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ON ESTIMATION PROBLEM FOR MULTIDIMENSIONAL
HOMOGENEOUS RANDOM FIELDS

The problem of the mean-square optimal estimation of the linear functionals which
depend on the unknown values of a multidimensional homogeneous random field from
observations of the field with noise is considered. Formulas for calculating the mean-square
error and the spectral characteristic of the optimal linear estimate of the functionals are
derived under the condition of spectral certainty, where the spectral densities of the fields
are exactly known.
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1. Introduction. Traditional methods of solution of the linear extrapolation,
interpolation and filtering problems for stationary stochastic processes and homo-
geneous random fields are developed under the condition that spectral densities of
processes and fields are known exactly (see, for example, selected works of A. N. Kol-
mogorov [7], survey by T. Kailath [5], books by Yu. A. Rozanov [13], E. J. Han-
nan [4], A. Malyarenko [8], V. S. Mandrekar and D. A. Redett [9], N. Wiener [15],
M. L. Yadrenko [16], A. M. Yaglom [17,18]).

The basic assumption of most of the methods of estimation of the unobserved
values of stochastic processes and random fields is that the spectral densities of the
considered stochastic processes and random fields are exactly known. However, in
practice, these methods are not applicable since the complete information on the
spectral densities is impossible in most cases. In order to solve the problem paramet-
ric or nonparametric estimates of the unknown spectral densities are found. Then,
one of traditional estimation methods is applied, provided that the selected densities
are the true ones. This procedure can result in significant increasing of the value of
error as K. S. Vastola and H. V. Poor [14] have demonstrated with the help of some
examples. To avoid this effect one can search the estimates which are optimal for all
densities from a certain class of admissible spectral densities. These estimates are
called minimax since they minimize the maximum value of the error. The paper by
Ulf Grenander [3| should be marked as the first one where this approach to extrap-
olation problem for stationary processes was proposed. Several models of spectral
uncertainty and minimax-robust methods of data processing can be found in the
survey paper by S. A. Kassam and H. V. Poor [6]. In the paper by J. Franke [1]
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the minimax extrapolation problem for stationary sequences is investigated with
the help of convex optimization methods. This approach makes it possible to find
equations that determine the least favorable spectral densities for various classes of
densities. In the book by M. Moklyachuk and A. Masyutka a minimax technique
of the estimation for vector-valued stationary stochastic processes is proposed [10].
Estimation problems for random fields was considered in the paper by M. Mokly-
achuk and N. Shchestyuk [12]. In the book by M. P. Moklyachuk, O. Yu. Masyutka,
I. I. Golichenko [11] the minimax approach is applied to investigate the estimation
problems for functionals which depend on the unknown values of stationary random
fields on a sphere.

In this paper we deal with the problem of the mean-square optimal linear esti-

mation of the functionals
A€ = [ [ s, )7 éls. s,
K

which depend on the unknown values of a multidimensional homogeneous random
field £(s,t) = {&(s, )}, from observations of the field (s, t) + n(s t) at points

(s,t) € R2\ K, where 7(s,t) = {ni(s,t)}\_, is an uncorrelated with &(s,t) multidi-
mensional homogeneous random field. Formulas for calculating the spectral charac-
teristic and the mean square error of the optimal linear estimate of the functionals are
derived under the condition that spectral densities of the fields are exactly known.

2. Mean-square optimal method of solution of the estimation problem
for homogeneous random fields.

Let £(s,t) = {&(s, )1, and 7(s, ) = {m(s,t)}Y,, (s,t) € R2, be uncorrelated
multidimensional homogenecous random fields with zero first moments E<(s, t) = 0,
Efj(s,t) = 0 and let the correlation functions

—

Re(u,v) = EE(s 4+ u, t +v)(E(s, 1)), Ry(u,v) = Eij(s 4+ u, t +v)(7(s, t))*

—

of the random fields (s, t) and 7j(s,t) admit the spectral decomposition [9]

Re(u,v) = / /ei(“’\+””)F(z\,u)d/\du, R, (u,v) = / /ei(“’\+””)G()\,u)d)\du,

—00 —00 —00 —0O0

where F'(\, ) = {fw()‘ ) -y and G(X, i) = {gi;(A, ) }1;—, are spectral density

matrices of the fields £(s, ) and 7(s, t), respectively.
Suppose that the spectral densities of fields satisfy the minimality condition

/'/' (F(\ 1) + G 1)~ 508 m)dAdp < oo, (1)

v\ 1) = // a(s, t)e M dsdt.
K

Under this condition the error-free estimation is impossible [13].
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The fields &(s, t) and 7j(s, t) admit the spectral decomposition [9]

/ / z s)\—i-tu d)\ d/~L 8 t / / z s)\—i-tu d)\ du) <2>

where Z¢(d\,dp) and Z,(dX, dp) are vector-valued orthogonal stochastic measures
of the fields £(s,t) and 7j(s, ).
Consider the problem of the mean-square optimal linear estimation of the func-

tional
AKf / / a(s,t)’ t)dsdt,

—

which depend on the unknown values of the field £(s,t) from observations of the
field £(s,t) + 77(s, t) at points (s, t) € R*\ K.
Making use of spectral decomposition (2) of stationary field £(s,t) we can write

the functional A KE in the following form

AKg:/ / (AK(/\,,U))TZE(d)\?d,u), AK(/\MM) = // C_L‘<S7t)ez‘(S)\—~_t‘U)det'
—o0 J —o0 >

Denote by AKS the optimal linear estimate of the functional AKf from obser-
vations of the field &(s,t) + 7(s,t) at points (s,t) € R2\ K and by A(F,G) =

AK£ — AKﬂ the mean-square error of the estimate AKf . Since spectral den-

sities of stationary fields £(s,¢) and 7(s,¢) are known, we can use the method of
orthogonal projections in Hilbert spaces |7] to find the estimate A KE

Consider & (s,t) and ny(s,t) as elements of the Hilbert space H = Ly(Q2, F, P)
generated by random variables ¢ with 0 mathematical expectations, F¢ = 0, finite
variations, F|¢|? < oo, and the inner product (£,1) = E£7. Denote by HE=(€ +n)
the closed linear subspace generated by elements {&(s,t) +n,(s,t) : (s,t) € R2\ K}
in the Hilbert space H = Ly(Q,F, P). Denote by Lo(F + G) the Hilbert space of
functions @(A\, ) such that

/ / (F(A 1) + GO 1) A0 ) dAdp < oo,

and denote by LY~ (F 4 G) the subspace of the space Ly(F 4 G) generated by the
functions

{ei(S)\H#)éh 5k = {6kl}{i17 (57 t) S R2 \ K}

The mean-square optimal linear estimate AKE of the functional AK§ can be
represented in the form

Ay = / / T(Ze(dA, dp) + Zy(dN, dp)),

where h(\, 1) € LY (F 4+ G) is the spectral characteristic of the estimate.
The mean-square error A(h; F, G) of the estimate Ar¢ is given by the formula

A(hs F,G) = B A€ - AKS]
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_55[%/WU%M%O_MXMFFQMVMQJO—MAMMMM+

/ / (h(\, 1) TGN, ) h(X, p)dAdya.

According to the Hilbert space projection method proposed by A. N. Kolmogorov
[7], the optimal estimation of the functional A «€ is a projection of the element Agé
of the space H on the space HX=(£ + 7). It can be found from the following
conditions:

DAxé € H (€ +n),
Q)AKg— AK@—HK_@ + 7).

It follows from the second condition that the spectral characteristic h(\, p) of
the optimal linear estimate Ax¢ for any (s,t) € R? \ K satisfies equations

/ ) /_Oo (AN ) = h(A, @) " F(A, pe M drdp—

/ / (h(\, 1)) TG\, p)e " S dNdy = 0.

The last relation is equivalent to equations

[ 0o Fo -

X (F(\ i) + G\, p))e M dady = 0, (3)
for any (s,t) € R?\ K. Define the function
(CrA )" = (Ax(\ 1) TF A 1) = (h(X, ) T (F (A, ) + G\, 1)

and its Fourier transformation

fs, ) = -_-/1t/ CreOn e drdy.  (5.4) € R2.

472

It follows from the condition (3) that the function (s, t) is nonzero only on the set
K. Hence,
Cr(\p) = // &(s, t)e M dsdt,
K

and the spectral characteristic of the estimate A K{ is of the form
(RO )T = (AN 1) TFOL ) (FA 1) + G\, )™=

—(Cx\ ) (P ) + G\, )~ (4)
It follows from the first condition, Axé € HE=(¢ + 1), which determine the

optimal linear estimate of the functional Ax¢, that the following relation holds true
for any (s,t) € K

| ) PO (PO ) + G0 ) e dra =
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= / / ((Cx N\ ) T(F(\ i) + G\, ) e M ddp, (5)

Let us define operators

(Bka)(s,t) 47r2/ / // FO,p) + G\ ) tx

e Au=9)+10=8) gy dvd\dp,
R t) =15 [ / / [ @ o) PO EO )+ GO )

x e Au=)+10=0 @y dyd)\d .
The relation (5) can be rewritten in the form
(RKa>(s7t) = (BKC>(Svt)> (Sat) € K. (6)

Suppose that the operator By is invertible. Then the function ¢(s,t) can be
calculated by the formula

(s, t) = (Bx'Rka)(s,t), (s,t) € K.

The mean-square error of the estimate A KE can be calculated by the formula

AFG) = 1 / AR )T GO+ (o) VF L)+ GO\ )

X FO, 1) (FOG 1) + GO ) (A O 1) TGO )+ (Cie O, 1)) dAdpit
=10 / (A 1) TFOG 1) — (o 1) YO, 1) + GO ) GO ) x

X (P 1) + GO ) (A (A ) " F O 1) = (Cre (A, ) )" dAdpe. (7)
Let us summarize results and present them in the form of a theorem.

Theorem 1. Let £(s,t) and 7j(s,t) be uncorrelated multidimensional homoge-
neous random fields with spectral density matrices F(\, p) and G(\, i) which satisfy
the minimality condition (1). The spectral characteristics h(\, p) and the mean-
square error A(F,G) of the optimal linear estimate of the functional AKE which,
depends on the unknown values of the field g(s,t) based on observations of the field
g(s,t) +17(s,t), (s,t) € R2\ K can be calculated by formulas (4), (7).

Corollary 1. Consider the estimation problem in the case where K = R x [0, T].
The spectral characteristics hr(F, G) of the optimal linear estimate of the functional

A€ = / / (s,1)T&(s, t)dsdt,

which depends on the unknown values of the field 5(3, t) based on observations of the
field £(s,t) +1(s, 1), (s,t) € R*\ K can be calculated by formula (4) where

[e'S) T T
A\ p) = Ar(A, p) = / / (s, t)e M dsdt = / @\, t)elrdt,
—o0 J0 0
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o) T T
Cr(A\p) =Cr(\ p) = / / (s, t)e! At dsdt = / c(, t)etrdt,
—o00 JO 0

and ¢(\, t) is determined by relation

é\t) = (Bp'Rra)(\ 1),  (\t) € Rx[0,T], (8)
where

(Bra)(\,t) =5 / / F\ p) + GO, )~ e Ddudu,
m

(Rra)(\, ) = o~ / / a(\u)TEO, w) (FO\ p) + GO )t dudu.
m

The mean-square error Ar(F,G) of the optimal linear estimate of the functional

AT{ can be calculated by formula

8r(£,6) = 5 [~ (Rea)(00). (B Rea) 0. 0) + (@Qea) A1) G DA, (9

where

(Qra)(A, 1) 27r/ / a(\ ) EO p) (F(\ ) + G\, p) !t x

xG(\, p)e™ =D dudu,

and < a,b > s the inner product.

Corollary 2. Let 5 (s,t) be a multidimensional stationary stochastic field with
the spectral density matriz F'(\, i), which satisfies the minimality condition

| 00T 0w ST ard < o (10)

YA, p) = // a(s, t)e! M dsdt.
K

The spectral characteristic hp(F') and the mean-square error Ap(F') of the optimal
linear estimate of the functional ATE which depends on the unknown values of the
field (s, t) based on observations of the field £(s,t) at points (s,t) € R2\ K, K =
R x [0,T7], can be calculated by formulas

(hr(F)" = (Ar(A\, 1) " = (Cr(X, ) T (F(A, 1)~ (11)
Ap(F) = % /_ Z < (Bla)(\ 1), d(M\ 1) > d, (12)
where
(Bra)(\.1) = o / / F\ p) e dpudu.
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3. Conclusions and prospects for further research. In this article we pro-
pose methods of the mean-square optimal linear estimation of the functionals which
depend on the unknown values of the multidimensional homogeneous random field
based on observed data of the field with noise. Under condition of spectral certainty
where the spectral densities of the fields are exactly known we derive formulas for
calculating the spectral characteristics and the mean-square errors of the estimates
of the functionals. Analogous results are derived for the case of observations of the
field without noise. The results of the minimax approach to estimation problem will
be published in the next part of the article.
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Macrorka O. FO., Mokasuyk M. II. 3amaga omiHiOBaHHS BEKTOPHUX OTHOPI-
JIHUX BUIIAIKOBUX TIOJIB.

Posrisnaerbes 3aa4va onTUMAIBHOTO OIHIOBAHHS JIHIHHUX (DYHKITIOHAJIB, MO 3aJe-
JKaTh BiJI HEBIJIOMUX 3HAYEHb BEKTOPHOTO OJIHOPITHOIO BHUIIAJIKOBOTO TOJS 33 CIIOCTEpe-
JKEHHSIMU TI0JIg 3 myMoM. BuBeneHo dbopmynu 1y OOUMC/IEHHsST CePEIHBOKBAIPATHIHOL
MOXUOKM Ta CIIEKTPAJIBLHOI XapaKTEPUCTUKU ONTHMAJIHHOI JIHIAHOI OmiHKM (DyHKIIOHAJIB
3a YMOBH CHEKTPAJIbHOI BUSHAYEHOCTI, Jie CIIEKTPAJIbHI IIJIBHOCTI MOJIB TOYHO BiIOMI.

Kuro4yoBi cjioBa: BEKTOpHE OHOPI/IHE BUIAIKOBE I0JIE, ONTUMAJbHA OIIHKA, CEPEIHBO-
KBaI[PATUIHA [TOXUOKA, CIEKTPAJIbHA IIIJIbHICTD, CIIEKTPAIbHA XaPAKTEPUCTUKA.
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