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ON TOPOLOGIZATION OF SUBSEMIGROUPS OF THE BICYCLIC
MONOID

We show that if a subsemigroup S of the bicyclic monoid C(p,q) contains infinitely
many idempotents, then S admits only the discrete Hausdorff shift-continuous topology.
Also we proof that every right-continuous (left-continuous) Hausdorff Baire topology on
the upper subsemigroup €, (a,b) (down subsemigroup (C_(a,b)) of C(p, q) is discrete and
the same statement holds for the bicyclic monoid.
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1. Introduction.
In this paper we shall follow the terminology of [2,3,5,6,10,15,20]. By w and N we
denote the set of non-negative integers and the set of positive integers, respectively.

A semigroup S is called inverse if for any element x € S there exists a unique
271 € S such that zz7 'z = 2 and 27 'zz™! = 27!, The element 27! is called the
iverse of x € S. If S is an inverse semigroup, then the function inv: S — S which
assigns to every element x of S its inverse element 2! is called the inversion. On an
inverse semigroup S the semigroup operation determines the following partial order
<: s <t if and only if there exists e € E(S) such that s = te. This partial order is
called the natural partial order on S.

Definition 1. Let X, Y and Z be topological spaces. A map f: X XY — Z,
(x,y) — f(z,y), is called

() right (left) continuous if it is continuous in the right (left) variable; i.e., for
every fized xog € X (yo € Y) the map Y — Z, y — f(zo,y) (X = Z, x —
f(z,y0)) is continuous;

(17) separately continuous if it is both left and right continuous;

(i1) jointly continuous if it is continuous as a map between the product space X XY
and the space Z.

Definition 2 ( [2,20]). Let S be a non-void topological space which is provided
with an associative multiplication (a semigroup operation) u: S x S — S, (x,y) —
w(x,y) = xy. Then the pair (S, u) is called

(1) a right topological semigroup if the map p is right continuous, i.e., all interior
left shifts As: S — S, x — sx, are continuous maps, s € S;
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76 A. CHORNENKA, O. GUTIK

(17) a left topological semigroup if the map p is left continuous, i.e., all interior
right shifts ps: S — S, v+ xs, are continuous maps, s € S;

(7i1) a semitopological semigroup if the map u is separately continuous;

(iv) a topological semigroup if the map p is jointly continuous.

We usually omit the reference to p and write simply S instead of (S, ). It goes
without saying that every topological semigroup s also semitopological and every
semitopological semigroup is both a right and left topological semigroup.

A topology 7 on a semigroup S is called:

e a semigroup topology if (S, 7) is a topological semigroup;

e an inverse semigroup topology if (.S, 7) is an inverse topological semigroup with
continuous inversion;

e a shift-continuous topology if (S, 7) is a semitopological semigroup;

e a left-continuous topology if (S, 7) is a left topological semigroup;

e a right-continuous topology if (S, 7) is a right topological semigroup.

The bicyclic monoid C(p, q) is the semigroup with the identity 1 generated by two
elements p and g subjected only to the condition pg = 1. The semigroup operation
on C(p, q) is determined as follows:
qk—l—i-mpn’ if | < m;
¢p gt =4 g, ifl=my

grpt=mnif 1> m.

It is well known that the bicyclic monoid C(p,q) is a bisimple (and hence sim-
ple) combinatorial F-unitary inverse semigroup and every non-trivial congruence on
C(p, q) is a group congruence [5|.

It is well known that topological algebra studies the influence of topological
properties of its objects on their algebraic properties and the influence of algebraic
properties of its objects on their topological properties. There are two main problems
in topological algebra: the problem of non-discrete topologization and the problem
of embedding into objects with some topological-algebraic properties.

In mathematical literature the question about non-discrete (Hausdorff) topolo-
gization of groups was posed by Markov [17]|. Pontryagin gave well known conditions
a base at the unity of a group for its non-discrete topologization (see Theorem 3.9
of [18]). In [19] Ol'shanskiy constructed an infinite countable group G such that
every Hausdorff group topology on G is discrete. Taimanov presented in [21] a com-
mutative semigroup ¥ which admits only discrete Hausdorff semigroup topology and
gave in [22] sufficient conditions on a commutative semigroup to have a non-discrete
semigroup topology. In [11] it is proved that each T}-topology with continuous shifts
on ¥ is discrete. The bicyclic monoid admits only the discrete semigroup Hausdorff
topology [9]. Bertman and West in [1] extended this result for the case of Hausdorff
semitopological semigroups.

In the paper [4] we construct two non-discrete inverse semigroup 73-topologies
and a compact inverse shift-continuous T3-topology on the bicyclic monoid C(p, q).
Also we give conditions on a Tij-topology 7 on C(p, ¢) to be discrete. In particular,
we show that if 7 is an inverse semigroup T3-topology on C(p, ¢) which satisfies one
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ON TOPOLOGIZATION OF SUBSEMIGROUPS OF THE BICYCLIC MONOID 7

of the following conditions: 7 is Baire, 7 is quasi-regular or 7 is semiregular, then 7
is discrete.

Subsemigroups of then bicyclic monoid were studied in |7,8,16]. In [16] the
following anti-isomorphic subsemigroups of the bicyclic monoid

Ci(a,b) = {b'a’ € €(a,b): i < j, i,j € w}

and
C_(a,b) = {biaj €C(a,b):i>=7,1,j € w}

are studied. In the paper [12] topologizations of the semigroups C, (a,b) and C_(a, b)
are studied. In particular in [12] it proved that every Hausdorff left-continuous
(right-continuous) topology on €, (a,b) (C_(a,b)) is discrete and there exists a com-
pact Hausdorfl topological monoid S which contains €, (a,b) (C_(a,b)) as a sub-
monoid. Also, a non-discrete right-continuous (left-continuous) topology 77 (77)
on the semigroup €, (a,b) (C_(a,b)) which is not left-continuous (right-continuous)
is constructed. In [13] is proved that the monoid €4 (a,b) (resp., C_(a,b)) con-
tains a family {S,: @ € ¢} of continuum many subsemigroups with the following
properties: (i) every left-continuous (resp., right-continuous) Hausdorff topology
on S, is discrete; (ii) every semigroup S, admits a non-discrete right-continuous
(resp., left-continuous) Hausdorff topology which is not left-continuous (resp., right-
continuous).

In this paper we show that if a subsemigroup S of the bicyclic monoid €(p, ¢) con-
tains infinitely many idempotents, then S admits only the discrete Hausdorff shift-
continuous topology. Also we proof that every right-continuous (left-continuous)
Hausdorff Baire topology on the semigroup C, (a,b) (C_(a,b)) is discrete and the
same statement holds for the bicyclic monoid.

2. Main results.

Theorem 1. Let S be a subsemigroup of the bicyclic semigroup C(p,q). If S
contains infinitely many idempotents, then every shift-continuous Hausdorff topology
on S is discrete.

Proof. Without loss of generality we may assume that the semigroup S is
infinite.

Fix an arbitrary element b’a’ of S. Since the set F(S) is infinite, there exists a
positive integer ig such that iy > max{i, j} + 1. Then the equalities

k1 e .
bioaio_bk l: b_a_7 1f20<k;
bogiokHif i > k

and .
. b a if 79 < [;

kU pio,io — Bl 0ox b

bra - b { biogiol+k if jo > 1,
where b¥a' € S, imply that A;, = S\ (Sba®™ U boa™S) is a finite subset of S
and b'a’ € A;,. Also the above equalities imply that the mappings p;,: S — S,
bral s bral - boa and N0 S — S, bFal s boa® - bFal are retractions, and hence
by [10, 1.5.C] the set A;, is open in S. This implies that the point b’a’ has an open
finite neighbourhood in S, and hence it is an isolated point in the space S. This
completes the proof of the theorem.
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78 A. CHORNENKA, O. GUTIK

Corollary 1. If S is an inverse subsemigroup of the bicyclic semigroup C(p,q)
then every shift-continuous Hausdorff topology on S is discrete.

Proof. In the case when S = E(S) the statement is trivial. Hence we assume
that S # E(S). Fix an arbitrary b'a’ € S\ F(S). Without loss of generality we
may assume that ¢ < j. Since the semigroup S is inverse, we obtain that ¥a’ € S.
Then for any positive integer n the semigroup operation of the bicyclic semigroup
implies that

(b'a?)" = b'a™mU=D € S\ E(S),
(Va')y" = =g’ € S\ E(S),

and hence

(bjai)n ] (biaj)n — pitn—0) i | pigitnli—i) — pitn(i—i) g itn(i—i)

is an idempotent of S for any positive integer n. Next we apply Theorem 1.
We need the following proposition.

Proposition 1. Let S be an infinite subsemigroup of the bicyclic monoid C(a, b).
If S does not contain infinitely many idempotents, then either S C Cy(a,b) or
S C C_(a,b).

Proof. Suppose to the contrary that there exists an infinite subsemigroup S of
the bicyclic monoid C(a, b) such that |E(S)| < oo, (S'\ E(S)) N Ci(a,b) # @ and
(S\ E(S)) N €C_(a,b) # @. Then there exist bia’** € SN € (a,b) and ¥Hal €
S NC_(a,b) for some i,7,k,l € w with k,I > 0. Since S is a subsemigroup of
the bicyclic monoid C(a, b), the semigroup operation of C(a,b) implies that for any
positive integer p we have that

(bia™F)P = plaMP ¢ S and (VM) = 0PI € S

Hence we obtain that the following elements

Val, ifi<j;
bigitkip . itk i ba’, if i = j;
b'a', ifi>j

and
bz‘—}—klpai—i-klp’ lfj < i;
bj-l—klpaj . biai-l—klp — bj—i—lclpai—i-klp7 lfj — Z,
WHkpgi+kp if G o>

are idempotents of S. Also by the last equality we get that the semigroup S contains
an infinite subset of idempotents {b”klpa”klp: p=1,23,.. .}, a contradiction. The
obtained contradiction implies the statement of the proposition.

Next we define the p-adic topology on the set of integers Z. Fix an arbi-
trary prime positive integer p. For any integer a and any positive integer k& we
put Ux(a) = a + p*Z. The topology 7, which is generated by the base B, =
{Uk(a): a € Z,k =1,2,3,...} is called the p-adic topology on Z. It is well known
that the additive group of integers with the p-idic topology 7, is a non-discrete topo-
logical group [18]|. This implies that the additive semigroup of non-negative (resp.
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ON TOPOLOGIZATION OF SUBSEMIGROUPS OF THE BICYCLIC MONOID 79

positive) integers (w,+) (resp. (N,+)) with the induced topology from (Z,7,) is a
non-discrete Hausdorft topological semigroup which we denote by 7,. It is obvious
that the family B, = {Vi(a): a € Z,k = 1,2,3,...}, where Vi(a) = a+p*w is a base
of the topology 7, on (w, +) ((N,+)).

We observe that there exist a non-discrete right-continuous (left-continuous)
topology 7.7 (7,) on the semigroup C, (a,b) (€_(a,b)) which is not left-continuous
(right-continuous) [12]. The topology 7,7 on €4 (a,b) is constructed in the following
way. The semigroup operation of €, (a,b) implies that for any non-negative integer
n that

€% (a,b) = {b"a"": i e w}
is a subsemigroup of €, (a,b). Moreover the semigroup €% (a,b) is isomorphic to
the additive semigroup of non-negative integers (w,+) by the mapping J,,: w, —
€% (a,b), i + b"a™"". Then for any b"a"*" € €,(a,b) the mapping J, generates
the base of the topology 7.f at the point b"a"*" as the image of the base B, (i) of
the topology 7, at the point ¢ [12]. The topology 7, on the semigroup €_(a,b) is
constructed by the dual way.

Theorem 1 and Proposition 1 motivate to pose the following question.

Question. Let S be a subsemigroup of the monoid €, (a,b) which has no in-
finitely many idempotents. Does S admit shift-continuous (semigroup) Hausdorff
topology?

Example 1. Fix and arbitrary n,m € w such that m < n. We define

n

et (a,b) = | € (a,b).

k=m

The semigroup operation of Cy(a,b) implies that G[f’n}(a,b) is a subsemigroup of
Cyi(a,b). Also it is obvious that the semigroup G[frn’"](a,b) is isomorphic to the
monoid G[f’n_m} (a,b) by the mapping b*a’T" s b5~mas ™,

For an arbitrary prime positive integer p we define a topology ;" on GT’"} (a,b)
in the following way. For any bla*’ € G[f’"](a, b) with i + j < n the point bla’™ is
isolated in (G[f’n}(a, b),7,""). If i+ j > n then the family

B (ba ) = {V,(b'at): s € N},

where Vi(b'a’™) = {V'a™ 7 t € p’w}, is a base of the topology )" at the point
Va™. It is obvious that 7)™ is a Hausdorff non-discrete topology on G[f’n}(a, b).

" is a semigroup topology on C‘,’[f’n](a, b).

Proposition 2. 7™
Proof. Fix arbitrary bitat 71, b2q?2+72 ¢ (E[J:n’n](a, b). Then we have that
bizfﬁaizﬂ'z’ if 4, + 51 < i
pirgirtit | pizgiztiz — bi1ai2+jg7 if i, + j1 = i9;
b%1az1+31+J2’ if i +j1 > i.

We consider all possible cases.
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Suppose that i; + 71 < n and iy + ]7'2 < n. Then b1a"tt and b2a2172 are
isolated points in the topological space (Gf’"] (a,b),7,"™), and hence in this case the
semigroup oparation is continuous.

Suppose that i; + j; < n and iy + j» > n. Then b"a® ™! is an isolated point in
(G[f’n](a, b),7,""). Simple verifications show that for any positive integer s we have
that

pitgirtit “/;(bizaiz-i—]é) = pirgirtit . {bizaiz-i—jz—i—t: te psw} _
{irgiztitt: ¢ e psw}, if 4y + jy < do;
= ¢ {bra®T2Tt t € pPw}, ifiy +j1 =19 =
{biragh ittt e psw} | if iy + j1 > iy
Vs(bizfjlai2+j2>’ if i1 + J1 < i9;
= { Vi(bratR), iy gy =
Vs(bhah-&-h-&-m)’ if i _|_j1 > 9.

Suppose that i; + j; > n and iy + j, < n. Then b2a?2%72 is an isolated point in
(G[J:n’"](a, b), 7;"") and iy < 41 + j1. By usual calculations for any positive integer s
we get that

‘/s(bilail+j1) . bi2ai2+j2 — {bi1ai1+j1+t: t e psw} . bi2ai2+j2 —
= {Vra" R € PP =

_ ‘/S(bilai1+j1+j2).

Suppose that i1 +7j; > n and i+ jo > n. Then iy < 77+ j;. By usual calculations
for any positive integer s we have that

%(bilailJrjl) . ‘/’S(bizainr]é) — {bilai1+j1+t1: t € psw} . {bizai2+j2+t2: ty € psw} —
— {bilai1+j1+t1+j2+t2 Sty g € pSW} C
* ) =
C{tra" Rt e pPu} =

=V, (bll qirtiitiz ) ]

The above arguments imply the statement of the proposition.

We recall that a topological space X is said to be Baire if for each sequence

Ay, Ag, ..o Ay, ... of dense open subsets of X the intersection ﬂ A; is a dense subset
i=1
of X [14].
Theorem 2. Every right-continuous (left-continuous) Hausdorff Baire topology
T on the semigroup C,(a,b) (C_(a,b)) is discrete.

Proof. We shall prove the statement of the theorem only for the semigroup
C4(a,b), because the semigroups €4 (a,b) and C_(a,b) are anti-isomorphic [12,16].

Fix an arbitrary b*a’ € C, (a,b). Since every left shift on (C, (a,b),T) is contin-
uous and b0t is an idempotent of € (a,b), the mapping Ayio+14i0+1: €4 (a,b) —
Ci(a,b), b*a’ — poHaiotl . boal is a continuous retraction. Then by [10, 1.5.C| the
retract H°1a/°T1C, (a,b) is a closed subset of the topological space (€ (a,b),7). Tt
is obvious that ba’ ¢ potlaghoT1C, (a,b).

Poszain 1: Maremaruka i craTucTiKa



ON TOPOLOGIZATION OF SUBSEMIGROUPS OF THE BICYCLIC MONOID 81
We define

Ajosr = {b'a € C(a,b): i+ <2(jo+1)}.
Then Ajy;1 is a finite subset of Cy(a,b) and b®a’® € A; 1. Since the space
(C4(a,b), ) is Hausdorff, the set

S = e+<a’ b) \ (Ajo-‘rl U bj0+1aj0+le+(a7 b))

is open in (€4 (a,b),7), and hence by Proposition 1.14 of [14] the space S is Baire.
By Proposition 1.30 of [14] the space S contains infinitely many isolated points in
S, because the set S is infinite and countable. Then there exists a non-negative
integer xy < jo such that the set S,, = {b*a¥: y > xo} contains infinitely many
isolated points of S. This implies that there exists a positive integer yo such that
Yo — jo > 7o = 0, and hence b*a¥ T~ € €, (a,b). The semigroup operation of
Cy(a,b) implies that
pFo gYotio—jo | piogdo — bogve,

because yo + o — jo > To+1ig > ig. Since (C4(a,b), T) is a left topological semigroup,
we have that the set of solutions U of the equation

prog¥otio—jo . X — pro Y0

is an open subset of (€ (a,b), T) which contains the point b°a?. By Lemma I.1.(i7)
of |9] the set U is finite. Since (€, (a,b), ) is a Hausdorff space, the point b"a’0 is
isolated in (€ (a,b), 7). This completes the proof of the theorem.

A topological space X is called locally compact, if for any point x € X there exists
an open neighbourhood U(x) such that the closure clx(U(z)) of U(x) is a compact
set [10]. Since every locally compact Hausdorff space is Baire [10], Theorem 2 implies
the following corollary.

Corollary 2. Every right-continuous (left-continuous) Hausdorff locally compact
topology on the semigroup C,(a,b) (C_(a,b)) is discrete.

Remark 1. In [12] a non-discrete non-Baire Hausdorff topology 7‘10+ on the semi-
group € (a,b) such that (C(a,b), 7)) is a metrizable right topological semigroup is
constructed.

Theorem 3 extends results of Theorem 1 from [4] onto Hausdorft right topological
and left topological semigroups.

Theorem 3. Every right-continuous (left-continuous) Hausdorff Baire topology
T on the bicyclic semigroup C(a,b) is discrete.

The proof of Theorem 3 is similar to Theorem 2.
Theorem 3 implies

Corollary 3. Every right-continuous (left-continuous) Hausdorff locally compact
topology on the bicyclic semigroup C(a,b) is discrete.
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YHYopuenbka A., I'ytik O. [Ipo Tomosorizariito migHATBIPY OIIIK/IITHONO MOHO-
11a.

Mu joBosumMo sIKIo migHanisrpyna S 6inukiaigaoro mounoina C(p, ¢) MicTuTh HecKiHUeH-
HY KIJIBKICTh 1JIeMIIOTEHTIB, TO KOXKHA TaycI0pdoBa TPaHCIMIIITHO HellepepBHA TOMOJIOTis
Ha S muckpersa. Takoxk JOBeEHO, MO KOXKHA HelepepBHa cupaBa (HellepepBHA 3J1iBa)
raycuopdosa GepiBcbKa Tomosoris Ha Bepxuiit nignamisrpymi Ci (a,b) (HuKHBI nigHaniB-
rpymi C_(a,b) Ginukmaivnoi HamiBrpymu C(p,q) AUCKpEeTHA, a TAKOXK, IO Ie TBEDPIKEHHS
BUKOHYETHCS 1 JIJIsT OIITUKJIITHOTO MOHOIJIA.

Kuaro4doBi cioBa: OinuKmigHmT MOHOI, HATIBTOMIOJIOTIYHA HAIIBIPYyIIa, JiBa TOIOJIOTIIHA
HaIiBIPyIa, IpaBa TOMOJOTIYHa HAINBIPYyIa, O€PiBCbKUM MPOCTIP, TUCKPETHHIA.
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