physics. ¢-analogs of
discrete distributions attract significant attention from researchers because they are
naturally connected with g-combinatorics and allow for the modeling of random
processes with non-classical symmetries or dependencies that arise in quantum and
stochastic systems.

The construction of ¢-distributions and the study of their properties have been
actively developed over the last decades. Discrete probability distributions play a
key role in modeling stochastic processes and analyzing random variables. The clas-
sical properties of such distributions, particularly the Binomial, Negative Binomial,
and Poisson distributions, are systematically detailed in the monograph by John-
son, Kemp, and Kotz [1]. However, contemporary research increasingly turns to
g-generalizations of these models, which naturally arise in the context of quantum
calculus, g-combinatorics, and the theory of special functions.

The basic concepts of g-calculus — g-numbers, g¢-factorials, ¢-binomial coeffi-
cients, ¢-derivatives — are thoroughly discussed in the work by Kac and Cheung [4].
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ON CERTAIN DISCRETE QUANTUM DISTRIBUTIONS 29

These tools form the basis for constructing g-analogs of classical distributions. The
first systematic studies of the g-Binomial and g-Poisson distributions were presented
in the work by Kupershmidt [3]. A much wider range of ¢-distributions is described
in the monograph by Charalambides [2|, where their role in statistics and combina-
torics is emphasized.

The further development of the theory of ¢-distributions is related to the study of
basic hypergeometric series [5] and g-orthogonal polynomials [6], in which moments
play a fundamental role. Separate stochastic interpretations and generalizations of
g-models are given in the works by Floreanini and Vinet |7]. Despite a significant
number of results, a consistent approach to systematically obtaining the moments of
the main g-distributions is still lacking in the literature, and the available formulas
are often presented fragmentarily.

The goal of this work is to derive recurrence relations for the moments of the
g-Binomial, ¢g-Negative Binomial, and ¢-Poisson distributions based on g-derivatives
and the ¢g-Taylor formula, and to obtain explicit expressions for the initial and central
moments of low orders.

2. Main result. In this section, the main results of the paper are pre-
sented, together with the necessary statements and lemmas used for constructing
g-distributions and deriving recurrence relations for their moments. The presented
relations ensure the correctness of the corresponding probabilistic models and allow
a systematic application of ¢-derivatives and the g-Taylor formula.

We will use the notation and basic facts of quantum calculus (g-calculus) from
the book [3]:

n] = [n], == 11__qqn gt g0, [0]:=0,
R e A R e I |
la+0]" = (a+b)(a+qb)(a+q)...(a+q"'b),

D) = LD ) i .

f} i Diley(a) = aeyfan). Dyalesle) = eola )
the g-Taylor formula is:  f(z) = i %D’; f@)|

We begin with a normalizing identity for the g-binomial distribution, which guar-
antees that the corresponding probability mass function defines a valid probability
distribution.

Lemma 1.

n m o (1 —a)i =1 (1)
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Proof. We apply the ¢-Taylor formula to the function f(z) = 2", taking ¢ = 1.

We have .
n n

k=0

Replacing = with 1/, we obtain

L)) o) g o

whence

which is equivalent to (1).

The following lemma establishes an analogue of the normalization condition for
the negative g-binomial distribution and plays a key role in the construction of the
corresponding probabilistic model.

Lemma 2.
~[nt+k—1 k-2 T
— =1, 2>0,0<qg<1, n>0. 2
;%[ k }q (1 o)y ' ¥

Proof. We apply the ¢-Taylor formula to the function f(t) = = t . We have

© (- of 1 S ntk—1] (-0
o E: Doz —E:{ k }at;yﬁ

k=0 q k=0

Since (t —c)f = (t —c)(t —qc)...(t —¢"'¢), for t = 0 and ¢ = —=,

k

Nk k(k=1)/2,k o [n+ k-1 k(k=1)/2___ T
(t—c)=q x", and thus kz:% [ e q (1 + z)nte’

The next lemma presents an identity related to the g-exponential function, which
underlies the construction of the g-Poisson distribution.

Lemma 3.

}OO: —k(k—1)/2 a* —k
k=0 (k]!
Proof. We apply the ¢-Taylor formula to the function f(t) = e,(—t). We have

= (t—x>1/ - zf_9‘/'1/ (ke _
eq(—1) :ZW/qu”q q Z L(=1)kg M 2e (=)

t=
=0 l/q x

Taking t = 0 in the last sum, and noting that (—x)’f/q = (=1)kgF=D/25k and
(Klig! = q~ FE=D/2[E]1 we obtain (3).
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Lemmas 1-3 establish the main normalization relations for the corresponding
g-distributions and guarantee the non-negativity and unit-sum property of the prob-
ability mass functions.

The expressions under the summation signs in formulas (1), (2), (3) are non-
negative, and therefore they can be used for constructing probability distributions
of random variables.

Definition 1. A random wvariable & is said to have a q-Binomial distribution
with parameters n and x if

Pr{¢ = [k]} = m l—a) Tk 0<e <1, 0<qg<1, k=0,1,2,...,n.

We will denote this fact as: £ C By(n, ).

Definition 2. A random variable & is said to have a q-Negative Binomial dis-
tribution with parameters n and x if

[k] n+k_1 k(k—1 .:Ck
P =2 L k=D/2___ 7 250, 0<qg<1 k=012 ...
r{g qkil k q <1+x)g+k7 x b q b) 9 b) b)

We will denote this fact as: £ C NB,(n,z).

Definition 3. A random variable £ is said to have a q-Poisson distribution with
parameter x if

k
Pr{¢ =[]} = qu)/Q%eq(—qu), 2>0,0<q<1, k=0,1,2,...

We will denote this fact as: £ C Py(x).
The following lemmas are used to derive recurrence relations for the moments of
the corresponding ¢-distributions based on the properties of g-derivatives.

Lemma 4.

(1 = 2)Dy(a"(1 = 2)y7") = 2" (1 — )" ([K] — [n]a). (4)

Proof. D,(z*(1 — )" %) =

"1 —2)1—gr)...(1—¢"*2) —¢"a* (1 —qz)(1 - ¢?z) ... (1 —¢"*2) _
z(1-q)
=" (1= qx)... (1= ¢" " a)([k] = [n]a),
and from this, (4) follows.

Lemma 5.

Proof.

D f— p—
YO+t 2(1 - 1/q)
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- ((1 t2)1+qr)...(1+¢12) (1+z/9)(l+a)...(1 +qn+k—2x>> -
q P < 1 B 1 > B
2(g=1) (1 +2)(1+gz)... (1+ ¢ 20) \1+ ¢ le ¢*(1+z/q))

q " ¢ + zq

( —1- n—i—k 1 > B
2(g—1) (1 +2)(L+gx)...(L+ g t2z) \ (1 + ¢ 1a)(g+a)g"t )

q z” ((qk—l)/(q—l)—xq‘(l )/(1—q)>

r(q+ ) (1 4+ x)nth (14 gnth-lg)gh-t

k—1

q a* ( [Elg' ™" — [n]x )
w(g+z) (L+a)p* \(L+ ¢ to)(g+x) )
and from this, (5) follows.

Lemma 6.
2Dy(2¥eq(—q " 2)) = a’e,(—q " 2)([k] — 2) (6)
Proof. By the rules for finding the g-derivative of a product of two functions,
we have:
D (:C eq(—q~ 1)) = ququeq(_qikm) "’eq(_qikx)quka

and from this, (6) follows.

Let m € N, and a € R. We denote by s,,(a) the expectation of the random
variable &, that is, s,,,(a) = E(§ —a)™. Then s,,(0) = a,, are the initial moments of
order m, and s,,(a1) = p,,, are the central moments of order m.

Using the lemmas presented above, we proceed to establish recurrence formulas
for the raw and central moments of the main ¢-distributions.

Theorem 1. If £ C By(n,z), then
Sm1(a) = (1 — 2)Dysp(a) + ([n]x — a)sm(a), so(a) =1, s1(a) = [n|zr —a. (7)
If ¢ C NBy(n,x), then
Smy1(a) = x(x/q+1)D1jgsm(a) + ([n]z — a)sm(a), so(a) =1, si(a) = [nJz —a. (8)
If € C Py(x), then
Smt1(a) = 2Dysp(a) + (x — a)sp(a), so(a) =1, s1(a) =z — a. 9)

Proof. Let the function f(z) be defined on the set of values of the random
variable . Then for £ C B,(n,x), by virtue of Lemma 4,

2(1— 2)DEF(S) Zf H (1 —2)y™) =

> £ [ #H0= a4 - a0 nle) = E(€ - @f(€) + (a - (IS

Hence

E((€ = a)f(§)) = 2(1 = 2)DEf(§) + ([n]z — a)ES(E).
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In this relation, we substitute (z — a)™ for f(x) to obtain (7).
If ¢ € NB,y(n,z), then by virtue of Lemma 5,

k

x(xq—k q)Dl/qu(é’) _ g F (%) {n +ll;: — 1] x(:vq—Ir q>D1/q(1 f;)gw _

() e (o)

= E((§ — a)f(9) + (a — [no)ES(©).

Hence
z(z +q)

B((§—a)f () = Dy/gBf(§) + ([n]z — a)EF(E).

In this relation, we substitute (z — a)™ for f(z) to obtain (8).
If £ C Py(x), then by virtue of Lemma 6,

PR

NE

zDEf(§) =

>
I

0

> <[k])q—'f“f—wﬁwx'feq(—q—kx)) -
k=0 ’

S~

o0

> f([k])qk(k1)/zﬁeq(—qu)([k] —a+a—x)=E((§—a)f(§)+ (a—2)Ef(E).

Hence
E((€ = a)f(§)) = #D4Ef () + (x — a)Ef(£).
In this relation, we substitute (z — a)™ for f(x) to obtain (9).

Corollary 1. If £ C By(n,x), then

se(a) = a* + [n)(1 — 2a)x + [n]([n] — 1)2?,

s3(a) = —a®+(1—3a+3a*)[n]z+([n] — 1)[n](1+[2] —3a)z* + ([n] — 1)[n]([n] — [2])2*
sa(a) = z(1 — 2)(1 = 3a + 3a®)[n] + ([n] — Dn]((1 + [2] — 3a)[2]z+
([n] = Dn)([n] = [2])[8]2° + ([n]z — a)ss(a)

In particular,

ps = [n] — [n](1 + [2][n] + [2] — [2][n])2* + [n]([2][n] — 2[n] + [2])2?,
g =[]z + ([n] = D[nJ(L + [2] + [2])2° + ([n] = Dn]([7] — [2)(1 + 2] + [B])2"+
+([n] = D[n([n] = [2)([n] — [3])2*
pa = (1 = z)([n] = D[nJ(In] = [2D[B]2* + ([n] = D[n](L + [2] = 3[n]z)+
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+[n](1 = 3[nz + 3[n]*2?).

If we set ¢ = 1 in these formulas, we obtain the known formulas for the moments of
the ordinary Binomial distribution [1, p. 110].

as =nz(l —x+nx), p2=nx(l—x),
as =nr(l -3z +3nz + (n—1)(n - 2)2%), wuz=nr(l—z)(1 - 2z),
ay=nr(1+7(n— 1z +6(n—1)(n—2)2>+ (n—1)(n —2)(n — 3)z?),
ps = nz(l —z)(1 — 6z + 62° + 3nz — 3nz?).
Corollary 2. If ¢ C NBy(n,z), then
so(a) = a* + [n](1 + 2a)z + [n]([n] + 1/q)2?,

ss(a) = —a® + (1 — 3a + 3a®)[n]z + ([n]g + 1)[n](g + [2] + 3aq)q *z°+
+([nfa + D)[n]([nlg® + [2])g~*",
sa(a) = 2(1 +2/q)(1 = 3a + 3a®)[n] + ([n]g + 1)[n]((q + [2] + 3aq)[2)q 2+
+([n]g + D[n)([ng® + [2))) Bl 72" + ([n]a — a)s3(a),
In particular,
az = [n]e + [n]([n] + 1/q)2*, po = [n]z(1 + z/q),
az = [n]o + ([n]g + D[n)(g + [2])g %2 + ([n]g + 1)[n]([n]g® + [2])g 27,
pz = [nJr — [n)(=q + 2[nl¢® + (2] — [2][n])g~?2® + [n](2[n]¢® — 2] — [2][n]q)q "2,
ag = [n] + ([nlg + D[nl(¢® + [2)g + [2]")q 2 + ([n]q + 1) [n]([n]q*+
)

[2)(q* + [ ] [ Dg’x® + (Il + Dnl([nlg* + [2)(Inlg” + [3])g~ 2",
pa = [+ (—4 1/q+[n])+[ J(1/q+ D)2l + [n)(1/q + [n])[2]*¢7) =
+(6[n]” — 4[n]” ( +[n ] )q W(l +nlg) 2l + [P + [nlg)([nle” + [21)g 7+

+Hnl(1+ [nlg)(Inlg” + [2D[2lg " + [n](1 + [n]q)([nlg” + [2)[3]g )27+

+)(1+ [nlg)([n]® + [2])([nlg® + [3])g ="

If we set ¢ = 1 in these formulas, we obtain the known formulas for the moments
of the ordinary Negative Binomial distribution |1, p. 316].

as =nx(l+x+nx), p=nx(l+x),

as=nr(1+3(n+Dz+ (n+1)(n+2)2?), us=nz(l+z)(1+2z),
ag =nz(l+7(n+ 1)z +6(n+1)(n+2)2* + (n+ 1)(n+2)(n + 3)z?),
g = 3n*2*(1+ 2)* + nx(1 + 2)(1 + 62 + 622).
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Corollary 3. If £ C P,(x), then

sy(a) = o+ (v —a)?, s3(a) = —a® + (1 —3a —3a*)x + (1 +[2] — 3a)2® + 2%,

sy(a) = a* + (—a + 3a* — 4a® + (1 — 3a + 3a*))z + (1 — 4a + 64> — [2]a+
1+ [2] — 3a)[2]z® + (1 — 4a + [2] + [3])2® + 2%,
s5(x) = —a® + (1 — 5a + 10a* — 10a® 4 5a*)x + (1 — 5a + 10a® — 10a® + [2] — 5[2]a+
1012]a* + [2)* — 5[2)%a + [2]*)2® + (1 — 5a + 10a® + [2] — 5[2]a + [2]* + [3]
—5[3]a + [2][3] + [3]*)2* + (1 + [2] + [3] + [4])2* + 2°.

In particular,
2
=T+ ) Mo = T,

as=x+ (1+2)z* +2°, p3=a2(1 —22+[2])z,
sy9(a) = 2+ (z — a)?,
s3(a) = —a® + (1 — 3a — 3a*)z + (1 + [2] — 3a)z? + 2°,
sy(a) = a* + (—a + 3a* — 4a® + (1 — 3a + 3a*))z + (1 — 4a + 6a® — [2]a+
1+ [2] — 3a)[2]2% + (1 — 4a + [2] + [3])2® + 2%,
s5(x) = —a® + (1 — 5a + 10a® — 10a® + 5a*)z + (1 — 5a + 10a* — 10a® + [2] — 5[2]a+
10[2]a”® + [2]* — 5[2)%a + [2][3])2® + (1 — 5a + 10a® + [2] — 5[2]a + [2]* + [3]
—5[3]a + [2][3])2* + (1 + [2] + [3] + [4])z* + 2°.
ag=x+ (1+ 1+ [2D[2)2* + (1 +[2] + [3]))z® + 2%,
py =+ (=3 + 2] + [2]*)2® + (3 — 3[2] + [3])2?,
as = o+ (14 [2)(1 4 [2] + [2]*)2® + (1 + [2] + [2]* + (1 + [2] + [3](1 + [2] + [3])) 2>+
(1+[2] + [3] + [4)a* + 27,
ps =1+ (=4 + 2] + [2]° + [2)2? + (6 — 4[2] — 4[2)* + [3] + [2][3] + [3]*) =+
(—4 4 6[2] — 4[3] + [4])2*.
If we set ¢ = 1 in these formulas, we obtain the known formulas for the moments of
the ordinary Poisson distribution [1, p. 163]:

2
Gy =2+, U=,

a3 = x + 3% + 27, U3 =,
ay =2+ 7% +62° + 2,y =+ 32°
as = x + 1522 + 2523 + 10z* +x5, Us =T + 1022

3. Conclusions and prospects for further research. The article proposes
a unified approach to constructing the moments of the main discrete g-distributions
— the ¢-Binomial, ¢-Negative Binomial, and ¢-Poisson — based on the framework
of g-derivatives and the ¢-Taylor formula. The derived recurrence relations for the
initial and central moments provide a generalization of the classical results and are
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logically recovered in the limit as ¢ = 1. The presented explicit formulas for low-
order moments demonstrate the effectiveness of the proposed method and allow for
the systematization of results found fragmentarily in the literature.

The obtained results are useful for the further development of the theory of ¢-
distributions, particularly in the context of stochastic models related to quantum
calculus, g-combinatorics, and the theory of special functions. Prospects for future
research include deriving asymptotic estimates of moments, analyzing their behav-
ior under different regimes of the parameter g, applying the resulting formulas to
problems of stochastic process modeling and the theory of random permutations,
as well as employing g-distributions for constructing models of noisy data and new
regularization methods in machine learning that ensure robustness to sample noise
and anomalous observations.
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Boakos O. HO., Boakos IO. 1., Boiinamosuu H. M. Ilpo gesxi muckpersi
KBaAHTOBI PO3TOJILIN.

VY cTarTi J0CTIRKYIOThCS JUCKPETHI g-po3noaim — g-OiHoMiabHMiA, ¢-Bix eMHM GiHO-
MiaJIBHUN Ta ¢-IYACCOHIBCHKUI — SKi BIIIrpaloTh BayKJIMBY POJIb ¥ KBAHTOBOMY UHCJIEHHI,
g-xkoMmbinaTopurli Ta Teopil cremianbHuUX (GyHKIiN. Ha ocHOBI 3acTOCyBaHHSA @-TTOXITHUX
Ta g-popmynau Teiiopa 3ampornoHOBaHO €IMHUI MiAXiT 70 TOOYIOBH PEKYPEHTHUX CITiB-
BIIHOIIIEHB JIJIsi TIOYATKOBHX 1 IEHTPAJIbHAX MOMEHTIB 3a3HadeHux posnoaiiis. OrpumaHo
siBHI (pOPMYJIM MOMEHTIB HU3BKUX IOPSIJIKIB, 10 y3arajbHIOITh KJIACHYHI PE3yIbTATH Ta
KOPEKTHO IePEXOATh JI0 HUX IpHU ¢ = 1. 3amporoHOBAHUIT METOJ, I03BOJISIE CUCTEMATH3Y-
BaTU BimoMmi (pparMeHTapHi pe3yabTATH Ta CTBOPIOE OCHOBY IS TMOJAIBINNX JOCITIIZKEHD
@-TIMOBIpHICHIX MOJIeJIell, 30KpeMa y 3B’SI3KY 3 ¢-OPTOTOHAJILHUMHU MHOTOYJIEHAMU Ta CTO-
XaCTUYHUMHU ITPOIECAMHU.

Kuao4doBi cjoBa: auckpeTHi KBaHTOBI PO3MOMiIN, ¢-OiHOMIaJbHMNE PO3IMOILT, Bix éMHUII
) )
q-OiHOMIiaIBLHUI PO3MOIL; ¢-TTYACCOHIBCHKUI PO3MO/ILT, ¢-IUCIEHHS, MOMEHTH PO3IO/IiTiB.
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