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MATHEMATICAL MODELING OF THE SPATIO-TEMPORAL
DISTRIBUTION OF SOLAR ENERGY POTENTIAL IN
URBANIZED AREAS

The paper develops a mathematical model of the spatio-temporal distribution of solar
energy potential in urbanized areas. Solar radiation is represented as a spatio-temporal
function that combines an analytical description of solar irradiance with a corrective com-
ponent accounting for spatial and temporal heterogeneity of the environment. The energy
potential is formulated as an integral characteristic over the area of the territory and a given
time interval, taking into account the temperature dependence of photovoltaic conversion
efficiency. A numerical implementation of the model is proposed, and computational ex-
periments are carried out using synthetic input data. It is shown that spatial heterogeneity
of solar radiation can reduce the integrated energy potential by 14-29% compared to the
homogeneous case, while accounting for the temperature factor leads to an additional re-
duction of 5-6%. The obtained results confirm the relevance of a spatio-temporal approach
to the assessment of solar energy potential in urbanized areas.

Keywords: mathematical modeling, solar energy, spatio-temporal distribution, solar ra-
diation, urbanized areas.

1. Introduction. Solar energy is a key component in the transition toward
sustainable energy systems, particularly in urbanized areas where energy demand is
concentrated and solar radiation exhibits complex spatial and temporal variability.
However, the assessment of solar energy potential in such environments remains
challenging due to the heterogeneity of building structures, surface properties, and
meteorological conditions.

Conventional approaches to solar irradiance assessment are often based on av-
eraged characteristics or treat radiation as a purely temporal function, which lim-
its their applicability for detailed analysis and forecasting in urban contexts. In
contrast, representing solar radiation as a spatio-temporal function of spatial coor-
dinates and time enables the use of multivariable analysis, integral methods, and
numerical modeling to obtain both local and aggregated estimates of energy poten-
tial.

Despite significant progress in applied solar energy research, a unified mathe-
matical framework that integrates analytical representations of solar irradiance with
spatio-temporal data remains insufficiently developed. This gap restricts systematic
analysis and comparison of solar energy resources across different territories.
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This work presents a mathematical model for the spatio-temporal distribution
of solar energy in urban areas, using methods from mathematical analysis, multi-
variable functions, integral calculus, and numerical modeling. The approach treats
solar energy potential as a spatio-temporal variable, offering a more informative
framework than traditional models. The main innovation is a unified mathematical
representation for assessing and optimizing photovoltaic systems in urban environ-
ments.

2. Analysis of Recent Studies and Publications.  The assessment of
solar energy potential has been widely studied in applied mathematics, energy en-
gineering, and atmospheric physics. Classical approaches describe solar radiation
using analytical models based on solar geometry, geographic location, and seasonal
variability [1, 2], enabling its representation as a continuous function of time and
location.

In recent years, research has increasingly relied on reanalysis and satellite-based
data, which provide spatio-temporal discretization of solar radiation and allow it
to be treated as a spatio-temporal field [3, 4]. This is particularly important for
analyzing large and heterogeneous territories.

Urban environments represent a specific challenge due to pronounced spatial
heterogeneity of solar irradiance caused by building geometry and surface properties.
Studies [5, 6] show that this limits the applicability of classical averaged models and
requires spatially explicit approaches.

Another important aspect is the dependence of photovoltaic conversion efficiency
on temperature. This relationship has been studied in [7-9|, where semi-empirical
models linking efficiency to operating temperature have been proposed.

Despite extensive research, there is still no unified mathematical framework that
integrates analytical models of solar irradiance with spatio-temporal data and en-
ables the representation of solar energy potential as an integral spatio-temporal
quantity. This gap motivates the development of hybrid models combining analyti-
cal formulations with observational data.

3. Problem Statement and Mathematical Model. Let us consider an
urbanized territory, which in the mathematical sense is represented as a bounded
domain € C R? corresponding to the horizontal projection of the area under study.
The time interval of interest is denoted by t € [to, 1], where ¢y and t; correspond
to the beginning and the end of the observation period. Solar radiation incident on
a unit surface area is treated as a spatio-temporal function S = S(z,y,t), where
(x,y) € 2 are spatial coordinates and ¢ denotes time. The function S(z,y,t) char-
acterizes the instantaneous density of the solar energy flux and may be specified
analytically or reconstructed from spatio-temporal observational data.

Within the hybrid approach, solar radiation is represented as the product of
analytical and corrective components:

S(x,y,t) = So(t, ) ®(z,y,1), (1)

where Sy(t, ¢) is the theoretical (astronomical) component of solar irradiance de-
pending on time t and geographical latitude ¢, and ®(z,y,t) is a dimensionless cor-
rective function accounting for atmospheric conditions, spatial heterogeneity, and
specific features of the urban environment. The function ®(z,y,t) satisfies the con-
straint 0 < ®(x,y,t) < 1 and may be reconstructed using satellite or reanalysis
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data without an explicit analytical specification. In the latter case, ®(x,y,t) can be

defined as a normalized correction factor, for example, ®(x,y,t) = %, where

Sobs(, Y, t) denotes an observed or modeled solar radiation field. Such normalization
ensures the dimensionless nature of ® and preserves the physical interpretation of Sy
as an upper bound corresponding to ideal clear-sky conditions. Such a formulation
allows solar radiation to be treated as a formalized spatio-temporal field without
being tied to a specific data source.

The solar energy potential of the studied territory €2 at time ¢ is defined as the
integral of solar radiation weighted by the energy conversion efficiency:

B(t) = [ S(a.y. (e, v, t)dudy. )
Q

Here n(z,y, t) denotes the local photovoltaic conversion efficiency, which may depend
on temperature and operating conditions.
To analyze the cumulative energy potential over the time interval [to,;], the
following integral characteristic is introduced:
t1

Eior = /E(t)dt- (3)
to
The efficiency of photovoltaic converters strongly depends on the operating sur-
face temperature. Within the model, a linear approximation of the temperature
dependence of efficiency is adopted:

U(T) = Tref []- - 6 (T - Tref)] ) (4)
where 7,¢¢ is the efficiency at the reference temperature T..f, 5 is the temperature
coefficient, and 7" is the temperature of the photovoltaic module surface.

In numerical experiments, temperature is defined parametrically as,
T = f(S(z,y,t)), allowing thermal effects on conversion efficiency to be incorpo-
rated without an explicit heat transfer model. Alternatively, temperature may be
treated as an external input from observational or modeled data without altering
the formulation. The linear temperature dependence (4) is assumed valid within
typical operating ranges of photovoltaic modules; outside this range, it should be
considered an approximation requiring more complex nonlinear models.

The study aims to construct and analyze a spatio-temporal integral model of solar
energy potential defined by (2)—(4) and to investigate its behavior under variations of
spatial and temporal parameters. The model provides a basis for further analytical
and numerical studies and enables comparative analysis across territories and time
periods.

4. Analysis of the Properties of the Mathematical Model. Let us in-
vestigate the main properties of the proposed spatio-temporal model of solar energy
potential, in particular its integral characteristics, temporal variability, and behavior
under parameter variations.

We consider the mean value of the solar energy potential per unit area of the
territory €2 at time ¢, defined as

E(t) = ,il / S(z,y,t)n(z,y,t)dady, (5)

Q
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where | | denotes the area of the domain (.

The quantity E(t) characterizes the averaged energy potential of the territory and
allows comparison of different urbanized areas regardless of their size. Considering
the representation of solar radiation in the form (1), we obtain

B(r) = % [ @Gty sy (©)
Q

Thus, the spatio-temporal variability of the averaged energy potential is determined
by the product of the theoretical component of solar irradiance and an integral factor
that accumulates the effects of spatial heterogeneity and conversion efficiency.
Considering the bounds 0 < ®(x,y,t) < 1 and 0 < n(x,y,t) < Nmax, Where Npax
is the maximum conversion efficiency, the following estimate holds for the averaged
energy potential: A
0< E(t) < So(t7 Qp)nmax- (7>

The limiting case ®(z,y,t) = 1 and n(x,y,t) = Nmax corresponds to an ide-
alized homogeneous territory without atmospheric or spatial losses, for which the
model reduces to the classical analytical estimate of solar energy potential. Hence,
the proposed model can be regarded as a generalization of well-known simplified
approaches.

The dependence of E (t) on time is determined, on the one hand, by the seasonal
periodicity of the theoretical irradiance Sy(¢, ¢), and on the other hand, by the tem-
poral variability of the corrective function ®(z,y,t). Assuming sufficient temporal
smoothness of the functions ®and 7, the time derivative of the averaged potential
takes the form

di_ff) - ﬁ/%(S(w,y,t)n(a:,y,t))dxdy. (8)

This expression makes it possible to analyze the rate of change of the solar en-
ergy potential and to study the influence of diurnal and seasonal variations in solar
irradiance.

To analyze the cumulative energy potential of the territory over the time interval
[to, t1], we introduce the integral characteristic

t1

~ 1

Eior = m//S(x,y,t)n(x,y,t)dmdydt. (9)
to Q

The quantity E is convenient for comparing the energy resources of different terri-
tories over the same time period and can be used as a generalized indicator of solar
energy potential.

The proposed model separates fundamental astronomical factors from urban
spatio-temporal heterogeneity, allowing independent analysis and flexibility with
various data sources.

5. Numerical Implementation of the Model. For the practical applica-
tion of the proposed model and for obtaining quantitative estimates of solar energy
potential, we consider its discretization in space and time.
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Let the domain ) be approximated by a regular grid with spatial steps Ax and
Ay. Denote by €2, the set of grid nodes belonging to €2, and introduce the indexing
(wi,y;), where i = 1,..., N, and j = 1,..., N,. The elementary area of a grid cell
is defined as

AA = AzAy. (10)
Then the spatial integral in formula (2) is approximated by a quadrature sum:
(Z,])GQ}L

In the case of irregular discretization or when a territorial mask is applied, weighting
coefficients w;; € [0,1] may be used to represent the fraction of the grid cell area
belonging to 2. In this case,

En(t) = Y wyS(xi,y t)n(ws, y;, ) AA. (12)
(Z7])EQh
Let the time interval [to, ¢;1] be divided into IV; steps with time step At:

ty =to+ kAt k=0,1,..., N, (13)

Then the integral in (3) is approximated by temporal quadrature, for example, using

the rectangle method:
Ne—1

By~ Byl = > Ej(ti)At. (14)
k=0

If higher accuracy is required, the trapezoidal rule may be employed:

Ni—1
En(t En(t
Et((l)z) _ Z n(tr) +2 n( k:—&-l)At (15)
k=0

According to (1), solar radiation at grid nodes is computed as

S (xhyja tk) = SO (tk7 90) P (xia yJ'?tk) : (16)

Here Sy(tx, ) is the analytical component determined for a given latitude ¢ and
discrete time instants t;. The corrective function ®(x;, y;,tx) is specified in the form
of discrete values obtained from spatio-temporal observational data (e.g., satellite or
reanalysis data) or constructed as a parameterized function followed by calibration.

The local efficiency 7(z;, y;,t) is determined based on the temperature model
(4). In discrete form, it is given by

N(@s, Yj tr) = et [1 — B (T (i, yj, th) — Tret)] - (17)

The temperature field T'(x;, y;, tx) may be specified either as a function of S(x;, y;, tx)
(parameterized dependence) or as an input field obtained from observational or mod-
eling data. In the general case, this does not change the structure of the numerical
implementation of formulas (11)—(15), but only affects the procedure for construct-
ing 7. In the present numerical experiments, the temperature field 7" is defined in
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degrees Celsius (C°) and specified in a synthetic parametric form as a function of
solar radiation, T' = f(.5), in order to isolate and analyze the influence of thermal
effects within the proposed modeling framework. The use of synthetic temperature
data ensures full control over model parameters and avoids dependence on external
datasets, while preserving the generality of the formulation. The proposed numer-
ical scheme, however, remains directly applicable when realistic temperature fields
obtained from observations or atmospheric models are used as input.

The numerical computation of the integral energy potential can be formulated
as the following algorithm. Specify the domain €2, grid €2}, weights w;;, and spatial
steps Az, Ay. Specify the temporal grid {tk}gio with time step At. For each ty,
compute the analytical component Sy(tx, ). Construct ®(x;,y;,t;) and compute
S(x;,yj,t,) using (16). Construct the temperature field T'(x;,y;,t;) and compute
n(x;,y;,tx) using (17). Compute Ej(t;) using (11) or (12). Compute the integral
characteristic £\ using (14) or (15).

The accuracy of the approximation is determined by the discretization steps Az,
Ay, and At, as well as by the choice of quadrature schemes. Reducing Ax and
Ay improves the accuracy of spatial integral approximation, while the use of the
trapezoidal rule in time (15) reduces integration error for time-dependent processes.

6. Results of Numerical Modeling. To demonstrate the performance of
the model (2)—(4) and to assess the impact of spatio-temporal heterogeneity of solar
radiation, numerical experiments were carried out using synthetic input data. The
domain ©Q = [0,1] x [0,1] and the time interval ¢ € [0,24]h were considered. The
analytical component of solar irradiance was specified as Sy(t) = 1000 sin (;—i), and
the full radiation field was defined by the hybrid relation S(z,y,t) = So(t)®(x, y, ).
Photovoltaic efficiency was modeled using a temperature-dependent relation n(7) =
Neet [1 — B (T — Tper)], with parameters n,s = 0.2, 3 = 0.004 °C~!, T,f = 25 °C. The
temperature field was parameterized as T' = Tyt +7.S, with v = 0.02 °C' m?/W. Spa-
tial discretization was performed on a 300 x 300 grid, while temporal discretization
used N; = 480 steps with At = 0.05h.

Table 1.
Results of numerical modeling
Scenario Eiot (Wh/m? over 24 h) max E(t) (W/m?) | meanE(t) (W/m?)
Sl: =1 2863.78 183.999 119.324
52: gradient 2457.25 158.319 102.386
a=0.3
52: gradient 2039.21 131.679 84.967
a=0.6
S3: oscillating 92804.21 183.999 116.842
gradient a@ = 0.3
S3: oscillating 9744.20 183.999 114.342
gradient a = 0.6

Table 1 presents integral and temporal characteristics of the averaged energy
potential E(t) for three scenarios of the corrective function ®: a homogeneous
field ® = 1 (S1), a spatial gradient ®(x,y,t) = 1 — af (S2), and an oscillating
gradient®(z,y,t) = 1 — o cos (%) (S3). The results show that introducing a
spatial gradient leads to a significant reduction in daily energy yield: for @ = 0.3,
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By = 2457.25 Wh/m?, and for a = 0.6, Eix = 2039.21 Wh/m?, compared to
FEior = 2863.78 Wh/m? in the homogeneous case (S1). Thus, even a simple form of
spatial heterogeneity can reduce the integrated energy potential by 14-29% relative
to the homogeneous model.

For the oscillating gradient scenario, the reduction in the integrated potential is
less pronounced (Eyo = 2804.21 Wh/m? for a = 0.3 and Eio, = 2744.20 Wh/m? for
a = 0.6), while the peak values max E(t) coincide with those of the homogeneous
case. This behavior is explained by the presence of time instants when cos (27t /24) =
0, causing the field ¢ to become close to homogeneous.

Additionally, the effect of the temperature correction in the efficiency model
was analyzed. For the homogeneous scenario S1, accounting for n(7") reduces the
daily energy from 3055.78 Wh/m? (constant efficiency 7 = n,¢f) to 2863.78 Wh/m?,
corresponding to a reduction of 6.28%. Similarly, for the gradient scenario S2 with
a = 0.3, the reduction amounts to 5.40%. These results confirm the importance of
incorporating the temperature factor even in simplified modeling frameworks.

7. Conclusions and future research directions. A mathematical model
of the spatio-temporal distribution of solar energy potential in urbanized areas has
been developed. Solar radiation is represented as a spatio-temporal field combining
an analytical component with a corrective term that accounts for environmental het-
erogeneity, reducing the assessment of energy potential to a well-defined integral for-
mulation. The model generalizes classical homogeneous approaches and enables the
evaluation of both local and integral energy characteristics. The results demonstrate
that spatial heterogeneity significantly affects energy estimates: introducing a spa-
tial gradient reduces daily solar energy potential by 14-29%, while spatio-temporal
variability primarily decreases mean energy flux without significantly affecting peak
values. Additionally, accounting for temperature-dependent photovoltaic efficiency
leads to a further reduction of integrated potential by approximately 5-6%. These
findings confirm that the proposed model provides a flexible and consistent frame-
work for analyzing solar energy potential in urban environments and for comparing
different spatial and operational scenarios. Future research will focus on extending
the model toward a more realistic representation of urban systems. This includes
incorporating surface orientation and tilt, modeling shading effects and building
geometry, integrating real spatio-temporal observational data for calibration, and
applying optimization methods for photovoltaic system placement.
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Tonuako II. I., Tankaana A. O. Maremarndae MOIETIOBAHHSA IIPOCTOPOBO-
YaCOBOI'0 PO3IOJILTY COHAIHOTO €HEePreTUIHOIO MOTEHIIaTy YPpOaHi30BaHUX TEPUTO-
piit.
VY crarTi po3pobIeHO MaTEMATUYIHY MOJIE/Ib ITIPOCTOPOBO-IaCOBOTO PO3IIOIIIY COHSIIHOTO
€HEPreTUIHOrO MOTEHIaTy ypbaHizoBanux Tepuropiit. COHSIYHY paJiialliio MOJaHO Y BULJIs-
JIi TPOCTOPOBO-1IaCcOBOI (DYHKIIIT, IO MOETHYE AHATITHIHUI OIUC 1IHCOJIATIIT Ta KOPUTYBAJIBHY
CKJIQJIOBY, K& BPAXOBYE IPOCTOPOBY i YACOBY HEOIHODPIMHICTH cepenoBuina. Emeprerun-
9HUHA MOTeHIHag (HOPMATI30BAHO K iHTErpaibHy XapaKTEePUCTHKY 3a ILIOIIEI0 TEPUTOPil
Ta JACOBUM IHTEPBAJIOM 3 YpaxyBaHHIM TEMIIEPATYPHOI 3aJ€XKHOCTI eeKTUBHOCTI (HhOTO-
€JIEKTPUYHOI'O [IePETBOPEHHSI. 3aIPOITOHOBAHO YKCE/IbHY peaJii3allilo MOJe/i Ta BUKOHAHO
00YNCITIOBAIbHI €KCIIEPUMEHTH HA CHHTETUIHUX BXigHUX maHux. [lokaszaHo, Mo mpocTopoBi
HEOTHOPITHOCTI COHSYIHOI pa/iialtii MOYXKYTh 3MEHIIYBATH iHTerpaJbHAN €eHepreTUIHNN 1o-
reanian #Ha 14-29% MOpIBHAHO 3 OJHOPIIHUM BHUIIAIKOM, 8 BPaxyBaHHS TEMIEPATyDPHOTO
YUHHUKA TIPU3BOUTD JI0 JIOJATKOBOTO 3HUKEeHH Ha 5—6%. OTpuMani pesyibraTu miarsep-
JKYIOTH JIOTIJIBHICT ITPOCTOPOBO-YACOBOTO TTHIXO/Y JIO OIIHKU COHSTYHOTO €HEPTreTUTHOTO
[TOTEHITIATy ypOaHI30BAHUX TEPUTOPIii.

Kuro4oBi ciioBa: MmaremMaTndHe MO/IEIIOBAHHS, COHAYHA €HEPTeTHKA, [IPOCTOPOBO-9aCOBUA
PO3IIOJILI, COHSYHA pajiiallisi, ypbaHizoBaHi TepUTOpiI.

Recived: 27.02.2026 Accepted: 15.03.2026 Published: 30.04.2026

ISSN 2616-7700 (print), 2708-9568 (online) Hayk. Bicuuk Y:kropog. yu-ty, 2026, Tom 49, Ne 2



