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QUADRATIC-ACCURACY ONE-BULLET SILENT DUEL ON THE
UNIFORM LATTICE: PURE STRATEGY SOLUTIONS EXIST
WHEN THE DUELIST HAS AT MOST EIGHT TIME MOMENTS

The one-bullet silent duel defined on the uniform lattice is considered, in which each
of the two duelists shoots with quadratic accuracy. The duel is a symmetric matrix game
whose optimal value is 0, and each of the duelists has the same optimal behavior, whether
it is in pure or mixed strategies. The task is to determine optimal time moments for the
duelist to shoot depending on the number of the duel time moments. It is proved that an
optimal time moment in the duel exists only if the duelist has three to eight time moments
to shoot, except for seven time moments, and the optimal time moment is single. The
quadratic-accuracy duelist’s optimal time moment is the duel end moment in the 3 x 3
and 4 X 4 duels, is the penultimate time moment in the 5 X 5 and 6 x 6 duels, and is the
time moment preceding the penultimate time moment in the 8 x 8 duel. Compared to the
linear-accuracy duel, which does not have an optimal time moment for six time moments
and for no fewer than eight time moments, the quadratic-accuracy duel provides the duelist
with a single one-step (“instant”) solution for six and eight time moments instead of seven
ones. Another difference is that the quadratic-accuracy duelist’s optimal time moment
gravitates more towards the duel end moment, unlike it is the duel span middle in the
linear-accuracy duel.

Keywords: one-bullet silent duel, uniform lattice, quadratic accuracy, matrix game, op-
timal time moment.

1. One-bullet silent duels. One-bullet silent duels are a large part of timing
games that model competitive interactions between two equal participants (com-
petitors, players, or duelists), where the general purpose is to take one timely action
(to shoot the single bullet) [1]. The timeliness means shooting earlier than the other
duelist, but shooting later grants a better benefit [2]. The duel time span is usually
divided into equidistant intervals whose endpoints are the time moments at which
the duelist is allowed to (legitimately) shoot [3|. Thus, if there are N successive
time moments of possible shooting, then they are represented as a set [4]

Ty = {tq}évzl = {%}Nl C [0; 1] for N € N\ {1, 2}. (1)

With (1), the respective one-bullet silent duel is a finite zero-sum game |5, 6]
(Xw, Yi, Un) = ({e:hy s {wih s Un) 2)

of timing with the duelists’ pure strategy sets

Xy ={z}, = {]Z\.[__ll }ZNZI =Ty C [0; 1] (3)
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and
v o_fi-1"
W= = {325} ~Tvc (@)
by a skew-symmetric payoff matrix
Un = [l yyn = [~ iy oy = —Ux (5)
Hence, duel (2) is defined on uniform lattice

XN X YN = {xz}f\; x {yj}j‘vﬂ =

B {Jif_—ll}]il X {%}N C [0; 1] x [0; 1]. (6)

J=1

The skew-symmetry of payoff matrix (5) reflects the equality of the duelists, by which
the optimal game value is 0, and each of the duelists has the same optimal behavior
(whether it is in pure or mixed strategies) [2,7]. Inasmuch as one-bullet silent duels
model hardly repeatable environments, the common task is to determine optimal
time moments (pure strategies) for the duelist [6,8,9|. If there are no optimal time
moments at the duelist, i.e. duel (2) is not solved in pure strategies (but, certainly,
is solved in mixed strategies), the respective duel configuration (like the number of
time moments of possible shooting, the accuracy function of the duelist) must be
rectified to obtain an optimal time moment [10]. This is practically always done to
comply with non-repeatability of the modeled environment [5,11,12].

2. Optimal time moments in linear-accuracy duel. Article [13] determined
that linear-accuracy one-bullet silent duel (2) on uniform lattice (6), where

wij = x; —y; +xy;sign (y; — ;) for i=1, N and j=1, N, (7)

is solved in pure strategies only when N € {3, 4, 5, 7}. In the 3 x 3 linear-accuracy
duel, where

1
T3 = {t17 t27 tS} = {07 57 1} ) (8)

the duelist has two optimal moments, which are t, = % and t3 = 1. In the 4 x 4
linear-accuracy duel, where

2 1}, (9)

is optimal. In the 5 x 5 linear-accuracy duel, where

Wl =

Ty ={t1, to, t3, t4} = {07

2

only third moment ¢3 = 3

1 1 3
T e E e _ =, = 1 1
5 {tla t27 t57 t47 t5} {07 47 2a 47 } ) ( O)

only third moment t3 = % is optimal as well. The biggest linear-accuracy duel having
a pure strategy solution is the 7 x 7 one, where

1 1 1 2 5
T, =1ty ta, t3, ty, t5, tg, t7} = - =, =, =, =, 1 11
7 { 1, t2, U3, U4, U5, U6, 7} {07 67 37 27 37 67 } ( )
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and only fourth moment ¢4 = % is optimal. Therefore, the duelist in duel (2) on
uniform lattice (6) by (3) —(5), (7), if it is solved in pure strategies, mostly has to
shoot at the middle of the duel span. The only exception is the 4 x 4 duel, which
does not have the middle of the duel span in set (9). The generalization of the linear-
accuracy duel on uniform lattice (6) was studied in [14], where manipulations with
the linear-accuracy proportionality factor allow to have an optimal time moment
(although such manipulations are not always realizable in practice). Now, the task
is to determine optimal time moments for quadratic-accuracy one-bullet silent duel
(2) on uniform lattice (6) by (3) —(5), where

uy = 7 — y]2- +x?y]2~ sign (y; —x;) for i=1, N and j=1, N. (12)

The quadratic accuracy is more plausible than the linear one. Besides, compared to
the linear accuracy, as tZ < t, for t, € (0; 1), the quadratic accuracy implies that
the duelist is relatively worse at shooting.

3. When an optimal time moment exists. Duel (2) is a symmetric matrix
game, in which the existence of a pure strategy solution is equivalent to a pure
strategy saddle point in payoff matrix (5). Owing to the skew-symmetry of matrix
(5), whose main diagonal is of N zeros and optimal game value is 0, any saddle
point of matrix (5) is a zero entry in a nonnegative row and a nonpositive column.
Thus, if row i* of matrix (5) by * € {I,—N} is nonnegative, then row * contains a
saddle point on the main diagonal [5,6]. A symmetric reasoning is true for columns:
if column * of matrix (5) by i* € {L—N} is nonpositive, then column 7* contains
a saddle point on the main diagonal [1,2]. This saddle point corresponds to an
optimal pure strategy or an optimal time moment ¢;« of the duelist in an optimal
pure strategy situation

{zir, yir} = {ti, tis}. (13)
If row ¢* contains only positive entries, except for the main diagonal entry w;«;« = 0,
all the other N —1 rows of column ¢* contain negative entries, and thus row ¢* contains
a single saddle point corresponding to the single optimal pure strategy situation (13)
or the single optimal time moment ¢;- in this duel. If two time moments ¢;+ and ¢;,
are optimal by i* € {L—N}, Jx € {L—N}, and * # j,, then there are at least four
optimal pure strategy situations: situation (13) and situations

{xi*a y]*} - {ti*a tj*} )
{xj*7 yl*} = {t]*’ tl*} )
Obviously, time moment t;« is not optimal if row i* contains a negative entry
or column ¢* contains the positive entry. Therefore, it is conventionally possible

to conclude on optimal time moment existence by studying nonnegative rows or
nonpositive columns of payoff matrix (5). In particular, inasmuch as

ulj:_y32‘<0 VJIQ,N

then the first row of matrix (5) is not an optimal strategy of the first duelist, and
thus the starting moment ¢; = 0 is never optimal in this duel, whichever the number
of time moments is.

4. The most trivial duel.
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Theorem 1. In the most trivial one-bullet silent duel (2)

(X,, Vs, Us) = <{0 % 1}, {0, % 1}, U3> (14)

by (3) —(5), (12) for N = 3 and (8), the duelist has the single optimal time moment
ty =1,

Proof. Upon plugging elements of set (8) into (12) for N = 3, the respective
payoff matrix (5) is

1
0~ -1
U3 = [uij]3><3 = 1 O —5 . (15)
1 4 0

The third row of matrix (15) is positive, except for the main diagonal entry uss = 0,
so time moment t3 = 1 is the single optimal one.

5. Optimal time moment in bigger duels. Now, we are about to consider
4 x4 and bigger duels. The following assertion includes also the result of Theorem 1.

Theorem 2. In duel (2) by (3) —(5), (12), the duelist has an optimal time
moment if the number of moments to shoot is between three and eight, except for
seven time moments (11). The optimal time moment is the single one: t3 = 1 is
the single optimal time moment in the 3 X 3 duel, t4 = 1 s the single optimal time
moment in the 4 X 4 duel, t; = % 15 the single optimal time moment in the 5 X 5
duel, t5 = % 15 the single optimal time moment in the 6 X 6 duel, and tg = % 15 the
single optimal time moment in the 8 X 8 duel.

Proof. Owing to Theorem 1, time moment t3 = 1 is the single optimal one in
the duel with three time moments. For duels with greater number of time moments,
suppose that time moment

n—1

ty =
N -1

for some n € {2, N—1} by N eN\{l, 2, 3} (16)

is optimal in an N x N duel. Then inequalities

Unj =T =Y} — T,y; 20 Vy; <an by j=T,n—1 (17)
and -
AR S0 Vs by J=TITE (9

must hold. From inequality (17) it follows that

2

x R
1+"x2>y]2~ Vyj <z, by j=1,n—-1 (19)

As

<n—2<n—1_
GISNZ1ISNZ1~

then inequality (19) is transformed into

n—1\2 1 n—2\2
N-1) e \NZ1)
L+ (3=1)

-1

Tn
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2 1 2
e
(N-1)*

n—12%(N—-1)°
(=P

(N=1°+(n—-1)
n—12(N=1°>n—-2*(N-172+n-2°n-1)>,
(N=1)*[(n=1)"=(n=2)"] = (n—-2)" (n—1)%,
(N-122n—-3)> (n—2)7%(n—1),

N—-1)?> 20
(v oy 2 (20)
From inequality (18) it follows that
2 _ 2
Y — Ty 1 1
As
1>y > n-l =x, for n€{2 N—l}
= y] N - 1 - &n )
then inequality (21) is transformed into
1 (N-1)
p> LWL
o)
whence
2-(n—17%>(N-1)°. (22)

Therefore, time moment (16) is optimal if inequalities (20) and (22) are true. This
is equivalent to that membership

—2)*(n—1)"
on — 3 ’

(N-1)7%¢ [(" 2. (n— 1)2] (23)

is true for time moment (16). The closed interval in (23) is nonempty when its right
endpoint is not less than its left endpoint:

L U (2——("_2>2> _

2n —3 2n —3
4n—6 — (n*> —4n +4)
—(n—1)? -
(n—1) ( 2n —3 )
—n? — 10
:(n—1)2< n;;g_"g )20. (24)

Inequality (24) is true when
—n?4+8n—10 >0,
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i.e. when

ne1-v6 44| (25)

So, time moment (16) can be optimal only for those integer n that satisfy (25),
where

1.55 <4 — 6 < 1.56

and
6.44 < 4+ V6 < 6.45,

i.e. there are only five possible cases of integer n:
ne{2, 3, 4,5, 6}. (26)

Hence, the interval in (23) is nonempty if (26) is true.
For n = 2 the interval in (23) is [0; 2] and membership (23) becomes equivalent
to double inequality
0< (N-1)°<2,

whence
0<N<V2+1<3,

so the case of n = 2 is impossible. For n = 3 the interval in (23) is [3; 8] and
membership (23) becomes equivalent to double inequality

4

whence 5
S+ 1S NLK2V2+1 <4,

V3

so the case of n = 3 is impossible as well. For n = 4 the interval in (23) is [2; 18]
and membership (23) becomes equivalent to double inequality

36
= <(IN-1)°<1s,
whence 6
3< —+1<N<L3W24+1<6
NG
by

6
{4, 5} C \/3+1, 3V2 41,
so the case of n = 4 is possible for both N = 4 and N = 5. This means that
in the 4 x 4 duel time moment ¢4 = 1 is the single optimal one, whereas, without
considering the duel end moment, in the 5 x 5 duel time moment ¢, = % is the single
optimal one.
For n = 5 the interval in (23) is [%4; 32} and membership (23) becomes equiv-

alent to double inequality
144
— < (V-1 <32,
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whence 19
5< = +1<N<AWV2+1<T,

V7
by

12
5 |—=+1; 4vV2+1],
VT

so the case of n = 5 is possible for N = 6. This means that, without considering the
duel end moment, in the 6 x 6 duel time moment ¢5 = % is the single optimal one.

For n = 6 the interval in (23) is [%; 50} and membership (23) becomes equiv-
alent to double inequality

400
whence 93
7<§<N<5\/§+1<9,
by

8 e [2—33, 5\/5—1—1],

so the case of n = 6 is possible for N = 8. This means that, without considering the
duel end moment, in the 8 x 8 duel time moment tg = % is the single optimal one.
If duel end moment ¢y = 1 is optimal, then inequality

un;j=1-2y2>0Vy <1 by j=1 N—1 (27)
must hold. Inequality (27) is rewritten as
G-1° 1 TN
y§:m<§vyj<1by]:1,zv—1 (28)

and inequality (28) is equivalent to inequality

2

y12\771 = % < %7
whence

2. (N —22< (N-1),

2N? — 8N +8 < N* — 2N +1,
N? —6N +7<0. (29)

Inequality (29) holds by

Ne [3—\/5; 3+\/§},

i.e. when double inequality
1<3-vV2<N<3+V2<5
holds, where
(2,3, 4) C [3—\/5; 3+\/§}.

The cases of the duel end moment in the 3 x 3 and 4 x 4 duels have been already
proved above. In bigger duels the end time moment cannot be optimal. This finalizes
the proof.
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6. Conclusion. An optimal time moment in quadratic-accuracy one-bullet
silent duel (2) on the uniform lattice (6) by (3)—(5), (12) exists only if the duelist
has three to eight time moments to shoot, except for seven time moments, and
the optimal time moment is single. Compared to the linear-accuracy duel, which
does not have an optimal time moment for six time moments and for no fewer than
eight time moments, the quadratic-accuracy duel provides the duelist with a single
one-step (“instant”) solution for six and eight time moments instead of seven ones.
Another difference is that the quadratic-accuracy duelist’s optimal time moment
gravitates more towards the duel end moment, unlike it is the duel span middle
in the linear-accuracy duel. Thus, the quadratic-accuracy duelist’s optimal time
moment is the duel end moment in the 3 x 3 and 4 x 4 duels, is the penultimate
time moment in the 5 x 5 and 6 x 6 duels, and is the time moment preceding the
penultimate time moment in the 8 x 8 duel.
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Pomaniok B. B. OanokysiboBa Oe3nrymMHa JIyeib i3 KBaJIPATUIHOIO TOYHICTIO Ha
PIBHOMIpHIii CITII: PO3B’A3KN B YUCTUX CTPATErifAX iCHYIOTH, KOJU JIyEJITHT MA€ He
O11bIIIe BOCBMU MOMEHTIB Yacy JjId MOCTPLITY.

Posrisimaerses omHOKyIbOBa Oe3mryMHA Iyesb, 3ajaHa Ha PIBHOMIpHIA citmi gacy, y
AKiM KOKEH 13 IBOX IYesSTHTIB 3MifICHIOE TTOCTPIT 13 KBaApaTUIHOIO TOUHICTIO. Jlyesn € cu-
METPHUYHOIO0 MATPUYHOIO I'POIO 3 HYJIbOBUM 3HAYEHHSIM, IIPUIOMY OOUIBA AYeJISHTA MAIOTh
OJ/IHAKOBY ONTUMAJIbHY IOBEIIHKY 9K y YMCTHX, TAaK 1 B 3MIIIAHUX CTpaTerisx. 3aBIaHHS
MOJISITA€ Y BU3HAYEHHI ONTUMAJBLHUX MOMEHTIB Yacy I 3/IIMCHEHHS IMOCTPITY 3aJIezKHO
Bij KimbKOCTI MOMeHTIB 1dacy B myeni. /loBemeHo, 10 onTuMabHUIT MOMEHT Jacy B JyeJi
iCHY€ JIMIIIe TO/Ii, KOJIU JIyeJIsTHT MA€ BiJl TPHOX JI0 BOCBMHU MOMEHTIB Yacy JIJI TOCTPiITY, 3a
BUHSATKOM BHUIIQJIKY CEMH MOMEHTIB, IPUYOMY ONTHMAJILHUI MOMEHT € equHuM. Js myesi
3 KBQJIPATUIHOIO TOYHICTIO ONTUMAJIBLHAM € KiHIIEBUH MOMEHT y myesiax 3 X 314 X 4, mepeJi-
OCTaHHINT MOMEHT — Y Jiyeadax 5 X 51 6 X 6, a MOMEHT, 10 TIePeJIy€e MePEIOCTAHHBOMY, — Y
ayetti 8 X 8. IlopiBHSAHO 3 J1yestio 3 JIHIITHOIO TOYHICTIO, Y IKilf ONITUMAJbHUNA MOMEHT BiJl-
CYTHIi{l TP IeCTU Ta IPU He MEHIEe Hi?K BOCBMH MOMEHTAX Yacy, JAyeJsb i3 KBaJIPATHIHOIO
TOYHICTIO 3a0€e31Ie1ye J1yesIAHTOBI €1He ONHOKPOKOBe (“MuTTeBe”) PO3B’I3aHHS JJIs [IIECTH
Ta BOCbMHU MOMEHTIB 3amicTh cemu. IIle ofHa BiAMiIHHICTD TOJIATAE B TOMY, IO ONTHMAJIb-
HUI MOMEHT JIyeJIsTHTa 3 KBaJIPATUIHOK TOYHICTIO Ts2Ki€ OJIMXKUe J10 3aBepIIeHHs JIyes,
TOJIL IK y JIyeJsi 3 JIHIHOIO TOYHICTIO BiH PO3TAITOBAHUN y CepeINHI IHTEpBALY JIyeJi.

Kuaro4doBi cJsioBa: onmHOKy/IbOBa Oe3MyMHA dyesib, PiBHOMIpHA CiTKA, KBaIPATHUIHA TO-
YHICTh, MATPUYHA I'Pa, ONTUMAJIbHUI MOMEHT Jacy.
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