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ON TOPOLOGIZATION OF SUBSEMIGROUPS OF THE BICYCLIC
MONOID

We show that if a subsemigroup 𝑆 of the bicyclic monoid C(𝑝, 𝑞) contains infinitely
many idempotents, then 𝑆 admits only the discrete Hausdorff shift-continuous topology.
Also we proof that every right-continuous (left-continuous) Hausdorff Baire topology on
the upper subsemigroup C+(𝑎, 𝑏) (down subsemigroup (C−(𝑎, 𝑏)) of C(𝑝, 𝑞) is discrete and
the same statement holds for the bicyclic monoid.
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1. Introduction.
In this paper we shall follow the terminology of [2,3,5,6,10,15,20]. By 𝜔 and N we

denote the set of non-negative integers and the set of positive integers, respectively.
A semigroup 𝑆 is called inverse if for any element 𝑥 ∈ 𝑆 there exists a unique

𝑥−1 ∈ 𝑆 such that 𝑥𝑥−1𝑥 = 𝑥 and 𝑥−1𝑥𝑥−1 = 𝑥−1. The element 𝑥−1 is called the
inverse of 𝑥 ∈ 𝑆. If 𝑆 is an inverse semigroup, then the function inv : 𝑆 → 𝑆 which
assigns to every element 𝑥 of 𝑆 its inverse element 𝑥−1 is called the inversion. On an
inverse semigroup 𝑆 the semigroup operation determines the following partial order
≼: 𝑠 ≼ 𝑡 if and only if there exists 𝑒 ∈ 𝐸(𝑆) such that 𝑠 = 𝑡𝑒. This partial order is
called the natural partial order on 𝑆.

Definition 1. Let 𝑋, 𝑌 and 𝑍 be topological spaces. A map 𝑓 : 𝑋 × 𝑌 → 𝑍,
(𝑥, 𝑦) ↦→ 𝑓(𝑥, 𝑦), is called

(𝑖) right ( left) continuous if it is continuous in the right (left) variable; i.e., for
every fixed 𝑥0 ∈ 𝑋 (𝑦0 ∈ 𝑌 ) the map 𝑌 → 𝑍, 𝑦 ↦→ 𝑓(𝑥0, 𝑦) (𝑋 → 𝑍, 𝑥 ↦→
𝑓(𝑥, 𝑦0)) is continuous;

(𝑖𝑖) separately continuous if it is both left and right continuous;
(𝑖𝑖𝑖) jointly continuous if it is continuous as a map between the product space 𝑋×𝑌

and the space 𝑍.

Definition 2 ( [2, 20]). Let 𝑆 be a non-void topological space which is provided
with an associative multiplication (a semigroup operation) 𝜇 : 𝑆 × 𝑆 → 𝑆, (𝑥, 𝑦) ↦→
𝜇(𝑥, 𝑦) = 𝑥𝑦. Then the pair (𝑆, 𝜇) is called

(𝑖) a right topological semigroup if the map 𝜇 is right continuous, i.e., all interior
left shifts 𝜆𝑠 : 𝑆 → 𝑆, 𝑥 ↦→ 𝑠𝑥, are continuous maps, 𝑠 ∈ 𝑆;
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(𝑖𝑖) a left topological semigroup if the map 𝜇 is left continuous, i.e., all interior
right shifts 𝜌𝑠 : 𝑆 → 𝑆, 𝑥 ↦→ 𝑥𝑠, are continuous maps, 𝑠 ∈ 𝑆;

(𝑖𝑖𝑖) a semitopological semigroup if the map 𝜇 is separately continuous;
(𝑖𝑣) a topological semigroup if the map 𝜇 is jointly continuous.

We usually omit the reference to 𝜇 and write simply 𝑆 instead of (𝑆, 𝜇). It goes
without saying that every topological semigroup is also semitopological and every
semitopological semigroup is both a right and left topological semigroup.

A topology 𝜏 on a semigroup 𝑆 is called:

• a semigroup topology if (𝑆, 𝜏) is a topological semigroup;
• an inverse semigroup topology if (𝑆, 𝜏) is an inverse topological semigroup with
continuous inversion;

• a shift-continuous topology if (𝑆, 𝜏) is a semitopological semigroup;
• a left-continuous topology if (𝑆, 𝜏) is a left topological semigroup;
• a right-continuous topology if (𝑆, 𝜏) is a right topological semigroup.

The bicyclic monoid C(𝑝, 𝑞) is the semigroup with the identity 1 generated by two
elements 𝑝 and 𝑞 subjected only to the condition 𝑝𝑞 = 1. The semigroup operation
on C(𝑝, 𝑞) is determined as follows:

𝑞𝑘𝑝𝑙 · 𝑞𝑚𝑝𝑛 =

⎧⎨⎩
𝑞𝑘−𝑙+𝑚𝑝𝑛, if 𝑙 < 𝑚;
𝑞𝑘𝑝𝑛, if 𝑙 = 𝑚;
𝑞𝑘𝑝𝑙−𝑚+𝑛, if 𝑙 > 𝑚.

It is well known that the bicyclic monoid C(𝑝, 𝑞) is a bisimple (and hence sim-
ple) combinatorial 𝐸-unitary inverse semigroup and every non-trivial congruence on
C(𝑝, 𝑞) is a group congruence [5].

It is well known that topological algebra studies the influence of topological
properties of its objects on their algebraic properties and the influence of algebraic
properties of its objects on their topological properties. There are two main problems
in topological algebra: the problem of non-discrete topologization and the problem
of embedding into objects with some topological-algebraic properties.

In mathematical literature the question about non-discrete (Hausdorff) topolo-
gization of groups was posed by Markov [17]. Pontryagin gave well known conditions
a base at the unity of a group for its non-discrete topologization (see Theorem 3.9
of [18]). In [19] Ol’shanskiy constructed an infinite countable group 𝐺 such that
every Hausdorff group topology on 𝐺 is discrete. Taimanov presented in [21] a com-
mutative semigroup T which admits only discrete Hausdorff semigroup topology and
gave in [22] sufficient conditions on a commutative semigroup to have a non-discrete
semigroup topology. In [11] it is proved that each 𝑇1-topology with continuous shifts
on T is discrete. The bicyclic monoid admits only the discrete semigroup Hausdorff
topology [9]. Bertman and West in [1] extended this result for the case of Hausdorff
semitopological semigroups.

In the paper [4] we construct two non-discrete inverse semigroup 𝑇1-topologies
and a compact inverse shift-continuous 𝑇1-topology on the bicyclic monoid C(𝑝, 𝑞).
Also we give conditions on a 𝑇1-topology 𝜏 on C(𝑝, 𝑞) to be discrete. In particular,
we show that if 𝜏 is an inverse semigroup 𝑇1-topology on C(𝑝, 𝑞) which satisfies one
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of the following conditions: 𝜏 is Baire, 𝜏 is quasi-regular or 𝜏 is semiregular, then 𝜏
is discrete.

Subsemigroups of then bicyclic monoid were studied in [7, 8, 16]. In [16] the
following anti-isomorphic subsemigroups of the bicyclic monoid

C+(𝑎, 𝑏) =
{︀
𝑏𝑖𝑎𝑗 ∈ C(𝑎, 𝑏) : 𝑖 ⩽ 𝑗, 𝑖, 𝑗 ∈ 𝜔

}︀
and

C−(𝑎, 𝑏) =
{︀
𝑏𝑖𝑎𝑗 ∈ C(𝑎, 𝑏) : 𝑖 ⩾ 𝑗, 𝑖, 𝑗 ∈ 𝜔

}︀
are studied. In the paper [12] topologizations of the semigroups C+(𝑎, 𝑏) and C−(𝑎, 𝑏)
are studied. In particular in [12] it proved that every Hausdorff left-continuous
(right-continuous) topology on C+(𝑎, 𝑏) (C−(𝑎, 𝑏)) is discrete and there exists a com-
pact Hausdorff topological monoid 𝑆 which contains C+(𝑎, 𝑏) (C−(𝑎, 𝑏)) as a sub-
monoid. Also, a non-discrete right-continuous (left-continuous) topology 𝜏 𝑝+ (𝜏 𝑝−)
on the semigroup C+(𝑎, 𝑏) (C−(𝑎, 𝑏)) which is not left-continuous (right-continuous)
is constructed. In [13] is proved that the monoid C+(𝑎, 𝑏) (resp., C−(𝑎, 𝑏)) con-
tains a family {𝑆𝛼 : 𝛼 ∈ c} of continuum many subsemigroups with the following
properties: (𝑖) every left-continuous (resp., right-continuous) Hausdorff topology
on 𝑆𝛼 is discrete; (𝑖𝑖) every semigroup 𝑆𝛼 admits a non-discrete right-continuous
(resp., left-continuous) Hausdorff topology which is not left-continuous (resp., right-
continuous).

In this paper we show that if a subsemigroup 𝑆 of the bicyclic monoid C(𝑝, 𝑞) con-
tains infinitely many idempotents, then 𝑆 admits only the discrete Hausdorff shift-
continuous topology. Also we proof that every right-continuous (left-continuous)
Hausdorff Baire topology on the semigroup C+(𝑎, 𝑏) (C−(𝑎, 𝑏)) is discrete and the
same statement holds for the bicyclic monoid.

2. Main results.

Theorem 1. Let 𝑆 be a subsemigroup of the bicyclic semigroup C(𝑝, 𝑞). If 𝑆
contains infinitely many idempotents, then every shift-continuous Hausdorff topology
on 𝑆 is discrete.

Proof. Without loss of generality we may assume that the semigroup 𝑆 is
infinite.

Fix an arbitrary element 𝑏𝑖𝑎𝑗 of 𝑆. Since the set 𝐸(𝑆) is infinite, there exists a
positive integer 𝑖0 such that 𝑖0 ⩾ max{𝑖, 𝑗}+ 1. Then the equalities

𝑏𝑖0𝑎𝑖0 · 𝑏𝑘𝑎𝑙 =
{︂
𝑏𝑘𝑎𝑙, if 𝑖0 ⩽ 𝑘;
𝑏𝑖0𝑎𝑖0−𝑘+𝑙, if 𝑖0 > 𝑘

and
𝑏𝑘𝑎𝑙 · 𝑏𝑖0𝑎𝑖0 =

{︂
𝑏𝑘𝑎𝑙, if 𝑖0 ⩽ 𝑙;
𝑏𝑖0𝑎𝑖0−𝑙+𝑘, if 𝑖0 > 𝑙,

where 𝑏𝑘𝑎𝑙 ∈ 𝑆, imply that 𝐴𝑖0 = 𝑆 ∖ (𝑆𝑏𝑖0𝑎𝑖0 ∪ 𝑏𝑖0𝑎𝑖0𝑆) is a finite subset of 𝑆
and 𝑏𝑖𝑎𝑗 ∈ 𝐴𝑖0 . Also the above equalities imply that the mappings 𝜌𝑖0 : 𝑆 → 𝑆,
𝑏𝑘𝑎𝑙 ↦→ 𝑏𝑘𝑎𝑙 · 𝑏𝑖0𝑎𝑖0 and 𝜆𝑖0 : 𝑆 → 𝑆, 𝑏𝑘𝑎𝑙 ↦→ 𝑏𝑖0𝑎𝑖0 · 𝑏𝑘𝑎𝑙 are retractions, and hence
by [10, 1.5.C] the set 𝐴𝑖0 is open in 𝑆. This implies that the point 𝑏𝑖𝑎𝑗 has an open
finite neighbourhood in 𝑆, and hence it is an isolated point in the space 𝑆. This
completes the proof of the theorem.
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Corollary 1. If 𝑆 is an inverse subsemigroup of the bicyclic semigroup C(𝑝, 𝑞)
then every shift-continuous Hausdorff topology on 𝑆 is discrete.

Proof. In the case when 𝑆 = 𝐸(𝑆) the statement is trivial. Hence we assume
that 𝑆 ̸= 𝐸(𝑆). Fix an arbitrary 𝑏𝑖𝑎𝑗 ∈ 𝑆 ∖ 𝐸(𝑆). Without loss of generality we
may assume that 𝑖 < 𝑗. Since the semigroup 𝑆 is inverse, we obtain that 𝑏𝑗𝑎𝑖 ∈ 𝑆.
Then for any positive integer 𝑛 the semigroup operation of the bicyclic semigroup
implies that

(𝑏𝑖𝑎𝑗)𝑛 = 𝑏𝑖𝑎𝑖+𝑛(𝑗−𝑖) ∈ 𝑆 ∖ 𝐸(𝑆),
(𝑏𝑗𝑎𝑖)𝑛 = 𝑏𝑖+𝑛(𝑗−𝑖)𝑎𝑖 ∈ 𝑆 ∖ 𝐸(𝑆),

and hence

(𝑏𝑗𝑎𝑖)𝑛 · (𝑏𝑖𝑎𝑗)𝑛 = 𝑏𝑖+𝑛(𝑗−𝑖)𝑎𝑖 · 𝑏𝑖𝑎𝑖+𝑛(𝑗−𝑖) = 𝑏𝑖+𝑛(𝑗−𝑖)𝑎𝑖+𝑛(𝑗−𝑖)

is an idempotent of 𝑆 for any positive integer 𝑛. Next we apply Theorem 1.
We need the following proposition.

Proposition 1. Let 𝑆 be an infinite subsemigroup of the bicyclic monoid C(𝑎, 𝑏).
If 𝑆 does not contain infinitely many idempotents, then either 𝑆 ⊂ C+(𝑎, 𝑏) or
𝑆 ⊂ C−(𝑎, 𝑏).

Proof. Suppose to the contrary that there exists an infinite subsemigroup 𝑆 of
the bicyclic monoid C(𝑎, 𝑏) such that |𝐸(𝑆)| < ∞, (𝑆 ∖ 𝐸(𝑆)) ∩ C+(𝑎, 𝑏) ̸= ∅ and
(𝑆 ∖ 𝐸(𝑆)) ∩ C−(𝑎, 𝑏) ̸= ∅. Then there exist 𝑏𝑖𝑎𝑖+𝑘 ∈ 𝑆 ∩ C+(𝑎, 𝑏) and 𝑏𝑗+𝑙𝑎𝑗 ∈
𝑆 ∩ C−(𝑎, 𝑏) for some 𝑖, 𝑗, 𝑘, 𝑙 ∈ 𝜔 with 𝑘, 𝑙 > 0. Since 𝑆 is a subsemigroup of
the bicyclic monoid C(𝑎, 𝑏), the semigroup operation of C(𝑎, 𝑏) implies that for any
positive integer 𝑝 we have that

(𝑏𝑖𝑎𝑖+𝑘)𝑙𝑝 = 𝑏𝑖𝑎𝑖+𝑘𝑙𝑝 ∈ 𝑆 and (𝑏𝑗+𝑙𝑎𝑗)𝑘𝑝 = 𝑏𝑗+𝑘𝑙𝑝𝑎𝑗 ∈ 𝑆.

Hence we obtain that the following elements

𝑏𝑖𝑎𝑖+𝑘𝑙𝑝 · 𝑏𝑗+𝑘𝑙𝑝𝑎𝑗 =

⎧⎨⎩
𝑏𝑗𝑎𝑗, if 𝑖 < 𝑗;
𝑏𝑖𝑎𝑗, if 𝑖 = 𝑗;
𝑏𝑖𝑎𝑖, if 𝑖 > 𝑗

and

𝑏𝑗+𝑘𝑙𝑝𝑎𝑗 · 𝑏𝑖𝑎𝑖+𝑘𝑙𝑝 =

⎧⎨⎩
𝑏𝑖+𝑘𝑙𝑝𝑎𝑖+𝑘𝑙𝑝, if 𝑗 < 𝑖;
𝑏𝑗+𝑘𝑙𝑝𝑎𝑖+𝑘𝑙𝑝, if 𝑗 = 𝑖;
𝑏𝑗+𝑘𝑙𝑝𝑎𝑗+𝑘𝑙𝑝, if 𝑗 > 𝑖

are idempotents of 𝑆. Also by the last equality we get that the semigroup 𝑆 contains
an infinite subset of idempotents

{︀
𝑏𝑖+𝑘𝑙𝑝𝑎𝑖+𝑘𝑙𝑝 : 𝑝 = 1, 2, 3, . . .

}︀
, a contradiction. The

obtained contradiction implies the statement of the proposition.
Next we define the 𝑝-adic topology on the set of integers Z. Fix an arbi-

trary prime positive integer 𝑝. For any integer 𝑎 and any positive integer 𝑘 we
put 𝑈𝑘(𝑎) = 𝑎 + 𝑝𝑘Z. The topology 𝜏𝑝 which is generated by the base B𝑝 =
{𝑈𝑘(𝑎) : 𝑎 ∈ Z, 𝑘 = 1, 2, 3, . . .} is called the 𝑝-adic topology on Z. It is well known
that the additive group of integers with the 𝑝-idic topology 𝜏𝑝 is a non-discrete topo-
logical group [18]. This implies that the additive semigroup of non-negative (resp.
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positive) integers (𝜔,+) (resp. (N,+)) with the induced topology from (Z, 𝜏𝑝) is a
non-discrete Hausdorff topological semigroup which we denote by 𝜏𝑝. It is obvious
that the family B𝑝 = {𝑉𝑘(𝑎) : 𝑎 ∈ Z, 𝑘 = 1, 2, 3, . . .}, where 𝑉𝑘(𝑎) = 𝑎+𝑝𝑘𝜔 is a base
of the topology 𝜏𝑝 on (𝜔,+) ((N,+)).

We observe that there exist a non-discrete right-continuous (left-continuous)
topology 𝜏+𝑝 (𝜏−𝑝 ) on the semigroup C+(𝑎, 𝑏) (C−(𝑎, 𝑏)) which is not left-continuous
(right-continuous) [12]. The topology 𝜏+𝑝 on C+(𝑎, 𝑏) is constructed in the following
way. The semigroup operation of C+(𝑎, 𝑏) implies that for any non-negative integer
𝑛 that

C𝑛
+(𝑎, 𝑏) =

{︀
𝑏𝑛𝑎𝑛+𝑖 : 𝑖 ∈ 𝜔

}︀
is a subsemigroup of C+(𝑎, 𝑏). Moreover the semigroup C𝑛

+(𝑎, 𝑏) is isomorphic to
the additive semigroup of non-negative integers (𝜔,+) by the mapping I𝑛 : 𝜔,→
C𝑛
+(𝑎, 𝑏), 𝑖 ↦→ 𝑏𝑛𝑎𝑛+𝑖. Then for any 𝑏𝑛𝑎𝑛+𝑖 ∈ C+(𝑎, 𝑏) the mapping I𝑛 generates

the base of the topology 𝜏+𝑝 at the point 𝑏𝑛𝑎𝑛+𝑖 as the image of the base B𝑝(𝑖) of
the topology 𝜏𝑝 at the point 𝑖 [12]. The topology 𝜏−𝑝 on the semigroup C−(𝑎, 𝑏) is
constructed by the dual way.

Theorem 1 and Proposition 1 motivate to pose the following question.
Question. Let 𝑆 be a subsemigroup of the monoid C+(𝑎, 𝑏) which has no in-

finitely many idempotents. Does 𝑆 admit shift-continuous (semigroup) Hausdorff
topology?

Example 1. Fix and arbitrary 𝑛,𝑚 ∈ 𝜔 such that 𝑚 ⩽ 𝑛. We define

C
[𝑚,𝑛]
+ (𝑎, 𝑏) =

𝑛⋃︁
𝑘=𝑚

C𝑘
+(𝑎, 𝑏).

The semigroup operation of C+(𝑎, 𝑏) implies that C
[𝑚,𝑛]
+ (𝑎, 𝑏) is a subsemigroup of

C+(𝑎, 𝑏). Also it is obvious that the semigroup C
[𝑚,𝑛]
+ (𝑎, 𝑏) is isomorphic to the

monoid C
[0,𝑛−𝑚]
+ (𝑎, 𝑏) by the mapping 𝑏𝑠𝑎𝑠+𝑖 ↦→ 𝑏𝑠−𝑚𝑎𝑠−𝑚+𝑖.

For an arbitrary prime positive integer 𝑝 we define a topology 𝜏𝑚,𝑛
𝑝 on C

[𝑚,𝑛]
+ (𝑎, 𝑏)

in the following way. For any 𝑏𝑖𝑎𝑖+𝑗 ∈ C
[𝑚,𝑛]
+ (𝑎, 𝑏) with 𝑖 + 𝑗 ⩽ 𝑛 the point 𝑏𝑖𝑎𝑖+𝑗 is

isolated in (C
[𝑚,𝑛]
+ (𝑎, 𝑏), 𝜏𝑚,𝑛

𝑝 ). If 𝑖+ 𝑗 > 𝑛 then the family

B𝑚,𝑛
𝑝 (𝑏𝑖𝑎𝑖+𝑗) =

{︀
𝑉𝑠(𝑏

𝑖𝑎𝑖+𝑗) : 𝑠 ∈ N
}︀
,

where 𝑉𝑠(𝑏𝑖𝑎𝑖+𝑗) = {𝑏𝑖𝑎𝑖+𝑗+𝑡 : 𝑡 ∈ 𝑝𝑠𝜔}, is a base of the topology 𝜏𝑚,𝑛
𝑝 at the point

𝑏𝑖𝑎𝑖+𝑗. It is obvious that 𝜏𝑚,𝑛
𝑝 is a Hausdorff non-discrete topology on C

[𝑚,𝑛]
+ (𝑎, 𝑏).

Proposition 2. 𝜏𝑚,𝑛
𝑝 is a semigroup topology on C

[𝑚,𝑛]
+ (𝑎, 𝑏).

Proof. Fix arbitrary 𝑏𝑖1𝑎𝑖1+𝑗1 , 𝑏𝑖2𝑎𝑖2+𝑗2 ∈ C
[𝑚,𝑛]
+ (𝑎, 𝑏). Then we have that

𝑏𝑖1𝑎𝑖1+𝑗1 · 𝑏𝑖2𝑎𝑖2+𝑗2 =

⎧⎨⎩
𝑏𝑖2−𝑗1𝑎𝑖2+𝑗2 , if 𝑖1 + 𝑗1 < 𝑖2;
𝑏𝑖1𝑎𝑖2+𝑗2 , if 𝑖1 + 𝑗1 = 𝑖2;
𝑏𝑖1𝑎𝑖1+𝑗1+𝑗2 , if 𝑖1 + 𝑗1 > 𝑖2.

We consider all possible cases.
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Suppose that 𝑖1 + 𝑗1 ⩽ 𝑛 and 𝑖2 + 𝑗2 ⩽ 𝑛. Then 𝑏𝑖1𝑎𝑖1+𝑗1 and 𝑏𝑖2𝑎𝑖2+𝑗2 are
isolated points in the topological space (C

[𝑚,𝑛]
+ (𝑎, 𝑏), 𝜏𝑚,𝑛

𝑝 ), and hence in this case the
semigroup oparation is continuous.

Suppose that 𝑖1 + 𝑗1 ⩽ 𝑛 and 𝑖2 + 𝑗2 > 𝑛. Then 𝑏𝑖1𝑎𝑖1+𝑗1 is an isolated point in
(C

[𝑚,𝑛]
+ (𝑎, 𝑏), 𝜏𝑚,𝑛

𝑝 ). Simple verifications show that for any positive integer 𝑠 we have
that

𝑏𝑖1𝑎𝑖1+𝑗1 · 𝑉𝑠(𝑏𝑖2𝑎𝑖2+𝑗2) = 𝑏𝑖1𝑎𝑖1+𝑗1 ·
{︀
𝑏𝑖2𝑎𝑖2+𝑗2+𝑡 : 𝑡 ∈ 𝑝𝑠𝜔

}︀
=

=

⎧⎨⎩
{𝑏𝑖2−𝑗1𝑎𝑖2+𝑗2+𝑡 : 𝑡 ∈ 𝑝𝑠𝜔} , if 𝑖1 + 𝑗1 < 𝑖2;
{𝑏𝑖1𝑎𝑖2+𝑗2+𝑡 : 𝑡 ∈ 𝑝𝑠𝜔} , if 𝑖1 + 𝑗1 = 𝑖2;
{𝑏𝑖1𝑎𝑖1+𝑗1+𝑗2+𝑡 : 𝑡 ∈ 𝑝𝑠𝜔} , if 𝑖1 + 𝑗1 > 𝑖2

=

=

⎧⎨⎩
𝑉𝑠(𝑏

𝑖2−𝑗1𝑎𝑖2+𝑗2), if 𝑖1 + 𝑗1 < 𝑖2;
𝑉𝑠(𝑏

𝑖1𝑎𝑖2+𝑗2), if 𝑖1 + 𝑗1 = 𝑖2;
𝑉𝑠(𝑏

𝑖1𝑎𝑖1+𝑗1+𝑗2), if 𝑖1 + 𝑗1 > 𝑖2.

Suppose that 𝑖1 + 𝑗1 > 𝑛 and 𝑖2 + 𝑗2 ⩽ 𝑛. Then 𝑏𝑖2𝑎𝑖2+𝑗2 is an isolated point in
(C

[𝑚,𝑛]
+ (𝑎, 𝑏), 𝜏𝑚,𝑛

𝑝 ) and 𝑖2 < 𝑖1 + 𝑗1. By usual calculations for any positive integer 𝑠
we get that

𝑉𝑠(𝑏
𝑖1𝑎𝑖1+𝑗1) · 𝑏𝑖2𝑎𝑖2+𝑗2 =

{︀
𝑏𝑖1𝑎𝑖1+𝑗1+𝑡 : 𝑡 ∈ 𝑝𝑠𝜔

}︀
· 𝑏𝑖2𝑎𝑖2+𝑗2 =

=
{︀
𝑏𝑖1𝑎𝑖1+𝑗1+𝑗2+𝑡 : 𝑡 ∈ 𝑝𝑠𝜔

}︀
=

= 𝑉𝑠(𝑏
𝑖1𝑎𝑖1+𝑗1+𝑗2).

Suppose that 𝑖1+𝑗1 > 𝑛 and 𝑖2+𝑗2 > 𝑛. Then 𝑖2 < 𝑖1+𝑗1. By usual calculations
for any positive integer 𝑠 we have that

𝑉𝑠(𝑏
𝑖1𝑎𝑖1+𝑗1) · 𝑉𝑠(𝑏𝑖2𝑎𝑖2+𝑗2) =

{︀
𝑏𝑖1𝑎𝑖1+𝑗1+𝑡1 : 𝑡1 ∈ 𝑝𝑠𝜔

}︀
·
{︀
𝑏𝑖2𝑎𝑖2+𝑗2+𝑡2 : 𝑡2 ∈ 𝑝𝑠𝜔

}︀
=

=
{︀
𝑏𝑖1𝑎𝑖1+𝑗1+𝑡1+𝑗2+𝑡2 : 𝑡1, 𝑡2 ∈ 𝑝𝑠𝜔

}︀
⊆

⊆
{︀
𝑏𝑖1𝑎𝑖1+𝑗1+𝑗2+𝑡 : 𝑡 ∈ 𝑝𝑠𝜔

}︀
=

= 𝑉𝑠(𝑏
𝑖1𝑎𝑖1+𝑗1+𝑗2).

The above arguments imply the statement of the proposition.
We recall that a topological space 𝑋 is said to be Baire if for each sequence

𝐴1, 𝐴2, . . . , 𝐴𝑖, . . . of dense open subsets of 𝑋 the intersection
∞⋂︁
𝑖=1

𝐴𝑖 is a dense subset

of 𝑋 [14].

Theorem 2. Every right-continuous (left-continuous) Hausdorff Baire topology
𝜏 on the semigroup C+(𝑎, 𝑏) (C−(𝑎, 𝑏)) is discrete.

Proof. We shall prove the statement of the theorem only for the semigroup
C+(𝑎, 𝑏), because the semigroups C+(𝑎, 𝑏) and C−(𝑎, 𝑏) are anti-isomorphic [12, 16].

Fix an arbitrary 𝑏𝑖0𝑎𝑗0 ∈ C+(𝑎, 𝑏). Since every left shift on (C+(𝑎, 𝑏), 𝜏) is contin-
uous and 𝑏𝑖0+1𝑎𝑖0+1 is an idempotent of C+(𝑎, 𝑏), the mapping 𝜆𝑏𝑗0+1𝑎𝑗0+1 : C+(𝑎, 𝑏)→
C+(𝑎, 𝑏), 𝑏𝑠𝑎𝑡 ↦→ 𝑏𝑗0+1𝑎𝑗0+1 · 𝑏𝑠𝑎𝑡 is a continuous retraction. Then by [10, 1.5.C] the
retract 𝑏𝑗0+1𝑎𝑗0+1C+(𝑎, 𝑏) is a closed subset of the topological space (C+(𝑎, 𝑏), 𝜏). It
is obvious that 𝑏𝑖0𝑎𝑗0 /∈ 𝑏𝑗0+1𝑎𝑗0+1C+(𝑎, 𝑏).
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We define
𝐴𝑗0+1 =

{︀
𝑏𝑖𝑎𝑗 ∈ C+(𝑎, 𝑏) : 𝑖+ 𝑗 ⩽ 2(𝑗0 + 1)

}︀
.

Then 𝐴𝑗0+1 is a finite subset of C+(𝑎, 𝑏) and 𝑏𝑖0𝑎𝑗0 ∈ 𝐴𝑗0+1. Since the space
(C+(𝑎, 𝑏), 𝜏) is Hausdorff, the set

𝑆 = C+(𝑎, 𝑏) ∖ (𝐴𝑗0+1 ∪ 𝑏𝑗0+1𝑎𝑗0+1C+(𝑎, 𝑏))

is open in (C+(𝑎, 𝑏), 𝜏), and hence by Proposition 1.14 of [14] the space 𝑆 is Baire.
By Proposition 1.30 of [14] the space 𝑆 contains infinitely many isolated points in
𝑆, because the set 𝑆 is infinite and countable. Then there exists a non-negative
integer 𝑥0 ⩽ 𝑗0 such that the set 𝑆𝑥0 = {𝑏𝑥0𝑎𝑦 : 𝑦 ⩾ 𝑥0} contains infinitely many
isolated points of 𝑆. This implies that there exists a positive integer 𝑦0 such that
𝑦0 − 𝑗0 > 𝑥0 ⩾ 0, and hence 𝑏𝑥𝑎𝑦0+𝑖0−𝑗0 ∈ C+(𝑎, 𝑏). The semigroup operation of
C+(𝑎, 𝑏) implies that

𝑏𝑥0𝑎𝑦0+𝑖0−𝑗0 · 𝑏𝑖0𝑎𝑗0 = 𝑏𝑥0𝑎𝑦0 ,

because 𝑦0+ 𝑖0− 𝑗0 > 𝑥0+ 𝑖0 > 𝑖0. Since (C+(𝑎, 𝑏), 𝜏) is a left topological semigroup,
we have that the set of solutions 𝑈 of the equation

𝑏𝑥0𝑎𝑦0+𝑖0−𝑗0 ·𝑋 = 𝑏𝑥0𝑎𝑦0

is an open subset of (C+(𝑎, 𝑏), 𝜏) which contains the point 𝑏𝑖0𝑎𝑗0 . By Lemma I.1.(𝑖𝑖)
of [9] the set 𝑈 is finite. Since (C+(𝑎, 𝑏), 𝜏) is a Hausdorff space, the point 𝑏𝑖0𝑎𝑗0 is
isolated in (C+(𝑎, 𝑏), 𝜏). This completes the proof of the theorem.

A topological space𝑋 is called locally compact, if for any point 𝑥 ∈ 𝑋 there exists
an open neighbourhood 𝑈(𝑥) such that the closure cl𝑋(𝑈(𝑥)) of 𝑈(𝑥) is a compact
set [10]. Since every locally compact Hausdorff space is Baire [10], Theorem 2 implies
the following corollary.

Corollary 2. Every right-continuous (left-continuous) Hausdorff locally compact
topology on the semigroup C+(𝑎, 𝑏) (C−(𝑎, 𝑏)) is discrete.

Remark 1. In [12] a non-discrete non-Baire Hausdorff topology 𝜏+𝑝 on the semi-
group C+(𝑎, 𝑏) such that (C+(𝑎, 𝑏), 𝜏

+
𝑝 ) is a metrizable right topological semigroup is

constructed.

Theorem 3 extends results of Theorem 1 from [4] onto Hausdorff right topological
and left topological semigroups.

Theorem 3. Every right-continuous (left-continuous) Hausdorff Baire topology
𝜏 on the bicyclic semigroup C(𝑎, 𝑏) is discrete.

The proof of Theorem 3 is similar to Theorem 2.
Theorem 3 implies

Corollary 3. Every right-continuous (left-continuous) Hausdorff locally compact
topology on the bicyclic semigroup C(𝑎, 𝑏) is discrete.
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Чорненька А., Гутiк О. Про топологiзацiю пiднапiвгруп бiциклiчного моно-
їда.

Ми доводимо якщо пiднапiвгрупа 𝑆 бiциклiчного моноїда C(𝑝, 𝑞) мiстить нескiнчен-
ну кiлькiсть iдемпотентiв, то кожна гаусдорфова трансляцiйно неперервна топологiя
на 𝑆 дискретна. Також доведено, що кожна неперервна справа (неперервна злiва)
гаусдорфова берiвська топологiя на верхнiй пiднапiвгрупi C+(𝑎, 𝑏) (нижнвй пiднапiв-
групi C−(𝑎, 𝑏) бiциклiчної напiвгрупи C(𝑝, 𝑞) дискретна, а також, що це твердження
виконується i для бiциклiчного моноїда.

Ключовi слова: бiциклiчний моноїд, напiвтопологiчна напiвгрупа, лiва топологiчна
напiвгрупа, права топологiчна напiвгрупа, берiвський простiр, дискретний.
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